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Abstract

This paper presents a dynamic general equilibrium model with hetero-
geneous firms and entrepreneur’s portfolio choice. We analytically show
that this model generates the Pareto distribution of top income earners
and Zipf’s law of firm at the steady state. The differential equation for
the probability density distribution of income is derived and numerically
evaluated. In the model, CEOs respond to a tax cut by increasing their
share of stocks of their own firms, thereby increasing the diffusion of their
wealth. The calibrated model shows that the transition path matches
with the decline of the Pareto exponent of the income distribution and
the trend of top 1% income share in the U.S. in recent decades. We argue
that the low marginal income tax at the top bracket of income could lead
to the higher dispersion of income among the top income earners, which
results in the higher concentration of income in the top income group.
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Keywords: income distribution, wealth distribution, Pareto exponent,
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1 Introduction

There has been a secular trend towards the concentration of income on top
earners in the U.S. economy for the last three decades. According to Alvaredo
et al. (2013), the income share of top 1% earners was stable at around 8% of
national income during the 1960s and 70s, but this pattern was broken in the
1980s. Since then, the top 1% share has grown to 18% by 2010. Piketty and
Saez (2003) found that this trend is particular in the very top percentile, while
the concentration on the lesser percentile group has been much milder.

Along with the increasing trend of the top income share, a widening dis-
persion of income within the top income group has been also observed over the
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same periods. It is known that the tail part of income follows a Pareto distri-
bution very well. When income follows a Pareto distribution with exponent A,
the ratio of the number of people who earn more than z; to those who earn
more than xo, for any income levels z1 and 9, is (z1/72)*. Thus, the Pareto
exponent A is a measure of equality among the riches. The estimated Pareto
exponent shows a close connection with the top income share historically. It
declined from 2.46 in 1975 to 1.6 in 2010 along with the secular increase in the
top 1% share.

In this paper, we argue that the concentration of income in the last three
decades was driven by the economic force that caused income dispersion of top
earners. Among the driving forces of dispersion among the rich, we pay special
attention to the decrease in the marginal income tax rate, the importance of
stock-related income through the widespread use of employee stock options for
CEOs or founding entrepreneur’s share ownership, and the changing volatility of
firm’s risk environment. We present a model of portfolio choice by CEOs, who
can invest in their own firms’ risky stocks or in risk-free assets. The dispersion
of CEQO’s income is determined by the extent of the risk taken in their after-tax
returns of portfolio.

We develop a dynamic general equilibrium model with heterogeneous firms
and the CEQ’s portfolio choice. In this type of model, the distribution of CEQO’s
pay can be strongly affected by the distribution of firm size. It is known that the
firm size distribution follows a Zipf’s law, a special case of Pareto distribution
with exponent A = 1. As a discipline for our approach, we require our model to
generate the Zipf’s law of firms, while our main focus is the Pareto distribution
of income.

The contribution of the paper is summarized as follows. First, this paper
presents a parsimonious neoclassical growth model that generates Zipf’s law of
firms and Pareto’s law of incomes. The model is simple enough to allow the ana-
lytical derivation of the stationary distributions of firms and income. Second, we
obtain an analytical expression for the evolution of probability density distribu-
tion of income in the transition path. Using this expression, we can implement
numerical computation of the transition dynamics of income distribution after
an unanticipated and permanent cut in top marginal income tax rate. Third,
we calibrate the model parameters and show that the transition path matches
the decline of the Pareto exponent of the income distribution and the trend of
increasing top income share in the last three decades. Hence, we argue that the
calibrated analysis of our model predicts that the tax cut and CEOs’ response to
tax in their portfolio can explain the widening dispersion and more concentra-
tion of income. The numerical exercises show that the change in firm’s volatility
explains little dispersion of top income, since the portfolio choice responds to
mitigate the impact of the firm’s volatility on the risk of CEQ’s portfolio. The
calibrated model brings out testable implications on CEO portfolios and future
development of inequality under the current tax rate level.

Much has been debated about the causes of the concentration of income in
recent decades. Among them, Piketty and Saez (2003) argues that a cut in top
marginal income tax rate is one of the plausible interpretations, compared with
other interpretations such as skill-biased technical change. While our paper
shares the view with theirs that a tax cut is an important factor, there is also
a difference. In our model, unlike theirs, a cut in top marginal income tax rate
itself does not matter, while a cut in top marginal income tax rate relative to



other taxes, such as capital gains and corporate taxes, does matter.!

Recently, several papers have built models to understand why income distri-
bution follows a Pareto distribution. There are two types of approaches in the
literature. The one is the approach that explains Pareto’s law of incomes from
assuming other distributions that follow certain types of distributions. Gabaix
and Landier (2008) take this approach. They construct a model of the CEO
pay, which assumes that the firm size distribution follows Zipf’s law and that
the CEQ’s talent follows a certain distribution. Under the settings, they show
that the CEO pay distribution follows a Pareto distribution. An advantage of
their model is that their model is consistent with the two stylized facts, i.e.,
Zipf’s law of firms and Pareto’s law of incomes. Jones and Kim (2012) extend
the model to be consistent with the decreasing Pareto exponent of the income
distribution, which is assumed to be constant in Gabaix and Landier (2008).
Compared with the papers taking this approach, our paper’s contribution is to
build a model that generates the Zipf’s law and the Pareto’s law both from the
productivity shocks of firms without assuming certain types of distributions.

The other is the approach that explains Pareto’s law of incomes from idiosyn-
cratic shocks. Using a household model with a consumption function, Nirei and
Souma (2007) show that idiosyncratic shocks on the household asset returns
generate Pareto’s law of assets and incomes. Benhabib et al. (2011) show a
similar result in the household problem in which households optimally make
saving and bequest decisions. These models are not dynamic general equilib-
rium models because they only consider the household side problem and do not
consider the firm side. Nirei (2009) extend the framework to a Bewley-type
model and derive the Pareto’s law in dynamic general equilibrium environment.
Toda (2012) also builds a similar but more analytically tractable dynamic gen-
eral equilibrium model and derive the Pareto’s law. Our paper belongs to this
approach.

Perhaps, the closest paper to ours is Kim (2013), who following the latter ap-
proach, builds a model of human capital accumulation with idiosyncratic shocks
that generates the Pareto’s law of incomes. Using the model, she analyzes how
a cut in top marginal income tax in recent decades affects the Pareto exponent
of income distribution. Compared with her paper, our paper’s contribution is
to build a model that also explains Zipf’s law of firms from the same shocks
that generate the Pareto’s law of incomes. In addition, because the mechanism
through which a tax cut affects top incomes is different between hers and ours,
the predictions of the models are also different. For example, in her model,
an income tax cut encourages human capital accumulation among top income
earners, which would result in the labor productivity increase in the U.S. in
recent decades compared with the previous periods and other countries such
as France. In contrast, in our model, a tax cut does not directly affect capital
accumulation.

The organization of the paper is follows. Section 2 sets up a dynamic general
equilibrium model. Section 3 discusses the firm side properties of the model and
derives Zipf’s law of firms. Section 4 defines the equilibrium of the model and
how to solve the model. After defining the equilibrium, Section 5 illustrates
how in the steady state the household asset and income distribution follows a

1The reason that a cut in top marginal income tax rate itself does not matter in our model
is that top marginal income tax in our model plays the same role as dividend tax in the “new
view” of dividend taxation (Sinn, 1991; McGrattan and Prescott, 2005).



Pareto distribution. Section 6 analyzes how a tax cut affects top incomes in our
model and contrasts the results with data. Finally, Section 7 concludes.

2 Model

It is well-known that the distribution of certain types of stochastic processes
follows a Pareto distribution. The purpose of the model presented here is to
incorporate the types of stochastic processes into otherwise standard general
equilibrium model and to replicate Pareto distributions observed as stylized
facts. Key assumptions that generate Zipf’s law of firms are that firm’s pro-
ductivity is affected by multiplicative idiosyncratic shocks and that there is a
lower bound for the firm size. Similarly, key assumptions that generate Pareto’s
law of household’s assets and incomes are that household’s asset is affected
by multiplicative idiosyncratic shocks and that each household faces a constant
probability of death (i.e., the perpetual youth assumption). In the next sections,
we discuss how these properties generate these laws.

2.1 Household’s problem

There is a continuum of households with a mass L. As in Blanchard (1985), each
household is discontinued by a Poisson hazard rate v. Households participate
in a pension program. If a household dies, all of his (non-human) wealth is
distributed to living households. Instead, if a household does not die, he obtains
a part of the capital of the dead. The amount he gets is proportional to his
wealth. v is the pension premium rate on his wealth.

The households consist of entrepreneurs and workers. A mass N of house-
holds are entrepreneurs (referred to as entrepreneurs) and can hold the shares
of his firm s;; and risk-free market portfolio b;;. The remaining L — N of
households are workers and can only hold risk-free assets b; ; (therefore, for
them, s; , = 0). Each entrepreneur leaves the firm by a Poisson hazard rate py,
and becomes a worker (referred to as a former entrepreneur). These households
maximize expected discounted utility by choosing sequences of consumption and
asset portfolio.

Let g;+ and d;; be the price and dividend of the risky asset. The return by
holding the risky asset is described by the following stochastic process:

(1= 7)d;dt + dqit) /qi = pqedt + 0q1dBiy,

where 7¢ is the tax rate on risky asset and B; ; is the Wiener process. We inter-
pret 7¢ as top marginal tax rate on ordinary income in the numerical analysis.
Risk-free assets yield a net return r,{ with certainty. The sum of the two asset
holdings constitutes a financial wealth s; 1q; ¢ + b; ¢

These households earn a constant labor income flow w; and obtain govern-
ment transfers tr;. The human asset is defined by h; = j;oo (wyttr,)e” S vtrlds gy,
The labor income flow is expressed as an annuity payment

wy =(v + 1 )hy — dhy /dt. (1)



Let a; ; = si+Gi+ + bi+ + hy denote total wealth of a household. The accu-
mulation of total wealth grows according to the following process:

da;; = (W(sigGip +bit) + HgiSiadic + beiﬁ. + () — iy )dt
+0q,t5:,t9i ¢
= fla,t0;dt + 0q ¢0;1dDB; 4. (2)

where fig a5y = vag s+ pigiistis + 11 (1= 204)Gis — Cit, Oatis = 0qilitlig,
and z;; is the share of a;; invested in the risky asset. Note that dB;; is a
multiplicative shock to the asset accumulation in that the shock is multiplied
by the current asset level a; +.

Household’s dynamic programming problem is specified as follows.

Viai,t) = Jhax Inc; ¢dt + e~ (BtVIdt g, [Vi/ (@itraet +dt) | ai]  (3)
ity Tt

subject to (2), where V?(a; ¢, t) denotes value functions with household charac-
teristics 4: if the household is an entrepreneur i = e, if worker ¢ = w. Note that
if the household is an entrepreneur, household characteristics in the next period,
denoted by #’, can be both entrepreneur and worker, while if the household is a
worker, denoted by 4’, is also worker.

The household problem is a variant of Merton’s (1969) dynamic portfolio
problem (see Appendix A for derivations), whose solution is

f
Bat?h  ifj=e,

:E'L',t = ogvt (4)
0, otherwise,

Vit =V + ﬂa (5)

where v; ; is the consumption-wealth ratio.

2.2 Firms and the financial market

A continuum of firms with a mass N produces differentiated goods. As in Mec-
Grattan and Prescott (2005), each firm issues shares, and owns and self-finances
capital k;. The entrepreneur of the firm can directly own the shares of his firm.
Financial intermediaries also own the shares of the firm and by combining the
shares, issue risk-free market portfolio to households, which diversifies the id-
iosyncratic shocks of the firms. The financial intermediaries incur ¢ per dividend
d;+ as transaction costs. We assume that financial intermediaries possess the
majority shares, or that when an entrepreneur possesses his firm’s shares, they
are preferred stocks without voting rights. We make these assumptions to sim-
plify the analysis. These assumptions prevent the entrepreneurs from choosing
the dividend and investment plans in order to suit their own stochastic discount
factors rather than the market’s.

2.2.1 Financial intermediary’s problem

A financial intermediary maximizes the residual profit:

N N
max E: l(/ {(1 P L)d; dt + dqj,t} sﬁtdj)} — r{dt (/ qj’tsfytdj> ,
S5 0 0



where sﬁt is the shares of firm j owned by the financial intermediary and 77 is

the tax on the dividend. We interpret 7/ in the numerical analysis as the com-
bination of capital gains and corporate income taxes. Note that 7/ is different
from 7¢, the tax on risky assets received by entrepreneurs. The solution of the
problem leads to

rfqjedt = EJ(1 — 75 — 0)d; odt + dg;4). (6)

2.2.2 Firm’s problem

There are heterogeneous firms in the economy. The production function of firm
jis

Uit = 25.k5 50
The productivity of the firm evolves as

de,t = ,uzzj,tdt + O'szJ;dBj,t.

Note that dB; ; is a multiplicative shock to the productivity growth because the
shock is multiplied by its productivity level z; ;.

In order to derive the property that the firm size distribution is a Pareto
distribution, we impose the following assumptions on the minimum level of firm
size. We assume that there is a minimum level of employment ¢,,;,, i.e.,

Ej,t 2 gmin- (7)

A firm whose optimal employment size is less than £,,;,, is restructured. More
precisely, we define the productivity level zy;, as the one at which, when the
firm optimally chooses labor (following (8) below), £; ¢+ = fmin. We assume that
the firm whose productivity z; . is less than zyi, has to be restructured in the
way that the firm buys productivities and accompanying capitals from other
firms at the market price to increase the firm size (we will discuss how the deal
is conducted in the next section).

A firm chooses the investment level dk;; and employment ¢;; to maximize
the profit:

g dt =E, max (1 — 78 —1)djdt + dgj¢| , (8)
J,ts%g,t
The dividend d;; consists of
djdt = (pjeyse — wilje — Okyje) dt — dk;js,

where p; ; and y; + are the price and quantity of the good produced by the firm,
k;+ is the capital, w; is the wage rate, and ¢ is the depreciation rate.

By solving the firm’s problem, we obtain the conditions (see Appendix B for
details):

D s
MPK, = rf 46 = ZR00, 9)
Jrt
Opj.iYi.t
= 2 2 . 1
wy ;4 (10)



There are two remarks about the firm’s problem. First, in the model, the MPK
becomes the same among firms because the stochastic discount factor of those
who own diversified bonds is not correlated with the shock of firm j. Second,
as mentioned in the “new view” literature of dividend taxation (Sinn, 1991;
McGrattan and Prescott, 2005), because the taxes in the model are imposed on
dividends, they do not affect the marginal product of capital (MPK).

2.3 Aggregation and market conditions

We consider the market conditions for the aggregate economy. Goods that a
mass N of firms produce are aggregated according to

I@z(AN($>PZ§M&;- ()

(Throughout the paper, we denote the aggregate variables by upper case letters.)
We assume that the aggregate good Y is produced competitively.
The market clearing condition for final goods is

dK, AT
Ct—i-tt—éKt—I-L(l—’tm’t

: )mzm (12)

t

where A+ is the total assets of entrepreneurs and F; is aggregate financial asset.
(Since ¢ is real transaction cost, this term should also be subtracted.) The labor
market clearing condition is

N
/ lidj = L. (13)
0
The market clearing condition for the shares of firms is
s;+ s =1 (14)
TSy =5
where s; is that owned by the entrepreneur and 35 is that owned by financial

intermediaries. We assume that government transfers are adjusted so that tax
revenues equal government transfers period by period.

3 Firm-side Properties

Before defining and solving the model, we review the following firm-side prop-
erties of the model. First, in this model, given th , the firm side variables such
as {j, kj¢, and d; can be obtained as the closed-form expressions. These
variables can be written as a product of the components common across firms
and the heterogeneous component. Second, the distribution of firm’s produc-
tivity is obtained independently of other variables and is a Pareto distribution
whose exponent is close to unity when the minimum employment level /., is
sufficiently small.



3.1 Firm-side variables

Employing firm’s FOCs (9) and (10) together with the aggregate condition (11)
and the labor market condition (13), the firm’s variables can be written as
follows (for the derivations, see Appendices B.2 and B.3):

_ e _ L/N
liw =14y 2;;", where £, = % , (15)
e{s )
o (e \TE o e
PjtYjt = DUils 2;;", where py, = MPK, E{Zﬁt } ; (16)
__ e _ T=a _ ¢ _2_ 177”%
kji = k‘tftzjl;p» where k; = (I\/ICIYDpK) E {Z]'l,t_p} 1 : (17)
dj’tdt = Etztz;?dt — (15) UZEtth?dBj7t7 (18)

where d; = (1 — (1 — a)p)py, — (0 + pk,t)ﬁt,

_ P _ o0 u
qjt = qplrzj ", where g, = (1 - e~ L)dt/ exp {—/ (rf — ud’s)ds} du.
¢ ¢
(19)

Note that uy; and pqg, is the expected growth rate of k;; and d; ;.
In the above equations, each variables have the common components such

as {; and py, and the heterogeneous component, zjl’;". Therefore, the firm size

distribution depends only on the heterogeneous component.

3.2 Restructuring

In each small time interval some firms decrease their productivitie§ from E and
t+dt to 2 1+dt < Zmin. Then, these firms have to pay qutZHdt (zﬁ - zﬁdt)
as the restructuring cost to increase the firm size to. We denote the total
payment of the restructured firms in the economy as Qrestructuring,t+dt- Here,
we analyze how the firm values needed for restructuring are collected from other
firms.

We assume that from at each instant, a fraction m (ﬁ) dt of each firm’s

value ¢; ¢, whose value comes from underlying productivity and capital, is sold

to firms whose employment is less than £,,;, at the market price m (?"p) qj,dt.

(The adjustment term (ﬁ) enters because firm-side variables are propor-

-
tional to zjl);" .) After the sellout, firm’s capital and productivity decrease by

m (2= ) k; ¢dt, and mz, ;dt respectively. The total value of the sellouts is
1—p Js 7y

N
P . _ Vi [ 15 14
m <]_—p) dt/o thdj = th—‘,-dtzt"!‘th {Zjl’t }m (1_‘0) dt.

Since the demand of firm values needed for restructuring has to equate the



supply:

e p
Qrestructuring,t+dt :th.;.dtét-i-th {Zjl’t ’ } m (1—p> dt. (20)
Rearranging this equation and taking the limit as dt approaches zero from
above, we obtain (see Appendix B.4 for details)

(i)

3.3 Firm size distribution

We detrend the firm’s productivity to derive the invariant productivity dis-
tribution. Let Z;; be the firm’s productivity level after sellout detrended by
e9=t, where g, is a constant (the value of g, is determined below). The firm’s
detrended productivity growth after sellout is

dgj,t = (Nz — gy — m) 2j’tdt + 0z2j7tdBj)t,
2
or,dInz;; = (uz - g, — % - m) dt +o.dBj,. (22)
The Fokker-Planck equation for the probability density f.(In Z;;,t) for firm’s
productivity is

Of.(InZ2j4,t) _ (Mz g 15 —m) Of.(Inz;4,t) N 02 9% f.(In %4, )

ot 2 0lnz;, 2 9(Inz;,)2

In this paper, we assume the invariant distribution for firms, i.e., 0f,(In 2, ,t) /0t =
0. When the invariant distribution exists, the Fokker-Planck equation has a so-
lution in exponential form,

fz(ln gj,t) - OO eXp(f)‘lngj,t)a (23)
where the coefficients satisfy:

g

2
CO - >‘me7 A=-2 <.uz — 9z — 72 - m> /O'Z (24)

In this model, the exogenous parameter /i, pins down A and g,. From the
restriction on fp;, and (15), we obtain the Pareto exponent for Z;, as,

1
A= <1p )
L= 7% P

With this A\, we obtain the rescaling parameter g, that assures the existence of
the invariant distribution of Z; ;.
There are four remarks on the firm size distribution. First, we obtain a

P
constant rescaled mean E {2;;"} for a constant Z,;, as follows:

A-12)
A U A e Olnz O()Zml(n tee
E{z» }—/Z 2170 f,(In2) 52 dz = . .

Zmin 17p



P
it is shown that when Z,;, is a constant E {2].1;" } is also a constant.
,

Second, the growth rate of the aggregate output is ¢ = ¢g./(1 — ). We can
confirm this property by detrending and aggregating (16).
.

Third, the expected growth rate of 2;;” is negative. It means that the ex-

pected growth rate of the detrended firm-side variables is also negative, while the

7,t
is constant. This is a key property that generates a Pareto distribution with a
finite distributional mean.

Fourth, under these assumptions, Zipf’s law of firms holds. For the above
equation shows that A > p/(1 — p) and that A becomes close to p/(1 — p) if
lmin is sufficiently small compared with the average employment level L/N.
Then, Zipf’s law approximately holds for the firm size distribution, e.g., the
distribution of ¢; ; because the firm size distribution, such as the distribution of

P
mean of the detrended firm size distribution, which is proportional to E {2 o },

P
?; ¢, cross-sectionally obeys to éjlyt_‘ﬂ whose Pareto exponent is A / (lfpp).

4 Equilibrium and Solution of the Model

In this model, because the household policy functions are independent of the
household’s wealth level, the dynamics of aggregate variables are obtained in-
dependent of the heterogeneity within entrepreneurs and workers.

4.1 Definition of a competitive equilibrium

A competitive equilibrium of the model given initial aggregate capital Ky, initial
asset shares of entrepreneurs, innate workers (workers by birth), and former en-
trepreneurs, Ac o/Ao, Awo0/Ao, Afo/Ao, and the stationary detrended firm size

distribution, is a set of variables, {Ae’t, Awes Ap e, Hyy K, Yy, Cyydyg, th, Wy, Ty, Vg, xt},
that satisfies the following conditions:

e household’s decisions on the portfolio choice (4) and (5) and the law of
motion for human and total assets (1) and (2),

e firm’s decisions (15)—(19),

e and the market clearing conditions (12) and (14).

4.2 Solution of the model

Let variables with tilde such as K; be the variables detrended by e9. The
aggregate dynamics of the detrended variables can be reduced to the differen-

tial equations of {fle,t,flwﬁt,ﬁf’t, fIt, f(t}. The evolution of these variables is

computed at each ¢ as follows:

1. Given Ky,
15 K -« 1, }? -«
MPK, =agE {z7,” } * /(5) MPK, = apE{z," | /<Lt> .

10



2. ét = 'UAt and Ft = At - I:It~ Then,

th:f/t_(;f(t_ét_L<1_Atxt>Dt 9.
dt )

5 . - dK
Dy =(1~(1-a)p)¥y (6 +g+pg)k — ="

and z. . are jointly determined.

Note that, here, the expected return and volatility of a risky asset are

jointly determined as follows (see Appendix B.3 for details of the deriva-
tions):

( 1—7° 1) 1 yod
Hag,t = - r ,
/ ) fooexp{ j; ,udﬁds}d '

t

where

00 u F
f _ t
exp< — !l — lgs)ds pduy =——————.
[ eo{= [0l - s et

3. We can compute dA, /dt by summing the following equations:

dA, ) . )
o = (paes = 9) Aey + (v + pp)NH /L = (v + py) ey,
dA, . - .
dt7 :(ﬂaw,t 79) Aw,t“”(VL* (V‘i’pf)N)Ht/L*VAw,tv
dA;,

T (Haw,t — 9) Aﬂt + pfAe,t - VAf,t-
dH, /dt can be computed by

=@+ )L+ (vt rf —g)H,, (25)

where

Wy :(1 - a)p}}t/[ﬂ

" Ae e Ae e -
fry = Detlet e (g Letlet )y Up g,
F, F,

11



5 Household’s Asset Distributions in the Steady
State

In this model, the steady state household asset distribution can be derived ana-
lytically. We show below that the distributions of entrepreneurs, innate workers,
and former entrepreneurs are all Pareto distributions. The asset distribution of
households is

5.1 Asset distribution of entrepreneurs

Individual entrepreneut’s asset, a. ¢, if he does not die, evolves as

2

g
dln aJe,t = (Mae,t —g— ll267t> dt + O—ae,tdBi,tv

where fiqc+ and o4+ are the drift and diffusion parts of the entrepreneur’s asset
process. Since they are constants in the steady state, we omit time subscript.

The initial asset of entrepreneurs with age ¢’ at period t is h;_;. The rel-
ative asset of entrepreneurs who are alive at ¢, relative to their initial asset,
In(ae/hi—y) =Inae,—(In hy_pr —gt'), follows a normal distribution with mean
(fae — 02,/2)t" and variance o2 t'.

By combining the above property and the constant probability of death
assumption, the asset distribution of entrepreneurs is obtained. As Benhabib
et al. (2012) and Toda (2012) show, the probability density function becomes a
double-Pareto distribution (see Appendix C for the derivations)?

faa(lna;) = (”+£Z)N% exp [—wl(ln a; —In ?L)}

f.(nd;) = if @; > h,
‘ ' fe2(Ina;) = 7(V+51)N% exp [wg(ln a; —In iL)]
otherwise,
where
we —g—02,/2 0
g e =9 / ( — 1) ’
Oae Hae — 39 — Uae/z
2
Hae — 9 — Uae/2 9
= 1
v o2, (u —g—a )

0 =\/2(v + p1)oZ, + (Hae — g — 02./2)?.

The result shows that v is the Pareto exponent for entrepreneurs at the upper-
tail.

2We normalize the probability density functions of entrepreneurs, innate workers, and
former entrepreneurs, fe(Ina;), fu(Ina;), and f;(Ina;) such that

/°° (fo(na) + fu(ng:) + filna)} dina,) = 1.

12



5.2 Asset distribution of innate workers
Individual worker’s asset, @, ¢, if he does not die, evolves as
dIn &w,t - (/Jaw,t - g) dtv

where i, is the drift part of the worker’s asset process.
Under the asset process, the asset distribution of innate workers is

aw—49 Haw—g

vL—(v+p)N 1 v ~ 7 ¢ Ina;—Inh
fu(Indg) = T imw—g] &P ( m (Ina; —In h)) if Bei=ma > ()
0 otherwise.

Under the parameter values in numerical analysis, the trend growth of worker’s
asset is lower than the trend growth of the economy, i.e., gy < g. Then, the
detrended asset level of the innate workers becomes less than h.

5.3 Asset distribution of former entrepreneurs

The asset distribution of former entrepreneurs depends on the asset distribution
of entrepreneurs, the Poisson rate py by which each entrepreneur leaves the firm,
and the asset process after he becomes a worker.

Under the settings, we can analytically derive the steady state asset dis-
tribution of the former entrepreneurs. Because under the parameter values in
numerical analysis pq., < g, here, we report the distribution for that case (for
the paw > g case, see Appendix C):

mﬁﬂ(ln &Z) lf ln &Z 2 ln il,

- P, ~ 1 1 7
Frna:) = v, g fe2(na) — (u+w2 (aw—9) V-1 (Hauw—9) ) prfer(lnh)

X exp (— #a:_g (Ina; — In iz)) otherwise.

This shows that the Pareto exponent for former entrepreneurs at the upper-tail
is the same as that for entrepreneurs.

5.4 Pareto exponents of asset and income distributions for
all of the households

There are two remarks on the household asset and income distribution. First,
the Pareto exponent at the upper-tail for all of the households is that of en-
trepreneurs, whose Pareto exponent is ;. This is because the sum of variables
each of which follows Pareto distribution also follows a Pareto distribution at
the upper-tail and the distribution of smallest Pareto exponent dominates (see
e.g., Gabaix, 2009).

Second, in this model, the consumption and income distributions at the
upper-tail are also Pareto distributions with the same Pareto exponent as that
of assets, 1. This is because the household’s consumption and income is pro-
portional to the household’s asset level.
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6 Numerical Analysis

In this section, we suppose that at 1970 a cut in top marginal tax rates suddenly
and permanently in an unexpected way, and numerically analyze how the tax
cut affects top incomes.

In our model, a tax cut affects top incomes by changing entrepreneur’s in-
centive to invest in the risky assets. In the tax parameters calibrated below,
after 1970, the tax rate on risky asset 7¢ becomes relatively lower than the tax
rate on risk-free asset 77, which induces entrepreneurs to increase the share of
risky assets in their asset portfolios. This is why the Pareto exponent declines
and the top income share increases in our model.

6.1 Tax rates

We assume that the tax on risky assets 7¢ is equal to the ordinary income tax
that is imposed on the CEO pay in the real world. We assume that the tax
on risk-free assets 7/ is the sum of taxes that are imposed on dividends when
investors buy the equity of the firm. We calculate the tax rate of risk-free assets,
7 by 1 — (1 — 7)) (1 — 7°°'P), where 7°*P and 7°°"P are the marginal tax rates
for capital gains and corporate income.

The tax rates are calibrated using top statutory marginal federal tax rates
reported in Saez et al. (2012) (see Figure 1 and Tabletab:taxes). We use the
top marginal tax rates because we focus on inequality at the upper-tail.

Insert Figure 1 here.
Insert Table 1 here.

6.2 Calibration

The parameters are chosen to roughly match the annual data. The first five
parameters at Table 2 are standard values. For example, we assume for v that
the average length of life after a household begins to work is 50 years.

p is set to 0.7, which implies that of the firm’s sales 30% is rent. The value
of p is lower than the standard one. There are two reasons for the value. First,
model’s treatment of entrepreneur’s income is different from the data: in our
model, entrepreneur’s income mostly comes from firm’s dividend, while in the
data, the CEO pay is in most situations categorized in the labor income. To
take it into account, we set a lower p. Second, if p is high, the total value
of entrepreneur’s risky assets exceeds the total value of financial assets in the
economy. To avoid this, a low p should be chosen. We assume for p; that the
CEO’s average term of office is 20 years.

Lin is set to unity, which implies that the minimum employment level is one
person. We assume that L = 1.0 and N = 0.05, which implies that the average
employment per a firm is 20 persons, which is consistent with the data reported
in Davis et al. (2007). Under the settings, the Pareto exponent of the firm size
distribution in the model is 1/(1 — 0.05) =~ 1.0526, which is roughly consistent
with Zipf’s law. Note that under these parameters, for small-sized firms, the
value of an entrepreneur’s risky asset calculated by (4) exceeds the value of his
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firm. To avoid this, we assume that such an entrepreneur jointly runs business
with other entrepreneurs so that the asset value of the entrepreneurs’ risky assets
does not exceeds the value of the joint firms. We assume that the productivity
shocks of the joint firms moves in the same direction.?

For the calibration of the firm-level volatility, we consider the two cases. In
Case A, we use the average firm-level volatility of publicly traded firms. In Case
B, we use the average firm-level volatility of both publicly traded and privately
held firms. These values are taken from Davis et al. (2007). In each case, the
transaction costs of financial intermediaries, ¢, is calibrated to match the Pareto
exponent in the pre-1970 steady state with the data that is around 2.4.

Insert Table 2 here.

6.3 Computation of the transition dynamics

We compute the Pareto exponent of household’s asset and income distribution
and the top 1% income share before and after 1970. We assume that before 1970
the economy is in the pre-1970 steady state. In our experiment, taxes change
suddenly and permanently and unexpectedly at 1970, and the economy moves
toward the post-1970 steady state.

We model the transition dynamics after 1970 in the following way. First,
the dynamics of aggregate variables are computed separately. To compute the
dynamics of aggregate variables {A@t, flwi, Af7t, H,, f(t} explained in Section
4.2, we need to pin down their initial values. We suppose that at 1970 when the
tax change occurs, the aggregate capital stock is the same as that in the pre-1970
steady state. We also suppose that asset shares of entrepreneurs, innate workers,
and former entrepreneurs, Ae’1970/A1970, Aw’1970/A1970, Af,1970/A1970, are the
same as those in the pre-1970 steady state. The remaining initial variables,
Ay970 and Hig79 are determined by the shooting algorithm by the following
steps:

1. Set A1g7g. Set also the upper and lower bound of flt, Ay and Af.

(a) Set Hig79 and compute the dynamics of aggregate variables as ex-
plained in Section 4.2. Stop the computation if A; hits the upper or
lower bound, Ay or Ap.

(b) Update Hig7¢ by backwardly solving (25) with the terminal condition
5 _(L—a)ppy” +tr

Hpr =
r vtrf*x—g

where the variables with asterisks are those in the post-1970 steady
state and T = arg miny /(K1 — K*)2 + (Cp — C*)2.

(¢) Repeat until |H2$ — HYM | < e.

3A possible story behind the assumption is that these productivity shocks are caused by
managerial decisions.
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2. If A; upwardly diverges, 151‘115% = (A9 + Ap)/2 and redo the procedure.
Otherwise, set ANSY, = (Ag + ASid,)/2.

3. Repeat the procedure until |f~1§‘§‘7”0 - A‘fgd70| <e.

Note that since C; = vA,, the above procedure is similar to the standard shoot-
ing algorithm used in growth models. In computation of the variables used
below, we assume that after time 7™ when the dynamics of K; and C; are in
the closest distance to the post-1970 steady state, the economy switches to the
post-1970 steady state.

Next, from the aggregate variables calculated above, we compute the vari-
ables related to entrepreneur’s and worker’s asset processes, lget, Tge,t, and
Haw,t- Using these variables and the Fokker-Planck equations, we compute the
probability density functions of asset distribution for entrepreneurs and former
entrepreneurs, fe(Ind;s,t) and fr(Ina;,,t):

Ofe(Inais,t)  Oaer ) Ofe(ndiy,t)
ot \M'" T2 79 " oma,,

2 2 ~
Uaeta fe(lnaitvt) ~
k) ) _ . " 1 ’t ,
2 O(Ina;,.)? pyfe(Ind, )

Off(lna, ,t)

Oln &i7t

ofr(nais,t) -
(’)t - (ﬂaw,t g)

erffe(ln&, t).

Here, we compute the asset distribution at the upper-tail, using a numerical
method of partial differential equations.* We impose boundary conditions that
limg, , 00 fi(In@;¢,t) = 0 and that at the lower bound of a; 4, ars, which is set
to be higher than h at the pre- and post-1970 steady state, f;(Inarg,t) moves
linearly during the 50 years from that of the pre-1970 steady state to that of
the post-1970 steady state.

6.4 Pareto exponent and the top 1% income share

Figures 2 and 3 plot the model predictions of the Pareto exponent and the top
1% share of the income distribution for Case A together with data. Data are
taken from Alvaredo et al. (2013). For the model prediction, we plot the two
steady states for the pre-1970 and post-1970 periods, and the transition path
between them.

We find that the model traces data for the Pareto exponent well. The model
also captures the trend in the top 1% share after 1970, although the model’s
prediction is somewhat lower in the level than data. Perhaps, other factors like
the differences in talents also account for the level of the top income share.

The corresponding results for Case B are graphed in Figures 4 and 5. The
model’s transitions of the Pareto exponent and the top 1% share become slower
than those in Case A. The reason is that in Case B, firm’s volatility becomes
higher. This makes x.; lower by (4), which results in lower volatility of en-
trepreneur’s asset. This perhaps implies that the lower firm volatility at the top
firms where the richest CEOs work is an important factor to understand the
evolution of top incomes,

4We use the partial differential equations solver in Matlab. We set the 2000 mesh points
to Ina; ¢ between Inarp to 100 and 500 mesh points to time ¢ between 1970 to 2030.
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Insert Figure 2 here.
Insert Figure 3 here.
Insert Figure 4 here.
Insert Figure 5 here.

6.5 Incentive pay for CEOs

The reason for growing inequality in the model is that by the tax change it is
more profitable for CEOs to hold risky assets. It means that entrepreneur’s
portfolio share of risky assets, ., increases in the post-1970 periods, possibly
through utilizing employee stock options. Here, we compare z.; in the model
with the empirical counterpart of . ;.

An empirical counterpart of z.; for corporate CEOs is called as “percent-
percent” incentives, which is defined by

2% increase in pay

1% increase in firm rate of return’

The concept of “percent-percent” measure is used by Murphy (1985), Gibbons
and Murphy (1992), Rosen (1992), and Edmans et al. (2009).°

We plot the “percent-percent” incentives constructed from Frydman and
Saks (2010) and ., in the model in Figure 6.° We confirm that the data and
model are in the same order. Of course, our model is not intended to explain
the fluctuations in the “percent-percent” incentive itself, and the model cannot
explain why the “percent-percent” incentives increase around the late 1950s.
Further research is needed to understand the empirical facts.

Insert Figure 6 here.

7 Conclusion

We have proposed a model of asset and income inequalities, consistent with
(1) firm-size distribution (2) and household asset and income inequalities at
the upper-tail. Our model matches with the decline in the Pareto exponent of
income distribution and the trend in top 1% share. On the other hand, there are
also discrepancies between the model and data. For example, model’s prediction
of top 1% share is somewhat lower than the data. Further research is needed
for understanding the causes of discrepancies.

5Edmans et al. (2009) argues that the “percent-percent” incentives are cross-sectionally
independent of the firm size. This property is satisfied in our model.

6The “percent-percent” data are calculated by dividing “dollar change in wealth for a 1%
increase in firm rate of return” by “total compensation,” both of which are taken from Figures
5 and 6 of Frydman and Saks (2010).
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A Derivations for the household’s problem

This appendix shows the derivations of the household problem in Section 2.1.
By Ito’s formula, V?(a;,t) is rewritten as follows:

182‘/?
2 dag,

avi oV
g
ot " ar,

+ (Vi/ (@i, t) — Vi(ai,t,t)) dJit,

dVi(ai,t) da; s + (da;y)?

where J; ; is the Poisson jump process describing the probability of leaving his
firm:

Qg 0 with probability 1 — psdt
"7 )1 with probability pydt.

Thus,

EddVy] OV} IV} (0aair)® V)
= —& + Ha,t0it ’ 3
dt ot 0a; 2 dag,

+py (W - Vti)
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Substituting in (3), we obtain a Hamilton-Jacobi-Bellman equation:

3‘/; 5Vt’ (cra7tai,t)2 82‘/;

0= max Wcie = (B+ V)Vt 5+ pagtieg =+ =25 da?,

Ci,tsTq,t (9t

+p7 (Vi = VF)

i 2 2774
OV | 0qt o o 07V

- Cir,rtli}f,t Ine; — (B+ 1/)‘/? + o + 5 xi’tai,tiaait
oV}
+ (v + pg)Tigaie + (v + 1)) (1= 2i4)ai, — Cz‘,t)aait7
it
+ 0 {V7 (@i ) = Vi(ain D)} (26)

First-order conditions with respect to ¢;; and z;; are summarized by:

vy

—1 t

C’L,t 8ai7t7 ( )
i ) i

Tiyg = -— a‘/; /8al,t Hq,t Tt . (28)

’ (02Vii/DaZ,) air  0q,

Following Merton (1969), this problem is solved by the following value func-
tion and linear policy functions:

Vi = Bilna,,
Cit = UitQig,
QitSit = TitQig,
biv = (1—zit)air— hy.

We obtain this solution by guess-and-verify. The first-order condition (27) be-
comes:

(vit) " = B. (29)
Condition (28) is rewritten as:
o
zy = Lot ZT (30)
o5
HJB (26) is expressed as:
; OB , 2
0 =In(v;a;:) — (B+v)B;Ina;+ + 6—; Ina; ; — B;agf(xi’t)%it (Uqét)

+ Biag (v + pg.)wipais + (v + )1 = @i 4)ais — v paiy)
+py {Bg/ Ina;; — Bti lnai’t} .

By solving this equation, we obtain

Vit =V + 6 (31)
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B Derivations for the firm’s problem

B.1 Derivations of the FOCs of firm’s problem

This appendix shows the derivations of firm’s problem at Section 2.2.2. g;; is a
function of k;; and z; . By applying Ito’s formula to g;, we obtain

0q, 0q; 0q; 10%q;
dq(kj, 2j,0,t) = ( g;’tdt + aZ’Z dzje + aZji dkmt) +5 352,]: (dzj.)?
) ’ Js

9q;j Oqjr 1 50%q5, 9q;j
— > . 5 - 5 dt v Ak
( ot T Fea, T2% 02, )T ey,

an,t
aZj)t

+ o0, dBj,t.

The FOCs for ¢; and dk;; are

wy = 8pj,tyj,t’
0l ¢
0q;t
1—7f —) =222
(I—77 =) ks s

By the envelope theorem,

of 0q;.+ dt =(1 - — 1) (apﬂy]tdt _ 5dt>

Ok ¢ Ok; ¢
8V((1 — 6b)k:jt,0,t) 8V(l€jt,27‘t,t>
1-4 4 - Lk
* (( ) k. k4
oD .
f_OPjtYj¢ _
=T} _7akj_¢ 4.

Therefore, we obtain the conditions
f_ 0Pt s
k Ok; 4 ’
_ Opjayiie
oM

r

B.2 Derivations on the firm-side variables

This appendix shows the derivations of the firm-side variables at Section 3.1.
From (10)

}/t e « 1—a)p—1
Wy = (1 — Oé)p <N> Z;,tkj,fgg,t e .

Rewriting this,

1
(=)o (V' o) T
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On the other hand, from (9),

VAN
By S

By substituting (32) into (33) and rearranging,

ap ap(l—a)p
1— — 1— A=) (1=(1=a)p)
peitm _ (_op (YN (e (YT TIETTT e
5t ~ \MPK; \ N wy N Bt

(34)

where ¢ = m. Substituting (34) into (32),

ap 1—ap
1—p\ T-0 1—p 1-p
o ap Y, (1—a)p (Y; =
fie = (MPKt <N> ) ( w, AN Ge’ (39

By substituting this equation into the labor market condition (13) and rear-
ranging,

_ap l1—ap
MPK; \ N wy N NE{Z;?}
(36)
(A—a)p
1— (117%)‘0 1— =L 1=ap
((l—a)p(yt) p) v (ap (Yt> P) L1
or, _— —_— = — =
Wi N MPK; \ N NE{ZJ{t_p}
(37)

where E is the operator of the cross-sectional average of the whole firms. Then,
substituting (36) into (35),

Rewriting (34),

1 lf(llfot)p 1 (llfa)p
i\ "\ 1- vi\“ "\ T =
A (U 1] (A-ap (¥ 5 (38)
’ MPK; \ N w; N i

Substituting (37) into (38),

A—a)p

1 P

1-p\ T=ap (=o)p =

[ ap (Vi L tee Zit
k]vt - (MPKt (N) ) <N) - 1% A—a)p . (39)
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Next, we derive Y. Substituting (15) and (39) into y;; = zj’tkﬁté;;“, and
rearranging,

A AN NS A 24"
Yit =\ mpPK, \ v N PN

Substituting this equation into ¥ = (fON (%)17’) yﬁtdj) "

a(l—p)
Y\’ = (LN e Oooa=
Ry o (w S) el T o)
N MPK, N Ji

Substituting (40) into (39),

o
J - 1—p _1 1—p
o ap T—a lﬁp' p 1—a £ Zj7t
hie = (MPKt> E{Zﬂ'»t } (N) { —}ﬁ,,}

E{zj;
1 1-p 1
ap 11—« _ %p TE
- (MPKt) e} bit- (41)
Substituting (15) and (41) into (40)

Pt =Y, Pyl (42)

G e ()

— \MPK Bt N)\ el

’f E{e}
ap a _ ™= kTpﬁ

“\wmpx,) F {7} bt (43)

Rewriting (15),

— P —
Uig =1, zjl,t_ﬁ where ¢, = | ——F—
g
E{Zj,t }

Rewriting (43),

1-p
__ - = _ ap l—a _ ¢ £\ 5 T-a
pj,tyj,t = pytet Zjl,tp7 Where pyt = <MPK > E {zjl,tp} :
t

Rewriting (41),

==
=2 1% = _ ap — 5 7e
kj+ = kilz; ", where ky = (MPKt E {zj{t } > . (44)
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From (44),

d]ijt = d(Etth;’?)

dkily 25 — - =
= LT+ Rlad (25,7
Note that
2
=Y _ P P P o\ % p =
1(57) (755 e+ (755) (755 1) Fhaivrars () mefi e
Then,
dkj’t = d(Etth?)
dk by 2 - £
= dtt 2l 7 dt+ Fylyd (z]{;P)
—k; dt + () 0.dB;
gt Mkt 1— P z gt (-
where

1 drl/dt p p o2
=g — — — =1 =5
e =9 ek, TA\To, ) (T T T, 2

g is the growth rate of zy;, and g is the trend growth rate of the aggregate
economy.
d; +dt is computed using these results and the following relationship:

dj7tdt :(pj,tyj,t - wtéj,t - 6kj7t)dt - dkj,t
:(1 — (1 — Oé)p)pjﬂgyj,tdt — (Sk'jﬂgdt — dkjj)t.

Then, d;.dt is rewritten as follows:

djﬂgdt = Etztz;?dt — { (&) O’ZdBj,t} Etztz;’?,
where d; = (1 — (1 — )p)py; — (0 + pik.t) ke

B.3 Returns on risky assets

This appendix explains the derivation of the returns on risky assets at Sections
3.1 and 4.2. Multiplying (6) by e~ Jirids and integrating”, we obtain

t

"The Ito process version of integration by parts

T T T
/t Xj,sdYjs = X;0Y5m — X545 —/t YjsdXjs —/t dXj sdYjs.

. -~ rfds

is used here. Define Ay =e™ /¢t "5%%. Then,

o0 o0
/ At udgju = @j,ubtu |77 —/ @ (=) At udu
t t
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By further rearranging the above equation,

o0
gj.t :/ (1- - t)e” (rlds Et [djo] du.
t

Because

=dili—— X € — )y + [ —— — —1)Z|dsy 2z;;"
ttdtgt Xp{/t ((1P>u <1P 1-p 2 Pt
N " dIn(d,ly) p p p o’
=dilyz;7" . —_— — 1] 2|d
F exp{/t < ds +<1—p>ﬂ +<1—p 1—p 2 )
_dfﬂfz ? exp {/ udvsds} .
t

Therefore,

o _ oo u
Qi :qtztzjl’t“’, where g, = (1 — 7/ — L)dt/ exp {—/ (rf — ,ud,s)ds} du.
¢ ¢

Then,

dIn(d:l d(z;,") 1+ (] = pap) J7 exp {—= J(r] = pas)ds} du
dqj.c =gj.t %dt + i+ = o { - } :
Z;;p ft exp { ft Ts Hd,s ds} du

:{7(177'f )dtftz +Tt q;, f}dt+qjt (1_/)p> Udej,t~

p
Therefore, using d; + = Azl

it » the return of a risky asset is

(1 - Te)dj,t + dqj,t _ 1

1—-7
djt B ((1 —7f —) - 1> ftoo exp {— ft“(rf — ,ud’s)ds} du

+7‘tf dt

p 1—7 ks 1
— — . _ o Js
1—p 1-7 )] dy ft exp{ ft (7" — ld,s ds}d
(45

~

Note that if (r] —pa) is constant, [ exp {— [["(r] — pas)ds}du=1/(r! —pa)
and

. —_ = .
(1—-7/ - Vdiliz; "
T’f — Hd

qjt =

We need to know the value of [~ exp {— ["(r] — pa.s)ds} du to compute
the transition dynamics. We calculated the value by the following steps. If we
know the value of the aggregate asset A; and aggregate human asset H;, we can
compute aggregate financial asset F; by A; — H;. On the other hand, integrating
(19), we obtain

oo u F
f _ t
e — vl — pgs)dsydu =—m————.
/ xp{ JRGETS } TEvanry
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Substituting this result into (45), we can compute the return of risky asset in
transition.

B.4 Derivations on the restructuring

This appendix shows the derivations of the restructuring at Section 3.2. Let
Zit = zj1/€9% . Then, Qrestructuring,t+dt 1S written as follows:

e p
_ = t= [ T ~T |~ -
Qrestructuring7t+dt :th+dt£t+dt€gz E {Zmirf - ijtj;dt Zj,t+dt < Zmin} .

P

o
_ Zjl;idt‘gjﬂrdt < imin} is the expectation of Z

P P
T _z1-» _
min — %j t+dt CON

P
1—p
min

where E {2
ditional on that Z;¢1q; is lower than Zni,. Since the evolution of Z;; follows
(22) and the distribution follows (23),

00 In Zmin
Zjidr < Emin} :/ d(In gj.,t)/ d(Inzj 1)

In Zmin —00

(1 £
~1=p ~1=p
E {Zmin - Zj,t-i—dt
_P _P_
(%L}f - ijl,{idt) fo(Inzj ) fo(In 25 4 1ae| In 254)

%) In Zhin
_ / d(nz, ) / d(InZ 41 a0)
1

n Zmin —0o
2
( , B s 1 B (025 4 pae—(nz; +azdD)
~1—p ~1—p —AlnzZ,; ¢ 202dt
Zz - — Z. C e Dt ——————= z
min t dt) 0
3+ V/2mo2dt

where fi, = p,—g.—02/2—m, f.(In 2 ++a:|In Z; ;) is the distribution of In Z; 1 4¢
conditional on In Z; ;, which follows a normal distribution, and f,(InZ;,) is the
steady state firm size distribution.

Under the setup, taking the limit as dt approaches zero from above, (20)
becomes

(-5 5 |- ~
E{N%} p I E {inmf - Zjl,tidt’fzj,wdt < Zmin}
Z m = 11mm
gt dt=0+ dt

2j,t+t’ S gmin}

_P _P_
=15 _ sT»
) dE {Zmin 2ttt
= lim

t'—0+ dt’ (46)
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= 1 £ 1 £
sl=p __ Zl—p
d {Zmin 2ttt

Zitter < Zmin}/dt’ can be further calculated:

— 1 £ 1 £
sl=pr _ Zl—p
d {zmin Zj bt

Zj,tth’ S gmin }

dt’
[} In Zmin
= [ dmz [ i)
In Zmin —00
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d e e N 1 ,(1“zj,t+t’*“‘;zjvt+“zt/>)

T2 12 _ . Sy
dt (Zmir[; % t-‘it’) Coe™ "7 77 e

V2ot
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(/lz + )\0’3)\/77
V20,

(125) (204 (125 )02)t <2ﬂz + (1 p > of) Erfc <ﬁz i (ﬁ) aﬁ) v )

V20,
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—e

By combining these results and taking the limit, we obtain

= = =
zT-p zT—p
. dE {Zmin 2ttt
lim

t'—0+ dt’

Zire < min :
i min _ 10067()\7(&)) In Zmin [ _P__ 0’5
4 L=p

Substituting this result into (46), we finally obtain

2

p_\ o
:A—i .
" ( 1p)4

C Derivations on Household’s Asset Distribu-
tions in the Steady State

This appendix shows the derivations of the household asset distributions at 5.

C.1 Derivations on the asset distribution of entrepreneurs

fe(Ina;|t"), the probability density function of entrepreneurs at age ¢’ whose
detrended log wealth level is Ina;, is

fe(ma|t') = (Ind; — (nh+ (pree — g - 036/2)t/))2> |

1
—— _exp|—
\/2mo2 t! ( 202t
Then, the probability density function of entrepreneur’s asset distribution,

fe(h’l dz), is

fe(lna;) :/Oo dt" fo(t') fe(lnag|t'),

0
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where

(v+pp)N

fE(t/) = T

exp (—(v +ps)t')

is the probability density of entrepreneurs whose age is t'. By applying the
formula

/ exp(—at — b?/t) /Vtdt = \/7/aexp(—2by/a), for a > 0,b> 0.
0
to the above equation, we obtain f.(lna;) in Section 5.1.

C.2 Derivations on the asset distribution of innate work-
ers

The asset distribution of innate workers is calculated as follows:

fw(lndi):/ dt’ fo () fu(Ina;|t")

0

© L - N .
:/ dt’ % exp(—vt') - 1(lna; = Inh + (jtgw — g)t')
0

In }~L+(uaw —g)oo dr’ I — N
:/ dna,) - L= PN (—
1

P dlna; L Haw — 9
x 1(Ina; = Ik + (ttaw — 9)t)

{uL—(ZIL+pL)N 1 exp (—#Mfig(lndi—lnﬁ)) if%k&

[taw—gl

0 otherwise.

Note that 1(Ina; = In A+ (ftaw — g)t') is a unit function that takes 1 if Ina; =
Inh + (faw — g)t') and 0 otherwise.

C.3 Derivations on the asset distribution of former en-
trepreneurs

The asset distribution of former entrepreneurs is derived as follows. Let t], =
(Ina; —Inh)/(ftaw — g)- First, we consider the case where piq,, > g. If Ina; >
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In iL7 then
th,
fi(lnay) :/ dt' pifer(lna; — (faw — 9)t') x exp(—vt')
0

+/ dt' prfeo(Ina; — (paw — g)t') x exp(—vt')
28

t

) L—Miu—g)fﬂ““ @i = (o = 9)t) % exp(—ut')] .
—p . o _ 0o
+[V*~¢ﬂumu—gnﬁﬁﬂn% (Haw — g)t') x exp( t)L%
I U )
= O (o — gy e @i = (aw = 9)t) X exp(=vty,) + fer(Indi)}

4!
Jr e
v+ wZ (Maw - g)
By substituting into the above equation the following relations: Ina; — (ftaw —
gt =Inh, fo(Inh) = feo(lnh), and t/, = (Ina; — Inh)/(paw — g), we obtain

e

{=0+ feo(Ina; — (Haw — g)th,) X exp(—vitl,)}.

1 1 )
_<”_¢ﬂmw—9f_u+¢ﬂmw_w>Mﬂﬂmm
X exp (_ v (Ind; — In ﬁ)) )

Haw — 9

If Ina; < Inh,

fi(lna;) :/OOO dt' prfea(Ina; — (ftaw — 9)t') x exp(—vt')

_ Y4
v+ ’(/}2(/140,11) - g)

Next, we consider the case where jiq, < g. If Ind; > Inh, then

fe2 (ln CNLz)

fi(lna;) :/OOO dt' prfer(Ina; — (taw — 9)t') X exp(—vt')

Y2 -
= Je ln i)
V_¢1(Naw_g)f1( a)

If Ina; < Inh,
thn
fi(lna;) :/ dt'prfea(Ina; — (ftaw — g)t') X exp(—vt')
0

o0
+/ dtp; fer(Ina; — (faw — 9)t') x exp(—vt')
t;‘n
D1 .
S
V+w2(/iaw_g)f2( )

1 1 i
- B c1(lnh
<1/+1/)2(Maw—g) u—qpl('uaw_g))Plf 1(In h)

X exp (— - (Ina; —In ?l)) .
Haw — 3
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pre-1970  post-1970

ordinary income tax, 7°9 0.75 0.40
corporate income tax, 7P 0.50 0.35
capital gain tax, 7P 0.25 0.25

T¢ 0.75 0.40

! 0.63 0.51

Table 1: Tax rates
Notes: The figures of those in the upper half of the Table are calibrated from
the top statutory marginal federal tax rates in Figure 1, which is taken from
Saez et al. (2012). The tax rate on risky assets, 7¢, is set to be equal to 7°7%.
The tax rate on risk-free assets, 7/, is calculated by 1 — (1 — 76%)(1 — 7¢°'P),

B8 discount rate 0.04
v prob. of death 1/50
Q capital share 1/3
é depreciation rate 0.1
g steady state growth rate 0.02
) elasticity of substitution 0.7
ps  prob. of entrepreneur’s quit 1/20
£ min min. level of employment 1
L fraction of population 1.0
N fraction of employees 0.05

Case A Case B
(L) o, firm-level vol. of employment 0.25 0.45
transaction costs of fin. intermed. 0.215 0.243

Table 2: Calibrated parameters
Notes: The figures on the firm-level volatility of employment are taken from
Figure 2.6 of Davis et al. (2007). Case A corresponds to the case where the
firm-level volatility is equal to that of publicly traded firms in the data and
Case B corresponds to the case where the firm-level volatility is equal to that
of both publicly traded and privately held firms in the data.
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Figure 1: Federal tax rates
Note: The data are taken from Table Al of Saez et al. (2012).

2.8

26 |

24

22

20

18 |

16 | >

14 |

I I i

1 .2 i i i I i i I i

1950 1955 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005 2010
—4—data =——model (transition)
—model (pre—1980 steady state) model (post—1980 steady state)

Figure 2: Pareto exponent: Case A
Note: Data are taken from Alvaredo et al. (2013).
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Figure 3: Top 1% share: Case A
Note: Data are taken from Alvaredo et al. (2013).
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Figure 4: Pareto exponent: Case B
Note: Data are taken from Alvaredo et al. (2013).
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Figure 5: Top 1% share: Case B

Note: Data are taken from Alvaredo et al. (2013).
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Figure 6: ”Percent-percent” incentives

Notes: The “percent-percent” data are calculated by dividing “dollar change in
wealth for a 1% increase in firm rate of return” by “total compensation,” both
of which are estimated in Frydman and Saks (2010). These data correspond to
the median value of the fifty largest firms.
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