Empirical likelihood for quantile regression

Taisuke Otsuf
Department of Economics
University of Wisconsin-Madison

November 2003
Job Market Paper

Abstract

We propose new estimation and inference methods for quantile regression mod-
els based on the method of empirical likelihood and its extensions. We consider
four concepts of nonparametric likelihood—conditional empirical likelihood (CEL),
smoothed conditional empirical likelihood (SCEL), usual empirical likelihood (EL),
and smoothed empirical likelihood (SEL)—and investigate the statistical properties
of the derived estimators and test statistics. Our extensions to the empirical likeli-
hood approach effectively deal with several problems of existing quantile regression
estimation and inference methods, such as the efficiency of the estimators, variance
estimation to construct confidence sets, and higher order refinements of confidence
sets. In order to avoid practical and technical problems of non-smooth objective
functions, we introduce kernel smoothing on quantile restrictions. As extensions, we
consider multiple quantile regression models, tests for homoskedasticity and symme-
try, confidence sets without parameter estimation, and consistent specification tests
for quantile regression models.
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1 Introduction

This paper studies new estimation and inference methods for quantile regression models based on the method
of empirical likelihood and its extensions. Our extensions to the empirical likelihood approach effectively
deal with several problems of existing quantile regression estimation and inference methods, such as the
efficiency of the estimators, variance estimation to construct confidence sets, and higher order refinements
of confidence sets. In order to avoid practical and technical problems of non-smooth objective functions, we
introduce kernel smoothing on quantile restrictions. We consider four concepts of nonparametric likelihood—
conditional empirical likelihood (CEL), smoothed conditional empirical likelihood (SCEL), usual empirical
likelihood (EL), and smoothed empirical likelihood (SEL)—and investigate statistical properties of the de-
rived estimators and test statistics. Each method has different advantages and disadvantages compared to
conventional estimation and inference methods. Particularly, (i) the CEL and SCEL estimators are asymp-
totically efficient; (ii) all of the EL-based test statistics provide valid confidence sets without estimating the
variances of estimators; (iii) SCEL- and SEL-based estimation and inference can be conducted by a Newton-
type algorithm; (iv) SEL is Bartlett correctable and provides higher order refinement of the confidence sets;
(v) however, CEL, SCEL, and SEL require some kernel smoothing, in which the choices of the kernel function
and bandwidth may be arbitrary.

Since the seminal works of Koenker and Bassett (1978a,b), quantile regression has become a standard tool
of empirical economic analysis, particularly in the fields of labor and public economics.! A familiar special
case of quantile regression is the least absolute deviation (LAD) regression, in which the quantile of interest is
the median. Since the distributional form of the error term is unspecified except for the conditional quantile
restriction, quantile regression is regarded as a semiparametric model, which is robust to misspecification
of the distributional form of the error term. There are five important features to consider when analyzing

quantile regression models.

(i) Efficiency: Koenker and Bassett’s (1978a) conventional quantile regression estimator is not efficient
under the conditional quantile restriction, which is an asymptotically equivalent representation of a
quantile regression model. Indeed, the conventional estimator is based on an unconditional moment
restriction, which is an implication of the conditional quantile restriction. Based on the efficient
score of quantile regression models, Newey and Powell (1990) proposed an efficient quantile regression

estimator. However, implementation of Newey and Powell’s (1990) efficient estimator requires a sample

1See Buchinsky (1998) for a review of quantile regression. For empirical applications of quantile regression, see the special
issue of Empirical Economics (vol. 26:1).



splitting device for estimating the efficient score and estimation of the optimal weight, which is the

conditional error density function evaluated at zero.

(ii) Variance estimation: Since the asymptotic variances of quantile regression estimators contain the
conditional error density function evaluated at zero, variance estimation for constructing confidence
sets is an important issue. The Wald-type test statistics and confidence sets (i.e., estimate = 1.96 x
standard error) require some variance estimator. Several variance estimation methods are proposed

and compared, such as the order statistic, kernel smoothing, and bootstrap methods.?

(iii) Non-smooth moment restriction: Since the moment restrictions implied by quantile regression
models contain indicator functions, we need to deal with non-smooth objective functions for estimation
and inference. Thus, we cannot apply the usual argument based on Taylor expansions for discussing

the asymptotic properties of estimators and test statistics, particularly for higher order properties.

(iv) Algorithm: Due to the non-smoothness of the implied moment restrictions, the choice of an algorithm
to implement quantile regression estimation is a substantial practical issue. Koenker and Bassett’s
(1978a) conventional estimator employs a linear programming algorithm, which is stable and globally
convergent by a finite number of iterations. We could use some generalized method of moments (GMM)
type estimation to improve efficiency by including additional moment restrictions. However, in this
case, we would not have such a linear programming representation for the optimization problem of the
estimator. Thus, we would have to apply some non-derivative optimization algorithm, such as Nelder

and Mead’s (1965) simplex method or simulated annealing.

(v) Censoring: In contrast to the conditional mean restrictions of mean regression models, the conditional
quantile restriction is useful for identifying censored regression (or Tobit) models. Since Powell (1984,
1986), several semiparametric methods for censored regression models are provided by using conditional

quantile restrictions.

This paper considers uncensored quantile regression models and therefore deals with (i)-(iv). Extension to
censored regression models is an important topic for future research.3
In this paper, we apply the method of EL by Owen (1988, 1990, 1991) and CEL by Kitamura, Tripathi,

and Ahn (2003) and Zhang and Gijbels (2003) to quantile regression models, and propose new estimation

2See Buchinsky (1995b) and Koenker (1994) for simulation results and comparisons of these methods.
3The author is currently working on this extension, which introduces additional kernel smoothing for the indicator function
by censoring.



and inference methods.* EL is a data-driven nonparametric method of estimation and inference for mo-
ment restriction models, which does not require weight matrix estimation like GMM and is invariant to
linear transformations of moment restrictions.® Qin and Lawless (1994) showed that the EL estimator is
asymptotically (first-order) equivalent to the optimally weighted GMM estimator by Hansen (1982), and
that the EL ratio test statistics for parameter restrictions has the chi-square limiting distribution. Newey
and Smith (2003) and Kitamura (2001) derived desirable properties of the EL approach from the viewpoints
of higher-order bias and large deviation properties, respectively. CEL is an extension of EL to attain the effi-
ciency bound for conditional moment restriction models, which imply infinitely many unconditional moment
restrictions. LeBlanc and Crowley (1995) proposed a local likelihood approach to construct nonparametric
likelihood for conditional moment restriction models. Although LeBlanc and Crowley (1995) showed that
their approach is applicable to quantile regression by a numerical example, they did not provide any formal
statistical theory. Kitamura, Tripathi, and Ahn (2003) assumed sufficiently smooth moment restrictions,
and derived the consistency, asymptotic normality, and efficiency of the CEL estimator. Therefore, the
CEL estimator is asymptotically equivalent to the optimal instrumental variable GMM estimator by Newey
(1990, 1993), which attains the semiparametric efficiency bound derived by Chamberlain (1987). Zhang and
Gijbels’ (2003) setup allows for non-smooth moment restrictions and nonparametric regression models.® In
contrast to Zhang and Gijbels (2003), Kitamura, Tripathi, and Ahn (2003) proposed the CEL ratio test
statistic for parameter restrictions and derived its chi-square limiting distribution. These previous results
show that EL and CEL have similar properties as usual parametric likelihood. Kitamura (2003) extended
the CEL approach to possibly misspecified models, proposed the CEL-based measure of fit for conditional
models, and discussed quantile regression models as an example.

In the quantile regression setup, we first show the consistency, asymptotic normality, and efficiency of the
CEL estimator. An important advantage of the CEL estimator is that we do not need to estimate the optimal
weight of Newey and Powell’s (1990) efficient estimator; the optimal weight is automatically incorporated in
CEL. In addition, we derive the chi-square limiting distribution of the CEL ratio test statistic for parameter
restrictions. However, in contrast to the conventional inefficient quantile regression estimator by Koenker

and Bassett (1978a), the optimization problem for CEL estimation does not have a linear programming

4A note on terminology. CEL is called “smoothed” and “sieve” empirical likelihood in Kitamura, Tripathi, and Ahn (2003)
and Zhang and Gijbels (2003), respectively. Since we introduce additional smoothing on moment restrictions, we describe their
method as “conditional” empirical likelihood in order to avoid confusion, which is adopted by Kitamura (2003).

5See Owen (2001) for a review of empirical likelihood.

60tsu (2003a) extended the CEL approach to semiparametric models, i.e., conditional moment restriction models including
unknown functions, and proposed the penalized empirical likelihood estimator (PELE).



representation. Since CEL is non-smooth with respect to unknown parameters, we must use some non-
derivative optimization algorithm, which tends to have multiple local optima and converge slowly, for the
implementation of CEL-based method. To solve this practical problem, we introduce kernel smoothing
to the conditional quantile restriction. By replacing the conditional quantile restriction with a smoothed
counterpart, we derive the SCEL estimator and SCEL ratio test statistic. Since the SCEL objective function
is smooth with respect to unknown parameters, we can apply a popular Newton-type optimization algorithm.
We show that the SCEL estimator and SCEL ratio test statistic are asymptotically equivalent to the CEL
estimator and CEL ratio test statistic, respectively. Furthermore, by inverting the CEL or SCEL ratio test
statistic, we can construct valid confidence sets for unknown parameters. In contrast to the conventional
Wald-type confidence sets, both the CEL- and SCEL-based confidence sets avoid variance estimation for
constructing confidence sets. While the Wald-type confidence set relies on a local quadratic approximation
of likelihood, shapes of the CEL- and SCEL-based confidence sets are determined by observed data and are
not necessarily symmetric around the estimates.

Higher order refinement of confidence sets is another reason for smoothing the moment restrictions. Due
to technical difficulties for analyzing higher order properties in the conditional quantile restriction setup, we
consider an unconditional quantile restriction, which is an implication of the conditional quantile restriction.
In order to obtain higher order refinements for the EL ratio we must use Taylor series approximations,
which require sufficiently smooth moment restrictions. For the LAD regression model, Horowitz (1998)
considered a kernel-smoothed objective function, and derived higher order refinements of the ¢ and Wald
test statistics by bootstrapping. For distribution quantiles, Chen and Hall (1993) employed a smoothed
moment restriction and obtained the Bartlett correction of their EL ratio test statistic. From the smoothed
counterpart of the unconditional quantile restriction, we propose SEL, and derive the Bartlett correction of
the SEL ratio test, which is an extension of Chen and Hall’s (1993) result to the quantile regression setup.
Using the Bartlett correction, the rejection probability error of the SEL ratio test becomes O(n~2), which is
better than the conventional rejection probability error, O(n~1). Similarly to the cases of CEL and SCEL,
the EL- and SEL-based confidence sets do not require variance estimation, and shapes of the confidence
sets are automatically determined by data. After the completion of this draft, the author was informed
that Whang (2003) independently derived similar results, i.e., the Bartlett correction for the SEL ratio test.
While Whang’s (2003) main purpose is to compare SEL to the bootstrap, this paper merely intends to
provide a motivation for smoothing the quantile restriction and focuses mainly on the comparison to the

conventional method (for detailed discussion, see Section 5).



As extensions, we consider multiple quantile regression models, tests for homoskedasticity and symmetry
of error terms, confidence sets without parameter estimation, and consistent specification tests for quantile
regression models. The CEL- or SCEL-based tests for homoskedasticity and symmetry are convenient tools
for analyzing the distributional form of error terms. The CEL- or SCEL-based confidence set without
parameter estimation, which is an extension of Tripathi and Kitamura’s (2001) canonical version of the
CEL ratio test statistic, is easy to implement if the number of unknown parameters is small. The CEL- or
SCEL-based consistent specification test for quantile regression models, which is an extension of Tripathi
and Kitamura’s (2002) CEL ratio specification test statistic, is an important diagnostic statistic to check
the validity of specification of the quantile regression models.

This paper is organized as follows. Section 2 describes the basic setup and background. In Section 3, we
introduce CEL and derive the statistical properties of the CEL estimator and CEL ratio test statistic for
quantile regression. In Section 4, we propose the SCEL estimator and SCEL ratio test statistic, and derive
the statistical properties. Section 5 considers the unconditional quantile restriction, and investigates EL- and
SEL-based inference methods; we also derive the Bartlett correction for SEL. Section 6 provides extensions
of the proposed methods, multiple quantile regression, homoskedasticity and symmetry tests, confidence sets
without estimation, and specification tests. Section 7 concludes. Appendices contain mathematical proofs
and preliminary lemma.

The author is currently working on a Monte Carlo simulation and empirical application of the proposed
methods. The simulation setup is based on that of Horowitz (1998). The empirical example is wage regression
based on CPS data by Buchinsky (1994) and Bierens and Ginther (2001). Preliminary results are available

from the author’s website (http://www.ssc.wisc.edu/~totsu/quantile.htm).

2 Setup and background

In this section, we describe the basic setup and background for quantile regression models. Let {y; : i =
1,...,n} be a scalar random sample used as a regressand and {x; : i = 1,... ,n} be a ¢ x 1 vector of
random samples used as regressors. Letting F |, be the conditional distribution function of y given z, the
7th conditional quantile function of y given z is defined as Q,(y|z) = inf{y|Fy.(y|lzr) > 7}. The (linear)

quantile regression model is written as

yi = x;fo + €, Qr(yilwi) = xifo, (1)



fori=1,...,n, where 7 € (0,1) is a fixed and known quantile of interest, 5y is a ¢ X 1 vector of unknown
parameters, and ¢; is the error term.” As 7 increases from 0 to 1, we can trace the entire conditional
distribution of y given . In general, Sy and ¢; vary with the value of 7. If 7 = 0.5, (1) corresponds
to the LAD regression model. The mth element of the regression coefficients By, = 0Q(yi|i)/0%im is
interpreted as the marginal change in the 7th conditional quantile Q. (y;|x;) by the marginal change in ;.
Let z = (y,2’)’. Apart from the conditional quantile restriction (1), the distribution form of z is unspecified;
therefore, the quantile regression model is regarded as a semiparametric model. Furthermore, note that
compared to the conditional mean restriction E[y|x] = 2’5y, the conditional quantile restriction is robust to
outliers in y.

Assume that z is continuously distributed with the joint density f. and conditional density f,,. Then
the conditional quantile Q. (y|z) satisfies fg;(ylw) fylz(ylz)dy = 7, and the quantile regression model (1) is

equivalent to the following conditional moment restriction,
Elg(z,B0)|x] = E[r — I(y — 2’8y < 0)|z] =0 (conditional quantile restriction), (2)

where I(-) is the indicator function. CEL and SCEL discussed in the following sections are constructed from
this conditional moment restriction.

The conventional quantile regression estimator by Koenker and Bassett (1978a) is defined as
BxB Zargminlzn:p (y; — 25 3) (3)
= BeB n s T\Y1 1 )

where p;(€) = (7 — I(e < 0)) is the so-called check function. Let f, be the conditional density of e given

x. Koenker and Bassett (1978a) showed that under certain regularity conditions,
n2(Brcp — Bo) 5 N(0, Vi),
where
Vip = 7(1 — 7)E[fe.(0|z)22'] ' E[z2/|E[fe, (0|z)2zz] "

To construct the confidence set of 3y, we usually estimate the variance Vi g, which contains the conditional
error density evaluated at zero (i.e., fe|(0[z)). While several variance estimation methods have been pro-
posed, such as the order statistics, kernel smoothing estimation, and bootstrapping, our EL-based methods

avoid the variance estimation for constructing confidence sets.

"Under certain additional regularity conditions, our methods can be easily extended to nonlinear parametric regression
models or parametric transformation models, such as the Box-Cox transformation model by Buchinsky (1995a).



Since the first-order condition for the minimization problem in (3) is written as n=*>""" | z;(7 — I(y; —
ac;ﬂAKB < 0)) = 0,(n"1?), Brp can be interpreted as the GMM estimator of the following unconditional

moment restriction,
Elzg(z,50)] = Elx(t — I(y — 2’80 < 0))] =0 (unconditional quantile restriction). (4)

Since the conditional quantile restriction (2) implies infinitely many unconditional moment restrictions in
the form of E[y)(x)(r — I(y — 2’8 < 0))] = 0 for any arbitrary function ¢, (4) is an implication of (2) (i.e.,
¥(x) = x). Therefore, Bxp is not efficient under the conditional quantile restriction (2). This result is
analogous to the inefficiency of the OLS estimator under the conditional mean restriction like Ely|z] = 2’
(see Chamberlain (1987)).

Since ﬁKB is based on the unconditional quantile restriction (4), BKB and the GMM estimator for
(4) (e, Bounm = argmingesn~ ' S0 g(z, 8)%)x;) are asymptotically equivalent.® We can gain the
efficiency of the GMM estimator by adding moment restrictions in the form of E[¢(z)(r — I(y — 2’8 <
0))] = 0. However, an important difference between BK B and BG MM in practice is the existence of a linear
programming representation for the optimization problems. Since the minimization problem of BK p in (3)
has a linear programming representation, we can apply, for example, the simplex method by Barrodale and
Roberts (1973), which is globally convergent in a finite number of iterations.” On the other hand, since
the minimization problem of Bena does not have a linear programming representation, we must apply
some non-derivative optimization algorithm, such as Nelder and Mead’s (1965) simplex method or simulated
annealing, which has typically multiple local optima and converges slowly. Therefore, although the GMM
approach is useful for discussing the theoretical properties of quantile regression estimators, the conventional
estimator BK B is more appropriate in practice. Our SCEL and SEL methods do not require non-derivative
optimization due to smoothing on the moment restrictions.

To attain the semiparametric efficiency bound for the conditional quantile restriction (2), Newey and

Powell (1990) proposed the optimally weighted quantile regression estimator,'® that is

N R ,

Byp = argmin Z; Fea(Olzi)pr (ys — ). (5)
The asymptotic distribution of BN pis

n*?(Bxp — Bo) 4 N(0,Vnp),

8Note that (4) is just identified and g(z, o) is scalar.

9Note that the simplex method for solving linear programming problems is different from Nelder and Mead’s (1965) simplex
method for optimizing non-smooth objective functions.

10Newey and Powell (1990) allows censored regression models.




where
Vnp =7(1 = 7)E|[fe,(0z)xa’] "

The optimal weight is the conditional error density evaluated at zero (f¢|,(0|x;)), which also appears in the
variance Vyp. Note that if the conditional density evaluated at zero is independent of x (i.e., f¢,(0lz) =

f(0)), BNP = BKB and then the variance is simplified to

VKB = VNP = %E);)E[xx']_l. (6)

In Section 6.2, we propose CEL- and SCEL-based test statistics for testing f|,(0[z) = fc(0). Using non-
parametric estimation of a component including f|,(0|z;) and a sample splitting device for estimating the
efficient score, Newey and Powell (1990) proposed a two-step estimation procedure for B np. The estimates
depend both on the method of nonparametric estimation of f|,(0]z;) and on the way of splitting the sam-
ple. Since the CEL and SCEL methods, as discussed in the following sections, automatically incorporate the
optimal weight, the CEL and SCEL estimators do not require any preliminary nonparametric estimation of
fe|z(0]z;) or the sample splitting device for the efficient estimation of fo.

Based upon BK B Or BN p, the Wald-type confidence set for the mth component of 3y is obtained as

(Bom — Za/2\/ ( Ao)mm; Bom + 2a/2 (VO)mm )s

where z, /5 is (1 — /2)-th quantile of a standard normal variable, @ is KB or NP, and (V4)msm, is (m, m)th
component of a consistent estimator for the variance of ﬁ.m. Note that the above confidence set requires
estimation of the variance V, that contains fez(0]z;); in addition, the shape of the confidence set is restricted
to be symmetric around [3.. Our EL-based confidence sets do not require variance estimation. Furthermore,
the shapes of confidence sets are automatically determined by observed data (i.e., confidence sets may be

asymmetric around the estimators).

3 Conditional empirical likelihood

In this section, we introduce the notion of CEL and derive asymptotic properties of the CEL estimator
and CEL ratio test statistic for quantile regression models. The idea of CEL was proposed by Kitamura,
Tripathi, and Ahn (2003) and Zhang and Gijbels (2003). However, Kitamura, Tripathi, and Ahn (2003)
ruled out non-smooth moment restrictions like the conditional quantile restriction. While Zhang and Gijbels

(2003) discussed quantile regression as an example, we provide a formal argument for asymptotic properties



of the CEL estimator and CEL ratio test. Consider a discrete distribution with support on {z1,...,z,} X
{z1,...,2n}. We do not make any notational distinction among a random variable, the value taken by it,
and its discrete support. The distinction should be clear from the context. Let pj; = Pr{z = z;|z = x;} be
the conditional probability mass of z given x. For information about Pr{z|x = x,}, only a single observation,
zi, is available. By borrowing sample information from nearby observations around x;, we can construct the
nonparametric likelihood for the conditional quantile restriction E[g(z, 8p)|x] = 0. Let wj; be weight for the
sample information from nearby data, which is defined as

K(ij—xi)

n

n

Wys

where K : R? — R is a kernel function and b, is a bandwidth parameter. Using wj;, the local empirical

likelihood at z; is defined as

n
> wjilogpji,
j=1
which is interpreted as the nonparametric kernel smoothing estimator for E[logp.;|z;]. Let B be the pa-

rameter space of 3. Based on this local likelihood, consider the following maximization problem for each

g eB,

max Z Z wj; logpj; (7)

{pji}Zj:1 i=1 j=1

n n
s.t. DPji > 07 ijz = ]-a ijlg(zjvﬁ) = 07 Za] = 1; sy N
j=1 j=1

Using the Lagrange multiplier method, the maximizer of (7) is written as

N Wyi
Pt = TN (B)g(z, 8)

where \;(3), the Lagrange multiplier for the restriction Z?Zl pjig(zj, B) = 0, satisfies'!

S, (5)
= 1+ Xi(B)g(z,0)
Without the restrictions Z;:l pjig(zj,8) =0 for i = 1,... ,n, the maximizer of (7) is p;; = w;;. Using p;;

and pj;, the conditional empirical log-likelihood ratio (CELR) is defined as

n n n
> I (Z wjilogpji — Y wji 10%]%‘)
i=1 j=1 j=1

=2 T 3 wislos(1+ Xi(B)a (25, 6), )

CELR(f)

1 Note that in our quantile regression setup, \;(3) and g(z,8) are scalar.

10



where I;,, = I(z; € X,) is a trimming term to avoid the boundary bias of kernel estimators, and &, is a
subset of the support of z, X’ (see, Ai (1997) and Ai and Chen (1999)). Let X, and Xy be known boundary
points of X, and ¢ be a ¢ x 1 vector of ones. X, is defined as [X + b, Xy — b¥4] for some 0 < p < 1.
In general, the computation of the CELR requires a numerical solution for \;(3) in (8). However, for the
quantile restriction g(z,3), there exists an analytical solution for A\;(5) (see LeBlanc and Crowley (1995,

p.100) and Kitamura (2003)), i.e.,

~ T — 7_171wji] j—x;, SO T — f
Ai(B) = 2= T EyT) 0 )z T(1m—/(£)‘ (10)

By plugging (10) into (9), CELR(f) can be written as

1—-Wi(B)
1—7

CELR(9) =~ Y~ Fin[(1 - Wi(5) o )+ Wi tog( V)], (1)

The conditional empirical likelihood estimator (CELE) is defined as
BepL = arg rélgéc CELR(f). (12)

Since CELR(/3) is non-smooth for /3, we must use some non-derivative optimization algorithm, such as Nelder
and Mead’s (1965) simplex method or simulated annealing. However, in this case, we do not need to nest
the computational routine for \;(3).

Assumptions for the asymptotic properties of the CELE are as follows.
Assumption 1. Assume that
(1) {yi,xl:i=1,... ,n} are ii.d.,
(i) the support of x, X, is compact,

iii) let xq; be the constant term, and (y;, T2, ... ,Tq;) 1S continuously distributed with the joint density
q

function f. and the conditional density function fy, of yi given x; =z fori=1,... ,n,
(iv) the density function of x, f,, is strictly positive and continuous on X, and sup ¢y fo(x) < 0.
Assumption 2. Assume that
(1) Elg(z,Bo)lx] = E[r — I(y — 2'Bo < 0)|z] =0 almost surely for almost every x € X,
(ii) the parameter space for 3, B, is compact,
(iii) By € int(B).

11



Assumption 3. Assume that
(i) fe(0[x) >0 for every x € X, where f|, is the conditional density for €; given x; =,

(ii) fejz(e|x) is Lipschitz continuous (i.e., |fe|z(€1|T) — fejz(€2|2)| < filer —e2| for some constant 0 < fi < oo

and every €1, €2, and x € X ),
(iii) there exists a constant 0 < fo < oo such that fe.(e|lx) < fa for every e and v € X,
(iv) E[fe)s(0]z)2xa’] is positive definite.

Assumption 4. Assume that

(i) for v = (v1,...,vy), K(v) = [1, k(v;), where k : R — R is a continuously differentiable density

function with support [—1,1]. Furthermore, k is symmetric around the origin,
(i) b2 oxn™", where 0 <n < 1/2.

Assumption 5. Assume that when we solve (8) with respect to {\;(B) : i =1,...,n} for each B € B, we

search only on the set {\ € R : ||\|| < A,} with A, = o(1).

Assumption 1 (i) excludes dependent data. If the moment restriction {g(z;,3) : i = 1,... ,n} were a
martingale difference sequence, we expect that similar results would hold under certain additional regularity
conditions.'> However, the extension to weakly dependent processes, in which we have to deal with the
long-run variance matrix of moment restrictions, is a challenging task.'® Assumption 1 (ii) implies that
all moments of x exist, and excludes unbounded regressors x. The compactness assumption of X' can be
dropped by employing a trimming argument of Kitamura, Tripathi, and Ahn (2003). Assumption 1 (iii) is
required to derive the conditional quantile restriction (2) from the quantile regression model (1). Assumption
1 (iii) and (iv) exclude discrete regressors like dummy variables. This assumption can be dropped by

using a trimming argument to control for small density values of f, (see Andrews (1995)). If we include

discrete regressors, the weight w;; for constructing CEL should be modified to wj; = {K (z;}: * VI (2d =

xf)} / {Z;L=1 K (wjl; ’:1:; ) (:c? = x?)}, where 2¢ and z? are continuous and discrete regressors, respectively. If

all regressors are discrete, we can use the minimum distance estimator by Chamberlain (1994).
Assumption 2 (i) is the conditional quantile restriction, which assumes that the quantile regression model

(1) is correctly specified. This assumption combined with Assumptions 1 and 3 (i) guarantees the global

12Weiss (1991) derived asymptotic properties of the conventional LAD estimator under dependent data with a martingale
structure.

13For unconditional moment restriction models, Kitamura (1997) extended the empirical likelihood method to weakly depen-
dent data by employing a blocking procedure.

12



identification of By € B (see, e.g., the proof of Kim and White (2002, Lemma 1)). Instead of assuming
the correct specification (2), Kim and White (2002) considered (4) as the model of interest, and allowed
the quantile regression model (1) to be misspecified. In that case, the solution of (4) with respect to [y
is regarded as the “pseudo-true” parameters. Kitamura (2003) generalized the misspecification analysis
to conditional moment restriction models, and showed that the CELE also converges to some pseudo-true
value. Assumption 2 (ii) and (iii) are used for obtaining the consistency and asymptotic normality of the
CEL estimator, respectively. Assumption 3, which is based on Powell (1986) and Kim and White (2002), is
a set of standard regularity conditions on the conditional density f|,.

Assumption 4 (i) constrains the shape of the kernel function K. This assumption implies that K belongs
to the class of second order product kernels. In order for p;; to take only positive values, we rule out
kernels whose orders are higher than two. Assumption 4 (ii) is a condition on the bandwidth b,,. Due to
the boundedness of g(z,8) =7 — I(y — 2’8y < 0), this simple condition on b, is sufficient in our setup (see
Zhang and Gijbels (2003, Theorem 3)). The optimal choices of K and b,, are open questions.'* Assumption
5, which is employed by Kitamura, Tripathi, and Ahn (2003, Assumption 3.6), controls the order of the
Lagrange multiplier A;(3) and simplifies the proof of Theorem 3.2. Since i (B) converges to zero under (2),
this assumption is innocuous in practice.

Under these assumptions, we obtain the consistency and asymptotic normality of the CELE, BC EL-
Theorem 3.1. Suppose that Assumptions 1-5 hold. Then
(i) BeprL — Bo = 0p(1),
(i) nY/2(Bepr — Bo) > N(0,V), where V = 7(1 — 7)E[fe2(0z)?za’] 1.

Therefore, the CELE, ﬁc EL, Is consistent, asymptotically normal, and efficient, i.e., B(; EL is asymptot-
ically equivalent to Newey and Powell’s (1990) efficient estimator Gyp in (5). In contrast to Newey and
Powell’s (1990) efficient estimator, we do not need to estimate the optimal weight f,(0|z;), which is auto-
matically incorporated in the construction of CEL. Since the non-smooth optimization problem for Berr in
(12) does not have any linear programming representation, we must use some non-derivative optimization
algorithm to implement CEL estimation.

Now consider a test of nonlinear parameter restrictions on [y, that is

Ho : R(Bo) =0,

MFor the bandwidth b,, Kitamura, Tripathi, and Ahn (2003) suggested to use the bandwidth obtained in the process of
estimation of optimal instrumental variables by Newey (1993). For the kernel K, Kitamura, Tripathi, and Ahn (2003) employed
the Gaussian kernel in the simulation.
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where R : B — R" is an r x 1 vector of functions with r < ¢q. For testing Hj, we can use the Wald test
statistic with a quadratic form of R(3)'[Var(R(f))]"'R(3), where § is some \/n-consistent estimator of Gy,
such as Bk g, Anp, or Bopr. However, the Wald test statistic requires estimation of Var(R(B)) and is not
invariant to how the parameter restrictions R are specified. The likelihood ratio test statistic avoids these

problems. The constrained CELE under H is
Jer i arg%?l)s(CELR(ﬁ) s.t. R(B)=0.
Following Kitamura, Tripathi, and Ahn (2003), the CELR test statistic under Hj is defined as
LR, = 2{CELR(BcrL) — CELR(BEs.)}- (13)

The derivation of the asymptotic distribution of LR,, requires the following assumption regarding R.

Assumption 6. Assume that R : B — R" is twice continuously differentiable and mnk(alg(ﬁﬁ,")> =r.

This standard assumption is used to derive an alternative representation of the constrained CELE BgE I

The asymptotic distribution of LR, is obtained as follows.

Theorem 3.2. Suppose that Assumptions 1-6 hold. Then under Hy,
LR, 4, X2

This result is analogous to that of the usual likelihood ratio test. Note that the CELR test statistic does
not require any variance estimation, and is invariant to the specification of R. Based on the CELR test
statistic, we can construct asymptotically valid confidence sets for By. The (1 — ) x 100% confidence set

for the mth component of §j is obtained as

{Bn \ L, min 2{CELR(Bopr) — CELR(8)} <%0 }, (14)

yeee ,ﬁmflaﬂm#»lv“- aﬁq

where x7 ,, is the (1 — ) x 100% critical value of the x7 distribution. Similar to usual empirical likelihood,
the above confidence set automatically satisfies natural range restrictions, and the shape of the confidence
set is determined by observed data (i.e., it is not necessarily symmetric around the estimator, Ber L)

In practice, (14) is computed as follows. First, set the support of G, B, € R. If there is no prior
information for B,,, we can set the support to be a large interval around the conventional estimator BK B,m;

e.g., set By, = BKB,m — 54/ (VKB)mm,BKBm + 54/ (VKB)mm ]. Next, search over the set B,,, and find the

B4 Z{CELR(ﬁCEL) — CELR(B)} = X%,a with respect to 3,,. To find the root,

root for ming, ... Bm—1,Bm+1,,
we can use some one-dimensional optimization algorithm, such as the Bracketing algorithm (see, e.g., Judd

(1998, p.95)).
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4 Smoothed conditional empirical likelihood

In this section, we introduce SCEL and derive asymptotic properties of the SCEL estimator and SCEL
ratio test statistic. An important drawback of the CEL approach is the lack of practical algorithm for
implementation. Due to the non-smoothness of the CEL objective function in (9) or (11), the implementation
of the CEL estimation requires some non-derivative algorithm, which tends to have multiple local optima and
be computationally expensive. Hence, we introduce kernel smoothing on the non-smooth moment restriction
g9(z,8) = 7 — I(y — 2'0) in order to obtain a smooth objective function. Once the objective function is
smooth, we can apply a popular Newton-type algorithm. The idea of the smoothed moment restriction is
proposed by Horowitz (1998) in the unconditional median restriction model. We extend Horowitz’s (1998)
idea to the conditional quantile restriction setup.

By replacing the indicator function in g(z,3) with a smooth integrated kernel function H (i.e., the
first-order derivative H(!) corresponds to the kernel function), the smoothed counterpart of the conditional

quantile restriction function g(z, ) is defined as

9(z,8)=1— H(—y _h:jlﬂ)’ (15)

where h,, is the bandwidth for H that converges to 0 as n — oo. Note that E[§(z, 8p)|z] = 0 does not hold
exactly. Intuitively, if h,, converges to 0 with a sufficiently fast rate, estimators and test statistics based on
g(z,8) and g(z, 8) are asymptotically (first-order) equivalent.

Based on the CELR in (9), the smoothed conditional empirical likelihood ratio (SCELR) is defined by

replacing ¢(z, 8) with g(z, 3), that is
SCELR(3) = — Z Lin Z wjilog(1 4 Xi(B)3(zj, B)), (16)

where \;(3) satisfies

( )9(237 f)

The smoothed conditional empirical likelihood estimator (SCELE) is

BscpL = arg max SCELR(f).

Since there is generally no analytical solution for 5\1(5) as (10), the implementation of the SCELE requires

numerical optimization for \;(3). First, for each § € B, A\;(8) (i = 1,... ,n) is obtained by solving (17) or
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equivalently by computing

arg max Z wjilog(1 + Nig(2;, 8)),

i

j=1
which is a globally concave optimization problem. Next, by nesting the optimization routine for 5\1(5), the
SCELE fscpr is obtained as the maximizer of SCELR(f) with respect to 5. Since SCELR(f3) is smooth
for B, we can apply a Newton-type optimization algorithm for computing BSC EL, which is more practical
and faster than a non-derivative algorithm.

Instead of smoothing the moment restriction g(z, 3), we can also consider a smoothed counterpart of the

explicit formula of the CELR in (11), that is

SCELR*(8) = - 3 L (1 - W3 log (=220 4 103y o (W249)Y],

i=1

(18)

where W;(3) = Z?Zl wﬂH(—%) Although SCELR*(3) is not identical to SCELR/(3) in (16), we can
expect that similar asymptotic properties will hold. The advantage of using SCELR* () is that we can avoid
the computation to obtain A;(8) from (17).

Similarly to the CELR test statistic in (13), the SCELR test statistic for nonlinear parameter restrictions
Hy : R(Bp) = 0 is defined as

LR, = 2{SCELR(fscrz) — SCELR(3:5.)}, 19)
where Bg‘c gy, 1s the constrained SCELE under Hy, that is
Biopy, = argmax SCELR(8) st. R(5) = 0.
€

Additional assumptions to obtain the asymptotic properties of the SCELE and SCELR test statistic are

as follows.
Assumption 7. Assume that

(i) H: R — R is bounded, differentiable everywhere, H(v) = 0 ifv < —1, H(v) = 1 if v > 1, and HV(v)

is symmetric about v = 0, bounded, and Lipschitz continuous,
(ii) hp xn™¢, where 0 < € < 1/2.

Assumption 8. Assume that when we solve (17) with respect to {;\1(ﬁ) :i=1,...,n} for each B € B, we
search only on the set {\ € R:||A|| < A} with A,, = o(1).
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Assumption 7 (i) and (ii) are conditions on the integrated kernel function H and its bandwidth h,,
respectively. In order to derive higher order properties, we need stronger assumptions on H and h,,, such as
higher order of the kernel function H)(v) and stronger order conditions on h,, (see Section 5). The optimal
choices of H and h,, are also challenging questions. Horowitz (1998) suggested to use Miiller’s (1984) optimal
higher order integrated kernel for H, and Hall and Horowitz’s (1990) optimal bandwidth of LAD regression
models for h,. Assumption 8, which controls the order of 5\1-(6), is analogous to Assumption 5.

Under these additional assumptions, the asymptotic properties of the SCELE and CELR test statistic

are obtained as follows.

Theorem 4.1. Suppose that Assumptions 1-5, 7, and 8 hold. Then

(i) Bscrr — Bo = 0p(1),

(i) n'/2(Bsorr — Bo) % N(0,V).

Theorem 4.2. Suppose that Assumptions 1-8 hold. Then under Hy
LR, % X2

Therefore, the SCELE and SCELR test statistic are asymptotically (first-order) equivalent to the CELE
and CELR test statistic, respectively. Due to the smoothness of the objective function, the SCEL-based
methods are easier to implement than the CEL-based methods. The asymptotically valid confidence set is

constructed by the similar manner as (14), that is

{Bn: min 2{SCELR(Bscr1) — SCELR(8)} < x4 }- (20)
By sBm—1Bm+1,---,8q ’

Similar to the CEL-based confidence set (14), the above confidence set does not require variance estimation,
automatically satisfies natural range restrictions, and the shape of the confidence set is determined by data.
The implementation is similar as the CEL-base confidence set except for the fact that we can use a Newton-

type algorithm.

5 Unconditional quantile restriction: higher order refinement

So far, we have focused on the conditional quantile restriction (2). In the previous two sections, we show
that the CELE and SCELE are asymptotically first-order equivalent to Newey and Powell’s (1990) efficient

estimator. In the standard unconditional moment restriction setup, in which sufficiently smooth moment
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restrictions are assumed, Newey and Smith (2003) and Kitamura (2001) provided favorable results for the
EL approach relative to the GMM approach, based on higher order bias and large deviation properties,
respectively. However, due to technical difficulties, it is challenging to extend the above results to the
conditional moment restriction setup even for sufficiently smooth moment restrictions.!®

Hence, in this section, we consider an unconditional moment restriction, which is relatively easier to

analyze higher order properties, and derive the Bartlett correction for the SEL-based confidence set. We

consider the following unconditional moment restriction,
Elgu(z, fo)] = Elzg(z, fo)] = Ela(r — I(y — 2B < 0))] =0, (21)

which is implied from the conditional quantile restriction (2). Koenker and Bassett’s (1978a) conventional
quantile regression estimator is asymptotically equivalent to the optimally weighted GMM estimator for (21).
This result is analogous to the efficiency of the OLS estimator for the projection model, i.e., E[z(y—2'[y)] = 0.

For unconditional moment restriction models, we can employ usual empirical likelihood by Owen (1988),

that is

max Z log p; (22)

n n
s.t. piZOa Zpi:17 szgu(zuﬁ)zoa 2217 ;T
i=1 i=1

for each B € B, where p; = Pr{z = z;} is the unconditional probability mass at z;. Using the Lagrange
multiplier method, the maximizer of (22) is written as

1
" 01+ 7(8) 9u(z: 8))

where the Lagrange multiplier () satisfies

Di

n

X e " 5

Without the restriction Y- ; p;g(zi, 3) = 0, the maximizer of (22) is p; = n~'. Using p; and p;, the empirical

likelihood ratio (ELR) is defined as

ELR(8) = Y logp;— ) logf
=1 i=1

- Z log(1 +(8) gu(2i, B))- (24)

15The difficulties are mainly due to kernel smoothing in CEL or SCEL. By using local polynomial smoothing with variable
bandwidth, Linton (2002) derived a higher order asymptotic expansion of Newey’s (1990, 1993) optimal instrumental variables
GMM estimator.
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To derive the asymptotic distribution of ELR(f), we impose the following assumptions.

Assumption 9. Assume that

(1) Elgu(z,50)] =0 for fo € B,
(ii) E[g(z,B0)%xa’] is finite and has full rank.

The result for the asymptotic distribution of ELR(f5p) does not require the full rank assumption in
Assumption 9 (ii). In that case, since Gy satisfying E[g.(z, 50)] = 0 is not necessarily unique, the confidence
set will not shrink to a single point as n — 00.!® However, in order to derive higher order properties of
the SEL ratio, we require this assumption. As a special case of Owen (2001, Theorem 3.4), we obtain the

following corollary.

Corollary 5.1. Suppose that Assumptions 1 and 9 hold. Then
—2ELR(fo) % X2.

Therefore, even if the unconditional moment restriction (21) is non-smooth with respect to Gy, the ELR

follows the limiting chi-square distribution. The EL-based confidence set for 5y is constructed as

{8+ —2ELR(B) < x7 o} (25)

However, Chen and Hall (1993, p.1169) showed that in the case of distribution quantiles (i.e.,  is constant),
we cannot improve the coverage accuracy of the confidence set (25) with order higher than n~1/2 because of
the non-smoothness of the unconditional moment restriction g,(z, 3). Moreover, to establish an Edgeworth
expansion for the ELR, we must use Taylor series approximations, which require sufficiently smooth mo-
ment restrictions. Therefore, similarly to (15), we consider the following smoothed unconditional quantile

restriction, that is

gu(z,8) = xg(z,8) = m(T — H(—y _h:/ﬁ)>,

where H is the integrated kernel function and h,, is the bandwidth. By replacing g,(z,0) in (24) with
Ju(z, ), the smoothed empirical likelihood ratio (SELR) is defined as

SELR() = — Z log(1 +7(8) gu(, B)), (26)

16Tn other words, we do not need any identification assumption to show the asymptotic distribution of ELR(8p). Otsu (2003b)
extended the empirical likelihood inference under no or weak identification assumption to nonlinear and time-series models.
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where 4(3) satisfies

NGB
M e (27)

The derivation of the asymptotic distribution of SELR(3y) requires the following assumptions.
Assumption 10. Assume that
(i) = and e =y — 2'By are independent (i.e., fo = fc),

(ii) HY(v) = %iv) is a p-th order kernel function, that is

- 1 ifj=0,
/ v]H(l)(v)dv: 0 f1<j<p-—1,
-1 Ch if j =p,

where Cy is a positive constant,
(iii) fg(p_l) exists in a neighborhood of 0 and is continuous at 0,
(iv) nh2P — 0.

Although the above assumptions are too strong for the first-order asymptotic distribution of SELR(Sy),
we need these assumptions to establish the Edgeworth expansion and Bartlett correction. Assumption 10
(i) implies that fc,(0|z) = fc(0) and therefore Koenker and Bassett’s (1978a) conventional estimator is
efficient.!” Even though the conventional estimator is efficient, the Bartlett correction of the SELR provides
more precise confidence sets for Gy. Assumption 10 (ii) requires H () to be a higher order kernel function,
which controls the remainder term in the asymptotic expansion of the SELR. Assumption 10 (iii), employed
by Chen and Hall (1993, p.1170), controls the order of E[g(z,5y)]. Assumption 10 (iv) ensures that h,
converges with a sufficiently quick rate so that the difference between ELR(5y) and SELR(f) is negligible.
Currently, there is no statistical theory for the choice of h,,. We may apply a suggestion by Horowitz (1998,

p.1338), which is based on the optimal bandwidth for the LAD ¢ statistic.

Theorem 5.1. Suppose that Assumptions 1, 8, 7, 9, and 10 hold. Then

—2SELR(f) % x2.

"Horowitz (1998) dropped this assumption and derived higher order refinements for the t and Wald test statistics by
bootstrapping.
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Therefore, SELR(f3y) is asymptotically first-order equivalent to ELR(8). The valid confidence set for

is constructed as

{6: —2SELR(8) < x2,}. (28)

In addition to Assumption 10, suppose that there exist sufficiently higher order moments for ¢; and x;. We
also assume that a multivariate analog of Cramér’s condition in Chen and Hall (1993, pp.1178-1179) holds,
i.e., for sufficiently small h,, we impose a boundedness condition for the characteristic function of a stacked
vector of sufficiently higher-order power functions of §,(z;,3).'® Then, similarly to Chen and Hall (1993,
Theorem 3.2), we can establish an Edgeworth expansion and show that the order of the coverage error of

(28) is O(n~1), ie.,
Pr{—2SELR(ﬂO) < t} — Prix2 <t} +0(n™).

In order to discuss higher order properties, we introduce additional notation. Let

9 = Elg(zi, Bo) zix}) " ?24(2i, Bo),
n
g.jl"'jm = p! Zgil .. ~gjm
7 (2
1=1
. n , ]
odrim = 1 ZE[ggl g™,
=1
n
A]l]m = n—l Z(gjl . _g._jm _ ajl"‘jm)
i % ’
=1

where gf is the jth component of g;. Note that ¢/t~ Jm = A1 Jm 4 qJiJm by definition, and A7 Im =
O,(n~'/2) by the central limit theorem. By a similar argument as DiCiccio, Hall, and Romano (1991), we

obtain the signed root approximation for SELR(5y) (see Appendix B for the derivation), that is
—2SELR(60) = nR'R+ O,((n~'/2 + h2)?3), (29)

where R = Ry + Ra+ R3, Ry = Op(n"Y2 4+ h2), Ry = O,((n"'/2 + h2)?), and Rz = O,((n"'/2+ h2)3). The

jth components of Ry, R, and R3 are written as

Rl = ¢,

J 1k: ik 1kmjkm

Ry = —5914 +§99 ol

j_3k'mkm 1kl'km 5kl'kmlm 5klklm im 4klm‘knlmn 1klm’klm
Ry = g AMA™ +2g°g AT — 207 g oA — 5g7g oA 4 og7g g ol e — g7 g g e,

181f x; is constant (i.e., B is the distribution quantile), nhy logn — 0 as n — oo ensures Cramér’s condition.
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where repeated indices are summed over in the usual summation convention. In order to derive the Bartlett
correction, suppose that sup,, n3h2? < co, which is used for deriving expansions of E[nRJ R}] and E[nR}R)).
Under the validity of the Edgeworth expansion for the distribution of n'/?R, we can apply a similar argument

as DiCiccio, Hall, and Romano (1991, p.1055); the higher order refinement for the SELR is obtained as
Pr{~28ELR(5)}{ E[n(R'R)/q]} " <t} = Pr{x? < t} + O(n"?). (30)

Intuitively, the Bartlett correction is a multiplicative finite sample correction that ensures that the mean of
the corrected statistic matches the mean of the limiting chi-square distribution (i.e., ¢). Since the asymptotic
expansion for E[—2SELR(f)] does not exist in general, we use the higher order approximation for E[nR'R/q]
as a correction factor. The Bartlett correction term {E[n(R'R)/q]} ™! is written as (see Appendix B for the

derivation),
{E[n(R'R)/q)}™ =1—an™" +0(n™?), (31)
where

1 .. 1 .., .
0= q—1(§aggkk _ gajklagkl>.

Therefore, from (30) and (31), the Bartlett correction for the SELR is obtained as
Pr{—ZSELR(ﬂO)(l —an ) < t} = Pr{x2 <t} +0(n2), (32)
and the higher order refined confidence set is constructed as
{B: —2SELR(B)(1 —an™ ") < Xg,a}~

The Bartlett correction, i.e., the multiplication of (1 —an™!) to —2SELR(f), reduces the rate of the error
for the rejection probability from O(n~1) to O(n=2). The correction factor a can be consistently estimated
by the sample analog. Baggerly (1998) showed that in the member of the Cressie and Read’s (1984) family
of discrepancy statistics, only empirical likelihood is Bartlett correctable. Thus, for example, exponential
tilting likelihood (Kitamura and Stutzer (1997) and Imbens, Spady, and Johnson (1998)) and the continuous
updating GMM objective function (Hansen, Heaton, and Yaron (1996)) are not Bartlett correctable. This
result is due to the forms of the third- and fourth-order joint cumulants of the signed root of Cressie and
Read’s (1984) discrepancy statistics. We can expect that the same result will hold in our setup under some

suitable regularity conditions for H and h,,.
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As mentioned earlier, after the completion of this draft, the author was informed that Whang (2003)
independently derived similar results, i.e., the Bartlett correction for the SELR. In contrast to Assumption
10 (i), Whang (2003) allows for some dependence between x and e, establishes the Edgeworth expansion with
rigorous proof, and extends the Bartlett correctability to censored regression models. However, Whang’s
(2003) main purpose is to compare the SELR to the bootstrap; this section is intended merely to provide
a motivation for smoothing the quantile restriction. Based on Chen and Cui (2002, 2003), the author is
currently working on extensions of the Bartlett correctability to (i) overidentified unconditional quantile

restriction models (i.e., E[¢(2)g(z, Bo)] = 0); and (ii) quantile restriction models with nuisance parameters.

6 Extensions

6.1 Multiple quantile regression

Instead of a single quantile regression model for a specific value of quantile 7, this subsection considers the

following multiple quantile regression model at different values of quantile 7™ = (11,...,7L), that is
Yi :33255‘1’65, QT@(yilwi) :'1‘;657 (= 1a 7L7 (33>
where 0 < 77 < --- < 71, < 1 without loss of generality. Multiple quantile regression is useful for testing

parameter restrictions among different quantiles, such as the homoskedasticity and symmetry restrictions of

the error term (see next subsection). In order to impose cross-restrictions for 3} = (8, ..., 8%')’, we need

1

to estimate simultaneously the whole parameter vector ﬁév . To apply the empirical likelihood approach, we

use the following conditional moment restrictions for (33),

E[(gl(zaﬁé>7 s agL(zvﬁ()L))/Lr} =0,

where gy(z, 85) = 70 — I(y — 2/3§ < 0). In this case, CEL and SCEL are defined by replacing g(z, 3y) and
3(z, Bo) with (g1(2,88),...,90(2, 88)) and (§1(z,588), ---,3r(z,BE)) in (9) and (16), respectively. Since
the statistical properties of the CEL and SCEL estimators and their test statistics in Sections 3 and 4 do not
depend on the dimension of conditional moment restrictions, we obtain similar results as the single quantile
case under some analogous regularity conditions to Assumptions 1-7. The asymptotic distribution of the

CELE and SCELE for 83! (denote ﬁAg[E 5, and Bé/fc 51, Tespectively) is obtained as'®

n'2(B¥en — BY) £ 02 (B8 gL — BYY) 4, N(0, VM),

19Since the estimates for any pair of 8§ and ﬂg are different in general, the estimated quantile regression lines (i.e., x’,@“ and

a:’,éb) cross each other at some point of x. Therefore, we need to check that those crosses do not appear within the relevant
range of x.
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where
(V]VI)ab = (miH{Ta, Tb} - TaTb)E[fea\w(0|x)feb|x(0|x)xx/]il'

Note that the asymptotic variance for ﬁAé gL OF Bg‘c gy, 1s same as that of the single quantile case. The CEL-
(or SCEL-) based parameter restriction test statistics in (13) (or (19)) and confidence sets in (14) (or (20))
are obtained by a similar manner. Similarly to the single quantile case, we require neither estimation of the

optimal weights for efficient estimation nor variance estimation for obtaining the confidence set.

6.2 Tests for homoskedasticity and symmetry

In this subsection, we propose the CEL- and SCEL-based test statistics for homoskedasticity and symmetry of
the error term by using the multiple quantile regression estimators ﬂAgE 7, and ﬁ% 5.0 These test statistics
are useful for investigating the shape of the conditional distribution F,. Since the homoskedasticity and
symmetry restrictions are written as cross parameter restrictions on (5&, ..., BF), we can use the CELR or
SCELR test statistic in (13) or (19), respectively.

First, consider a test for homoskedasticity. If the conditional error density evaluated at zero does not
depend on z (i.e., f¢(0[z) = fc(0)), then any pair of quantile regression parameters differs only in the
intercepts and all the slope coefficients are identical (i.e., multiple quantile regression lines are parallel).
Moreover, in this case, Koenker and Bassett’s (1978a) conventional quantile regression estimator BKB is

efficient (see (6)). Letting (3§, be the mth component of 3§, the homoskedasticity restriction is written as
Hhome o gl =...=pL for m=2,... q. (34)

Let ﬁé\f P’JhLomo and B%};Lm ? be the CELE and SCELE under the restriction H°™°, respectively. By applying
Theorems 3.2 and 4.2, the asymptotic distribution of the CELR and SCELR test statistics for HJ°™° is

obtained as
2{CELR(35.) — CELR(B°m°)} £ 2{SCELR(BL ;) — SCELR(BA:homoyy 4, 2 35
{ (Bcer) Beir ) =24 (Bscer) (Bsomr )} = Xig—(nrq—1)-  (35)

Next, consider a test for symmetry. If the conditional density of the error term, f|, is symmetric around
zero, multiple quantile regression coefficients (3%, ... , 3F) also show a symmetric pattern. Suppose that L

is an odd number, 7,y =1 — 744y for £ =0,--- , (L —1)/2 — 1, and 714 (—1)/2 = 0.5 (median). In words,

20While our test statistics are based on multiple quantile regression of discrete points of quantiles, Koenker and Xiao (2002)
considered a continuous quantile regression process, and proposed test statistics for location shift and location-scale shift models
by a similar manner as the Kolmogorov-Smirnov test.
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the quantile points (1, ---,7r) are located symmetrically around the median. From Buchinsky (1998), the

parameter restriction implied by the symmetric error density is written as
1
H'™ 5(5L—€ + 45 = g ETD2 for =0, (L-1)/2-1. (36)

Let BngSLym and ﬂAg[CSé’z" be the CELE and SCELE under the restriction H;”"™, respectively. Similar to (35),

the asymptotic distribution of the CELR and SCELR test statistics for H;”™ is obtained as
A AM , sym A AM, sym d
2{CELR(3¥z.) — CELR(BL52™)} = 2{SCELR(B46 51) — SCELR(BSCHI)} 5 XPp_1yq2-  (37)

We can conduct a joint test for H}°™ and Hy”™ by a similar manner. Note that compared to existing test
statistics, such as the minimum distance or GMM test statistics, the CELR and SCELR test statistics do

not need to estimate or choose some weight matrix.
6.3 Confidence set without estimation

In this subsection, we propose CEL- and SCEL-based confidence sets that do not require any estimation of
parameters. The CEL- and SCEL-based confidence sets in (14) and (20), respectively, require parameter
estimation for concentrating out nuisance parameters. However, if we are interested in the joint confidence
set of By, we can employ Tripathi and Kitamura’s (2001) canonical version of the CELR test statistic and
obtain a valid confidence set without estimating parameters. This confidence set is particularly useful if the
number of parameters is small.

While the CELR test statistic in (13) follows the chi-square limiting distribution, Tripathi and Kita~
mura (2001) showed that a normalized version of CELR(5y) (denote LR*(0y)) follows the normal limiting

distribution under the null hypothesis Hy : Elg(z, Bp)|z] = 0. The normalized test statistic is defined as
LR (fo) = {~2b/*CELR(8) — b/ T (60)} /0, (38)
where

T.(B) = >, >, Imw]?-i(Zwjig(zj,ﬁo)Q)_lg(Zj,ﬁo)27
=1

i=1 j=1,j#i
o? 2{/[272](1 (/[1,1]q K(v)K(u— U)dU)Qdu}.

Note that o is a constant and can be computed numerically. T,(8y) is a correction term for the bias

in —2CELR(fy). Since Assumptions 1-4 satisfy Tripathi and Kitamura’s (2001) regularity conditions, we

obtain the following corollary.
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Corollary 6.1. Suppose that Assumptions 1-4 hold. Furthermore, assume that b3 oc n™", where 0 < n <

1/3. Then
LE*(Bo) % N(0,1).

If the conditional moment restriction is correctly specified, we can use LR*(5y) as a test statistic for
the simple parameter hypothesis Hy : By = (. If researchers are interested in testing the validity of some
specific values of 8, LR*(f) is a convenient test statistic. Since LR*(8y) does not contain any parameter
estimator, we avoid the optimization problem for the non-smooth objective function CELR(S3). In this case,

the confidence set for Gy is constructed as

{8 LR D) < 2002, (39)

where 2,/ is the (1 — a/2) x 100% critical value for the standard normal distribution. If the dimension of
Bo is small (typically, fewer than three), (39) is a convenient way for obtaining joint confidence sets. The
SCELR-based test statistic (i.e., {—2b?/QSCELR(60) - b?L/QTn(ﬁO)}/U) and confidence set can be derived by

a similar manner.

6.4 Specification test for conditional quantile restriction

In this subsection, we propose CEL- and SCEL-based consistent specification tests for the quantile regres-
sion model. The specification test is useful to check the validity of specified functional forms and included
regressors. We extend Tripathi and Kitamura’s (2002) CEL-based specification test statistic to the quan-
tile regression setup. Since Tripathi and Kitamura (2002) ruled out non-smooth moment restrictions, this

extension is not trivial. The null hypothesis is
Hy : Pr{E[g(z,08)|x] =0} =1 for some (€ B,

and the alternative is that Hy is false. Zheng (1998) and Bierens and Ginther (2001) developed consistent
specification tests for Hy, which are based on a kernel smoothing method and integrated conditional moment
test, respectively. Kim and White (2002) proposed a convenient specification test based on the information
matrix equality, which is however inconsistent for Hy. Our CEL-based specification test statistic is consistent
and is obtained as a by-product of the CEL estimation.

Let 3 be some v/n-consistent estimator for 3y, such as Koenker and Bassett’s (1978a) conventional

quantile regression estimator, CELE, or SCELE. Following Tripathi and Kitamura (2002), the CEL-based
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specification test statistic for Hy is obtained by replacing §y in (38) with 3, that is
LR*(8) = {~2b/*CELR(B) — b/*T,(8)} /o. (40)

If 3 is the CELE, CELR(B) is obtained as the maximized objective function of the CEL estimation. The
following theorem is an extension of Tripathi and Kitamura’s (2002) results to the non-smooth conditional

quantile restriction setup.

Theorem 6.1. Suppose that Assumptions 1-5 hold. Furthermore, assume that b o« n™", where 0 < n <

1/3. Then

LE*(8) % N(0,1).

Under additional regularity conditions, we can also show the asymptotic distribution of LR*(3) under
local alternatives. Under sufficiently smooth moment restrictions, Tripathi and Kitamura (2002) showed the
asymptotic optimality of the CELR-based specification test in terms of average local power. We can expect
that the same result will hold in our setup. The SCELR-based test statistic (i.e., {bez/ZSCELR(B) -

b/ *T,,(8)}/o) can be derived by a similar manner as the CEL case.

7 Conclusion

In this paper we propose new estimation and inference methods for quantile regression models. Our methods
are based on empirical likelihood and its extensions, i.e., conditional empirical likelihood, smoothed condi-
tional empirical likelihood, usual empirical likelihood, and smoothed empirical likelihood. The advantages of
the proposed methods are that (i) the conditional empirical likelihood and smoothed conditional empirical
likelihood estimators are asymptotically efficient for the quantile regression model; (ii) all of the empirical
likelihood-based test statistics provide valid confidence sets without variance estimation of the estimators;
(iii) the smoothed conditional empirical likelihood and smoothed empirical likelihood methods can be im-
plemented by a Newton-type algorithm; and (iv) smoothed empirical likelihood is Bartlett correctable, and
provides higher order refinements of the derived confidence sets. However, we introduce kernel smoothing
devices, in which we need to choose the kernel function and bandwidth. Based on the proposed methods, we
provide four extensions, i.e., multiple quantile regression models, tests for homoskedasticity and symmetry,
confidence sets without parameter estimation, and consistent specification tests for quantile regression.

In order to investigate finite sample performance of the proposed methods, we are now conducting Monte

Carlo simulations based on the setup of Horowitz (1998). In addition, we plan to include an empirical
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example of wage regression by Buchinsky (1994). Preliminary simulation results show better performance of
our methods than conventional methods, both in terms of point estimates and confidence sets. Preliminary
results are available from the author’s website (http://www.ssc.wisc.edu/~totsu/quantile.htm).

Directions for future research include higher order comparisons of efficient estimators, choice rules for
bandwidths, inclusion of endogenous regressors, and extensions to censored regression models, selection
models, semiparametric models (e.g., partially linear quantile regression models), and weakly dependent

data.
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A Mathematical proofs

Notation

Let ¢ denote a generic constant, which may vary from case to case, and define
5= B-pe hi=o iK(%‘*%)
- O Tl = b, /'’
n
g(xzaﬁ) = ijig(zjaﬂ)a g Iu ijlg ZJ7

V(@i 8) = S wiuglz B2 Vi, B) Zwﬂgzj, . V(@i B) = Elg(z, 8)*|ai].

=
B3
=
I

Proof of Theorem 3.1

Check the assumptions of Zhang and Gijbels (2003, Theorems 2 and 3), i.e., conditions (X0), (K0), and
(P1)-(P9) in Zhang and Gijbels (2003).

(X0) is satisfied by Assumption 1 (ii) and (iv). (KO) is satisfied by Assumption 4 (i) (i.e., the symmetry of
k implies f[_m]q vK (v)dv = 0, and the continuity and compact support of k imply f[—l,l]q K (v)(1+00) /00 gy <
oo for every dp > 0). (P1) is equivalent to Assumption 2 (i). Since |g(z,08)| = |7 —I(y—2'8<0)| < T+1,
Elsupgess 9(z, 8)|*°] < [7+1]*0 < oo for every ag > 0 (ie., (P2) is satisfied), and sup,c v gep Elg(z, 8)*|2] <
(1 +1)* < o (i.e., (P3) is satisfied).

Note that
Elg(z, 8)%la] = 7° + (27 + DE[I(c < #'8)[a] = 7° + (-2 + 1) / 7 fpa(el)de

From Assumption 3 (iii), E[g(z,3)?|z] is finite. From Assumption 1 (iii), E[g(z, 3)?|z] is continuous with
respect to z € X and § € B. Furthermore, since 0 < ff;i fejo(elz)de < 1, E[g(z, 3)?|2] > min{7?, (r—1)?} >
0forevery 0 <7< 1,z € X, and 8 € B. Then (P4) is satisfied.

From Assumption 2 (i),

Elg(z, B)lz] = Elg(z, 8)|z] — Elg(z, fo)|z] = —E[I(e < 2'6)|x] + E[I(e < 0)]z] = / feja(€lx)d

By Leibniz’s formula, Cauchy-Schwartz inequality, and Assumptions 1 (ii) and 3 (iv),

JdFE|g(z, 0 x)de
wp [P, | O Saelcl) sup_|ga(s/l0)a]
zeX BB B zeX BB a6 zeX .8
< sup ||fee(2"0]2)|| sup [|z|| < fosup Hl‘|| < oo.
TeX ,BEB zeX reX
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Then (P5) is satisfied.

Let F = {g(z,8) : 3 € B}, and N (v, L1, F) be the covering number for F by the Li-norm, i.e., the
smallest number of v—balls in L; metric required for covering F. It is verified that F belongs to the type I
class in Andrews (1994) (i.e., set h(-) in Andrews (1994, p. 2270) as g(z,3)). Furthermore, from Andrews
(1994, p. 2284), the type I class in Andrews (1994) is a subset of the VC-subgraph class defined in, e.g., van
der Vaart and Wellner (1996). From van der Vaart and Wellner (1996, Theorem 2.6.4), the upper bound of

the covering number for the VC-subgraph class is written as
N(V7 Ll;f) < cyl_V(]:)a

where V(F) is the VC-index defined in van der Vaart and Wellner (1996, p. 135). Since V(F) > 1 by the
definition of V(F), (P6) is satisfied.

From Assumption 1 (iii),

sup |Elg(z,B)|z + 2] = Elg(z,8)[z]| = sup |- Ell(e < (z+7)d)|w + 2" + E[I(e < 2'0) ]|
zeX,B€B zEX,BEB
(z+2*)'8
= sup ‘—/ fe|z(€|x)de| — 0,
TeX,B€B )
and
sup |E[g(z, )%z +2*] — Elg(z, )]l = sup |(=27 + D{E[I(e < (x + 2*)'6)|x + 2*] — E[I(e < 2/6) ]}
zE€X,BEB zE€X,BEB
(z+2*)'s
= sw Jeoren [ fdad o
reX,BEB x’ 6

as z* — 0. Then the first part of (P7) is satisfied. Assumptions 1 (iii) and 3 (i) yield that there exists fo

such that |e| < fo implies f,(e[z) > fo for every x € X. Thus,

sup  |E[g(z,0)]| = sup
118B0l>co l13]1=co0

-E, {/Om/é fg\z(€|l')d€” > sup |E, [/Om’g fol(—fo <e< fo)de” <0

[16]1=co

for every ¢y > 0, and,

> sup ||foE.[min{fo,2'd}][| > ccip.
can>]]8]|>c1n

sup [Elg(z,8)]] 2 sup
can>||B—Bol|>c1n can>|]6]|>c1n

e[| " (o< e < i

for every 0 < ¢1,, < ¢a, — 0. Then the second part of (P7) is satisfied.
From Assumptions 1 (ii) and (iii) and 3 (iii) and a Taylor expansion,
Ellg(z, 8) — g(z, bo)*|z] = E[I(e < 2/)|z] + E[I(e < 0)|a] — 2B[I(e < 2'6)I(e < 0)|x]
= Fua(2'6]z) + Feo(0l2) — 2E[I(e < 2/0)I(e < 0)[a] < |Fojp(2/0]2) — Feiz (0])]

= fau(e"lx)2’0] < fol lz]l]6]] < cllo]],
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where €* is a point joining 0 and #’é. Then the first part of (P8) is satisfied. Moreover, from Assumption 3

(ii) and (iii) and Taylor expansions,

|Elg(z, B)|z + 27] — Elg(z, B)la]| = | - Fea((z + 27)'0) + Fejz(2'6)]

< = fep(e™) (@ +27) 0 + fou (€77 |2)a’d] < | frle™ — 7 [a’d 2o

+ f2 = O([l=" D181 = o(llal]),

EEES

as ¢ — 0, where €** (e***, respectively) is point joining 0 and z’'d ((z + 2*)’d, respectively). Then the

second part of (P8) is satisfied. Therefore, the regularity conditions of Zhang and Gijbels (2003, Theorem 2

and 3) are implied by Assumptions 1-5.
Proof of Theorem 3.2

From Lemma C.8 and fopr = O,(n~'/?), a quadratic expansion of CEL is derived as
~ ~ _ 1 ~ _ .
CELR(Bcrr) — CELR(Go) = —n(Berr — fo)' A — En(ﬁCEL — Bo)' B(BorL — Bo) + 0p(1), (41)

where A=n=1Y"" | A, B=n"'Y""  B;, and

9E[g(z, Bo)|xi]
B

OElg(z, o) ]
op

~19Elg(z, Bo)| i

V($i7ﬁo)_1g(zi750)a B; =I;, V(xi,ﬁo)

The asymptotic linear form for BC EL 18
n'?(Bopr — Bo) = —B~H(n'/2A) + 0,(1). (42)

Since rank(%go)) = r (Assumption 6), it contains a nonsingular r x r submatrix. Without loss of generality,

it can be assumed that {agiiﬁﬂ)n R aﬁﬁ(@?) is such a submatrix. Let a = (8, ...,3®~")). Using the

implicit function theorem, there exist a neighborhood By of [y, an open set Ay containing ag, and twice

r(a)

for some o € Ag. Note that R is twice continuously differentiable and rank(%) = q — r. Therefore,

differentiable function r : Ay — R", such that every 8 € By can be expressed as [ = R(a) = [ o }

the restricted CELE is expressed as BgEL = J:?(dCEL)7 where dopr = arg maxac, CELR(R(a)). Let
D= %. Similar to (41), the quadratic expansion of CELR(R(&crz)) — CELR(f,) is obtained as

~ - 1 _
CELR(R(@CEL)) - CELR(ﬁo) = —n(ézCEL - OéO)lDlA - in(&CEL - (XQ)ID/BD(&CEL - ao) + Op(l).

The asymptotic linear form for acgy, is

n**(Gcpr — ap) = —(D'BD)"ID'(n'/?A) + 0,(1). (44)
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From (41)-(44), the CELR test statistic is written as

LR, = 2{CELR(fcpr)— CELR(R(4cpr))}
= —20'?(Bepr — Bo) (n'/?A) = n'/*(Bepr — Bo) Bn'*(BepL — Bo)
+2n1/2(OAZCEL — Oéo)lD/(nl/QA) + n1/2(6éCEL — ao)/D/BDnl/z(dCEL - Oéo) + Op(l)
= (n'2AYB 3[I,— B>D(D'BD) ' D'B2]|B~ % (n"/?A) + 0,(1).
By the central limit theorem of Pollard (1984, Theorem5, p.141), B=% (n}/24) % N (0, I,). From rank(D) =
q — r, the matrix [[, — B2 D(D'BD)~'D'B?] is idempotent with rank r. Therefore, LR, 2 2(r).
Proof of Theorem 4.1

(17) implies that for each S € Band i =1,... ,n,

(45)

Il
g
2
<
QN
[
|
g
=
Qe
bl\z
<@
S~—
+

From Lemma C.4 and inf,cx, gep V(z, 8) > 0, inf e x, geB \i’(m, B) > 0 with probability 1 and Imf/(xz, B)~t
is well-defined. Thus, from (45), Lin i (8) is written as
LinXi(B) = IinV (i, B) " g(@, B) + LinV (w, B) 75, (46)

~ n ~ S\L g(zj, 2
where 7; = > 7, wjig(zj,ﬂ)%. From (17),

= wihi(B)g(z, ), (47)

and therefore

Izn|7:z| < Iy 1maX |g Zja Zw]z i Z]7 < Inczwﬂ 4 g 24, )
< ¢ max sup [iy|\; ( )9(25, B)| = 0p(1), (48)
1< ]<n5
uniformly for ¢ = 1,... ,n and § € B. The second inequality follows from the boundedness of §(z;, ) (As-

sumption 7 (i)), and the equality follows from Assumption 8, which ensures Pr{maxi<; j<n SUPgep X (8)d(z,8)| =

0p(1)} = 1 as n — oo. Using maxi<i<, SUpgep ImV(xi,ﬂ) = 0p(1) (by Lemma C.4), (46) yields

Linhi(B) = Im‘:/(ﬁi,ﬁ)_lﬁ(ﬂfz,ﬁ) + 0p(1), (49)



uniformly for ¢ =1,... ;n and 8 € B. By the Taylor expansion, for i = 1,... ,n and each 3 € B,

B3z, ) + G

Jj=1 Jj=1

where for some finite ¢ > 0, Pr{|Cji| < c|\i(B8)d(zj, 8)]?, 1 <i,j <n} — 1 as n — co. Hence, using (49),

n"'SCELR(8) = —%Zlm [Zwﬂ&(ﬂ)é(zg,ﬁ) ;ngz(ﬂ( 9(z, 8 +ngz@z]
i=1 j=1 Jj=1
= _% Z-[zn {xz(ﬂ)é(xuﬁ) - _5‘1(5){;(1‘“ + Zw]ijz}
i=1
IR 3 7 -
= g T3 7B i )+ 2;%%}

The second term is

1 n n _
’ﬁ Z Lin Z w;iGji| <
=1 j=1

uniformly for ¢ = 1,...,n and 8 € B. The equality follows from Assumption 8. Thus, the quadratic

ZZImwﬂM iz, P))? _%Im max sup |A\i(3)3(z;, 3)° ZZwﬂ—op

1<i,j<n
11]1 =N peB =1 j=1

expansion of the SCELR is

nilsCELR(ﬂ) = _% Zlin.é(ziaﬁ)‘}(xi7ﬁ)71g($za ﬂ) + Op(l)
i=1

uniformly for 8 € B. From Lemma C.2 and C.4,

max Sup[ln|g(xl76)‘:/('r’hﬂ) 1.6(331’6) _g(xlvﬂ)f/(xlaﬂ)ilg(m’uﬁﬂ

1<z<nﬁe

< o sup Lin[ |31, 5) = 9l NV i )3l )1+ 19 BV (o ) (5o ) = i, )
g i, OV (@i, B = V(i ) ias, B)

= o,(1).

From Lemma C.7, n " 'SCELR(3) = n"!CELR(f) + 0p(1) uniformly for 8 € B. Therefore, the SCELE is

asymptotically equivalent to the CELE. The conclusion is obtained.
Proof of Theorem 4.2

From Lemma C.9 and BSCEL = Op(nfl/g), a quadratic expansion of SCEL is derived as

n(Bscer — o) B(Bscrr — fo) +op(1),  (50)

N =

SCELR(Bscrr) — SCELR(Ao) = —n(Bscrr — o) A —
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where A =n~! St A, B=n"tY" | B, and

OE(g(z, Bo)|i] OE[g(z, Bo)|z:] _10E[g(z, Bo)|z:]

A =1y V(xi,B0) " 42, 60), Bi=1; Vs,
o7 (i, B0)” " 4(zi, Bo) 5 (i, Bo) a5
The asymptotic linear form for BSC EL 18
n?(Bscpr — Bo) = =B~ (n/2A) + 0p(1). (51)

Similar to the proof of Theorem 3.2, the restricted SCELE is expressed as ﬁSBCEL = R(dSCEL), where

ascpr = argmaxge 4, SCELR(R(a)). Therefore, by a similar argument as the proof of Theorem 3.2,

LR, = 2{SCELR(Bscrr)— SCELR(R(dscpL))}
= —2n'?(BscpL — 50)/(”1/2/11) —n'?(Bsopr — Bo) Bn'*(Bscrr — bo)
+2n'*(ascpr — a0)' D' (/2 A) + 1 (dscpr — ao)' D' BDnY?(&scpr — ao) + 0p(1)
= (n'/2A)YB 3[I,— B*D(D'BD) 'D'B*|B~3(n"/?A) + 0,(1).

By the central limit theorem of Pollard (1984, Theorem5, p.141), a similar argument as the proof of Lemma
C.2, and n'/2h,, — 0 (Assumption 7 (ii)),

B71/2(n1/2z) _ 371/2(711/21;1) + 371/2(711/2;1 . n1/2[1)
B~Y2(n2A) + O(n'/?h,,) — N(0,1,).

From rank(D) = ¢ — r, the matrix [I, — B2D(D'BD)~'D’'Bz] is idempotent with rank r. Therefore,

LR, 4, 2(r).
Proof of Theorem 5.1

See Appendix B.

Proof of Theorem 6.1

LR*(B) is decomposed as

{LR*(8) — LR*(Bo)} + LR* ()

= o'{~2b4 (CELR(3) — CELR(8)) — b (T (8) — T (o)) } + LR ()

= 0,(b3) — 0~ 'nbi (Tu(B) — Tul(Bo)) + LR*(5o),

LR™(0)
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The third equality follows from Theorem 3.2. Since LR*(8y) <, N(0,1) (Corollary 6.1), it is sufficient to
show that b,% (Tn(3) — Tw(Bo)) = op(1). By the definition of T,,(3),
q ~ g n ~ A ~ A
T2L( (6) ﬁO = by Z Z Imwgl{ xzvﬁ) 1(9(2]',5)2—g(Zj,ﬁo)Q)-‘r(V(l‘i,ﬁ)_l _V(xiaﬁO)_l)g(ZjvﬁO)Q}'
i=1 j=1,5#i
Let Kpax be the maximum of K(-) (since K(+) is a continuous function with compact support, the maximum

always exists), 5= B — (o, and 6* be a point joining 0 and 5. The first term is

bi ZIWV zi,0)70 D whila(z,8)” — 9(z,60)%)

j=1,j#i
4 e 1 .
< bﬁZImOp(l)KmaXfil > oz B) - 9l A0)?)
i=1 j=1g#i "
- by 2 Z Z Linw;i(1 = T)<I(yj_x_,j[3§0)_1(yj—$3ﬂoSO))
1=1 j=1,j7#i

= O,(n'bn?)(1 - 2r) me (T — E[I(y—2'8 < 0)|z:] + Op(n71/2))

&
Il
-

= Op(n_lb:l%)(l - 27—) len (Fe\z(0|xz> - Fe\z(x;(ﬂxz) + Op(’n_l/Q))

= 0,(n"'by ?)(1 - 27) ifzn(—fm(:v;é*)xﬁ)

—1l4an
2

) = OP(1)7

where the first inequality follows from Lemma C.3, the first equality follows from the definition of g(z, 3) and
the uniform convergence of the kernel density estimator fi7 the second equality follows from Lemma C.5, the
fourth equality follows from the Taylor expansion, and the fifth equality follows from 8- Bo = Op(n_l/ 2)

and Assumption 3 (iii). Similarly, the second term is

bi Z _ Z .Imw]?i(f/(xi’@)fl — V(@ B0)")g(25, 50)?

N A 1
— V(@i 80) )V Emaxf; Y ijig(zj»60)2

i=1 =1

= Op(n ™Mb ?) D LV (@i ) = Vi o)),

IA
(=)
Swmi
R
&~
3
<
o)
8
@
S~—"

Now, similar to the first term, I, (V (2, )=V (x4, 80)) = Lin > i wyi(1-27) (I(yj—x;vﬁ <0)—I(yj—z}8 <
O)) = 0,(n~'/2). Thus, from Tripathi and Kitamura (2002, Lemma C.5), I;y,(V " (z;, 3) — V" (a1, Bo)) =

O,(n~1/2). Therefore, the second term is also 0,(1), and the conclusion is obtained.
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B Derivation of (29) and (31)

First, derive an expansion for v = E[§(z;, fo)?xix}]*/?5(3). By Lemma C.10, v = Op(n*1/2 + hP), and by
the central limit theorem and Assumption 7, ¢/ = A7 + a? = O,(n™'/2 + hP). A Taylor expansion of (27)

yields
0 = g7 — AP gik 4 AFalgihl — pbalymgikim 4 O ((n=1/2 4 pp)1).
Using /% = §7%, where 6% is the Kronecker delta,
o = g — R ATE el AR Rtk kalamaikim 0 (=12 4 )ty

Expanding occurrences of 4%, 4!, and 4™ in O, ((n"Y/2 4 hE)?) terms,

’YkAjk — gkAjk _ glAjkAkl +glgmaklmAjk =+ Op((n_1/2 + hﬁ)4>,
’)/k’}/lAjkl _ gkglAjkl + Op((nfl/Z + h£)4),
,yk,ylajkl — gkglajkl _ glgmajklAkm +glgmgnajklakmn _ gkgmajklAlm + gkgmgnajklalmn

+0,((n=12 4 h2)h),

,Yk,yl,ymajklm — gkglgmajklm + Op((n_1/2 + hﬁ)‘l)
Combining these terms, the expansion of 7 is written as

= gh— gRATR gl ATk AR glgmaktm ATk g gk gl ATKL | gk ol K

729lgmajklAkm + legmgnajklakmn o gkglgmajklm + Op((n71/2 + h£)4)

Next, derive an expansion for SELR(f).

_ 2 ¢
—2n"'SELR(f) = E-E—l log(1 +7'g;)
i L ik gk L ik gk L g ki m jkim ~1/2 | ppy5
= 2(79 A v e A el it e R )+Op((n + h2)°)
= 2(7]9J =577 = AR 4 2 g g g A 4 oa gyt - Zgjg’“glgma]’“lm)

+0,((n~ Y2 + he)?).
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Expanding occurrences of 47, 4%, 4%, and 4™ in Op((n_l/2 + h?)*) terms,

,_Y]gj o 5,)/],_)/] _ igjg] o igkgkA]kA]k o 5gkgkglglajklO[jkl +gkgkgla]klAjk+Op((n71/2 +h;ﬁ)5)7
’}/j’ykAjk _ gjgkAjk _ ngglAjkAkl + 29jglgmaklmAjk + Op((n—l/Q + hgr)L)5)7
"yj"}/k’}/lajkl _ gjgkglajk:l . 3gk:glgmajklAjm 739kglgmgnajklajmn +Op((n71/2 +h£)5)

Combining these terms, the expansion of SELR(fy) is written as

—271718ELR(60) _ gjgj _ gjgk‘Ajk + ggjgkglajkl + gjgkAlekl =+ ggjgkglAjkl _ 29jgkglajkmAlm
+gjgkglgma]knalmn _ §gjgkglgmajklm + Op((nfl/Q + hz)f)) (52)

The signed root expansion (29) is obtained by comparing the terms of (52) and R’R.

Using nh2P — 0 (Assumption 10 (iv)),

—2SELR(fy) = ng’¢’ +O,(n(n~"2 + h2)?)
= (W24 40! 2ad) (2 AT + 0t 2ad) + Oy (n(nV2 + h2)?)
= (0247 4 O(n'2h2))(nY/2 A7 4 O(n'/2h2)) + O, (n~1/?)

— Xq,

Therefore, the conclusion of Theorem 5.1 is obtained.

Finally, derive the Bartlett correction term in (31). Note that
E[R'R’) = E[R|R}] + 2E[R} R} + 2E[R] R}] + E[R,R}] + O, (n~3).

By some lengthy calculations, each term is evaluated as

E[RIR]] = n'q+O(RP),
. 1 o ooy 1 o 1

E[RIR]] = n_2<§a]kla3kl - 50[”% + §nq) + O(h?P),
P 43 . 73 . 5 . 3

E[RJR]] = n_2<5a3kloﬂkl - 7—2amkakll + ga“kk - gnq) + 0, (n~ 4+ h2P),
. T 1., 1 .. 1

E[RIR)] = n? (—%ajkloﬂkl + %a“kak” + Za”kk — an) + 0, (n~ + h2P).

Since sup,, n®h2F < 0o, O(h2P) = O(n™3) and Op(n~2 + h?’) = O,(n~3). Combining these terms yields
i i (L ikk Lk ki -2
EnR'R’] =q+n (504” - ga] o’ ) + Op(n™7).
Therefore, (31) is derived.
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C Auxiliary lemma
Lemma C.1. Suppose that Assumptions 1-4 hold. Then

max sup Iin|g(zi, B) — Elg(z, 8)|x:]| = op(1).
1<i<n BeB

Proof. This lemma is a special case of Zhang and Gijbels (2003, Lemma 3). As shown in the proof of

Theorem 3.1, Assumptions 1-4 imply the assumptions of Zhang and Gijbels (2003, Lemma 3). O

Lemma C.2. Suppose that Assumptions 1-4, and 7 hold. Then

max sup Lin|§(2i, 8) — Elg(2, )] = 0,(1).
1§1§"ﬂ63

Proof. By the triangle inequality and Lemma C.1,
max sup Iin|g(zi, B) — Elg(z, 8)|xi]]
1<i<n BeB

< max sup Izn'é(xlaﬁ) - g(xuﬁ” + max sup Izn|§(xzvﬂ) - E[g(Z,ﬂ)L’EZH
1<i<n BeB 1§z§nﬁ€3

= max sup Im|£:l(517i,5) — g(zi, B)] + 0p(1).
1<i<n BeB

Thus, it is sufficient to check the stochastic order of the first term.

19(xi, 8) — §(=:, B)| = ‘éwﬂ (I(yj — 2B <0)— H(%;jgﬁ))’

n Yj _q;/,ﬁ
< Y wyiI(y; — 248 <0) - HG%)‘
i=1 !
n Yi —l‘l-
= ijif(lyj - x;ﬁl < hy) I(yj - ‘T;ﬂ <0)— H(ijhij)‘
i=1 "
< Y wil(ly; — 236] < hy)
j=1
= Y wjill(e < hn +250) = I(e; < —hy +256))
j=1
< Zwﬁ I(ej < hy + x;d) — Fe|rc(hn + x;(S)‘ + iji I(e; < —hy +x}5) - F£|I(_hn + w;(s)
j=1

j=1

| Pege (i + 210) = (= + 210)|.

The second equality follows from the fact that the summand differs from zero only if |y; — x; Bl < hy by

_yi—zip
h

n

Assumption 7 (i). The second inequality follows from ‘I (yj —z;8<0)—H ( )) < 1 by Assumption
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7 (i). The first and third inequalities follow from the triangular inequality. By Lemma C.1, the first and

second terms are

max sup I,

1<i<n ges Z wjil(ej < hn + :17;6) - Fe|m(hn + Iig)’ = OP(l)v
EAS =

and

max sup L,
1<i<n BeB

> wiil(ej < —hy +258) = Fap(—hn + 218)| = 0p(1),
j=1
respectively. By Assumption 3 (ii) and a Taylor expansion, the third term is

Flhn +20) = F(~ho + 20)| = hn

IN

fihn W + B = Op(hy),

where h* and h™* are points on the line joining 0 and h,,. Therefore, max;<i<, supgep Linlg(xi, B)—g(x:, B)| =

0p(1), and then the conclusion is obtained. O

Lemma C.3. Suppose that Assumptions 1-4 hold. Then

max sup Im|V($i,ﬁ) —V(z,B)| = Op(1)~

1<i<n BeB
Proof. This lemma is a special case of Zhang and Gijbels (2003, Lemma 4). As shown in the proof of

Theorem 3.1, Assumptions 1-4 imply the assumptions of Zhang and Gijbels (2003, Lemma 4). ]

Lemma C.4. Suppose that Assumptions 1-4, and 7 hold. Then

max sup Imﬂzf(:m,ﬁ) = V(zs, B)] = op(1).
1<i<n gep

Proof. By the triangle inequality and Lemma C.3,
max sup Iin“}(x% ﬂ) - V(xlv 6)‘
1<i<n BeB

lrgggxnztelg Lin |V (24, B) — V (2, B)] + max Etelgfle(%B) - V(xi, 5]

N

= max sup Iin‘V(l‘i7ﬁ) — V(wwﬂ)\ + 0,(1).
1gz§n563
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Thus, it is sufficient to check the stochastic order of the first term.

9 o) = Va0 = Yo7 = (-2 20)) = Yo wstr = 15— <0
Jj=1 n =

jzn:lei QT(I(Z/J' — i3 <0) - H(y];f;ﬁ))’ + ilei H(W)Q

_x 6

Sl — a8l < h){ (10, — a3 < 0) = 11(< 20 | i (B EEY g, — s < o))
j=1 n n

IN

~ I(y; — ;8 < 0)|

< Y wid(ly; — 28] < ha) (27 + 1).
j=1

The second equality follows from the fact that the summand differs from zero omly if |y; — zi3| < h,
by Assumption 7 (i). The second inequality follows from the boundedness of H and I(-). By the same
argument as in Lemma C.2, it is shown that max;<;<, supgep Lin|V (23, 8) = V (2, 8)| = 0,(1). Therefore,

the conclusion is obtained. O

Lemma C.5. Suppose that Assumptions 1-4 hold. Then
Zwﬂ 9(25,8) = 9(25, 50)) — Elg(2, B)|as] = op(max{||8 — Boll,n~"/?}),

uniformly for x € X,, ||8 — Bol| < rn — 0.

Proof. This lemma is a special case of Zhang and Gijbels (2003, Lemma 7). As shown in the proof of

Theorem 3.1, Assumptions 1-4 imply the assumptions of Zhang and Gijbels (2003, Lemma 7). O

Lemma C.6. Suppose that Assumptions 1-4, and 7 hold. Then
Z“’ﬂ 23, 8) = 9(z o)) = Elg(z, B) ] = op (max{||3 = Boll,n™"2}),

uniformly for x € X,, |6 — Bol| < rn — 0.

Proof. From the triangular inequality and Lemma C.5,

Zwﬂ 2, B8) = 325, Bo)) — Elg(z, B)|zi]

IN

ijl‘g(zjvﬂ) Z]’ |+Zw]2|g Zjaﬂo) 2]760 |+Zw]z| Z]7 ) 9(2_7750))—E[g(2,6)|1'1]|
Jj=1 Jj=1

= 3w ) 0B+ D il B0) — o, o)l + oyl — lln ),
j=1
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uniformly for = € X, ||8 — Bol|| < rn — 0. From the proof of Lemma C.2,
iji|§(zja = 9(z, B)] < O(hn),
j=1
uniformly for § € B. Using h,, = o(n~'/?) (Assumption 7 (ii)), the conclusion is obtained. O
Lemma C.7. Suppose that Assumptions 1-5 hold. Then
710ELR = *7211779 51777 gg“ﬂ)flg(x“ﬂ)+0p(1)
uniformly for B € B.

Proof. (8) implies that for each € Bandi=1,... ,n,

o= g(z,8)
0 = ;wﬂu&(ﬁ)g(%ﬂ)

(Ni(B)g(2,8))* }
L4+ Xi(B)g(z, 6)4

> wiig(zy. B)[1 = MlB)a(z.0) + (53)

From Lemma C.3 and inf,cx, gep V(x, B) > 0, inficx, gen V(x,8) > 0 with probability 1 and I;, V (z;, 3) "

is well-defined. Thus, solving for A;(3) in (53) yields

Linhi(B) = LinV (i, B) g (i, B) + LinV (x4, 8) 11, (54)

n Ai 25,0))?
where r; = ., wjig(zj,ﬂ)%)(g-(z%. From (8),

- )\’L ’
Zw]11(+(/\5) 2,3 Zp Zwﬂ i(B)g(z;,0), (55)

=1

and therefore

Iin|7'i| < I’m lmaX |g Zja E wj’L z ij <I'mc§ ij 7, zja )

< ¢ max sup I |\ ( ) (2, B) = 0p(1), (56)
1<i4 j<n6
uniformly for ¢ = 1,... ,n and 8 € B. The second inequality follows from the boundedness of g(z;, ®), and

the equality follows from Assumption 5, which ensures Pr{maxi<; j<n supgeg |\i(3)g(2;,8)| = 0p(1)} = 1

as n — oo. Using max;<i<, SuPgep IinV (24, 8) = O,(1) (by Lemma C.3), (54) yields

Lin\i(B) = LinV (x4, B) " 9(24, B) + 0p(1), (57)
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uniformly for ¢ =1,... ;n and 8 € B. By the Taylor expansion, for i = 1,... ,n and each 3 € B,

Zwﬂlog 1+>\ Zj? Zwﬂ[ i Zjvﬂ)f%(/\i(ﬂ)g(zj7ﬁ))2+<ﬂ}’

J=1

where for some finite ¢ > 0, Pr{|¢;i| < c|\i(B8)g(z;,8)|?, 1 <i,j5 <n} — 1 as n — oo. Hence, using (57),

n_ICELR(,B) _ 1 I, D :wﬂ (B)g(z, 8 )—% Enlei()\( 9(z;, 8 +ijlgjz:|
Z j=
= —— Izn[ 4 g 1’175) - %)\Z(ﬁ)v(m’“ﬁ)_l)\l(ﬂ) +iwh<]l:|
E : j=
S sz[ v, 3 xzyﬂ)_lg(wiﬁ)+2ilei<ﬂ]
j=
The second term is

1 n n
‘E > Lin > wiii| <
i=1 =1

uniformly for ¢ = 1,... ,n and § € B. The equality follows from Assumption 5. Thus, the quadratic

= ZZ% Lin|Ni(B)g (25, B)I° Sglggggnzupfmlk 9(z, B ZZwm—op

11]1 i=1 j=1

expansion of the CELR is

n~'CELR(f =——§:mg% V (i, 8) " g, 8) + 0p(1),
uniformly for 3 € B. The conclusion is obtained. O

Lemma C.8. Suppose that Assumptions 1-5 hold. Then
CELR(B) ~ CELR(fo) = ~(5 — o)’ 3 Ai — 5(8 — 60)' (32 B:) (8 — o) + op (maxcinl|5 — foll?, 1),
i=1 i=1

uniformly for B € B such that ||8 — Bol|| < rn — 0, where

OE[g(z, Bo)|z4]

e R L N L

op op'
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Proof. From Lemma C.7,

“(CELR(f) — CELR(f))

n

= o D L, OV (s 5) (i, B +—mewuﬁo> (w6 Bo) ™" glais o) + 05 (1)
= > L[t BV, o) 9 5) — s o)V (e G0) ™ s, )] + (1)
=1
- 7%_ Ivn(g(xw/g) (Iz,ﬂo)) (‘rza/BO) ( (I7,ﬂ)+§(ﬂ717ﬂ0))+0p(1)
g DB 003l 9 ot )+ 0
1 n n
- _%Z(ijnw]z (zi, 8 )(g(Zj,ﬂ)—Fg(Zj,BO))+0p(1)v

1 =

uniformly for 5 € B such that || — Bo|| < rr, where the term (1 + 0,(1)) is omitted, H(x;, 8) = (§(zi, 8) —

g(zi, ﬂo)) (w4, 80) 7", the second equality follows from Lemma C.3, and the last equality follows from the

exchange of the order of summations. From Zhang and Gijbels (2003, Lemma 7 and 8),

§ Inwjz xu

anwﬂ( 9(z DlailV (i, o) ™ (1 + 0p(1)) + op (max{ | ~ Goll, n"/?}))

= Elg(e, )]V (5, 60) " (1 + 0p(1) + op(max{[[6 — fol ,n 1/},

uniformly for § € B such that ||3 — Bo|| < r,, and = € X,,. Therefore, by omitting the term (1 4 o0,(1))

CELR(B) — CELR(8o)

——me( (2, B ]V (5, o)~ + op(max{[|8 = foll,n /1)) (9(25, 8) + 924 Bo)) + 0p(1)

— Z (2, )51V (5, o)~ (g(, 8) — 9(25, Bo)) — % ZIan[g(Z’5)|3?j]V($jaﬁO)_IQQ(Zj,ﬁo)

n

—op(max{|[8 — Bol|, n_l/z})% > Iinlg(z, 8) — 9(24, Bo) + 29(25, o))

j=1

——Z (2, B) |5V (x5, 80) " Elg(z, 8)|2;] — Z (2, B)|25]V (25, Bo) " 9(25, Bo)
+0p(max{||5 Boll,n~ 1Y)
-]t > 1, SEIE Ny 1 PRI AN (5 )

—(6= o) %Z w V(z;,80) "' 9(z5, Bo) + op(max{||3 — Bol>,n""})
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The third equality follows from Zhang and Gijbels (2003, Lemma 9 and 10). The fourth equality follows
from the continuity of Elg(z, fo)|z] with respect to S and Taylor expansion. Therefore, the conclusion is

obtained. 0

Lemma C.9. Suppose that Assumptions 1-4, 7, and 8 hold. Then

l\3>—~

SCELR(B) = SCELR(B0) = ~(3 = o)/ 3_ A = 5(3 - ) (ZB)B o) + oy (max{n] |5 — Bo|*. 1}),

uniformly for 8 € B such that ||8 — Bo|| < r, — 0, where

7 OE[g(z, Bo)|xi]

_ 0E[g(z, Bo)|i]
Ai = ILin a5 —

_190E[g(2, Bo)|zi]
op ’

V(2i,B0) ' G(2i, B0), Bi = ILin o7

V(ifi, 50)
Proof. The proof is similar to Lemma C.8; instead of Lemma C.5, use Lemma C.6. O
Lemma C.10. Suppose that Assumptions 1, 3, 7, 9, and 10 hold. Then

Y(Bo) = Op(n ™% + 1.

Proof. Let Gui = gu(zi,00), ¥ = 7(Bo), and 4 = ||7||0, where 6 is a unit vector. From (27),

0’ Gui 116’ Guid,
O — 7’ ’ uz 9/
Zlﬂgm Z 5 ng
13110’ Guigni®
> ‘ ut ‘_ 9/
= Z 1""ng Zguz
. & 9’29 ol s s
- u u |-
1+ 3l maxi <i<p [|ull[ n 1 2 w3 Pt

The second inequality follows from p; = n=1(1 +7/gyu:) ™' > 0. Letting maxi <<y ||7;|| = M < oo (since the
support of z is compact),
R
max [1Guil] < M max ’7’ - H(—u)‘ < 2M,
1<i< hy,
where the second inequality follows from Assumption 7 (i). Thus, letting g,1 = n™' Y | Gui and gu2 =

n 3T Guilgs
3118520 < 10Gual[1-+ 11 s [1gucll] < 10/ + 201511050121
and then

51 (¢/9u26 — 2016500 ]) < 16500,
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By Assumption 9 and the weak law of large numbers, 6'G,20 = O,(1). By the central limit theorem,

Gu1 — EGu1] = O,(n"1/2). By Assumptions 1, 2 (ii), and 7, E[g,1] = O(hZ). Combining these results,
131{O0p(1) + O(1)Oy(n~"/2 + W)} < Op(n~ Y2 + ).

From Assumption 10 (i), 5(80) = Op(n~/2 + hE). The conclusion is obtained. O
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