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Abstract
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1 Introduction

1.1 Purpose

Since the 1990s, governments in numerous countries have conducted auctions to allocate a
variety of objects or assets including spectrum rights, vehicle ownership licenses, and land, etc.
Although auction revenues sometimes amount to government annual budgets, the announced
goals of many government auctions are rather to allocate objects “efficiently”, i.e., to agents
who benefit most from them.! Agents benefiting more are willing to pay higher prices for
them, and thus would have more chances to win the objects in auctions. However, large-scale
auction payments would influence agents’ abilities to utilize objects or benefit from them,
thereby complicating efficient allocations. This article analyzes rules that allocate auctioned
objects efficiently even when payments are so large that it impairs agents’ abilities to utilize
them or realize their benefits. We investigate what types of allocation rules can allocate objects
efficiently in such environments.

1.2 Main Result

An allocation rule, or simply a rule, is a function that assigns to each preference profile
an allocation, which consists of an assignment of objects and agents’ payments. FEach agent
receives one object at most. The domain of rules is the class of preference profiles. We assume
that preferences satisfy monotonicity, continuity, and “finite compensation”, which means that,
given an assignment, any change of assigned object is compensated by a finite amount of money.
We call such preferences “classical”. It is well-known that in this model, there is a minimum
price Walrasian equilibrium (MPWE),? and that the allocation associated with the MPWE
coincides with the outcome of a certain type of auctions, called the “simultaneous ascending
(SA) auction”.? Under SA auctions, bids on all objects start simultaneously, and the sale of
any object is not settled as long as new bids are made on some objects. We focus on the
rule that assigns an MPWE allocation to each preference profile. We refer to this rule as the
“minimum price Walrasian (MPW) rule”.

The MPW rule satisfies four desirable properties. First is (Pareto- )efficiency. An allocation
is efficient if no agent can be better off without either some other agent being made worse
off or the government’s revenue being reduced.* Note that efficiency is evaluated based on
agents’ preferences. Thus, an efficient allocation cannot be chosen without information about
agents’ preferences. Since preferences are private information, agents may have an incentive
to behave strategically to influence the final outcome in their favor. Strategy-proofness is an
incentive-compatibility property, which gives a strong incentive for each agent to reveal his
true preferences. It says that for each preference profile, in the normal form game induced by
the rule, it is a (weakly) dominant strategy for each agent to reveal his true preference. The

!For example, frequency auctions in the United States were introduced to promote “efficient and intensive
use of the electromagnetic spectrum”. See McAfee and McMillan (1996, p.160).

2See Demange and Gale (1985).

3For example, see Demange, Gale, and Sotomayor (1986).

4Tn our auction model, efficiency is defined by taking government revenue into account.



MPW rule satisfies strategy-proofness,® and chooses an efficient allocation corresponding to
the revealed preferences.

The third property of the MPW rule is individual rationality, which requires that any agent
should not be made worse off than he would be if he had received no object and paid nothing.
This property induces agents’s voluntary participation. Fourth is no subsidy for losers. Under
the MPW rule, the governments never subsidize losers. This property prevents agents with
little abilities from flocking to auctions to sponge subsidies.

The primary conclusion of this article is that only the minimum price Walrasian rule sat-
isfies strategy-proofness, efficiency, individual rationality, and no subsidy for losers (Theorem
4.1). Since the outcome of the MPW rule coincides with that of the SA auction (Proposition
5.1), the result supports SA auctions adopted by many governments.

1.8 Related Literature

Holmstrom (1979) establishes a fundamental result relating to our question that applies
when agents’ benefits from auctioned objects are not influenced by their payments, i.e., agents
have “quasi-linear” preferences. He assumes that preferences are quasi-linear, and shows that
only the Vickrey—Clarke—Groves type (VCG)® allocation rules satisfy strategy-proofness and
efficiency.” His result implies that on the quasi-linear domain, only the Vickrey rule® satisfies
strategy-proofness, efficiency, individual rationality, and no subsidy for losers.” In reality,
preferences are approximately quasi-linear if payments are sufficiently low. However, quasi-
linearity is not an appropriate assumption for large-scale auctions. Excessive payment for
the auctioned objects may damage bidders’ budgets and render effective use of the objects
impossible. Or bidders may need to obtain loans to bid high amounts, and typically financial
costs are nonlinear in borrowings, which makes bidders’ preferences on objects and payments
nonquasi-linear.!® In spectrum license auctions and vehicle ownership license auctions, license
prices often equal or exceed bidders’ annual revenues. Thus, bidders’ preferences are nonquasi-
linear for such important auctions.!* As contrasted with Holmstrom (1979), our result can be
applied even to such environments.

Saitoh and Serizawa (2008) investigate a problem similar to ours in the case where the
domain includes nonquasi-linear preferences, and there are multiple units of the same object.
They generalize Vickrey rules by employing compensating valuations from no object and no
payment, and characterize the generalized Vickrey rule by strategy-proofness, efficiency, indi-

5Tn addition, the MPW rule satisfies group strategy-proofness, i.e., by misrepresenting their preferences, no
group of agents should obtain assignments that they prefer.

6See Clarke (1971), Groves (1973), and Vickrey (1961).

"More precisely, Holmstrom (1979) studies public goods models. When agents have quasi-linear preferences,
his result can be applied to the auction model.

8See Section 6 for the formal definition.

9Remember that the payment of an agent under the VCG rule is decomposed into two parts. The first part
is what is called “Vickrey price”, the social opportunity cost to allocate him an object; the second is the term
which is independent of his preference. Individual rationality and no subsidy for losers imply that the second
part is zero. See also Chew and Serizawa (2007).

10See Saitoh and Serizawa (2008) for numerical examples.

1 Ausubel and Milgrom (2002) also discuss the importance of the analysis under nonquasi-linear preferences.



vidual rationality, and no subsidy.'> We stress that when preferences are not quasi-linear, the
heterogeneity of objects makes the MPW rule different from the generalized Vickrey rule.'3

Although the assumption of quasi-linearity neglects the serious effects of large-scale auc-
tion payments in actual practice, it is difficult to investigate the above question without this
assumption. Quasi-linearity simplifies the description of efficient allocations. More precisely,
under quasi-linear preferences, an efficient allocation of objects can be achieved simply by
maximizing the sum of realized benefits from objects (agents’ net benefits), and hence, effi-
cient allocations of objects are independent of how much agents pay. In this sense, Holmstrom
(1979) characterizes only the payment part of strategy-proof and efficient rules. On the other
hand, without quasi-linearity, efficient allocations of objects do depend on payments, and thus
are complicated to identify. Furthermore, as mentioned earlier, on nonquasi-linear domains,
the MPW rule is different from the generalized Vickrey rule, and the former outperforms the
latter in terms of our desirable properties: strategy-proofness, efficiency, individual rationality,
and no subsidy for losers. Needless to say, Holmstrém’s (1979) results cannot be applied to
prove our results on a nonquasi-linear domain. It is worthwhile to mention that most standard
results of auction theory, such as the Revenue Equivalence Theorem, also depend on assuming
quasi-linearity. In this article, we overcome that difficulty.

Since Hurwicz’s (1972) seminal work, many authors have investigated efficient and strategy-
proof rules in pure exchange economies.!* In pure exchange economies, classical'® preferences
are standard, but no rule satisfies strategy-proofness, efficiency, and individual rationality on
the classical domain. On the other hand, Demange and Gale (1985) show that, in the model
studied in this article, the MPW rule satisfies strategy-proofness, efficiency, and individual
rationality on the classical domain.' Miyake (1998) shows that only the MPW rule satisfies
strategy-proofness among “Walrasian rules”.!” Note that the Walrasian rules are a small part of
the class of allocation rules satisfying efficiency, individual rationality, and no subsidy for losers.
By developing analytical tools different from Miyake’s (1998), we extend his characterization
in that we establish the uniqueness of the rules satisfying the desirable properties without
confinement to Walrasian rules.

Many authors have analyzed SA auctions in quasi-linear settings (Ausubel, 2004, 2006;
Ausubel and Milgrom, 2002; de Vries, Schummer, and Vohra, 2007; Gul and Stacchetti, 2000;
and Mishra and Parkes, 2007; Andersson, Andersson and Talman, 2012, etc). In nonquasi-

12Sakai (2008) also obtains a result similar to theirs.

13In Section 6, we give a detailed discussion on this point by contrasting the MPW rule with the generalized
Vickrey rule.

MFor example, see Zhou (1991); Barbera and Jackson (1995); Schummer (1997); Serizawa (2002); and
Serizawa and Weymark (2003).

5Tn pure exchange economies, where consumption spaces are some multidimensional Euclidean space, clas-
sical preferences are assumed to satisfy convexity in addition to continuity and monotonicity. Clearly, the class
of such preferences contains nonquasi-linear preferences.

6More precisely, Demange and Gale (1985) study two-sided matching markets which contain our model as
a special case, and show the rules selecting an optimal stable assignment for one side of the market are group
strategy-proof for the agents on that side.

ITA “Walrasian rule” is the rule that assigns a Walrasian equilibrium allocation to each preference profile.
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linear settings, the MPW rules differ from the generalized Vickrey rules, and it is the MPWE
allocation that coincides with the outcome of the SA auction.'® Therefore, our result demon-
strates that the SA auction analyzed by those works is more important in nonquasi-linear
settings.

1.4 Organization

The article is organized as follows. Section 2 sets up the model and introduces basic
concepts. Section 3 defines and characterizes minimum price Walrasian equilibrium. Section
4 provides our main result. Section 5 defines the SA auction, and shows that its outcome
coincides with the MPWE allocation. Section 6 introduces generalized Vickrey rules, and
contrasts them with the MPW rule. Section 7 concludes. All proofs appear in the Appendix.

2 The Model and Definitions

There are n agents and m objects, where 2 < n < oo and 1 < m < co. We denote the set of
agents by N = {1,...,n}, and the set of objects by M = {1,...,m}. Let L ={0} U M. Each
agent consumes one object at most. We denote the object that agent ¢ € IV receives by x; € L.
Object 0 is referred to as the “null object”, and x; = 0 means that agent i receives no object.
We denote the money that agent ¢ pays by ¢; € R. For each ¢ € N, agent i’'s consumption set
is L x R, and agent i’s (consumption) bundle is a pair z; = (:171, i) € LxR. Let 0= (0,0).

Each agent ¢ has a complete and transitive preference relation R; on L x R. Let P; and I;
be the strict and indifference relation associated with R;, respectively. Given a preference R;
and a bundle z; € L X R, let the upper contour set and lower contour set of R; at z; be
UC(R,,z;) ={% € LxR:%R;z} and LC(R,, 2;) = {4 € L xR : 2z R; %}, respectively.
For each i € N, agent i’s preference R; satisfies the following properties:

Money monotonicity: For each z; € L and each t;,t; € R, if t; < t;, then, (x;,%;) P (4, t;).

Finiteness: For each t; € R and each z;, #; € L, there exist #;, ; € R such that (1;,%;) R; (z;,t;)
and (z;,t;) R; (&4, ;).

Continuity: For each z; € L x R, UC(R;, 2;) and LC(R;, 2;) both are closed.'®

Let R¥ be the class of continuous, money monotonic, and finite preferences, which we
call the “extended domain”. Given R; € RY, z; € L x R, and y; € L, we define the
compensating valuation CV/(y;; z;) of y, from z; for R; by (y;, CVi(y;; z:)) I; z;. Note
that by continuity and finiteness of preferences, C'V;(y;; z;) exists, and by money monotonicity,
CVi(y;; z;) is unique. The compensating valuation for R; is denoted by 5‘\/1

We introduce another property of preferences.

Desirability of objects: For each z; € M and each t; € R, (z;,t;) P; (0,t;).%°

18 Alaei, Jain, and Malekian (2013) construct an alternative algorithm computing MPWE in nonquasi-linear
setting.

Money monotonicity and finiteness imply continuity. All of results hold without assuming continuity.

20A preference R; satisfies weak desirability of objects if for each x; € M, (;,0) P; 0. All the results in this
article still hold if desirability of objects is replaced by weak desirability of objects.
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Definition 2.1. A preference R; is classical if it satisfies continuity, money monotonicity,
finiteness, and desirability of objects.

Let RY be the class of classical preferences, which we call the “classical domain”. Note
that R C R”.

Definition 2.2. A preference R; is quasi-linear if there is a valuation function v; : L— R
such that (i) v;(0) = 0, (ii) for each z € M, v;(z) > 0, and (iii) for each z; = (z;,t;) € L x R,

~

and each Z; = (2;,t;) € L X R, z; R; 2; if and only if v;(x;) — t; > v (%) — t;.

We denote the class of quasi-linear preferences by R?, which we call the “quasi-linear
domain”. Note that R? C RC.

An object allocation is an n-tuple (z1,...,x,) € L™ such that for each i,7 € N, if x; # 0
and 7 # j, then x; # z;, that is, no two agents receive the same object except when both agents
receive the null object. Let X be the set of object allocations. A (feasible) allocation is an n-
tuple z = (21,...,2,) = ((x1,t1), ..., (Tn, tn)) € [L XR]"™ of bundles such that (z1,...,z,) € X.
Let Z be the set of feasible allocations. We denote the object allocation and agents’ payments
under an allocation 2 by & = (1,...,2,) and t = (,...,1,), respectively.

Let R be a class of preferences such that R C R¥. A preference profile is an n-tuple
R=(Ry,...,R,) € R". Given R = (Ry,...,R,) € R" and N' C N, let Ry» = (R;);en and
R_y = (Ri)ieN\N’-

An allocation rule, or simply a rule, on R" is a function f from R" to Z. Given a rule f
and a preference profile R € R", we denote agent ¢’s assignment of objects under f at R by
f¥(R) and agent #’s payment under f at R by ff(R), and we write

fi(R) = (ff(R), f{(R)), f(R) = (fi(R), ..., fu(R)), and f*(R) = (f(R))jen-

We introduce basic properties of rules. The efficiency condition defined below takes the
auctioneer’s preference into account and assumes that he is only interested in his revenue. An
allocation z € Z is (Pareto-)dominates z € Z for R € R" if

(i) Zfi > Zti, (ii) for each ¢ € N, 2; R; z;, and (iii) for some j € N, 2; P} z;.
ieN ieN
An allocation z € Z is (Pareto-)efficient for R € R" if there is no feasible allocation Z € Z
that dominates z.
Efficiency: For each R € R", f(R) is efficient for R.

Individual rationality below requires that a rule should never assign an allocation which
makes some agent worse off than he would be if he had received no object and paid nothing.
No subsidy requires that the payment of agents always should be nonnegative. No subsidy
for losers requires that the payment of agents who do not obtain objects always should be
nonnegative. No subsidy implies no subsidy for losers.

Individual rationality: For each R € R™ and each i € N, f;(R) R; 0.
No subsidy: For each R € R"™ and each i € N, ff{(R) > 0.
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No subsidy for losers: For each R € R™ and each i € N, if f¥(R) =0, then f}(R) > 0.

The two properties below have to do with incentive-compatibility. The first says that by
misrepresenting his preferences, no agent should obtain an assignment that he prefers.

Strategy-proofness: For each R € R™, each i € N, and each R; € R, fi(R) R; fi(f%i, R_,).

The second is a stronger property: by misrepresenting their preferences, no group of agents
should obtain assignments that they prefer.

Group strategy-proofness: For each R € R™ and each N C N, there is no RN e R*N such
that for each i € N, fi(Ryg, R_g) P, fi(R).>!

3 Minimum Price Walrasian Equilibrium

3.1 Definition of Walrasian equilibria

We define “Walrasian equilibrium” and “minimum price Walrasian equilibrium” in this
model. Let R C RF in this section. All results in this section also hold on the classical domain
RE.

Given a price vector p = (p',...,p™) € RT, the (common) budget set is defined as
B(p)= {(z,p") : v € L}, where p* = 0if x = 0. Giveni € N, R; € R and p € R, agent i’s
demand set is defined as D(Rj, p)={x € L: for each y € L, (z,p") R; (y,pY)}.

Definition 3.1. Let R € R". A pair (2,p) € Z x RT is a Walrasian equilibrium for R if

(WE-i) for each i € N, z; € D(R;,p) and t; = p™, and
(WE-ii) for each x € M, if for each i € N, z; # x, then, p* = 0.

Condition (WE-i) says that each agent receives the object he demands, and pays its price.
Condition (WE-ii) says that an object’s price is zero if it is not assigned.

Fact 3.1. For each R € R", there is a Walrasian equilibrium for R.

Fact 3.1 is already known.?? The existence of Walrasian equilibrium is also guaranteed by
Proposition 5.1 in Section 5 by using the SA auction.

Given R € R", let W(R) be the set of Walrasian equilibria for R, and let Z(R) and
P(R) be the projections of W(R) onto Z and R, respectively, i.e.,

Z(R) = {z€Z: forsomepeRY, (2,p) € W(R)}, and
P(R) = {peR7}: forsome z € Z, (z,p) € W(R)}.

That is, Z(R) and P(R) are the sets of Walrasian equilibrium allocations and prices for R,
respectively. Fact 3.2 below is the so-called First Welfare Theorem.

2ILet #A denote the cardinality of set A.
2For example, see Alkan and Gale (1990). Our model is a special case of their model.
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Fact 3.2. Let R € R" and z € Z(R). Then, z is efficient for R.*

Fact 3.3 below says that for each preference profile R, there is the minimum price py,(R)
among Walrasian equilibrium prices. The minimum price Walrasian equilibrium (hereafter
MPWE) is the Walrasian equilibria associated with the minimum price.

Fact 3.3 (Demange and Gale, 1985). For each R € R"™, there is pmm(R) € P(R) such
that for each p € P(R) and each x € M, pZ. (R) < p®.

Given R € R", let Wpin(R) be the set of minimum price Walrasian equilibria for
R, and let
Zpin(R)={2€Z:(2,pmin(R)) € Wnin(R)}.

By Facts 3.1 and 3.3, for each R € R", the set Z,(R) is nonempty. Although the corre-
spondence Z;, is set valued, it is essentially single-valued, i.e., for each R € R", each pair
2,2 € Zmin(R), and each i € N, z; [; 2.4

3.2 llustration of minimum price Walrasian equilibrium

We illustrate a MPWE in a simple case where there are three agents, and two objects,
say A and B, by using Figure 1. In Figure 1, there are three horizontal lines. The lowest
horizontal line corresponds to no object. The middle and highest ones correspond to objects
A and B, respectively. The intersection of the vertical line and each horizontal line denotes
the consumption bundle of the corresponding object and no payment. For example, the origin
0 denotes the consumption bundle of null object and no payment. For each point z; on the
one of three horizontal lines, the distance from z; to the vertical line denotes payment. For
example, z; denotes the consumption bundle of object A and payment p*. Agents’ preferences
are described by indifference curves depicted on the three horizontal lines. That is, if two
points on the horizontal lines are connected by a indifference curve of an agent, it means that
the agent is indifferent between the two points.

Assume that agents’ preferences R;, i = 1,2, 3, are ones depicted in Figure 1. The com-
pensating valuations from the origin are ranked as CVi(A;0) > CV3(A;0) > CV,(A4;0) and
CVi(B;0) > CV»(B;0) > CV3(B;0).

The MPWE for the preference profile R = (Ry, Ry, R3) is as follows: Agent 1 receives object
A and pays CV3(4;0), i.e., the price p# of object A is CV3(A4;0). This agent 1’s consumption
point is depicted as z; in Figure 1. Agent 2 receives object B and pays CVi(B;z1), i.e., the
price p? of object B is CVi(B;2;). This agent 2’s consumption point is depicted as 2z, in Figure
1. Agent 3’s consumption point is 0 and depicted as zs3.

23To see this, suppose that z = (z1,...,2,) is not efficient for R. Then, there is 2 = (%1,..., 2,) such that

(1) Zfi > Z t', (ii) for each i € N, 2; R; z;, (iii) for some j € N, 2; P; z;.
iEN iEN
Since z € Z(R), there is a price vector p € R such that (z,p) € W(R). Then, by (ii) and (WE-i), for each
i € N, ¢; <p®. By (iii) and (WE-i), t; < p¥. Thus, Y, cnti < X;en P™ = X;cn ti- This contradicts (i).
24 An allocation 2’ € Z is obtained by an indifferent permutation from z € Z if there is a permutation 7 on

N such that for each i € N, z, = Zr(iy and 2l I; z; (Tadenuma and Thomson, 1991). Note that for each pair
2,2 € Zmin(R), 2’ is obtained by an indifferent permutation from z.
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Figure 1: Illustration of nonquasi-linear preferences and the minimum Walrasian equilibrium

Let’s see why the allocation z = (21, 22, 23) is the MPWE for R. First, note that for each
agent i = 1,2,3, z is maximal for R; in the budget set {0, (A4,p"), (B,p?)}. Thus, z is a
Walrasian equilibrium.

Next, let (p#,p?) be a Walrasian equilibrium price. We show p?* > p# and p? > pP.
If p* < p# and p? < pP, then, all agents prefer (A4,p4) or (B,p?) to 0, that is, all three
agents demand A or B or both. In that case, one agent cannot receive an object he demands,
contradicting (WE-i). Therefore, p? > p# or p? > pB. If p? < pA, then p? > pP, and so, both
agents 1 and 3 prefer (4,p?) to 0 and (B,p?), that is, both demand only A. In that case,
agent 1 or 3 cannot receive the object he demands, contradicting (WE-i). Therefore, p* > p4.
If pP < pP, both agents 1 and 2 prefer (B,p?) to 0 and (A, p?), and so, agent 1 or 2 cannot

receive the object he demands, contradicting (WE-i). Therefore, p? > pP. Hence, (z,p) is the
MPWE for R.

3.3  Owerdemanded and underdemanded sets

We introduce the concepts of “overdemanded set” and “underdemanded set” (Mishra and
Talman, 2010; etc.), and relate these concepts to Walrasian equilibria.

Definition 3.2. (i) A set M’ C M of objects is (weakly) overdemanded at p for R if
#{i € N: D(Ri,p) € M’} (=) > #M".
(ii) A set M" C M of objects is (weakly) underdemanded at p for R if
Ve e M p* >0 = #{ie N:D(Ry,p) N M #0} (L) < #M'.

We illustrate the above concepts by using the preferences in Figure 1. Note that {i € N :
D(Ri,p) C{A}} =0, {i € N: D(R;,p) € {B}} = {2}, {i € N : D(R;,p) € {4, B}} = {1,2},
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{i € N : D(R;,p) N {A} # 0} = {1,3}, {i € N : D(R;,p) N {B} # 0} = {1,2}, and
{i € N : D(R;,p) N {A,B} # 0} = {1,2,3}. Thus, no set of objects is overdemanded or
weakly underdemanded in Figure 1.

Fact 3.4 below is a characterization of Walrasian equilibria by means of the concepts of
overdemanded and underdemanded sets. This fact is established by Mishra and Talman (2010)
for quasi-linear preferences. However, their proof also works for preferences in the extended
domain.

Fact 3.4 (Mishra and Talman, 2010). Let R € R". A price vector p is a Walrasian
equiltbrium price for R if and only if no set of objects is overdemanded and no set of objects is
underdemanded at p for R.

Theorem 3.1 below is a characterization of the minimum price Walrasian equilibrium by
means of the concepts of overdemanded and weakly underdemanded sets. Mishra and Talman
(2010) first obtain the same conclusion on the quasi-linear domain. We emphasize, in contrast
to Fact 3.1, that Mishra and Talman’s (2010) proof crucially depends on the quasi-linearity. It
relies on the simple fact that when preferences are quasi-linear, if a set M’ of objects is weakly
underdemanded at a Walrasian equilibrium (z,p), then all the prices of M’ can be slightly
lowered by the same amount while maintaining the Walrasian equilibrium conditions (WE-i)
and (WE-ii).?> However, it is not true when preferences are not quasi-linear. Theorem 3.1
below is a novel result in that point.

Theorem 3.1 is the key to obtaining Theorem 4.1 in Section 4 and Proposition 5.1 in Section
5. Since we obtain the existence of Walrasian equilibrium as a by-product of Proposition 5.1,
this theorem is also a key to the existence of Walrasian equilibrium.

Theorem 3.1. Let R € R™. A price vector p is a minimum Walrasian equilibrium price for R
if and only if no set of objects is overdemanded and no set of objects is weakly underdemanded
at p for R.

Corollary 3.1 of Theorem 3.1 below says that if the number of objects is greater than or
equal to the number of agents, the price of some objects is 0. It is useful to prove Fact 4.1 in
Section 4. Corollary 3.2 says that each object bearing a positive price is connected by agents’
demands to the null object or to an object with a price of 0. For example, in Figure 1, object
B has a positive equilibrium price, agent 1’s demand connects objects A and B, and agent 3’s
demand connects object A and null object.

Corollary 3.1 (Existence of Free Object). Let m > n, R € R", and z € Zym(R). Then,
there is i € N such that pi. (R) = 0.

Corollary 3.2 (Demand Connectedness).?® Let R € R" and (z,p) be a minimum Wal-
rasian equilibrium price for R. For each x € M with p® > 0, there is a sequence {ix}5_ | of K
distinct agents such that (i) z;, =0, or z;; # 0 and p™ =0, (it) z;,, = x, and (i) for each
ke{l,...,K -1}, {z;, 25, } € D(R;,,p).

Z5For details, refer to the proof of Lemma 3 in Mishra and Talman (2010).
26This structure is discussed by Demange, Gale, and Sotomayor (1986) and Miyake (1998).
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Here, we also introduce a concept of “d;-truncation” of a preference, which is important to
prove Theorem 3.1 above and Fact 4.1 in Section 4. It says that the welfare position of each
consumption bundle z; € M X R is lowered as much as d; in terms of money, but their relative
positions are kept.

Given R; € R and d; € R, the d;-truncation of R; is the preference R; such that for
each z; € M x R, CV;(0; z;) = CV;(0; z;) + d;. Given R € R", the d-truncation of R is the
preference profile R such that for each i € N, R; is the d;-truncation of R;.

We have a remark and a fact below relating truncations.

Remark 3.1. Let R, € R, d; € R, Aand flz be the d;-truncation of R;. Then, for each
zi, 2 € M X R, z; R; 2; if and only if z; R; Z;.

Fact 3.5 (Roth and Sotomayor, 1990). Let R € R"™ and R be the d-truncation of R such

~

that for each i € N, d; > 0. Then, pmin(R) < pmin(R).

4 Main Results

In this section, we provide a characterization of the minimum price Walrasian equilibrium by
means of the properties of rules. Let R C RE.

Definition 4.1. A rule f on R" is a minimum price Walrasian rule if for each R € R",

f(R) € Zmin<R>'
4.1 Properties of the minimum price Walrasian rule

Let g be a minimum price Walrasian rule on R"™. First, by Fact 3.2, for each R € R", g(R)
is efficient for R. Let R € R"™. Then, there is a price vector p = (p',---,p™) € R7 such
that for each i € N, (a) g;(R) € B(p), and (b) for each 2, € B(p), g:(R) R; 2;. Let i € N.
Note that, for each z € M, p® > 0, and B(p) = {(0,0), (1, p'), (2,p?), -, (m,p™)}. Thus, by
(a), gi(R) > 0, and by (b), ¢:(R) R; 0. Therefore, the minimum price Walrasian rules satisfy
efficiency, individual rationality, and no subsidy.

Fact 4.1 below is first shown by Demange and Gale (1985). By using Theorem 3.1, we show
this fact more directly in Appendix B.

Fact 4.1 (Demange and Gale, 1985). The minimum price Walrasian rules are group
strategy-proof.

4.2 Characterizations

In this subsection, we focus on the case where each agent has a classical preference and
the number of agents exceeds the number of objects. Remember that all results established
in Section 3 also hold in this case. Theorem 4.1 below is a main conclusion of this article, a
characterization of the minimum price Walrasian rule.

Theorem 4.1. Let R = RE andn > m. A rule f on R™ satisfies strategy-proofness, efficiency,
individual rationality, and no subsidy for losers if and only if it is a minimum price Walrasian

rule: for each R € R"™, f(R) € Zmin(R).
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Proof of Theorem 4.1 is in Appendix B. Since the minimum price Walrasian rules are group
strategy-proof, Theorem 4.1 implies that only the minimum price Walrasian rules satisfies group
strategy-proofness, efficiency, individual rationality, and no subsidy for losers. Since no subsidy
implies no subsidy for losers, Theorem 4.1 also implies that only the minimum price Walrasian
rules satisfies strategy-proofness, efficiency, individual rationality, and no subsidy.

4.8 Indispensability of the axioms and assumptions

The only if part of Theorem 4.1 fails if we drop any of the four axioms, strategy-proofness,
efficiency, individual rationality, and no subsidy for losers. The following examples establish
the independence of the axioms in Theorem 4.1.

Example 4.1 (Dropping strategy-proofness). Let f be a rule that chooses a “maximum”
price Walrasian equilibrium allocation for each preference profile. Then, the rule f satisfies
efficiency, individual rationality, and no subsidy for losers, but not strategy-proofness.?”

Example 4.2 (Dropping efficiency). Let f be the rule such that for each preference profile,
each agent receives no object and pays nothing. Then, the rule f satisfies strategy-proofness,
individual rationality, and no subsidy for losers, but not efficiency.

Next, we introduce variants of Walrasian equilibria, ones with “entry fees”. A pair (z,p) €
Z x R™ of a feasible allocation and a price vector is a Walrasian equilibrium with entry fees
for R € R™ if there is an entry fee vector e = (e, -+ ,e,) € R™ and

(WE-i*) for each i € N, z; € D(R;,p) and t; = p** + e;, and
(WE-ii) for each = € M, if for each i € N,x; # x, then, p* = 0.

Note that, by Facts 3.1 and 3.3, for each preference profile R € R™ and each e = (e, - ,e,) €
R™, there is a minimum price Walrasian equilibrium with entry fees e, and it is efficient.

A rule f on R" is a minimum price Walrasian rule with entry fees if there is a
list {e;(-) }ien of entry fee functions defined on R"™, and for each R, f(R) is a minimum price
Walrasian equilibrium with entry fees {e;(R)}icn. If the entry fee function e;(-) of each agent i
depends on only other agents’ preferences, then the associated minimum price Walrasian rule
with entry fees satisfies strategy-proofness. Thus, we assume that for each ¢ € N, his entry fee
function e;(+) is defined on the class of the other agents’ preference profiles R™"*.

Example 4.3 (Dropping individual rationality). Let a list {e;() }ien of entry fee func-
tions be such that for each i and each R_; € R"!, ¢;(R_;) > 0. Then, the associated minimum
price Walrasian rule with entry fees satisfies strategy-proofness, efficiency, and no subsidy for
losers, but not individual rationality.

Example 4.4 (Dropping no subsidy for losers). Let alist {e;(-) };cn of entry fee functions
be such that for each i and each R_; € R"™!, ¢;(R_;) < 0. Then, the associated minimum price

2"Demange and Gale (1985) also show that for each preference profile, there is a maximum price Walrasian
equilibrium. When there is only one object, the maximum price Walrasian equilibrium corresponds to the first
price auction. It is well-know that the first price auction is not strategy-proof.
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Walrasian rule with entry fees satisfies strategy-proofness, efficiency, and individual rationality,
but not no subsidy for losers.

One might wonder if minimum price Walrasian rules with entry fees can be characterized by
only strategy-proofness and efficiency. Our proof of Theorem 4.1 fails if individual rationality
and no transfer for losers are dropped. However, we have not found an example of a rule that
satisfies strategy-proofness and efficiency, but is not a minimum price Walrasian rule with
entry fees. Therefore, it is an open question whether the class of minimum price Walrasian
rules with entry fees can be characterized by only strategy-proofness and efficiency or not.

One might also wonder if the assumption that n > m can be dropped in Theorem 4.1. Our
proof of Theorem 4.1 also fails if n < m. However, we have not found an example of a rule
that satisfies the four properties of Theorem 4.1, but is not a minimum price Walrasian rule
even if n > m is dropped. Therefore, this question is also open.

5 Simultaneous Ascending Auction

We define a class of simultaneous ascending auctions, and show that they achieve the minimum
price Walrasian equilibrium. Let R C R¥, R € R", and p € R

Definition 5.1. A set M’ C M of objects is a minimal overdemanded set at p for R if M’ is
overdemanded at p for R, and there is no M” C M’ such that M" is overdemanded at p.

Under a (continuous time) “simultaneous ascending auction”, there is a constant d > 0,
and at each time, each bidder submits his demand at the current price vector, and the prices
of the objects in a minimal overdemanded set are raised at a speed at least d.

Definition 5.2. A simultaneous ascending (SA) auction is a function p from R, xR xR"
to R’ such that
(i) for each p € RT, each R € R", and each x € M, p*(0,p, R) = 0,
(ii) p is absolutely continuous with respect to ¢t and p,
(iii) there is d > 0 such that for each t € Ry, each p € RT?, each R € R", and each x € M,
(iii-a) if p* is differentiable at (¢, p), and z is in a minimal overdemanded, dp*(t, p, R)/dt > d,
and
(iii-b) dp*(t,p, R)/dt = 0 otherwise.

Remark 5.1.% For each R € R", a SA auction p generates a price path p(-) such that for
each v € M and each t € R,

ey [ AP7(s,p(s) R)
p*(t) _/o P ds.

Proposition 5.1. For each preference profile, the price path generated by any simultaneous
ascending auction converges to the minimum Walrasian equilibrium price in a finite time.

Z8Condition (ii) of Definition 5.2 (absolute continuity) guarantees the intergrability of dp® (¢, p(t), R)/dt with
respect to t, that is, the existence and uniqueness of the price path for each SA auction and each preference
profile.
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The proof is in Appendix C. Proposition 5.1 says that for each R € R", the price path p(+)
generated by an SA auction has a final time 7" such that for each ¢t > T, p(t) = p(T") = pmin(R),
and at the final price p(T), each agent receives an object from his demand. Moreover, this
proposition implies the existence of Walrasian equilibrium.

6 Generalized Vickrey Rule

In this section, we introduce generalized Vickrey rules, and contrast them with the minimum
price Walrasian rules.

6.1 Generalized Vickrey rule

Each quasi-linear preference R; can be defined by means of valuation function v; : L —
R, , and a preference profile R in the quasi-linear domain corresponds to a valuation profile
v(R) = (v1(Ry),...,vn(Ry)). Given a valuation profile v = (vy, ..., v,), let (z7(v),...,z5(v)) €
AT MAX(yy, )X Dy Vil@i)y 0-i(V) = D25 05(25(v)), and T4(v) = maX(ay _an)ex D5z 05(25)-
On the quasi-linear domain, the Vickrey rules are defined as follows.

Definition 6.1. A rule f on the quasi-linear domain is a Vickrey rule if for each valuation
profile v, f*(v) € argmax(y,, . z.)ex »_; Vi(@;), and for each i € N, f}(v) =7_;(v) — o_;(v).

To generalize the above definition to the classical domain, we need to use some valuation
function v; for each classical preference R;. Compensating valuation C'V;(-;0) from the origin
0 is defined for each classical preference R; and a generalization of valuation function, and
so a natural candidate. Given a classical preference R;, let v;(-; R;) be a function defined
as: for each € L, v;(z; R;) = CVi(z;0). Given a classical preference profile R, let v(R) =
(V1(-5R1)s -+ oy vn(; Ry))-

Definition 6.2. A rule f on the classical domain is a generalized Vickrey rule if for
each valuation profile T(R), f*(U(R)) € argmax(s, . z.)ex »_; Vi(x;; R;), and for each i € N,
fi(w(R)) =7-i(0(R)) — o;(V(R)).

A classical preference R; is object-blind if for each z,y € M and each t € R, (x,t) I; (y, t).
If objects are homogeneous, agents have object-blind preferences. We call the class of object-
blind preferences the “object-blind domain.” On the object-blind domain, the generalized Vick-
rey rules give objects to agents with m highest compensating valuations from 0, and they pay
(m + 1)-th highest compensating valuation from 0. Saitoh and Serizawa (2008) and Sakai
(2008) characterize the generalized Vickrey rules on this domain.

Fact 6.1 (Saitoh and Serizawa, 2008; Sakai, 2008). A rule f on the object-blind domain
satisfies strategy-proofness, efficiency, individual rationality, and no subsidy if and only if it is
a generalized Vickrey rule.?®

One the quasi-linear domain, the classes of Vickrey rules, the generalized Vickrey rules,
and the MPW rules all coincide. Fact 6.1 suggests that the generalized Vickrey rules are

291t is straightforward that on the object-blind domain, strategy-proofness, efficiency, individual rationality,
and no subsidy for losers imply no subsidy.
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natural generalizations of the Vickrey rules on the object-blind domain. On the object-blind
domain, the classes of the generalized Vickrey rules and the MPW rules also coincide. However,
Theorem 4.1 and Fact 6.1 are mathematically independent.

6.2 Generalized Vickrey rule vs. minimum price Walrasian rule

Notice that in Example of Section 3 (Figure 1), agent 2’s payment p® in the MPWE
cannot be computed from the compensating valuations v;(+; R;),7 = 1,2, 3, from the origin O.
Payments of the MPW rule are influenced by compensating valuations from various points. It
is worthwhile to mention that for the preference profile in Figure 1, it is agent 1’s preference Ry
that determined whether agent 2 or 3 receives an object in the MPWE allocation. In Figure
1, agent 1 prefers (A, C'V3(A;0)) to (B,CV,(B;0)), and agent 2 receives an object. However,
if agent 1 prefers (B, C'V,(B;0)) to (A, CV3(A;0)), agent 3 instead receives an object. Object
allocations of the MPW rule are also influenced by compensating valuations from various
points. Thus, the outcome z of the MPW rule is not the one of the generalized Vickrey rule.
Accordingly, the MPW rule does not coincide with the generalized Vickrey rule.

One can easily check that the generalized Vickrey rules are not efficient nor strategy-proof
on the classical domain with heterogeneous objects. To check this fact, let Ry € RS, Ry € RY,
and Rz € RY be such that CV;(4;0) = 9, CVi(B;0) = 10, (A4,6) P, (B,5), CVa(A;0) = 3,
CV,(B;0) = 5, CV3(A;0) = 6, and C'V3(B;0) = 2. Then, the outcome of the generalized
Vickrey rule for R is z = ((B,5),(0,0),(A,4)). Let 2 = ((A4,6),(B,5),(0,—2)). Then, 2
Pareto-dominates z, and so the generalized Vickrey rule is not efficient. Let R, € R be
such that CV1(A4;0) = 8 and CV{(B;0) = 5. Then, under the generalized Vickrey rule,
the consumption point agent 1 will obtains for (Ry, R_;) is (A,6). Since (A,6) P, (B,5), the
generalized Vickrey rule is not strategy-proof.

The generalized Vickrey rule employs only a small part of the information about agents’
preferences (i.e., “compensating valuations from the origin”). On the other hand, the MPW
rule employs other information (i.e., “compensating valuations from various points”). As
we stated in Section 4, only the MPW rule satisfies strateqy-proofness, efficiency, individual
rationality, and no subsidy for losers on the domain including nonquasi-linear preferences.
Thus, the information about compensating valuations from various points is necessary to design
rules satisfying the above four properties on this domain. Proposition 5.1 states that the SA
auction achieves the same outcome as the MPW rule.

7 Concluding Remarks

In this article, we mainly focus on the analysis of rules that allocate objects efficiently, and
show that only the MPW rules are desirable based on the four properties, strategy-proofness,
efficiency, individual rationality, and no subsidy for losers. It would be also important to
investigate rules that produce more revenue for the auctioneer. An interesting question relating
to this issue is to examine whether there are strategy-proof, efficient, and individually rational
rules that produce a revenue of more than the total payment under the MPW rule for each
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preference profile. We believe that the results and techniques developed in this article will be
useful for the study of this research topic.

Appendix: Proofs

In this Appendix, we provide the proofs of all results of the article. In Section A, we prove
Theorem 3.1 and Corollaries 3.1 and 3.2 in Section 3. In Section B, we give the proofs of the
main results (Fact 4.1 and Theorem 4.1 in Section 4). Section C gives the proof of Proposition
5.1 in Section 5.

In Section D, we provide the proof of Fact 3.4 in Section 3. The proof is the same as
Mishra and Talman’s (2010), but we provide it for completeness of the article. Fact 3.2 is
already shown by the authors such as Demange and Gale (1985) and Roth and Sotomayor
(1990). We also give the proof of Fact 3.5 in Section E for completeness.

A Proofs for Section 3 (Theorem 3.1 and Corollaries 3.1 and 3.2)

Let R C R¥ in this section.

Lemma A.1. Let R € R", (z,p) € W(R), and R be the d-truncation of R such that for
each i € N with z; # 0, d; < —CV;(0; 2), and for each i € N with z; = 0, d; > 0. Then,
(2,p) € W(R).

Proof of Lemma A.1. Since (z,p) € W(R), (z,p) satisfies (WE-i) and (WE-ii) for R. Since
(WE-ii) is independent of preferences, we show only (WE-i) for R, that is, that for each i € N
and each y € L, (z;,p") R; (y,p¥). Let i € N and y € L.

First, consider the case where x; # 0. If y # 0, then by Remark A.1, (z;, p™) R; (y,p¥). If
y =0, then by d; < —CV;(0;2), (z;,p™) R; 0 = (y,p").

Next, consider the case where z; = 0. If y = 0, then by (y,p¥) = 0 = (x;,p™),
(i, p™) Ri (y,p"). 1f y # 0, then by (2;,p™) R; (y,p¥) and d; > 0, (z;,p™) Ri (y, p"). O
Lemma A.2. Leti € N, R, € R, d; € R, and Rl € R be the d;-truncation of R;. Let
p,q €RT, x € M, andy € L be such that x € D(R;,p) and y € D(Ri,q).

(i) If ¢° < p* and y € M, then, (y,q") P; (z,p*) and ¢¥ < pY.
(i) If ¢* < p® and d; < —CV;(0; (x,p%)), then, y € M, (y,¢") P; (z,p*), and ¢ < pY.

Proof of Lemma A.2. X R )
Proof of (i). Let ¢* < p” andy € M. By y € D(R;,q), (y,¢¥) R; (x,q"). Since R; is the
di-truncation of R;, it follows from Remark 3.1 that (y,¢¥) R; (z,¢"). Thus,

(y,¢") Ri (z,q") P; (z,p") R; (y,p"),

where the second preference relation follows from ¢” < p®, and the third from = € D(R;, p).
Thus, (y,¢") Pi (x,p*). Also, (y,¢") Pi (y,p¥) implies that ¢¥ < pV.
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Proof of (ii). Let ¢® < p” and d; < —CV;(0;(z,p%)). Then, CAvi(o; (x,p*)) < 0, and so
(x,p") R; 0. Thus, R R A

(y7 qy) Rz (LU, qz) Pz (xapz) RZ 07
where the first preference relation follows from y € D(R,-, q), and the second from ¢* < p*.
Then, (y,¢¥) P; 0 implies y € M. Thus, by (i) of Lemma A.2, (y,q¢¥) P; (z,p") and ¢ < p¥. O

We now proceed to prove Theorem 3.1.

Proof of Theorem 3.1. We first show if part of Theorem 3.1. Then, we prove only if part.
Proof of “IF” part. Assume that no set of objects is overdemanded and no set of objects
is weakly underdemanded at p for R. Then, by Fact 3.4, p € P(R). Suppose that there is
q € P(R) such that ¢ < p and q # p. Without loss of generality, assume that for each x € M’,
q* < p*, and for each x ¢ M’ ¢ = p®, where M' = {1,...,m'} and 1 < m/ < m.

Since M’ is not weakly underdemanded at p for R, there is N’ C N such that #N’ > #M’
and for each i € N, D(R;,p) "M’ # (). For each i € N', let y; € D(R;, p) N M’. Since for each
x € M', ¢° < p*, and for each x ¢ M’, ¢* = p*, it follows that for each ¢ € N" and each = ¢ M’,
(yi, ¢¥%) P; (yi, p¥') R; (x,p") = (z,¢"). Thus, for each i € N, D(R;,q) C M'. By #N' > #M’,
this implies M’ is overdemanded at ¢. Since ¢ € P(R), by Fact A.1, this is a contradiction.
Proof of “ONLY IF” part. Let p = pnn(R). Then, by Fact 3.4, no set of objects is
overdemanded and no set of objects is underdemanded at p for R. We show that no set of
objects is weakly underdemanded at p for R. Suppose that there is a set M’ of objects that is
weakly underdemanded at p for R, i.e., for each z € M’ p* > 0, and #{i € N : D(R;,p)NM’ #
0y < #M'. Let N'={i € N:D(R;,p) N M # 0}. Without loss of generality, assume that
M’ is minimal among the weakly underdemanded sets at p for R, i.e., no proper subset of M’
is weakly underdemanded at p. Since p € P(R), there is an allocation z € Z such that for
each i € N, z; € D(R;,p) and t; = p®™. Since no set of objects is underdemanded at p for R,
#N' = #M'. Without loss of generality, let M’ ={1,...,m'} and N' = {1,...,m'}.

Step 1. For eachi € N', z; € M'.

Proof of Step 1. Since for each x € M’, p* > 0, it follows from (WE-ii) that for each x € M’,
there is i(x) € N’ such that z;;) = «. Then, by #N' = #M’, for each i € N', x; € M". O

For each x € M, let ¢* = max{CVj(x;2;) : j € N\ N'} U{0}. Then, for each z € M’,
¢ < p=.3Y Let Rm/+1 € R be such that for each x € M’ if ¢* > 0, CV y11(z;0) = ¢*, and
if ¢* =0, CVpyi1(x;0) € (0,p%). Consider the economy E’ with objects M’, agents N” =

A

N'U{m/+ 1}, and their preference profile (Ry+, Ryi1). Let 21 = 0 and zyr = (2n7, Zimra1)-

Step 2. (zyv, pM,) is a minimum price Walrasian equilibrium of the economy E'.3!

30To see this, suppose that for some x € M’, ¢” > p®. Then, there is j € N \ N’ such that (z,p*) R; z;.
Since z; € D(Rj,p), x € D(R;,p). Thus, j € N’. This contradicts j € N \ N'.

ALet WM N"(Ryn) and anlv{n’N (Ryv) be the sets of Walrasian and minimum price Walrasian equilibria
of the economy with objects M’, agents N”, and their preference profile Ry~, and let PM N" (Ry+) and
pM N (Ryw) be the projections of WM N (Ry.) and WM N (Ryw) onto RfM , respectively.

min
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Proof of Step 2. Let (Zyv, ') € WM N" (Ry/, Ruyi1). Since (zyn, pM') € WM N (Rys, Ryir),

M < pM' Let M~ = {x € M’ : * < p*}. We show that M~ = (). Suppose that M~ # {.
Let N~ ={i € N': D(R;,pM)n M~ # (}.

Step 2.1. For eachi € N~, 7, € M™.

Proof of Step 2.1. Let i € N~. Then, there is x € D(R;,p™' )N M~. Thus, 2 € M’ and
P < p*. Since (Zyv,pM) € WM N (Ryr, R +1) #; € D(R;,p™"). Then, Lemma A.2-(ii)

min

implies that #; € M’ and p* < p®. Thus, &; € M~ Il
Step 2.2. M~ =M', N~ =N’ and # M~ = #N".

Proof of Step 2.2. Since no two agents in N~ receive the same object, Step 2.1 implies
#M™ > #N".

Suppose M~ # M'. Then, since M~ C M’ and M’ is minimal among the weakly under-
demanded sets at p for R, M~ is not weakly underdemanded at p™' for (Ry+, Ry41).** Thus,
since for each x € M~, p* > 0, we have #N~ > #M~ + 1. This contradicts #M~ > #N".
Thus, M~ = M.

By the definition of N=, M~ = M’ implies N~ = N'.

Since M’ is weakly underdemanded, #N’ = #M’. By the above results, # M~ = #M' =
H#N' =#N". O
Step 2.3. For each x € M', p* > q¢~.

Proof of Step 2.3. Suppose that there is z € M’ such that p* < ¢®. Hence, ¢° > 0. Then,
by Zmis1 € D(Rpsr,p™) and p* < ¢* = C’Vm+1(:1: 0), Tpy1 € M'. By M~ = M’ and
N~ = N’ (Step 2.2), Step 2.1 implies that for each i € N', &; € M’'. Since #M' = m’, this is
a contradiction. O

Let (2,p) € Z x R} be such that Zy/ = Znv, Z_n = 2_p7, M =pM and pM = pM

Step 2.4. (z,p) is a Walrasian equilibrium of the original economy, i.e., (Z,p) € W(R).
Proof of Step 2.4. By Step 2.3, for each y € M’', p¥ > ¢¥. Let h € N \ N’. Then, for each
y € L, if y ¢ M, then

(Th, p™) = (zn, ™) Rp (y,p") = (y,0%),
where the preference relation follows from x;, € D(Ry, p), and if y € M', then

(jhaﬁjh) - (xhapzh) Rh (y7 qy) Rh (y7ﬁy)7

where the first preference relation follows from the definition of ¢¥, and the last from p¥ = p¥ >
¢Y. Thus, for each h € N\ N', z, € D(Ry,, p).
Let h € N'. Then, for each y € L, if y ¢ M’', then

(Zp, p™) = (Zn, p™) Ry (xn, 5™") Ru (24, ™) Ri (v, p¥) = (y,0"),
2By M- C M, {ie N:D[Ri,p) "M~ # 0} C {i € N : D(Ri,p) " M’ # 0} = N’. Then, {i € N' :
DRy, pM YN M~ # 0} = {i € N : D(R;,p) " M~ # 0}. Hence, #N_:#{ieN' D(R;,pM YN M~ 40} =
4{i € N:D(Ri,p) "M~ # 0} > #M~.
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where the first preference relation follows from &, € D(Ry,,p™"), the second from pM" < pM’,
and the third from z, € D(Ry,p), and if y € M’, then

(jh7ﬁjh) = (jh7ﬁih) Rh (yvﬁy) = (yvpy)a
where the preference relation follows from z; € D(Rh,ﬁM,). Thus, for each h € N', z), €
D(Ry,p). Since (z,p) and (Zy~, p) satisfy (WE-ii), (z,p) also satisfies (WE-ii). Thus, (z,p) €
W(R). O

Remember that p = pnin(R). However, since M~ # 0, p < p and p # p. This is a
contradiction. Thus, M~ = (). This completes the proof of Step 2.

Without loss of generality, let 1 = 1,...,x,» = m/. Denote by II the set of the permuta-
tions of M’ and by {x(k)}7", its generic element. Given {z(k)}7", € I, let {i(k)}{", be such
that

Tia) = x(l), Ti2) = fB(Q), s s Ti(m) = x(m,)v

and {t(k)}7", be such that
£(1) < CVryr (z(1);0), £(2) = CViy(z(2); 20(1)), ... ,t(m") = CVypm—1y(z(m); zo(m' — 1)),

where for each k € {1,...,m'}, 20(k) = (2(k),t(k)). We call such a pair {z(k),i(k)}, an
assignment sequence. See Figure 2 for an illustration.

Step 3. There is b < p' such that for any assignment sequence {zo(k),i(k)}{", constructed as
above, and for k with x(k) =1, t(k) < b.

Proof of Step 3. For any assignment sequence {zy(k),4(k)}7",, since t(1) < ¢*®) < p*@) the
following holds inductively: for each k > 2,

(x(k),t(k)) Rig-1) 20(k — 1) Pig—1y (x(k — 1), p*E=) Rig—1) (z(k), p*®),
and t(k) < p*®,

where the first preference relation follows from t(k) = CVju_1)(x(k); z0(k — 1)), the second

from ¢(k — 1) < p*~V_and the third from 2(k — 1) € D(R_1),p). Since the cardinality of IT

is finite (m'!), there is b < p' such that for any assignment sequence {zo(k),i(k)}7",, and for

k with z(k) =1, t(k) < b. O
Let Ry be such that (i) Ry is the di-truncation of Ry, and (i) b < CVy(z1;0) < p'.33

Consider the economy E with objects M’, agents N” = {1,...,m’ + 1}, and their preference

profile (R, Rpy41, Rynq1y)- Let (£,p) be a minimum price Walrasian equilibrium of E.

Step 4. 1 # 0.

Proof of Step 4. Suppose that z; = 0. We use Claim A.1 below. It implies that m’

agents (agents 2,...,m' + 1) receive m’ different objects in M'\{x;}. By #M' = m/, this is a
contradiction. Thus, proving Claim A.1 completes Proof of Step 4.

33Note that d; > 0.
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Figure 2: Illustration of assignment sequence for the case of m’ = 4, x(1) = x5, 2(2) = x3,
z(3) = z1, and z(4) = x4.

Claim A.1. The following sequences {i(k)} and {zo(k) = (z(k),t(k))}, k=1,...,m', can be
constructed:

2(1) = Zpry1, iy = 2(1), and t(1) = p*V, and
Vee{2,....,m'},  xz(k) = k-1, xi( = z(k), and t(k) = CVip—1y(x(k); 20(k — 1)).

Furthermore, for each k € {1,....m'}, z(k) #0, z(k) # z1, p*® < t(k) and p**) < p=*),

Proof of Claim A.1. The proof is by induction.

Part I. First, we show z(1) = &,,y11 # 0. Suppose Z,,41 = 0. Then, since two agents (1 and
m/+1) in N” receive no object and #N” = #M’'+1, there is x € M such that for each h € N”,
Zp # x. By (WE-ii), p* = 0. Since CV +1(2;0) > 0, (2,9%) Ppys10. This is a contradiction
since &py 41 = 0 and (2,p) € WA N (Ry, Rywi1, R \{1})- Thus, z(1) #0.

Note that by Step 1, 2(1) # 0 implies that agent i(1) with z;1) = (1) uniquely exists.
Thus, x(1), i(1), and ¢(1) are well-defined.

Second, we show that :L'( ) # x1. Suppose that z(1) = x;. Then, by Step 3 and (ii) of
Ry, p*W =t(1) < b < C’Vl(:vl, 0), that is, (x(1),5"™) P 0. Thus, by &1 = 0, &1 ¢ D(Ry,p).
However, since (2,p) € Wmln (R, Ry, RN/\{l}) this is a contradiction. Thus, z(1) # z.

Third, by 2(1) = &pi1 € D(Rpsy, p), p*V < cv mra1(2(1);0) < p*),
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Part IT (Induction argument). Let k € {2,...,m'}. Assume that Claim A.1 holds until
k — 1. Since .%‘(k‘ — 1) S D<Ri(k—1);p>7 i‘i(k—l) S D(Ri(k_l),ﬁ), and ﬁx(k_l) < px(k_l), Lemma
A.2-(ii) implies that z(k) = ;1) # 0 and p** < p=*).

Note that by Step 1, 2(k) # 0 implies that agent i(k) with x;x) = x(k) uniquely exists.
Thus, z(k), i(k), and t(k) are well-defined.

If p°®) > t(k) = CVjg_1y(z(k); 20(k — 1)), then

(w(k = 1),5" V) Ry 20(k — 1) Pigey) (w(k), p*),
contradicting z(k) = #;,-1) € D(Rix_1), ). Thus, p*® < ¢(k).

We show (k) # 1. Suppose that z(k) = z;. Then, by Step 3 and (i) of Ry, p*® <
t(k) < b < OV y(21;0). Thus, (z(k), p®) P, 0. Then, by &, = 0, &, ¢ D(R;,p). However,
since (2,p) € WXN"(Ry, Ry, Rnnq1y), this is a contradiction. Thus, z(k) # ;. O
Step 5. We derive a contradiction to conclude that no set of objects is weakly underdemanded
at p for R.

Note that by (i) and (i) of Ry, dy > 0. Since (2,p) € Wé\lﬁ’N”(Rl,RmrH,RN/\{l}), Step 2
and Fact 3.5 imply that p < p™’. Note that

(#1,p™) R0 ]y (1'176‘71(1'1; 0)) P (z1,p™),

where the first preference relation follows from &; € Q(él, p), the second from the definition
of compensating valuation, and the third from (ii) of R;.

By Steps 1 and 4, z; # 0 and £, # 0. Since (i) of Ry, by Remark 3.1, (1, p%) Py (x1,p™).
Then,

(21,9™) P1 (z1,p™) Ry (21, p™),

where the second preference relation follows from x; € D(Ry,p). Thus, p* < p¥1.

By (i) and (ii) of Rl, Ry is the (—d;)-truncation of Ryand —d, <0< —61\/1(0; Z1). Then,
Lemma A.1 implies that p € PM/’N"(RN/,R]-). However, by Step 2, pM' = pnj\{i;iN”(RN/,Rj).
Since p < pM’ and p* < p®, this is a contradiction. U

Proof of Corollary 3.1. Suppose that for each i € N, pii. (R) > 0. Then, for each i € N,

x; #0. Let M = {x1,...,2,}. Then, #M = #N. Since #M = #{i € N : D(R;,p)N M # (0},
M is weakly underdemanded at p for R. This is a contradiction to Theorem 3.1. O

Proof of Corollary 3.2. Let x € M be such that p* > 0. Then, by (WE-ii) in Definition 3.1,
there is j; € N such that z;, = z. By Theorem 3.1, the set {z} is demanded at p by at lease
two agents, and so, there is jo, € N \ {j1} such that x € D(R;,,p). If x;, = 0 or p™2 = 0, then
by letting i; = jo and i3 = j;, we obtain the desired conclusion. Thus, we assume that z;, # 0
and p™2 > 0. Then, the set {z,,,z;,} is demanded at p by at lease three agents, and so, there is
Js € N\ {j1,J2} such that x € D(R;,,p). If xj, = 0 or p™= = 0, then by letting iy = js, is = Jjo,
and i3 = j;, we obtain the desired conclusion. Thus, we assume that z,, # 0 and p™s > 0.
Repeating this argument inductively, there is a sequence {ji }X_; of K distinct agents such that
(a) z;, =0o0r p™x =0, (b) z;, =z, and (c) for each k € {2,..., K}, {zj,,z;,_,} C D(Rj,,p).
For each k € {1,..., K}, let iy, = jg_(x—1). Then, the desired conclusion follows from (a), (b),
and (c). O
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B Proofs for Section 4 (Main results: Fact 4.1 and Theorem 4.1)

Proof of Fact 4.1. Let R C R”. Let g be a minimum price Walrasian rule on R". By
contradiction, suppose that there exist R € R", N C N, and RN € R”YN such that for
each i € N, gi(Rg,R_z)Pigi(R). Let z = g(R) and 2 = g(Rg, R_g). Let p and p be
the equilibrium prices associated with z and Z, respectively. Without loss of generality, let
N = {1,...,n}. Let M* ={x € M :0 < p*} and m* = #M™". Note that, if n > m, then
n > m", and if n < m, then by Corollary 3.1, m™ <n—1 < n.

In this paragraph, we show that for each ¢ € N, #; # 0, and p* < p¥i. Leti € N. Note that
(&4, p%) P, (x;, p™) R; 0, where the first preference relation follows from g;(Rg, R_5) P gi(R),
and the second from z; € D(R;,p). Thus, #; # 0. Note that (&;,p%) B (zs, p™) R (&4, p*),
where the last preference relation also follows from x; € D(R;,p). Thus, (4, p%) P; (24, p%)
implies that p% < p®i.

Note that, for each i € ]\7, since 0 < p% < p¥, 2; € M*. Then, if m* < A, more than
m™ agents receive the objects in M ™, which is a contradiction. Thus, assume that m* > 7.
By Theorem 3.1, there is i/ € N \ N such that D(Ry,p) N {&1,..., 25} # 0. Without loss
of generality, let i’ = n + 1. Note that R;; itself is its dj,i-truncation. Thus, by Lemma
A2-(ii), 2411 # 0, and 0 < pPa+t < pPa+1. Thus, 24541 € MT. Then, by Theorem 3.1, there is
i" € N\{1,...,7+1} such that D(R;»,p) N{Z1,...,Zar1} # 0. Without loss of generality, let
i" = n + 2. Note that Rj; o itself is its d;,o-truncation. Thus, by Lemma A.2-(ii), #7490 # 0,
and 0 < p®a+2 < p*a+2. Thus, Z540 € M. Repeat this argument (m* — 7 + 1) times. Then,
more than m™ agents receive objects in M. This is a contradiction. (I

Next, we prove Theorem 4.1. Let R = R¢ and n > m. Since if part of Theorem 4.1 follows
from the discussion in Subsection 4.1, we give the proof of the only if part of the theorem.

Part 1: Preliminary results (Proofs of Lemmas B.1-B.5, and Fact B.1)

Lemma B.1 (Zero-payment for losers). Let f be a rule satisfying individual rationality
and no subsidy for losers on R"™. Let R € R™ and i € N be such that fF(R) = 0. Then,

fi(R) = 0.

Proof of Lemma B.1. By no subsidy for losers, f{(R) > 0. By individual rationality,
fHR) <0. Thus, ff{(R) =0. O

Lemma B.2. Let f be a rule satisfying efficiency, individual rationality, and no subsidy for
losers on R™. Let R € R™ and x € M. Then, there is i € N such that ff(R) = x.

Proof of Lemma B.2. By contradiction, suppose that for each i € N, f#(R) # x. Then, by
n >m, thereis j € N such that ff(R) = 0. By Lemma B.1, fj(R) = 0. Let £ € Z be such that
Z; = (z,0) and for each i € N\ {j}, 2 = fi(R). Then, since (z,0) P; (0,0), 2, P; f;(R). Note
that for each i € N \ {4}, 2 L, fi(R), and Y, .y ti = > ;cn fL(R). Thus, 2 Pareto-dominates
f(R) at R, which contradicts efficiency. O

Lemma B.3. Let R € R", i,j € N, and z € Z with x; # 0. Assume that (a) 0 <
t; — CVi(xj; 2;) < CVj(z452;) — t;. Then, there is 2 € Z that Pareto-dominates z at R.
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Proof of Lemma B.3. Let d =t; — CVj(zj; %), and let 2 € Z be such that z;, = (z;,t; — d),
z; = (x4, t;+d), and for each k € N\ {i,5}, 2k = 2. Since z; = (z;, CVi(zj;2)), 2 I; z;. By (a)
and 2; = (z;,t; +t; — CVi(zj; 2:)), 2; Pj (2, CVj(24; 25)) I; z;. For each k € N\ {4, 7}, 2k Iy, 21,
and ), n = ti—d+t,+d+ Zk;ﬁi,j te = Y _pen te- Thus, 2 Pareto-dominates z at R. [

Given a bundle z; = (z;,t;) € L x R with x; # 0, let Rycv(z;) be the set of preferences

R; € R such that for each y € L\ {z;}, 6"\/1(% z;) < 0, that is, for each object except for z;,
the compensating valuation of R; from z; is negative.

Lemma B.4. Let f be a rule satisfying strategy-proofness and no subsidy on R™. Let R € R"
and i € N be such that f*(R) # 0. Let R; € Ryov(fi(R)). Then, fi(R;, R_;) = fi(R).
Proof of Lemma B.4. First, we show f‘”’f(RZ,R_,) = f*(R). Suppose not. Let x =
f”"“(f%l,R_l) By strategy- proofness fi(Ri, R_;) R; fi(R), and so, f{(R;,R_;) < ﬁ/l(x,fl(R))
Since R; € Ryov (fi(R ), CV; (x; fi(R)) < 0. Thus, ft(Rl, R_;) < 0, contradicting no subsidy.

Next, we show f/(R;, R_;) = f}(R). Suppose that FH(Ri, R_;) < fH(R). (The opposite case
can be treated symmetrically.) Then, f;(R;, R_;) P; f;(R), contradicting strategy-proofness. O

We introduce some additional notations. Given R € R", x € M, and z € (L x R)", let
m(R) = (7{(R),...,m(R)) be the permutation on N such that CVa(r)(2; 2rz(r)) < -+ <
CVze(r) (75 272(r))- That is, 77 (R) is the agent with the lowest compensating valuation of object
x from z, my_ 1(R) is the agent with the second lowest compensating valuation of object x from
z, and so on. For each k € N, let C*(R, x;2) = CVzs () (%5 2rz(r))- That is, C*(R, x;2) is the k-
th highest compensating valuation (CV) of object x from z. We simply write C*(R, z; (0, ..., 0))
as C*(R, z).

Lemma B.5. Let f be a rule satisfying strategy-proofness, efficiency,individual rationality
and no subsidy for losers. Let R € R™, i € N, and x € M. If f*(R) = z, then, fL(R) >
C™ (R, x).

Proof of Lemma B.5. Note that for each y € M and each i € N, (y,0) P;(0,0). Thus,
for each y € M, CAm“(R, y) > 0. By contradiction, suppose that f*(R) = x and f{(R) <
C™(R,z). Let R; € R? be a quasi-linear preference such that for each y € M, 0 <
5‘\/( 0) < C’m“(R y), and fHR) < 6‘\/1(:& 0). Let § = fi(R;,R_;). Then, by strategy-
proofness, f{(R;, R_;) < CV; (75 fi(R)). Since 6"\/i(0; fi(R)) < 0, it follows from no subsidy for
losers that g # 0.

Since #{j € N\ {i} : CV;(9;0) > C™(R,y)} > m, there is j € N \ {i} such that
CV;(3;0) > Cm+1(R §) and fI(RZ,R i) = 0. By Lemma B.1, fHRi,R_;) = 0.

Let z; = (0, CV, (0; fi(Rs, R_Y)), 25 = (i), CV; (9;0)), and for each k # i, j, 2 = fk(Rl, R_;).
Then, ; I, f,(RZ,R_Z) and for each k 7é 0,7, Zi Iy fk(RZ,R_Z) By CV;(y;0) > C’VZ-( 7;0),
z]P fJ(RZ,R_Z) Since R; € R?, CV; (0; fi(R;, R_)) = fH(R;, R_;) — 51\/1(;&,0) Thus,
fi+14; = CV,(0; fi(Ri, Ry)) + CVi(i;0) = f(R;, R_;). Then, by FURLBR_) =0,y =
Y keN fk(RZ,R,Z). Thus, 2 Pareto-dominates f(Rl,R,Z) at (Ri,R,i), which contradicts effi-

ciency. U
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Fact B.1. Strategy-proofness, efficiency, individual rationality, and no subsidy for losers imply
no subsidy.

Proof of Fact B.1. Let f satisfy the four properties om R"™. Let R € R", ¢ € N, and

= fF(R). If x = 0, Fact B.1 follows from no subsidy for losers. Thus, we assume that
z # 0. Then, by Lemma B.1, f/(R) > C™"(R,z). Since for each y € M and each i € N,
(y,0) P; (0,0), for each y € M, C"™ (R, y) > 0. Thus, f{(R) > 0. O

Hereafter, we maintain the assumption that f is a rule on R", and that the rule f satisfies
strategy-proofness, efficiency, individual rationality, and no subsidy for losers. Then, by Fact
B.1 above, no subsidy is implied by the four properties. Therefore, hereafter, we also assume
that the rule f satisfies no subsidy.

Part 2: Proof of Proposition B.1 (Proofs of Lemmas B.6 and B.7, and Proposition B.1)

We establish Proposition B.1 below, which says that for each preference profile, the allo-
cation chosen by the rule f satisfying strategy-proofness, efficiency, individual rationality, and
no subsidy for losers should (weakly) dominate the minimum price Walrasian equilibrium.

Proposition B.1.3* Let R € R™ and z € Zyin(R). For each i € N, f;(R) R; z;.
We introduce two lemmas to prove Proposition B.1.

Lemma B.6. Let Re R", i€ N, and x € M. If f*(R) = z, then, CV;(x;0) > C™(R, x).
Proof of Lemma B.6. By contradiction, suppose that f#(R) = x and CV;(z;0) < C™(R,
Then, by Lemma B.5, C™™(R,z) < fI(R). By indwidual rationality, f{(R) < CVi(z;
Then, by CV;(z;0) < C™(R,z), fi{(R) = CVi(z;0). Since #{j € N : CV;(x;0
C™(R,x)} = m, there is j € N \ {i} such that CV;(z;0) > C™(R,z) and f{(R )
By Lemma B.1, f{(R) = 0. Then, by CV;(z; fi(R)) = 0 and f{(R) = CVj(x;0) < Cm( x)
CVj(2;0), 0 = fH(R) — CVi(x; fi(R)) < CVj(x;0) — f{(R). Note that = # 0. Thus, by Lemma
B.3, there is Z € Z that Pareto-dominates f(R) at R, which contradicts efficiency. O

Given R € RY let Z'®(R) be the set of individually rational allocations, that is, Z'(R) =
{z€ Z: foreach i € N, z; R; 0}.
Lemma B.7. Let R€ R", v € M, andi € N be such that for each y € M\ {z}, CV;(y;0) <
C™(R,y). Let z € Z'"®(R), CVi(z;0) > CY(R_;,;2), and f;(R) R;jz; for each j € N \ {i}.
Then, fF(R) = x.
Proof of Lemma B.7. (Figure 3) By contradiction, suppose that fF(R) # z. Then, by
Lemma B.2, there is j € N'\ {i} such that f{(R) = z. Since f;(R) R; z;, f;(R) < CVj(w;2;) <
CVi(z;0). Since z € Z'B(R), for each y € M, CV;(y; ;) < CV;(y;0). Let R; € Rycov(f;(R))
be such that (i) —6"\/]-(0; fi(R)) < CVi(z;0)—f}(R), and (ii) for each y € M\{z}, 6"\/'j(y; 0) =
CV;(y;0). Then, by Lemma B.4, f;(R;, R_;) = f;(R). Since ff(ﬁj,R_j) =z, f*(R;,R_;) #
z. Next, we show that f*(R;, R_;) ¢ M\ {z}. Suppose that there is y € M \ {z} such
that f#(R;,R_;) = y. By (i), C™(R,,R_j,y) = C™(R,y). Since CVi(y;0) < C™(R,y),

34This result also holds for any Walrasian equilibrium allocation z.
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Figure 3: Illustration of proof of Lemma B.7.

CVi(y;0) < Cm(f%j, R_;,y), which contradicts Lemma B.6. Thus, ff(f%j, R_;) =0. By Lemma
B.1, f{(R;,R_;) = 0. Then, by (i) and Lemma B.3, there is 2 € Z that Pareto-dominates
f(R;, R_;) at (R;, R_;), which contradicts efficiency. d

We now proceed to prove Proposition B.1.

Proof of Proposition B.1. We only show f;(R) R z; since the case of any other agent can be
treated in the same way. If x; = 0, then 2z; = 0, and so, by individual rationality, fi(R) Ry 2.
Thus, we assume that z; # 0. Let N = {j € N : z; # 0}. Note that #N* = m.

By contradiction, suppose that z; P; f1(R). We prove Claim B.1 below by induction. (iv-
(k+ 1)) of Claim B.1 induces a contradiction by the finiteness of N .

Claim B.1. For each k > 0, there evist a set N(k + 1) of k + 1 distinct agents, say
N(k+1)={1,...,k+1}, and Ry(1) € R** such that

(i-(k + 1)) 2k41 Pey1 fros1 (B R-nwy), .

(ii-(k+1)) for each j € N(k+1) and each y € M\{z;}, CV;(y;0) < C™(Rq,. j-13, R—q1,..5-1}, ¥),
(iii-(k + 1)) tipr < CVig1(Tr41;0) < CVigr (Ts1; fe1 (Rnwy, R-nw))), and

(iw-(k+1)) N(k+1)C N™,

where N(k)={1,...,k}.

Proof of Claim B.1.

Step 1. Let k = 0 and N(1) = {1}. By 2z P f1(R), (i-1) holds, and so, t; < CVi(x1; f1(R)).
Note that for each y € M, C*(R,y) > 0. Thus, there is R; € R such that (ii-1): for each
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Figure 4: Illustration of (i-(k + 1)), (ii-(k+ 1)) and (iii-(k 4 1)) in the proof of Proposition B.1
for k =1.

ye M\ {z:}, CV1(y;0) < C"(R,y), and (iii-1): & < CV1(z1;0) < CVi(a1; fi(R)).

Note that {1} € NT. Suppose that {1} = N*. Since #N* = m, m = 1. Thus, by
z1 # 0, for each j € N\ {1}, 2; = 0. Since z € W(R), for each j € N \ {1}, z; R, 21, and so,
CVj(z1;0) < t;. Thus, by (iii-1), C*(R_1,z1;2) < t; < ﬁ/l(ml; 0). By individual rationality,
for each j € N\ {1}, fj(Rl,R_l)RjO = z;. Since z € ZIR(Rl,R_l), Lemma B.7 implies
fE(Ry, R_1) = z1. By individual rationality, fi(Ry, R_;) < 6‘\/1(9&1;0). However, by (iii-1),
ff(f%l,R,l) < CVi(zq; f1(R)). Thus, fl(]A%l,R,l) P, f1(R), contradicting strategy-proofness.
Therefore, (iv-1): {1} C N™.

Step 2 (Induction argument). Let £ > 1. As induction hypothesm we assume that there
exist a set N(k) N(1) of k distinct agents, say N(k) = {1,...,k}, and RN € R” such that

(i-k )kakfk(RN Nk B N)\(k}),

..........

(1i-
(iii-k) t, < CVg(x;0) < CVi(gs fr( R \{k}7R (k)\{k})); and
(iv-k) N(k) & N*.

See Figure 4 for an illustration of (i-(k + 1)), (ii-(k + 1)) and (iii-(k + 1)) for k = 1.

By (iv-k), N*\ N(k) # (). The proof consists of the following two steps.
Step 2-1. There is k' € Nt \ N(k) such that zp Py fk/(RN(k), R_n)-
Proof of Step 2-1. By contradiction, suppose that for each j € NT\N(k), fj(}?N(k), R_nwy) Rj 2.
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First, we show that f,f(]A%N(k), R_n@k)) = xx. By (ii-k), for each y € M \ {z}},

Wk(y; 0) < C”(ﬁN(k)\{k}, R_N\(k}: Y) = Cn_1<RN(k)7R—N(k)ay> < Cm(}?N , R_nwy, ).

Let Z € Z be such that for each j € N\ N(k), ¢; = z;, and for each j € N(k), 2, = 0.
Then, z € ZIR(RN ,R_N(). By the supposition of Step 2-1, for each j € N*\ N(k),
fj(}A%N(k),R_N(k JR;zj = %;. By individual rationality, for each j € N(k)U (N \ N7),
fJ(RN K, R-n@wy) Bj 0= 2;.

Since z € W(R), for each j € N\ N(k), CV,(xy; 2;) = CVj(xy; 2;) < t. By (ii-k), for each
j € N(k)\A{k},

6‘\/3'(331@;23‘) = 6‘\/1‘(%7 ) <c" (R{l j— 1},R {1 j—1}7$k) < CN(R xk) < ty.

7777777777

Thus, by (iii—k), ct (RN \{k},R N(k)s Tk; 2 ) <t < C’Vk(a:k, 0)

Since the assumptions of Lemma B.7 hold for the profile (RN(k), R_n()) as above, Lemma
B.7 implies that f,f(RN(k), R_ny) = o

By individual rationality, fk(ﬁN ,R_nwy) < CVi(xy;0). However, (iii-k) implies that
FE Ry B-nwy) < CVilzas ol R Rovioniey)-

Thus, fu(Rnw): R-n)) Pe fk(RN \{k},R_ N(k)\{k}), contradicting strategy-proofness. [
Step 2-2. We complete the proof of Claim B.1.
Proof of Step 2-2. Without loss of generality, let £+ 1 = k" and N(k + 1) = ( yUu{k+1}.
Then, N(k‘ + ) D) N(k‘) and ( (]{ + 1)) follow from zj Py fk’(RN(k ) ( (k’ + ))
tpp1 < CVkH(yAz:kH;fk+1(RN(k),R_N(k))). Also, for each y € M, C" (RN ,R_N(k),y) > 0.
Thus, there is Rjy1 € R such that

tiir < OViy1 (2113 0) < CVipr (@p15 fer1(Bngys Bonewy)),

~

and for each y € M\{zp11}, CVi1(y;0) < C(Byw), R-n), ¥)- Let Byggr) = (Bnr), Brt1)-
Then, (ii-(k + 1)) and (iii-(k + 1)) follow from (ii-k).

By (iv-k) and {k +1} C N*, N(k+1) C N*.

Finally, we show (iv-(k 4+ 1)): N(k+ 1) € N*. Suppose that N(k + 1) = N*. Then,
#N(k+1)=#N" =m. Thus, for each j € N\ N(k+1), z; =0.

By (ii-(k 4+ 1)), for each y € M \ {xp41},

CVis1(y;0) < C"(Rngey, Rovgys ¥) = C™  (Bv(es)s Bongesn) ¥) < C™(Rnratys Ronran)s ¥)-

Let z € Z be such that for each j € NV, 2; = 0. Then, 2 € ZIR(RN(;CH), R_N(k+1))-

By individual rationality, for each j € N \ {k + 1}, fj(RN(k+1), R_Nn@k+1)) Rj0 = 2;. Since
z € W(R), for each j € N\ N(k + 1), CVj(zk11; 2j) = CVj(xk11; 25) < tgy1. By (ii-(k + 1)),
for each j € N(k+ 1)\ {k + 1},

5‘\/]'(9619+1; Z;) = 6‘\/j(xkﬂ; 0) < Cn(R{L..A,j—l}?R—{1,A..,j—1},$k+1) < C"(R,xp41) < tpya.
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Thus7 by (111—(]{2 + 1)), ax\/kﬂ(xkﬂ;O) > tk+1 Z Cd(RN(k),R_N(k+1),xk+1;2), and the as-
sumptions of Lemma B.7 hold for the profile (Ry(p+1), B—nN(k+1)). Lemma B.7 implies that
Jer1(BNngr1), RoN(e41) = Thy ) -

By individual rationality, f} i(Rn@+1), R-ngt+1) < CViy1(2rs1;0). However, by (iii-

(k+1)), f1§+1(ﬁézv(k+1), R_N(t1)) < C'Vk+1(xkjr1; fk+1(ﬁN(k)a R_Nw)))-
Thus, fri1(Bngt1)s R-n@+1)) Pet1 fer1(Bne), R-n(k)), contradicting strategy-proofness.
O

Part 3: Proofs of Lemmas B.8-B.11.

Given z € Z(R), let RI(z) be the set of preferences R; € R such that for each i,j € N,
z; I; zj, that is, all the assignments under z are indifferent.

Lemma B.8. Let R € R", (2*,p) € Wun(R), N' C N, RAN/ e RI(z)*N', and R =
(Rnv, R-nv). Then, (a) 2* € Zuwin(R), (b) for each i € N, fi(R) R; 2] and (c) for each i € N,
if fF(R) =0, then 0 € D(R;,p).

Proof of Lemma B.8. First, we show (a). Let M’ C M. Since z* € Z,m(R), it follows
from Theorem A.1 that (i) #{i € N : D(R;,p) C M'} < #M' and (ii) #{i € N : D(R;,p) N
M' # 0} > #M’'. Note that for each i € N’, D(Ri,p) = L and for each j € N\ N,
D(R;,p) = D(R;,p). Thus, for each i € N’, D(R;,p) ¢ M’ and D(R;,p) N M’ # 0. Then,

#{i € N: D(Ri,p) C M'} < #{i € N : D(R;,p) € M'} < #M', and

#{i € N:D(Ri,p) N M £ 0} > #{i € N : D(Ri,p) N M' # 0} > #M'.

That is, no set of objects is overdemanded nor weakly underdemanded at p for R. Thus, (a)
follows from Theorem 3.1. Then, (b) also follows from Proposition B.1.

Finally, we show (c). Let i € N. By contradiction, suppose that f*(R) = 0 and 0 ¢
D(R;,p). Then, by Lemma B.1, z* P,0 = f;(R). This contradicts (b). O

Given p € R, and R € R", let N(R,p) denote the set of demanders of the non-null
objects at the price p, that is, N(R,p) = {i € N : D(R;,p) " M # 0}.

Lemma B.9. Let R € R" and (z*,p) € Wpin(R). Let N C N with 1 < #N' < m,
Ry € RI(z*N, R = (Ryr,R_n/) and N" = N(R,p) \ N'. Assume that (9-i) for each
i € N\ N, and each x € M, if f*(R) = z, then f{(R) > p®, and (9-ii) for each j € N',
fF(R) #0. Then, .
(9-a) for each j ¢ N(R,p)UN', f¥(R) =0, and
(9-b) there is a sequence {ix}i_, of K distinct agents such that (i) K € {2,...,m+ 1},

(i) f£(R) =0, (iii) for each k € {1,...,K —1}, iy € N”, and ix € N', and

() for each k € {1,..., K — 1}, {fi (R), fi,,,(R)} € D(R;,,p).

See Figure 5 for an illustration of (9-b).

Proof of (9-a) of Lemma B.9. Suppose that for some j ¢ N(R,p) UN', z = fF(R) # 0.
By D(R;,p) = 0, individual rationality implies f;(R) < CVj(z;0) < p®. This contradicts (9-i).
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Figure 5: Illustration of (9-b) of Lemma B.9 for K = 4.

Proof of (9-b) of Lemma B.9. Let N/ = {i € N” : f*(R) = 0}. We show that (9-1-b):
Ny # (. Since N" = N(R,p) \ N', N"UN' D N(R,p). Thus, #N" + #N' > #N(R,p). By
Lemma B.8-(a), 2* € Zyin(R). Thus, by Theorem 3.1, there is no weakly underdemanded set
at p for R, and so, #N(R,p) > m + 1. Therefore, #N" + #N' > m + 1. By (9-ii), for each
je N, ff(}?) # 0. Thus, at least one agent in N” receives no object, that is, (9-1-b) holds.

Since N C N(R,p), for each i € N, D(R;,p) N M # (). Thus, by (9-1-b), we have (9-1-d):
there is i1 € Ny such that D(R;,,p) N M # 0.

Let N(1) = Ni' and D1 = [U,enqy D(Ri:p)] \ {0}. Given k > 2, let Ny = {j € N"\ N(k —
1): fj(R) € Dg1}, N(k) = N(k—1) UN, and Dy = [Ujenr D(Rj, )N\ [Ujenw—1) D(Bj,p)]-

We introduce Claim B.2 below to show (9-b) inductively. Note that Assumptions (9-(k—1)-
b) and (9-(k — 1)-d) of Claim B.2 follow from (9-1-b) and (9-1-d) when k = 2, that (9-k-b)
implies N(k) 2 N(k — 1), and that Assumptions except for (9-(k — 1)-a*) hold recursively.
Thus, for any k > 2, as long as (9-(k — 1)-a*) holds, Claim B.2 is applied and N (k) increases
as k increases. Since N(k) C N” and N” is finite,* there is k < m such that (9-k-a*) does not
hold. Let k be the first number that violates (9-k-a*) in this iteration.

By (9-k-b), for each k' € {1,...,k}, N/, # (. Since (9-k-a*) does not hold, there are
jx € N and jiy1 € N’ such that f¢ (R) € D(R;,,p). Then,

Jk+1

35By (9-ii) of Lemma B.9 and feasibility of object allocation, it should be #N” < m.
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for each k' € {1,...,k — 1}, there is jir € N}, such that Fiw s (R) € D(R;,,,p).

To show that the sequence {ji }&:™ satisfies (iv) of (9-b), we prove

for each k' € {1,...,k}, f7 ( R) € D(R;,,,p).

By ji1 € Ny, f£(R) = 0. Then, by Lemma B.8-(c), f# (R) € D(R ]1, p). Let k' € {2,... k}.
By contradlctlon suppose that f7 (R) ¢ D(R;,,p). Let y = (R) Then, by 27}, €
D(Rzk/7p)7 ;k’ Plkl( ) By Lemma’B 8 ( ) ka'( ) ]19/ ]/ ThUS f]k'( ) ]19/ ]k’ ‘Plkl (y py)7
which implies f; (R) < p?. This contradicts (9-i) of Lemma B.9.

Then, the sequence {jp }¥, satisfies (i), (ii), (iii), and (iv) of (9-b). Thus, for the rest of
the proof of (9-b), we prove Claim B.2 below.

Claim B.2. Let k > 2. Assume that
(9-(k — 1)-a) for each i € N(k’ 2) and each j € N', fF(R) ¢ D(R;,p),*

(9-(k — 1)-b) for each k' € {1,. — 1}, N, #0,
(9-(k — 1)-c) for each k' € {2,. — 1}, #N, = #Dp 1,>

1)-
1)-
(9-(k — 1)-d) there is i1 € N,g’ 1 such that D(Ry,_,,p) N [M\ Uy < D] # 0,% and
(9-(k — 1)-a*) for each i € N}/, and each j € N', ff(R) ¢ D(R;,p).

Then,

(9-k-a) for each i € N(k —1) and each j € N, f7(R) ¢ D(R;,p),

(9-k-b) for each k' € {1,...,k}, Nji # 0,

(9-k-c) for each k' € {2, ook}, #N, = #Dyp 1, and

(9-k-d) there is iy, € Ny such that D(R;,,p) N [M \ Uy« D] # 0.

Proof of Claim B.2. First, (9-k-a) follows from (9-(k — 1)-a) and (9-(k — 1)-a*). By (9-
(k — 1)-d), there is i1 € N}/, such that D(R;,_,,p) N [M \ Up<p_o D] # 0. Thus, Dy # 0.
By Lemma B.2, for each x € Dy, there is i(x) € N such that _fgz)(fi) = z. Note that, by
(9-a), i(x) € N(R,p) U N'. By (9-k-a) and the definition of N(k — 1), for each x € Dy,
i(x) € N"\ N(k —1). Thus, N/ # 0. Then, (9-k-b) follows from (9-(k — 1)-b).

Since f*(R) € X, no two agents receive the same object, i.e., for each z,y € Dy, with x # y,
i(x) #i(y). Thus, #N] = #Dy_1. Then, (9-k-c) also follows from (9-(k — 1)-c).

Finally, we show (9-k-d). By contradiction, suppose that for each i € N}/, D(R;,p) N [M \
U <x_1 Di] = 0. See Figure 6 for an illustration of proof of (9-k-d). Then,

36Define N(0) = . When k = 2, (9-(k — 1)-a) holds vacantly.
3"When k = 2, (9-(k — 1)-c) holds vacantly.
3When k = 2, (9-(k — 1)-d) requires that there is iy € N{’ such that D(R;,,p) N M # 0.
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Figure 6: Illustration of (9-k-d) of Lemma B.9 for the case of k =3, m =4, n =5, N = {i1},
N} = {is}, Ny = {iz}, and N' = N \ {i1,42,493}. In this case, D; = {1}, Dy = {2}, and

{7 € N:D(R;,p) N [M\ (DU Dy)] # 0} = N".

k
#{jEN:D(Rj,p)ﬂ[M\ U Dk,]ﬂ)}z #N' +#N" — #N] = > #N},

k' <k—1 k'=2
k
= #M - #Dyp,
k'=2
k' <k—1

where the first equality follows from # {j € N:D(Rj,p) N M # @} = #N'+ #N", and for
each k' € {1,...,k} and each i € N}, D(R;, p) N [M \ Uy D] = 0, and the second from
#N' + #N" —#N; = m and (9-k-c): for each k' € {2,...,k}, #N}, = #Dy ;1.

Therefore, the set [M \Up<r1 Dkf] is weakly underdemanded at p for R. However, by
Lemma B.8-(a), 2* € Zumin(R), and so, by Theorem 3.1, there is no weakly underdemanded set
at p for R. This is a contradiction. O

Lemma B.10. Let R € R™, i € N, and x € M be such that f*(R) = z and CV;(0; fi(R)) < 0.
Let j € N\ {i}. Assume that (10-i) —CV;(0; fi(R)) < CV;(2;0) — f{(R). Then, f{(R) # 0.
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Proof of Lemma B.10. Suppose that f7(R) = 0. By Lemma B.1, f}(R) = 0. By assumption
(10-1), —C'V;(0; fi(R)) < CVj(z;0) — fH(R). Then, by Lemma B.3, there is 2 € Z that Pareto-
dominates f(R) at R, which contradicts efficiency. O

Lemma B.11. Let R € R", (z*,p) € Wimin(R), and N’ C N. Assume that (11-i) for each
Ryt € RI(2*)#*N', each i € N\N', and each x € M, if f*(Rn/,R_n+) =z, f{(Rn/, R_nv) > p*.
LetARN/ c RI(z*)*N'. Then, for each i € N’ and each x € M, if f* (RN/ R_N/) = x, then
fi(Byr, Roni) > p*.
Proof of Lemma B.11. Let R = (RN/ R_p+). Without loss of generality, let N/ =
{1,2,...,n'}. We only show that if f{(R) =z € M, fi( R) > p*® since we can treat simi-
larly the other agents in N'. Let f#(R) =z € M. By contradiction, suppose that f/(R) < p®.
Let N = N(R,p) \ N'.
Case 1. #N' > m + 1.

Since fI(R) < p®, there is Ry € Rycov (fi(R)) such that (i) —CV1(0; f1(R)) < p* — fH(R).
Then, by Lemma B.4, fi(Ry, R_y) = fi(R). Note that for each j € N’ \ {1},

—COV1(0; f1(R)) < p° — fL(R) = CV;(;0) — fL(R),

where the inequality follows from (ii) and the equality from R € RY(z*). Thus, by Lemma

B.10, for each j € N'\ {1}, f¥(Ry, R—1) # 0. Since #N’ > m + 1, this is a contradiction.

Case 2. #N' < m.

First, we show the following step.

Step 1. Let S C N', Rg € RI(z*)#5, and R = (Rg,R_g). For eachi € N', let T; = f*(R).

Assume that

(11-1-i) for each i € N', T; # 0,

(11-1-i3) for each i € S and each z; = (y,t) € M x R with t < p¥, —CV;(0;z;) < p¥ —t,

(11-1-iii) there is j € S such that f{(R) < p™, and

(11-1-iv) there is a sequence {ix}5 | of K distinct agents such that (i*) 2< K <m+1,
(i*) fE(R) =0, (ii*) for each k€ {1,..., K — 1}, ix € N”, and ix € N, and
(i) fOT each k € {1,. — 1} {fL (R R), ZM( )} € D(Ri.p).

Then, (11-a) fi (R) < p"ix and (1] b) ngéS

Proof of Step 1.

Proof of (11-a). If ix = j, flK(R) < pix follows from (11-1-iii). Thus, let i # j. By
Lemma B.8-(b), ff (R) < p"x. By contradiction, suppose that f (R) = p"x. Let 2’ € Z be
such that

= (;, fi(R) —W‘(O' fi(R))),
for each k € {1, .. —1}, 2 = fi,,,(R), and
for each i € N\ ({Zk}kzl Ui}, z = fil 7)-
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Figure 7: Illustration of 2’ in (11-a) of Lemma B.11 for K = 4.

See Figure 7 for the illustration of 2’.
We show 2" Pareto-dominates f(R) at R. By the definition of CV;(0; f;(R)), 2} I; f;(R).
Note that
ZQK ]31'1( (T]Wpij) I_iK flK(R)7
where the first preference relation follows from 2z} = (z;, fi(R) — CV;(0; f;(R))), (11-1-iii):
fi(R) < p%, and (11-1-ii): —CV;(0; f;(R)) < p™ — f}(R), and the indifference relation from
t

! (R) =p"x and ix € N, which implies R;, € R'(z). )

Lemma B.8-(b) and (11-i) imply that for each k € {1,..., K —1}, f{ (R) = p™. Thus, by
(11-1-iv)-(iv*), for each k € {1,..., K — 1}, 2 = fi, ., (R) I, fi,(RR).

For each i € N\ ({ix}2, U {j}), by 2} = fi(R), 2. I; f;(R).
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Note that

> =CV,(0; f;(R)) + f{(R) — CV;(0; f;(R Z (R > R

ieN 1€N\({ik}kK:1U{j})
K
A FE S 11
k=2

i€N\({ir } 1o, U{5})
= (R,
ieN
= 0. Thus, 2’ Pareto-dominates

where the last equality follows from (11-1-iv)-(ii*): f} (R)
U

f(R) at R, which contradicts efficiency.
Proof of (11-b). By contradiction, suppose that ix € S. By (11-1-i) and (11-1-iv)-(iii*),
Ti # 0. By Step 1-(11-a), f{ (R) < p®ix.

Let 2’ € Z be such that

= (0, OV, (0; fir (R))),
2 = (EiKa ZK(R) CVZK(O fzx( )))

1K—1

for each k € {1,...,K =2}, z; = f;,,,(R), and
for each i € N\ {ix}2 |, 2/ = fi(R).

See Figure 8 for the illustration of 2". _ B
We show 2’ Pareto-dominates f(R) at R. By the definition of C'V;(0; f;(R ))

2

Lemma B.8-(b) and (11-i) imply that for each k € {1,...,K — 1}, f/ (R )
(11-1-iv)-(iv¥*), for each k € {1,..., K — 2}, z; = fi,., (R) I;; fi,(R).

Note that

T £ (R).
= ljzk By

Z PZK 1 (xZK7leK) IZK 1 (xinupEinl) I_inl fiK 1(R)’

1K—1
where the strict preference relation follows from ix € S, 2} = (Ti., fL._(R)—CV;, (0; fi, (R))),
(11-a): fi (R) < p"ix, and (11-1-ii): —CV;, (0; fi (R)) < p"ix — fL ( 7), the first indifference

K
relation from (11-1-iv)-(iv*):
pwiKﬂ‘

For each i € N\ {ix}< |, by 2/ = fi(R), 2, I; f;(R). Note that

{Zi. ., T} € D(Riy_,,p), and the second from z‘tK,l(R) =

St =TV (0 £, (R) + fL(R) — TV, (0; fi (R Z ra (R > (R
iEN ZEN\({ik}kK:l)
LR Y R+ Y R
k=2 iEN\({ir )

1EN
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Figure 8: Illustration of 2’ in (11-b) of Lemma B.11 for K = 4.

where the last equality follows from (11-1-iv)-(ii*): ! (R) = 0. Thus, 2/ Pareto-dominates
f(R) at R, which contradicts efficiency. O

A

Step 2. We derive a contradiction to conclude that fi(R) >
Since fI(R) < p®, there is Ry € RY(z*) N Rycv (f1(R)) such that

(11-1-a) for each z; = (y,t) € M x R with t < p¥, —CV (0 ( z1) < p¥ —t.

A

Then, by Ry € Ryov(fi(R)) and Lemma B.4, fi(Ry, R_;) = fi(R). Thus,

(11—1—b) flm(Rl, R_1> =z € M and fl(Rl, _1) < p*.

Note that {1} C N’. Suppose that {1} = N'. Since fi(Ri,R_1) = fi(R) and f{(R) =
z#0, ff(R1,R_1) = x # 0. Then, by (11-i) of Lemma B.11, it follows from (9-b) of Lemma
B.9 that there is a sequence {ix} i, of K distinct agents such that (i) 2 < K < m + 1,
(ii) Z?’i(Rl,R_l) = 0, (iii) for each ke {1,. — 1}, i € N, and ix € N', and (iv) for
each k € {1,...,K — 1}, {f# (R, R1), A 1(Rl, 1)} € D(R;,,p). Then, by Step 1 (11-b),
ix ¢ {1}. Since {1} =N, iK ¢ N/, which contradicts (iii): ix € N'. Thus, if {1} = N, we
obtain a contradiction. Therefore, we assume that

(11-1-c) {1} € N'.

Induction argument:
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Let s > 1 and N(1) = {1}. As induction hypothesis, we assume that there exist a set
N(s) 2 N(1) of s distinct agents and Ry € R (z*)* such that

(11-s-a) for each i € N(s) and each z; = (y,t) € M x R with ¢t < p¥, —CV;(0;2;) < p¥ —t,

(11-5-b) for some j € N(s), fF(Rns) ,R_n(»)) =2’ € M and fi (Rn(s), R_n(s) < p*', and

(11-s-¢) N(s) € N'.

Note that (11-s-a), (11-s-b), and (11-s-c¢) follow from (11-1-a), (11-1-b), and (11-1-c) if
s=1.

We show that there exist a set N(s+ 1) 2 N(s) of s + 1 distinct agents and Ry(si1) €
RI(2*)*F! such that

(11-(s + 1)-a) for each i € N(s+ 1) and each z; = (y,t) € M x R with ¢ < p¥,
—CV;(0;2) < p¥ —t, and

(11-(s + 1)-b) for some j' € N(s + 1),

"

fff(RN(sH)? R—N(s+1)> =1" € M and f (RN s+1)s R y N(s+1)) < D"
First, we show (11-(s + 1)-a). Since (RN(S),]:E_N/\N(S)) € RI(z*)*N') (11-s-b) and Lemma
B.10 imply that
(B-1) for each i € N', f*(Ry 8),ﬁ_ (s)) 7 0.

Then, by (11-i) of Lemma B.11, it follows from (9-b) of Lemma B.9 that there is a sequence
{ix }£ | of K distinct agents such that (i) 2 < K < m+ 1, (ii) fZ(Rn) R N(s )) = 0 (iii)
for each k € {1,. — 1}, zk € N”, and ig € N', and (1v) for each k’ € {1,. — 1},

{fi(RN(s)J%—N(s ) szl(RN(s )} C D(R;,.p). Let z;,, = f2 (Rn(s), By )
Then, by Step 1-(11-a),

(B-Z) (RN(S R— ) < pUiK.
Also, by Step 1—(11—b),
(B-3) ix € N'\ N(s).

Next, let ' = ix and N(s +_1) N(s)U{j'}. Then, by (B-3), N(s+1) 2 N(s). Also,
(B-1) and (B-2) imply that f (Ry R_N ) # 0 and fL(Ry(s), R_ N(s)) < p"’'. Thus, there
is Ry € R1(z*) N Rev (fir(Rns) R_ (s))) such that

for each z;; = (y,t) € M x R with t < p¥, —CV ;4(0; z;) < p¥ —t,

Thus, (11-(s + 1)-a) follows from (11-s-a). ) )

Next, we show (11-(s+1)-b). By Rj € Rycv(fy(Rn(s), R-n(s))), Lemma B.4 implies that
Jir(Rn(st1), R N(s+1) = fiy(Bn(s), R-n(s))- Then, by (B-1), fi(En(s+1), R-n(s+1)) # 0. By
(B-2), fi/(Rn(s+1), R_n(s41)) < p%'. Thus, (11-(s + 1)-b) holds.
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Since N(s) € N’" and j' € N', N(s+ 1) € N'. Suppose that N(s + 1) = N’. Since

A

(Bn(st1), Ronnnvsin) € RE(2*)#N' (11-(s + 1)-b) and Lemma B.10 imply that
(B-4) for each i € N', fF (RN s+1)> R_n (s+1)) # 0.

Then, by (11-i) of Lemma B.11, it follows from (9-b) of Lemma B.9 that there is a sequence
{ir H< | of K distinct agents such that (i) 2 < K <m+1, (ii) f£(Rn(s+1), R_ N(s+1)) 0 (iii)
for each k € {1,. — 1}, i, € N”, and ix € N’, and (iv) for each k € {1,. — 1},
{f2 (Ry(s41) R- N(s+1)) fiH(RN(usR Ns+1)} C D(Rzkvp)

Then, by Step 1-(11-b), ix ¢ N(s+1). Since N(s+ 1) = N, ix ¢ N’, which contradicts
(iii): ix € N'. Thus, if N(s+ 1) = N’, we obtain a contradiction.

If N(s+1) C N’, we obtain a contradiction by repeating the induction argument (#N’ —
#N(s+ 1)) times. O

Part 4: Proof of Theorem 4.1.

Proof of Theorem 4.1. Let R € R" and (z%,p) € Wuy(R). By Lemma B.5, for each
R € RY(z*)", each i € N, and each x € M, if f¥(R) = =, then, f!(R) > p”. Next, we prove
the following claim.

Claim B.3. Let k € {1,...,n} and Ny C N be such that #Ny = k. Then, for each R_y, €
RE(z*)#N\Ne each i € N, and each v € M, if f*(Ry,, R_n,) = z, then, f}(Rn,, R_n,) > p°.

Proof of Claim B.3. We prove Claim B.3 by induction on k. Let £k = 1. Let Ny C N with
#N, = 1. Let R_y, € RI(z)#*M\M 4§ € Ny, and x € M be such that f*(Ry,, R_ N) = T
Suppose that f/(Rn,, R_n,) < p”. Let R; € R'(z*) and & = f(R). Then, since f{(R) > p,
fi(Rn,, R_n,) P; fi(R), contradicting strategy-proofness. Thus, for each R_y, € RI(z*)#N\V1,
each i € Ny, and each z € M, if f7(Ry,, R_n,) = x, then, ft(RNl,R ~;) > p®. Then, it follows
from Lemma B.11 that for each R_y, € RI( )#N\Nl, each i € N\ Ny, and each z € M, if
fz (RN17R_ ) Z, then fz (RN17R— ) > p
Let k € {2,...,n}. As induction hypothesis, we assume that

B.3.1: for each N1 C N with #Ny_1 = k — 1, each R,Nkjl € RI(z*)#N\We—1each i € N,
and each x € M, if f*(Rn,_,,R-n,_,) =z, then, f{(Rn,_,,R-n._,) > D"

Let N, C N be such that #N, = k. Let R_y, € RI(z*)* N\ § € Ny and v € M
be such that ff(Ry,, R_y,) = =. Suppose that f/(Ry,, R_y,) < p”. Let Ny_y = Ni \ {i}.
Let & = f7(Rny,_ R_n,_,). Then, by induction hypothesis (B.3.1), f/(Rn, ,,R-n,_,) >
p®. Thus, fi(Ry,, R_n,) P; fi(Rn, ., R_n,_,), which contradicts strategy-proofness. Thus, for
each R_ N, € RI(z*)#N\Ne each i € Ny, and each x € M, if f””(RNk,R N,) = x, then,
YRy, R_n,) > p*. Then, it follows from Lemma B.11 that for each R_y, € 721(z*)#1\[\1\[’67

each i € N \ N, and each = € M, if f*(Ry,, R_n,) = z, then, f{(Ry,, R_n,) > p*. O

We show that f(R) satisfies (WE-i) in Definition 3.1. Let ¢ € N and y = f*(R). By
Proposition B.1, f{(R) < CVi(y;z). By zf € D(R;,p), CVi(y;zF) < p¥, where p¥ = 0 if
=0. Ify=0,pY =0= fI(R). If y # 0, by Claim B.3, p¥ < f}(R). Then, by f{(R) <
CVi(y; zF) < p¥ < fH(R). CVi(y; zf) = p¥ = fH(R). Thus, fi(R); z;. Since zF € D(R;,p), for
each z/ € B(p), fi(R) I; zf R; 2. Thus, for each i € N, fF(R) € D(R;,p).
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Next, we show that f(R) satisfies (WE-ii) in Definition 3.1. Since R = R® and n > m, for
each z € M, p® > 0. By Lemma B.2, for each = € M, there is i € N such that f*(R) = x.
Since p = pmin(R), we conclude that f(R) € Zyin(R). O

C Proofs for Section 5 (Proposition 5.1)

Proof of Proposition 5.1. Let R C RY and R € R". Consider a simultaneous ascending
(SA) auction defined in Section 5. By the definition of the SA auction, the price path p(t)
generated by the SA auction is nondecreasing with respect to time t. Next, for each z € M,
let p° > C*(R,z). Then, each agent demands only the null object at the price vector p, that
is, no overdemanded set exists at p. Thus, the price path p(-) is bounded above, that is, for
each t € Ry, p(t) < p. Note that the prices are raised at a speed at least d > 0. Thus, there
is a price vector p* such that the price path p(-) converges to p* in a finite time.

Let T be the final time of the SA auction. We show that the final price p(T') = pmin(R).
By the definition of SA auctions, no overdemanded set exists at the price p(T"). If no weakly
underdemanded set exists at p(7’), then the desired conclusion follows from Theorem 3.1. Thus,
we show that no weakly underdemanded set exists at p(T"). The proof consists of the following
two steps.

Step 1. Lett' € (0,T]. Assume that there is a set M' of objects that is weakly underdemanded
at p(t'). Let N' = {i € N : D(R;,p(t')) " M" # 0}. Then, (5-a) #N' > 2, and (5-b) there
exist t” € (0,t") and M" C M’ such that N" = {i € N : D(R;,p(t"))NM" # 0} C N' and M"
is underdemanded at p(t").

Proof of Step 1. Since M’ is weakly underdemanded at p(t'), for each z € M’, p*(t') > 0
and #N' < #M’'. For each i € N, let 2, = (x},t}) € D(R;,p(t')). Note that for each i € N\ N’
and each z € M’', CVj(x;z;) < p*(t'). For each z € M’, let ¢ = max{CVj(x;2}) : j €
N\ N'}U{0}. Let e > 0 be such that for each z € M’, q < p*(t') —e=p~. Let " = max{t €
Ry : for some z € M',p*(t) < p®}. Then, there is 2’ € M’ such that dp® "(t")/dt > 0 and
p* (t") = p¥'. Since dp® (") /dt > 0, there is a minimal overdemanded set M at p(¢”) including
x’. See Figure 9 for an illustration.

Let M’ = M N M'. Since &' € M', M’ # 0. Let

N'={ie N":D(R;,p(t")) N M' # 0 and D(R;, p(t")) C M}.

We show that #N’ > #M’. If M C M’, then M’ = M and for each i € N, D(R;,p(t")) C
M. Since M is an overdemanded set at p(t” ), the desired conclusion holds. Thus, we assume
that M ¢ M'. Let M" =M\ M and N" = {i € N : D(R;,p(t")) C M"}. Then,

{i € N D(Ry p(t")) C 1)
—{i € N: D(R;,p(t")) C M"Y U{i € N : D(R;,p(t")) N M’ # 0 and D(R;, p(t")) C M}
:N// U N/
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Figure 9: Illustration of proof 9f Step 1 of Proposition 5.1 f9r the case Qf m =4, M’ = {1,2,3},
N’ = {1,2,3}, 2’ = 2, and M’ = {2,4}. In this case, M' = {2}, N' = {2,3}, M" = {4},
N" = {4}, M" ={1,3}, and N" = {1}.

where the first equality follows from M” U M’ = M and M" N M = 0, and the second
from the fact that for each i € N\ N, D(R;,p(t")) N M’ = (). Note that for each x € M,
q* < p* < p*(t"). Thus, for each i € N\ N’ and each 2 € M’,

(f, P4 (")) Ry (25, p™ (1)) R (2, 4") B (2, " (1")).
Since M’ C M, for each i € N\ N’, D(R;,p(t")) N M’ = . Thus, N” N N’ = (). Then,
#N" + #N' = #{i € N : D(R;, p(t")) € M}

> #M (M is an overdemanded set at p(t"))

_ #M//+#M/‘
Note that M” C M. Since M is a minimal overdemanded set at p(t"), M" is not overde-

manded at p(t”), and so, #N"” < #M". This implies that #N' > #M'.

We show (5-a). Since M' # (), 1 < #M'. By #N' > #M’' and N’ C N’, we have

1 < #M' < #N' < #N', and thus, #N' > 2. ) )
Next, we show (5-b). Let M” = M'\ M. Since M' C M’ M" # 0. By M' # 0, M" C M'.

3970 see this, suppose that M’ = M’. Since M’ is weakly underdemanded at p(t'), #N’ < #M’. By

M' = M and #N' > #M', #N' < #M’' = #M’' < #N' < #N’, which is a contradiction.
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First, we show that N” C N’\N’, that is, for eachi € N”,i € N’ and i ¢ N’. Leti € N”. Then,
D(R;,p(t")) N M" # (). Since for each z € M’, ¢* < p*(t") and M" C M’, for each j € N\ N’,
D(R;,p(t")) N M’ = (. This implies i € N'. Since M’ = M’ N M implies M” = M'\ M,
D(R;,p(t")) N M" # § implies D(R;, p(t")) \ M # 0. Since N’ C {j € N : D(R;, p(t")) C M},
this implies i ¢ N’. Thus, N” C N’ \ N'.

Since #N’ > #M’' > 1, #N’ > 2, and so, N” C N'. Finally, it follows from the inequalities
below that M" is underdemanded at p(t”).

#NNS#N/_#N/ byN/gN/
< #N' — #M' by #N' > #M'
<HM —#M' by #N' < #M
— #M”.

U

Step 2. There is no weakly underdemanded set at p(T).

Proof of Step 2. By contradiction, suppose that there is a set M; of objects that is weakly
underdemanded at p(T). Let Ny = {i € N : D(R;, p(T))NM; # (0}. Then, by Step 1, #N; > 2,
and there exist t; < T and My C M such that No = {i € N : D(R;,p(t1))N My # 0} € N; and
M, is underdemanded at p(t;). Since M, is underdemanded at p(¢;), Step 1 also implies that
#Ny > 2, and there exist to < t; and M3 C M, such that N3 = {i € N : D(R;,p(t2)) N M3 #
0} € Ny and M; is underdemanded at p(t2). Repeating this argument inductively, there is a
sequence { N} C N; such that for each k > 2, #N, < #Nj;_1 and # N, > 2. However, since
Nj is finite and for each k > 2, N, C Ny, this is a contradiction. Il

D Proof of Fact 3.4.

The following theorem is useful to prove Fact 3.4.

Hall’s Theorem (Hall, 1935). Let N = {1,...,n} and M = {1,...,m}. For eachi € N,
let D; C M. Then, (i) there is a one to one mapping & from N to M such that for eachi € N,
(i) € D; if and only if (ii) for each N' C N, # ;e Di > #N'.

Fact 3.4 (Mishra and Talman, 2010). Let R C R¥ and R € R"™. A price vector p is a
Walrasian equilibrium price for R if and only if no set of objects is overdemanded and no set
of objects is underdemanded at p for R.

Proof of Fact 3.4. First, we prove only if part of Fact 3.4. Then, we show if part.
Proof of “ONLY IF” part. Let p € P(R). Then, there is an allocation z = (z;,%;)ien
satisfying conditions (WE-i) and (WE-ii) in Definition 3.1. Let M" C M.

We show that M’ is not overdemanded at p for R. Let N' = {i € N : D(R;,p) C M'}.
Since for each i € N', x; € D(R;,p) € M’, and each indivisible object is consumed at most
one agent, #N' = #{z; : i € N'}. Since {x; : i € N'} C M', #{z; :i € N'} < #M’'. Thus,
H#N' < #M'.
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We show that M’ is not underdemanded at p for R. Let N' = {i € N : D(R;,p) N M’ # 0}.
Suppose that for each x € M’, p* > 0 and #N' < #M’'. Note that #N' < #M’' implies that
there is € M’ such that for all i € N, x; # x. Then, condition (WE-ii) implies that p* = 0.
This is a contradiction. Thus, #N' > #M’.

Proof of “IF” part. Assume that no set of objects is overdemanded and no set of objects is
underdemanded at p for R.

Let Z* = {z = (x4, ti)ien € Z : Vi € N, z; € D(R;,p) and t; = p*}. First, we show
Z* # (. Suppose that there is N’ C N such that for each i € N, 0 ¢ D(R;,p) and
#{U,en D(Ri,p)} < #N'. Then {U,cn D(Ri,p)} is overdemanded at p for R. Thus, for
each N' C N, if for each i € N', 0 ¢ D(R;,p), then #{U;en'D(R;,p)} > #N'. Then, by Hall’s
Theorem, there is Z € Z such that for each i € N, if 0 ¢ D(R;,p), then z; € D(R;,p) and
t; = p%. Thus, Z* # 0.

By definition, for each z € Z*, (z,p) satisfies (WE-i). We show that there is z € Z* such
that (z,p) satisfies (WE-ii). Let M (p) = {x € M : p* > 0}. Let

zEargmaZx#{yEMJr(p) :3ie N st x, =y}, (1)
z/e *

that is, z maximizes over Z* the number of objects in M (p) that are assigned to some agents.
Then, by the definition of Z*, (z,p) satisfies (WE-i).

Let M° = {y € M*(p) : Vi € N, x; # y}. Note that, if M° = (), (z,p) also satisfies
(WE-ii). Thus, we show that M° = (). By contradiction, suppose that M # ().

Let N ={i € N: D(R;,p) N M° # 0}. Foreach k =1,2,....let Mk ={ye M :3i¢c
N*'st. z; =y} and N* = {i € N : D(R;, p)nM* # 03\ {U}_, N¥}. We claim by induction
that for each k > 0, M* C M*(p) and N* # 0.

Induction argument:
Step 1. By the definition of M°, M° C M™(p). Since M° is not underdemanded at p for R,
#NO > #MO. Thus, M° # () implies that N £ (.
Step 2. Let K > 1. As induction hypothesis, assume that for each k < K — 1, M* C M*(p)
and N* # ().

First, we show that M% C M*(p). Suppose that there is x € M% \ M*(p). Then, p* = 0.
By the induction hypothesis, there is a sequence {x(s),i(s)}X, such that

z(K) € D(Ri_,,,p) N M, zyx) = z(K).

Let (K + 1) € D(Ryx),p) N M°. For each s € {1,2,..., K}, let Zi5) = (@(541), p7iCHD),
and for each j € N\ {i(s)}X,, let 2; = 2z;. Then, 2 € Z*, and

#{lye MT(p):Ji €N st. 2;=y}=#{ye M (p):Jie N st. z;=y}+1.
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This is a contradiction to (1). Thus, M* C M*(p).
Next, we show that N¥ # (. By MX C M*(p) and the induction hypothesis, [ Ji_, M* C
M™(p). Thus, since UkK:O MP is not underdemanded at p for R,

K K
# YN M (2)
k=0 k=0

By the definitions of M* and N*, for each k,k’ € {0,1,..., K} with k # k/, N* N N¥ =,
which also implies that M* N M*¥ = (. Thus,

K K K K
# N =D #NF and # M =D #M*E
k=0 k=0 k=0 k=0

Then, by (2),

K—

—

K K K
HNF L HNE =N > HME =DM+ HMO. (3)
k=0 k=0 k=1

k=0

For each k > 1, by M* C M*(p), #M* = #N*1. Thus, S0 ' #N* = S5 4 M*. Then,

by (3), ANK > 4000

Thus, by M° # 0, #N% > 1, and so N¥ #£ 0.
Since M (p) is finite, by the above induction argument, for large K, # UkK:() Mk = ZkK:o #MF >
#M*(p). Since Jr_, M* C M (p), this is a contradiction. O

E Proof of Fact 3.5.
Let R C RE.

Lemma E.1. Leti € N and R; € R. Let p,q € R} and x,y € L be such that x € D(R;,p)
and (y,q¥) P; (x,p*). Then, y € M and ¢¥ < pY.

Proof of Lemma E.1. Since (y,¢¥) P, (z,p") and z € D(R;, p), we have (y,¢¥) P; (z,p") R; 0.
Thus, y € M. Also, by x € D(R;,p), (y,¢") Pi (x,p") R;i (y,p¥). Thus, (y,¢") Pi (y,p¥) implies
that ¢¥ < pY. U

Given R, R € R™, (z,p) € W(R), and (2,p) € W(R), let
N'={ieN:% Pz}, M>={x € M :p" > p"},
X'={zeL: forsomei€c N',z; =z}, and X' = {z € L: for some i € N', & = z}.

Lemma E.2: Decomposition (Demange and Gale, 1985). Let R € R" and (z,p) €
W(R). Let R € R™ be the d-truncation of R such that for each i € N, d; < —CV;(0;2;), and
let (2,p) € W(R). Then, X' = X' = M?.
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Proof of Lemma E.2. First, we show that X! C M2 Let 2 € X*. Then, there is i € N*
such that Z; = x. By i € N, (&;,p%) P, (x;,p%). Thus, by z; € D(R;,p), Lemma E.1 implies
that 2; € M and p* < p%, and so v = &; € M?. Thus, X! C M?2.

Next, we show that M? C X!. Let x € M?. Then, x € M and 0 < p® < p®. Thus, by
(WE-ii), there is ¢ € N such that x; = z. Since d; < —CV;(0; 2;), Lemma A.2-(ii) implies that
(25, p%) P; (x4, p%). Thus, i € N, and so x = x; € X'. Thus, M? C X*.

Note that by the definition of X! and X!, #X! < #N! and #X! < #N'. Since X! C
M? C M, each agent in N' receives a different object, and so #X1 = #N! > #X'. Since
X1C M2 C XU #XD < #M?2 < #X! Thus, #X! = #M? = #X!. By #X! = #M? and
XUC M2 X1 = M2 By #M2 — #X' and M2 C X!, M? = X1, 0
Lemma E.3: Lattice Structure (Demange and Gale, 1985). Let R € R" and (z,p) €

W(R). Let A]A% be the d-truncation of R such that for each i € N, d; < CV(O;zi), and let
(2,p) € W(R). Then, (i) p~) = pApe P(R), and (i) pH) = pV p € P(R).%
Proof of Lemma E. 3 Let N\ ={ie€ N:2 P2} and M2 ={x € M : p® > p°}.

Proof of (i). Let z(~) be an allocation such that for each i € N*, z ( ) = Z;, and for each
i€ N\ N, Z(_) = 2. We show that (2(7),p(7)) € W(R).

Step 1. (27, p(7)) satisfies (WE-i).

Let i € N and z € L. In the following two cases, we show that (z; ,p(*)””g ) R; (z,p)7),
which implies :BE*) € D(R;,p'7)).
Case 1. i € N

) = Z;, by Lemma E.2, z;

Since z; (=)

) (-)
€ M?, andsoa: EMandpz < p% ". Thus,

First, we assume that « € M?2. Then, by p(7)* = p*,

_ ) A B ~T —)T

where the preference relation follows from z; € D(]-AEZ-, p). Since }?il is the d;-truncation of R;,

1;7(;_) # 0, and = # 0, Remark 3.1 implies that (a:z(_),p(_)’”gf)) R; (z,p)7).

Next, we assume that = ¢ M2. Then, by p(=)* = p?,
_ -)
(@7, p%7) = 2, B2y R, (w,p%) = (2, p02).

where the strict preference relation follows from i € N!, and the second preference relation
from z; € D( Rz,p)
Case 2. ?é N'. . O

Since z; ° = z;, by Lemma E.2, :17 §é M?. Thus, p i < p%  or x(_) = 0. First, we
assume that = € M2. Then, p{-)® = j°. Note that i ¢ N' implies (z\”, p()% ) = 2 R, 4.
Case 2-1. z; # 0.

“0Denote p A p = (min{p®, p*})zenr and pV p = (max{p®, p*})zem-
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By i; € D(Ri,f)), % R; (z,p%) = (x,p)*). Since R; is the d;-truncation of R;, #; # 0, and
x # 0, Remark 3.1 implies that 2; R; (x,p*). Thus,
- )zt 2 AT —)z

(:I:Z

Case 2-2. 7, =0. ) - -
Then, 2; = 0. Since &; € D(R;,p), CV;(x;0) < p*. Thus, if CV(z;0) < CV(z;0), then,
Z; R; (z,p"), which implies that,
(331(7)»]9(7)%('7)) = 2 Ri % R; (2,p") = (z,p7)").
Next, assume that C'V;(z;0) > 61\/1(:& 0). Then, since R; is the d;-truncation of R;, d; > 0,
which implies that z; # 0.* Then, by d; < —CV;(0; z;), CVi(z; 2;) < CV;(x;0) < p*, which
implies that z; R; (z,p*). Thus,

_ ) AT )T

Next, we assume that z ¢ M2. Then, p{™)* = p*. Since {7 = z; € D(R;,p),

(27,p9%7) = 2 Ry (0,97) = (,007).
Step 2. (207, p(7)) satisfies (WE-ii).

Let x € M be such that p{=)* > 0. We show that there is i € N such that xg_) = x. Since
P =pAp, pi)* > 0 implies that p* > 0 and p* > 0.
Case 1. z € M2

By Lemma E.2, there is i € N! such that #; = z. Since i € N', by construction of z(-),
J;E_) = ;. Thus, .732(_)
Case 2. © ¢ M>.

Since p® > 0, there is i € N such that z; = z. By Lemma E.2, i ¢ N'. This implies that

xl(-f) = z;. Thus, xl(*) = . g

=Xx.

Proof of (ii). Let 2(*) be an allocation such that for each i € N, zi(+) = z;, and for each
i€ N\ N, 2 = 5. We show that (:(, p*)) € W(R).

i

Step 1. (1), p™) satisfies (WE-i).

(+)

Let i € N and z € L. In the following two cases, we show that (w§+),p(+)mi ) R; (2, ptHT),
which implies x£+) e D(R;,p™)).
Case 1. i € N'.

. () )
Since $§+) = x;, by Lemma E.2, x£+) € M?, and so $§+) € M and p"“‘iJr < p"“i+ . Thus,
(+) L. :
p(+)xi+ = 10””1‘+ . First, we assume that = € M?. Since :1:§+) =1z; € D(R;,p) and p™)* = p*,

2 b x
(x(+)7p(+) ) =z Ri(z,p") = (z,pM").

7

41 To see this, suppose that z; = 0. Then, d; < —CV;(0; z;) = 0, which contradicts d; > 0.
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Since R; is the d;-truncation of R;, :UEJF) # 0, and x # 0, Remark 3.1 implies that
(Z'EH,])H) ‘ )Rz (l’,p(+) )

Next, we assume that x ¢ M?. Then, p® < p” or z = 0.
Case 1-1. = # 0.

Since x§+) = 12; € D(R;,p) and pH)® = p* > p?,

(@ p07) = 2 R a.7) R (.p7),

Since R; is the d;-truncation of R; and x§+) #£0, ($Z(+)7p(+)w§_+>) R; (z,pH)7).
Case 1-2. z =0.

Since R; is the d;-truncation of R; and d; < —C'V;(0; 2;),

) ® x
(x(+)’p(+) ¢ ) = Zj RZO = (xvp(Jr) )

Case 2. i ¢ N'. " "
Since x§+) = 1;, by Lemma E.2, xEH ¢ M2 Thus, p% < p%  or xfﬁ =0. If x§+) =0,

=) A~ B AT\ T z
(1’(+),p(+) i ) =0= Zi Rz (x,p )Rz (xap(+) )7

where the first preference relation follows from Z; € D(}A%i,ﬁ), and the second from p* " =

max{p®, p*}.
Thus, we assume that $§+) # 0. Then,

a:(-Jr) A 2 AT TS T
(@D, pMy = 5, Ry (2, %) Ri (z, p?),

where the first equality follows from pr.“ < ﬁwgﬂ = p(+)1’5+), the first preference relation from

T; € D(]:EZ-, p), and the second preference relation from p(t)? = max{p®, p}.

Step 2. (z\7, p™) satisfies (WE-ii).

Let x € M be such that p{*)* > 0. We show that there is i € N such that xEH = z. Since
p) =pvp, pi* > 0 implies that p* > 0 or p* > 0.
Case 1. z € M?.

By Lemma E.2, there is i € N! such that z; = z. Since i € N!,
Case 2. = ¢ M’

If p* = 0, then p* = 0 < p®. Thus, z € M?, which is a contradiction. Thus, p* > 0. Then,
there is i € N such that #; = z. By Lemma E.2, i ¢ N, which implies that 2" = #;. Thus,
xl(-ﬂ = . ]

(+H)

%

= x;. Thus, xl(ﬂ = .

The following is obtained as a corollary of Lemma E.3.
Corollary E.1. Let R € R"™ and p,p € P(R). Then, (i) pAp € P(R) and (i1) pV p € P(R).

We now proceed to prove Fact 3.5.

44



Fact 3.5 (Roth and Sotomayor, 1990). Let R € R"™ and R be the d-truncation of R such

that for each i € N, d; > 0. Then, pmin(R) < Pmin(R).

~

Proof of Fact 3.5. Let (2,p) € W(R). Then, for each i € N, since CV;(0;2) < 0 and
di >0, —d; <0< —C’}/i((); Z;). Since R is the (—d)—truncgtion of R, Lemma E.3 implies
p(_) = ﬁ /\pmin(R) S P(R) ThLIS, since pmin(R) S p(_)7 pmin(R> S pmin(R)- U
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