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Abstract

This paper considers inference based on a test statistic that has a limit distribution
that is discontinuous in a nuisance parameter or the parameter of interest. The paper
shows that subsample, b, < n bootstrap, and standard fixed critical value tests based
on such a test statistic often have asymptotic size—defined as the limit of the finite
sample size—that is greater than the nominal level of the tests. We determine precisely
the asymptotic size of such tests under a general set of high-level conditions that are
relatively easy to verify. The high-level conditions are verified in several examples.
Analogous results are established for confidence intervals.

The results apply to tests and confidence intervals (i) for parameters that may be
close to a boundary, (ii) for parameters defined by moment inequalities, (iii) based on
super-efficient or shrinkage estimators, (iv) based on post-model selection estimators,
(v) in autoregressive models with roots that may be close to unity, (vi) in predictive
regression models with nearly-integrated regressors, (vii) in models with weak instru-
ments, (viii) for non-differentiable functions of parameters, and (ix) for differentiable
functions of parameters that have zero first-order derivative.

Keywords: Asymptotic size, b < n bootstrap, finite sample size, over-rejection, size
correction, subsample confidence interval, subsample test.

JEL Classification Numbers: C12, C15.



1 Introduction

SUGGESTIONS FOR ADDITIONAL REFERENCES TO THE LITERATURE
ARE WELCOME.

This paper is concerned with the method of subsampling, see Politis and Romano
(1994), Shao and Wu (1989), Wu (1990), and Politis, Romano, and Wolf (1999) (here-
after PRW).2 The method of subsampling is a very general procedure for carrying out
inference in econometric and statistical models. Minimal conditions are needed for
subsample tests and confidence intervals (CIs) to have desirable asymptotic properties,
such as asymptotically correct rejection rates and coverage probabilities under stan-
dard asymptotics based on a fixed true probability distribution for the observations, see
PRW. On the other hand, subsample methods have the disadvantage of not providing
as good approximations in regular models as other methods, such as standard fixed crit-
ical value (FCV) methods based on first-order asymptotics and bootstrap procedures.
In consequence, subsample methods are most useful in models that are non-regular (in
the sense that test statistics of interest do not have asymptotic normal or chi-square
distributions and the bootstrap is inconsistent).

This paper deals with the properties of subsampling in a certain class of non-regular
models. In particular, it considers cases in which a test statistic has a discontinuity
in its asymptotic distribution as a function of the true distribution that generates the
observations. Numerous problems in econometrics and other areas of statistics exhibit
this feature. For such problems, standard FCV procedures and bootstrap procedures
typically do not provide asymptotically valid inference. In consequence, for such prob-
lems, subsample and b < n bootstrap methods (where b is the bootstrap sample size)
often have been advocated.

In this paper, we show that if a sequence of test statistics has an asymptotic null
distribution that is discontinuous in a nuisance parameter, then a subsample test based
on the test statistic does not necessarily yield the desired asymptotic level. Specifically,
the limit of the finite sample size of the test can exceed its nominal level. The same is
shown to be true for a b < n bootstrap test and a standard fixed critical value (FCV)
test. Analogous potential problems arise with confidence sets based on subsample,
b < n bootstrap, and FCV methods. We note that the potential problem is not just a
small sample problem—it arises with all sample sizes.

The intuition for the result stated above for a subsample test is roughly as follows.
Suppose for a parameter 6 we are interested in testing Hy : 8 = 6, a nuisance parameter
~ appears under the null hypothesis, and the asymptotic distribution of the test statistic
of interest is discontinuous at v = 0. Then, a subsample test statistic based on a
subsample of size b, << n behaves like it is closer to the discontinuity point v = 0
than does the full-sample test statistic. This occurs because the variability of the
subsample statistic is greater than that of the full-sample statistic and, hence, its
behavior at a fixed value v # 0 is harder to distinguish from its behavior at v = 0.

?Shao and Wu (1989) and Wu (1990) refer to subsampling as the delete d jackknife.



In consequence, the subsample statistic can have a distribution that is close to the
asymptotic distribution for v = 0, whereas the full-sample statistic has a distribution
that is close to the asymptotic distribution for v #£ 0. If the asymptotic distribution of
the test statistic for v 7 0 is more disperse than for v = 0, then the subsample critical
value is too small and the subsample test over-rejects the null hypothesis. On the other
hand, if the asymptotic distribution of the test statistic for v # 0 is less disperse than
for v = 0, then the subsample critical value is too large and the subsample test is not
asymptotically similar. In fact, the limit of the finite-sample size of a subsample test
depends on the whole range of behavior of the test statistic and the subsample statistic
for parameter values close to v = 0.

The intuition laid out in the previous paragraph is made rigorous by considering
the behavior of subsample tests under asymptotics in which the true parameter, ~,,,
drifts to the point of discontinuity v = 0 as n — co. Since the finite-sample size of a
test is based on the supremum of the null rejection rate over all parameter values v for
given n, the limit of the finite sample size of a test is always greater than or equal to
its limit under a drifting sequence {7,, : n > 1}. Hence, if the limit of the null rejection
rate under a drifting sequence exceeds the nominal level, then the limit of the exact
finite-sample null rejection rate exceeds the nominal level. Analogously, if the limit of
the null rejection rate under a drifting sequence is less than the nominal level, then the
test is not asymptotically similar.

We show that there are two different rates of drift such that over-rejection or under-
rejection can occur. The first rate is one under which the full-sample test statistic
has an asymptotic distribution that depends on a localization parameter, h, and the
subsample critical values behave like the critical value from the asymptotic distribution
of the statistic under v = 0. (Under such parameter drifts, the distribution of the data
typically is contiguous to their distribution under v = 0.) The second rate is one under
which the full-sample test statistic has an asymptotic distribution that is the same as
for fixed v # 0 and the subsample critical values behave like the critical value from
the asymptotic distribution of the full-sample statistic under a drifting sequence with
localization parameter h. (Under this second type of parameter drift, the distribution
of the data typically is not contiguous to their distribution under v = 0.)

The paper shows that sequences of these two types determine the limit of the finite-
sample size of the test. In particular, we obtain an explicit expression for the limit of
the finite-sample size of the test. This yields necessary and sufficient conditions for the
limit to exceed the nominal level of the test.

The paper gives corresponding results for standard tests that are based on fixed
critical values. The asymptotic results given here for subsample tests also apply to
b < n bootstrap tests applied to i.i.d. observations provided b?/n — 0. The reason is
that subsampling based on subsamples of size b can be viewed as bootstrapping without
replacement, which is not too different from bootstrapping with replacement when b2 /n
is small.> The subsample results apply to both ii.d. and time series observations,

3In an ii.d. scenario, the distribution of a subsample of size b is the same as the conditional



whereas the b < n bootstrap results apply only to i.i.d. observations.

The potential problems of subsample, b < n bootstrap, and FCV tests outlined
above carry over with some adjustments to confidence intervals (CIs) by the usual
duality between tests and ClIs. Some adjustments are needed because the limit of the
finite-sample level of a CI depends on uniformity over § € © and v € I', where © and I'
are the parameter spaces of 6 and -y, respectively, whereas the limit of the finite-sample
size of a test of Hy : 8 = 0y only depends on uniformity over v € I' for fixed 6.

In examples, the asymptotic sizes of subsample tests and Cls are found to vary
widely depending on the particular model and statistic considered and on the type of
inference considered, e.g., upper or lower one-sided or symmetric or equal-tailed two-
sided tests or Cls. For example, a subsample CI of nominal level 1 — « based on a post-
model-selection/super-efficient estimator is found to have asymptotic level of zero. In
a model with a nuisance parameter near a boundary, lower one-sided, upper one-sided,
symmetric two-sided, and equal-tailed two-sided subsample tests with nominal level .05
are found to have asymptotic sizes of (about) .50, .50, .10, and .525, respectively. In
models with unidentified parameters that are bounded by moment inequalities, certain
subsample confidence regions are shown to have asymptotic size equal to their nominal
level. In an autoregressive model with an intercept and time trend, equal-tailed and
symmetric two-sided subsample Cls of nominal level .95 are found to have asymptotic
sizes of (about) .26 and .95, respectively, see Andrews and Guggenberger (2005).

The results above indicate that a subsample test can have an asymptotic null re-
jection rate that equals its nominal level under any fixed true distribution, but still
the limit of its finite-sample size can be greater than its nominal level. This is due to
a lack of uniformity in the pointwise asymptotics. In the context of subsampling and
the b < m bootstrap, the only other papers in the literature (that we are aware of)
that raise the issue of uniformity (in the sense discussed in this paper) are Andrews
(2000) in the context of problems due to a parameter being near a boundary, Mikusheva
(2005) and Andrews and Guggenberger (2005) in the context of first-order autoregres-
sive models with a root that may be near unity, and Shaikh (2005) in the context of
inference based on moment inequalities—also see Section 9 below regarding this case.
Also, Beran (1997, p. 15) mentions that the pointwise b < n bootstrap convergence
typically is not locally uniform at parameter points that are not locally asymptotically
equivariant, but does not discuss the consequences.

On the other hand, problems arising from lack of uniformity in asymptotics have
long been recognized in the wider statistical literature. For example, Hodge’s super-
efficient estimator was used to show that uniformity is important in the context of
asymptotic efficiency results, see LeCam (1953). The importance of uniformity to en-
able asymptotic results to provide good finite sample approximations has been pointed
out in many papers including Rao (1963, 1973), Héjek (1971), Pfanzagl (1973), Loh

distribution of a nonparametric bootstrap sample of size b conditional on there being no duplicates of
observations in the bootstrap sample. If bz/n — 0, then the probability of no duplicates goes to zero
as n — oo, see PRW, p. 48. In consequence, b < n bootstrap tests and subsample tests have the same
first-order asymptotic properties.



(1985), and Kabaila (1995). Related references include Bahadur and Savage (1956),
Gleser and Hwang (1987), Hall and Jing (1995), Dufour (1997), and Pétscher (2002).
Romano (1989) addresses uniformity issues for some bootstrap procedures.

A sampling of references in the literature where issues of uniformity arise in appli-
cations to which the results of this paper apply is as follows: (i) for inference based
on super-efficient and shrinkage estimators, see Sen and Saleh (1987), Kabaila (1995),
and Leeb and Potscher (2006), (ii) for inference based on moment inequalities, see
Imbens and Manski (2004) and Shaikh (2005), (iii) for post-model selection inference,
see Sen (1979), Sen and Saleh (1987), Kabaila (1995), Leeb and Pétscher (2005), and
additional references cited therein, (iv) for autoregressive models with roots that may
be near unity, see Stock (1991) and Andrews (1993), (v) for predictive regressions with
nearly integrated regressors, see Cavanagh, Elliot, and Stock (1995), and (vi) for weak
instruments, see Staiger and Stock (1997), Dufour (1997), and papers referenced in An-
drews and Stock (2006). Other applications that are covered by the results of this paper
for which uniformity (of the type discussed in this paper) does not seem to have been
discussed explicitly in the literature include inference for (i) non-differentiable functions
of parameters, which includes inference concerning the eigenvalues of a variance ma-
trix, see Beran and Srivastava (1985, 1987), Eaton and Tyler (1991), Diimbgen (1993),
and Shao (1994), and (ii) differentiable functions of parameters with zero first-order
derivative, see Babu (1984) and Shao (1994).

The b < n bootstrap has been considered in a variety of different non-regular cases
including many of those listed above, e.g., see Bretagnolle (1983), Shao (1994, 1996),
Beran (1997), Bickel, Gotze, and van Zwet (1997), and Andrews (2000).

The results in the paper apply to some non-regular cases where the limit distribution
of a test statistic is “continuous” in a nuisance parameter. For such cases, sufficient
conditions are given under which subsample, b < n bootstrap, and FCV tests and Cls
have asymptotic levels equal to their nominal levels. To the best of our knowledge,
results of this sort are not available in the literature. An example is the case where
the parameter of interest is the lower bound on the support of a random variable. The
bootstrap (typically) is not consistent in this case, see Bickel and Freedman (1981)
and Loh (1984). Asymptotic results concerning the b < n bootstrap for this example
are pointwise results, see Shao (1994) and Bickel, Gotze, and van Zwet (1997). This
example is a special case of some production frontier and auction models that are of
interest in econometrics, see Hirano and Porter (2003) and Chernozhukov and Hong
(2004).

The present paper considers general test statistics, including t, likelihood ratio
(LR), and Lagrange multiplier (LM) statistics. The results cover one-sided, symmetric
two-sided, and equal-tailed two-sided t tests and corresponding confidence intervals.
The t statistics may be studentized (i.e., of the form 7,(0,, — 6o)/7y for an estimator
0, a scale estimator on, and a normalization factor 7,,) or non-studentized (i.e., of the
form 7,(0, — 0y)). Non-studentized t statistics are often considered in the subsample
literature, see PRW. But, studentized t statistics are needed in certain testing situa-



tions in which non-studentized statistics have rates of convergence that are parameter
dependent. This occurs with unit root tests, see Romano and Wolf (2001), and with
tests in the presence of weak instruments, see Guggenberger and Wolf (2004).

The main results given in the paper employ high-level assumptions. These assump-
tions are verified in examples concerning (i) a test with a nuisance parameter that
may be near a boundary, (ii) a CI based on a post-model-selection/super-efficient es-
timator, (iii) a CI for the lower endpoint of the support of a distribution, and (iv) a
confidence set for an unidentified parameter that is bounded by moment inequalities,
as in Chernozhukov, Hong, and Tamer (2002), Shaikh (2005), Rosen (2005), and Soares
(2005), also see Moon and Schorfheide (2004). In addition, Andrews and Guggenberger
(2005) verify the high-level conditions in examples concerning (i) a CI for a parameter
that may be near a boundary (in which case the parameter of interest, rather than
a nuisance parameter, may be near a boundary), and (ii) a CI for an autoregressive
parameter that may be near unity. In addition, Andrews and Guggenberger (2005) uti-
lize the results of this paper to introduce and analyze some new procedures including
(i) hybrid subsample/FCV, (ii) size-corrected FCV, (iii) size-corrected subsample, and
(iv) size-corrected hybrid tests and Cls (and analogous b < n bootstrap procedures).

The remainder of the paper is organized as follows. Section 2 illustrates the basic
problem with subsampling in a simple parameter near-a-boundary example. Section 3
describes the basic set-up for tests. Section 4 conveys the main ideas and results of the
paper in a simple model. Although the assumptions of this model are too restrictive
for many applications, the ideas and results are much easier to comprehend than in
a more general framework. Sections 5 and 6 specify the general assumptions and
asymptotic results of the paper for one-sided and symmetric two-sided tests. Sections
7 and 8 extend the results to equal-tailed two-sided tests and Cls, respectively. Section
9 provides examples of the general results. The Appendix gives sufficient conditions
for a technical high-level assumption that arises with studentized t statistics, provides
verification of assumptions in several examples, and provides proofs of the results stated
in the paper.

Throughout the paper a € (0,1) denotes a given constant.

2 Illustration of a Problem with Subsampling

Here we illustrate a potential problem with subsampling using a simple boundary
example. (The same problem arises with the b < n bootstrap.) In this example,
a parameter g is restricted to be non-negative. Suppose X; ~ i.i.d. N(fp,1) for
i=1,..,n and 0y > 0. The maximum likelihood estimator of 0y is 0,, = max{X,,0},
where X, = n~1 Y | X;. The distribution of 6, is

0, ~ max{Z,,0}, where Z, ~ N(fp,n"). (2.1)



The jth subsample estimator based on a subsample of size b, = o(n) is gbmj =
max{Xy, ;,0}, where X; ;= 0b,! Z]+b "1 X;. Its distribution is

gbn,j ~ max{Z, ,0}, where Z;_ ~ N(Go,bgl). (2.2)

Figure 1 shows the densities of Zy and Zp, for the case where 0y = .15, n = 100,
bn/n = 1/10. The estimators 6,, and 91, ,j have densities for z > 0 that are given by the
solid and dashed lines, respectively. The estimators equal zero with probabilities given
by the areas under the solid and dashed lines for z < 0. It is clear that the probability
that (9” = ( is much smaller than the probability that an 4 = 0. In consequence, the
distribution of an,] does not properly mimic the distribution of Qn. The reason this
occurs is that the subsample estimator behaves as though it is closer to the boundary
of the parameter space than the full sample estimator because it is much more variable.
In consequence, the effect of the boundary on the subsample estimator is noticeably
larger than on the full-sample estimator.
Obviously, a subsample estimator has a different scale than a full-sample estimator.
In consequence, one uses the distribution of a re-centered and re-scaled subsample es-
timator to approximate the corresponding distribution of the re-centered and re-scaled
full-sample estimator. Although suggestive, Figure 1 does not make this comparison
completely clear. In the present example, the re-centered and re-scaled full-sample and
subsample estimators are

T, = n1/2(§n —by) = n1/2(max{7n, 0} —6p)
= max{n'/?(X,, — 6p), —n'/?00}
~ max{Z,—h}, (2.3)

where Z ~ N(0,1) and h = n'/26,, and

Th, 5 = b3/* (O, ; — 00) = b)/*(max{X,, ;,0} — o)
= max{b,/*(Xs, ; — 00), —by/ 60}
~ max{Z, — (bn/n)'?h}. (2.4)

The densities of T}, and Tj, ; are graphed in Figure 2 for h = 1.5 and b, /n = 1/10.
Clearly, the subsample distribution gives a very good approximation of the full-sample
distribution in the right tail, but a poor one in the left-tail. Hence, an upper one-sided
subsample CI for 6y, which relies on a subsample critical value from the right tail of
the subsample distribution, will perform well. But a subsample lower one-sided CI will
perform poorly. Furthermore, equal-tailed and symmetric two-sided subsample Cls will
perform poorly.

The finite sample problem illustrated in Figure 2 is maintained in the limit as
n — oo provided h = n'/20 is a constant for all n (or converges to a constant). Hence,
for asymptotic results to properly capture the finite sample behavior of the subsample



method when 6 is near the boundary, one needs to consider true values 6y that drift
to zero as n — oo:

0o = 0o, = h/n'/?, (2.5)

Such sequences capture the non-uniform convergence of the statistics 7;, and Ty, ;.
(Results below show that one also has to consider sequences that drift to zero at a
slower rate than 1/ nt/2 ie., non-contiguous sequences, in order to cover cases in which
T, behaves as though it is relatively far from the boundary but 73, ; behaves as though
it is near the boundary.) Asymptotic results that only consider fixed 6y values are
misleading because they fail to reveal the effects of non-uniform convergence. The
formal set-up below allows for the case where the parameter drifts to zero. Often, the
limit of the finite sample size of a subsample test or CI is determined by its behavior
along sequences of this type.

3 Basic Testing Set-up

We are interested in tests concerning a parameter § € R? in the presence of a
nuisance parameter v € I'. Of special interest is the case where d = 1, but the results
allow for d > 1. The null hypothesis of interest is Hy : § = 6g. The alternative
hypothesis of interest may be one-sided or two-sided.

3.1 Test Statistic

Let T,,(6p) denote a test statistic based on a sample of size n for testing Hy : 0 = 0y
for some 6y € R?. The leading case that we consider is when Tj,(fp) is a t statistic, but
the results also allow T),(6p) to be an LR, LM, or some other statistic. Large values of
T,.(6p) indicate evidence against the null hypothesis, so a test based on T, () rejects
the null hypothesis when T),(0p) exceeds some critical value.

When T,(0p) is a t statistic, it is defined as follows. Let 6,, be an estimator of a
scalar parameter ¢ based on a sample of size n. Let 7,, (€ R) be an estimator of the
scale of O,,. For alternatives of the sort (i) Hy : 6 > 6, (i) Hy : 0 < 6o, and (iii)
Hy : 0 # 0y, respectively, the t statistic is defined as follows:

Assumption t1. (i) T,(00) = T, (0o), or (ii) Tn(0o) = —T;;(00), or (iii) T,.(00) =
|T7%(60)|, where T;%(0p) = 71 (05, —00) /0y, and 7, is some known normalization constant.

In many cases, 7, = n'/2. For example, this is true in boundary examples and even in
a unit root example. Note that 7, is not uniquely defined because 7,, could be scaled
up or down to counteract changes in the scale of 7. In practice this is usually not an
issue because typically there is a natural definition for &, which determines its scale.

A common case considered in the subsample literature is when 7,,(6g) is a non-
studentized t statistic, see PRW. In this case, Assumption t1 and the following as-
sumption hold.

Assumption t2. o, = 1.



There are cases, however, where a non-studentized test statistic has an asymptotic
null distribution with a normalization factor 7,, that depends on a nuisance parameter
~. This causes problems for the standard theory concerning subsample methods, see
PRW, Ch. 8. In such cases, a studentized test statistic often has the desirable property
that the normalization factor 7, does not depend on the nuisance parameter ~. This
occurs with tests concerning unit roots in time series, see Romano and Wolf (2001), and
with tests in the presence of weak instruments, see Guggenberger and Wolf (2004). The
set-up that we consider allows for both non-studentized and studentized test statistics.
Note that under Assumption t2 the order of magnitude of 7,, is uniquely determined.

The focus of this paper is on the behavior of tests when the asymptotic null dis-
tribution of T,,(0p) depends on the nuisance parameter v and is discontinuous at some
value(s) of 7. Without loss of generality, we take the point(s) of discontinuity to be ~y
values for which some subvector of v is 0.

We now introduce a running example that is used for illustrative purposes.

Example 1. We consider a testing problem where a nuisance parameter may be
on the boundary of the parameter space under the null hypothesis. Suppose {X; €
R?:i < n} areii.d. with distribution F,

Xi 0 o2 0109

The null hypothesis is Hy : @ = 0, i.e., 8g = 0. (The results below are invariant to
the choice of 6y.) The parameter space for the nuisance parameter p is [0,00). We
consider lower and upper one-sided tests and symmetric and equal-tailed two-sided
tests of nominal level . Each test is based on a studentized test statistic T,(6p), where
Tn(eg) = T:{(@O), —1:;(00), or ‘T;(Qg)‘, T;:(eo) = 7n(0n — 90)/6'\”1 and Tn — n1/2.

The estimators (6, 0y1) of (0, 01) are defined as follows. Let 6,1, 0p2, and p,, denote
any consistent estimators of o1, 02, and p. We suppose that 7, is scale equivariant, i.e.,
the distribution of 7,1 /0% does not depend on 03, as is true of most estimators of 2.
Define (gn,ﬁn) to be the Gaussian quasi-ML estimator of (6, i) under the restriction
that 1, > 0 and under the assumption that the standard deviations and correlation of
X; equal G,1,0,2, and p,,. This allows for the case where (0,, i, On1,0n2, P,,) is the
Gaussian quasi-ML estimator of (0, u, 01, 02, p) under the restriction ji,, > 0. Alterna-
tively, op1,0n2, and p,, could be the sample standard deviations and correlation of Xj;
and X;2. A Kuhn-Tucker maximization shows that

/én = Ynl - (,Bnanl) min(()»Yn?/an?)’ where
Xnj = n L300, Xy for j =1,2. (3:2)
3.2 Fixed Critical Values

We consider two types of critical value for use with the test statistic T;,(6g). The
first is a fized critical value (FCV) and is denoted cpi(1 — ), where a € (0, 1) is the



nominal size of the FCV test. The FCV test rejects Hy when
Tn(00) > cria(1l — ). (3.3)

The results below allow cpi, (1 — «) to be any constant. However, if the discontinuity
(or discontinuities) of the asymptotic null distribution of T},(6) is (are) not taken into
account, one typically defines

criz(1 — @) = co(1 — @), (3.4)

where ¢ (1 — «) denotes the 1 — a quantile of J and J is the asymptotic null dis-
tribution of T),(0y) when ~ is not a point of discontinuity. For example, for studentized
tests when Assumption t1(i), (ii), or (iii) holds, cxo(1 — ) typically equals z1_q, 21—q,
OT 21_q/2, Tespectively, where 21—, denotes the 1 — a quantile of the standard normal
distribution. If 7,,(6p) is an LR, LM, or Wald statistic, then ¢ (1 — ) typically equals
the 1 — a quantile of a X?l distribution, denoted X?g(l —a).
On the other hand, if a discontinuity at v = h® is recognized, one might take the
FCV to be
criz(1 — o) = max{coo(l — @), cpo(l — )}, (3.5)

where ¢;0(1 — a) denotes the 1 — o quantile of Jyo and Jyo is the asymptotic null
distribution of T},(6p) when v = hY. The FCV test based on this FCV is not likely
to be asymptotically similar, but one might hope that it has asymptotic level a. The
results given below show that often the latter is not true.

Example 1 (cont.). The FCVs employed in this example are the usual standard
normal critical values that ignore the fact that u may be on the boundary. They are
Z1—qs #1-a; and 21_q/2, respectively, for the upper, lower, and symmetric versions of
the test.

3.3 Subsample Critical Values

The second type of critical value that we consider is a subsample critical value. Let
{bp : n > 1} be a sequence of subsample sizes. For brevity, we sometimes write b, as
b. Let {fn,b,j :7=1,...,qn} be certain subsample statistics that are based primarily on
subsamples of size b,, rather than the full sample. For example, with i.i.d. observations,
there are ¢, = n!/((n — by)!b,!) different subsamples of size b, and T\nm is determined
primarily by the observations in the jth such subsample. With time series observations,
say {X1,..., Xp}, there are ¢, = n — bp + 1 subsamples of by, consecutive observations,
e.g., Y; ={Xj,..., Xj4p,-1}, and Tp, 3 ; is determined primarily by the observations in
the jth subsample Y;.

Let Lyp(x) and ¢, (1 — o) denote the empirical distribution function and 1 — «

sample quantile, respectively, of the subsample statistics {Tn,b,j 27 =1,...,qn}. They



are defined by

Lnp(®) = g3 Z nb]<x ) for x € R and
Cnp(l —a) = 1nf{$ : Ln,b( ) >1—a}. (3.6)
The subsample test rejects Hg : 0 = 0 if
Tn(6o) > cpp(l — ). (3.7)

We now describe the subsample statistics {fn,b,j :7=1,...,qn} in more detail. Let
{Tp,j(00) : j = 1,...,qn} be subsample statistics that are defined exactly as T),(0p) is
defined, but based on subsamples of size by, rather than the full sample. For example,
suppose Assumption t1 holds. Let (Hn bj>Onyp,j) denote the estimators (Hb,ob) applied
to the jth subsample. In this case, we have

(i) Tnpj(00) = T5(Onpj — 00)/Fnpjy OF
(i) Thp,j(00) = —T6(0np,; — 60)/Cnpj, OF
(if) Tp,j(0o) = [76(Onp,; — 00)/Tnp,jl- (3.8)

Below we make use of the empirical distribution of {71}, ;(00) : 5 = 1, ..., ¢n } defined
by

= in Z nb,_y 90 < .Z') (39)

In most cases, subsample critical values are based on a simple adjustment to the
statistics {1, p,;(00) : 5 = 1,...,qn}, where the adjustment is designed to yield subsam-
ple statistics that behave similarly under the null and the alternative hypotheses. In
particular, {T\ nbj i J=1,...,qn} often are defined to satisfy the following condition.

Assumption Subl. T, bn J=Tnpn ](6) ) for all j < ¢y, where Qn is an estimator of 6.

The estimator Hn is usually chosen to be a consistent estimator of § whether or not the
null hypothesis holds. Assumption Subl can be applied to t statistics as well as to LR
and LM statistics, among others.

If consistent estimation of # is not possible at the point of discontinuity, say when
v = RO, as occurs when 6 is not identified when v = R, then taking {Tn,bn,j} to satisfy
Assumption Subl is not desirable because /Q\n is not necessarily close to 6y when ~ is
close to 7Y. For example, this occurs in the weak IV example, see Guggenberger and
Wolf (2004). In such cases, it is preferable to take {fn,bn,j} to satisfy the following
assumption.*

When Assumption t1 holds, subsample statistics {fn,bn i} that satisfy Assumption Sub2 typically
yield nontrivial power because the normalization constant 7, satisfies 74, /75 — 0.
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Assumption Sub2. fn,bn,j = Thp,,i(00) for all j < gp.

The results given below for subsample tests allow for subsample statistics {f b}
that satisfy Assumption Subl or Sub2 or are defined in some other way.

Example 1 (cont.). The subsample critical values in this example are given by

cnp(1 — ) obtained from the subsample statistics {T7,5(60n) : 7 < ¢n} that satisfy
Assumption Subl. (The same results as given below hold under Assumption Sub2.)

3.4 Asymptotic Size

The exact size, FxSz,(0p), of an FCV or subsample test is the supremum over
~v € T" of the null rejection probability under ~:

ExSzp(00) = sup RP,(0o,7), where RP,(00,7) = Pyy~(Tn(60) > ci—a),
yel’

Clea = Criz(l —a) or c1—q = cpp(l — ), (3.10)

and Pj(-) denotes probability when the true parameters are (6,7).?
We are interested in the “asymptotic size” of the test defined by

AsySz(6p) = limsup ExSz,(0p). (3.11)
n—oo
This definition should not be controversial. Our interest is in the exact finite sample
size of the test. We use asymptotics to approximate this. Uniformity over v € I", which
is built into the definition of AsySz(6y), is necessary for the asymptotic size to give a
good approximation to the finite sample size.”
If AsySz(0g) > «, then the nominal level « test has asymptotic size greater than
a and the test does not have correct asymptotic level.
To a lesser extent, we are also interested in the minimum rejection probability of
the test and its limit:

MinRP,(0y) = infﬂ RP,(00,v) and AsyMinRP(0y) = liminf MinRP,(0y). (3.12)
S n—00
The quantity o — MinRP,(0p) is the maximum amount of under-rejection of the test
over points in the null hypothesis for fixed n. If « — AsyMinRP(0y) > 0, then the
subsample test is not asymptotically similar and, hence, may sacrifice power.

®We remind the reader that the size of a test is equal to the supremum of its rejection probability
under the null hypothesis and a test is of level « if its size is less than or equal to a.

SNote that the definition of the parameter space I' is flexible. In some cases, one might want to
define T" so as to bound v away from points in RP that are troublesome. This is reasonable, of course,
only if one has prior information that justifies the particular definition of I'.
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4 Simple Model and Results

In this section, we use a simple model to illustrate the ideas behind the general
results that are given below. We are interested in testing Hp : § = 6 in the presence of
a nuisance parameter . The main simplifying assumptions made in this section are that
v is a scalar, Assumption Sub2 holds, and all asymptotic distributions are continuous
and strictly increasing at their 1 — « quantiles. These assumptions are too restrictive
for most examples of practical interest, but imposing them is useful to illustrate the
ideas. We suppose that the parameter space for v is one-sided, i.e., I = (0, b] or [0, b] for
some 0 < b < oo. The asymptotic distribution of the test statistic, T,,(0p), is assumed
to be discontinuous at v = 0 as defined precisely in Assumption B2 below.

Let r > 0 denote a rate of convergence index. When the sequence of true parameter
values {v,, : n > 1} satisfies n"y,, — h € [0, 0], then the test statistic T,,(6p) has an
asymptotic distribution that depends on the localization parameter h. In most examples
with i.i.d. observations, » = 1/2. The parameter space for the localization parameter
his H = [0,00]. Given r > 0 and h € H, let {v,,, € ' : n > 1} denote a sequence
that satisfies n"y,, , — h. The solid line in Figure 3(a) illustrates such a sequence for
the case where h < co—the sequence decreases at rate n~" for » = 1/2. The solid line
in Figure 3(b) illustrates such a sequence for the case where h = oo—the sequence
decreases at a rate slower than n~" for r = 1/2. Note that a sequence {v,,, : n > 1}
that is bounded away from zero also satisfies n"y,, ;, — h with h = oo.

We make the following assumption.

Assumption B2. For some r > 0, all h € H, all sequences {v,,, : n > 1}, and some
distributions Jg, Tn(60) —q Jp under {v,,, : n > 1}.

This assumption only requires verification of pointwise convergence of T;,(6y)—no
uniformity over vy parameters is required. Hence, verification can be carried out by the
usual methods for determining the asymptotic distribution of a test statistic. Verifi-
cation of Assumption B2 requires that one determines the asymptotic distributions of
T,,(0p) under various sequences of true parameters, rather than under a fixed true para-
meter. But, this is done routinely for local power calculations. Assumption B2 requires
that one considers all possible convergent sequences (possibly to oo) of parameters in
I', rather than just sequences of the form ~, = h/n" for some h.

For a fixed critical value test, no further assumptions are needed to determine
AsySz(0p). For subsample tests, we use the following additional assumption.

Assumption S. (i) b, — oo, (ii) by/n — 0, (iil) {Tnp,,;(00) : 7 = 1,...,¢n} and
Ty, (0o) are identically distributed under any v € I" for all n > 1, (iv) for all sequences
{vn €l :n>1}, Upp, () — Egyy, Unp, (¥) —p 0 under {7, : n > 1} for all x € R,
(v) for all h € H, Jp(x) is continuous and strictly increasing at its 1 — a quantile
cn(1 — @), and (vi) Assumption Sub2 holds.

Assumptions S(i)-S(iii) are standard assumptions in the subsample literature. As-
sumption S(iv) automatically holds for i.i.d. observations (by a U-statistic inequality of
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Hoeffding as in PRW, p. 44). It also holds under stationary strong mixing observations
given conditions on the mixing numbers, see below. Assumptions S(v) and S(vi) are
imposed in this section for simplicity. They can be restrictive, so they are relaxed in
the general results given below.

The asymptotic size of a subsample test is determined by the asymptotic distrib-
utions of the full-sample statistic 75,(6p) and the subsample statistic T}, ;(6o) under
sequences {7, : 7 > 1}. By Assumption B2, the asymptotic distribution of T},(fp) is
Jp. The asymptotic distribution of T}, ;(0o) under {7, : n > 1} is shown below to
be J, for some g € H. Under {v, ; : n > 1} for h € H, not all g € H are possible
indices for the asymptotic distribution of T}, ;j(fo). The set of all possible pairs of
localization parameters (g, h) is denoted GH and is defined by

GH ={(g,h) e Hx H:9g=0if h<oo & g € [0,00] if h = o0}. (4.1)

Note that g < h for all (g,h) € GH.

Figure 3 provides an explanation for the form of GH and for the asymptotic behavior
of the subsample test statistics. The solid line in Figure 3(a) is the graph of (n,,,)
for n > 0 when 7,, ,, = h/n" for 0 < h < oo and r = 1/2. The asymptotic distribution of
T,,(0p) under this sequence is Jj. The question is “What is the asymptotic distribution
of T p,,,(00) under {(7,, : n > 1}?” Because 1,4, ;(00) has the same distribution as
Ty, (00) by Assumption S(iii), the answer can be determined using Assumption B2 by
considering the relationship between 7,, ;, and by,.

For specificity, suppose b, = n'/2. (In practice b, must be an integer, but for
simplicity we ignore this in the present discussion.) The dashed line in Figure 3(a) is the
graph of the pairs (bn, v, ) = (n*/2,h/n'/?) for n > 0 and h = 1 or, equivalently, the
pairs (n, h/n) for n > 0. The asymptotic distribution of Tj, (fp) under {h/n'/? : n > 1}
is the same as the asymptotic distribution of T},(6p) under {h/n : n > 1} because both
correspond to the dashed line in Figure 3(a). The asymptotic distribution is Jy by
Assumption B2 because n" (h/n) = h/n'/? — 0. Hence, if Ty, (6) —q Jj, for 0 < h < oo,
then T4, ;(00) —a Jg for g = 0. This explains the condition in GH that g = 0 if
0<h<oo.

Figure 3(a) illustrates the case in which (g,h) = (0,h) for 0 < h < oo. Figure
3(b) illustrates an important second case in which (g,h) = (g,00) for 0 < g < oc.
In Figure 3(b) the solid line is the graph of (n,7,,;) = (n,g/n**) for n > 0 and
g = 1, and the dashed line is the graph of the pairs (bn,v,p) = (n/2,g/n/*) for
n > 0 or, equivalently, the pairs (n, g/n'/2?) for n > 0. (Note that distributions under
the parameters {7, = g/n'* :n > 1} typically are not contiguous to those under
v = 0.) The dashed line in Figure 3(b) is the same as the solid line in Figure 3(a).
The asymptotic distribution of T}, (fg) under {g/n'/* : n > 1} is the same as the
asymptotic distribution of T, (6g) under {g/n'/? : n > 1} because both correspond to
the dashed line in Figure 3(b). This asymptotic distribution is J, by Assumption B2
because n" (g/n'/?) = g — g. In consequence, in this case, Ty, (o) —q4 Jp for h = co and
Top,,i(00) =4 Jg for 0 < g < co. Thus, if h = oo, then g can take any value in (0, c0),

13



as is allowed in GH. (By considering the sequences v, ;, = 1/n, 1/n'/3, and 1/n'/®, one
can show that the pairs (g,h) = (0,0), (0,00) and (oo, 00) also are possible and, hence,
are contained in GH.)

In sum, under a sequence {,, , : 7 > 1}, the asymptotic distributions of 7},(¢p) and
Thp,.j(00) are given by Jp and Jg, respectively, where g = limy, .o by Yn,p- The possible
(g, h) pairs are those contained in the localization parameter space GH.

Using the heuristics given above, Corollary 1 below shows that the asymptotic sizes
of FCV and subsample tests are given by the following quantities:

Mazpiz (o) = sup[l — Jp(cpiz(1 — a))] and
heH

Mazsu(o) = sup [1 = Jx(cg(l — )], (4.2)
(g,h)eGH

respectively, where c4(1 — ) denotes the 1 — « quantile of J,;. The Corollary applies to
the simple model considered in this section. It is a special case of Theorem 2 below.

Corollary 1 Suppose Assumption B2 holds and T = (0,b] or [0, b] for some 0 < b < oc.
Then,

(a) AsySz(0p) = Maxpiz(c) for an FCV test, and

(b) AsySz(6y) = Mazxgyu () for a subsample test provided Assumption S holds.

Comments. 1. A key question concerning nominal level @« FCV and subsample tests
is whether AsySz(6p) < a. For an FCV test, Corollary 1 shows that this holds if and
only if (iff) ¢pip(1 — @) is greater than or equal to the 1 — o quantile of Jp, denoted
cn(l —a), for all h € H.

2. For a subsample test, Corollary 1 shows that AsySz(6y) < a iff ¢4(1 — ) >
cp(1—a) for all (g, h) € GH (because in the latter case 1 —Jp(cg(1—a)) < 1—Jp(cp(1—
a)) = «a). In consequence, a graph of ¢,(1 — «) as a function of A is very informative
concerning the asymptotic size of a subsample test. Figure 4 provides four examples
of possible shapes of ¢,(1 — «) as a function of h. In Figure 4(a), cp(1 — «) is strictly
decreasing in h. Hence, ¢4(1 — a) > (1 — «) for all (g,h) € GH (since g < h) and
AsySz(0p) < a. In contrast, in Figures 4(b), 4(c), and 4(d), there are pairs (g, h) € GH
for which ¢4(1 —a) < ¢(1 — ) and, hence, AsySz(0y) > c. In Figure 4(b), this is true
for all (g,h) with g =0and 0 < h < oo or 0 < g < oo and h = 0o because c;(1 — «)
is strictly increasing in h. In Figure 4(c), it is true for all (g, h) with 0 < g < oo and
h = oco. In Figure 4(d), it is true for all (g, h) with ¢ = 0 and 0 < h < oo. Figure 4(c)
illustrates a case in which subsampling does not lead to over-rejection for alternatives
that typically are contiguous, i.e., those with h < oo, but leads to over-rejection for
alternatives that typically are not contiguous, i.e., h = co. In general, by looking at a
graph of ¢, (1 — a) as a function of h, one can see which values of h lead to over- or
under-rejection of the null. The shape of the graph determines whether AsySz(0p) < «
for a subsample test.
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3. Typically AsySz(0y) for a FCV test is relatively easy to compute by simulation
of Jn(criz(1—a)) for all h € H. Similarly, for subsample tests, usually one can calculate
AsySz(0p) via simulation without great difficulty.

We now give a proof of Corollary 1. One of the purposes of this section is to provide
a direct proof of Corollary 1 that is simpler and more transparent than the proof of
the more general Theorem 2. The proof uses the following two lemmas. Part (b) of
Lemma 1 is the key to the subsample results because it leads to the basic result given
in part (e).

Let C(Jg) denote the set of continuity points of J.

Lemma 1 Suppose Assumptions B2 and S hold. Let {7y, € I' : n > 1} satisfy (i)
' Ypp — h and (ii) by, p, — g for some g € [0,00]. Then,

(a) (¢9,h) € GH,

(b) Banry, Unin(2) = Py, Ty, (09) < ) — J,(x) for all z € C(J,)

(c) nbn( ) —p Jg(x) for all x e C(Jy) under {v, 5 : n > 1},

(d) enp, (1 a) p Cg(1 — ) under {v,, ), : n > 1},

(e) P@o,’ynh( n(00) < b (1 — @) = Jnlcy(1 — @), and

(f) parts (a)-(e) of the Lemma hold with the sequence {n} replaced by any subse-
quence {wy, : n > 1} throughout the assumptions and results.

Proof of Lemma 1. Part (a) holds because if h < oo and b, /n — 0, then b},v,, , — 0,
g =0, and (g,h) € GH. On the other hand, if h = oo, then (g,h) € GH because the
definition of GH puts no restriction on g.

Next, we prove part (b). For notational simplicity, we drop the subscript y from
Py, » and Ep, . We have

qn

Ey, Unp (@) = ¢, Y Py (T, 5(00) < @) = Py (Th, (6) < ), (4.3)
=1

where the first equality holds by definition of Uy, () and the second equality holds
by Assumption S(iii).

We now show that P, (T}, (00) < z) — Jg(x) for all x € C(Jy) by showing that
any subsequence {t,} of {n} has a sub-subsequence {s,} for which P, (T3, (6o) <
x) — Jg(x). Given any subsequence {t,}, select a sub-subsequence {s, } such that {bs, }
is strictly increasing. This can be done because b, — oo by Assumption S(i). Because
{bs, } is strictly increasing, it is a subsequence of {n}. Below we show that Assumption
B2 implies that for any subsequence {u,} of {n} and any sequence {y; €I':n >1}
that satisfies (') uy, 75, — g, we have

Py (T, (80) < @) = Jy(a), (4.4)

for all x € C(J;). We apply this result with u, = bs, and v;, = v, ; to obtain the
desired result Py, (Tp,, (00) < x) — Jy(z), where (i') holds because by v,, , — g by
assumption.
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For the proof of part (b), it remains to show (4.4). Define a new sequence {v;* :
k > 1} as follows. If k = uy, set 77" equal to ;. If k # uy, define 77" to be

v = min{k~2,0/2} if g =0
v = min{k"g,b/2} if0<g< oo (4.5)
Yir =1b/2 if g = oc.

Note that the parameters {y;* : k > 1} are in I for all £ > 1 and k"y;* — g as k — oo.
Hence, {7;* : k > 1} is of the form {v, , : n > 1} and Assumption B2 implies that
Py (T (00) < y) — Jg(y) for all y € C(J,). Because {uy,} is a subsequence of {k} and
Vi = Vu, When k = u,, the latter implies that Py (T4, (00) < y) — Jg(y), as desired.

Part (c) holds by part (b) and Assumption S(iv). Parts (d) and (e) are established
by fairly standard arguments using part (c¢) and Assumption S(v) because ¢y, (1 — o)
is the 1 — o quantile of Uy, (2) = Lpp, () using Assumption S(vi). In particular,
Lemma 5 in the Appendix can be used for this purpose. Part (f) holds by the same
arguments as above with w,, in place of n throughout. [

Lemma 2 Suppose Assumptions B2 and S hold. Let (g, h) € GH be given. Then, there
is a sequence {7, : n > 1} of points in I' that satisfies n"v,, , — h and by, , — g
and for this sequence parts (b)-(e) of Lemma 1 hold.

Proof of Lemma 2. Define a sequence {7, : n > 1} as follows:

Vo = min{n =2, b/2} ifg=h=0

Yn,n = min{n="h,b/2} itg=0&0<h<o0

Yo = min{ (b,n)""/2,b/2} ifg=0& h =00 (4.6)
Y, = min{b;"g,b/2} if0<g<oo&h=o0

Yoo = b/2 if g =h = 0.

As defined, v,, 5 € (0,b] C T for all n > 1 and straightforward calculations show that
{Yn,n 2 n > 1} satisfies n"y,, , — h and b7, , — g. O

Proof of Corollary 1. The proof of part (a) is similar to that of part (b), but much
simpler. Hence, for brevity, we only give the proof for part (b). We first show that
AsySz(60y) > Maxgy(a). Equations (3.10) and (3.11) imply that for any sequence
{7, €T :n>1},

AsySz(0o) > limsup [1 — Py, 5, (Tn(00) < cnp(l — a))]. (4.7)

n—oo

In consequence, to show AsySz(6y) > Maxgy(a), it suffices to show that given any
(g,h) € GH there exists a sequence {,, € ' : n > 1} such that

limsup[1— Py, ~, (T(00) < cnp(l —a))] > 1 — Ju(cy(1 — a)). (4.8)

n—oo
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The latter inequality holds (as an equality) by Lemma 2.

It remains to show AsySz(0y) < Maxgyu(a). Let {7 € I': n > 1} be a sequence
such that limsup,,_,., RP,(00,7;,) = limsup,,_,. sup,er RPu(00,7) (= AsySz(0o)).
Such a sequence always exists. Let {v, : n > 1} be a subsequence of {n} such that
limy, o0 RP,, (00,75, ) exists and equals limsup,, .., RP, (0o, ;) = AsySz(0p). Such a
subsequence always exists.

Either (1) limsup,, .., v, < oo or (2) limsup,, ., v;,7y,, = 0o. If (1) holds, then
for some subsequence {wy,} of {v,}

Wy, Vs, — h for some h € R and
Vo, Yo, — 0. (4.9)

If (2) holds, then either (2a) limsup,, ., by, 7, < 00 or (2b) limsup,, ., by, 7, = oo.
If (2a) holds, then for some subsequence {wy,} of {v,},

biy, Ve, — g for some g € R and

Wy Vs, — h, where h = oo. (4.10)
If (2b) holds, then for some subsequence {wy,} of {v,},

by, Yo, — g, Where g = oo, and

wy Vs, — h, where h = oo. (4.11)
In consequence, conditions (i) and (ii) of Lemma 1 hold. Hence,
RPuy, (00,7,) = 1= Jn(cg(1 — a)) (4.12)

by Lemma 1(e) with w, in place of n, which holds by Lemma 1(f). Also, (g,h) € GH
by Lemma 1(a). Since limy, oo RP,, (00,7;, ) = AsySz(0o) and {wy,} is a subsequence
of {vn}, we have lim,, oo RPy, (00,75,,) = AsySz(0o). This, (4.12) and (g,h) € GH
imply that AsySz(0g) < Maxgyu(a), which completes the proof of part (b). O

5 Assumptions

The previous section provides assumptions, results, and proofs for a simple model
for illustrative purposes. In this section, we introduce the general assumptions that are
employed in the paper. The assumptions are verified in several examples below.

5.1 Parameter Space

First, we introduce some notation. Let | denote the left endpoint of an interval that
may be open or closed at the left end. Define | analogously for the right endpoint. Let
Ri={x€eR:2>0},R_.={r € R:2 <0}, R{ o = Rt U{o0}, R_ oo = R_U{—00},
Roo = RU{+o0}, RE = Ry x...x Ry (with p copies), and RE, = Ry X ... X Roo (With p
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copies). Let cl(I) denote the closure of an interval I = | I, Is| C R with respect to Reo.
(In particular, if I = |1, 00) for I} > —oo, then cl(I) = [I1,00) U{oo}; if I = (—o0, I2]
for I < oo, then cl(I) = (—o0, Ir] U {—o0}; and if I = R, then cl(I) = R.)

The model is indexed by a parameter v that has up to three components: v =
(71572,73)- The points of discontinuity of the asymptotic distribution of the test sta-
tistic of interest are determined by the first component, v; € RP. Through reparame-
trization we can assume without loss of generality that discontinuity occurs when one
or more elements of 7; equal zero. The value of v, affects the limit distribution of the
test statistic of interest. The parameter space for v, is I'y C RP.

The second component, v, (€ R?), of v also affects the limit distribution of the
test statistic, but does not affect the distance of the parameter v to the point of
discontinuity. The parameter space for v, is 'y C R9.7

The third component, 3, of v does not affect the limit distribution of the test
statistic. It is assumed to be an element of an arbitrary space 73. Hence, it may be finite
or infinite dimensional. For example, in a linear model, a test statistic concerning one
regression parameter may be invariant to the value of some other regression parameters.
The latter parameters are then part of 5. Infinite dimensional 5 parameters also arise
frequently. For example, error distributions are often part of v3. Due to the operation
of the central limit theorem (CLT) it is often the case that the asymptotic distribution
of a test statistic does not depend on the particular error distribution—only on whether
the error distribution has certain moments finite. Such error distributions are part of
3. The parameter space for 75 is I's(y1,72) (C 73), which as indicated may depend on

7, and 7,.
The parameter space for v is

F'={(v1,72,73) : 71 €T1,72 € 2,73 € I'3(71,72) }- (5.1)

In Section 6 below we provide two main theorems. The first theorem relies on weaker
assumptions than the second, but gives weaker results. An Assumption that ends with
1 is used in Theorem 1. An Assumption that ends in 2 is used in Theorem 2 and is
stronger than a corresponding assumption that ends in 1. (For example, Assumption
A2 implies Assumption Al.) All other assumptions are used in both Theorems 1 and
2.

Assumption Al. T satisfies (5.1), where I'y C RP, 'y C R, and I'3(7;,v4) C 73 for

some arbitrary space 73.

Assumption A2. (i) Assumption Al holds, and (ii) 'y = [[?,_; I'1,m, where 'y ,, =

| @y by | for some —oo < @y, < by, < 00 that satisfy a,, <0 < by, for m=1,...,p.
Under Assumption A2, the parameter space I'; includes values v, that are arbitrar-

ily close to 0.8

"The extension to the case where v, is infinite dimensional is straightforward. In the examples we
consider, 7, is finite dimensional. So, for simplicity, we take it to be so here.

8The results below allow for the case where there is no subvector v, of 7, i.e., p = 0. In this case,
there is no discontinuity of the asymptotic distribution of the test statistic of interest, see below.
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Example 1 (cont.). In this example, the vector of nuisance parameters v =
(Y1572, 73) is defined by v, = /o2, 75 = p, and v3 = (01,02, F'). In Assumption A2,
set I't = Ry, T'a = (—1,1), and I's(y1,7,) = (0,00) x (0,00) x F(u, p,01,02), where

F(p,p,o1,00) = {F : Ep||X;|P* < M, EpX; = (0,p), Varp(Xa) = o3,
Varp(Xi2) = Ug, & Corrp(Xi1, Xi2) = p} (5.2)

for some M < oo and § > 0. Then, Assumption A2 holds.

The null distribution of T;¥(0) is invariant to o3 because Gy is scale equivariant.
Hence, without loss of generality, when analyzing the asymptotic properties of the
tests in this example, we assume that o3 = 1 for all n and T's(y7,72) = {1} x (0, 0) X
f(:uv P01, 02)'

5.2 Convergence Assumptions

This subsection and the next introduce the high-level assumptions that we employ.
The high-level assumptions are verified in several examples below.

Throughout this section, the true value of 6 is the null value 6y and all limits are
as n — oo. For an arbitrary distribution G, let G(-) denote the distribution function
(df) of G and let C(G) denote the continuity points of G(-). Define the 1 — a quantile,
q(1 — @), of a distribution G by ¢(1 — a) = inf{z : G(x) > 1 — a}. For a df G(-), let
G(x—) = lima\ o G(x — €), where “lim.\ o” denotes the limit as € > 0 declines to zero.
Note that G(z+) = lim.\ o G(z +¢) equals G(x) because dfs are right continuous. The
distributions Jp and Jyo considered below are distributions of proper random variables
that are finite with probability one.

For a sequence of constants {ky : n > 1}, let ky, — [K1,00, K2,00] denote that K1 o <
liminf,, o kp < limsup,, o kn < K2,00-

Let r > 0 denote a rate of convergence index such that when the true value of =,
satisfies n"y; — hi, then the test statistic 7,,(0y) has an asymptotic distribution that
depends on the localization parameter hi. In most examples, » = 1/2, but in the unit
root example considered in Andrews and Guggenberger (2005) r = 1.

Next, we define the index set for the different asymptotic null distributions of the
test statistic 75,(0g) of interest. Let

H = {h = (h17 h2) € joq = {’Vn = (7n,1a7n,277n,3) elin> 1}
such that n"y, ; — hy and v, 5 — ha}. (5.3)

Under Assumption A2, it follows that

p Ry ifan,=0
H=H xHy, Hi=]][{ R o ifbn=0 and Hy = cl(Ty), (5.4)
m=1 | R  if ap, <0 and by, > 0,

9The condition Er||X;||**® < M in F(u, p,01,02) ensures that the Liapunov CLT applies in (5.5)-
(5.7) below. In F(u, p,01,02), ErX;1 =0 because the results given are all under the null hypothesis.
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where cl(I'2) is the closure of I's with respect to R&,. For example, if p = 1, a; = 0,
and I'o = RY, then Hy = Ry o, Hy = R, and H = Ry o % RL..

Definition of {v,, : n > 1}: Given r > 0 and h = (h1,h2) € H, let {7, =
(Yn,h,1> Ynoh,2s Ynoh,a) © 1 > 1} denote a sequence of parameters in I' for which n"™y,, , 1 —
h1 and Ynh2 — hso.

The sequence {7,, 5, : n > 1} is defined such that under {,,; : n > 1}, the asymptotic
distribution of T},(6y) depends on h and only h, see Assumptions Bl and B2 below. For
a given model, there is a single fixed r > 0. Hence, for notational simplicity, we do not
index {7, : n > 1} by r. In addition, the limit distributions under {7, , : n > 1} of
the test statistics of interest do not depend on 7,, ;, 3, 5o we do not make the dependence
of vy, on 7, 53 explicit.

In models in which the asymptotic distribution of the test statistic of interest is
continuous in the model parameters, we apply the results below with no parameter v,
(or Ypp1), i-e., p = 0. We refer to this as the continuous limit case. In the continuous
limit case, the asymptotic distribution of the test statistic is the same for all sequences
of true parameters that converge to the same point. On the other hand, in the dis-
continuous limit case—which is the case of main interest in this paper, we apply the
results with p > 1.

Given any h = (hy, he) € H, define h® = (0, ho).

We use the following assumptions.

Assumption B1. (i) For some r > 0, some h € H N RP*? such that h® € H, some
sequence {7, : n > 1}, and some distribution Jp,, T, (00) —4 Jp under {v,, , : n > 1},
and (ii) for all sequences {7, 50 : n > 1} and some distribution Jyo, 15, (60) —a Jpo
under {7, p0 : 1 > 1}.

Assumption B2. For some r > 0, all h € H, all sequences {7, : n > 1}, and some
distributions Jy, Tn(60) —q Jp under {v,,; : n > 1}.

If y,, 5, does not depend on n (which necessarily requires h; = 0), Assumption B1(i)
is a standard assumption in the subsample literature. For example, it is imposed in
the basic theorem in PRW, Thm. 2.2.1, p. 43, for subsampling with i.i.d. observations
and in their Thm. 3.2.1, p. 70, for stationary strong mixing observations. If v, j
does depend on n, Assumption B1(i) usually can be verified using the same sort of
argument as when it does not. Similarly, Assumption B1(ii) usually can be verified
using the same sort of argument and, hence, is not restrictive.

Assumption B2 holds in many examples, but it can be restrictive. It is for this
reason that we introduce Assumption Bl. Theorem 1 only requires Assumption Bl,
whereas Theorem 2 requires Assumption B2. In the “continuous limit” case (where
Assumption B2 holds with p = 0 and H = Ha), the asymptotic distribution J;, may
depend on h but is continuous in the sense that one obtains the same asymptotic
distribution for any sequence {~,, , : n > 1} for which ~,, ; 5 converges to hy € Hs.

Example 1 (cont.). In this example, r = 1/2 and H = R4 o x [—1, 1] because
I'y = Ry and 'y = (—1,1). We now verify Assumption B2 for this example. For more
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complicated boundary examples, results of Andrews (1999, 2001) can be used to verify
Assumption B2. The following results are all under the null hypothesis, so the true
parameter 6 equals zero. For any h = (hi, he) € H with hy < oo and any sequence
{Y¥nn 1 n > 1} of true parameters, consistency of (71,2, py,) and the CLT imply that

1/27 /’\ 0

n nl/0Onl

" — + Zp,s 5.5
( n'/2X p3 /o ) I ( hi > 2 (5:5)
where Zp, = (Zhy,1, Zhy2) ~ N(0, Vh,) and V3, is a 2 x 2 matrix with diagonal elements
1 and off-diagonal elements ho. (For this and the results below, we assume that 7,1, op2,
and p,, are consistent in the sense that 7,,;/0jnn —p 1 for j = 1,2 and p,, — p,, 5, —p 0

under {7, , = (On,hs Prps (10> T2mhy Fop)) 1m0 > 1})
By the continuous mapping theorem, we obtain

T3 (00) = n"/20, /Gp1 = 0"/ * X1 /Gt — B min(0,n X2 /Gn2)) —a Jj (5.6)
under {7, ,}, where J} is the distribution of
Zh271 — hy min(O, Zh272 + hl). (5.7)

Note that J} is stochastically increasing (decreasing) in hy for hy < 0 (hg > 0). Likewise,
—J; is stochastically decreasing (increasing) in hy for ho < 0 (he > 0).

For h € H with h; = oo, we have gn = X,1 wp—1 under {7n,n} because n1/27n2/3n2
—p 0o under {v,, , }. (The latter holds because nl/Qvn’h,l =n'2pu, Jops — o0, nY2(X o
—Eyng)/b'\ng = Op(l) by the CLT and 8n2/0'n2 —p 1, and n1/2E7n2/8n2 = n1/2un/8n2
—p 00.) Therefore, under {v,, ,} with h; = oo, we have

T7(00) —a J5, where J3 is the N(0, 1) distribution. (5.8)

Note that the limit distributions J; and J% do not depend on v4 = (0%, 0%, F).

For T,,(00) = T,,(0o), =T, (00), and |T};(00)|, we have T (o) — Jp under {v,,},
where J, = Ji, —J), and |J;|. (If Y ~ J}, then by definition, =Y ~ —J;} and |Y| ~
|J;|.) Hence, Assumption B2 holds for upper, lower, and symmetric tests.

Figure 5 provides .95 quantile graphs of J; and |J}| as functions of h; € [0, c0) for
several values of hy € [—1,1]. As discussed in Comment 2 to Corollary 1, these graphs
provide considerable qualitative information concerning the null rejection probabilities
of subsample and FCV tests as a function of hy (= p) and ha (= p).

The quantile graphs for J; indicate that the upper one-sided subsample test over-
rejects for negative values of hy for all finite values of hy (because the graphs are
increasing in hp) with the greatest degree of over-rejection being quite large and oc-
curring for (g1, h1) = (0,00) and hs close —1. On the other hand, for positive values
of ha, the upper subsample test under-rejects (because the graphs are decreasing in
h1) with the greatest degree of under-rejection being relatively small and occurring for
(91,h1) = (0,00) and hy around .5. In sum, the quantile graphs indicate qualitatively
that the size of the upper subsample test exceeds .05 by a substantial amount.
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In contrast, the graphs for J; compared with the standard fixed critical value of 1.64
show that the upper one-sided FCV test under-rejects for negative values of hy for all
finite values of hy (because the graphs lie below 1.64) with the greatest degree of under-
rejection being quite large and occurring for he close —1. Note that the maximum null
rejection probability over hy € [0, 00) for any given he < 0 is .05 because the quantile
graphs are maximized at hy = oo and asymptote to 1.64 as h; — oo. For positive
values of hg, the upper FCV test over-rejects (because the graphs lie above 1.64) with
the greatest degree of over-rejection being relatively small and occurring for h; = 0
and ho around .5. Hence, the graphs indicate that the size of the upper FCV test is
greater than .05, but by a modest amount. (The results for lower one-sided subsample
and FCV tests are analogous to those for upper one-sided tests with hy replaced by
—ha.)

The quantile graphs for |J}| indicate that the symmetric two-sided subsample test
over-rejects for non-zero values of hy for all finite values of h; (because the graphs
are increasing in hj;) with the greatest degree of over-rejection being moderate and
occurring for (g1,h1) = (0,00) and |ha| close —1. The graphs indicate that the size of
the symmetric subsample test exceeds .05 by a moderate amount.

The graphs for |J;| compared with the standard fixed critical value of 1.96 show
that the symmetric two-sided FCV test under-rejects for non-zero values of hy for all
finite values of h; (because the graphs lie below 1.96) with the greatest degree of under-
rejection being modest and occurring for hy = 0 and |hs| close to 1. The maximum null
rejection probability over hy € [0,00) for any given hy < 0 is .05 (for the same reason
as given above for Jp). The graphs indicate that the size of the symmetric FCV test is
.05, as desired, but the test is not similar.

5.3 Subsample Assumptions

The assumptions above are all that are needed for FCV tests. For subsample tests,
we require the following additional assumptions:
Assumption C. (i) b, — oo, and (ii) b,/n — 0.

Assumption D. (i) {T},4,,(00) : 7 = 1,...,qn} are identically distributed under any
v €T forall n > 1, and (ii) T54,,;(f0) and T}, (o) have the same distribution under
any v € I" for all n > 1.

Assumption E. For all sequences {v,, € I': n > 1}, Upnp,(2) — Epyy, Unp, () —p 0
under {~,, : n > 1} for all z € R.

Assumption F1. For all € > 0, Jyo(cpo(l —a) —¢) < 1—a and Jpo(cpo(l —a) +¢) >
1 — a, where cjo(1 — @) is the 1 — a quantile of Jo and h° is as in Assumption B1(ii).

Assumption F2. For all e > 0 and h € H, Jp(cp(l —a) —¢) <1 —a and Jp(cp(1 —
a)+e¢e) >1—a, where ¢p(1 — ) is the 1 — o quantile of Jj.

Assumption G1. For the sequence {7, : n > 1} in Assumption B1(i), Lpnp, () —
Un,p, (7) —p 0 for all € C(Jpo) under {v,,,, : n > 1}.
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Assumption G2. For all h € H and all sequences {7, j, : n > 1}, if Upp, () —p Jy()
under {v,,; : n > 1} for all x € C(J,) for some g € R, then Ly, () — Upnp,
under {7, , : n > 1} for all x € C(Jy).

Un

Assumptions C and D are standard assumptions in the subsample literature, e.g.,
see PRW, Thm. 2.2.1, p. 43, and are not restrictive. The sequence {b, : n > 1} can
always be chosen to satisfy Assumption C. Assumption D necessarily holds when the
observations are i.i.d. or stationary and subsamples are constructed in the usual way
(described above).

Assumption E holds quite generally. For i.i.d. observations, the condition in
Assumption E when v,,; = 0 and (7,,9,7,,3) does not depend on n (where v,, =
(Yn,1> Yn,25 Vn,3)) is verified by PRW, p. 44, using a U-statistic inequality of Hoeffding.
It holds for any triangular array of row-wise i.i.d. [0,1]-valued random variables by the
same argument. Hence, Assumption E holds automatically when the observations are
ii.d. for each fixed v € I" when the subsample statistics are defined as above.

For stationary strong mixing observations, the condition in Assumption E when
Yna = 0 and (7,,2,7n,3) does not depend on n (where ,, = (V5,1 Vn,2, Yn,3)) is verified
by PRW, pp. 71-72, by establishing L? convergence using a strong mixing covariance
bound. It holds for any sequence {v,, € I' : n > 1} and, hence, Assumption E holds,
by the same argument as in PRW provided

sup oy (m) — 0 as m — o0, (5.9)
yel’

where {a,(m) : m > 1} are the strong mixing numbers of the observations when the
true parameters are (6o, ).

Assumptions F1 and F2 are designed to avoid the requirement that Jp(z) is con-
tinuous in x because this assumption is violated in some applications, such as with
super-efficient estimators and some boundary problems, for some values of A and some
values of x. Assumptions F1 and F2 hold in all of the examples that we have consid-
ered. In particular, Assumption F1 holds if either (i) Jjo(x) is strictly increasing at
x = cpo(l —a) or (i) Jpo(x) has a jump at = ¢jo(1 — ) with Jpo(cpo(l—a)) > 1—«
and Jpo(cpo (1l —a)—) < 1 — a. Condition (i) holds in most examples. But, if Jyo is
a pointmass, as occurs with the example of a CI based on a super-efficient estimator
with constant a = 0 (see Section 9.1 below), then condition (i) fails, but condition (ii)
holds. Sufficient conditions for Assumption F2 are the same with h° replaced by h for
all h € H.

Assumptions G1 and G2 hold automatically when {fn,bn,j} satisfy Assumption
Sub?2. R

To verify that Assumption G1 or G2 holds when {7}, ;} satisfy Assumption Subl
and T,,(0g) is a non-studentized t statistic (i.e., Assumptions t1 and t2 hold), we use
the following assumption.

Assumption H. 7y, /7, — 0.
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This is a standard assumption in the subsample literature, e.g., see PRW, Thm. 2.2.1,
p- 43. In the leading case where 7, = n® for some s > 0, Assumption H follows from
Assumption C(ii) because 7, /7y, = (b /n)* — 0.

Lemma 3 (a) Assumptions B1(i), t1, t2, Subl, and H imply Assumption GI.
(b) Assumptions B2, t1, t2, Subl, and H imply Assumption G2.

Comment. Lemma 3 is a special case of Lemma 4, which is stated in the Appendix
for expositional convenience. Lemma 4 does not impose Assumption t2 and, hence,
covers studentized t statistics.

Example 1 (cont.). We now verify Assumptions C-F2 for this example. Assump-
tions C and D clearly hold. Assumption E holds by the general argument given above.
For all h € H, the distribution functions Jy(x) are continuous and increasing at all
x € R. This establishes Assumption F2. Assumption G2 is verified in the Appendix
following the statement of Lemma 4.

6 Asymptotic Results

The first result of this section concerns the asymptotic null behavior of FCV and
subsample tests under a single sequence {7, , : n > 1}.

Theorem 1 (a) Suppose Assumption B1(i) holds. Then,
ooy (Tn(00) > criz(l — @) = [1 = Jn(cpiz(l — ), 1 — Jp(cria(1 — a)—)].
(b) Suppose Assumptions Al, B1, C-E, F1, and G1 hold. Then,
Poo v (Tn(00) > cpp(l — @) = [1 = Jp(cpo(l — @), 1 — Jpo(cpo (1l — a)—)].

Comments. 1. If 1 — Jy(cpiz(1 — @) > a, then the FCV test has AsySz(0y) > «,
i.e., its asymptotic size exceeds its nominal level a.

2. Analogously, for the subsample test, if 1 — Jp,(cpo(1 —a)) > «, then the test has
AsySz(0p) > a.

3. If 1 — Jp(epiz(l — a)—) < a, then the FCV test has AsyMinRP(0y) < o and
it is not asymptotically similar. Analogously, if 1 — Jp(cpo(l — a@)—) < a, then the
subsample test has AsyMinRP(0p) < « and it is not asymptotically similar.

4. If Jp(z) is continuous at = cpi(1 — ) (which typically holds in applications
for most values h but not necessarily all), then the result of Theorem 1(a) becomes
Poo v,y (Tn(00) > cpiz(1—a)) — 1—Jp(cpiz(1—a)). Analogously, if J,(x) is continuous
at @ = cpo(1 — a), then the result of Theorem 1(b) becomes Py, ., (Tn(60) > cnp(1 —
a)) = 1 = Jp(cpo(l — ).

5. In the “continuous limit” case, h’ = h because no parameter v; appears. Hence,
the result of Theorem 1(b) for the subsample test is Py, 5, , (T0.(60) > cnp(l—a)) — a,
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provided Jp(z) is continuous at x = ¢,(1 — ). That is, the pointwise asymptotic null
rejection rate is the desired nominal rate a.

6. Typically Assumption B1(i) holds for an infinite number of values h, say h € H*
(C RP). In this case, Comments 1-5 apply for all h € H*.

We now use the stronger Assumptions A2, B2, F2, and G2 to establish more pre-
cisely the asymptotic sizes and asymptotic minimum rejection probabilities of sequences
of FCV and subsample tests. For FCV tests, we define

Maxpi (o) = stug[l — Jp(epiz(1 — @))] and
€

Max (o) = sup[l — Jp(cpiz(1 — a)=)]. (6.1)
heH
Define Minpi,(co) and Ming, (a) analogously with “inf” in place of “sup.”
For subsample tests, define

GH = {(g,h) € Hx H:g=1(91,92), h = (h1,h2), go = hy and for m =1, ..., p,
(1) g1,m = 0 if |h1m| < 00, (ii) g1,m € R4 oo if him = +00, and
(iii) grm € Re oo if him = —00}, (6.2)
where g1 = (g1,1,.-,91p) € H1 and hy = (h11,...,h1,)" € Hi. Note that for (g,h) €

GH, we have |g1,m| < |h1,m| for all m =1,...,p. In the “continuous limit” case (where
there is no ; component of v) GH simplifies considerably: GH = {(g2, h2) € Ha x Hy :

g2 = ha}.
Define
Mazgy(a) = sup [1— Jp(cg(1 — )] and
(g,h)EGH
Mazg,(a) = sup [1— Jp(cg(l —a)-)]. (6.3)
(g,h)EGH

Define Mingu(a) and Ming,, (o) analogously with “inf” in place of “sup.” In the
“continuous limit” case, Maxgyy(a) simplifies to suppecpg[l — Jp(cp(l — «))], which is
less than or equal to « by the definition of ¢, (1 — «).

Theorem 2 (a) Suppose Assumptions A2 and B2 hold. Then, an FCV test satisfies

AsySz(6p) € [Maxpiz(), Maxy,, ()] and
AsyMinRP(0g) € [Minpiz(o), Ming, (o)].
(b) Suppose Assumptions A2, B2, C-E, F2, and G2 hold. Then, a subsample test
satisfies
AsySz(0p)
AsyMinRP(6y)

[Mazgu(a), Mazg,,(a)] and

S
€ [Mingu(a), Ming,,(a)].
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Comments. 1. If Jj(x) is continuous at the appropriate value(s) of z, then Mazpiy ()
= Maxy,, (o) and Mazgu(a) = Maxg,,(a) and Theorem 2 gives the precise value of
AsySz(6y) and analogously for AsyMinRP(6y). Even for FCV tests, we are not aware
of general results in the literature that establish the limit of the finite sample size of a
test based on a test statistic whose limit distribution depends on nuisance parameters.

2. Given Theorem 2(b) and the definition of Maxg, (o), sufficient conditions
for a nominal level a subsample test to have asymptotic level a are the following:
(a) cg(1 — @) > cu(1 — @) for all (g,h) € GH and (b) Maxzg,, (o) = Mazgu(a)."
Condition (a) necessarily holds in “continuous limit” examples and it holds in some
“discontinuous limit” examples. But, it often fails in “discontinuous limit” examples.
Condition (b) holds in most examples.

3. The same argument as used to prove Theorem 2 can be used to prove slightly
stronger results than those of Theorem 2. Namely, for FCV and subsample tests,

ExSzp(00) — [Mazrype(a), Mazp,, ()] (6.4)

for Type = Fix and Sub, respectively. (These results are stronger because they imply
that liminf,, oo ExSz,(00) > Maxpype(a), rather than just AsySz(6p) = limsup,,_,
ExSzp(00) > Mazrype().) Hence, when Mazrype(ar) = Mazy,, (o), we have

nlirglo ExSzp(00) = Maxrype(a) for Type = Fixz and Sub. (6.5)

Example 1 (cont.). The size properties of the tests in this example are given
in Table I (which is described in more detail below) and are summarized as follows.
For upper and lower one-sided tests, we find large asymptotic size distortions for the
subsample tests and very small size distortions for the FCV tests for all nominal sizes
a € [.01,.2] that we consider. (Only results for & = .05 are reported.) The upper
(lower) one-sided subsample test over-rejects the null most when the correlation hg
(= p) is close to —1 (respectively, 1). Monte Carlo simulations of its asymptotic null
rejection probabilities show that its asymptotic size is about 1/2 for all nominal sizes
a € [.01,.2] that we consider.

The symmetric and equal-tailed two-sided subsample tests are size-distorted. The
Monte Carlo simulations for « € [.01,.2] show that AsySz(fp) is about 2« for both
versions of the subsample test. In contrast, the symmetric and equal-tailed two-sided
FCYV tests are found to have asymptotic size equal to their nominal level, although these
tests are not asymptotically similar. All of these quantitative results are consistent with
the qualitative results obtained from the quantile graphs and discussed in Section 5.2.

The above results are determined as follows. First, for all h € H, Jy(x) is continuous
and increasing at all z € R. This implies that Mazz,, (o) = Mazpype(a) for any
a € (0,1) for Type = Fix and Sub.

""Under these conditions, Maxg,,(a) = Mazsus(a) = sup(, nyegull — Julcg(l — )] < suppepll—
Jn(en(l —a))] < a.
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Second, we discuss upper one-sided tests. Given that J,, = J; is stochastically
increasing (decreasing) in hj for fixed ho < 0 (hy > 0), one can show that

Mazpiz(a) = sup[l — Jp(criz(1 —a))] = sup (1 — J(opy)(21-a)) and

heH h2€[0,1]
Mazgsyp(a) =  sup [1—Jp(cg(l—a))] = sup (1 — Joo(c(ony) (1 — @))),(6.6)
(9,h)EGH ha€[~1,0]

where J(gp,) is the distribution of Zp, 1 — homin(0, Zp, 2), (Zn,,1, Zn,2) is bivariate
normal with means zero, variances one, and correlation ho, and J is the standard
normal distribution. The results for lower one-sided tests are analogous with hgy € [0, 1]
and ha € [—1,0] replaced by hy € [—1,0] and hy € [0, 1], respectively. To obtain the
expression for Mazg,y(a) in (6.6), we use

inf J| 1-—
(g,h)GGlE:hQG[O,I] h(cg( a))
= mi inf J| 1-— inf Joo 1-—
mln{h1€[0,olor)l,h2€[0,l] h(c(O,hg)( a))v h1€[0,olor]l,h2€[0,l] (c(hl,hg)( O[))}
=min{l —a,1 —a}=1-aq, (6.7)

because Jj, = J; is stochastically decreasing in hy for fixed ha > 0.

The values of Mazp;y(a) and Maxg,y(a) for the upper and lower one-sided tests
are obtained by simulation. (All simulation results are based on 50,000 simulation
repetitions and when maximization over hy (= p) is needed the upper bound is 12 and
a grid of size 0.05 is used.) Table I reports 1—J(g 4,)(21-a) and 1—Joo(c(0,n,) (1 —0)) for
various values of ha (= p) and o = .05 for upper one-sided tests. Because the results for
lower one-sided tests are the same, but with hy replaced by —hs, the results for lower
one-sided tests are not reported in Table I. The last row of Table I gives the AsySz(6y)
of each test, which is maximum of the numbers in each column. For one-sided tests,
simulation of AsySz(6p) is very fast because the two-dimensional maximization over
(h1, h2) has been reduced to a one-dimensional maximization over hg in (6.6).

Third, for the symmetric two-sided case, where Jj, = |J;|, we have

MCL$FZ'33(06) = Sup[l - Jh(zlfa/2)] and
heH

Mazsup(a) = max{ sup [1 = Jn(c(o,ne) (1 — )],
h1€[0,00),h2€[71,1]

sup_ (1= Joo(equ (1~ @]} (63)
h1€[0,00],h2€[—1,1]

We use Monte Carlo simulation to calculate these quantities. Table I reports the values
of Supy, 0,00 [1 = J(h1,h2) (21-a/2)] appearing in Mazpiz(a) for a range of ho (= p) values
in [-1,1] and @ = .05. Note that these are the maximum asymptotic null rejection
probabilities given hy (= p), where the maximum is over hy with hg fixed. Table I
also reports the analogous expressions that depend on ho for the subsample tests. The
Table shows that AsySz(0p) is about 2« for the symmetric two-sided subsample tests
and « for the FCV tests.
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In conclusion, the one-sided subsample test has very large size-distortion, whereas
the one-sided FCV test has very small size distortion. The symmetric two-sided sub-
sample test has moderate size distortion, whereas symmetric FCV has no size distortion.

7 Equal-tailed t Tests

This section considers equal-tailed two-sided t tests. There are two reasons for
considering such tests. First, equal-tailed tests and Cls are preferred to symmetric
procedures by some statisticians, e.g., see Efron and Tibshirani (1993). Second, given
the potential problems of symmetric t tests documented in Section 6, it is of interest
to see whether equal-tailed tests are subject to the same problems and, if so, whether
the problems are more or less severe than for symmetric procedures.

We suppose Assumption t1(i) holds, so that T,,(0p) = 7n(0, — 00)/Fn. An equal-
tailed FCV or subsample t test of Hy : 8 = 0 versus Hi : 0 # 0 of nominal level «
(€ (0,1/2)) rejects Hp when

Tn(ao) > C1—q/2 O Tn(eo) < Ca/2; (71)

where ¢_4 is defined in (3.10) for FCV and subsample tests.
The exact size, ExSz,(0p), of the equal-tailed t test is

ExSz,(0p) = sup (Pooy (Tn(00) > c1-a/2) + Pog(Tn(00) < cay2)) - (7.2)
YyE

The asymptotic size of the test is AsySz(0y) = limsup,,_, ., FxSz,(0y). The minimum
rejection probability, MinRP,(0y), of the test is the same as FxSz,(0y) but with
“sup” replaced by “inf” and AsyMinRP(0y) = liminf, ., MinRP,(0p).

For equal-tailed subsample t tests, we replace Assumptions F1 and F2 by the fol-
lowing assumptions, which are not very restrictive.

Assumption J1. For all ¢ > 0, Jyo(cpo(7) —¢) < 7 and Jpo(cpo(7) + ) > 7 for
T=a/2and 7 =1 — a/2, where ¢;0(1 — ) is the 1 — a quantile of J,0 and A is as in
Assumption B1.

Assumption J2. For all e > 0 and h € H, Jy(cp(7) — ) < 7 and Jp(ep(7) + ) > 7
for 7 = a/2 and 7 = 1 — a/2, where ¢;(1 — ) is the 1 — o quantile of Jj,.

Define

Magr pin(@) = SUD[L = Jp(epia(l = @/2)) + Jn(cria(e/2) )],

Mazgsy i, (@) = sup[l = Jp(cria(l = /2)=) + Jn(cria(e/2)));
Mazgr g,() = ( ;SL;leIZ;H[l = Jn(cg(1 = /2)) + Jn(cg(/2)=)], and

Marprgp(@) = sup  [1—Ju(cg(l = a/2)=) + Jn(cg(cr/2))]- (7.3)
(9,h)eGH
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Here “r —” denotes that the limit from the left “—” appears in the right summand in
the expression for M ax};T’ Fie(). Analogously, “¢—" denotes that it appears in the left
summand in the expression for Max%_T’Fim(a). Define Mingp gy, (@), ...y MinfE}7Sub(a)
analogously with “inf” in place of “sup.”

In the “continuous limit” case, Maxy g, () simplifies to supjep[l — Jn(cn(l —
a/2)) + Jp(cp(a/2)—)] and likewise for Max%} sup(Q)-

The proofs of Theorems 1 and 2 can be adjusted straightforwardly to yield the
following results for equal-tailed FCV and subsample t tests.

Corollary 2 Let a € (0,1/2) be given. Let T,,(00) be defined as in Assumption t1(i).
(a) Suppose Assumption B1(i) holds. Then, an equal-tailed FC'V t test satisfies

P90,’Yn,h (Tn(eo) > Cpm(l — 01/2) or Tn(eo) < CFZ'I(OZ/Q))
— [ = Jnlcria(l — /2)) + Jn(cpia(a/2)—),
1-— Jh(CFi:r(l — a/2)—) + Jh(CFm(Oé/2))].

(b) Suppose Assumptions Al, Bl, C-E, G1, and J1 hold. Then, an equal-tailed
subsample t test satisfies

Pgoﬁnyh (Tn(eo) > Cn,b(l — a/2) or Tn(eo) < cn?b(a/Q))
— [1 = Jp(epo(1 — @/2)) + Jp(cpo(a/2)—), 1 — Jn(cpo(1 — a/2)—) + Jn(cpo(a/2))].

(c) Suppose Assumptions A2 and B2 hold. Then, an equal-tailed FCV t test satisfies

AsySz(0y) € [MamrE}’Fiw(a),Ma:L’ZE}’Fiw(a)] and
AsyMinRP(0y) € [Mm%}Fm(a),Mm%_TFm(a)]

(d) Suppose Assumptions A2, B2, C-E, G2, and J2 hold. Then, an equal-tailed
subsample t test satisfies the result of part (c) with Sub in place of Fix.

Comments. 1. If Ju(x) is continuous at the appropriate value(s) of z, then
Maz'yr pi(a) = M aw%& rin(@) etc. and Corollary 2 gives the precise value of
AsySz(6o).

2. By Corollary 2(d) and the definition of M aa:ZE*T sup(@), sufficient conditions
for a nominal level a equal-tailed subsample test to have asymptotic level a are the
following: (a) c¢g(1—0a/2) > cp(1—a/2) for all (g, h) € GH, (b) cq(/2) < cp(a/2) for all
(9,h) € GH, and (c) suppc [l —Jn(cn(1—a/2)=)+Jp(cn(/2))] = suppep[1—JIn(cn(1—
a/2))+Jp(cp(a/2)—)]. Conditions (a) and (b) automatically hold in “continuous limit”
cases. They also hold in some “discontinuous limit” cases, but often fail in such cases.
Condition (c) holds in most examples. (Note that conditions (a)-(c) are not necessary
for a subsample test to have asymptotic level a.)

3. Theorems 1 and 2 give results concerning the null rejection rates for each tail
separately of an equal-tailed t test. If one is interested in an equal-tailed t test, rather
than a symmetric t test, such rates are of interest.
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Example 1 (cont.). The critical values (cy/2,¢1—q/2) for the equal-tailed FCV
and subsample tests are (2q/2, 21—a/2) and (cnp(/2), cap(l — a/2)), respectively. Be-
cause Jp(z) is continuous and increasing at all z € R, Assumption J2 holds and
Max'pr pype(@) = Ma:r%}’Type(a) for Type = Fiiz and Sub. We calculate M ax’pp 7, ()
in (7.3) for Type = Fixz and Sub via simulation.

Table I reports the maximum asymptotic null rejection probabilities for the equal-
tailed tests given hg (= p) for a range of hg values in [—1, 1] and @ = .05. (The maximum
is over h € H or (g,h) € GH with hy fixed.) We find very large size distortion for
the equal-tailed subsample test, i.e., AsySz(0p) is about (1 + «)/2 = .525, and no size
distortion for the FCV test, i.e., AsySz(6p) is about o = .05.

8 Confidence Intervals

In this section, we consider Cls for a parameter § € R when nuisance parameters
n € R® and 73 € 73 may appear. To avoid considerable repetition, we recycle the
definitions, assumptions, and results given in earlier sections for tests, but with 6 and 7
defined to be part of the vector . In previous sections, § and -y are separate parameters.
Here, 0 is a sub-vector of 7. The reason for making this change is that the confidence
level of a CI for 8 by definition depends on uniformity over both the nuisance parameters
1 and 73 and the parameter of interest 6. In contrast, the level of a test concerning 6
only depends on uniformity over the nuisance parameters and not over 6 (because
is fixed under the null hypothesis). By making 6 a sub-vector of 7, the results from
previous sections, which are uniform over v € I', give the uniformity results that we
need for Cls for 6. Of course, with this change, the index parameter h, the asymptotic
distributions {J, : h € H}, and the assumptions are different in any given model in
this CI section from the earlier test sections.

Specifically, we partition @ into (6;,65), where §; € RY for j = 1,2, and we
partition 7 into (n},73)', where n; € R®% for j = 1,2. Then, we consider the same
set-up as in Section 5 where v = (71, 7s,73), but with v, = (01, 7})" and 4 = (05, 75)’,
where p = d; + s1 and ¢ = py + s2. Thus, 6 and 1 are partitioned such that 6; and n;
determine whether + is close to the point of discontinuity of the asymptotic distribution
of the test statistic T;,(0), whereas 03 and 7, do not, but they still may affect the limit
distribution of T,,(#). In most examples, either no parameter 0y or 0y appears (i.e.,
d; =0 or dy = 0) and either no parameter 7, or 1, appears (i.e., s =0 or s3 = 0).

8.1 Basic Results for Confidence Intervals

We consider the same test statistic T;,(6p) for testing the null hypothesis Hy : 0 = 6y
as above. Fixed and subsample critical values are defined as above. We obtain Cls
for 6 by inverting tests based on T, (0p). When a fixed critical value is employed, this
yields a FCV CI. When a subsample critical value is employed, it yields a subsample
CIL Let © (C R?Y) denote the parameter space for § and let I' denote the parameter
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space for . The CI for 6 contains all points 6y € © for which the test of Hy : 6 = g
fails to reject the null hypothesis:

Cl,={6p€0:T,(00) <ci—a}, (8.1)

where ¢1_q is a critical value equal to cpiz(1 — @) or ¢, 5(1 — ).

For example, suppose T, (0g) is a (i) upper one-sided, (ii) lower one-sided, or (iii)
symmetric two-sided t test of nominal level « (i.e., Assumption t1(i), (ii), or (iii) holds).
Then, the corresponding CI of nominal level « is defined by

~

CI, = [0, — T,:lﬁncl,a,oo),

R L
CI, = (—00,0, + T, 0nCi—qal, OF

~

Cl, = [0 — 7, 0nC1—a,0n + ), 0nci_al, (8.2)

respectively.
The coverage probability of the CI defined in (8.1) when + is the true parameter is
P,(0 € CI,) = Py(Th(0) < c1—a) :=1— RP,(v), (8.3)

where probabilities are indexed by v = ((61,7})', (05,75),73) here, whereas they are
indexed by (6,7) in earlier sections. The exact and asymptotic confidence sizes of C'I,,
are

ExCS, = inlﬂ(l — RP, (7)) and AsyCS = liminf FzCS,, (8.4)
e

n—oo
respectively. Note that the confidence size depends on uniformity over both 6 and 7

because v = (’717/}/2773) = (( ,1777,1)/7( /1777/1),773)'
We employ the same assumptions as in Section 5 but with the following changes.

Assumption Adjustments for CIs: (i) 6 is a sub-vector of v, rather than a separate
parameter from . In particular, v = (v1,72,73) = ((61,71)', (05,75)',73) for 6 =
(01, 05)" and 1 = (ny,m5)".

(ii) Instead of the true probabilities under a sequence {7, : n > 1} being
{Pé’oﬁn,h(') :n > 1}, they are {P%’h() :n > 1}

(iii) The test statistic T,,(0g) is replaced in the assumptions under a true sequence
{’}/n,h tno2 1} by Tn(en,h)’ where Tnh — (/Yn,h,lv’}/n,h,%fyn,h,?))/ = ((eg,h,lvn%,h,l)c
(eln,h,Qv n;,h,2),7 ’yn,h,?))‘

(iv) In Assumption D, 0y in T4, ;(60) and Ty, (6o) is replaced by 6, where § =
(01,05)" and v = (71,72, 73) = ((01,m)", (05, 75)", 73)-

(v) 6o is replaced in the definition of Uy, () in (3.9) by 6, when the true parameter
is v, = (7n,177n,277n,3) = ((0;1,1’ 77%,1)/7 (0;1,2’ 77%,2)/7771,3) and 0,, = (( ;’L,17 ;L,Z)/'

With these changes in the assumptions and corresponding changes in the proofs,
the proofs of Theorems 1 and 2 go through.!! This yields the following results for FCV
and subsample Cls.

"Tn the proofs of Corollary 3(c) and (d), AsySz(fo) is replaced by 1 — AsyCL, RP,(6o,7) is re-
placed by RP.(v), and one makes use of the fact that infren Ju(criz(1 — @)—) = 1 — Mazy,;, (o),
inf(y negn Jn(cg(1 —a)=) =1 - Mazg,, (o), etc.
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Corollary 3 Let the assumptions be adjusted as stated above.

(a) Suppose Assumption B1(i) holds. Then, Py ,(Tn(Onp) < criz(l — a)) —
[Jn(criz(l — a)=), Jn(cpia(l — @))].

(b) Suppose Assumptions Al, B1, C-E, F1, and G1 hold. Then, Py (Tn(Onp) <
enp(1 = a)) = [Ju(cpo(1 = a)=), Jn(cpo(1 = a))].

(c) Suppose Assumptions A2 and B2 hold. Then, the FCV CI satisfies AsyCS €
[infren Jn(criz(1 — a)=), infren Jp(criz(1 — a))].

(d) Suppose Assumptions A2, B2, C-E, F2, and G2 hold. Then, the subsample CI
satisfies AsyC'S € [inf g pyear Jalcg(1 — a)=),inf (g nyear Jnlcy(1 — a))].

Comment. The result of part (a) shows that if Jj(cpiz(1 — @)) < 1 — « for some
h € RPT4, then the FCV CI has asymptotic confidence size less than its nominal level
1 —a: AsyCS < 1 — . Similarly, if Jp(cpo(1 — @) < 1 — a, then part (b) shows
that the subsample CI has asymptotic confidence size less than its nominal level 1 — a:
AsyCS < 1 — a. Parts (¢) and (d) establish AsyC'S precisely.

8.2 Equal-tailed t Confidence Intervals

An equal-tailed FCV or subsample t CI for 6 of nominal level « is defined by
Cly = [0n — 77001 aj2, O — T Gncayal, (8.5)
where ¢; = ¢pigp(7) for 7 = @/2,1—a/2 for an FCV CI and ¢, = ¢, () for a subsample
CIL. The following result for such Cls follows from Corollary 2(c)-(d) for equal-tailed
t tests, but with the assumptions adjusted as above. For brevity, we do not give
analogues of Corollary 2(a)-(b) for CIs.

Corollary 4 Let a € (0,1/2) be given. Let the assumptions be adjusted as described
above Corollary 3.
(a) Suppose Assumptions A2 and B2 hold. Then, an equal-tailed FCV t CI satisfies

AsyCS € [1 — MamZE}’Fiw(a), 1 = Max'py pi, ()]
(b) Suppose Assumptions A2, B2, C-E, G2, and J2 hold. Then, an equal-tailed
subsample t CI satisfies the result of part (a) with Sub in place of Fix.
9 Examples

9.1 CI Based on a Post-Model-Selection/Super-Efficient Estimator

Here we consider a subsample CI that is based on an estimator that can be viewed
either as a post-model-selection estimator based on a consistent model selection proce-
dure or as a super-efficient estimator. We show that the subsample CI (of nominal level
1—a forany a € (0,1)) has AsyC'S = 0 in a very simple regular model. The same result
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holds for the b, < n bootstrap provided b2 /n — 0. Similar results hold in much more
complicated models than that considered below. Subsampling a super-efficient estima-
tor has been suggested in PRW. Using the b, < n bootstrap for a post-model-selection
estimator has been suggested by Shao (1994).

Kabaila (1995) shows that a FCV CI based on a super-efficient estimator has
AsyCS = 0, see Leeb and Potscher (2005) for related results. Hence, we do not consider
FCV CIs here. Results of Leeb and Pétscher (2006) show that no uniformly consistent
estimator of the distribution of a super-efficient estimator exists. The results below are
not a special case of their result, because a uniformly consistent estimator of the null
distribution of a test statistic is not necessary to obtain a test of level «; it is sufficient
to have an estimator of the null distribution that yields an asymptotically uniformly
conservative critical value. Section 9.3 below gives an important example where the
latter exists, but the former does not. The literature on post-model-selection inference
has been growing recently, see Leeb and Pétscher (2005) for references.

The model is

X; =0+ U;, where U; ~i.i.d. N(0,1) for i =1,...,n. (9.1)

For the model selection problem, model 1 has § = 0 and model 2 has 6 # 0. Model
selection is carried out using a likelihood ratio test that selects model 1 if nt/ Q\Yn\ < Kp,
and model 2 otherwise, where k,, > 0 is a critical value. If k, — oo and &,/ nl/2
as n — oo, the model selection procedure is consistent. (That is, when 6y = 0, model
1 is chosen with probability that goes to one as n — oo, and when 6y # 0, model 2
is chosen with probability that goes to one as n — oo, where 0 is fixed and does not
depend on n.) For the results that follow we only use the condition k, — co. When
Kn = y/log(n), this model selection procedure is BIC. The AIC criterion is not covered
by the results given below because it corresponds to k, = v/2 - co. The post-model
selection estimator of Ay equals zero if model 1 is selected and X, if model 2 is selected.
This estimator is a super-efficient estimator whenever k,, — oo and &, /nl/ 2 50. It
corresponds to Hodges super-efficient estimator when x,, = nl/4,

The post-model-selection/super-efficient estimator, 6, of 6 and the test statistic,
T,.(0p), are defined by

— 0

n

. X, ifn'2X,|> kn = -1
0, = { aX, if n1/2|yn| <k, where X,, = n ;Xw
Tn(ﬁo) = |’I’L1/2(§n - 90)|7 (92)

kn >0, and 0 < a < 1. A post-model-selection estimator is obtained by taking a = 0.
Hodges’ super-efficient estimator is obtained by taking , = n!/4. For a super-efficient
estimator, the constant a is a tuning parameter that determines the magnitude of
shrinkage. The test statistic is a two-sided non-studentized t statistic, so that Assump-
tions t1(iii) and t2 hold with 7, = n'/2.

The CI for 0 is given by the third equation in (8.2) with ¢;_, equal to the subsample
critical value ¢, (1 — «) based on subsample statistics {Tn7bn7j(§n) i =1,.,q.}
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defined in equation (iii) of (3.8) with 7,4 ; = 1. Note that Assumption Subl holds.
(The results given below also hold if Assumption Sub2 holds.) We take {b, : n > 1} so
that Assumption C holds.

We apply Corollary 3(b) with y =y, =0 =0 € R,p=d=1,and ' =T =
© = R. (No 74, 73, 02, or n parameters appear in this example.) The assumptions of
Corollary 3(b) are verified below. We take r = 1/2 and 7,, j, (= Op,p) = hn~1/2 where

h € R, in Assumption Bl. When the true value is 0,3, 0, = aX, with probability
that goes to one as n — oo (wp— 1), see (10.2) in the Appendix. Hence, wp— 1, we
have

Tn(Onp) = [nY*(aXn = 0np)]
lan'/?(X,, — 0,5) + (a — 1)A]

)

—q |aZ + (a — 1)h| ~ Jp, where Z ~ N(0,1) and (9.3)
7 [ @Yz + (1 -a)h)—®(a(~x+ (1—-a)h)) ifac(0,1)
h(x) - 1((L’Z ‘h|) ifa=0 ’

using the CLT. Given that p = d = 1, we have h’ = 0 and Jyo = Jy. For a = 0,
Jo(z) = 1(x > 0) and ¢jo(1 — @) = ¢p(1 — a) = 0. For a € (0,1), we have Jy(x) =
P(alz) — (—a'z) and cpo(1 — @) = co(l — @) = az1_q)2.

For a = 0, Corollary 3(b) implies that the limit of the coverage probability of the
subsample CI under v, , (= 0n ) = hn=1/2 is

Jn(cno(1 = a)) = Ju(0) = 1(0 > |A]) = 0 for |h| > 0. (9.4)

Hence, for a = 0, AsyC'S = 0 for the subsample CI.
For a € (0,1), the limit of the coverage probability of the subsample CI under v, 5,
(= 0np) =hn~ 12 s

In(eno(1 — @) = Jn(az1-as2)- (9.5)
Using (9.3), for a € (0,1), we have
hh—>nczo Jh(azlfa/Q) =0. (96)

Hence, for a € (0,1) and h sufficiently large, the asymptotic coverage probability of the
symmetric two-sided subsample CI is arbitrarily close to zero. Since h € R is arbitrary,
this implies that AsyCS = 0 for this CI.

We obtain the same result that AsyCS = 0 if one-sided Cls or equal-tailed two-
sided Cls are considered. Furthermore, the size-correction methods of Andrews and
Guggenberger (2005) do not work in this example because Assumptions K, L, and
M of that paper fail. (For example, Assumption K fails when a = 0 because (i)
H = R in this example and (ii) for any constant cv, we have supycy[l — Jp(cv)] =
suppepll — Lev > [h])] = 1.

It remains to verify Assumptions Al, B1, C-E, F1, and G1 for arbitrary choice of
the parameter h. This is done in the Appendix.
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9.2 (I for the Endpoint of a Distribution

In this example, we consider an equal-tailed subsample CI for the lower endpoint,
0, of the support of a distribution. The observations {X; : ¢ = 1,...,n} are iid with
distribution F, where F' has a density f with respect to Lebesgue measure and support
with finite lower endpoint # = F~1(0). For example, I could be U[6, 1]. This example is
non-regular in that rate-n consistent estimators of 0 are available. Bickel and Freedman
(1981) show that the bootstrap is inconsistent in this example (or a slightly different
version of it). Several papers have considered the b < n bootstrap in this example and
have shown that it is consistent (for any fixed parameter value), see Swanepoel (1986),
Shao (1994), and Bickel, Gotze, and van Zwet (1997). We show that an equal-tailed
subsample CI with nominal level 1 —a has AsyC'S = 1—a. Hence, subsampling “works”
in this case. This occurs because this is a “continuous limit” example. This example is
of interest in econometrics because it is a special case of production function frontier
and some auction models, see Hirano and Porter (2003) and Chernozhukov and Hong
(2004).

Because the present example is a “continuous limit” example, there is no parameter
v1- We define v, = (6, f(0))" and v = F. The parameter space for v, is T's = {(6,745)" :
0 € R, By < 7799 < By} for some 0 < By < By < oo. The parameter space for 75 is
['3(yy) = {F : F has a density f with respect to Lebesgue measure that satisfies (i)
f(0) = 799, where v5 = (0,745), and (ii) f is right continuous at 6 with modulus of
continuity 6 < M}, for some M < oco. The definition of I'y bounds the density of F
away from zero at #. This ensures that rate-n consistent estimators of 6 are available.
With some added complication, this assumption could be relaxed, see Loh (1984).

We consider the maximum likelihood estimator of 0: 0, = X (q), where X ;) denotes
the jth order statistic from {X; : i = 1,...,n}. The test statistic is

Tn(a) = n(X(l) — (9) (97)

In this example, 7, = n. No rate of convergence parameter r arises in this continuous
limit example because there is no parameter ;.

The equal-tailed subsample CI of ¢ is defined as in (8.5) with 7, = 1, ¢;_o)2 =
Cn,b(l - a/2)7 and Ca/2 = C'n,b(a/2)'

We have H = Hy = cl(I'2). We consider sequences {7V, , = (Yonh Vamh) =
((On,hs frn(Onp))', Fop) : m > 1} that are defined such that vy ,, , = (On s fap(On,n)) €
L2, Yonp — he for some hy = (ha1, ho2)' € Ha, and v3 ,, , € T'3(7v2,, ). As defined, the
parameter hg is the limit as n — 0o of f, 4(0n,n). For any such sequence {v,, , : n > 1},
we have

To(Onn) —a Jn, where
Jn(x) =1 — exp{—haoox} for x > 0. (9.8)

That is, Jj is an exponential distribution with parameter hos € [Bi, Ba]. Hence, As-
sumption B2 holds. The proof is given below.
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It is straightforward to verify that Assumptions A2, C, D, E, t1, t2, Subl, and H
hold. Assumption J2 holds because Jp, has support Ry and is continuous and strictly
increasing on R . Assumption G2 holds by Lemma 3. By Corollary 4(b),

AsyCS € [1 — Maz'gy g, (@), 1 — Mazy g, ()], (9.9)

where M ax%_ﬂ sup(@) and Mazpy g, () are defined in (7.3). Because Jj, is contin-

uous at its 7 quantile for all 7 € (0,1), we have Maa:fEESub(a) = Mazpy g,(a).
Furthermore, because no parameter v, appears, the parameter space GH reduces to
{(g92,h2) € Hy x Hy : g2 = ha} and Maa:%}ﬂub(a) simplifies to

Mazirs,(@) = SUp [L= Jua(eny (1= @/2) + Jua(ers (/2] =@ (9.10)
2 2
We conclude that the equal-tailed subsample CI has AsyCS = 1 —a. Analogous results
show that the subsample CI is asymptotically similar even though the asymptotic
distribution of 7, () is nuisance parameter dependent.
It remains to verify Assumption B2 with J, as in (9.8). For x > 0, we have

Ppn,h(Tn(Hn,h) > .%') = PFn,h(Xi > $/n+9n’h Vi < n) = (1_Fn,h($/n+0n,h))n- (9.11)
By a mean-value expansion, we obtain

Fon(@/n+0nn) = Fan(Onn) + frn(05,)/n
= fan(Opp)z/n
= [fn,h(en,h) + 0(1)]$/n7 (9'12)

where 07, ;, lies between xz/n and 0, Fy, p(0n,n) = 0 because 6, p, is the lower endpoint
of the support of F, 5, and the third equality holds because f, j is right continuous at
6 with modulus of continuity 6 < M by the definition of I'3(7,). Substitution of (9.12)
into (9.11) gives Pg, , (T5(0nn) > x) — exp{—hax} as desired.

9.3 Confidence Region Based on Moment Inequalities

Here we consider a confidence region (CR) for a true parameter 6y (€ © C R%)
that is defined by moment inequalities and equalities. The true value need not be
identified. The CR is obtained by inverting tests that are based on a generalized
method of moments-type (GMM) criterion function. This method is introduced by
Chernozhukov, Hong, and Tamer (2002) (CHT), who use subsampling to obtain a
critical value.'? Shaikh (2005) also considers this method and shows that the limit of

2CHT focus on CRs for the identified set, rather than the true parameter. By definition, the
identfied set, O, is the set of all § € © that satisfy the moment inequalities and equalities when the
true value is 6p. Also, CHT consider a more general criterion function than that considered below.
Their asymptotic results do not establish that the limit of the finite sample size of the CR for the true
value is the nominal level, which is one of the results shown in this section.
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finite sample size is the nominal level in one-sample and two-sample mean problems
when a subsample critical value is employed.'® In this section, we show that this
result holds quite generally for subsample CRs of this type—no specific assumptions
concerning the form of the moment functions are necessary even though the asymptotic
distribution of the test statistic is discontinuous (in the sense discussed above). Note
that the results given here are for CRs for the true parameter, rather than for the
“identified set.”

We also consider CRs based on fixed and “plug-in” critical values—defined below.
These critical values are bounded above as n — 0o, whereas subsample critical values
diverge to infinity at a rate that depends on the subsample size b,,. Hence, the use of
fixed or plug-in critical values leads to more powerful tests and smaller CRs asymptot-
ically than subsample critical values. Furthermore, the plug-in critical values (PCV)
lead to more powerful tests and smaller CRs than the fixed critical values (FCV).
Hence, the results here indicate that PCV is the best choice of critical value of these
three.

The test statistic considered below is similar to those considered by (i) Moon and
Schorfheide (2004), who consider an empirical likelihood version of the GMM criterion
function and assume identification of g, (ii) Soares (2005), who allows for the plug-in
of preliminary estimators in a GMM and/or empirical likelihood criterion function,
and (iii) Rosen (2005), who considers a minimum distance version of the test statistic.
By similar arguments to those given below, one can show that the limit of the finite
sample size of a subsample CR based on any one of these test statistics equals its
nominal level. The results for fixed and plug-in critical values also extend to these test
statistics. Hence, for these versions of the test statistics as well, we find that the PCV
has the best properties. For brevity, we outline the argument in the Appendix.

The model is as follows. The true value p (€ © C R%) is assumed to satisfy the
following moment conditions:

Erm;(W;00) > 0for j=1,...,p and
Erm;(W;00) =0for j=p+1,....,p+s, (9.13)
where {m;(-,0) : j =1,...,p+ s} are scalar-valued moment functions and {W; : i > 1}

are stationary random vectors with joint distribution F.
The sample moment functions are

Tinj(0) =n~* ij(I/Vi,H) forj=1,...,p+s. (9.14)
i=1

The test that we invert to construct a confidence region is based on an Anderson—
Rubin-type GMM statistic for testing Hgy : § = 6y that gives positive weight to the

13Strictly speaking this is not true because Shaikh’s results do not establish uniformity over the true
0 value, although it should not be difficult to extend his results to do so.

37



moment inequalities only when they are violated:

P p+s
To(60) = nY_(Mn,j(00)/5nj(00))2 +1 > (Mn,;(60)/5nj(00))?, where
Jj=1 Jj=p+1
o -{p 8 o1

and afw.(eo) is a consistent estimator of U%,j(ﬂo) = limy, 00 Varg(n!/?m, j(0o)) for
j=1,...,p+s. For example, with i.i.d. observations, one can define 3%7]-(00) =n 130,
(m;j(Wi,00) — Tin,j(00))?.

The subsample statistics are constructed such that Assumption Sub2 holds. (No
consistent estimator of the true parameter exists when the latter is unidentified, so a
subsample procedure that satisfies Assumption Subl is not available.)

We now specify v = (71,7, 73) for this example. The moment conditions in (9.13)
can be written as

UE,?(HO)Eij(WngO) — 7,40 = 0for j=1,....pand
o1} (00) Epmy (Wi, 60) = 0 for j=p+1,.p+ s (9.16)

for some vy g = (V11,05 s Y1p0) € RE. Let Qo = limy, o0 Corrp(n'/?m,(0p)), where
0 (00) = (Tin1(00), .., Tinprs(00)) and Corrp(n'/?m,(0o)) denotes the (p+s) x (p+s)
correlation matrix of nt/ m,(00). Let v, Q, and 6 denote generic parameter values
corresponding to the true null parameter values v, ¢, {20, and o, respectively. We take
Y = (41,72 7) such that 7, € B, 75 = (v1,7hs) = (0, vech,(Q)) € RY, where
vech, () denotes vech(€2) with the diagonal elements of 2 deleted, ¢ = d+ (p+ s)(p+
s—1)/2, and vy5 = F.

We take 7 = 1/2 and h = (hy, ha), where hy € RY ., ho = (kb 1, hy5)', ha1 €cl(©),
h22 €cl(I'a2), and I'g 2 is some set of vectors v, 5 such that v4 o = vechs(C) for some
(p+s) x (p+ s) correlation matrix C. Hence, H = RY, | xcl(©) xcl(I'y2). Note that
hi corresponds to «; and, hence, h; measures the extent to which the j = 1,...,p
moment inequalities deviate from being equalities. Also, ha 1 corresponds to 6 and hg o
corresponds to vech,(€2).

The parameter spaces for v; and v, are I'; = Rﬁ and I'y = © x I'y 9, respectively.
For given (vy,7,) € I'1 x I'e, the parameter space for F' is

F(y1,72) = {F : 055(0) Epm(Wi, 0) — v, ; =0 for j =1,...,p, (9.17)
Erpm;(W;,0) =0for j =p+1,...p+ s},

such that {F(y1,72) : (71,72) € T'1 x 'y} satisfies the following “convergence condi-
tion.” By definition, the convergence condition restricts {F(vy,72) : (71,72) € 't xI'2}
so that under any {v,,, = (v n1, (05 > veche(Qnp)')s Fop) 2 n > 1} for any h € H,
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we have

(An, s Anpis) —d Zhgy ~ N(0,Vpy,) as n — oo, where

Annj = n1/2<mn7j<6n7h) - EFn,hmnvj (enah))/O—Fn,haj<9n7h)7 a'nd

anj(en,h)/Uth,j(en,h) —plasn — oo (9.18)

for j = 1,...,p+ s, where V4, , is the (p + s) x (p + s) correlation matrix for which
vechs(Vp, ,) = ha2. For example, if the observations {W; : i > 1} are i.i.d. under a fixed
~ and aij (0) is defined as above, the convergence condition holds if Ep|m;(W;, )21 <
M and oF;(0) > 62 for j =1,...,p + s for some constants M < oo and 1,62 > 0 that
do not depend on F. (This holds by straightforward calculations using the CLT and
LLN for i.n.i.d. random vectors that satisfy a uniform 2 + §; moment bound.) For de-
pendent observations, one needs to specify a specific variance estimator 8,21]- (0), such as
a HAC estimator, before a primitive convergence condition can be stated. For brevity,
we do not do so here.

Given (9.15) and (9.18), Assumption B2 holds because under {7, : n > 1} we
have

D p+s
To(Onn) =d Y (Zhong +P1)2 + > Ziyri~Jn (9.19)
J=1 J=p+1

for all h € H, where Zpn, , = (Znyy1, ) Zhyspts) - (Note that Z,, i + hy jy = 0 for
any j' in {1, ..., p} for which hy j = c0.)
For (g,h) € GH, we have
Jy >sr Jh. (9.20)

This holds because Y 0_, (Zh, , +g1,5)% > Z§:1(2h2,27j+h1,j)2— a.s. forall0 < g; <My
due to the (-)— function and, for all (g,h) € GH, we have 0 < g1 < hy and g22 = hay.
Furthermore, Jj is continuous at its 1 — « quantile for all a« < 1/2, see below. In
consequence, by Corollary 3(d) and Comment 2 following Theorem 2, for the subsample
CR, we have

AsyCS = (g,}j)nefGH Jh(cg(l—a)) =1—qu (9.21)
Hence, in this example, discontinuity of the limit distribution does not cause size dis-
tortion for the subsample CR.

We now verify the remaining assumptions needed for Corollary 3. Assumption A2
holds with I" defined as above. Assumption C holds by choice of b,. Assumption D
holds by stationarity and the standard definition of subsample statistics in the i.i.d. and
dependent cases. Assumption E holds by the general argument given in Section 5 for
i.i.d. observations and stationary strong mixing observations provided sup.cp ay(m) —
0 as m — oo. Assumption F2 holds for all @ < 1/2 because if s > 1, then J, is
absolutely continuous, and if s = 0, then Jp, has support R, and the df J,(x) has a
jump of height greater than or equal to 1/2 at x = 0 and no other jumps. Assumption
G2 holds automatically because the subsample procedure satisfies Assumption Sub2.
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Next, we discuss FCV CRs. Corollary 3(c), combined with the continuity results
concerning Jp, given in the discussion of Assumption F2 above and the result above
that J; >g7 Jj, for (g,h) € GH, imply that for a FCV CR

AsyCS = }}nlf{ Jn(crig(1 — @) = inf J(O ho) (CFiz (1 — a)). (9.22)
€

ho€H.

Hence, if ¢pi,(1 — «) is defined such that

hzlglft[ Jo,h)(CFiz(1 —a)) =1 - q, (9.23)
then the FCV CR has asymptotic level 1 — «, as desired. By (9.19), the distribution
J(0,n,) only depends on

ha,2 = vech (nh_)nolo Corrg, ,(Mn(0n,n)))- (9.24)
Hence, determination of the value cp;;(1 — ) that satisfies (9.23) only requires maxi-
mization over the possible asymptotic correlation matrices of nt/ le(en,h). For example
if p=1and s =0, then Jgp,) is the distribution of a random variable that is 0 with
probability 1/2 and is chi-squared with one degree of freedom with probability 1/2.
Hence, no unknown parameter appears. If p+s = 2, then J(g 5,y depends on the scalar
ha2, which is the asymptotic correlation between n1/2mn 1(0n.p) and nl/?m,, 2(0n.n).
For general p+ s, one can determine cp;z(1 — «v) such that the infimum in (9.22) equals
1 — « via simulation.

Given (9.22), one can design a data-dependent “plug-in” critical value (PCV) that
yields a more powerful test than the FCV test and, hence, a smaller CR, because it is
closer to being asymptotically similar. Let cpjyg(ho2,1 — a) denote the 1 — a quantile
of J(O,h2)(3:) (which only depends on hg ). Let /h\gg,n be a consistent estimator of hg .
The PCV is R

cpiug(h2,2.n,1 — ), (9.25)

where ha 2, — ha2 —p 0 and, hence, cpug(h22n,1 — @) — cprug(ho2,1 —a) —, 0 as
n — oo under {7, : n > 1}. For example, in the case of i.i.d. observations, one can
take

ﬁggm = vechy ( 1/2(00) (90) 1/2(90)>, where

<

n(f0) = _12 (Wi, 00) = Mn(00)) (m(Wi, o) — Mn(00))',

m(Wi, 90) = (ml(W@-, 00), mers(VVi, 90)), and
Dn(00) = Diag{ay,1(00), -7 »15(00)}- (926)
The PCV, cpiyg @272,71, 1 — @), can be computed by simulation.

The use of the PCV yields a CR for the true value 6y whose finite sample size has
limit equal to 1 — « (using (9.22) with Fiz replaced by Plug). The PCV CR is not
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asymptotically similar because the limit of its coverage probability exceeds 1 — « when
h1 # 0. However, it is closer to being asymptotically similar than the FCV CR is,
because cpiyg(h22,1 — a)) < supp,ep, cPiug(h2,2,1 — a) = cpiz(1 — a) for all hg s with
strict inequality for some hg 2.

See the Appendix for some extensions of this example.
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10 Appendix

10.1 Studentized t Statistics

In this section we provide sufficient conditions for Assumption G2 for the case
when T), is a studentized t statistic and the subsample statistics satisfy Assumption
Subl. This result generalizes Lemma 3 because Assumption t2 is not imposed. The
results apply to models with i.i.d., stationary and weakly dependent, or nonstationary
observations. R

Just as Ty, i(6o) is defined, let (0,4, j,Onp,,;) be the subsample statistics that
are defined exactly as (@1, on) are defined, but based on the jth subsample of size by,.
In analogy to Uy, (v) defined in (3.9), we define

qn

b (T) = " Z 1(dp, Onp,; < T) (10.1)
=1

for a sequence of normalization constants {d, : n > 1}. Although U7, (z) depends on
{d,, : n > 1}, we suppress the dependence for notational simplicity. 7

We now state modified versions of Assumptions B2, D, E, and H that are used with
studentized statistics when Assumption Subl holds.

Assumption BB2. (i) For some r > 0, all h € H, all sequences {7, : n > 1}, some
normalization sequences of positive constants {a, : n > 1} and {d, : n > 1} such that
Tn = apn/dy, and some distribution (Vj,, W3,) on R2, (an (0, — 00),dncn) —a Vi, Wr)
under {v,; : n > 1}, (ii) Poyy, ,({Tnp,,; > 0 for all j = 1,...,go}) — 1 under all

sequences {7, : 7 > 1} and all h € H, and (iii) Wy(0) =0 for all h € H.

Assumption DD. (i) {(én,bn,p&n,bn,j) :j =1,...,qn} are identically distributed un-
der any v € T for all n > 1, and (ii) (0pnp,,1,0np,,1) and (0y,,0p,) have the same
distribution under any v € I" for all n > 1.

Assumption EE. For all 2 € H and all sequences {7, : n > 1} with corresponding
normalization {d, : n > 1} as in Assumption BB2, U7, (z) — Ep, 5, Uy ,(¥) —p 0
under {7, :n > 1} for all v € R.

Assumption HH. a3, /a, — 0.

The normalization sequences {a, : n > 1} and {d,, : n > 1} in Assumption BB2 may
depend on {7, : n > 1}. (For notational simplicity, this dependence is suppressed.)
For example, this occurs when the observations may be stationary or nonstationary
depending on the value of . In particular, it occurs in an autoregressive model with
a root that is less than or equal to one. In a model with i.i.d. or stationary strong
mixing observations, one often takes d, = 1 for all n, W}, is a pointmass distribution
with pointmass at the probability limit of &, and a, = n'/2.

Assumption BB2 implies Assumption B2 (by the continuous mapping theorem us-
ing Assumption BB2(iii)). Note that there is a certain redundancy of normalization
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constants in Assumption BB2. If d,, is known (as occurs in some models, but not all
models), then without any loss of generality one could absorb d,, into the definition
of 7, and take d,, = 1 for all n. We do not do this for three reasons. First, if d,, is
unknown (because it depends on the unknown true data generating procedure) and is
absorbed into 7,,, then &, is unknown, which is problematic. Second, if there is a con-
ventional definition of 7,,, then absorbing d,, into the definition of 7, would preclude
its use. Third, it is convenient to keep the assumptions as close as possible to those of
PRW.

Assumption DD implies Assumption D. Assumption DD is not restrictive given the
standard methods of defining subsamples. Assumption EE holds automatically for i.i.d.
observations and for stationary strong mixing observations under the condition in (5.9)
when the subsamples are constructed as described in Section 5 (for the same reason
that Assumption E holds in these cases). Assumption HH holds in many examples
when Assumption C holds, as is typically the case. However, it does not hold if 0 is
unidentified when v = 0 (because consistent estimation of 6 is not possible in this case
and a, = 1 in Assumption BB2(i)). For example, this occurs in a model with weak
instruments.

The following Lemma generalizes Lemma 3. It does not impose Assumption t2.

Lemma 4 Assumptions t1, Subl, A2, BB2, C, DD, EE, and HH imply Assumption
G2.

Comments. 1. Given Lemma 4, the result of Theorem 2(b) holds for studentized t
statistics under Assumptions t1, Subl, A2, BB2, C, DD, E, EE, F2, and HH. These
Assumptions imply Assumptions B2, D, and G2.

2. The proof of Lemma 4 is a variant of the proofs of Theorems 11.3.1(i) and
12.2.2(i) of PRW to allow for nuisance parameters {v,, , : n > 1} that vary with n and
t statistics that may be one- or two-sided.

Example 1 (cont.). Assumption G2 follows from Lemma 4 in this example by
noting that Assumptions BB2 and HH hold with a,, = n2 d, =1, 71, =02 Vi = Jp,
and W}, equal to pointmass at one.

10.2 Examples

10.2.1 CI Based on a Post-Model-Selection/Super-Efficient
Estimator (cont.)

Here we verify Assumptions Al, B1, C-E, F1, and G1 for this example for arbitrary
choice of the parameter h. Assumption A1l holds because I' = R, Assumption C holds by
assumption, Assumptions D and E hold because the observations are i.i.d. for each fixed

"Lemma 4 does not assume 74, /7 — 0 (only Assumption HH), although PRW’s results do. A
careful reading of their proof reveals that the assumption as,, /a, — 0 is enough to show that U, ,(z)
and Ly, »(z) have the same probability limits.
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0 € R, Assumption H holds because 7, /7, = byl/ 2 /n'/? — 0 by Assumption C, and
Assumption G1 holds by Lemma 3(a) using Assumption H. For a = 0, Assumption F1
holds because Jyo(x) = 1(x > 0) has a jump at © = ¢jo(1—a) = 0 with Jyo(cpo(1—a)) =
1>1—aand Jy(cpo(l —a)—) =0 < 1—a. For a € (0,1), Assumption F1 holds
because Jyo(r) = ®(alz) — ®(—a~lx) is strictly increasing at cxo(1 — a) = azi_a)2-

Next, we verify Assumption B1l. For any true sequence {v,, : n > 1} for which
n'/2y, (=n'?6,) = O(1), we have

Py (0 [Xo] < ) = Py (InV?(X — 0) +02/20,] < 1)
= P, (|0,(1) + O(1)] < #n) — 1 and
B 1

P, (0n =aX,) — (10.2)
where the second equality uses the fact that n'/?(X,, — 6,) has mean zero and vari-
ance one and the second convergence result uses the definition of 6, in (9.2). For
the particular sequence v, j, (= Onn) = hn~1/2 in Assumption B1(i), (9.3) and (10.2)
imply that Assumption B1(i) holds with Jy(x) defined as above. For any sequence
{01 > 1} as in Assumption B1(ii), we have 7, o (= 0n0) = o(n=1/2) since r = 1/2.
Hence, Py, (0, = aX,) — 1 by (10.2), In'/20,,0] = o(1), and the same argument as in
(9.3) but with h = 0 implies that Assumption B1(ii) holds with Jyo(x) = Jo(x) defined
as above.

10.2.2 Confidence Region Based on Moment Inequalities (cont.)

Here we discuss confidence regions based on moment inequalities using (i) an empir-
ical likelihood criterion function, (ii) a GMM criterion function that employs a consis-
tent preliminary estimator of a vector of identified parameters, (iii) a minimum distance
criterion function, and (iv) restrictions on the parameter space I'y = Rﬁ.

NEED TO CHECK STATEMENTS IN THE NEXT PARAGRAPH.

For an empirical likelihood-based test statistic, as in Moon and Schorfheide (2004)
or Soares (2005), the asymptotic distribution of the test statistic is the same as the
GMM-based statistic above. Hence, the same argument as above leads to (9.21) and
the subsample, FCV, and PCV CRs have the desired asymptotic level. The PCV CR
yields the smallest CR based on an empirical likelihood test statistic.

Next, suppose the population moment functions are of the form Erm;(W; 0o, 79) >
0for j =1,...,pand Epm;(W; 0o, 70) = 0 for j = p+1, ..., p+s, where ¢ is a parameter
for which a preliminary asymptotically normal estimator 7,(fy) exists, as in Soares
(2005). The sample moment functions are of the form m, j(0) = My ;(0,7,(0)). In
this case, the asymptotic variance of n'/ 2mn,j (0), as well as the quantities Q2 and hs 2,
take different values than when 7o appears in place of 7,(0p). But, the form of the
asymptotic distribution given in (9.19) is the same. (This relies on suitable smoothness
of Epm;(W; 00, 7o) with respect to 7g.) In consequence, by the same argument as above,
we have Jg >g71 Jj, for (g,h) € GH and (9.21), (9.22), and the above PCV CR results
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hold. Hence, use of a preliminary estimator in the GMM criterion function does not
cause size distortion for the subsample, FCV, or PCV CRs (provided Jj is properly
deﬁne&i and takes into account the estimation of 79 when computing cpi(1 — «) or
CPlug<h2,2,n7 1- CV))

We now discuss CRs based on a minimum distance test statistic, as in Rosen (2005).
(Rosen (2005) does not consider subsample critical values, but we do here.) The test
statistic is R

T,(0) = inf n(My(0) — t)'V, (M (0) — t), (10.3)
t=(t},05)":t1€RY.
where M, (0) = (Mn,1(0),...,Mppis(0))" and V,, is a consistent estimator of V =
lim,, oo Varg(n'/?m,(0)) when 0 is the true parameter. For this test statistic, v; and
73 are the same as above and vy = (6, vech,(V)’)". In this case, under {7, ; : n > 1},
we have

Tn(Onn) —a L(R) ~ Jp, where

_ . « [ ti—Mh " e =M
L) _t:(t’l,olsr)l'f;tleRﬁ (Zh2’2 < 0s )) v I 0s and

Zp,, ~ N(0,V). (10.4)

If 0 < g1 < hy, then algebra and RY — g1 C RY. — hy give

/
t* o
. t:(tfl’os)l'gfeRi*hl < ha < 0s >) < a2 < 0s
VY o
= inf = 0 ) )V Zhs = | s. (10.5
- t:(t;/,@s)l%;@igl( ha (Os )) < ha (05 )) as. (105)

Also, for (g,h) € GH, we have 0 < g1 < hy and ga2 = hoa. These results imply
that J; >g7 Jp, for (g,h) € GH and (9.21) holds. Hence, discontinuity of the limit
distribution also does not cause size distortion for the CR based on the subsample
minimum distance statistic. Analogous results to those above for the FCV and PCV
CRs also hold.

All of the discussion above takes the parameter space for v; to be I'y = Rﬁ. This
is appropriate when any given moment inequality can hold as an equality regardless
of whether other moment inequalities hold as equalities or not. On the other hand, in
some examples if one moment inequality holds as an equality, then some other moment
inequality cannot hold as an equality. For example, consider a location model with
interval outcomes. For simplicity, suppose the interval endpoints are integer values.
The model is y = 0y + u; and y; = [yf] for i = 1,...,n, where [y/] denotes the integer
part of yf, y* is not observed, and y; is observed. The interval outcome [y;,y; + 1)
necessarily includes unobserved outcome variable y;. Two moment inequalities that
place bounds on 6y are (i) —FEg,y; + 0o > 0 and (ii) Ep,yi + 1 — 6o > 0. If the first
inequality holds as an equality, then the second cannot.
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Analysis of the interval outcome model can be done using the general results of this
paper as follows. We have (—FEp,y; + 0p) € [0, 1]. We treat the two cases (a) (—FEp,v; +
6o) € [0,1/2] and (b) (—Ep,yi + 0o) € (1/2,1] separately because the asymptotic
distribution of T},(0,, ) is discontinuous both at —FEy,y; + 09 = 0 and at —FEg,y; + 0 =
1. For case (a), we define v, via (—Ep,y; + 6o) + v, = 0 for v; € [0,1/2] and, in
consequence, (Fg,y; +1 — 0p) — (1 — ;) = 0. Using these equalities in place of the
equalities in (9.16), we can analyze this model in the same way as above with p = 2
and s = 0. We obtain the same result as above that the limit of finite sample size
is the nominal level for subsample CRs when (—Fg,y; + 0o) € [0,1/2]. For case (b),
we define v, via (Ep,yi +1 — 6p) — v, = 0 for v; € [0,1/2] and, in consequence,
(—Epyyi+00)+(1—7,) = 0. Analogously, using these equalities in place of the equalities
n (9.16), we can analyze this model in the same way as above. We obtain the same
result as above that the limit of finite sample size is the nominal level for subsample
CRs when (—Ep,y; +00) € (1/2,1]. Combining the results from cases (a) and (b) gives
the same result for the model in which (—FEg,y; + 0o) € [0, 1].

10.3 Proofs

The following Lemmas are used in the proofs of Theorems 1 and 2. (The expressions
Kn — [K1,00; K2,00) and G(z—) used below are defined in Section 5.2.)

Lemma 5 Suppose (i) for some df’s L, () and G(-) on R, Lp(x) —p Gr(z) for all
x € C(Gr), (ii) T, —q Gr, where T, is a scalar random variable and Gt is some
distribution on R, and (iii) for alle > 0, Gr(coo —€) < 1—a and GL(coo +€) > 1 —
where co is the 1 — o quantile of G, for some o € (0,1). Then for ¢, := inf{z € R :
Lp(x) >1—a}, (a) cn —p oo and (b) P(T}, < ) — [Gr(coo—), Gr(C0)]-

Comments. 1. Condition (iii) holds if G (z) is strictly increasing at * = ¢y or if
Gr(z) has a jump at © = coo With GL(cso) > 1 —a and Gr(ceo—) <1 — a.

2. If Gr(x) is continuous at ¢, then the result of part (b) is P(T, < ¢,) —
GT(Coo)-

Lemma 6 Suppose Assumptions A2, B2, C-E, F2, and G2 hold. Let {w, : n > 1}
be any subsequence of {n}. Let {7y, = (Yu, 15 Yan,2s Ywn,3) : 7 = 1} be a sequence of
points in T that satisfies (i) w7y, 1 — b for some hy € RS, (i) b}, Va1 — 91 for
some g1 € R%, and (iii) v,,, o — ha for some hy € Ri,. Let h = (h1, ha), g = (g1, 92),
and ga = ho. Then, we have

(a) (9,h) € GH,

(b) Ego.1,,, Uwwn b, ( ) = Jg(@) for all x € C(Jy),
(c) wn,bwn( x) —p Jg(x) for all x € C(Jy) under {~,, :n > 1},
(d) L, po, () —p Jg(z) for all x € C(Jy) under {~,, :n > 1},
(e) Cwn,bwn<1 — a) —p cg(1 —a) under {~,, :n>1},
( ) POO,’yw ( wn(HO) < Cwn,bwn(l - a)) [Jh(cg(l - a)_)a Jh(cg(l - O‘))]? and
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(g) if ||h1]| < 00 and wy, = n for alln > 1, then parts (b)-(f) hold with Assumptions
A2, B2, F2, and G2 replaced by Assumptions Al, B1, F1, and G1 and (g,h) in parts
(b)-(f) equal (h°, h) of Assumption B1.

Comment. If J, is continuous at c¢g(1 — @), Payy, (Tw,(00) < cuy by, (1 —a)) —

Jh(cg(1 —a)).

Lemma 7 Suppose Assumptions A2, B2, C-E, F2, and G2 hold. Let (g,h) € GH be
given. Then, there is a sequence {7, = (Yp1;Vn2,Yn3) : M = 1} of points in I' that
satisfy conditions (1)-(iii) of Lemma 6 and for this sequence parts (b)-(f) of Lemma 6
hold with w, replaced by n.

Proof of Lemma 5. For € > 0 such that ¢, £¢ € C(G) N C(Gr), we have

Lp(coo —€) —=p Gr(coo —€) < 1 —a and
Ly(coo+€) =p Grlcoo+e) > 1 - (10.1)

by assumptions (i) and (iii). This and the definition of ¢, yield
P(A,(e)) — 1, where Ap(e) = {coo — € < ¢ < €0 + €} (10.2)

There exists a sequence {ex > 0 : k > 1} such that ¢ — 0 as k — oo and coo £ &j, €
C(Gr) N C(Gr) for all k > 1. Hence, part (a) holds.
Let P(A, B) denote P(AN B). For part (b), using the definition of A, (e), we have

P(T, < coo —€,An(€)) < P(T, < cny Ap(e)) < P(T), < ¢oo +€). (10.3)
Hence,

limsup P(7T,, < ¢,) = limsup P(T}, < ¢y, Apn(€))

< limsup P(T,, < ¢ +¢) = Gr(coo +€), and
n—oo
liminf P(7T, < ¢,) = liminf P(T;, < ¢p, Ap(€))
n—oo n—oo
> liminf P(T), < ¢oo — €, An(e)) = Gr(coo —€) (10.4)

using assumption (ii), ¢ € € C(Gr), and (10.2). Given a sequence {ej : k > 1} as
above, (10.4) establishes part (b). O

Proof of Lemma 6. First, we prove part (a). We need to show that g € H, h € H,
g2 = ha, and conditions (i)-(iii) in the definition of GH hold. Form =1, ...,p, if ay, = 0,
then g1 m,h1m € Ry o by conditions (i) and (ii) of the Lemma. Likewise, if b, = 0,
then g1 m, h1,m € R— . Otherwise, g1 m, h1,m € Reo. Hence, by the definition of Hj,
g1, h1 € Hy. By condition (iii) of the Lemma, hy €cl(I's) = Hs. Combining these results
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gives g, h € H. By assumption of the Lemma, g2 = ha. By conditions (i) and (ii) of the
Lemma and Assumption C(ii), conditions (i)-(iii) of GH hold. Hence, (g,h) € GH.

Next, we prove part (b). For notational simplicity, we drop the subscript 0y from
Pyy~ and Ejp, . We have

Gun,

E’Ywn anybwn (IE) = ql;»r]; Z P wn (Twnybwn ».7(00) S ‘,r)
7=1

= Py, (T, b, 1(00) < 2) = Py, (Th,, (00) <), (10.5)

where the first equality holds by definition of Uy, p,, (), the second equality holds by
Assumption D(i), and the last equality holds by Assumption D(ii).

We now show that P, (Ty, (0o) < z) — Jy(z) for all x € C(Jy) by showing
that any subsequence {t,} of {w,} has a sub-subsequence {sy} for which P, (T3, (o)
<z) — Jy(x).

Given any subsequence {t,}, select a sub-subsequence {s,} such that {bs,} is
strictly increasing. This can be done because b,,, — oo by Assumption C(i). Because
{bs,, } is strictly increasing, it is a subsequence of {n}.

Below we show that Assumption B2 implies that for any subsequence {u,} of {n}
and any sequence {7y, = (Vi 1,V .20 Van.3) € L 1 n > 1}, that satisfies (i') upvy 1 —
g1 and (ii’) Van2 — 92 € RY, we have

Py (T, (00) < y) — Jg(y), (10.6)

for all y € C(Jy). We apply this result with u, = bs,, 75, = 7s,, and y = x to obtain
the desired result Py (T}, (00) < ) — Jg(x), where (i) and (ii’) hold by assumptions
(i) and (iii) on {7, :n > 1}.

For the proof of part (b), it remains to show (10.6). Because g € H, by definition
of H there exists a sequence {7, = (721, 722, 7;’3) € I': k > 1} such that k”yz’l — 0
and 722 — g2 as k — o00. Define a new sequence {7}* = (741, 7%9: Vi) €T 1 k > 1} as
follows. If k = u, set 7" equal to 7, . If k # uy, set 7" equal to 7; Clearly, v;* € I’
for all £ > 1 and k"™y;, — g1 and 7% — g2 as kK — oo. Hence, {7;* : k > 1} is of
the form {v, ,:n > 1}7and Assumption B2 implies that Pyee(Ti(0o) < y) — Jy(y) for
all y € C(Jy). Because {u,} is a subsequence of {k} and 7;* = v;; when k = uy,, the
latter implies that Pyx (Ty,(00) <y) — J4(y), as desired.

Part (c) holds by part (b) and Assumption E.

To prove part (d), we show that Assumptions A2 and G2 imply that

L, by, () = U, by, (€) —p 0 under {v,, :n > 1} for all x € C(J,). (10.7)

This and part (c) of the Lemma establish part (d). To show (10.7), define a new
sequence {7} = (V. 1, V2 Vh3) € I' 1 k > 1} as follows. If k = wn, set v equal to 7, .
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If k £ wy, for m =1, ..., p, define

Viam = max{k ™" A m, am/2} if gi;m =0& —00 < him<0

Vi1m = min{k™"h pm, by /2} if g1 =0& 0 < hyym < 00

Veim = max{—k~%", a,/2} if gim=him=0& an, <0

’72,1,m = min{k‘2’°, bm/2} if gtm=him =0, an =0, &by, >0
72,1,771 = max{_(bkk)iT/a am/2} if 91m = 0& hl,m = —00

Vit = min{(bgk) /2 b /2} i g1 =0 & him = 00 (10.8)

72,1,m = max{b, " g1,m, am/2} if —o0o<gim<0&hyy,=—00
’72,1,m = min{b, " g1,m, bm/2} if 0 < g1,m <00 & hym =00
Vidm = @m/2 if g1,m = him = —00

72,1,771 = bm/2 if gim = hl,m = 00,

where 7% 1 = (Yg1.15 -+ Vh1p)s define 75 5 = Vuwm, 20 Where ny, = max{l € N :wy < k},
and define 7,”;’3 to be any element of I's (’y}';l, 7,’272). As defined, v}, € I for all k > 1 using
Assumption A2(ii) and straightforward calculations show that {vy; : k > 1} satisfies
(i)-(iii) of Lemma 6 with {w,} replaced by {k}. Hence, by Lemma 6(b) with {w,}
replaced by {k}, Ugp, (x) —p Jg(x) as k — oo under {v} : k > 1} for all x € C(Jy).
In consequence, because {7} : k > 1} is of the form {v,, ) : n > 1}, Assumption G2
implies that Ly, (x) — Ugp, (x) —p 0 as k — oo under {7} : k > 1} for all z € C(Jy).
Since v, = 7., for k = wy, this implies that (10.7) holds.

Parts (e) and (f) are established by applying Lemma 5 with Ly (2) = Ly, p,, ()
and T;, = T, (00) and verifying the conditions of Lemma 5 using (I) part (d), (II)
Tw,(00) —q Jp under {v,, :n > 1} (which is verified below), and (III) Assumption
F2. The result of (IT) holds because {7} : k£ > 1} in the proof of part (d) is of the form
{Yn,n :m > 1} for h as defined in the statement of Lemma 6; this and Assumption B2
imply that Tj(0o) —q Jn as k — oo under {7} : k > 1}; and the latter and v} = v,
for k = w,, imply the result of (II).

Part (g) holds because (I) the proof of part (b) goes through with Assumptions A2
and B2 replaced by Assumptions Al and B1 given that ||h;|| < co, which implies that
g = hY, (IT) the proof of part (c) holds without change, (III) part (d) holds immediately
by part (c) and Assumption G1 (in place of Assumption G2) because w, = n for all
n > 1, and (IV) the proof of parts (e) and (f) holds with Assumptions A2, B2, and F2
replaced by Assumptions Al, B1(i), and F1 given that ||h1|| < co (which implies that
g1 = 0 using conditions (i) and (ii) of the Lemma and Assumption C(ii)) and w, = n.
O

Proof of Lemma 7. Define v,,; ,,, as in (10.8) with n in place of k for m = 1,...,p
and let 7,1 = (Vn1.1> -+ Yn1p) - Define {7, 5 : n > 1} to be any sequence of points in
[ such that v, 5 — h2 as n — oo. Let v,, 3 be any element of I'3(v,, 1,7,,2) for n > 1.
Then, v, = (Vn.1,VYn,2: Vn3) is in ' for all n > 1 using Assumption A2. Also, using
Assumption C, straightforward calculations show that {,, : n > 1} satisfies conditions
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(i)-(iii) of Lemma 6 with w, = n. Hence, parts (b)-(f) of Lemma 6 hold with w, = n
for {v,, : n > 1} as defined above. [

Proof of Theorem 1. Part (a) holds by Assumption B1(i) and the definition of
convergence in distribution by considering points of continuity of J;(-) that are greater
than ¢pi,(1 — «) and arbitrarily close to cpi(1 — a) as well as continuity points that
are less than cpiz(1 — «) and arbitrarily close to it. Part (b) follows from Lemma
6(g) because ||h1|| < oo, w, = n for all n > 1, g in Lemma 6(g) equals h° = (0, ha),
conditions (i) and (iii) of Lemma 6 hold by the definition of the sequence {v,, ;, : n > 1},
and condition (ii) of Lemma 6 holds because n"y,, 1 — h1 with |[h1]| < oo implies
that b;,7,, 51 — 0 using Assumption C(ii). [J

Proof of Theorem 2. The proof of part (a) is similar to that of part (b), but
noticeably simpler because cpi;(1 — ) is a constant. Furthermore, the proof of the
second result of part (b) is quite similar to that of the first result. Hence, for brevity,
we only prove the first result of part (b).

We first show that AsySz(6p) > Maxsu(a). Equations (3.10) and (3.11) imply
that for any sequence {v,, € I': n > 1},

AsySz(0p) > limsup [1 — Poy ., (Tn(6o) < cpp(l —a))]. (10.9)
n—oo
In consequence, to show AsySz(6y) > Maxgy(a), it suffices to show that given any
(g,h) € GH there exists a sequence {7,, = (Y51, Vn.2>Vn3) € L' : n > 1} such that

limsup[l— Py, ~, (Th(00) < cap(l — @))] > 1 — Jp(cg(1 — a)). (10.10)
n—oo
The latter inequality holds (as an equality) by Lemma 7.
It remains to show AsySz(6o) < Maxg,,(a). Let {7}, = (V1,72 Yn3) €L in >
1} be a sequence such that limsup,, ., RP,(60,7;,) = limsup,,_, sup,er RP(60,7)
(= AsySz(0p)). Such a sequence always exists. Let {v, : n > 1} be a subsequence
of {n} such that lim, .. RP,,(0o,7;, ) exists and equals limsup,, ., RP,(00,7},) =
AsySz(0p). Such a subsequence always exists.
Let v}, 1., denote the mth component of v}, | for m = 1,..., p. Either (1) limsup,,_,
T T

[vn Ve 1.m| < 00 or (2) limsup,, . [v5,75 1| = oo. If (1) holds, then for some subse-
quence {wy} of {v,}

bLnVZn,l,m — 0 and
Wy Yoo 1.m — h1,m for some hym € R. (10.11)

‘s

o1y
v vn’)/vn,l,m

= oo. If (2a) holds, then for some subsequence {wy} of {v,},

If (2) holds, then either (2a) lim sup,, . |05, Vs, 1.m| < 00 or (2b) lim sup,,_, [b

b;nyznil’m — g1,m for some g1, € R and

Wy Yo 1m — P1m, where hy g, = oo or — oo with sgn(him) = sgn(g1,mf10.12)
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If (2b) holds, then for some subsequence {wy,} of {v,},
by,

Wy Yo 1m — P1m, Where hy g, = oo or — oo with sgn(him) = sgn(g1,mf10.13)

*
nrY'wn,l,m - gl,m» where gl,m =00 or —oQ, and

In addition, for some subsequence {wy,} of {v,},
Yn,2 — ha for some hy € cl(I's). (10.14)

By taking successive subsequences over the p components of vy ; and 7, 5, we find
that there exists a subsequence {wy} of {v,} such that for each m = 1, ..., p exactly
one of the cases (10.11)-(10.13) applies and (10.14) holds. In consequence, conditions
(i)-(iii) of Lemma 6 hold. In addition, vy, 5 € I's(7;,, 1,74, 2) for all n > 1 because
Y, € I'. Hence,

R4, (00,75,) — [1 = Ju(cg(1 = ), 1 = Ju(cy(1 - a)-)] (10.15)

by Lemma 6(f). Also, (9,h) € GH by Lemma 6(a). Since lim, .o RP,,(00,7;,) =
AsySz(6p) and {wy} is a subsequence of {v,}, we have lim, .. RPy, (60,7;,) =
AsySz(0p). This, (10.15) and (g, h) € GH imply that AsySz(6p) < Maxg,, (o), which
completes the proof of the first result of part (b). O

Proof of Lemma 4. Assume U, () —p Jg(z) for all x € C(J,) under {v,, :n > 1}
for some g € H and h € H. To show L, p(x) — Upp(x) —p 0 for all z € C(J,) under
{Yn,n}> We use the argument in the proofs of Theorems 11.3.1(i) and 12.2.2(i) in PRW.

Define R, (t) := ¢, * 17, (0, — 00)/Gnp,,;| > t). Using
Unp(x —1t) — Rp(t) < Lpp(x) < Upp(z+t) + Rp(t) (10.16)

for any ¢ > 0 (which holds for all versions (i)—(iii) of 7}, (fp) in Assumption t1), the
desired result follows once we establish that R, (t) —, 0 under {v, ,} for any fixed
t > 0. By 7, = ay,/d,,, we have

75, (On — 00) /Gy 5| = ifF (a, /an)an|0n — Oo| > dy, G, it (10.17)

provided 7,5, ; > 0, which by Assumption BB2(ii) holds uniformly in j = 1,...,qp
wp—1. By Assumption BB2(i) and HH, (abn/an)an@n — o] = 0p(1) under {v,, ,}-
Therefore, for any § > 0, R,(t) < g,*! Z?’;l 1(6 > dp,onp,.it) = U, (6/t) wp—1.
Now, by an argument as in the proof of Lemma 6(b) and (c¢) (which uses Assumption
EE, but does not use Assumption G2) applied to the statistic d,, 0, rather than T,,, (6p),
we have U7, (z) —p Wy(z) for all x € C(Wy) under {v,, ;,}, where g € H is defined as
in Lemma 6 with {Yw, } being equal to {v,, ,}. Therefore, U7, (6/t) —p Wy(6/t) for
6/t € C(Wy) under {v,,;}. By Assumption BB2(iii), W, does not have positive mass
at zero and, hence, Wy(6/t) — 0 as 6 — 0. We can therefore establish that R, (t) —, 0
for any t > 0 by letting 6 go to zero such that §/t € C(W,). O
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Table I
TESTING WITH A NUISANCE PARAMETER ON THE BOUNDARY EXAMPLE:
MAXIMUM ASYMPTOTIC NULL REJECTION PROBABILITIES (XlOO) AS A
FUNCTION OF THE TRUE CORRELATION hs (: p) FOR NOMINAL .05 TESTS

Upper 1-sided Symmetric 2-sided Equal-tailed 2-sided

ha (= p) Sub  FCV Sub FCV Sub FCV

-1.00 50.2 5.0 9.9 5.0 52.7 5.0

-.99 42.8 5.0 9.9 5.0 43.2 5.0

-.95 33.8 5.0 9.9 5.0 324 5.0

-.90 27.6 5.0 9.9 5.0 254 5.0

-.80 20.2 5.0 9.3 5.0 17.4 5.0

-.60 12.3 5.0 7.4 5.0 10.0 5.0

-.40 8.3 5.0 6.0 5.0 6.8 5.0

-.20 6.2 5.0 5.2 5.0 5.3 5.0

.00 5.0 5.0 5.0 5.0 5.0 5.0

.20 5.0 5.6 5.2 5.0 5.4 5.0

.40 5.0 5.8 6.0 5.0 6.7 5.0

.60 5.0 5.6 7.5 5.0 9.9 5.0

.80 5.0 5.1 9.6 5.0 17.3 5.0

.90 5.0 5.0 10.1 5.0 25.2 5.0

.95 5.0 5.0 10.1 5.0 324 5.0

99 5.0 5.0 10.1 5.0 43.0 5.0

1.00 5.0 5.0 10.1 5.0 52.3 5.0
AsySz(0p) 50.2 5.8 10.1 5.0 52.7 5.0
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Figure 1. Densities of Z,, ~ N(0p,n~!) (solid line) and Z, ~ N(fg,b, ') (dashed line)
for g = .15, n = 100, and b,, = 10
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Figure 2. Densities of (a) T}, ~ max{Z, —h} and (b) T}, ~ max{Z, —(b,/n)"/?h} for

Z ~ N(0,1), h = 1.5, and b,/n =1/10



1.2

1.2

0 20 40 60 80

Figure 3. v, , as a function of n (solid line) and as a function of b, = n!/2 (dashed
line) for (a) v, , = 1/n'/2 and (b) Ynh = 1/nt/4
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Figure 4. 1 — « quantile of Jj, cp(1 — «) as a function of h
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NEED TO ADD FIGURE 5 WITH 2 QUANTILE GRAPHS FOR NUISANCE
PARAMETER ON BOUNDARY EXAMPLE.
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