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1 Introduction

The models of private provision of public good establish a remarkable theorem. It is the
neutrality theorem stating that the total supply of public good as well as the allocation of
private good in the equilibrium remains intact even when income redistributions are made
(see Warr (1982), (1983), Kemp (1984) and Bergstrom-Blume-Varian (1986)). We call
this property as the neutrality property. ‘Nash equilibrium’ is the common equilibrium
concept in this filed. A key tool exploited in the theorem is the lump-sum income redistri-
bution®. Suppose that there exists an equilibrium and then that an income redistribution
is made. Under new income distribution, each consumer can choose the same amount of
consumption as before and contribute to the public good by the original contribution level
plus an increment of his income as far as his new contribution to the public good is not
negative. This is the essential fact which makes the neutrality property hold. The size

of possible income redistributions thus depends on the original equilibrium allocation in

*We are grateful for helpful suggestions and valuable comments to professors T. Kishimoto (Kobe
University), K. Urai (Osaka University), H. Nagatani (Osaka University), T. Miyakawa (Kobe University),
T. Kamo (Kyoto Sangyo University), P.H. Nguyen (Kobe University), Y. Fujii (Kyoto University) and Y.
Sahashi (Osaka Prefecture University). This research was financially supported by MEXT (Grant-in-Aid
for Exploratory Research, KAKEN 14653012) in 2002-2003.

1Tt must be noted that Bernheim (1986), Andreoni (1988), Boadway-Pestieau-Wildasin (1989a) and

Andreoni-Bergstrom (1996) utilized the other tools such as taxation on goods, subsidy on the contribu-

tions to public good, and the government contribution to public good.



the neutrality theorem. Otherwise, some individual’s new contribution to the public good
would be negative. Therefore, income redistribution must be determined quantitatively or
locally. To be more precise, the income redistribution employed in the neutrality theorem

satisfies the followings:

(i) the income of each non-contributor to the public good remains intact,
(ii) the total income of contributors to public good is constant, and

(iii) a contributor’s income is allowed to vary by the redistribution up to the amount
that the sum of original amount of his contribution and the difference between the

new income and the original income is not negative.

Bergstrom-Blume-Varian (1986) presented the most general neutrality theorem based on
the income redistribution satisfying (i), (ii) and (iii).

In this paper, we will offer a new neutrality theorem, Theorem 4, which depends only
on properties (i) and (ii) but not on the property (iii), i.e. not on the position of original
equilibrium allocation. In this sense, our neutrality theorem is qualitative or global. Saijo-
Tatamitani (1995) also tried to present their own global neutrality theorem. Their main
objective, however, is to reformulate the model in a setting of the theory of mechanism
design. In fact, their neutrality theorem depends on the position of original equilibrium
and thus it is a local result.

Our theorem has many influential implications beyond the theorem itself. By using
the theorem, we can show the keen trade-off relation between the equality of income dis-
tribution and the efficiency of allocation. To show this, firstly we construct an appropriate
income redistribution to obtain a new equilibrium where the number of non-contributors
increases and where the neutrality property holds. Secondly, repeating the first procedure

in several times, we reach the final income distribution, where the neutrality property still



holds and all except one individual are non-contributors to the public good. Thirdly, we
show in Theorem 5 that the strict Pareto improvement can be attained by a further income
redistribution from low income individuals (i.e., non-contributors) to one high income in-
dividual (one contributor). The resulting inequality of income distribution becomes very
high.

The possibilities of Pareto improvements of Nash equilibria have been scrutinized by
many economists, for example, by Warr (1982) and Boadway-Pestieau-Wildasin (1989b).
They, however, assumed that the government subsidized the contributions to public good
by a constant rate. In short, they showed that the more efficient equilibrium could be at-
tained by introducing distortional subsidy. And thus, their discussions have nothing to do
with the equity nor with the inequality of income distribution. It is Itaya-de Meza-Myles
(1997) who pointed out that a dilemma might exist between equity and efficiency in two
person model. Their result is that unequal income redistribution increases social welfare
although one individual becomes worse off. It is Cornes-Sandler (2000) who established
the Pareto improvement can be attained by redistributing income. Their result, however,
depends on the existence of non contributors and does not necessarily clarify the relation
between the equity of income distribution and the efficiency of allocation. On the other
hand, our result is wider in its coverage in the sense that every individual’s welfare is im-
proved even when non-contributors do not exist and stricter in showing that an extremely
unequal income redistribution makes Nash equilibrium improved. In this event, our new
neutrality theorem plays an important role.

Finally, we focus on the relation between the inefficiency of Nash equilibria and the
population size. In this paper, we are interested in the question whether a Nash equilib-
rium is near to some Pareto efficient allocation as the population grows. We shall show

in Theorem 6 that the ratio of the total public good in a Nash equilibrium to that in a



Lindahl equilibrium under any income distribution tends to zero as the population tends
to infinity. In details, first we show that the total public good in a Nash equilibrium can
not exceed some finite number as population increases and secondly the total public good
in a Lindahl equilibrium under an arbitrarily given income distribution tends to infinity.

McGuire(1974) showed that the total amount of privately provided public good in-
creased and converged to a finite number as the population increased under the assump-
tion that preferences of individuals were identical and both the private and the public
goods were normal. Andreoni(1988) dealt with the case where preferences of individuals
were heterogeneous. His results are that the ratio of contributors to non-contributors
converges to zero and the total level of public good increases and converges to a finite
number as population increases under the setting that income distribution remains intact.
Olson (1965) gave a conjecture that the difference between the amount of public good in
Pareto efficient allocation and that of privately provided public good would increase as
the population grew. It should be noted that he considered one particular Pareto efficient
allocation. Cornes-Sandler (1996) showed in an economy consisting of identical individ-
uals with quasi-linear preferences that the difference increased as the population grew.
The assumption of quasi-linear preference brings the fact that the amount of privately
provided public good is independent of the population size, whereas that of public good
in Pareto efficient allocation increases.

Those results which many economists have developed so far are implications of our
findings in the sense that individuals can be heterogeneous and that many kinds of efficient
allocations are in our scope. Furthermore, our setting does not depend on a particular
form of utility function, but assumes that the marginal rate of substitution of public good

to private good tends to zero as the quantity of public good tends to infinity.



This paper is organized as follows. In section 2, we define notations and Nash equilib-
rium and establish some basic results on demand functions and Nash equilibria. Section
3 is devoted to neutrality theorems. Due to our neutrality theorem, a set of income distri-
butions where the neutrality property holds is a closed connected polyhedron. We discuss
the possibilities of Pareto improvements in Nash equilibria in section 4 and finally the

relation between the inefficiency of Nash equilibria and population size in section 5.

2 The Model

Denote the number of individuals by n and the index set of individuals by N dof {1,2,...,

n} 2. Anindividual ¢’s utility function is represented by u; : (z;, G) € R2 — w;(z;, G) € R,
where x; and G are the amount of private good of the individual ¢ and public good

def

respectively®. Let [ = (Iy,...,I,) be an income distribution each component of which is

positive. A list &([) oo (N, (u;i(+, ), I;)ien) is an economy. Producing one unit of public

good requires one unit of private good. The price of private good is unity. We assume:

Assumption 1 Utility function u;(z;, G) is continuous, increasing, quasi-concave in Ri,

strictly increasing and strictly quasi-concave in R% ,, fori € N.

Given a list of all the individuals’ contributions to the public good (g1, g2, - - ., Gn) € R7,

we consider a maximization problem for each i:

max u; <xi, G, +gi> subject to x; +¢; = I;, ¢; = 0, (1)

Ti,gi

where G_; & > jeniiy 9j» © € N. Denote the solution to (1) by (z;(Z;, G_:),g:(L;,G_)),
1€ N.

2The symbol wdef implies that the left hand side is defined by the right hand side.
3The sets R, Rﬂ and Rﬂ . are the set of real numbers, / dimensional non-negative vectors, and £

dimensional strictly positive vectors respectively.



Let us consider an artificial maximization problem:

max u; (xl-, G) subject to z; + G =Y, (2)

where Y; is a positive constant. This problem turns out to be very useful afterwards
when we study the properties of solution to problem (1). The solution to problem (2)
is denoted by (&;(Y;), ¢:(Y;)), where the values of & and ¢; correspond to the amount of
consumption good and the total public good respectively. (x;(I;, G_;), gi(Ii; G_;))icn and
(& (Y:), 0i(Y;))ien are continuous demand functions under Assumption 1 if the solution is
unique.

Now, we shall establish useful relations on the solutions to two problems (1) and (2).

def

Lemma 1 Let Y, =, +G_;, G_; = Zj# Gj, i € N for a given n-tuple (g1, g2, - -, Gn),

and we obtain the following relations under Assumption 1:

(a) uz(fz(ffz)a @(Yfz)) 2 u(zi(1;, G-), G_i+ gi(L;, G-3)),

(b) strict inequality holds in (a) if (&(Yi), 6:(Y3)) # (z:(Li, G_3), G_i + g;(I;, G_)),

(¢) gi(1;,G;) = 0 if (&(Y2), 6:i(Y2)) # (wi(L;, G—i), Gi + gi(1;, Gy)),

(d) (&), 0i(V) = (i(1;, G-), G_i + gi(1;, G-)) if gi(1;, G—;) > 0,

(e) fz(ffz) 2 xz’([z'a éﬂ') and é*i + gi([ia sz') 2 ¢z()7z)

Proof. (a) The pair (z;(I;, G_;), G_; + gi(I;, G_;)) satisfies
wi(l, G) +{G i+ gL, G )} = [+ G = Y,

This completes the proof of (a).



(b) Due to Assumption 1 and the positivity of [;, for any A satisfying 0 < A < 1 we
obtain,

w(A&G(Y7) + (1= N)ai(L;, G=i), Ai(Y) + (1= M) (G- + g5(1;, G-y)))

> ui(i( L, G i), G + g:(1i, G)). (3)

AG(Y:) + (1= Nai(L;, G) + Ai(Yi) + (1 = NGy + g,(1;, G—y)) = Y.
This implies that

wi(&(Y2),6:(Y7))
> wi(Ai(Yi) + (1= Ni(L, Gi), Adi(Y) + (1= \(G i + gi(1, G ).

Therefore we have the inequality.

(c) Suppose that ¢;(Y;) = G_; then the pair (&(Y;), ¢:(Y;) — G_;) satisfies the budget
constraint in the problem (1). This contradicts the result in (b). Therefore we have

$:(Y;) < G_;. Hence define \* as

Ni(Ye) + (1= A) G+ i1, G ) = G
Suppose that g;(I;, é,i) > (, then obviously 0 < A* < 1. By simple calculation, we have

NG+ (1= M)ay(L, Gy) = N (I + Gy — ¢(Y) + (1= M) (I — gi(1i, G))

= I, — Nu(Vi) — (1= M) (gs(Li, G_i) + Gi) + Gy

Hence substituting A* into the inequality (3), we have



This contradicts the fact that the pair (z;(1;, G_;), g;(I;, G_;)) is the solution to problem

(1). And thus we have g;(1;,G_;) = 0.
(d) This is straightforward from (c).

(e) By the constraints of two problems, we see

&) + ¢i(Yy) = 2oL, G) + (11, G ) + G = Y3 > 0, gi(1;,G_;) 2 0.

Consequently, one of the inequalities in (e) is true when the other holds. Hence, it suffices
for us to show SZ(Y/Z) > x(1;, CN?_Z) Now suppose that fl(f/z) < (1, CN?_Z) were true. We

have

@(Yfz) - G_; = x,(1;, éfz) - &) +9:(L;,G)

> z;(1;, G_;) — &(Y;) > 0.

j

1

Furthermore the equality &(Y;) + ¢3(Y;) — G_; = I; holds. The individual 7 can choose
the pair (&(Y;), 5(Y;) — G_;) in the problem (1). By (b), it holds that

wi(&(Y), 6i(V2) > wili(1i, G=i), gi( 1, G=i) + G_i) Z wi(§(Ya), ¢a(Y2)).
This is a contradiction. g

Now we define the equilibrium of private provision of public good in terms of Nash

equilibrium.

Definition 1 [ Nash Equilibrium ]

An allocation (7}, g} )ien is a Nash equilibrium in an economy €(I) when

G B> ghgr = gL, G",).x) = 2:(1;,G*,), for each i € N.
J#



Let (2}, g} )ien be a Nash equilibrium in an economy &(I). Define a set of individuals

contributing to the public good as J of {i € N| ¢;(Y;") > G*,} and define Y;* = I; +

)

G*,,i=1,2,...,n. Due to (a)—(e) above, we have
z; = xi(L;, G) = &G(Y]) and g = g,(1;, GZ;) = ¢:(Y;") — G%;, Vi€ J,
i =x(L;,G*,) = I, and g7 = ¢;,(1;,G*;) =0, Vie N\ J

J={ie N|g >0}
We introduce a new assumption:

Assumption 2 Both the private and the public goods are normal goods for each individual

i €N, i.e. &Y;) and ¢;(Y;) are strictly increasing functions with respect to Y.

The existence and the uniqueness of Nash equilibrium were shown under the Assumptions

1 and 2 by Bergstrom-Blume-Varian(1986). They are stated as follows:

Theorem 1 [ Unique Existence of Nash Equilibrium |
A Nash equilibrium (z}, g} )ien exists in an economy €(I) under Assumption 1. The Nash

equilibrium is unique under Assumption 2.

Here we show that the Nash equilibrium is continuous with respect to the income

distribution.

Theorem 2 [Continuity of Nash Equilibrium)|
Suppose that a Nash equilibrium (x, g )ien exists uniquely in an economy €(I), I € R"
and that utility functions (w;)ien satisfy Assumption 1, then the function I — (xf, gf)ien

is continuous with respect to income distribution I € R} .

Proof. Let 1" & (Iy,.... 1)) e R"

., v=1,2,... be a sequence of income distributions

converging to [ o (I,...,1,) € Rt,_. Denote by (z,g})icn the Nash equilibrium



corresponding to an economy &(/"). Since the sequence of Nash equilibria is in a compact
set ([0, s] x [0,ns])", s o sup{I}/ | v =1,2,..., i € N }, an accumulation point of the
sequence exists. Let (Z;, g;)ien be an accumulation point. Then there exists a subsequence
(z¥', g Vien of (z¥, g")ien which is convergent to (Z;, §;)ien. Let (i, ;) be an element of

the budget set defined as:
Bi={(zi,0:) R} |wi+gi =1 }.

Define § < 2, /(z; + g;) and we can see that for sufficiently large v/

x; = 0z + g) > 0(L; — IV, if >0,
gi=(1—=0)(zi+g) > 1 =0 — IV, if g <1,

gG=01=0)(zi+g)=0-0)(L-I")=0, ifo=1,
since I converges to I;. Therefore, we have

Y 0—L+1)20, Y+ —-0)(-L+1")=0.

(2

The pair (V' §V') satisfies ¥ + g = I'. And thus, we have

w(e, Y g +g) zuw(a. > o +a).
JEN\{4} JEN\{s}

Due to the continuity of w;(-,-), the above inequality implies

Ui(% Z §j+§z‘)iui<$i, Z gj+gi)-

JEN\{i} JEN\{i}

This inequality holds for any (x;, g;) € B; and for any individual i« € N. Then the accumu-
lation point (Z;, g;)ien is a Nash equilibrium in an economy &(7). We can apply the same
discussion as above to all the accumulation points in the sequence (27, g )ien, v = 1,2,. ...
This together with the uniqueness of Nash equilibrium implies that the accumulation point
exists uniquely. Then the sequence (¥, ¢¥)ien, v = 1,2,... converges to (Z;, §;)ien. This

establishes the continuity of Nash equilibrium. g

10



3 Neutrality Theorems

The purpose of this section is to establish a new neutrality theorem. There are well known
neutrality theorems in this field. The most general theorem was given by Bergstrom-

Blume-Varian (1986) which could be rewritten here as:

Theorem 3 [ Quantitative Neutrality Theorem ]
Suppose that Assumption 1 holds. Assume that the set of contributors J dof {jeN|g >
0} is not empty in a Nash equilibrium (&;, §;)ien of an economy Qf(f), Ie R" .. Let ¢ be
a positive real and let a set of income distributions be:
E.(hHY¥ {1 cR", ) L—Ll<eNjeld Y Li=> I =1Yie N\J } :
jeJ jeJ
Then an allocation of private goods and total supply of public good in a Nash equilibrium

remain intact for any economy €(I), I € E.(I), when € is sufficiently small and when

the Nash equilibrium is unique for any income distributions.

A

It is noteworthy that the set E.(I) depends on the position of original Nash equilibrium
(Zi, Gi)ien. In fact, the fact that I; < fj — g; for some j € J and for I € Es(f) implies
I; < %; and thus the neutrality does not hold. This indicates that the theorem holds
quantitatively or locally.

Let (&, G;)ien and (%4, §;)ien be Nash equilibria for two economies Q‘E(_f) and Q‘E(f)

respectively. Define two sets of contributors as

JYieN|g>0 and JE {ieN|g>0}

And denote by (x;(I), gi(I))ien a Nash equilibrium in an economy &(7), [ o (L,..., I,).

Define G(I) o Y ien 9i(1). We need two lemmas.

11



Lemma 2 Suppose that Assumptions 1 and 2 hold. And assume that J > J for two
income distributions I < (Il, L) eRY, and T =4 (I,...,I,) €RY,. Then we have

that

if > LY I then G(I) £ G()). (4)

ieJ ieJ

Furthermore, we have

if > I;<> I then G(I) < G(I). (5)

ieJ ieJ

Proof. Define

~ éj Zg] def[ +Zg]
J#i

JF#i

By Lemma 1, it follows that

¢( ZI_Z£Z % £]Y (j), jEj

ieJ icJ
¢( Zl_zgz z fjff (IN), jej
icJ icJ

First assume that ZZQJ[ < Seili and G [) > G(I) were true. It holds that
45]( ) > ¢;(Y;) for any j € J since J C J. The normality of public good implies that
¢;(Y) is a strictly increasing function with respect to Y. This implies that YJ > Y] for

any j € J. Furthermore, ¢;(Y) is a strictly increasing function with respect to Y. Then

we obtain
0< S L= L+ > (&%) - &)
icJ ieJ ied
<SS L-Y"a) =Y L+ Y &) = 65(Y) — 6;(Y;) <0, j € J.
ie ie ieJ ieJ

12



This is a contradiction. Therefore we have G(I) < G(I).

Obviously, almost the same discussion made in proving (4) can be applied to establish

(5)
Lemma 3 Suppose that Assumptions 1 and 2 hold. Let (z¥, g¥) be a solution to a problem

max u; (x5, G*, + g;) subject to ; +¢; = IF, 9; =2 0,2, 20, k=1,2.

%
Ti,9i

Assume that g} =0, I? < I} and G*, = G*,. Then we have g> =0 .

Proof. Define Y* o IF + G*, k = 1,2. We distinguish two cases. One case is that

Y2 > Y! and the other is that Y2 < Y.

[Case 1: Y2 > Y] Contrarily assume that g? > 0. Then we have
BPEI—at S0 <&V =< I

The second inequality follows from the inequalities (e¢) of Lemma 1 and the third from
the assumption of normal goods. This is a contradiction.
[Case 2: Y? < Y] Due to the assumption of normal good, we have ¢;(Y?) < ¢;(Y'!).
Assume that g7 > 0 and we have

¢i(Y?) > G2, 2 GL, 2 (YY),
The third inequality follows from g} = 0 and (e) in Lemma 1. This is a contradiction. g

We are now fully equipped to develop a new theorem.

Theorem 4 [ Qualitative Neutrality Theorem |
Suppose that Assumptions 1 and 2 hold. Assume that in economies €(I) and &(I)
qualitative relations:

J(gj:j’ Zfl:ZfZ>O7 cmdf]:fj, VJGN\Ja
ieJ

ieJ

13



hold. Then the allocation of private good and the amount of public good of Nash equilibrium

in the economy €(I) is identical with those in &€(I) and furthermore with those in an

economy EN + (1 — \)I) for any X\ satisfying 0 < X < 1.

We give some explanations for calling the theorem to be qualitative before proving
it. There are two equilibria corresponding to two income distributions I and I. We
assume that the set of contributors in the equilibria is identical, that each income of
non-contributors is identical and that the two kinds of total income of contributors are
identical. The result obtained is qualitative since these properties do not depend on the
quantitative size of income redistribution. Furthermore, the theorem shows that every
economy between &(I) and ¢(I) attains the same allocation. This is also a qualitative
result.

Proof. The sufficient condition of Lemma 2 is satisfied, that is,
J c J and Zfz < Zii‘
i icJ
Therefore G(I) £ G(I). Similarly we have G(I) < G(I). These imply that G(I) = G(I).
In other words, we have gbz(f/l) = ¢;(Y;) for any i € J. Due to the normality of public
goods, it implies that ¥; = Y;. Lemma 1 leads us to z;(I) = &(V;) = 2;(I) = &(Y;). In

short, we have

Y =Y, G(I) = G(I), wi(I) = xi(I),¥i € J. (6)

gi(I)=0, Yie N\J. (7)

&8
—~
~>
S—
I
§
A
~
SN—
Il
~
Q
—~
~>
SN—
I

This completes the first assertion.

14



Let A be a real satisfying 0 < X\ < 1. Consider an economy (A + (1 — A\)I). Define

o xz(f),

7

N+ (1= N,

g Eagi(D) + (1= Nai(D), i € N.

~

We shall show that the allocation (7, g);en is a Nash equilibrium in an economy &(A +

(1 —\)I). For any i € N, it follows that

RER+LY g

J#i
=ML+ g ) + =N+ ) g(D)
j#i J#

=\, + (1= \Y, =Y,
Hence, by Lemma 1 we have for any ¢ € J

(bi(Y;‘)\) = ¢z()>z> = G(f)a
&) = &(Yi) = ().

Furthermore, by (6) and (7) it holds that for i € J

a(V?) =Yg} = GU) = (NG = gi(D) + (1= NG = i)
J#i

= Agi(1) + (1 = Nagi(]) = g7

This implies that the pair (z;(I), g}) is the optimal choice for i € J when a list (97)jen
of the provision of public good is given.

Let us consider the individual i ¢ .J. Since his income is I} = I; and the sum of
contributions to the public good by all other individuals is equal to G(f ), Lemma 3

implies that his optimal choice is (I2,0).

15



The above discussions show that the allocation (27, g);cn is a Nash equilibrium in an
economy &(AI 4 (1 — \)I). Furthermore, it is clear that
v =z(l)VieN, Y g'=G(I).

€N

Let us examine implications of the theorem. Consider economies &(/)’s where an

income distribution [ is in the set:

g« { Ie R} Zli =c } , € is a positive constant.

1EN
Let (x;(1), gi(1))ien be a Nash equilibrium in an economy &(I), I € S. Let J(I) o {je
N | g;j(I) > 0 } be the set of contributors. Now define a set of income distributions where

all the individuals are contributors as

7Y {I1es|JI)=N}.

The qualitative neutrality theorem establishes the convexity of the set Z. Let I be an
income distribution in the boundary of Z relative to S. The continuity of Nash equilibrium
with respect to income distribution implies that the allocation of private good and the
total amount of public good at I are the same as in Z and that the set J(I) of contributors
is a proper subset of N. And thus we have
closure of Z = {1 €5 | (@(D)ien = (@(D)iens Y g1 = giD) }
iEN iEN
Again by the new theorem, closure of Z is a closed convex polyhedron.
Here we have to stress that the assumption of normal goods is indispensable for the
qualitative neutrality theorem. Let us demonstrate this by an example. Figure illustrates

two person economy where the public good is normal for the individual 1 but not normal

16



for the individual 2. Lines AA and BB are original budget lines of type (2) of the
individuals 1 and 2 when an income distribution is (1, I5). Points E; and E, exhibit a
Nash equilibrium. At the Nash equilibrium only the first individual is a contributor to
the public good. Let (I1, ;) be an income distribution near (I, I,) satisfying I; < I,
I > Iyand I, + I, = I, + I,. Points E; and E, constitute a Nash equilibrium if the
difference of two income distribution is sufficiently small. Under every income distribution
a(ly, L) + (1 — a)(I,I5), 0 < a < 1, a Nash equilibrium is attained at E; and B,
where all the consumers contribute to the public good. Let us redistribute income (1, I5)
from the individual 2 to the individual 1 to obtain a new income distribution (17, I3) o
(I; + Al, I, — AT) where a new equilibrium is attained at F; and Fy. In this equilibrium,
the individual 2 is a non-contributor to the public good. Let an income distribution
(I, I5) be in a vicinity of (I],1}) and satisfy I, < I}, I, > I, and I, + I, = I} + I}. At
the income distribution (fl,fg), a Nash equilibrium is attained at F; and Fy where all
the individuals contribute the public good. Two Nash equilibria {E;, Es} in &(I) and
{Fy,F,} in &(I) satisfy the sufficient condition in Theorem 4 except the normality and
attain the different amounts of public good. Therefore the neutrality theorem does not

hold. This implies that the assumption of normal goods is indispensable for Theorem 4.

FIGURE IS AROUND HERE.

4 Efficiency and Equity

We show in this section that the Pareto improvement of Nash equilibrium in the strict

sense is possible by making the income distribution more unequal. Throughout the sec-
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tion, we assume that Assumptions 1 and 2 are true.

Let ] & (I,....I,) € R%, be an income distribution. Assume that J(I) = N.

Denote a Nash equilibrium in an economy &(I) by (&, :)ien. Let the total amount of
public good be G o > ien Ji-

Let us consider income redistributions based on a given income perturbation AI:

AL (AL, AL,...,AL), Al + Al +---+ AL, =0, Al > 0. (8)

Due to the quantitative neutrality theorem, a half line H o {1 Ly e pAIL | >0}

meets the set Z & {1 eRy| X, Nl = ZieNfi, J(I) = N },ie. ZNH # 0.
Furthermore we know that an equilibrium allocation of the private good and the total
supply of public good are identical with (Z;);en and G in every economy &([]) satisfying
I € ZN H. Define

sdéfsup{uERJr|f+uA[€Z}. 9)
Denote a Nash equilibrium in an economy &(1°) by (z%, g7 )ien-
We need the following extra assumptions:

Assumption 3 A utility function u;(x;, G) is continuously differentiable on R2, and

8ul-
&ci

(2;,G) >0 if (z;,G) eRZ,i=1,...,n.

Assumption 4 v;(0,G) = w;(2;,0) = inf{u;(%;,G) | (#;,G) € R2}, V(2;,G) € R?,

1=1,...,n.

We can easily see that G > 0 due to Assumptions 3 and 4.

We obtain the two following lemmas:
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Lemma 4 Suppose that Assumptions 1, 3 and 4 are true and that G > 0. Then the
marginal rate of substitution m;(x;, G) defined by

def 8uz (.I'Z', G)/@G
i (x“ G> N 8uz (l‘i, G)/a.%'l

s (.I'Z,G) S Ri_f_,
satisfies
lim m;(z;,G) =0, Vi e N.
x;—0+

The proof of Lemma 4 is trivial.

Lemma 5 Suppose that Assumptions 1, 3 and 4 hold. Then we have
W) gz,
(2) my(af,G%) = 1,28 =iy, Vi € N, and G* = G,
(3) I >0 ,¥i € N.

Proof. (1) Assume contrarily that /° € Z. Then it holds that
g; >0, Vie N.
The continuity of Nash equilibria implies that for sufficiently small € > 0
AL eRy: | —I|<e=§ >0, Vie N,

where (§;);en denotes a list of contributions to the public good at the Nash equilibrium

in an income distribution I = (Iy,...,I,). This contradicts the definition of s.

(2) Let p be any real number such that 0 < g < s. Then we have
i >0:pu<ji<sand I" € Z.
Applying the qualitative neutrality theorem to I and I™ leads us to
GF=G, 2f' =14, g

B0, m(2l, GP) = 1.

2
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Obviously, fi tends to s as u — s. And thus we obtain by the continuity of marginal rate

of substitution and Nash equilibria

G* =G, my(x,G%) = 1,25 = ;.
(3) It suffices for us to show 2% > 0. By (2) we can see that G* = G > 0 so that there exists
some i € N satisfying g7 > 0. Therefore J(I°) # (). Furthermore it is clear that I > 0 if
i € J(I?). Lemma 4 together with the fact that m;(z;,G*) =1 for alli € N \ J(I®) due

to (2) leads us to

2 =1I>0,¥ie N\ JI).

We are ready to establish the following theorem of Pareto improvement:

Theorem 5 [ Pareto Improvement of Nash Equilibrium ]

Suppose that Assumptions 1, 2, 3, and 4 hold. Furthermore, assume that there exists some
Nash equilibrium (&5, §;)jen at an income distribution (I, ..., I,) € R% , in which every
individual contributes to the public good, i.e. §; > 0 for any i € N. Then there exists
some income distribution I (L,....I,) € R% | satisfying (i) that I is in the boundary of
the set Z and that (ii) only one individual (individual 1) contributes to the public good in
the equilibrium. Moreover, the Nash equilibrium resulting from a new income distribution
(fl +(n—1)d, I—d,..., fn—d) for sufficiently small d > 0 is Pareto superior to (&;, §;)ien

in the strict sense, when ¢\ (1) > 1/(n —1). *

4For the differentiability of ¢; we need an additional assumption that the Jacobian determinant
derived from the necessary conditions of maximization problem doesn’t vanish. The possibility that
¢, (I,) > 1/(n — 1), becomes very high when the number of consumers is large. In fact, ¢} (I;) = 1 —

when his utility function is Cobb-Douglas such as u;(x1,G) = ac‘fGl_“ and 0 < a < 1.
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Proof. Lemma 5 (2) implies that there exists an income redistribution AI, Al; > 0
satisfying:

P =1y, Zgz Zgz G, m;(z;,G°) =1
1EN

€N

Ul(l'f,Gs) = UZ(Z%Z,GA), Vi e N.

We make use of further income redistribution AI” if the cardinality of J(I*) is larger than
or equal to two. A’ is defined as:
AIL£0 ifie J(I%), A =0ifi¢ J(I*), > AIl=0, AL > 0.
ieJ(I%)
Thus we can repeat the same procedure as exploited in the proof of Lemma 5 (2) to obtain
J(I) = {1} in an economy €&(I) with an income distribution I = (Iy, ..., I,). Denoting a

Nash equilibrium at I by (Zi, §i)ien, we have

mi(#;,G) = 1, w(i;,G) = (34, G), Vi € N.
Therefore it is true that
ii=i;=1,¥i e N\ {1}, mi(%,G) =1, Vie N, G=G=g
Now we redistribute income further. That is, we decrease each income of every individual
in N\ {1} by d > 0 and increase individual 1’s income by (n — 1)d. We can make every

individual’s income be positive by a suitable choice of d since I ;> 0forall j € N. Let

(27, G*) be a solution to problem:

magul(xl, G) subject to 1 + G = I, + (n — 1)d.

X1,
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The inequality G* > G holds since the public good is a normal good for the individual 1.

Let us consider the problem of individual i(# 1) stated as:

max u;(z;, G* + g;) subject to x; + g; = I, —d.

@i,9;
By Lemma 3, the individual i maximizes his utility at (z;, g;) = (Z; — d,0){= (I; — d,0)}.
Therefore, an allocation ((x}, G*), (Z2 — d,0),...,(Z, — d,0)) is a Nash equilibrium at an
income distribution (I; + (n — 1)d, I, — d, ..., I, — d).

By the differentiability of u;(+,-), there exists a function o; satisfying

o . .0 . 0
U1(ff>G*) - U1($1,91) = ($1 - xl)am (901,91) + (G - 91) azg ($1,91) + 01($1>G $1,91)
T
a ~ * ~ ~ ~ * *  ~ ~
S0 (F1,G1) X (2} — 30) + (G = GOma(F1,1)) + o], G &1, 1)
8301
aul ~ * ~ * ~ * * o~ o~
=5 1(901,91) ((z] = 21) + (G" — q1)) + o1(2], G, T1, G1)

ou ~ . e -
8951 (T1,91) x (n = 1)d + o1 (27, G*, %1, G1) > 0.
1

for sufficiently small d > 0 5. Similarly, for j € N \ {1} we have

uj (% — d,G*) — uy(i;, G)

- _0ui .~ » ou; . -
:(l’j_d_l'j)a—l,j‘(xij)_}_(G G)an(xjaG)+0]( d G :L‘JaG)
9 3 . i
azj (@,G) x (G* = G —d) + 0;(3; — d, G, 7;, G).
J

Taking the fact that G = ¢1([1) and G* = ¢1(I; + (n — 1)d) into consideration, we have

for sufficiently small positive d

G*—G—d=(n—1)dx ¢ (L) + o4 (I, (n—1)d) —d

= ((n =0 (1) = 1)d + 04, (11, (0 = 1)d) > 0,

o1(x1,G,%1,91)

°The function o1 (z1, G, 1, J1) satisfies a property: Tt — 0 as (z1,G) — (%1,91), where

|| - || is the norm in R2.
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since ¢ (I;) > 1/(n — 1). Therefore, we have

Uj(.i'j —d, G*) — Uj(.i'j,G) >0,VjeN \ {1}

The role of individual 1 in Theorem 5 can be played by an arbitrary individual, partic-
ularly by the individual who earns the highest income. This implies that a strict Pareto
improvement can be attained by making income distribution more unequal. This shows a
keen contrast between the efficiency of allocation and the equality of income distribution.
We have to remark on Itaya-de Meza-Myles (1997) as an antecedent to our result. They
show the dilemma by using a symmetric social welfare function in two persons economy.
They establish a concurrence of a rise in the value of social welfare and a fall of income
equality. They do not show, however, Pareto improvement of allocation which is shown
in this paper. We also learn that their result is not applicable when the social welfare is

Rawlsian, whereas any individualistic welfare will increase in our result.

5 Efficiency and Population

In this section, we consider how the total supply of public good in a Nash equilibrium

relative to that in a Pareto efficient allocation varies as the number of individuals increases.

def 2

Let €(I) = (N, (uj,1;);en) be an economy with a given income distribution [ o

(I1,...,I,) € R?,. We define k-fold economy &*(I) o (Nk,(Uj,fj)jeNk> of ¢(I) as

the one in which k& number of economies &(I) is contained, where N* N x K and

K {1,2,...,k} 5. That is, the number of individual i represented by (u;, I;) is k. In

6Tt is true that we ought to write an element of N* as (i,7), i = 1,...,n, j = 1,2,...,k, where
u(i1) () = U@ ) (-, -) and I(; 1y = I 5) hold for any j = 2,...,k and i = 1,...,n. We, however, simply

write it as i € N* for simple exposition.
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this paper, we consider an expansion of population by an increase in k.

On the other hand, it is well known that any Pareto efficient allocation in Q‘E(_f ) can
be attained by a Lindahl equilibrium with a suitable income distribution”. Let I dof
(I, Iy,...,1,) be an arbitrary fixed income distribution satisfying S7 , I, = -7 I;. We
are interested in the amount of public good of a Nash equilibrium in &* (f ) relative to

that of Lindahl equilibrium in &*(T).

We need an additional assumption which is stated as in the following:

Assumption 5 [t holds that for an arbitrary positive income I;, limg_o m;(l;, G) =

0, Vi € N.

We denote the sum of contributions of public good except ¢ by G_;. A sufficient

condition for an individual not to contribute to the public good is:

By Assumption 5 there exists an infimum of a set { G_; | m;(I;, G) < 1if G > G_; }. Let
the infimum be G*,. We can assume that G*; < G*, < --- < G, by renumbering the
indices of individuals if necessary.

Our final theorem is stated as follows:

A

Theorem 6 Let an economy €(I) satisfy Assumptions 1, 2, 3, 4 and 5. The total supply
of public good in a Nash equilibrium of ka(f ) relative to that in a Lindahl equilibrium of
& (I) converges to zero as k tends to infinity, where I € R" _and Y7 I; = > 1" | I;. The
total amount of public good in Nash equilibrium never exceeds some finite value when the
population grows. On the other hand, the total amount of public good in Lindahl equilib-
rium for an arbitrary fized income distribution has no upper bounds when the population

grows.
"See Foley (1970) in details.
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Proof. Let (xF, gF);en be a Nash equilibrium in economy €(I). First, we will show that

the total supply of public good GF o Y ienk gF never exceeds G*,,. Let us define:

JFE e NF gF >0}, VP E I+ GEie N

u def

arE, < Y eniy 95,0 € NE VS I+ G, i e NV,

It holds from the properties (d), (e) in Lemma 1 and the definition of Y;* that
vp = &), vie Jh
vf S&(YP), Yje NP\ JF,
I = &,(Y;), Yh € N,
Assumption 2 implies that
YE <Y VieJk,
YE > V" Vje NF\ J*,
since zF < I;, Vi e J* and x]E = fj, Vj € N*\ J*. Therefore, we have
GF =gF + G = ¢:(V") < u(V}") = G*,, Vi e J",
GP 2 6;(YF) 2 6,(¥) = G, Vj € N*\ JF.
This implies that

G, <GP <G, <G, Vie J'Vje NF\ J~

Denote Lindahl equilibrium in €*(1) by (((p)ien)f=1, ((zF, G*)ien)f—,), where pf is

the Lindahl tax price for the i-th individual®. Now, it is clear that

Z kp¥ =1 (marginal cost of the public good is unity.)
i=1

8Note that there exist k individuals to each i € N, but their initial endowment and utility function

are identical, so one doesn’t need to change the allocation and tax price among them.
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Hence, pf, =4 min{pf |i € N} £ 1/nk. Let k tend to infinity. We obtain that one of the
tax prices tends to zero. There exists an individual, say j € N, whose tax price is the
minimum pf = pfk in infinite times, since N is finite. The pair (ac;g , G*) is the solution to

maximization problem:

max u;(z;, G) subject to x; —|—pr = I;, where p? < k

for infinite number of k. By Assumptions 1 and 4, we have

G* — 00 as k — oo.

The discussion made above leads us to

total supply of public good at a Nash equilibrium in k-fold economy

Pl total supply of public good at a Lindahl equilibrium in k-fold economy -

This theorem implies that the amount of privately provided public good relative to
that of an efficient allocation is very poor when the population is huge. We know, however,
that actually there are many privately provided public goods. We can interpret these facts
as implying that the models on the private provision of public good are not necessarily

pertinent to describing an economy with large population.
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