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1 Introduction

Many auction situations suggest that bidders are uncertain about the ex post value of the
auctioned object when forming their bids. Examples include construction procurements
and natural resource auctions among others.! In construction procurement, unpredictable
weather conditions may affect the cost for performing the contract. Given the length of
the contract, firms may also face important variations in raw material input prices. Both
may contribute to a significant change in the firm’s costs. In online auctions, bidders do
not perfectly know the quality of the auctioned object due to the lack of information or
assessment.

Risk aversion is a widely adopted assumption in economic models. While considering
auction models, Maskin and Riley (1984) consider the optimal design when the bidders are
risk averse. Matthews (1987) compares different auction designs with risk averse bidders
from a buyer’s point of view. McAfee and McMillan (1987) consider an auction with a
stochastic number of risk averse bidders. Experimental studies have provided support
for bidders’ risk aversion.? Athey and Levin (2001), Campo, Guerre, Perrigne and Vuong
(2003) and Perrigne (2003) provide empirical evidence for risk-averse bidders using timber
auction data.

Eso and White (2003) consider auction models with uncertain ex post values and

risk averse bidders and compare different auction formats from the point of view of both

! Athey and Levin (2001) consider the US forest service auctions in which the uncertain final payment
in these auctions is related to the quantity of timber harvested, which is imperfectly known at the time

of bidding.
2Cox, Smith and Walker (1988) use a constant relative risk aversion (CRRA) utility function to explain

the observed overbidding relative to the risk neutral Nash equilibrium. Cox, Roberson and Smith (1982)
reject the risk neutral Nash equilibrium bidding behavior in favor of a CRRA model. While considering
a quantal response equilibrium, Goeree, Holt and Palfrey (2002) provide some evidence for risk averse

bidders. See Kagel (1995) for a survey of this literature.



auctioneer and bidders. In a stochastic private value (SPV) framework they put forward,
each bidder receives an (ex ante) signal about his ex post private value for the auctioned
object. The (ex post) private value is modeled as the sum of the (ex ante) private signal
and a zero mean random shock. At the time of bidding, each bidder knows his private
signal, his utility function as well as the private signal distribution and the random shock
distribution. The bidders are symmetric in the sense that they share the same risk attitude
and the same distributions of signals and random shocks. Moreover, it is assumed that
private signals and random shocks are all independent.

This paper extends the structural auction literature by addressing the identification
and estimation of the stochastic private value model as described above in a first-price
sealed-bid auction setting.> Campo, Guerre, Perrigne and Vuong (2003) consider the
identification and estimation of a standard private value auction model with indepen-
dent private values and risk averse bidders. They show that the model is in general not
identified from the observed bids only and that identification can be achieved through
additional parametric restrictions. Following their semiparametric identification result,
they propose a semiparametric estimator, which has a non standard consistency rate. My
paper considers a more general model with stochastic private values. In particular, the
model that I consider encompasses the deterministic case considered by Campo, Guerre,
Perrigne and Vuong (2003) in which there is no ex post risk. Nonetheless, identification
of the SPV model is achieved through exploiting the observability of the winner’s ex post
value. Moreover, the semiparametric estimator converges at the standard v/ N rate.

The structure of the SPV model is defined as the bidders’ utility function, the private
signal distribution and the ex post shock distribution. It is assumed that the utility func-
tion is concave, i.e. bidders are risk averse. Identification consists in recovering uniquely

the structure of the model from observations. In a first-price sealed-bid auction, one

31t will be shown that the same identification result also holds for the descending auction setting.



usually observes the bids and the number of bidders. It is clear that the SPV model is
not identified from the bids only since these observations do not provide enough infor-
mation to recover the utility function and two distributions nonparametrically. A first
natural restriction is to parameterize the utility function. A constant absolute risk aver-
sion (CARA) specification is chosen for its mathematical simplicity. As a matter of fact,
it leads to a constant risk premium. This parametric restriction is insufficient to achieve
identification of the model. In particular, additional restrictions such as parametric con-
ditional quantiles as in Campo, Guerre, Perrigne and Vuong (2003) will at most allow us
to identify the private signal distribution up to a shift equal to the risk premium. The ex
post shock distribution remains unidentified even if the risk premium can be identified,
because the same risk premium can result from different shock distributions for a given
CARA function. That is why more information is needed to identify the distribution of
the random shock. The ex post private value of the winning bidder conveys information
on both the ex post shock and the private signal. The observability of the winner’s ex
post private value together with the winning bid allows us to identify the CARA risk
aversion parameter, the private signal distribution and the shock distribution without
making additional parametric restrictions. Since only information about the winning bid
and winner’s ex post private value is required, this identification result also holds for the
descending auction setting. This identification result relies on convolution theorem. First,
the distribution of the winner’s ex ante private signal is identified, as the winner’s ex ante
signal is the expectation of the winner’s ex post private value conditional on the winning
bid. Then the distribution of a typical bidder’s private signal is identified, since the pri-
vate signals of the bidders are i.i.d. distributed and the winner’s ex ante private signal is
the first order statistics of all the private signals of the bidders. Second, since the winner’s
ex post private value is the sum of his ex ante private signal and the ex post shock, and

the private signal is independent of the ex post shock, the ex post shock distribution is



then identified as a result of the convolution theorem. Moreover, the identification of the
ex ante private signal and ex post shock distributions does not rely on the specification
of the bidders’ utility function. The risk aversion parameter and the risk premium can
then be identified through considering the inverse bidding function.

The semiparametric identification result naturally leads to a semiparametric estima-
tion procedure, which will be conducted in three steps. Using the winners’ ex post values
and bids, the first step consists in estimating the risk aversion parameter and the risk
premium using a nonstandard nonlinear least square estimator. The dependent variable
is the winner’s ex post private value, the explanatory variables are the winning bid and a
nonparametric estimator of the ratio of winning bid distribution function over its density.
The ratio is evaluated at the observed winning bids. The asymptotic distribution of the
estimator in this step is derived. The uncertainties in the private value can thus be ex-
amined by testing whether the risk premium equals to zero. In particular, the standard
parametric rate v/N is achieved in spite of the nonparametric component involved in the
estimation cannot be estimated at the rate of v/N. This result is easily understood as
the method suggested fits into the framework of Newey and Mcfadden (1994). This is the
first time in the structural empirical auction literature, the parametric rate is achieved in
estimating the risk aversion parameter. Using the estimated values for the risk aversion
parameter and the risk premium, the second and third step recover respectively the pseudo
values for winners’ private ex ante signals and ex post shocks through the inverse bidding
function. These pseudo values are used to estimate nonparametrically the distributions
of the private signal and ex post shock.

Since the standard parametric rate v/N is achieved to estimate risk aversion para-
meter and the risk premium. It is expected that the estimation procedure can provide
satisfying results with a relatively small sample size. I then conduct a Monte Carlo study

with simulated auction data. The results show the good behavior of the semiparametric



estimator.

My paper contributes to the structural analysis of auction data by extending the
structural approach to a stochastic private value framework. Specifically, it provides useful
tools to analyze auctions in which uncertainty on the ex post value of the auctioned object
is important such as in procurement and natural resource auctions among others. As such,
some auction data could be reanalyzed in this perspective. Though the observability of
the winner’s ex post value may be restrictive, it is required for the winner only. As a
matter of fact, some data such as the US Forest Service timber auction data provides
some information on the amount of harvested timber, which could be used to assess the
ex post private value.

The paper is organized as follows. A second section is devoted to the identification
of the SPV model after a brief introduction of the model. A third section presents the
semiparametric estimation procedure as well as its asymptotic properties. A fourth section
contains the simulation exercise, while a fifth section concludes. The appendix contains

all the proofs.

2 Identification

This section presents the identification of the SPV model under a CARA utility speci-
fication. I first briefly introduce the symmetric SPV model with risk averse bidders for

first-price sealed-bid auctions.

2.1 The SPV Model

A single and indivisible object is sold through a first-price sealed-bid auction. All sealed
bids are collected simultaneously. The object is sold to the highest bidder who pays his
bid. Within the SPV paradigm, each bidder is assumed to have an (ex ante) private



signal about his random ex post private value. The signal is equal to the expectation of
the random ex post private value. The signal is denoted by v;, which is private informa-
tion across bidders. The v;s are i.i.d. distributed with a density f(-) and a cumulative
distribution function F'(-) both defined on the support [v, 7] . Bidder i’s ex post private
value is denoted by 7;. For any i € {1,2,...,n}, 0; = v; + &;, where n is the number of
bidders in the auction and the ;s are i.i.d. zero-mean ex post shocks with a density h(+)
and a cumulative distribution function H(-). The shocks ¢; are assumed to be indepen-
dent of the signals v;, Vi,j € {1,2,...,n}. Both distributions F(-) and H(-) are common
knowledge across bidders. Bidders are assumed to be risk averse and to evaluate their
monetary gain from the auction by a strictly concave utility function.* Bidders is assumed
to have initial wealth denoted by w. Their von Neumann Morgenstern utility function is
then U,yp (- + w). If bidder ¢ wins the auction, his monetary gain is 9; — b;, while ¥; is
unknown at the time of the auction. If he loses the auction, his gain is zero.

A bidder i with a signal v; and a bid b; has an expected utility equal to E., U,y (w +
vi + e — b)Pr(b; > b;,5 # i) + Upnm(w)(1 — Pr(b; > b;,5 # i)). As usual, I consider
strictly increasing and symmetric equilibrium bidding strategies denoted by b(-). With
independent private signals, the probability of winning the auction reduces to F"~*(v;).
I define U(-) = Uynp(w+-) — Uynar(w). Note that U(0) = 0. Bidder i chooses his report

0; to maximize his expected utility in the following problem

max F" 1 (9;)E., U(v; + &; — b(1;)).

;€[]
Differentiating with respect to v; and requiring v; = v; at the Bayesian Nash equilibrium, I
obtain the Bayesian Nash equilibrium strategy b(-, U, F', H, n), which satisfies the following

differential equation

F0) 30 o
F('UZ) A(UZ b( Z))b’(v,)’ (1)

1=(mn-1)

4The model can be easily extended to accommodate the risk neutrality case.



where A(z) = E.,,U(x + ¢;)/(dE.,U(x + ¢;) /dx).

Differential equation (1) with the boundary condition b(v) = v — 7 determines the
equilibrium bidding strategy b(-), where 7 satisfies E.,U(7 + ¢;) = U(0) = 0.> The risk
premium 7 is the amount to be given to any bidder with a utility function U(-) in order
for him to take the risk of ¢; if his initial wealth were equal to 0. Thus 7 depends on U(-)
and H(-). When ¢; = 0, the SPV model degenerates to the deterministic private value
model considered by Campo, Guerre, Perrigne and Vuong (2003). Hereafter, I define
[U(-), F(-), H(-)] as the structure of the SPV model.

2.2 Identification Under a CARA Specification

This section addresses the identification problem of the structure [U(-), F(-), H(-)] from
observations. Generally in first-price sealed-bid auctions, the number of bidders n and
their bids b;,7 = 1,...,n are observed. Because signals are random, bids are also random
and distributed as G(-). First, let us consider whether the structure [U(-), F'(-), H(+)] can
be recovered uniquely from the knowledge of (n,G(-)). Following Campo, Guerre, Per-
rigne and Vuong (2003) who consider a simpler structure [U(-), F'(-)], it is clear that the
SPV model is not identified from (n, G(-)) even when the bidders’ utility function is para-
meterized as CARA or CRRA. Hereafter, I consider the identification of the model under
the CARA specification for the bidders’ utility function. The CARA utility function has
been frequently adopted when modeling risk aversion in economic models. I consider the
CARA utility function for its mathematical simplicity.® Under a CARA utility specifica-
tion, the effect of the ex post risk in the SPV model is reduced to the introduction of a

risk premium.

At the lower boundary, the competition drives the E.,U(v — b(v) + &;) = U(0).
6T will show that the identification of the distributions of the ex ante private signal and ex post shock

does not depend on the specification of the bidders’ utility function.



Denote by USAEA the set of all CARA utility functions. The Arrow-Pratt coefficient
of absolute risk aversion at x is defined as —U/y,,(x)/U!xu (). Therefore, the CARA
utility functions takes the form U,y (z) = a%(_m) +3,Vr >0, Va > 0, V6 € IR,
where 7 is the measure of absolute risk aversion. This leads to U(z) = &(1 — exp(—rzx))

with & = QM. The following lemma provides the A(-) function for a CARA utility

function. Appendix A provides the proof of this result.

Lemma 1: [fU(-) is CARA(r) and € is a zero-mean random shock, then A(-) = (exp(r(-—
7)) — 1)/r, where 7 is the constant risk premium defined by E.U(e +7) = U(0) = 0 in

the boundary condition.

Following Guerre, Perrigne and Vuong (2000), one can express the differential equation
(1) using the equilibrium bid distribution G(-).” For every b € [b(v), b(v)], T have G(b) =
F(b71(b)) = F(v) with a density g(b) = f(v)/V(v). Thus the differential equation (1) can
be written equivalently as

l=(n-1)

Because A'(-) > 1, A(+) is strictly increasing. Thus solving (2) for v; gives

v o= bi+x1< ! G(m)

n—1g(b)
= bi_|_7r(r,H)+%10g <1+ni1(g;((52))>
= &(bi,r, G, H,n), v

where A7!(+) denotes the inverse of A(-). This equation gives each bidder’s private value
signal as a function of its corresponding bid, the bid distribution, the number of bidders,

the shock distribution and the CARA risk aversion parameter.® Equation (3) tells us that

"Note that if only the winning bid is observed, one have G(-) = G*(-)'/", where G™(-) is the distrib-
ution of the winning bid.

8The boundary condition can be derived from (3) by considering the lower boundary.



the private signal will be larger by the amount of the risk premium 7 (r, H) relative to the
deterministic private value model with no ex post shock.

Note that the parameters «, # and w do not appear in (3) or in the boundary condition
as they do not affect the bidding strategy. It follows naturally that these parameters
cannot be identified.® In order to achieve identification of &, I can normalize U(-) such
that U(1) = 1, which gives @ = 1/(1 — exp(—r)). Hereafter, I impose the following
assumptions on the utility function U(-) and the distributions F'(-) and H(:).

Definition 1: The set UCAEA s defined as the set of CARA utility functions U(-) satis-
fying U(0)=0 and U(1)=1.

Definition 2: For R > 1, let Fg be the set of distribution functions F(-) satisfying
(1) F(-) is a c.d.f. with support [v,T] , where 0 < v < T < 0,
it) F(-) admits R+ 1 continuous derivatives on [v, 7],

(
(i) f(-) = F'(:) > 0 on [v,7],
(

iv) The monotone hazard rate property holds i.e., ; > 0.

Following Theorem 1 in Campo, Guerre, Perrigne and Vuong (2003), when U(:) €
UCAEA and F(-) € Fg, the equilibrium strategy b(-) admits R + 1 continuous derivatives
on [v,7]. In addition, I have b'(v) > 0. The log concavity of F'(v) in item (iv) of Definition

2 ensures that o'(v) < 1, thus v — b(v) is increasing wrt. v.1°

9When the initial wealth varies across bidders, the bidding strategies remain symmetric across bidders

for the same reason.
0First, T show that I must have b'(v) < 1. Note b'(v) = (n — 1)L \(v — b(v)). Taking limit on

F(v)
both sides when v goes to v leads to the result that b'(v) = 21 < 1. Note also b"(v) = —1+ {,((1;)) MN(v—
b(v))(1 = b'(v)) + LA (v — b(v))%. It is easy to see that b’(v) starts from =1 at v and has no

chance to go strictly above 1 as v increases because whenever it has a chance to reach 1 at a point of v*,
2 *
it has to drop below 1 since b”(v*) = 5 A(v* — b(v*))dl%lg(v) < 0. Second, I show b/(v) < 1. Suppose

there exists v' € (v,7], ' (v') = 1, then b”(v') < 0. Thus I must have v”" < v’ which gives b’ (v") > 1. But

this is contradictory to b’ (v) < 1 on [v,7].



Definition 3: For R > 1, let Hg be the set of c.d.f. functions H(-) satisfying

(i) H(-) is a c.d.f. with support [e,€] , where —oo < € <€ < 00,

(13) H(-) has zero mean,

(i13) H(-) admits R+ 1 continuous derivatives on [e, €,
(2ii) h(-) = H'(-) > 0 on [g, €.

Note that an additional restriction should be imposed on the structure [U(-), F'(+), H(-)]
since observation provides positive values for the bids. Define (U“AF4 x Fp x Hg)* =
{[UC),FC)HO | v =m(r, H) > 0,[U(), F(-), H()| € UCARA x Fp x Hp} as the set of
structures leading to nonnegative bids.!

The equilibrium bid distribution G(-) then satisfies some regularity properties implied
by the regularity assumptions on [U, F| and the smoothness of the equilibrium bid strategy

b(+). These regularity properties are summarized in the following definition.!?

Definition 4: For R > 1, let Gg be the set of distribution functions G(-) satisfying
(1) G(-) is a c.d.f. with support [b,b] , where 0 < b < b < 400,

(ii) G(-) admits R+1 continuous derivatives on [b,b],

(iii) g(-) = G'() > 0 on [b,8)],

( _
(

iv) G(-)/g(-) admits R+ 1 continuous derivatives on [b, b].

4E®)
' )
v) The monotone hazard rate property holds i.e., =%~ > 0.

Items (ii) and (iv) in Definition 4 imply that ¢(-) admits R+1 continuous derivatives
on (b,b], i.e. g(+) is smoother than f(-). Item (v) means that the bid distribution G(b)
must be log concave.

Additional restrictions such as those on parametric conditional quantiles as in Campo,

1 Considering (3) at the lower bound b gives v = b+ 7. Assuming b > 0 implies v — 7 > 0. Note that

b (v) > 0.
12T do not provide a proof of the properties (i) — (iv) as it is similar to Campo, Guerre, Perrigne and

Vuong (2003). Property (v) holds because % = ?((5)) b'(v) = (n—1)A(v — b(v)).

10



Guerre, Perrigne and Vuong (2003) will at most allow us to identify the private signal
distribution up to a shift equal to the risk premium. The ex post shock distribution
remains unidentified nonparametrically from (n, G(-)) only, even if the risk premium can
be identified, because the same risk premium can result from different shock distributions
for a given CARA function. That is why more information is needed to identify the
distribution of the random shock. I then assume the observability of the winner’s ex post
private value. The ex post private value of the winning bidder conveys information on
both the ex post shock and the private signal. Though this seems to be restrictive in
practice, some auction data such as that on the timber and oil track auctions provide
information that could be used to assess the winner’s private value. Note that having the
winner’s (ex post) private value does not solve trivially the identification problem because
the ex ante signal and ex post shock are not observed.

Hereafter, I assume that the joint distribution J(-,-) of the equilibrium winning bid
and the winning (ex post) private value is known, when considering the identification of
he model.’® The identification problem is whether the structure [U, F, H] € (U AFA x
Fr X Hg)* can be uniquely recovered from the knowledge of J(,-).

Let v" denote the winner’s private signal, £* his ex post shock, b* his bid and " his

(ex post) private value. Since the bidding strategy b(-) is strictly increasing, I have

v” = max v;, bY = max b; = b(v"), oY =" + v, (4)

i=1,...,n i=1,....,n
and
U= Gl <vp, Vi), if 00 >0 ev=Y" gy < vy, Vi #£i), if 0 >0 Y (5)
i=1 =1
where v("~1 is the second highest private signal. Note that in contrast to that b and v¥

are the maximum of b; and v; respectively, v* and " are not the maximum of v; and ¢;

13The knowledge of J(-,-) from observed winning bid and observed winning (ex post) private value is

an estimation issue.

11



respectively. For the winner, (3) can then be written as

v w 1 r G(b)
v o= b +7T(T’H>+rlog<1+n—1g(bw)>

= &b",r,G,H,n). (6)

Assuming that only the winning bid is observed, (6) can be written equivalently as

nr Gw(bw)>

1
v = b“’+7r(r,H)+—log<1—|—
T

n—1gv(bv)
= g(bw>rv GwaHan)a (7)
since 98 = pE0 " where G*(-) is the distribution of the winning bid and ¢*(-) its
g() g*()
corresponding density. As g;u((g)) = % /n, items (iv) and (v) in Definition 4 imply that

G"(-) is also log concave, and ¢*(-) admits R + 1 continuous derivatives on (b, b|.
Equation (7) with 0¥ = v" + ¥ gives
. 1 nr G (%)
Y= v —bY — H)—-log (1
€ v n(r, H) Tog<+n_1gw(bw>>
= Y — (", r,GY, H,n). (8)

Lemma 2 provides a result, which will be used further in the identification and estimation
of the SPV model. The proof of Lemma 2 is given in Appendix A.

Lemma 2: Suppose [U, F, H] € UAEA x Fr x Hpg, then v¥ and ¥ are independent, and

w

e is distributed as €;. Furthermore, 0" and ¥ are independent.

The observability of the winner’s ex post private value together with the winning bid
allows us to identify the CARA risk aversion parameter, the private signal distribution and
the shock distribution without making additional parametric restrictions. Identification
means that for a given equilibrium joint distribution of winning bid and winner’s (ex post)

private value J(-, ), there exists a unique structure [U(-), F(-), H(-)] € U ABAX FpxHp)*

that leads to this joint distribution. This is the object of Proposition 1, which relies on

12



the convolution theorem. Moreover, the identification of the ex ante private signal and ex

post shock distributions does not rely on the specification of the bidders’ utility function.
Proposition 1: Let n > 2. Any structure [U(-), F(-), H(-)] € U FA x Fr x Hg)* is
identified from the joint distribution of J(b“,0"), where b* is the equilibrium winning bid

and 0¥ is the winner’s ex private value in a first-price sealed-bid auction with structure

[U(), F(), H(-)J.

Proof of Proposition 1: Equation (8) implies

~ 1 nr G*(b")
Y= H)+ -log 1 v,
0 + 7 (r, )—i—rog( +n—lgw(bw)>+6 9)

Because 0" and " are independent as shown in Lemma 2, then

nr G (")
n—1gv(b”)

1
E(@Y|b") = bw+7r(r,H)—|—;log <1+
1
= bw—l—ﬂ(r,H)—l——log(le—i
r n

o 1 nr G (")
= b +7T(T,H)+;log<1+n_1gw(bw)>

= o (10)

Equation (10) implies that the distribution of v* is identified as the distribution of
E(2"|b"). Thus the distribution of private signals F(-) is identified because v* is the
first order statistics of all v; and v;s are i.i.d. distributed. Moreover, since 0% = v* + &%
and v, ¥ are independent with each other, the distribution of £“, which is also the
distribution of g;, is identified as a result of convolution theorem. Note that the above
identification results do not rely on the specification of the bidders’ utility function.

Furthermore, 7(r, H) can be identified from the boundary condition
mw(r,H) = E(@"[b* = b) — b.
The risk aversion parameter can be identified from the following equation, as (1/7) log(1+

13



nr/((n —1)g“(b))) is a strictly decreasing function with respect to 7,

- 1 nr 1
E(@"|bY =b) =b H)+ -1 1 = |.
(0] ) + 7 (r, )+7‘ 0g< +n—1gw(b)>

Alternatively, the shock distribution H(-) can be identified as the distribution of £* in

the following equation

_ f;“’—bw—ﬂ(r,H)—%log <1+ nr Gw(bw)). (11)

n—1g"(b")
The following minimization problem which will be used for the estimation of r and 7,
provides an alternative way to identify the parameters r and 7(r, H) since it has a unique

solution at the true value of the parameters. Namely,

, e w1 ni GUH)\ )
(rym(r,H)) = Argmin; zcoFo (v — b -7 — 7 log <1 + n =1 g (o) )) , (12)

where © is a compact set with the true value (r,7(r, H)) as an inner point. This is shown

in the consistency proof of my estimator for (r,7(r, H)) in Appendix B. O

3 Estimation

3.1 General Procedure

I consider now L auctions selling similar objects to same number of bidders.!* Following
the identification result, I observe the winning bid and winner’s ex post private value
by, vy), € = 1,..., L. The semiparametric identification naturally leads to a semiparamet-

ric estimation procedure, which will be conducted in three steps.

l4Heterogeneity across auctioned objects could be easily introduced through a discrete variable. The

method can be also extended to continuous variables.

14



Step 1: Equation (11), where the ratio G*(-)/g"(-) is replaced by its nonparametric
estimate from observed winning bids, is used to define a nonlinear least square estimator
as in (12) to estimate the risk aversion parameter and the risk premium from the winners’
ex post values and bids.

Step 2: Using the estimated values for the risk aversion parameter and the risk pre-
mium obtained in Step 1, winners’ pseudo private signals can be computed using (10).
The private signal density f(-) is estimated nonparametrically from these pseudo private
signals.

Step 3: Using the estimated values for the risk aversion parameter and the risk premium
obtained in Step 1, winners’ pseudo ex post shocks can be computed using (11). The
shock density h(:) is estimated nonparametrically using these pseudo shocks.

Specifically, from (10), I have

ooy e 1 nr GY(b") w -
E(@"[0") =0b +7T(r,h)+rlog <1+n—lgw(bw)>’ V0" e [b,b], (13)
and from (9)
B 1 nr G*(by)
w _ pw ~1 1 7, 0=1,.. L. 14
Uy bz +7T(T,h)—|—r0g< +n—1gw(b%”)>+gz’€ g ey ( )

The ratio G*(-)/g"(+) can be estimated nonparametrically from the observations by, ¢ =

1,...,L." With G¥(-)/g"(-) replaced by its estimate, (14) can be used to estimate r and

7(r, h) by a nonlinear least square (NLLS) estimator, which will be detailed below.
Using the observed vy’ and by, ¢ = 1,..., L, the pseudo signals v}’ can be estimated

nonparametrically as

o =E@p =0¥),Vl=1,.., L, (15)

I5Tf all the bids bg,i = 1,...,n,£ =1,..., L are observed, it is more efficient to use all these observations

rather than the winning bid only to estimate nG*(-)/g*(-) = G(-)/g(-).
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where E(¢*|b") is a nonparametric estimate for E(3*|b*). Alternatively, from (13), the
winner’s private signal 9}’ can be computed using the first step estimator (7, 7 (r, H)) as

ni G (by)
n—1gv(by)

1
Op :bﬁ”+ﬁ(r,h)+;log <1—|— ), Vi=1,..,L. (16)

Thus the private signal distribution can be nonparametrically estimated from the pseudo
values 9, { = 1,..., L. Since f(-) = f*(-)/(n[F*(-)]"=V/"), where f(-) is the marginal
density for v;, F*(-) and f*(-) are the distribution and density of v", respectively. A
natural estimator for f(v) is then f(v) = f*(-)/(n[F®(-)]™ /), where F*(-) and f*(-)
are nonparametric estimators for F“(-) and f“(-) respectively, constructed using the
pseudo signals v, £ =1,..., L.

The pseudo shocks €} can be estimated as
& = v =/ \Vl=1,.. L. (17)

The distribution of €, which is also the distribution of ¢;, can then be nonparametrically
estimated from &y, £ =1,..., L.

Note that there are at least two restrictions that can be used to test the model. First,
E(2”[b" = b¥) can be compared with b +7(r, h)+(1/7#) log(14+nrG* (b)) /(n—1)§* (b))
as they are two different estimates for v¥. Second, #(r, h) can be compared with (7, h)

as they are two different estimates for the risk premium.

3.2 Asymptotic Properties for the Estimators for r» and 7 (r, H)

Equation (11) suggests a NLLS estimator for (rg, m9) which maximizes
1& ( 1 < nr Gw(b;v)>>2
S (o - log (14 TN
L ; £ T n—1gv(by)

where (19, m) is the true value for (r,7(r, H)). As G*(-)/g"(-) is unknown, this esti-

mator is infeasible. Thus I need to replace G*(-)/¢g"(-) by its estimate obtained from a

nonparametric estimator.
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For estimating the ratio G*(-)/¢"(-), I propose to use the following kernel estimators

following Guerre, Perrigne and Vuong (2000)

Gr(b) = 3 <0 (15)
0 = LYKl — ), (19)

where Kj(-) = (1/h)K(-/h) with K(-) a kernel function and h a bandwidth. Note that
the estimator for G*(-) is a simple counting process.

The nonparametric kernel estimator of a density is known to suffer from the boundary
effect, which consists in a bias close to the boundaries. A convenient method to correct
this problem is to introduce a trimming. As a matter of fact, adopting a weight func-
tion is equivalent to doing a trimming, which takes care of the boundary effect of the
nonparametric estimator g*(-).

The previous discussion eventually leads to using the following method relying on a
NLLS estimator to estimate the risk aversion parameter r and the risk premium 7. In

particular,

(PL,7iL) = Argmin(r,w)é@QL(r7 ), (20)

where © C (0, +00) x [0, +00) is a compact set containing the true value ro > 0,7 > 0.

The function Q(r, 7) is defined as

Qutrm =73 (i -0 - - Do (14 2L .

where w(-) is a weight on (—oo, +00) taking strictly positive values on (b*,0") and a zero
value elsewhere. T restrict w(-) to have bounded (R + 1)th derivative. Here [b*,5] can be
any subset of (b,b). Any interval [b*,b°] C (b,b) guarantees the identification of r and 7

as shown in Appendix B.
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3.2.1 Consistency

This section addresses the consistency of the estimator (7,7 ) suggested above. I first

need to make some assumptions.

Assumption 1: Ey(7¥)? < oco.

Assumption 2: SUDju e b* 5] ‘j;u((é’;‘})) — gj((;’;“))\ = O(%), a.s., where r;, — 00.

Note that Assumption 1 is a standard moment condition, and Assumption 2 is always
satisfied for the estimators defined in (18) and (19) as indicated in the following Lemma
3 under appropriate choice of kernel function and bandwidth. Under Assumptions 1 and

2, I have the following consistency result, whose proof is given in Appendix B.

Proposition 2: Under Assumptions 1 and 2, the NLLS estimator as defined in (20) and
(21) for r and w(r, H) is consistent.

3.2.2 Asymptotic Normality

Before presenting the asymptotic normality result, I need to address the consistency rate
for (71, 7) and to make the following assumptions on the kernel function K(-) and the
bandwidth A.

Assumption 3: Let R > 1. Suppose

(i) K(-) is a (R+1)th-order kernel on a compact subset of IR, i.e., [ K(u)du =1, [ K(u)u®
du =0, V1<s <R, and [K(u)u™'du is finite. Moreover, sup,p|K(u)| and
[ K?(u)du are finite.

(ii) Lh? — oo, Lh*HD — 0 and L(h}”1 + \/ﬁ)‘l — 0 as L — 0o, where L = ﬁ.

Note that h = (log L/L)* with k € (1/(2R + 2),1/2) satisfies Assumption 3(ii). Since
k> 1/2R+2) > 1/(2R + 3), h is less than h* = (log L/L)Y/?8+3) where h* is the
standard optimal bandwidth. Thus Assumption 3(ii) requires undersmoothing as usually

required for a semiparametric estimator to achieve the v/ IV consistency.
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From Lemma B2 in Guerre, Perrigne and Vuong (2000), I have the following lemma

as g (b) is bounded away from zero on any support of the form [b+4,b], V § € (0,b—Db).

Lemma 3: Under Assumption 3,

sup_ (1G(B") — GV ()] w(b")) = O(rgh), a.s. (22)
b €[b,b]
where rgw = (1O§L)§’ and

s (166) = g"(67)] w(b7) = Olrgh) = o(L75), s, (23)

-1 -
where ryo = (hR+1 + \/ﬁ) where L = ﬁ.
From Lemma 3, Assumption 3 implies Assumption 2 for the nonparametric estimators
(18) and (19). Thus under Assumptions 1 and 3, the NLLS estimator as defined in (20)

and (21) for r and 7(r, H) is consistent following Proposition 2.

Relying on the projection theorem of the U-statistics in Serfling (1980) and Lemma 3.1
in Powell, Stock and Stoker (1989), I can show the asymptotic normality of the semi-
parametric estimators for r and 7(r, H). I need first to introduce some new notations.
Namely, § = (r,7) and (-, -, -) is a function on [b, b] x [0, +00] x © taking values in [b, +o0]
defined as p(b,z,0) =b+ 7+ %log (1 + n"_rlx) as (B.1) in Appendix B.

Proposition 3: Under Assumptions 1 and 3, VL(0, — 0,) 4, N(O, Q) for the NLLS
estimator defined in (20), where the nonparametric estimators G¥(b*) and §*(b*) are

defined in (18) and (19). Here, Q = A'BA™! and

w GU(Y) w G(b)
4 — 5| (b ’g’;(bw 1) 9% (b 89/@% e)w@w)],
) G () 0 (1", St o)
B = Varo{ [ ( >_ g (bv) (;xb
w GUm) .
Oy (b ) gw(bw /w t, gw(t )&p (t’ gz(t) ’eo)w(t)dt}
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The proof of Proposition 3 is given in Appendix B. Proposition 3 says that the semi-
parametric estimators for r and 7 (r, H) achieve the parametric consistency rate, namely
VL. This result follows the semiparametric literature as the model that I consider fits
into the general framework considered by Newey and McFadden (1994, Section 8). The
reason why the parametric rate is achieved, while it is not in Campo, Guerre, Perrigne
and Vuong (2003) lies in the observability of the winner’s ex post private value assumed
in this paper. Since Proposition 3 shows the asymptotic normality of the estimator for
(r,7) and provides an expression for the covariance matrix for the estimate (7, 7), a test
can be performed to test the significancy of m. As a matter of fact, the null hypothesis

Hy: m =0 corresponds to the case of deterministic private values.

3.3 Nonparametric Estimation of f(-)

For any inner interval [v;,v,] C (v,7), on which the density f(-) is to be estimated, I
consider a particular fixed trimming defined as follows. Let b = (v, 7, G, H,n),b, =
E vy, 7, G, H,n). Take by € (b,b;) and by € (b, b). Thus, [b;,b,] C (b, bo) € (b,b). 1©
Instead of using (16) directly to recover the pseudo signals, I trim some v}’s from the
estimation of f(-) when the corresponding by’s are close to the boundaries. In particular,

this gives

b + () + Hog 1+ 25 S0 it by € b, T,
U =<5 _o0o it b elbby), V=1 ..,L, (24)
+00 if b}u S (Eo,g],

where 7 and #(r, H) are estimates from the first step and G*(-) and §*(-) are defined

6Note that [by, b,] and [b, by] are not restricted to be smaller than the trimming interval [b*,5'] used

when (r,7) are estimated.
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by equations (18) and (19), respectively. The bandwidth used in (24) to estimate g*(-)
vanishes at the optimal rate (L/log(L))" ™ Note that this bandwidth does not vanish
at the same rate as the bandwidth used to estimate ¢*(-) in the first step of the estimator.
Assumption 3 and Lemma 3 require a particular vanishing rate, which must undersmooth
the corresponding density. This rate allows us to obtain a /L rate for the estimator of
r and 7. In Step 2, the objective is to estimate f(-) at the fastest possible rate from the
recovered private signals. Thus, another smoothing parameter, which corresponds to the
standard vanishing (optimal) rate, is needed in step 2 in order to recover the winners’
pseudo signals in the fastest possible rate.

I then define the following nonparametric estimator for winner’s signal density f*(-)

as

Sl w 1 & vy — v

)= g 5K () =
where K(-) is a kernel of order R defined on a compact support, hy is a bandwidth
vanishing at the rate (L/log(L))"/?%+3) Note that this bandwidth corresponds to a
oversmoothing as the density f*“(-) is R-order differentiable. This oversmoothing provides
the fastest rate of estimating f*(-) because the pseudo values instead of the true values of
vy’ are used to estimate f“(-). Following a similar reasoning as in Theorem 3 in Guerre,
Perrigne and Vuong (2000), I have fw(vw) converging uniformly and almost surely at the
rate (L/log L)F/CE+3) to fv(v™) on [y, v,].

I then define the following nonparametric estimators for F*(-)

Fo(ov) = %Z I < o*). (26)

Thus, f(-) can be estimated as follows

I ()
A T

Vv € o, vy (27)
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It is well known that F(-) converges uniformly and almost surely to F(-) on [v;, v,]
at a faster rate than f*(-) does. Thus f(-) converges uniformly and almost surely to f(-)

at the rate (L/log L)/CR+3) on [u;, v,).

3.4 Nonparametric Estimation of h(-)

From Lemma 2, ¢; and €* follow the same distribution H(-). Thus h(-) can be estimated

using an estimator for the density of €. The pseudo £} can be computed as
e = v =/ Ve=1,.., L. (28)

Because of the boundary effect in the nonparametric estimator §*(-), 0y’ can be a biased
estimate when the corresponding by is close to the boundaries. In this case, £/ may be
a biased estimate of £’ as well. In order to eliminate this boundary effect, I need to do
some trimming, which leads to eliminating the £)’s from the estimation of A(-) when the
corresponding by’s are close to the boundaries. This gives

XL:]Ibw by, B K (L5 (29)
Lohh 07 0 h, Y

h

where Ly = S0, (Y € [by, bo)), K(-) is a kernel function of order R defined on a
compact support and hy, is a bandwidth vanishing at the rate (L/log L)Y/(25+3)  This
bandwidth corresponds to an oversmoothing as the density h(-) is R-order differentiable.
This oversmoothing gives the fastest rate of estimating h(-) because the pseudo values
instead of the true values of €} are used to estimate A(-). This trimming is rather simple:
Only the observations corresponding to b¥ € [by,by] are used in the estimation of h(:).
Note that this trimming is different from the one adopted for the estimation of f*“(-). In
particular, f () is obtained through a smoothing based on L observations, while fL() is
obtained through a smoothing based on only Ly < L observations. Since € and b* are

independent, ignoring a subsample based on * will still provide a consistent estimate for
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the density of £”. This is not the case for f(-) because v is an increasing function of b*.

A~

Based on a similar reasoning as in Theorem 3 in Guerre, Perrigne and Vuong (2000), A(-)

R/(2R+3)

converges uniformly and almost surely to h(-) at the rate (L/log L) on any inner

support [g*,2*] € (g,8).

4 Monte Carlo Study

This section provides a step by step guide of the estimation procedure presented in Section
3 relying on simulated auction data. Moreover, the results show the good behavior of the

estimator on small samples.

4.1 Monte Carlo Design

All the bidders participating in different auctions are assumed to have the same degree of
absolute risk aversion. Specifically, I consider the CARA parameter » = 1. For simplicity,
I consider auctions of similar auctioned objects and n = 2 bidders. If heterogeneity
across auctioned objects can be characterized by a discrete variable and/or the number
of bidders varies across auctions, the same procedure can apply for each pair of values for
the auction characteristics variable and number of bidders.

To run the Monte Carlo experiments, I need to find an auction structure, which leads
to a simple equilibrium bidding strategy. I consider the following truncated exponential

distribution for the private signals

(30)

on the interval [v,7] € (0,400). Note that this F'(-) satisfies the properties in Definition 2.

The ex post shocks g; are assumed to be uniformly distributed on the interval [—uv, y]."

1"The ex post gain of the winning bidder is nonnegative in this setting.
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Note that this H(-) satisfies the properties in Definition 3. With a CARA(1) utility

function and a uniform H(-) distribution, the risk premium is

7 (31)

1
exp y - expl(v
ﬂ(Tzl,H):log< ) p(—)>.

Note that 7 is a strictly increasing function of v. Moreover, w(r =1, H) < v.
This setting of the auction structure leads to that the equilibrium bidding strategy

takes the following linear form
bv)=v—m(r=1,H)+ (v—uv)/2. (32)

This linear form is especially convenient when simulating the equilibrium bids. The com-
plex numerical computation involved in calculating the equilibrium bid is then avoided.
I assume v = 2, and ¥ = 10. The Monte Carlo study consists in 500 replications indexed

by 5 =1,2,...,500 in the following procedure:

1. Let L = 100. Private signals vy, = 1,2,¢ = 1,..., L are random draws from the
distribution F'(v) given in (30), while winners’ ex post shocks e}/, ¢ = 1,..., L are

random draws from the uniform distribution on [—-2, 2].

2. The winners’ private values are computed as 7 = vj’+e} , where v}’ = max;_; o{vi},
¢=1,...,L. The risk premium 7(r = 1, H) is computed from (31) and is equal to
0.5952.

3. Equilibrium winning bids by, ¢ = 1, ..., L are computed from (32) using the v}’, ¢ =

1,...,L.

4.2 A Step by Step Guide

The observations are the winning bids by, ¢ = 1,...,100 and the winner’s private value

v/, 0 =1,...,100. I implement the estimation procedure given in Section 3 from these
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observations to recover the CARA risk aversion parameter r, the risk premium m, the
private signal density f(-) and the shock density h(-). Hereafter, I consider R = 1.

The first step consists in developing a NLLS estimator from equation (8). The ratio
G"(-)/g"(-) needs first to be estimated using a standard counting process for the numera-
tor and a kernel density estimator for the denominator as defined in (18) and (19). I choose
a triweight kernel of the form K (u) = (35/32)(1 — u?)? when |u| < 1 and K (u) = 0 when
lu| > 1. The bandwidth h requires special attention. In particular, the v/N consistency
rate for the estimator of (r,7) as given in Proposition 3 requires some assumptions on the
bandwidth used in the estimator of ¢*(-) as described in Assumption 3(ii). As a matter
of fact, some undersmoothing is necessary in the estimation of ¢*(-). To satisfy such a
requirement, I choose a bandwidth of the form h = c,(L/log L)~*/16, since 5/16 belongs
to the interval (1/4,1/2) for R = 1. See the discussion after Assumption 3. Regarding
the constant c,, I simply set ¢, = opw, where opw is the empirical standard deviation of
the observed winning bids 5. See Hérdle (1991). Using the estimated ratio G*(-)/§*(-),
the NLLS estimator as defined in (20) can be implemented. For simplicity the weight
function w(-) is chosen to be equal to one on [b,b]. This step provides an estimate for r
and 7 denoted as 7 and 7.

The second step consists in recovering the winners’ signals as defined in (24) using
7 and 7. This equation requires a different estimate for the ratio G¥(-)/¢*(-). Note
that such an estimate has been performed with undersmoothing in the first step. The
second step requires another convergence rate for the bandwidth used in estimating ¢*(-)
as the objective is to estimate f(-). The distribution G"(-) will be estimated using a
counting process as in (18), while the density ¢*(-) will be estimated using a kernel
estimator as in (19) with a bandwidth of the form h = ¢,(L/log L)~*/°, where ¢, = opu.
This bandwidth corresponds to the optimal rate as defined by Stone (1982). I do not

perform any trimming as suggested in (24) as I prefer the Monte Carlo results to display
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the impact of any potential boundary effect when estimating ¢*(-). Using the pseudo
winners’ signals 0y’, ¢ = 1,...,100, the winner’s signal density can be estimated using a
kernel estimator as defined in (25). I choose a triweight kernel function and a bandwidth
of the form h; = c;(L/log L)~'/® following Guerre, Perrigne and Vuong (2000), which is
an oversmoothing bandwidth for R = 1. The constant ¢y is simply set as the empirical
standard deviation of the pseudo signals v}’. Thus, I estimate the distribution F"(-) using
a counting process as in (26). This allows me to estimate the signal density f(-) using
the estimated winners’ signal density and distribution as in (27).

The third step consists, for each auction, in recovering the ex post shocks €} from the
difference between the observed winner’s private value v}’ and the recovered winner’s signal
0y’ recovered in step 2. These pseudo shocks are then used to estimate nonparametrically
their density A(-). I use a similar kernel function with a bandwidth of the form h;, =
cn(L/log L)~/ with ¢;, obtained from the empirical standard deviation of the pseudo
shocks. As in step 2, no trimming is conducted. This allows the estimation for A(-) to

display the impact of the boundary effect in the kernel estimator for g*(-).

4.3 Estimation Results

The above procedure is performed 500 times, which gives (7, 7}, fj(-), ﬁj(-),j =1,...,500).
Using these 500 estimates, I construct 95-percent confidence intervals for » and 7. I es-
timate the densities f(-) and A(-) at 100 equally spaced values on the intervals [2,10]
and [—2, 2], respectively. For each of these values, I have 500 different estimates for both
densities, from which I eliminate 12 of the lowest values as well as 12 of the highest values
to obtain the 95% confidence intervals.

The 95-percent confidence interval for the risk aversion parameter is [0.5994, 1.4985],
which covers the true value r = 1. The median of these 500 estimates is equal to 0.9990,

which is very close to 1. The 95-percent confidence interval for the risk premium is
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[0.2136, 0.9976], which covers the true value 7 = 0.5952. The median of the 500 estimates
is equal to 0.5985, which is very close to the true value. The results show that on average
one can expect to recover the true values though the precision is a little bit low. Note that
the precision could be improved by doing some trimming at every step of the method.
Nonetheless, given the boundary effects, one can consider that the estimation method
provides very good results for a sample size of 100 auctions (one pair of winning bid and
winning ex post private value in each auction).

Figure 1 displays the 95-percent confidence interval for the private signal density esti-
mated at 100 equally spaced points on [2, 10], the median of these 500 estimates at every
estimation point, as well as the true density. The median perfectly superimposes the true
density, when excluding the values between 2 and 3, which corresponds to some bound-
ary effects. The 95-percent confidence interval captures the shape of the density almost
everywhere. Note that the width of the confidence interval is large for values between 2
and 3, while it becomes small on the rest of the interval for the signal density. This is due
to the fact that the variance of the kernel density estimator is proportional to the true

value of the density.

[Figure 1 here]

Figure 2 displays the 95-percent confidence interval for the ex post shock density
estimated at 100 equally spaced points on [—2, 2], the median of these 500 estimates at
every estimation point, as well as the true density. The median superimposes the true
density on the interval [-1.6,1.6]. On the boundaries, the estimator tends to underestimate
the true density, which correspond to some boundary effects. For this reason, the 95-
percent confidence interval does not capture all the shape of the true density. The width
of the confidence interval is relatively small for such a number of observations and a

nonparametric estimator.
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[Figure 2 here]

Overall, the Monte Carlo results show the good behavior of the semiparametric mul-
tistep procedure presented in Section 3 given the relatively small number of auctions.
These results clearly display the impact of some boundary effects, which could be further
corrected by using some trimming. Some Monte Carlo experiments have been also con-
ducted for a smaller number of auctions (L = 50). While the median values show a good
match between the estimates and the true values of the parameters and density functions,

the confidence intervals become wider. Results are available upon request to the author.

5 Conclusion

This paper extends the empirical structural auction literature to the stochastic private
value model, while addressing its identification and estimation under a CARA specification
for the bidders’ utility function in a first-price sealed-bid auction setting. The model is
not identified from bids only and more information/observation is needed to pin down
the risk premium and the shock distribution. Thus additional observation, which conveys
information on the ex post shock is necessary to identify the SPV model. When the
winner’s ex post private value is observed, the SPV model is shown to be identified. In
particular, the identification of the distributions of the ex ante private signal and ex post
shock does not depend on the specification of the bidders’ utility function. Since only
information about the winning bid and winner’s ex post private value is required, the
identification result also holds for the descending auction setting.

Following the semiparametric identification result, a semiparametric estimation pro-
cedure is suggested to estimate the CARA parameter, the risk premium as well as the
distributions of the private signals and the ex post shocks. Asymptotic properties for the

estimator of the risk premium and risk aversion parameter are derived and the standard
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VN consistency rate is achieved, in contrast to Campo, Guerre, Perrigne and Vuong
(2003). A Monte Carlo study is conducted to illustrate the estimation procedure using
simulated data. The results show the good behavior of the estimation method on small
samples.

Several extensions could be entertained. First, the estimation procedure could be
generalized to the case of continuous characteristics. Though the implementation is a
straightforward extension of the current method, the derivation of its asymptotic proper-
ties becomes more involved. Second, other families of utility functions could be considered
such as the constant relative risk aversion utility functions. In this case, the risk premium
is no longer a constant and becomes a function of the private signal. This greatly compli-
cates the estimation problem, while the model is still identified under similar conditions
as in this paper. Third, the independence of private signals may seem to be a restric-
tive assumption, which could be relaxed to affiliated private signals. Identification of the
model is likely to be obtained if the private signals are assumed to be independent of the
ex post shocks. Fourth, the requirement of additional information such as the winner’s ex
post value may seem restrictive as some auction data do not contain such an information
or contain some imperfect information, which could be used to assess the winner’s private
value. Thus, other possibilities could be explored to identify the SPV model. As a matter
of fact, some asymmetry among bidders through their attitude toward risk aversion can
help in identifying the model. Nonetheless, considering stochastic private values repre-
sents an important step in the analysis of auction data as many auction situations suggest
that the value of the object is not known with certainty by the bidders at the time of
bidding. In this respect, many auction data for which the ex post value of the auctioned
object may be subject to some uncertainty or fluctuations could be studied within the

perspective of stochastic private values.
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Appendix A

Proof of Lemma 1: Since U(-) is a CARA utility function, E.U(z 4+ ¢) = U(x — 7), thus
dE.U(z+e)/dx = U'(x—m). It is then easy to verify that A(x) = E.U(z+¢)/(dE.U(z+¢)/dx) =
Ulx —7m) /U (x —7) = (exp(r(z —m)) —1)/r. O

Proof of Lemma 2: Since [U,F,H] € UCARA x Fr x Hg, V/(-,r,F,H,n) > 0 following
Theorem 1 in Campo, Guerre, Perrigne and Vuong (2003). Thus (4) and (5) hold. Moreover,

Yo € [u,7], Veo € [g,E],

n n
1
Pl < _ Pl < voli wins) P wins) =S~ P(o® < vli wing) L
(v < wg) ; (v < wgli wins)P(i wins) ; (v < woli WlnS)n
= : 1 P < : Vj#i) 1
= ) P < vl i wins)— = W' < %0, 5 évl’ 170 —=F"(vg), (A.1)
“— n “ P(i wins) n
i=1 i=1
n n 1
P(e"¥ <gy) = P(e¥ < egp| i wins)P(i wins)= ) P(c¥ < goli wins)—
5 5 7
= ZP(&Z < go| ¢ wins)— :ZP(sl < ep)—=H/(eop), (A.2)
i=1 (L "

P <wg,e¥ <gy) = P(v" < wp,e” < egli wins)P(i wins)

-

-
Il
—

1 & , , 1
(v < g, e < egoli wins)E:ZP(U’ < g, e' <eoli wins)g

I

s
Il
—_

P

=1

P(e < g, 0" < v, v; < v;,Vj # 1)
P(i wins)

Il
M=

=F"(vo)H (£0). (A.3)

S

1

<.
Il

Equations (A.1), (A.2) and (A.3) imply that v and " are independent with each other
and that ¥ follows the distribution of ;. Note that v* and £“ are independent with each other

implies b* = b(v™) and €™ are independent with each other. O
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Appendix B

Proof of Proposition 2: Let define
2
[N 1 nr GU(by) v
Qr(r,m) = EZ <Uz —by —m—log (14‘;9@0((&”) w(by),

Q(r,m) = Eo E@w - -7 — %IOg (1 + n"_Tl (;:((::) )>2w(bw),

In order to establish the consistency of the NLLS estimator, I need to show that (i) Qp(r, )
uniformly converges to Q(r, ) in probability with (r,7) € © when G*(b)/¢* (b") uniformly
converges on [b*,b] and, (ii) the minimization problem ming, nee@(r, ) has a unique solution.

First, I show that Q7. (r,m) converges to Q(r, 7) uniformly and almost surely when (r,7) € O.
The proof consists in two steps. Based on Jennrich (1969) Strong Law of Large Number (SLLN),
the first step consists in showing that Qr(r, 7) converges to Q(r, 7) almost surely and uniformly
with (r,7) € O, while the second step shows that QL(T‘, ) converges to Qr(r,7) almost surely

and uniformly with (r,7) € O. Let first define

OB ) = (»aw b — %log (1 n n"_Tl jz((s;v)))fw(bw).

Since log(1 + x) < z, when z € [0,4+00), I have

sup |(v¥, 0%, 7, )]

(r,m)€EO

= (aw BV %bg (1 s j:(<£:)>)>2w<bw)

< (s B )
= s (1400 e Do (10 225 i) 0

2
wi n_ GU(b) w

< .

< (!v |+ +($?§@(”)+n—1gw(bw)> w(b™)

Let

Tow pwy ~w w n Gw(bw) ? w
(™, b") = <]v |+0b +(£?§@(W)+n—lgw(bw)> w(b?).
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~ w w 2
I have Eg(v®,b%) = 2Eq [(!f}“’\ +bw+sup(ﬂ)+%%) w(b“’)} . Thus as long as Assumption

1 holds, I have Eozﬁ(v“’, b") < oo, which implies that Qr,(r, 7) converges to Q(r, 7) almost surely
and uniformly with (r,7) € © from Jennrich (1969) SLLN as ¢ (v",b",r, ) is continuous on O.

I then have to show that under Assumptions 1 and 2, Q (r,m) converges to Qr(r,7) almost
surely and uniformly with (r,7) € ©. Let § = (r,7) and define function ¢(-,-,-) from [b,b] x
[0, 4+00] X © to [b, +o0] as follows

1 nr
b,xz,0) =b Zog (1 . B.1
plb2,6) =b w4 log (14 -z ) (B.1)

Before proceeding further, I need to establish the following lemma.
Lemma B.1: Ifx,Z > 0, then

n

}gp(b,a?,@) — gp(b,a;,@)} < p— 1‘5: — x}, Vo € ©.
The proof of Lemma B.1 is in Appendix C.
From Lemma B.1, if G*(b") /¢ (b") > 0,
m S g E €0 0
I can now consider |Qr(r,7) — Q(r,7)|. Let By = 0 — ¢ (b}f’,%,@) and By = v} —
® (b}”, %g;, 0). T apply the inequality |B? — Be?| < (By — By)? + 2|By||B; — By to show the

desired result. In particular,

Hw _ w Gw(b%)) 2_ oY — w % i w(b¥
HH(W “”(bf’gw(bz”)’e)) (f @(be’gw@u)v@)” (buH
- G

o (w GO OF) w GUOP) N\ (w GUOF)
(o 5889 (e S8 5
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0 (bp) G ()
< Sup ¥ (bw7 AW f; 70> - < w, w(hw) ’
bwelb* b’ ‘ (07) ‘ (0%
XZ; 2(% _(p<bé’gw(b;”)’6 w(by’)
N 2
G (vy) ) ( G (by) 1
+ sup ¥ bwv ~w (W 79 - bw7 w (W 70 X = ?,U( U))
bwelb* b7 (Z 9w (by) 'y by') L; ‘

By SLLN, %Z%:l ’2(@}” - gp( 7, %g)),@) )w(b}”)’ converges almost surely to E0’2(z~1}” -
@ (b}“, %,9) )w(b}“)’ < o0, and %ZZLZI w(by) converges almost surely to Eqw(b"). Thus
4
under Assumptions 1 and 2, Lemma B.1 implies that, as L — oo,

sup |QL(7‘,7T) —Qr(r,m)| =0(—), a.s. (B.2)
(r,m)ed TL

Equation (B.2) implies that Qr (r,m) converges to Qp(r,m) almost surely and uniformly with

(r,m) € © under Assumptions 1 and 2. Combining the above results, I have under Assumptions

1 and 2,

sup |Qr(r,m) — Q(r,m)| = o(1), a.s.

(r,m)€O

It remains to show that there exists [b*,b] € (b,b) such that the minimization problem
Argmin(, 1yce@Q(r, 7) has a unique solution r* = ro, 7" = mo, where

Q(r,m) = Eog (z?w — b — 7 — %log (1 + nn—Tl 55((5;”)))>2 w(6")

v w 1 nr GUB)\N\?
= EpwEowjpw (v —b —W—;log(l—kn_lgw(bw))) w(b™)

= Ebww(bw){\/arosw

+[7To—7r+% log (1+%(g;:: (g):}))) —% log (1+% j:: (Ef;))] 2} . (B.3)

From (B.3), the solution (r = ro, ™ = my) does solve the above minimization problem. Item (v)
G% (%)

— _ —. A —wpmy
in Definition 4 implies that for any [b*,b ] € (b,b) T have Vb € [b*,b ], % > 0. Consider
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any interval [b*,b] € (b,b), I claim that the minimization problem Argming, 1yce@(r, ) has a

unique solution (r = rg,m = 7). Suppose that (7,7) also solves the problem. Thus I must

~ nrg GV (% ni G¥(b¥ . T .
have mg — 7 + %log (1 + Do gw((bw))) _ %log (1 + 1L gw((bw))) = 0 on [b*,b]. Taking the first

derivative for both sides gives

4(Getiet) ( !

—

dbw Gw (bw) - Gw(bw)) = 07 Vo' e [b 7b ]

1 1 -
IR o B ()
As % >0, Vb € [b*,b'], thus I must have # = rg, which leads to 7 = 7.
Based on the above results, for any interval [b*,b] € (b,b), (71,77) almost surely converges

to the true value (7o, mp) if Assumptions 1 and 2 hold. O

Proof of Proposition 3: From Lemma 3, Assumption 3 implies Assumption 2 for the non-
parametric estimators (18) and (19). Thus from Proposition 2, under Assumptions 1 and 3 I

have
0, — 6y = o(1), a.s.. (B.4)

The first-order condition of (20) is given by

R w Gw(b?)) )
i v © pw Gw(b?}) é 890 (bg T v by) 76L> w(bw) 0 (B 5)
- PN w0 L = U2x1- .
=\ £ g y) 90 ‘ :

2x1

Taking the Taylor expansion of the left-hand side at 8 = 6y gives
G (b

(b%)
Aw ([ pw 0 bw7 s 76
i 5 — o (o, S0 g ¢<£ 0 0) w(by)
Tge e’ 90

2x1
w Gw(bw) ~
~ G«w(b?)) 5 8290 (bz ) Qw(bé’) 79L)
+ Z 'U?] - (;0 b%)a /\77011
) 9000’

w Gw w)  ~ w G’LU wy  ~
(890 <bz 7‘6111—(%79[/) 8‘10 ( ¢ 7gw—((}2€1))79[/) .

2X2

wby) ¢ O1—00)2x1 =021,

2X



where 9~L is a middle point between éL and 6y. Thus

\/E(éL_HO) = _le (ﬁéu_¢<bf7%£§))vé

62(,0 <b€7 = ((bw)) GNL)
)

0600¢’

-1

w G’LU pw ~ w G’LU pw ~
dp <bz ) ﬁg,é?a&) Op (bz > ﬁbfu)),@L) "
- a0 06" w(b¥)

“bp)
1 L Gw( w) dp (bz TR 90)
X ﬁg <W —p <b€ ) gw(bf}) ,90>> 5 wbl) e . (B.6)

Therefore the conclusion of Proposition 3 holds from Lemmas B.2 and B.3 below.

Lemma B.2: Under Assumptions 1 and 3,

1 [0 (v 8. 01) 0 (b S 1)

L& 0 o6’
2 w Aw(b)
v —p | bf g @)7 2 8989’ w(by
w GO g w GV
|2 (8 Gty bo) 0 (5 G} Ho)w(bw) s
0 56 o6’ o

where the nonparametric estimators G*(b*) and §*(b*) are defined in (18) and (19).

Proof of Lemma B.2: See Appendix C.

Lemma B.3: Under Assumptions 1 and 3, St, N N(O, B), where

Gw(bw)
0o [ bY, —mres, 0
1 L i Gw(bw) 2 < 0 gw(bé") ) 0)
— b CA by
(e S ) ) = e

where the nonparametric estimators G*(b*) and §* (b*) are defined in (18) and (19).

Proof of Lemma B.3: See Appendix C. O
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Appendix C

Proof of Lemma B.1:

M( — )| < Vo € O, (C.1)

n -
1‘1‘—%,

‘gp(b,fc,@) bw@‘—‘ e

where 2’ is a value between z and z. O

Proof of Lemma B.2: The proof consists in two steps. The first step will show

L w (W a b ) 5w ( ) GL
%Z< <b£’§ ((52;:))&)) <éaea(9/) > w(by’) = o(1) a.s., (C.2)
2x2

while the second step will show

w GU0P) 5 w GU0P) 4
1 L a(p (bZ7Wb§))7eL> 8@ (bZ7Wb§))70L> w
- Z w(by’)

26 06"
Op (0", Gagmy-B) D0 (b, o) - b0
—Eol 0 T 0) 26 (¢ i )w(b“’) = o(1) as. (C.3)

The left-hand side of (C.2) can be written as

9 <bw G (by) §L>
o Gy - BN ECIE .
<W _90<bfvg (Z),9L>> ‘ w(by’)

= g (b 0000
L& G o) )) ( ( v by) GUOY)
=7 Vp —p bwv W (W 70 Tl bwv W (W 70 - bwv 0 (LW 79L
L;Kf <é il T T
2 w GY0Y) 82 (bw ?w(bg) GN > 2 w GUOP)
ok b ey o) Eomwp ) 9% (e o) (bY)
9000 ' 9000 9000 ¢
2 w Gw(bw)
L~ WK 0000’
o o (bw,ﬁ“(”;u F: ) 2 [ GO
+li s (o G 0F) o\ Gmmn 0r) 0% (b gty ) (52
L= \" T\ g0y 0000’ 0006" ‘



1L G bp) Gy 5 \\ 2 (% iy o)
S by’ 5 79 - bw’ ~ w ’9 b
L; @ | by 70 0) @(z oY) L 0000’ (b7)
LT GU ey ) < GUpp) ))
+— @ b ) w 79 - @ bw? A w ’6
Lé( <Z 9°0y) ey
w CUBY) 5
) % (bz,w—(b;ﬁ),&) 0% (b1 o 00) o
06007 9600 wibf)
= Al+ B1+C1+ D1. (C.4)

I consider the four components A1, B1l, C1 and D1 one by one. By SLLN,

w GU0F)
& (e (e G ) PR T )
Al = E; (Ué - <b€ 7g“’(b§”) ,60 0000 (bg ) = O(ﬁ), a.s. (05)

’UJ(b’LU) ~
Gw(bw) 8%0@5 )y gw (bw L) a%p(bg s w((bu))) 90)
9000" 9000' v

}a%p@ 57 ((Zw) ~L) Rolby, i (b )) 0
‘ 5000’ aaaef

w GO 5 w GY(bY
{ b ’gw(b“’) 0L> a (b 7gw((bw)) 90) (bw)
oL

°)w<bz">

sup

bwe[b 3 9000’ B 9000’ ¢

oy — (be , %gg;,@o) w(by’) = o(1), a.s.. (C.6)

. 2 (rw GU0F)
o GO Y GRp) § ) PelE e )
g vy ey 000" ‘

~ 2 w G (by)
00 | — o v G(by) i, Ha 90(1’6 : gw(b§>’90) w(b?)
0 Gu(bY)’ 9006’ ‘




Gv (b) GUp)
bw7 70 b Y Aw (W 70
“0<f ) °> (f qey) "

—i o (b ety )
L — 0000’

b eb,b]

w(by

)

)

1 & w GUOP) w GUOY) -
-l |- 0 ) - ()

|D1|
=1
2 (rw GUOP) 5 G ()
y 0% (béa gw(bf)) 79L> B 82(‘0 (bg7 7o) 90) (i)
9006’ 9006’ ¢
1 G (by) G (by) )
< = bwa 770 - bwv ﬁ)e
T (1 ) - o G
2 w GU07) 5 w GUOY
0 by’ FRCAK HL) oglte (be ) gw((bé’))ae()) )
x 9900 9000’ Wioe)-
G (b)) GU(by) ~
< sup (¢ bw77w70>_90<w7ﬁ70 w(by
bwe[l_)’l_)}{ < l gw(bg) 0 l gw(bg) L ( Z)
w GUOY) w G (b
x i <b RGN L) P (b, Fetor o) )Y —o(1)
sup — w(by, ) p=o0(1), a.s
. 0000’ 64989’

Thus (C.2) holds from (C.4)-(C.8).

Similarly, the left-hand side of (C.3) can be written as

w G’LU pw ~ pw
o7 (bf’ﬁbfj;’eﬁ 07 (bf’ ”““((bf”’) QL) w(by)
f4

Ly
ngl Y] 0o’
G (by) w GUOY)
B l i 8(,0 (béa “’(b“’) 90) 890 (bg ) Wbé})aeo) (bw)
“ 1 20 o0 o
v (o0 (v, S 60) oy (b, SO0 0} \ o (b, S20) g
-1-12 Cen ) CP(za ) 0) "D(Z’Wb?)’ 0)
ngl o0 06 0o’
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0 (1, 5603 ) (2 (- 5-00) 00 (o0 5.0

a0 o0’ - aef w(by)

_|_
SIS
B

o~
Il
-

r w GAw(bw) ~
Oy (bz ) Wbé)a 9L) dy (bé , Gw((;w)) 90)

00 00

Gv (b ~
o0 (b1 5ot 00) 00 (o0, SgB0)|
% 00" N 00" w(b’)

+
i
M=

o~
Il
-

— A2+ B2+ C2+ D2. (C.9)

I consider the four components one by one. By SLLN,

1 & |0 (b Getoty - 00) O (0 Gotity o)

A2 == w
L~ 26 o' wib?)
D (b, St 00 ) D (b, it 00)
97 (™) g 1
=E, 50 20 w(b?) +O(\/f) a.s. (C.10)
w GU0F) g w GU0p) (b))
‘B2‘_ _i &D<b£ ’ ( 7))’ 0L> _&D(bf ) gw(b’;) 790) aﬁ(bz ) g% (b 7;1) 790) (bw)
L& a0 a0 o7 o
w Gw(b ) w (Hw
o7 (b G >’9L) 03 (8", et} o)
< sup - (b")
e 0 90
w GUOP)
| & |0 (b Srpeyib0)
Egzzl 20 w(by)| = o(1), a.s. (C.11)

Similarly, I have
|C2| <o(1), |D2| <o(1), a.s.. (C.12)

Thus (C.3) holds from (C.9)-(C.12). This completes the proof of Lemma B.2. O
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Proof of Lemma B.3: I consider the following decomposition of the Sr,.

Sp=Sp+ S+ S+ 51, (C.13)
where
w GUbF)
1 & G™(by) dp (be,W,eo)
St=_— w_ | Y, L2 g L by), C.14
L L;(Z Q0<Z w(b;u) 0)) o6 w(@) ( )
L g G® (by)
S2 i O — bwv ¢ )
= (7 [ i)
= (by) G™ (b)
Op(b¢, Sty 00) 02 (b Sy 0o)
’ 0)’ g (by) w
- ( 00 o0 w(by’), (C.15)
s L[ GU) oo, )20 Serir
3 —— S (b2 Bo|—o (b2 20 g D (bY), C.16
’ Lkﬂ@<£9w ) 9 ¢<fgww7>°> o ) (C.16)
1 & G (bY) G (bY)
54:— @(bw7 £ 70>_(10(bw7 ~ ¢ 70)
b=z 2 (o gy %) — o0 Gagey o
w GU(0) w G (bY
y 6(70 <b£ ) gw(b’;’) 700> B 8(,0 (bg s ﬁbé];’eo) (bw) (C 17)
00 90 w(by ) .

Note that Si is regular and that SLLN directly applies. I then consider the other three

w(bw)}

w Gw(bw) w (Hw
O <b ’W"%) 00 (0 Gofimy o) |
90 90 v

components. Namely,

S4 < VL sup { iy
k g (bv) v (vy)

b eb,b]

() - o i, S0

X sup
b eb,b]

=VL O(rz2) = o(1), a.s. (C.18)

gw

s U (L, GR0 ) 820k (GU) U
& _\/f;<é (p(bbgw(b?)ﬁ()) 000z <gw(b§v) g“%b%”)) (bé)
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)
- T l 2 Z ) bzv 7 86833

/=1
6903(1;1;,535,90) G (by) Gw bw G¥(bY) w
T ava  \" T e o) ) o)
G b
& w(pe) 0" bé? wfb% %)
=—=> | —¢[b L2 0,
L= w(by) 000z
y G bi »
gv v ()
1 & G (b
+—LZ (W — ¢ <bz7 f,))ﬁo))
/=1

= S7t 4+ 522 (C.19)

where x, takes a value between G* (by)/g" (b’) and Gw(b}”)/gw(b}”), and T, takes a value between
xp and G (b)) /g" (by), £ =1,2,..., L.

I then consider the two components S%l and 5%2. In particular,

2w Gw(bw)
S i i ,Dw — bw Gw(b%)) 90 8(,0 (be ’ gw(bé)) 790)
L= ¢ £ ge(vy)’ 000z
G (by) Gw(%"))
s [ 2t SO0 g, C.20
) gy ) ) (€.20)

- w G (0F)
(W ® (bz ) , 0o

X8g03(b}/’,5:g,90) < B Gw(b;“)>
— 5 | Ty )

00022

O3 (bY E(°),00) ([ wy  GUOP)\ (GUO®)  GU(Y)
Z@H@aﬂ <$(b ) - ) ( )




y 1 L Gw(bw) w
xw(b®) ﬁ; <g —(P<bg,g (bé)ﬁo))w(bﬂ
= VL O(r;2) = o(1), as. (C.22)

Thus I can focus on S#! which is the remaining part of S7. I first need to consider the term

w(bw)(gj ((;’;”)) - (;;U((gs))) before proceeding further. Linearizing Gw((b:f)) — (;;U((gs)) gives

o (GEO) GRO)
w(t®) <gu«bw> gw<bw>>

= w(b? 1 AW (WY W (W (w)
— w(b )(wa) (Gu) -G ) - )
w 1 1 ~ (LW w (W YW (WY W (HW
=ww><<w®%—X$@%P@w>—g<b»)@:w> )
Gupr) 1
ge () (5" ow))’

2G" ()
(g (b") — g" (b"))
@y ))

w(b? Gw(b%})_Gw(b?})_ Gw(b?}) AW PWY W (W 2
= w(b )< 0P (gw(b}#)f(g (b¢') =g (be)>+0( g )5 (C.23)

5 (67(0Y) —g“’(bw))>

(G*(6") = G(b"))

—(7(b") = g"(6")) <(

where §*(b") takes a value between §*(b*) and g (b*), G (b*) takes a value between G¥(b¥)
and GV (b*), 3 (b*) and " (b*) take values between §*(b*) and g* (b*), and éw(bw) and éw(bw)
take values between G (b") and G (b*), respectively.

Equations (C.20) and (C.23) imply that

1 L » Gw(bw) 8(,02 (b}u, —G;U((:;})) ) 90)
ﬁ;@‘@w@ﬁw s
<@“’(b§”)—G“’( y)  GU0p)
g by) )

Thus I only need to consider the remaining part of S%l, which is denoted by

w GY0F)
g2t _ LZ o G (by) 9 a (bf’ g (0y)° 60)
L =L ¢ C gw(pwy T’ 900z

(=1 4

2 @w®7)—gw(bf))>w(bk”)+\/50(7’;3)- (C.24)
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gu () (g7 (bY))?
_ g2 _ g2 ge1s goua (C.25)

X{GW(bg’)—Gw(b?’) G* (b)) (gw(bg)_gw(bgf))}w(bf)

where

L w ) 2 o & P 9
S'%HZL GED_()O (bwG ))ap ¢ (b ) ( ) w(b?/)

L= geby)’ 000x gv by)
2
gro_ Ly @"—w@ G ) ))@,0 O o) e
T2 s B9z (g0p)° |
s 1L e\ 4 08 Gorty 00) wity)
5213:_ ~W_ bw’ 14 GV (Y )
2 w—w ) w w W
5214—Li@” (p@u G bp) 9(» dp (bg’g“’(b?)’eo) G (by e)'
b VIE Tgu )’ 000 (g)(b¥)

I will apply the projection theorem of the U-statistics (Serfling, 1980) to show S?'! =

5213 1 0,(1) and S?'2 = S314 + 0,(1), which together eventually lead to S7! = 0,(1).
felt) o (b Sy ’9) w(b®)
v ) 0))

I first consider S211. Let o' (3%, b%)) = (6“’ —p (b ) 5T (T) 500z 7o)
then I have
s = LS ey ¢ {iii (i b IO b <o>}
= L B
S VELLS S e - o <o } { Zam Y }
L2 (=10'=1,0'#¢ ?

Since T have S7112 = \/E{# S M (oY, b%’)} = op(\/—) the main part of S is

L L
S = VE{5;3 3 tar) meE - <0))

(=10=10#0
1 L-1 L
= VL I3 > [P (@b )b —by < 0) + oM (T}, by )W (bY — b < 0)]
=1 =0+1
L(L_l) 2111
- \/E{ U }
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where

U2111 — 1 Z Z 2111 bé 7@(/ bZ/)
Z 10 =0+1
a?HEE b LOE—-bY < 0)+a?M@g by LEY—by < 0)

P2111(~w bg 7UZ’ bw) — 5

Note that anl(vg , by vy, b)) does not depend on L.
Let Ugln be the projection of U?!! on the observations, namely

L

N 2 5
OF =214 2 SR EE57) — 27
=1

where R2111(Uf ’ bw) EO [P2111(UZ ) b}”uv ’D?’Jv bZ’)|U£ ’ bw] 2111 EO[R%Hl(@?}v b}”u)]
by; 0, b)]. Note that R#1M1 (5% 6Y) and 711! do not depend on L.
Direct computation gives

211
b
rGpp) = R By -y < o). by]
211
M / M(bY — bY < 0)g™ (bY)dbY
(1211 o ’bw -
=——%41G@x

AL = RRHM (5 5] = 0.

— B[P}

I first show LU — U3 = 0,(1). According to Lemma 3.1 in Powell, Stock and Stoker
(1989), it suffices to show Eo[ P (3¢, bl 0, bZ,)P’2111(~§”, V504, b)) = o(L). This is true as

Eo[ P2 (5%, bY; 51, bz,)pfinl(w by; vf, bY)] does not depend L.

Now I can consider the main component of \/EUEIH, which is

\/Zﬁglll — \/_ 2111_1_\/_ ZR2111 ~w w) ,7%111)

L
= (fg 22(0 (bé)) St

Thus when L — oo,

L

. ~ ~ L(L-1
SAL = 5%111—1—5%112:\/5{ (L2 )U5111}+0p(

-
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_ L( ){\/— 2111+\/_( 2111 12/111)}—'—017(%)

_ —L(L 589 4 0,(1) 4 0,(0} +0p(—) = 8% 4 0,(1),  (C.26)

L?

E\H

as desired.
Similarly, T will next show S7!2 = 5214 4 0,(1).

212 (0 gy — (50— o (po C20M) g | )2 Gt ) G yu(on)
Let a** (0", b")) = (v (b w(57) > 90)) 5050 @) , then I have

S%l 2

L
Z ’UZ ’ ( Z {L2 Z Z (1212 'UZ ,bw Kh(bz/ - bw)}
Z:

(=1/0=1
L
DSy p)).

I L K,
Z Z a®? (@, by) Kn(bl — bf )} L{

e} (=1

3\

= VE{3:]

Since $7122 = \/f{ Kggo) Zszl a2 (o, b’g’)} = Op(ﬁ)v the remaining part of S2' becomes

L L
S = VE{L Y S o) Kk o))

(=10'=10'#¢

15 & 212 (~w L(L—1) 59
= \/E{ﬁ Z (CZ (Ug,b%/)‘i‘a (’Ué/ be/))Kh(bg _bél)} = \/E{TUL }’
0=10'=¢+1
where
A A S PR ),
é 1 0=0+1
w. w a0, b%) + a®'2(0,bY) o w

PR b o, b)) = B0 g - v,

2

Let Ugml be the projection of U7 2121 o the observations, namely

U2121 72121 + = Z R2121 bg) 2121)
Z 1

where R%ml(@?}’ bil”y) EO[P2121(UZ 7bf 7”(’7b€’)|vﬁ ) ] /7%121 [R2121 (UZ 7bw)] EO[P2121 (UZ ’
by’; o3, b )]

I first show /L(U'?' —U3'?") = 0,(1). According to Lemma 3.1 in Powell, Stock and Stoker
(1989), it suffices to show Eo[PF21 (51, b¥; 0%, b ) P53 (0, b; 5%, b%)] = o(L). Namely,

w. ~w 2121
[lezl(vz ybg's vy bel)Pl (o7, by’ vp be/)}
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1 w w w ~w w
= 1o K70} — )@ (0, bF) + o> (@, b)) (@2 (5 b)) + a2 (5, b))

1 w w w
= 4 Fo {Ki%(bz —be')[ PR, by )a R (0, b))

49 a212(17§‘/,b}‘,’) /212(1)6 7bw) 212( bw) /212( bz')}}-

1 -
= By {Kfzz(bf = 0p) Egp g b e [a212(v§uab§u) 2oy, op)

49 212( bz) ,212(?1@ ,bw)+a212( bw) /212( bg,)”.
1 w w wW w
= 1 Eop o {EROF — ) (M) + MEE)}

where
M(b") = Egoppe[a® (@0, b7 )a™ (5}, b))

w (pw w (pw !
a(p bw’Gw(bw) 0 8(,0 b, G (bw) 0 ww o 2
:Varo(aw)< o) (b, ety %) <G (b)w(b )) _

000z 8083; (gv (bw))?

As Suwae[g,E] |M(bw)| < o0, EO[P2121(U£ 7b?]71~)g/]7b£’)P/%121( %Uv 775257,1)@/)]

< %Suwag[g_,j,] [ M (6*)[E g B W{KZ(by —by)}. Using the change of variable u = w,

(bw b)) {K}%(bz bgl } = //K2 (bw + uh)dbwdu

(2 g/
sup lg® (6)g" (bY —i—uh)]//Kz(u)dbwdu
bw €[b,b],u€(—o0,+00)

sup [ (b)g" (07 + uh)| (5 - b) [ K3 (u)du
b €[b,b],u€(—o0,400)

S| = bl}—‘

Since [ K?(u)du < oo and ﬁ =0(1), I have
w, ~w 2121 (~w qw. ~w
Eo[ PPN (@), b s o b P~ (8, b5 7, bg)] = o(VL) = o(L).

I can now consider the main component of LU?'?', which is VLU?'?' = VL4312 4
\/—2 Z( 1(R2121(W ,bw)— 2121) with

Q2 (T, bY) + a5y

, by
SR g i )

R (@, bf) = Bl

212 b 212 o ,bw
:%Ebw[m(bw —b¥) [T, b ]_#/Kh (bP—b) g™ (b)) dbY
212 (~w pw 212 b
= B gy ¢ TP a5 + ) — 0

— R2121(~w w) +t%121( bZ)
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where

o a2
2 g ) = T g

212
2121 (g gy — W’bf / K (u)(g" (b + hu) — g" (b)) du.

Since vH2 = Eo[R#12L (T2, b)) = Eo[ R (T2, b)) + t321 (T, b¥)] = 0, thus

VIR~ VE(} YR )
=1
V(G St ) o) + V(S 36 o)
= 54 V(7 IR))

/=1
Let T22 = VI(2 X, 31215, 6)), then Varg(TF2') = Bo|( [ K(u)(g(b} + hu) —
2
gw(bku))du) a?12(T2, by ) a2 (T ,bw)} = O(h2(E+1)) = o(1). Thus by Chebyshev’s inequality,
TP — 0,(1)

Thus when Assumption 3(ii) is satisfied,
g2 gua g g

R
L(L

-1 . -
- LB DGVTope « VIR - 09)) + 0,

7 )

1
V'Lh

L(L J =M o 1),  (C.27)

_ 7){5214 +op(1) + op(l)} + 0p(———

1
12 V'Lh

as desired.

When Assumption 3(ii) is satisfied, from (C.22), (C.25), (C.26), (C.27),

S? = SH 46522 =062 10,(1)
= 81 o) = 5" - 5 - 50+ 57 oy(1)

S7P = 571 — 5717 + ST + 0p(1) = 0,(1), (C.28)
as desired.
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I now turn to S3. Namely

A w GU0P)
s8 = Ly delPmfy) (CUb)  GU0p)) 9 (b =t ’Ho)w( ")
L= oz g (by)  ge () 00
w GU0F) ~
_ 1 [Pel e ) | eor ) (- GUOp)
L= O 02 )
A w GU0F)
(o) a9 (O et ) (o)
gey)  gv(y) 6 ‘
w GV} . w GV}
_ L 2ot ) (Grop)  Grip)) 2 0 )
L= Oz gemr)  ge oY) 00 ‘
_’_L i 8290(1)6 7'i'f760) _ Gw(b?})
L= O w(by)
A w GUF)
GY(by)  G*(bY) Oy (bg » gv(by) ’90) 31 32
x [ = — wdy) = S + 532, C.29
<gw(b;0) gw(b;u) o0 ( l ) L L ( )

where x, takes a value between G:j “’Ef ) and G:j (bz ), and Z, takes a value between x, and w,
g (be) g (be) g (be)

{=1,2,...,L, and

w GV (b)) . w GV (bY)
" :LXL:&P(%“J@?)’@O) Grey) _ crop)| % (e b)
gemy)  gu(by) 06 en

- by’).
ot \"T e\ ) o )
Since |S3%| < VL O(rg_f) = o(1), I can then focus on S3' which is the main part of S3.
Applying (C.23) I have
L
g3l _ Z {
N Gw< ") G o)
Lo (bé’ oty 00) 99 (B Grishy
Ox 06

A w G 0)
s DA, Gw(b;”))(G%;“)_GWb;”))aﬂ(bW@;v)"’o)w( ¢

Z 1

575 (6 0) - 6 0) - %(g%}f’) —g0))}

0
) w(b?) + VI O(r;2). (C.30)

When Assumption 3(ii) is satisfied, V'L O(Tg_wz) = 0(1). Consider the main component of
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S31 which is

1 Gw bw ~W w w w
Z{W (G o) - GW))—W@ ) - gt}
VI ¢
w GY(}) w GY(7)
X@gp( t> g Z) 90) ¢ ( 97 () 90) w(bl) = 3 _ §312
(9.%' 90 ) — ML L >
where
v (o) v(by)
a3l L w(by) Op (bf ’ gw(b“’) 90) Oy (bf 1 ge (b)) 90) S pw
= ZE
312 Gw bw) a(’p (b?]’ jw((gg)) ’ 90) a(’p ( zﬂ’ ngj((gg))ye(]) W\ AW (LW
Z{ 5 % (b7)g" (b

I will consider the above two components one by one.

o (6w, S8 0y ) ap (v, &) g,
w(b“’) ® Y g (B0 0 » ; w(b“’)’

7 ) o7 Bl ; then

Let a3 (b%) =

5311 _ Ti bé Gw(bg { Z Z 311 (b W(bY — b < 0)}
VL

(=1/0=1
- {ii XL: aP(BY) LB — bY <0} {ii wa}
L (=10=10# Z ‘ L /=1

— 5%111_‘_5«%112’

where $11 = VI{ o Sy Shioy g a™ (0) Wby < 0)}. 5712 = VI{ o Ty o™ (7))
As 5%112 = OP(%)a the main part of 5%11 is

_Q 1 L w w w
gam o _ \/Z{ﬁ SO @) 1y - b <0)}
(=10=10#¢
1 L-1 L
= \/E{ﬁ [ (B (b — by < 0) +aM (bf) W(oY — b < 0)]}
=1 ’:é-i—
L(L
SNAUUES P
where
U%lll — — 1) Z Z 3111 bZ ,bg/
=1 0'=(+1
a3“(bk")ﬂ(b%‘f — by <0) +a® () Wby — by < 0)

3111 —
(v¥3b8) = >
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Let U3 be the projection of U3 on the observations, i.e., U7 =42 S50 (RPM(bY) —
), where FYM0F) = BalPR U GsHIEL 22 = EolREV 0] = BolPR (st T
will first show VI(U3' — U3M1) = 0,(1). According to Lemma 3.1 in Powell, Stock and
Stoker (1989), it suffices to show Eo[PPM(bY; b?f)P’%lll(bf; bj))] = o(L). Note this is true since
P (p¥; b%) does not depend on L.

Now I are ready to consider the main component of v LU %111, which is

VLU = \/—,Y3111+\/— Z (R (pw) — 3111, (C.31)
N R ) 511 g
Gv (bv G) ) w wy @b w (w
LSt A3 EO[gw((bw)) ( gax ) ( - ) w(b®)] and R3(bY) = ;z) G (bY)
a'll w
+ [ z(b") by — by < 0)g™(b}y)dby. Direct computation gives
311 pw a311 pw
R?’l”(b% Pt [ — b < 0] + o S o — b < o))

311 311 b /)
/ﬁ —bY <0)yg @w@+/ CI(bY — b < 0)g™ (bY)dbY

311(bw) 311 bZ’) 3111
CER G + [ P - by < 0)g" ()b = B 6),

P = BRI (0] = BRI ()

= R [ 2”)]1@ — b < 0)g" (b)) b,

1 3111 a311(b21/1) w w w LW W (W w W
= MM / / LI — b < 0)g" (6)g" (b by db,

= e [ G g = o

Thus (C.31) becomes

L
\/Z(ﬁglll _,73111 Z R3111 bw _ 3111) )
VI(Z X )

b«ll\7

When Assumption 3(ii) is satisfied,

5311 — 5%111 +5v%112
_ L(L — 1) 3111 1
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A 1
_ { 3111 (U3111 Uglll)}+0p(_

iR

1
_ g3 _ s 3111 L
= {\/Z )+ VI 4o, (1 )}+Op(\/z)
9 L
= (f Z R (py) — 3111)) + VL3 4 op(1) (C.32)
Let consider 5’%12 now. Using the following notation
w (KW w GY ( ) w w
2y _ GO (b) 9 (0% i 00) B (W, Sty o)
a” = (b") = 5 w(d"),
(g (6™)) ax 90
I obtain
1 w\ AW w 1 L w w w
SIP = = a0 0F) = VI{ Lz 32 30 oM ) Kb - b))}
(=1 (=10=1
1 L L 312 3w w w Kh(o) 312 3w
= \/E{ﬁz Z a (bg) Kh(bg/—bg)}+\/z{ L2 ZCL (bé)}
=10=1,0%0 —

— 51%121 + 5%122
where S = YESTE S g a®2(6P) K (b — bP) and §3122 = VI{EHD v o212(0p) .
Under Assumption 3(ii), S3!22 = O,(—A-) = o(1), thus the main part of S3'? is

L L
gt _ \/E{%Z Z a*2(bY) Kh(b}‘f—b?))}

L
722 O (@bF) +a® () Kn(bf - b))
L

where

U3121 _ P3121 b 7b/
70 1>§2@Zm Sl

A2(by) + ¥ ()

PR bE) = . Kb — W)

Let UE121 be the projection of U3'2! on the observations, i.e., Ugml :73121—1—2 ZLzl(R%ml (b7)
— ), where RYZ () = FolPY2 07 BB, 112" = BB 0F)| =P (305 ). Tnow
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want to show /L(UP?! — UP121) = 0,(1). According to Lemma 3.1 in Powell, Stock and Stoker
(1989), it suffices to show that Eo[P312(b¥; b}f,’)P’%lzl(béf’; by))] = o(L). Namely,

w. rwy pr3121 w, pw
EO[Pglzl(be Qbé’)P,L (be ;be')]

1 w w w w w w

= ZEO[K}%(bé — b)) (@2 (b)) +a*? (b)) (@ (b)) + a2 (b))
1 w w w w w w w w

= ZEO{K}%(Z)Z — b)) [a®'? (bf)aP? (b)) + 2 a2 (b)a®2 (b)) + a®'2 (b)) a1 (b))}
1 w w w w

= ZE(b;J,bzi){Kfzz(bé — by )M (b, byr) },

where M (b, b) = a®2(b)aS12(by") + 2 a¥2(bf)a 2 (b)) + a2 (b)) aS12(b).

3121
Since Suwae[_ b,Bbelb,b] |M (b, byy)| < oo, EO[Pz’ml (b'; b;)P/L (b7’; b)) < %Supb}fe[lg,g},b;‘;e[g,g]

w

| M (by abg/)|E(b;v,b7,){Kh(bz —by)}. Using the change of variable v = b}f;bf'

gives
E e ) LR (b — b7} =7 / / K*(u gv (b" 4 uh)db® du
<o sup 1g“(6)g" (b" + uh)] / / K2(u)db®du
R o e b,3)ue (~o0,+00)
1 _
= sup 19 (5)g" (6" + uh)|(b — b) / K(u)du

b“’E[Q,E],uE(—oo,—i—oo)

Since [ K2(u)du < oo and A= = o(1), T have Eo[PF'2! (b bip) P’y (b bi#)] = o(VL) = o(L).
Now I consider the main component of \/ZU%lQl, which is \/_ 3121 — \/_73121 + \/_2 Ez 1

(R () — 43121, Direct computation gives

2(bF) + a2 (0)
2

RY (b)) = Eo [ Kn(by — W)’b}”]

= —— By [ Kn(bf — b}7)|b}] + Euy 5 Kn(by — bi)[bg

312
_ T/Kh (B2 — ) g™ ( +/ Kn(bP — b)g® (b2)db
312 312 w
= a” (o) /K Y (Y + hu)du + / MK(u)gw(b?’ + hu)du
312 b 312 bw
= 0" (b + s gy T /K Y + hu) — g (b)))du

312 312
+/K bf ) g* (b + hu) — Q(bf )gw(b;"))du

- R?’lﬂ(b;f’) ),
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where

R3121(bw) 312(b2”) “(by),
312 bw
312 () = a”=(bf) K (u)(g” by + hu) — g (by))du

312 312w
+/K bf + h“) gUoY + hu)—“TQ)f)gw(bgf))du.

Since w(-) has a bounded (R + 1)-th order direvative, I can show that t3121(b%) = O(h#*!) and
E#32L(bY)) = O(hfit1) using standard argument
w () 220 S f0) Bp(b S0
Let 3120 = EJR312L (b ] = B ((gw)) ( gax(b ) ) ( gae(b ) )w(b“’)], then T have 73121 =
v3111 by definition, and 3% = Eo[R312! (b)) = Eo[R3 (b)) +312 (b)] = +3121 + B[t (bY)].

Thus

L

\/E(Uvglﬂ _ 73121 (% Z R3121 bY) — %121)) _ \/5(73121 _ 7%121)
=1
_ ( Z( 312(b“’)g bY) — 73121))_1_\/—( Z(t3121(?/) E0t3121( ))) \/Z(,73121 3121)
é 1 é 1

Let T312! = VL (3 Xh, (12 (b) — Eot32 (b)), then
VarO(Tng) = 4E, {(t%ml (bw) _ E()t%ml(bw))(t%ml (bw) _ E()t%ml(bw)),}
= 4B, [£12 (0" )7 (0)| — 4Bt} (") Et 2 (0) = O(R* ) = o(1).

Thus by Chebyshev’s inequality, T3

= 0p(1). I also have that Assumption 3(ii) implies
\/E(,73121 _ ,7%121) — \/—E [t3121(bw)]
312(bw
— VIEL L /K U (B° + hu) — g° (b)) du
o312 (pw o312 (pw
/K b + hu) g¥(b” + hu) — #gw(bw))du]

= VL O(hfT1) = 0,(1).

Aggregating the above results gives

ol = L(L—1) 1
g312 3121 3122 3121
SP7 =SP4 SEP = VI{ T Opl =)

o4



3121 (U3121 U3121)} +0, (\/_h)

A
= M VRO - VL 73121+op<1>}+0p<ﬁ>
MRS 1

(Z PE0E) 9" ) =) + VIR + o)} + Ol

hll\ﬁ

- x/Z( S0 g ) =77 VI 4 o,(0). (C.33)

(=1

Since 312! = ~3U1L T have

hll\ﬁ

S = SP 5P =5 4 0,(1) = 5P +0,(1) = 5P — SFP +0,(1)
2 w
_ (\/Z(f Z(R?)lll(be ) _73111)) +\/Z’ng)
=1
L

_( (EZ aS2(BY) g¥(bY) — 3121)) +\/E’y3121) +0,(1)

\)

- 72 22(R3m<bw> = a2 (0) 6" () + 0p(1)

= Z(/ R LeE-b < 09" GRdbE—a* GG B)+op(1).  (C.34)

Note that Eyw (fa311(t)]l(bw —t<0)g"¥(t)dt — a311(b“’)G“’(b“’)) = 0 holds as 7312 = 4311,
Aggregating S},5%,53 and S} from (C.14), (C.18), (C.28) and (C.34) gives

S, =Sl +S5%+5%+5¢
Ge ()
1 Z o GU0F) 0p (bf eriiy o) o)
— Z?g (b£)7 0 89 ?
1

1 i{/b NERNEN

w GV 07) w G (b )
7gw (bé) v (bzu) o 89
+o,(1)
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Since Ebw(fa?’n(t)ll(b“’ —t < 0)g"(t)dt — a311(bw)G“’(bw)) = 0 and Eo{(ff)w—gp(bw,cw(bw),@o))

g* (o)
ap(bw [RLCI

oW (W) Y0
ga(;b ) )w(bw)} = 0, CLT gives

$p -5 N(0,B). O
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Figure 1: Ex ante Private Signal Density
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Figure 2: Ex post Shock Density




