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Abstract

This paper demonstrates that fat-tailed distributions of trading volume and stock price emerge
in a model of information aggregation. I consider a simultaneous-move model of traders who infer
other traders’ private information on the value of assets by observing aggregate actions. Without
parametric assumptions on the private information, I show that the traders’ aggregate actions
follow a power-law distribution with exponential truncation. By combining the power law with
the composition uncertainty that a market maker faces, the model is able to mimic the non-normal
distribution of the stock returns.
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1 Introduction

Since Mandelbrot [26] and Fama [14], it has been well established that the short-run stock returns
exhibit a fat-tailed, leptokurtic distribution. Jansen and de Vries [20], for example, estimated the
exponent of the power-law tail to be in the range of 3 to 5, which warrants a finite variance and yet
deviates greatly from the normal distribution in the fourth moment. This anomaly in the tail and
kurtosis has been considered as a reason for the excess volatility of stock returns.

There has been a long quest for the explanation for the anomaly. A traditional economic expla-
nation for the excess volatility of the volumes and returns relies on traders’ rational herd behavior.
In a situation where a trader’s private information on the asset value are partially revealed by her

transaction, the trader’s action can cause an avalanche of similar actions by the other traders. This



idea of chain reaction through the revelation of private information has been extensively studied in
the literature of herd behavior, informational cascade, and information aggregation. However, there
have been few attempts to explain the fat tail in this framework. This paper shows that the chain
reaction of information revelation leads to the fat-tail distributions of the traders’ aggregate actions
and asset returns.

I consider a model of a large number of informed traders who receive imperfect private information
on the true value of an asset. The traders simultaneously choose whether to buy one unit of the asset
or not to buy at all. T consider a rational expectations equilibrium in which each trader chooses an
action based on her private information as well as the public information produced by a market maker.
The market maker produces the public information by aggregating the traders’ demand schedules
submitted to the market maker. The equilibrium is a mapping from the space of private information
of all traders to the aggregate actions. The larger the aggregate action becomes, the more the traders
put subjective belief on the state of a high asset value, and the more likely the traders buy the asset.
Hence, the traders’ strategy exhibits complementarity, and their actions are positively correlated.

I derive the probability distribution of the equilibrium aggregate action and show that it decays as a
power function with exponential truncation. The speed of the exponential truncation is determined by
the degree of the strategic complementarity among traders. This analytical result is obtained by a new
method that utilizes a fictitious stochastic tatonnement process to characterize the aggregate actions.
The power-law distribution implies a large kurtosis. This illustrates that a significant magnitude of
aggregate risk exists even when the uncertainty of the economy solely stems from the idiosyncratic
private information drawn by a large number of traders.

I extend the model dynamically in which traders receive private information repeatedly. Suppose
that the initial belief started far below the threshold belief. Then, traders buy only if they receive
an extremely good news. As private information is accumulated over time, however, the average
belief increases toward the threshold. At the threshold, an aggregate action follows a pure power-law
distribution, and thus a herding occurs. This implies that a large amount of private information tends
to be shared at once around the point of time when the average belief reaches the threshold. Thus,
even though the subjective belief converges to the true value of asset in the long run, the price process
toward the true value can deviate significantly from the smooth path which would occur if the private
information is fully revealed each period. A sizable portion of the total price adjustment toward the

true value is accounted for by rare events of synchronized actions of a large number of traders.



The model can account for the non-normal distribution of stock returns. I modify the basic model
by incorporating a market maker who sets the price under the presence of the composition risk in the
sense of Avery and Zemsky [1]. The market maker publishes the price which reflects all the information
available to it, and absorbs any excess demand. The traders buy or sell the stock if their beliefs are
above or below the price. I show that this model generates the distribution of stock returns which
resembles the empirical distribution, although the current model is elementary as a trading model yet.

As a herding model, our model is analogous to the Keynes’ beauty contest. Each trader recognizes
that the other traders have the private information that is as valuable as her own. When each trader
tries to match with the behavior of an average trader, the resulting equilibrium exhibits fragility
due to the perfect strategic complementarity. This paper formalizes the idea of the perfect strategic
complementarity among the traders with private information, and shows that a power law distribution
of the aggregate actions emerges naturally in this setup.

An extensive array of literature addresses the issue of imitative behavior in financial markets.
The models of herd behavior and informational cascade by Scharfstein and Stein [31], Banerjee [4],
and Bikhchandani, Hirshleifer, and Welch [5] have been applied to financial market crashes by Lee
[24] and Chari and Kehoe [10] among others. While the benchmark herd behavior model provides
a robust intuition for the rational herding, it typically exhibits an all-or-nothing herding due to its
particular information structure of a sequential trading. Some modification is in due in order to apply
its intuition to stochastic fluctuations. Gul and Lundholm [17], for example, have demonstrated an
emergence of stochastic herding by endogenizing traders’ choice of waiting time. I extend this line of
research by employing a simple simultaneous-move model of traders. Our approach is closely related to
Caplin and Leahy [9] who argue that the aggregate revelation of dispersed information in the market
tends to occur suddenly as the last straw that breaks the camel’s back. Stretching their analogy,
this paper claims that, when the camel’s back breaks, the rupture size is distributed according to a
power law. Another underlying theme of this paper is the aggregation of private information (Vives
[37]) or idiosyncratic shocks (Jovanovic [21], Durlauf [13]). This paper shows that the aggregation of
private information in the market leads to a non-trivial, structured fluctuation that is characterized
by a power law.

The technical analysis I employ is linked to the field of critical phenomena in statistical physics.

Recently, a number of statistical physicists investigated the empirical fluctuations of financial markets.!

ISurvey of this attempt is provided by Bouchaud and Potters [7] and Mantegna and Stanley [27].



Some papers in this literature reproduce the empirical power-laws by introducing the methodology
used for critical phenomena to the herd behavior models (Bak, Paczuski, and Shubik [2]; Cont and
Bouchaud [11]; Stauffer and Sornette [35]). Two questions have been raised for these models of critical
phenomena. One is that they lack the model of traders’ purposeful behavior and rational learning,
which hinders the integration of their methodology to the existing body of financial studies. The
other is a fundamental question as to why at all the market has to exhibit criticality. The power-law
fluctuation occurs typically only at the critical value of a parameter which governs the connectivity
of the networked traders. Gabaix, Gopikrishnan, Plerou, and Stanley [15] address these questions
by incorporating the trader’s optimal behavior and by relating the power laws for the volumes and
returns to Zipf’s law for the size distribution of firms. This paper proposes an alternative by showing
that the market necessarily converges to the critical point as a result of the purposeful behavior of
individual traders who learn information from each other.

The remainder of the paper is organized as follows. In Section 2, a simple static model is presented.
Section 3 analytically derives the power-law distribution and provides an intuition for the mechanism
behind the fat tail. The model is also extended dynamically, and the power-law distribution is shown
to occur at the state into which heterogeneous beliefs of traders evolve. Section 4 shows by numerical
simulations that the equilibrium volumes follow a power law and the equilibrium returns distribution
matches with the empirical counterpart. Section 5 discusses the role of discrete actions and symmetric

information structure in the model. Section 6 concludes.

2 Model

2.1 Model and equilibrium

In this section, I consider the simplest case in which each trader receives private information just once.
I will extend the analysis to the case of repeated information in the next section. I consider a financial
market with a large number N of traders. Each trader receives private information on the state of
the economy. The state takes one of two possible values: H and L. The value of an asset is high in
state H and low in state L. Traders do not know which is the true state, but have a prior subjective
probability b; o for H to occur. Trader ¢ receives private information x;, which is a random variable

identically and independently distributed across traders. Traders cannot observe the other traders’



private information. The information x; is drawn from a known distribution F' in state H and from
G in state L. I assume that the true state is H throughout this paper.

I consider an asset which is worth 1 in H and 0 in L. A share of the asset is indivisible. Traders
choose either to buy it or not. The situation where traders choose to sell or not can be symmetrically
analyzed. Trader ¢’s buying action is denoted by a; = 1 and the non-buying action is denoted by
a; = 0. Let m denote the number of the buying traders, m = Zivzl a;, and let o denote the fraction
of the buying traders, &« = m/N. The action profile and the information profile are denoted by
a=(a1,as,...,ay) and x = (x1,29,...,2ZN), respectively.

The price of the asset b is set by a market maker. The market maker is committed to provide the
asset at the price before it recognizes that the new private information is being drawn by the traders.
Namely, there is an event uncertainty in the sense of Avery and Zemsky [1] at which the market maker
is unaware of the news. I consider that the market maker sets the price at the expected value of the
asset evaluated by the information available publicly. Thus, the market maker sets the price at the
common prior belief, by, which is shared by the market maker and the traders.

Each trader ¢ submits her demand schedule s; to the market maker. The demand schedule specifies
action a; conditional on public information P. The public information P is the likelihood ratio for an
action profile a to occur evaluated at state L divided by that evaluated at state H. P is produced by
the market maker inferring the information revealed by the traders’ actions at equilibrium. Thus, in
this market, traders provide information to the market maker, and in return traders benefit by the
fixed price committed by the market maker. I assume that the traders do not believe that their demand
schedule affects P, since there are a large number of traders. Upon observing x; and conditional on
P, each trader rationally updates their belief according to Bayes’ rule, and obtains the posterior belief
bi,1. The traders are risk-neutral and maximize their subjective expected payoff. The expected payoff
of trader 7 is 0 when a; = 0 regardless of the belief, whereas it is equal to b; 1 — b when a; = 1.

I define a rational expectations equilibrium as a mapping from the space of private information

profile = to the space of a pair of an action profile and public information (a, P) such that:
1. the action a; maximizes i’s expected payoff
2. the public information P is consistent with a

3. the belief b; ; is consistent with z; and P according to Bayes’ rule.



Trader ¢ buys the asset if and only if b; ; > b. The rational expectations equilibrium is implemented
by the market maker who chooses the equilibrium « at which the equilibrium outcome Ef\il a;(P)/N
is consistent with the submitted demand schedule. If there are multiple equilibria, I assume that the
market maker selects the smallest a among them.

Our equilibrium is implemented by the market maker who aggregates the demand schedule submit-
ted by traders. This implementation is a version of a herding model with rational expectations flavor
(Bru and Vives [8]). Without the market maker, our model is similar to Minehart and Scotchmer [29],
who showed that the traders cannot agree to disagree in a rational expectations equilibrium, i.e., the
equilibrium may not exist, or if it exists it is a herding equilibrium where all the traders choose the
same action. A key difference from Minehart and Scotchmer [29] is that traders in our model do not
believe their actions can affect the public information. This assumption is appropriate when there
are a large number of traders in the market. With the market maker, our model captures auctioning
situations where the market maker announces the public information, the traders respond by buying
or not, the market maker announces an adjusted public information, and then the process is iterated

until no traders respond by buying.

2.2 Information structure and optimal strategy

Timpose two assumptions on the information structure. First, the prior belief is common across traders
and the market maker: b; o = byp. This assumption is made for the sake of simplicity, and it is relaxed
later in Section 3.2 where the belief is allowed to evolve heterogeneously over periods. Secondly, we
assume that the private information has the monotone likelihood ratio property (MLRP). Define an
odds function §(z;) = g(x;)/f(z;), where f and g are density functions of F and G, respectively.
MLRP requires ¢ to be monotone. Without loss of generality, we assume that § is strictly decreasing.
Namely, a larger x; implies a larger likelihood of H. This assumption is also standard.
Bayes’ rule is equivalently expressed in terms of a likelihood ratio 6;, = (1 —b;4)/b; . The traders
update the likelihood ratio as:
9i,1 = P(S(l'i)ai,o (1)

The optimality condition for a buying action b; ; > b is equivalent to 01 <1 /b — 1. Thus, trader j



optimally obeys a threshold rule:

1 ifx; >z(P
a; = =0 (2)
0 otherwise

where Z(P) denotes the value of private information at which trader j is indifferent between buying

and not buying conditional on P:

Z=06"1((1/b—1)/(Pbp)). (3)

Under the threshold rule, the likelihood ratios revealed by an inaction (a; = 0) and by a buying action

(a; = 1) are derived as follows, respectively,

 _ Przm<z|L) G(2)

AD = m <z ) TR W
 _ Prl@;>z|L) 1-G(7)

B@) = Pr(z; >z | H) 1-F(1) (5)

As in Smith and Sgrensen [33], MLRP implies that, for any value of Z in the interior of the support
of F' and G,
A(z) > 6(z) > B(z) > 0, (6)

A o) C@IE @) s o
dz F(z) F(z)? F(z) (6(z) — A(z)) <0 (7)
B _ 4@ 0-GENE _ @ o

& - 1-F@ T Q-F@)  1-FE PW @) <0 (®)

Provided with the threshold rule, the public information revealed at equilibrium outcome « is:
P = A(z)"0=) B(z)N (9)

where AN(1—®) represents the likelihood ratio revealed by N(1 — a) not-buying traders and BN
represents that by buying traders.

The optimal threshold Z and public information P are simultaneously determined by (3,9) for each
a. The threshold Z is strictly increasing in P in (3), since ¢ is strictly decreasing. P in (9) is strictly
decreasing in Z due to the inequalities (7,8). Therefore, the threshold Z exists uniquely for each a.
Let Z(a) denote the optimal threshold for the level of public information produced when the fraction

of buying traders is a.



The existence of an equilibrium is shown as follows. Define S = {0,1/N,2/N,...,1} as a set of
possible equilibrium outcome «, and define a reaction function I' : S — S for each realization of x

such that o = I'(«) is the fraction of traders with x; > Z(«).

Proposition 1 For each realization of x, there exists an equilibrium outcome o in which the action

profile satisfies the optimal threshold rule (2).

Proof: Combining (3) and (9) yields:
AN B(z)N5(2)6;0 = 1/b — 1. (10)

By taking logarithm of the both sides of this equation and then taking a total derivative, I obtain:

dz log A(Z) — log B(T)

da ~ (1—a)A'(z)/A(Z) + aB'(z)/B(z) + 0'(z)/(6(x)N)

(1)

The right hand side is strictly negative, since A > § > B > 0, A’ < 0, B’ < 0, and ¢’ < 0. Then
Z is decreasing in «. Since I'(«) is the fraction of traders with x; > Z(«), the decreasing T implies
that I' is non-decreasing in « for any realization of x. Since I' is a non-decreasing mapping of a finite
discrete set S onto itself, there exists a non-empty closed set of fixed points of I' by Tarski’s fixed
point theorem. O

The threshold strategy (2) allows multiple equilibria for each realization of x. Here I focus on
the equilibrium selected by the market maker, which has a minimum fraction of buying traders, a*,
among possible equilibria for each z. By this equilibrium selection, I show that even the minimum
shift in equilibrium exhibits large fluctuations. The equilibrium selection maps each realization of x
to a*. Thus o* is a random variable if viewed unconditionally on x, and its probability distribution
is determined by the probability measure of x and the equilibrium selection mapping. I further

characterize the probability distribution of a* in the next section.

3 Analytical results

3.1 Derivation of the power law

In this section, I analytically derive the power-law distribution of the minimum aggregate action o*

defined in the model. I propose a method to characterize the distribution of a® by using a fictitious



tatonnement process. In so doing, I clarify the condition for the power law of a® and provide an
economic interpretation for the mechanism that generates the power law.

The minimum equilibrium «* is known to be reached by the best response dynamics of traders,
which Vives [39] called an informational tatonnement. The best response dynamics requires the traders
to know only the “aggregate” information, « in our case. Cooper [12] argued that the parsimonious
informational requirement of the best response dynamics makes it a desirable equilibrium selection
algorithm when there exist multiple equilibria and when it is difficult for traders to coordinate their
actions.

I start by showing that the informational tatonnement converges to a*. I continue to use the
notation developed for Proposition 1 such as S for the set of o and I' for the aggregate reaction

function on «.

Proposition 2 Consider an informational tatonnement process o, where a® = 0 and a* = T'(a*~1)

foru=1,2,...,T, where the stopping time T is the smallest u such that m* —m*~! = 0. Then, a"
converges to the minimum equilibrium o for each realization of x. Also, the threshold decreases over

the informational tatonnement process: T(a**l) < z(a®) for any realization of x.

Proof: I can apply Vives’ result [38] to show that this tatonnement always reaches a fixed point ol

T must coincide with

of T, since T is increasing, S is finite, and a® = 0 is the minimum in S. Also, o
the minimum fixed point o* for the following reason. Suppose that there exists another fixed point
a that is strictly smaller than a”. Then I can pick u < T such that o* < o < o“*!. Applying the
non-decreasing function I', we obtain I'(a*) < I'(a). Then ! < a. This contradicts to o < a**1.
O

Since the informational tatonnement starts from o = 0 and converges to o*, I can express a* as
the sum of increments of the tatonnement process. Moreover, the informational tatonnement can be
regarded as a stochastic process, once it is viewed unconditionally on the private information x. Thus,
a* can be expressed as the sum of a stochastic process that starts from and converges to zero. The
idea of characterizing an equilibrium outcome by a stochastic process is similar in spirit to Kirman
[23]. Note that the tatonnement does not impose any restriction on o*, since I have uniquely defined
it as the minimum equilibrium aggregate action. I simply use the tatonnement as an instrument to

characterize o*.

By showing that the threshold Z decreases over the stochastic process, Proposition 2 establishes



that there exists a non-trivial chance of chain reaction during the tatonnement. A trader who chooses
to buy in u will continue to choose to buy in u + 1, since the threshold is decreased. A trader who
does not buy in v might choose to buy in u + 1. The conditional probability of a non-buying trader

u—1

switching to buying in response to a* — « is defined as follows:

= U f@)de/F@E Y (12)

where Z* is a shorthand for Z(a™). The p* is always non-negative because of the decreasing threshold.
Thus m“T! — m¥, the number of traders who buy in u + 1 for the first time, conditional on the
tatonnement history up to u, follows a binomial distribution with population parameter N —m" and
probability parameter p*. The distribution of m! follows a binomial distribution with population
N and probability p® = 1 — F(z°). This completely defines the stochastic tatonnement process, as

summarized in the following proposition.

Proposition 3 Consider a stochastic process m* — m*»~ ', uw = 1,2,...,T, where m® = 0. Suppose
that m* Tt —m* conditional on m* — m*~ ! follows a binomial distribution with population N — m*
and probability p* which is determined by (12) and % = z(m*/N). Also suppose that m* follows a
binomial distribution with population N and probability p°. Then, the minimum equilibrium number

of buying traders m* = o* N follows the same distribution as the cumulative sum of the process: m? .

Proposition 3 establishes that the minimum equilibrium m* = a*N is equal to the sum of a
binomial process. A binomial distribution permits Poisson approximation when the population is
“large” and the probability is “small”. The approximation holds in our tatonnement if the probability

p* is of order 1/N. I show this being the case.

Proposition 4 The binomial process m*tt — m% asymptotically follows a branching process with a
state-dependent Poisson random variable with mean:

Az 1) log A(z%~ 1) —log B(z*~1)

P S A B ) — 1

(13)
Moreover, ¢ — 1 when supz(G(z) — F(Z)) — 0.

Proof: Equation (11) indicates that dz/dm is of order 1/N. From Equation (12), I obtain that
pt = (f(z* 1)/ F(@* 1) (dz/dm)|pmu-1 (m*~ 1 —m*)+O(1/N?). Thus, p* is also of order 1/N and its

10



leading term is proportional to m* —m*~!. The asymptotic mean of the binomial variable m**+! —m®

conditional on m* — m*»~1 = 1 is derived as follows:

(bu = pth*»oopulmu—muflzl(N - mu)
. F@ 1) log A(z*~) — log B(z"~") S(N —m),
= plimy_ 55— — —= — = — — (14)
F(z+=1) (1 — av= DA (zv 1) JA(z*~ 1) + a»~ 1B/ (24~ 1) /B(z"~1) N
log A(z*~ 1) — log B(z“~1)
u— S(zv—1) u—1_F@ 1) S(zv—1)
(I—avt) (1 - A(iu—l)> +av! 1-F(zv-1) (B(i“—l) - 1)

where I used (11) for the second line and (7,8) for the third line. Note that m“*!/N converges to

(1—a") (15)

1 — F(z*) with probability 1 for a fixed threshold Z" as N — oo by the strong law of large numbers.
Then, (a**/(1—a*t1))(F(z*)/(1—F(z"))) converges to 1 with probability 1. Also a*—a%~1 =1/N
when m* — m“~! = 1. Applying these to (15), I obtain (13). Hence, m**t! — m" asymptotically
follows a Poisson distribution with mean ¢*(m* —m“~1), which is equivalently a (m* —m*~!)-times
convolution of a Poisson distribution with mean ¢*. Thus, the binomial process asymptotically follows
a branching process in which each parent bears a random number of children that follows a Poisson
distribution with mean ¢*. The asymptotic mean (13) is dependent on Z%“~ 1.

When the distribution G is taken closer to F, A(Z)/B(Z) — 1 holds since A/B = (1/F—-1)/(1/G—
1). As 1 take A(Z)/B(z) — 1, the first fraction in the right hand side of (13) converges to 1 because
of A > § > B, and the second fraction also converges to 1 by L’Hospital’s rule. Thus ¢* — 1. |

A branching process is a stochastic integer process of population in which each individual (“par-
ent”) in a generation bears a random number of “children” in the next generation. Proposition 4
shows that the number of newly buying traders in each step u 4+ 1 asymptotically follows a Poisson

distribution with mean ¢“(m* — m“~1)

. Since Poisson distribution is infinitely divisible, the taton-
nement process asymptotically follows the branching process in which each newly buying trader in u
induces a random number of the other traders to buy in v + 1 according to the Poisson distribution
with mean ¢“.

Proposition 4 shows that ¢* does not depend on N for a given level of threshold Z. This means
that p“, the probability of a non-buying trader switching to buying in w, is of order 1/N. It also
implies that the decrease in the threshold Z in each step is of order 1/N. This property is important
for the tatonnement process to generate a non-degenerate distribution of the total number of buying

traders m*. If p* is of order less than 1/N, then m* converges to zero as N — oo. If p* is of order

more than 1/N, the process explodes to infinity with probability one as N — co. Only when p* is of

11
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Figure 1: Mean number of newly buying traders in u + 1 induced by a buying trader in u. The left
panel is for N = 500 and the right for N = 1000. Dot lines show the approximations by ¢* for

associated plots.

order 1/N, m* exhibits a well-defined fluctuation.

Figure 1 plots the exact mean p*(N — m") and the asymptotic mean ¢* of the number of traders
induced to buy by a single buying trader. It is plotted as a function of m*/N for various values of
b—bg. The asymptotic mean is shown by dots. For the computation, F' and G are set to an exponential
distribution with mean 1.05 and 1, and b = 0.9. The left panel shows the case of N = 500 and the
right panel N = 1000. I observe that ¢" approximates the exact mean well and the approximation
becomes better as N increases.

Now I derive the distribution of m* as the cumulative sum of the informational tatonnement.
Proposition 4 and Figure 1 show that the tatonnement can be approximated by a branching process
with state-dependent Poisson mean, and Proposition 4 states that the Poisson mean is close to 1
when the informativeness of the private information is vanishingly small. When the Poisson mean is

constant, I obtain the following distribution for the total size of the branching process.

Proposition 5 Consider a branching process m* — m*~! in which m® = 0, m! follows a Poisson

1

distribution with mean u, and m**1 —m¥ conditional on m*—m%~! = 1 follows a Poisson distribution

with mean ¢. Then, the sum of the branching process m”™ has the following distribution:

’ue_ (pm+p)

Pr(m' =m) = T(@” + )"t (16)

12



o (¢el_¢)mm_1'5 (17)

where the second line holds asymptotically as m — oo.

T 1

Proof: The sum m* conditional on m* = 1 follows a closed form distribution known as Borel-
Tanner distribution in the queuing theory [22]. Equation (16) is derived by mixing the Borel-Tanner
distribution and the Poisson distribution for m!, and (17) is obtained by applying Stirling’s formula
[30]. O

Proposition 5 states that the sum of the Poisson branching process follows a power-law distribution
with exponent 0.5 with exponential truncation (the exponent is defined for a cumulative distribution).
In fact, such a tail distribution obtains not only for the Poisson branching process but also for any
branching process.? The speed of exponential truncation is determined by 1—¢. The branching process
is called critical, subcritical, or supercritical, when ¢ is above, equal to, or below 1, respectively. The
distribution (16) becomes a pure power law at the criticality ¢ = 1, at which the branching process
becomes a martingale.

Since our informational tatonnement does not have a constant branching mean during the process
for a finite N, Proposition 5 applies only asymptotically when N — oo and sup(G — F) — 0. However,
the distribution of simulated a* in Figure 2 in the next section confirms that Proposition 5 provides
an accurate prediction for the distribution. The exponent of the power law shown in Figure 2 is 0.5,
which corresponds to the exponent derived analytically here.

What is the economic intuition for such a large fluctuation of m*? The key to the fluctuation

is that each trader responds to the average behavior of other traders. This point is seen by taking

logarithm of the equilibrium condition (24):
(1—-a)logA(Z) + alog B(Z) =0 (18)

which must hold both in the basic model and the model with the market maker at the limit of N — oco.
When a trader buys, the other traders adjust their beliefs not only due to the observed action but also
due to the observed inactions of the other traders. The buying action decreases the likelihood ratio of
the other traders by a factor of B/A, and thus decreases their threshold Z. Inactions of those traders
under the revised threshold reveal in turn their private information partially in favor of not buying.

As a result of these two forces, the threshold is shifted so that the impact on the public information

2See Harris [18]. Also see Sornette [34] for robustness of this result for generalized branching processes.
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caused by the triggering buying action is canceled out by the disbelief subsequently revealed by the
inaction of bear traders. Since there are N traders in the market, the impact of one buying action
on the threshold is of order 1/N. Hence, the branching mean ¢ becomes of order 1. This is a natural
order of magnitude for ¢ in the case of the symmetric information structure as I assume here, because
the traders have no reason to imagine that the information revealed by an action should weigh more or
less than that revealed by an inaction. Hence, it is a robust feature of herd behavior models that the
chain-reaction mechanism operates at the criticality when the size of traders in terms of information
weights is not greatly diversified.

The power law emerges at the criticality ¢ = 1. Consider a deterministic process in which the
population grows at the rate ¢. The population of a generation decreases exponentially in a subcritical
phase, ¢ < 1, and increases exponentially in a supercritical phase ¢ > 1, while it stays constant if
¢ = 1 holds exactly. If ¢ < 1, the branching process has a zero probability of continuing infinitely,
whereas it has a positive probability of continuing infinitely if ¢ > 1. Thus, ¢ = 1 is the border case
of the process that stops in a finite step.

As seen in Equation (17), the distribution of the total population has an exponential tail when
the process has either ¢ < 1 or ¢ > 1. The speed of the exponential decay slows down as ¢ becomes
close to 1, and disappears when ¢ = 1. At this point, the slower power decay dominates the tail
distribution. The power-law exponent 0.5 is closely related to the same exponent that appears for the
distribution of the first return time of a random walk. I can see that the exponent has to be less than
1 as in the following argument. The branching process has a recursive characteristic, in which the
total offsprings originated from a child has the same probability distribution as the total offsprings
originated from the parent of the child. Let H(s) denote the probability generating function of the
total number of offsprings generated by one parent, and let J(s) denote the probability generating
function of the number of children each parent bears. Then the relation H(s) = sJ(H(s)) must hold,
where J(H (s)) is the probability generating function for the offsprings originated by all children of the
parent, and s is multiplied to J(H (s)) because H(s) counts the parent itself in. By taking a derivative
and evaluate it at s = 1, T obtain H'(1) = 1+ J'(1)H'(1). J'(1) = 1 if the mean number of children
per parent is one. Hence H'(1) does not have a finite solution, implying that the total population
does not have a finite mean. The diverging mean occurs when the power decay of the probability has

an exponent less than 1.
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3.2 Dynamic extension

The results in the static model were derived under the homogeneous prior belief. Our results hold even
if the prior belief is heterogeneous. A particularly interesting case is when the belief evolves over time
as the private information is repeatedly drawn. In this case, even though I maintain the assumption
that the prior belief in the initial period is homogeneous, the belief in the subsequent periods will be
heterogeneous due to the past private information. I show that our characterization of informational
tatonnement continues to hold in the sequence of static equilibria.

The dynamic extension not only relaxes the assumption of common prior belief but also ties the
loose end left in the static model. The limiting behavior of p° when N — oo is ambiguous in the
static model, leaving a possibility that the chain reaction is practically never triggered for a large N
because of an extremely high threshold at the beginning of the tatonnement. In Figure 2, a large
mass of probability is observed at @ = 0. This corresponds to the observation in Figure 1 that the
branching mean decreases rapidly near o = 0 when bg is lowered. This is because the traders rarely
react to the private information in the situation when no other traders reveal their information and
when the prior belief is small.

It turns out in the dynamic model that the belief naturally approaches to the threshold level,
since the traders learn the true state eventually as they draw private information repeatedly. This
implies that, regardless of the level of the initial prior belief or IV, the belief eventually increases to
the level at which traders start buying even though the other traders are not buying. This triggers
the herd behavior. I may interpret this dynamics as a self-organized criticality following Bak et al.
[3]: the distribution of traders’ belief converges to the critical state at which the size distribution of

herd behavior is characterized by a power law.

3.2.1 Heterogeneous belief

I dynamically extend the basic model with fixed price. Each trader ¢ draws the private information
x; ;+ repeatedly over periods for ¢ =1,2,.... The private information is identically and independently
distributed across traders and periods. I consider the same asset as before which is worth 1 in H and
0 in L. Traders are given an opportunity to buy this asset for a fixed price b in each period, regardless
of their past actions. Hence trader ¢ buys the stock in period ¢t if b; ; > b and does not buy otherwise.

There is no dynamic aspect involved in traders’ decision other than updating the belief.
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Traders observe their private information history :Ef = (%i1,%i2,- .., %) as well as the aggregate
information P, which is the likelihood ratio revealed by the action profile history a*~!. As in the static
model, I assume that the traders believe that their actions cannot affect the aggregate information
and thus they regard P; as being independent of z!.? I study a sequence of static equilibria (a;, b;),
t=1,2,..., such that the action a;; maximizes trader i’s expected period payoff under the subjective
belief b;; (defined for the state H as before) which is updated according to Bayes’ rule upon i’s
observation of (zt, P;).

I continue to assume the common initial prior belief b, o = by and MLRP. However, the belief is
allowed to evolve stochastically as the traders draw information repeatedly. Thus, the belief in each
period ¢ > 0 is heterogeneous across traders with a particular structure that the heterogeneity stems
only from the distribution functions F' and G which are ordered by MLRP.

The aggregate information P, is constructed as follows. Given an action profile history a*~!, all
traders are divided into 2¢~! groups according to their action history aﬁ_l. Let ny+ denote the number
of traders in the k-th group for k = 1,2,...,2t=! (hence Zi:ll ngt = N), and my, the number of
buying traders in the same group. Let X} s for s < ¢ denote the domain of x; ; which is consistent
with @ under the threshold strategy supposed in Proposition 6 for trader ¢ who belongs to the k-th
group. The likelihood ratios revealed by an action history of a non-buying trader ¢ and a buying

trader j in the k-th group are written as follows.

A, = Sxor o x, ) G@(Prai™))dG (@) - dG(xi1) (19)
7 Jxor o Sx ) F@(Piaim)dF (wig-1) - dF (1)
B = I (00 C@BET) G ) - dGlas) 0
’ Sxor x, (U= F@(P oy ') dF (2j-1) - dF (2,1)
I define the aggregate information as the likelihood ratio revealed by the action profile history:
=A™ B (21)
k

I show that the equilibrium threshold strategy still exists in this setup.

Proposition 6 For each realization of z*, there exists an equilibrium outcome (my,.) and thresholds

3 As in the static model, it is possible to eliminate this assumption and construct a sequence of static Nash equilibria.

It does not alter the characterization of the fluctuations at the limit of N — oo.
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Ty such that the action profile a; satisfies the optimal threshold rule:

1 if Tit Z i’t(Pt;IEE_l)
Qait =

)

(22)
0 otherwise

Proof is deferred to Appendix A. The tatonnement process is characterized by a mixture of binomial
distributions, which asymptotically follows a Poisson distribution. The threshold decreases over steps
during the tatonnement within each node of the history, hence secures a well-defined tatonnement

process with a chance of the chain reaction of buying actions.

3.2.2 Self-organized criticality

Traders in our model learn the true state by Bayesian learning by observing private information and
aggregate actions. Since the private information is independent across periods, the Bayesian learning

converges to the true state almost surely.

Proposition 7 The subjective belief b; ; converges to 1 ast — 0o almost surely.

t
T=1

Proof: The likelihood ratio for the private information history, [, _; 6(z; ), converges to zero as in
Billingsley [6]. The proof is outlined as follows. The likelihood ratio 6;, follows a martingale in the
probability measure of the private information under the true state: E(6;; | 0;1—1,H) = 0;4,—1. Also,
the likelihood ratio is bounded from below at zero by construction. Then the martingale convergence
theorem asserts that the likelihood ratio converges in distribution to a random variable. Moreover, the
probability measures represented by the distributions F7 and G for a sequence of private information
(xi1,Ti2,...,2;7) are mutually singular when T' — oo, since x;, is independent across ¢t. Then
Hj—:l i, converges to zero.

Hence, 6;: converges to zero if P, remains finite for ¢ — oo. PF; is finite for a finite £; when N
is finite. When Z; tends to a positive infinity, P, decreases to a finite value since Ay, and By are
decreasing in z; and positive. When Z; tends to a negative infinity, all traders eventually choose to buy.
Hence, T, A" """ tends to one, and P; tends to [, By ¢"*. I proved that By, < (1/b—1)/(60F;)
in the proof of Proposition 6. This inequality violates that P; tends to lef * if P; tends to a positive
infinity. Thus P, is finite as t — co. Hence 0, ; is dominated by the private information as t — co and
converges to zero, and b; ; converges to 1 almost surely. O

Proposition 7 means that the belief converges to the true state eventually. This is a natural

consequence of that traders have infinitely precise information in the long run as they accumulate
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their own private information repeatedly. The convergence of belief implies that there is no possibility
for the herd behavior in the long run in the narrow sense that the infinite sequence of traders take
actions on the basis of wrong belief or that traders completely neglect their private information. The
herd behavior can occur in a stage game in which the private information is not infinitely informative
and thus can be hoarded.

The convergence of belief to the true state means that all the traders will buy eventually. This
implies that some traders start buying even without any other trader buying during the process of
the convergence. Such a buying action triggers the chain reaction of buying. The loose end in the
previous section was that the triggering action may not occur with a meaningful probability when
N is large. The converging belief assures that the triggering actions eventually occur and cause the
fat-tail distributed aggregate actions almost surely.

The logic is analogous to the self-organized criticality proposed by Bak et al. [3]. In Bak’s sand-pile
model, the distribution of avalanche size depends on a slowly-varying variable (the slope of the sand
pile), and the dynamics of the slope variable has a global sink exactly at the critical point at which
the avalanche size exhibits a power-law distribution. In our model, the average belief corresponds to
the slope in the sand-pile model. The chain reaction is rarely triggered when the average belief is far
below the threshold. As the private information accumulates, the average belief increases toward the

threshold. It ensures that the triggering buying action occurs eventually.

4 Numerical results

4.1 Power law for aggregate actions

In this section, I show by numerical simulations that the probability distribution of the minimum
equilibrium aggregate action a* follows a power law when the distributions of the private information,
F and G, are specified as exponential distributions. In Section 3.1, I derived the power-law distribution
analytically without specifying F' and G, but only asymptotically when N is taken to infinity and F
is taken to G. In the simulation, the mean private information is set at 1.05 for H and 1 for L. Also
Iset N =1000 and b = 0.9. A profile of private information z is randomly drawn for 5000 times, and

o™ is computed for each draw. Figure 2 plots the inverted cumulative distribution of a* for various

levels of the prior belief by. The inverted distribution Prs (a*) is cumulated from above, thus it takes
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Figure 2: Inverted cumulative distribution of the minimum equilibrium number of buying traders a*

0at * =1 and 1 at a* = 0. The distribution is plotted in log-log scale, thus a linear line indicates
a power law Prs (a*) o< a*~¢, where the slope of the linear line ¢ is called the exponent of the power
law. I observe that the distribution shows a power law with exponent around 0.5 for a wide range of
at.

The power-law distribution implies a fat tail, i.e., the concentration of a considerable probability
in extreme events. In Figure 2 for the case b — by = 0.01, there is 6% probability for more than 1% of
traders to buy the asset, 3% probability for more than 10% of traders, and 1% probability for more
than 80% traders. The distribution exhibits the concentration of probability in the tail, considering
that a* in the plot has standard deviation 9.2% and mean 1.5%. This contrasts sharply to the case
of the central limit theorem in which the average of the idiosyncratic shocks asymptotically follows
a normal distribution with variance decreasing linearly in the number of the shocks. Suppose that
the traders are not strategically complement and their actions solely depend on their own private
information. The variance of a; is less than 1. Then the aggregate action a* converges to a normal

distribution with variance less than 1/N. With N = 1000, o would have less than 4% standard

deviation, and hence more than 99% probability would be concentrated in the range of +£12% of the
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mean. Simulations also show that the variance of a* does not decline as N increases. The simulated
variances are 8%, 9%, and 11% for the cases of N = 500, 1000, and 2000, respectively. This contrasts
again to the case of no strategic complementarity, where the variance should decline linearly in N
according to the law of large numbers.

A power-law tail also implies that the distribution belongs to a domain of attraction of a stable law
with the same exponent. This means that a sum of the random variables distributed according to a
power law also follows the power law with the same exponent. Thus, if the herd size of traders follows
a power law independently in each period, the cumulated size of the herds also follows a power law
with the same exponent. If the power law is truncated exponentially, the central limit theorem takes
effect in the accumulation and thus the cumulated herd size would converge to a normal distribution
as the time horizon increases. Hence the distribution of the herd size would show a transition from a
fat tail to a normal as I take a longer time horizon.

The power-law distribution of the aggregate action can be derived analytically. Before I move on
to the analysis, let us see how the fat tail for the aggregate action can lead to the leptokurtosis of the

stock returns.

4.2 Stock returns distribution

Fat-tailed distributions in financial markets are most prominent in the stock returns. In this section,
I argue that our model can mimic the empirical stock returns distribution. To do so, I modify our
basic model in order to relate the equilibrium aggregate actions to the stock returns.

The transformation of the aggregate actions to the stock returns raises two challenges to the
standard herd behavior model. First, the benchmark herd behavior model assumes that the cost of
acquiring an asset is constant, such as b in our basic model. In other words, the asset is infinitely
supplied at the constant price. This is not a realistic assumption for stock markets where the price is
constantly changing [36]. In this section, we incorporate a market maker who sets the price such that
the expected returns of the market maker is zero conditional on the information available. Traders can
now choose either “buy” or “sell”. By abuse of notation, the action a; = 0 now denotes “sell” instead
of “inaction”, while a; = 1 remains to denote “buy”. Traders buy if their subjective belief is above
the price that the market maker posts, and sell otherwise. The market maker absorbs any excess

demand from the traders. In the standard market microstructure models, the risk-taking behavior of
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the market maker is compensated by the revenue from the bid-ask spread that the market maker can
set. Here I do not incorporate the spread in order to keep the model minimum.

The second difficulty is the no-trade theorem [28] which states that I may not observe any stable
relation between the price and trading actions if the price reflects the publicly available information
instantly. Smith [32] has shown that the trader’s timing of trade will not be affected by public
information either, since the price movement that reflects the public information will cancel out the
effect of the public information on the trader’s belief. This effect is seen in our model as follows.
Suppose that the of price asset is determined by the market maker’s belief, 1/(1 + P), where P is the
likelihood ratio revealed by traders’ actions: P = AN~™B™@,. The threshold likelihood 1/b — 1 is
now P. Then, a change of action by trader ¢ affects both the price and the subjective belief of trader
7 in the same manner, leaving j’s incentive unaffected.

Considering this difficulty, Avery and Zemsky [1] proposed that another dimension of uncertainty
is needed for the herd behavior models to deal with the stock price fluctuations. With the new
dimension of uncertainty other than the asset value, there is a room for traders and the market
maker to have different interpretation of observed actions. Avery and Zemsky exemplify two kinds of
such uncertainty: event uncertainty and composition uncertainty. Here we consider a simple case of
composition uncertainty in which the market maker cannot observe the actions of all the traders. This
is the case when the market maker cannot fully identify the informed traders with private information
from noise traders.

I suppose that the market maker observes the actions of randomly chosen traders of the number
N = ¢N for some constant 0 < ¢ < 1. Then, a trader’s action is incorporated in the price only with
probability ¢. I can interpret 1 — ¢ as the noise level of the market. Let m denote the number of
buying traders among the observed traders. The total number of buying traders is denoted by m as
before. I also assume that the market maker knows the threshold belief of the observed traders. This
can be the case, for instance, if the market maker can observe the bidding price of some participants
in the limit order book.

The price is set by the market maker at the expected value of the asset evaluated with the subjective
belief of the market maker. Thus, the initial price is set as by = 1/(1 + 6y) where 6y is the common
prior likelihood ratio. The equilibrium price is set as 1/(1+ P), where P is the likelihood ratio revealed
to the market maker: P = A(.’f)N ~MmB(z)™fy. Traders determine the optimal threshold given the
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price 1/(1 + P) instead of b. The threshold Z thus satisfies:
(A@)'7B(@)*)" ()80 = P = (A(z)'"*B(z)*)" 6y (23)

The stock return @ is defined by the log difference between the equilibrium price 1/(1 + P) and the
initial price 1/(1 + 6y).

Figure 3 shows that the distribution of the simulated returns ) can mimic the empirical distribution
of stock returns. The empirical distribution is constructed from the daily returns of S&P500 stocks for
a year starting from July 1, 2004. The dashed line shows the normal distribution with the mean and
standard deviation computed from the S&P500 returns data. The horizontal axis is scaled linearly
whereas the vertical axis is scaled in log. Thus, a linear tail of the distribution means an exponential
decay and a parabola means a normal distribution. It is clear from the plot that the normal distribution
fails to account for the fat tail and the leptokurtosis (i.e., high probabilities in the tail and at the center)
of the empirical distribution. The simulated data are generated under the following specification. The
noise level is set at ¢ = 0.1 and the prior belief is set at by = 0.5. The number of traders is N = 1000.
The distributions of the private information, F' and G, are exponential with mean A = 1.015 and

© = 1. Simulations show that @) has a larger standard deviation when A is larger under fixed u. I
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Figure 4: Simulated distributions of @ (left) and o* (right) for various noise levels 1 — ¢

chose the value of A so that the standard deviation of ¢ matches that of the empirical stock returns.

The left panel of Figure 4 plots the histogram of () for various noise levels 1 — ¢q. The parameters
are the same as in Figure 3 except that A is reset at 1.05 as in Figure 2. The distribution has a
larger variance when ¢ is larger. This is because more traders are observed by the market maker and
thus the price reflects more information revealed. It is also skewed to the left when ¢ is large, as [
discuss later. I observe that the distributions are slightly biased to the right, since the true state of
the economy is set to H and thus the private information brings a good news on average.

The right panel of Figure 4 plots the distribution of the fraction of buying traders, a*, in the
simulations that generate the left panel. I observe the same pattern of the power law with exponent
around 0.5 as in Figure 2, although the exponent and the range of the power decay seem to slightly
depend on q. The power law for various ¢ can be understood as follows. Suppose that N approaches
to infinity in Equation (23). The fraction of observed buying actions, & = m/N, converges to the
fraction of the total buying actions, c. Then, for a fixed 0 < o < 1 at the limit of N — oo, Z solves:

A(j)lfaB(j)Oé = lim 5(i,)—1/((17q)1\7) -1 (24)

N—o0

This is equivalent to Equation (10) for the basic model in the limit of N. The asymptotic property of &
inherits our basic model, and hence the distribution of a* is characterized by a power-law distribution.

The intuition is that the uncertainty regarding the observation of the market maker does not affect the
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Figure 5: Left: Scatter plot of m/m and Q. Right: QQ-plot of the log price against a normal

distribution when ¢ = 1.

mean number of traders that are affected by a trader’s action, even though its variance is affected. It
turns out in our analysis in Section 3.1 that the power-law relation only depends on the mean impact
of a trader’s action on the others’.

The left panel of Figure 5 shows the scatter plots of @ against m/m in the simulated data for
g = 0.1. Note that @ is close to 0 around 7 /m = q. That is, the price shows little movement if there is
no composition uncertainty. The effect of composition uncertainty is shown by the large deviations of
Q from 0 when m/m is away from ¢. The stock price shows a large deviation from the informationally
efficient price when there is a large gap in observations between the market maker and traders. The
stock price also shows a large deviation when the number of buying traders is large. This is shown in
the figure by the lines connecting the sample points that have the same number of observed buying
traders m. For any fixed level of m/m, a larger m (and thus a proportionally larger m) has a larger
impact on Q. This reflects the herding effect shown by the basic model. The traders’ actions tend to
synchronize, and the synchronization of the information revelation causes a large change in the price.
Our plot shows that the herd behavior magnifies the effect of composition uncertainty.

The model with a market maker nests the basic model as a special case ¢ = 0, in which the market
maker observes no traders and the price does not move at all. The other polar case is ¢ = 1, when

the price reflects all the revealed information and thus a trader’s action has no spill-over effect on
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the other traders. When ¢ = 1, the equilibrium threshold satisfies §(Z) = 1 regardless of m. The
equilibrium outcome m* follows a binomial distribution with population N and probability 1 — F(Z).
Then the log-likelihood ratio log P = (N —m*) log A(Z) +m™* log B(Z) asymptotically follows a normal
distribution. If the support of P is very large, the log price (—log(1l + P)) approximately follows a
normal distribution. If the support of P is near zero, the log price is approximately —P, where P
follows a lognormal distribution. Simulations confirm this point. The right panel of Figure 5 shows a
QQ-plot of simulated series of the log-price (). Each @ is computed for 50000 sets of randomly drawn
private information z, when A = 1.01, p = 1, and N = 200. The fit by the normal distribution for
Q is perfect if the QQ-plot coincides with the 45 degree line. I see a good fit in the range of three
standard deviations away from the mean. The left panel of Figure 4, on the other hand, shows the
case of a high ¢ (¢ = 0.9) when the resulting @ is relatively centered around 0. The distribution is
skewed to the left, which is the shape of a negative lognormal distribution. Hence, our model explains
the empirical distribution of stock returns only when the market observes maker a small fraction of

the informed traders.

5 Discussions

5.1 Discrete actions

The discreteness of the action space plays an important role in our results of herd behavior. In
our model, traders can choose either to buy or not (or sell in the model with a market maker).
Suppose, instead, that each trader chooses an action from a continuous action space and that the
action corresponds to the private information one-to-one. The private information is drawn from an
exponential distribution and the state space is the possible mean of the distribution, {A, u} where
A > p, and the true state is A. Then, the likelihood ratio of observing an average information profile
() is (A )N e/ A=/ mN@) - Since (z) — A and (\/p)e! =1 < 1, the likelihood ratio converges to
0 as N increases. Thus, for a large N, one round of information draw is sufficient for the market to
learn the true state.

Our result on the aggregate effect of the binary choice has an implication on the effectiveness of the
Tobin tax scheme. The tax on short-term asset transactions raises the transaction costs and thus can

suppress speculative trades. A byproduct of the increased transaction costs and the decreased trades
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is the inhibition of the revelation of private information. Our model suggests that the inhibition can
lead to a larger aggregate fluctuation. An increase in transaction costs will increase the amount of
assets that a trader buys in one transaction. Since the transaction volume is the amount of assets
bought in one transaction times the number of buying traders, the variance of the transaction volume
will increase, and hence the variance of the asset price will increase. This corresponds to the empirical
finding by Hau [19] that the volatility of stock prices is increased by an increase in transaction costs.

The effect of the transaction costs on the aggregate fluctuations can be put alternatively. Suppose
that traders need to trade a certain amount of assets in each year. Suppose that traders can divide
the total amount into monthly transactions if the transaction cost is low, whereas they can afford
only one transaction a year if the transaction cost is high. If traders tend to herd in transactions
due to the revelation of private information associated to the transactions, then I observe a small
monthly herding when the transaction cost is low, whereas I observe a large yearly herding when the
transaction cost is high. If the herd involves all the traders at once, the second moment of daily volume
is 12(X/12)2/365 in the case of monthly herdings while X?2/365 in yearly herdings, where X is the
total volume traded per year. Thus, the Tobin tax shifts the frequency domain of the herding from
high to low, but it can increase the volatility of the trades. The aggregate fluctuation is suppressed
by inducing the traders to trade frequently when the fluctuation is driven by information inferences
among traders. In the limiting case when the traders trade continuously, the stochastic fluctuations
of the herd size ceases to take effect as I discussed with the case of the continuous action space.

This paper mainly aims at explaining the fat-tailed fluctuations observed in the high frequency
domain for which the empirical evidence is most supportive. However, some empirical studies such as
Jansen and de Vries [20] and Longin [25] suggest that the largest crashes and booms in the history
can be understood as an extreme event within the same power-law tail, instead of being outliers. Our
model is consistent with their view that the market crashes are caused by the same mechanism that
causes the price fluctuations in normal times. The natural time horizon for the uncertainty of the
value of an asset to resolve just depends on the nature of the uncertainty. I can imagine a kind of
uncertainty that can affect traders’ long-run portfolio choice significantly. Such an uncertainty can
linger for an extended time until it finally resolves by a collective conviction among traders and exerts

a big impact on the price.
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5.2 Information structure

The model can be generalized to allow asymmetric impacts of an action on the other traders’ beliefs.
I can define an information weight that each trader puts on the revealed likelihood ratio of the other
traders. It is thus an N-by-N matrix [w; ;] for a decentralized market or an N + 1-by-N matrix for a
market with a market maker. The geometric sum of the traders’ revealed likelihood in the right hand
side of (9) can be weighted by this matrix. The model I have considered is the case of a symmetric
information weight in which w; ; =1 for all 1, j.

The noisy observation of a market maker provides a simple example of the information weight.
For the market maker, wy,, ; takes either 1 or 0 randomly with probability ¢ for 1. In a similar
fashion, I can make the traders’ reference groups heterogeneous or localized. An important example
is the standard herd behavior model with sequential trading. In this case, a trader can only observe
the actions of traders who have taken actions earlier. Thus the weight matrix is w; ; = 1 for 7 < ¢
and w; ; = 0 for j > 4, when the trader i is sorted in the order of the trade timing.

Traders’ network can be incorporated in the model by w. This alters the nature of the branching
process, and interestingly, it can affect the exponent of the power law. For example, Bak et al. [3]
showed that the critical branching process in a two-dimensional directed lattice results in avalanches
characterized by a power-law distribution with exponent 1/3. The exponent is known to increase up
to 1/2 as the dimension increases [16]. The exponent in our model achieves the upper bound, since
our network is dimensionless and can be treated as a case of infinite dimensions. The model can
incorporate the models of critical phenomena in the market with networked traders such as Cont and
Bouchaud [11] and Stauffer and Sornette [35], since it allows to incorporate an exogenous random
process which determines w.

The model suggests that the information structure is a crucial factor that determines the nature
of the aggregate fluctuations. In a sequential trading, the first trader exerts overwhelming influence
on the subsequent traders, whereas the power law distribution emerges in the symmetric information
structure. In the model, the aggregate fluctuations can be suppressed by any means in which traders
can share their private information, such as the survey of traders’ sentiments or the public provision

of market analysis.
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6 Conclusion

This paper analyzed aggregate fluctuations that arise from the information inference among traders
in financial markets. In a class of herd behavior models in which each trader infers other traders’
private information only through observing their actions, I found that the number of traders who
take the same action at equilibrium could exhibit large variation. The distribution of the size of
the synchronized actions follows a power-law distribution with exponential truncation. The model
prediction is fitted to the empirical fat-tail distribution of the stock returns. The parameters that
determine the power-law distribution and its exponential truncation is identified by a new analytical
method that utilizes a fictitious tatonnement process. I also showed that such chain reactions are
eventually triggered almost surely in the situation where the private information is drawn repeatedly
over time. This implies that the model features a self-organized criticality: traders’ belief converges
to the point at which the fluctuations of the aggregate actions follow a power law.

The power-law distribution of aggregate actions emerges when the information structure of traders
is symmetric. Every trader receives a private information of the same degree of informativeness on
the true value of asset. Thus an action by a trader is as informative as an inaction by another.
When an information is revealed by a trader’s buying action, the inaction of the other traders reveal
their private information in favor of not buying. This counter-revelation is facilitated by a change
in the threshold private information of order 1/N, which leads to the criticality condition for the
aggregate fluctuations. This model can nest the classic herd behavior model in sequential trading and
the recent models of critical phenomena in the market with networked traders in which the network
topology determines the exponent of the power-law fluctuations of the traders’ herd size. The model
implies that an increase in transaction costs raises the lumpiness of discrete actions and thus increases

aggregate volatility.

Appendix
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A Proof of Proposition 6

I define the threshold function Z;(P; xﬁfl) at which trader ¢ is indifferent between buying and not
buying. It is implicitly determined by:

t—1

1/b—1 = Py0od(zy) [ ] 6(xir) (25)

T=1
I observe that &(z;(Ps;x™1)) Ht;:ll §(z;,) is equal to (1/b — 1)/(6pP;) and thus constant across i.
Then Ak > (1/b—1)/(6pP;) > By can be shown as follows. The numerator of Ay ; is expanded as:

/ / G(ft(Pt?55571))5($i,t*1)dF($i,t71)"'5(:L‘i,1)dF(xi’1) (26)
Xk,1 Xut—1
> /Xk’l . /Xk,t—l F(z(P; T, N (Z (P T, ))5(1“5_1) .. 5(xi71)dF($i,t—1) . dF($1,1)(27)
= ((1/b— 1)/(90Pt))/X /X F(‘ft(Pt;xf_l))dF(l'i7t_1)"'dF(l'iJ) (28)

The integral in (28) is equal to the denominator of Ay, and thus Ay, > (1/b — 1)/(6pP:) holds.
Similarly I obtain that By, < (1/b—1)/(60F).

Suppose that m, increases. P, decreases by (21) and Ay, > Bj,. Then Z; needs to adjust in
order to satisfy (25). By using Ay > (1/b —1)/(60P;) > By, I can obtain that the logarithm of
Ayt and By, are decreasing in Z; as in the static model. Also §(Z;) is decreasing in Z;. Thus, Z; in
(25) decreases in response to the increase in m;. The decreasing Z; entails a non-decreasing reaction
function of myy 1 defined for each realization of x. Hence, the existence of equilibrium is established
by Tarski’s fixed point theorem. This completes the proof.

The informational tatonnement process is characterized by a set of binomial distributions with
probability p¥ and population ny. When my, and z* — z%"! are small and ny, are large, the binomial
allows a Poisson approximation. Thus the sum of traders who buy in step u is approximated by
a Poisson with mean ), npp}. Hence, the tatonnement approximately follows a Poisson branching

process.
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