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Abstract

We consider an open-economy model with the Calvo-type sticky prices. We mainly
analyze the situation in which the monetary authority in each country cooperates so
as to maximize the world welfare. In the case where the zero lower bound (ZLB) on
nominal interest rates never binds, the optimal inflation targeting rule in our open-
economy model has exactly the same form as in the closed-economy model. This is
not the case, however, when the ZLB may bind. The optimal paths are characterized
in such a situation. In contrast with what Svensson (2001, 2003, 2004) suggests, the
optimal paths of the nominal exchange rate in our model typically exhibit appreciation

of the currency of the country where the ZLB binds.
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1 Introduction

How should monetary policy be conducted when the zero lower bound (ZLB) for nominal
interest rates may bind? The recent experience of Japan is a well-known example of such
a “liquidity trap.” There, the call rate! has been below 0.5 percent per annum since
October 1995 and below 0.1 percent since March 1999 (except for the period August
2000-March 2001). Krugman (1998) argues that, even when the nominal interest rate
hits the zero bound, the central bank could still stimulate the current level of output by
raising expectations of future inflation. This point is further elaborated in a more fully
dynamic framework with staggered pricing by Eggertsson and Woodford (2003).2 Based
on an optimization-based, quadratic approximate welfare measure, they analyze the state-
contingent paths of inflation, output gap, and nominal interest rates under optimal policy
commitment. Furthermore, they derive a price-level targeting rule that could implement
the optimal paths.

In this paper, we extend the analysis of Eggertsson and Woodford (2003) to a two-
country open-economy model.? A continuum of differentiated products are produced in
each country, and each good price is adjusted at random intervals as in Calvo (1983). We
assume perfect exchange-rate pass-through, so that the law of one price holds. We analyze
the optimal state-contingent paths of various variables, and compare our results to the
proposal of Svensson (2001, 2003, 2004) that the currency of a country in a liquidity trap
should depreciate.

We start with a result on equilibrium shares of consumption across countries. In the
literature on open-economy monetary models, it is often assumed that the equilibrium
shares of consumption across countries are determined independently of the monetary
policy rule adopted by each country. This assumption is a bit problematic. It is true
that with complete asset markets (and isoelastic preferences), given initial financial asset
holdings and policy rules, the equilibrium shares of consumption are constant at all dates
and all contingencies. In general, however, even under these assumptions, given initial asset
holdings, different policy rules would result in different equilibrium shares of consumption
across countries. We provide sufficient conditions on preferences and initial asset holdings
for the equilibrium shares of consumption across the two countries to be independent of the

policy rule adopted by each country. They include unit elasticity between goods produced

!The call rate is an overnight interest rate, which is analogous to the federal funds rate in the US.
%A related problem is studied by Jung, Teranishi and Watanabe (2001).
3There is growing literature on open-economy models with nominal rigidities. Examples include, among

others, Corsetti and Pesenti (2001), Obstfeld and Rogoff (2002), Clarida, Gali and Gertler (2001), Galf
and Monacelli (2002), Benigno and Benigno (2003), Svensson (2004).



in different countries. For simplicity, we assume that those conditions hold in this paper.

As for the policy objective, we mostly focus on the case in which the two monetary
authorities cooperate each other to maximize the world welfare, which is defined as the
world average of expected lifetime utility of households. Based on a second-order approx-
imation, the objective function of the monetary authorities is given by a quadratic loss
function in output gaps and inflation rates. Here, the welfare-relevant inflation rates are
not the CPI inflation rates, but the producer-price inflation rate in each country, as in
Benigno and Benigno (2003) and Clarida, Gali and Gertler (2001). Thus, fluctuations in
the nominal exchange rate per se does not affect the welfare.

We first examine the optimal policy rule when the ZLB is assumed never to bind.
Surprisingly, in this case, the optimal inflation targeting rule in our open economy model
takes exactly the same form with the same parameter value as the one obtained for the
closed economy by Woodford (2003, Section 7.5). That is, the (producer-price) inflation
rate in each country must be targeted at the level given by a constant times the rate of
change of its output gap. This is true even though the aggregate supply relation shows
international dependence, that is, the inflation-output-gap tradeoff in each country is
affected by the output gap in the other country. Thus, as long as the ZLB never binds,
the monetary authority in each country may forget about international dependence and
set the target rate of inflation independently, in order to maximize the world welfare.

This is not the case when the ZLB may bind. In such a case, as our optimal price-level
target rule shows, the price-level target in each country is not determined independently.
To examine quantitative properties of the optimal state-contingent paths of key variables,
we conduct a numerical experiment similar to the one in Eggertsson and Woodford (2003).
It shows that the optimal state-contingent paths of inflation, output gaps, and nominal
interest rates of the country in a liquidity trap look very similar to those obtained for the
closed economy by Eggertsson and Woodford (2003). Such paths in our open economy
model are, however, made possible by active policy coordination of the other country.

Regarding exchange rates, our numerical experiment shows that the currency of a
country in a liquidity trap must appreciate, rather than depreciate. This makes a sharp
contrast to what Svensson (2001, 2003, 2004) proposes. A theoretical justification for his
proposal is made in Svensson (2004). While our model and Svensson’s (2004) differ in
several ways,? the difference in the evolution of nominal exchange rates under optimal

policy arises from his assumption that (i) the shock that generates a liquidity trap lasts

“For instance, Svensson (2004) considers prices that are set one period in advance, rather than staggered
pricing. Also, in his model, a country in a liquidity trap may or may not be small; there may or may not

be international coordination of monetary policy.



only for one period and (ii) the country in a liquidity trap has a productivity level which
is higher than the steady-state level. Note that a country falls into a liquidity trap, say,
at date 0, if the expected growth rate of productivity in that country from date 0 to date
1 is sufficiently negative. Svensson (2004) creates such a situation by assuming that the
productivity of a country at date 0 is unusually high (and the expected level of productivity
at date 1 is normal). This is why he observes depreciation at date 0 under optimal policy:
Since the country produces more than normally the relative price of goods produced in
that country to those produced abroad must fall. Because the price of a good is set one
period in advance, this fall in the relative price is achieved by a depreciation. However,
even in this scenario, if the shock lasts for more than one period so that the expected
growth rate of productivity is negative, say, for dates ¢ = 0,...,7, then the currency
would depreciate at all £ = 1,...,7 under optimal policy commitment. In this sense, our
claim that the currency of a country in a liquidity trap depreciates under optimal policy
commitment holds more robustly.

The rest of the paper is organized as follows. In Section 2, we describe households and
give a proposition on the equilibrium share of consumption. In Section 3, the aggregate-
supply relations are derived. In Section 4, a quadratic approximate world welfare measure
is computed, and an optimal inflation targeting rule is derived for the case where the ZLB
is assumed never to bind. In Section 5, the natural rates of interest are defined and the
“intertemporal IS equations” are obtained. In Section 6, optimal policy in a liquidity trap
is analyzed. In Section 7, the state-contingent paths of nominal exchange rates under

optimal policy is discussed. Section 8 is concluding remarks.

2 Households

The model economy is an open-economy version of the sticky-price model developed by
Woodford (2003). In particular, goods prices are adjusted at random intervals as in
Calvo (1983); households supply differentiated labor; and monetary frictions are abstracted

)

so that money is not modelled explicitly (a “cashless economy” in the terminology of
Woodford, 2003).

The world economy consists of two countries, Home (H) and Foreign (F'). The size
of population in country j € {H, F'} is nj. We normalize the world population to unity:
nyg +np = 1. A set of differentiated products are produced in each country and they are

traded between the two countries. Let N; denote the set of those products. We assume



that
Ny =1[0,ng], and Np = (ng,1].

Each country is resided by identical households, who consume differentiated commodi-
ties, supply labor, and own firms in their country. The monetary and fiscal policy is set
by the government in each country. Governments do not consume, and set fiscal policy
in the “Ricardian” way in the sense used by Benhabib, Schmitt-Grohé and Uribe (2001),

among others. The detail of monetary policy is discussed later.

2.1 Preferences

A representative household in H has preferences given by

l@:f%izﬁ{a«m-lAm@maﬂm}, (1)

ng

where 0 < 3 < 1, 0 >0, and ¥(i), i € Np, is the supply of type-i labor, which is used to

produce differentiated product i. We assume that 4 and v have constant elasticity:

_ Cl—a B 1 €1+w

i(C) L=

1—-0
The consumption index for the home household, Cy, is given by
1 p=l 1 p=l, P
Ci= [nfCyfy +npCely |7, (2)
where Cy; and Cg, are the consumption indexes of home and foreign goods consumed by
the home household, respectively, which are defined by:

_1
Cjﬂ‘/ == [’I’Lj 9 /N

_0_
-1

mN?4 ., j=HF (3)

j
Here, § > 1 and (i) € N; is the home household’s consumption of good i produced in

country j € {H, F'}. It is convenient to define the function u(Cp, Cr) by

1 p=l 1 p-1 Ll
u(Cy, Cr) Eﬂ([nf_ICHP +npCr’ ]p— >

The lifetime utility of a representative household in F' takes the same form as that of

the home household:

Us — Eoiﬂt {a(ct*) - 1/ 5[0 ()] dz’}. (4)



The consumption indexes for the foreign household, {C}, Cli s C’;t}, are defined as in (2)
and (3):

1 L p=1 1 p=1 ﬁ
* p p p p -
Gy = |:nHCH,t +npCpy ] ) (5)
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J
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cf(z')%ldi] . j=HF (6)

Corresponding to the consumption indexes in country H, Cy, Cj¢, j = H, F', the prices
indexes, P, Pj;, j = H, F', are defined as

1
o 1-p 1—p|1-p
P, = [nu P +nePi? |,
1
—6
1 / !
nj JN;

P = pt(i)lgdi] , j=H,F, (7)

where p;(i), i € Nj, j € {H, F'}, is the price of good ¢ produced in country j quoted in the

home currency. The price indexes in country F, P}, P]T"t,

by individual good prices, pf (i), i € Nj, j € {H, F'}, quoted in the foreign currency. We

j = H, F, are defined similarly

assume that the law of one price holds:

pe(1) = Epy (1),

for all i € Nj, j € {H, F}, where & is the nominal exchange rate, defined as the price of
foreign currency in terms of home currency. It follows that P;; = &P7,, j = H,F and

Cost minimization leads to the derived demands of the home household:

P\ .
Cj:t:nHCt - ) ]:H7F7

P
. 1 pe(i)\ ' ,
c(i) = ;Cji P, ) Jj=H,F. (8)
j 7,

The derived demands of the foreign household are written similarly.

2.2 Utility maximization

We assume worldwide complete markets. The flow budget constraint for the home house-
hold is

PtCt + Et[Qt7t+1Wt+1] = Wt + /N [wt(z)ﬂt(z) + Ht(l)] di + Tt, (9)

where Fj; is the conditional expectation operator, Q41 is the stochastic discount factor

between dates ¢t and ¢t + 1 for nominal payoffs in the home country, Wy is the portfolio of



one-period state-contingent bonds, wy(7) is the date-t nominal wage rate for type i € Ny
labor, II;(7) is the date-t nominal profits from sales of good i € Ny, and T; is the nominal
lump-sum transfers from the home government.

To prevent “Ponzi schemes,” the home household also faces the “natural debt limit”

(Ljungqvist and Sargent, 2000):

[e.9]

wmlz—}jﬁk@ﬂm{lmwxmuo+muﬂm+nﬂ, (10)

s=t+1
where @, is the stochastic discount factor between dates t and s, defined by Qs =
[ 41 @r—1,r- Given the initial asset holding, Wy, the home household maximizes the
lifetime utility (1) subject to (9) and (10).
The flow budget constraint for the foreign household is analogously expressed:
E L O+ By[Quip1 &1 Wi = EW] + /N Exwy (065 (i) + I (9)] di + T,
F
where W/ | is the portfolio of the state-contingent bonds in the foreign currency, wj (i), is
the nominal wage rate of type i € N labor, II7(¢) is the nominal profit from sales of good
t € Np, and T} is the nominal transfer from the foreign government. Given the initial
asset holding W, the utility maximization problem for the foreign household is defined
similarly to that for the home household.
The first-order conditions that {Cy, C}, ¢,(i), (f (i)} must satisfy are given by
Buc(Cry1)  Buc(Ciy)

Lt
WC)  wl(Cr) 1

P,

= Q141

and ~ . . ~ . .
1 afe(@)] _ wi) 1 ag@)] _ wil)
ng Uc(Cy) P ng ﬁc(Ct*) Py ’

As we shall see, what the policy makers should stabilize is not P; or P/, but Py and P;i’t.

, 1€ Ng, 1 € Np.

For this reason, the first-order conditions in terms of C;; and C]’-"t, j =N, H, turn out to

be more relevant. They are given by

Bun(Cr i1, Criv1) _ Bun (Cly i1, Crs1)” — Q. 1PH,t+1 (12)
un(Cryt, Cry) un(Chry, Cry) T Py
Bur(CHi+1, CFrit1) _ Bur(Chryy1, Cri1)” . 1PF’tH (13)
up(Cut, Cry) up(Cr 4, Cry) T Pry
L oell(B)] wi(@) (14)
ng ug(Cry, Crt)  Pry
1 @e[fff(i)]* _ wik*(i) (15)
ng uF(CH,t’ CF,t) P Fit
ur(Chyt, Crt) UF(C;{,tvC}k?,t) _ gtP;,t (16)

un(Cr, Cry)  un(Cipy, Chy) Py



Here, uj(Cy, Cr) denotes the partial derivative of u(Cy, Cr) with respect to Cj, j = H, F.

2.3 Equilibrium shares of consumption

Since asset markets are complete, our formulation of the lifetime utility, (1) and (4),
implies that, given a policy rule of each country and the initial asset holdings, Wy and
W{, the relative amount of consumption, C;/C}, becomes constant at all dates and all
contingencies in equilibrium. But this amount, C;/C}, depends, in general, upon the
policy rule adopted in each country. In particular, the equilibrium amount of Cy/C} would
depend on the process of prices, {Pm s, P}, which, in turn, depends on the monetary
policy conducted in the two countries. For our welfare analysis, it is convenient if the
share of consumption is determined independently of policy. The next proposition shows
that this is the case when the elasticity of substitution between C'y and C'r is unity and
when the initial financial asset of the household in country j equals the initial liabilities

of the country-j government. The latter assumption implies that

W = B> Qo [Pacina o {1+ [ e + o] i)
t=0 "

np&W§ = Ep Z Qo1& [Pj‘;ﬁtYF’t —np {Tt* + /N [wy (0)6; () + 11} (4)] di}] ,
t=0 F

where Yj; = ngCjy + npCh, is the aggregate amount of country-j goods, j € {H,F}.

Proposition. Assume that

(a) the elasticity of substitution between home-goods and foreign-goods is unity: p = 1;

and

(b) the initial financial asset of the household in country j € {H,F} equals the (per-

capita amount of the) initial liabilities of the country-j government.

Then the relative amount of consumption between the two countries is determined inde-
pendently from the policy rule adopted in each country. Indeed, the equilibrium relative

consumption equals unity:

Ci  Crt  Cri _ ali) _ 1

Ct a ;I,t a ;’,t a ci (i) ’

i€ 0,1].

The proof is in Appendix. In what follows we assume (a)-(b) in the proposition. Thus,

the consumption indexes (2) and (5) become

=) G -GG
ny np ny nr

8



It follows that u(Cp,Cr) is written as

1 C ng(l—o) C ng(l—o)
N

1—0 ng ng

and the price index, P;, become
P, = P PRl = & PF = &Py PRy" .
Let y.(i), i € Ng, and y; (i), i € Np, be the aggregate supply of home and foreign
goods, respectively:
yi(i) =nge(i) + npcp (i), i€ Ny, yi (1) = nge(i) + npci(i), i€ Np.
The corresponding production indexes of home and foreign goods are
o 1
Yo = [nH9 / ye(i) o dz] =ngCrs + nFC’}}t,

0

_1 o1 o1
Yr: = |:an / yp (i) @ di:| =ngCrt + nFC}?’t

Np
Y n Y ng
Y, = < H,t) ( F,t) = Gy 4 npCy
ng ng
It follows from the proposition that
Cui=Chys=Yuy, Cry = Cpy = Yy, Ci=Cf =Y. (17)

3 Aggregate supply

3.1 Technology

For simplicity, we assume that the technology to produce each good is linear in labor:
yt(l) :Athgt(i), 1€ NH,
yi (i) = Afnpti(i), i€ Np,

where A; and A; represent country-specific technology shocks.

For later use, it is convenient to define random variables &; and & by
&=—(14w)ln Ay, & =—-(1+w)ln Ay,

and also functions v(y; &) and v*(y*;£*) by

. B 65 y 1+w_ ~ y
U(yag):1+w<n1{> _U<w>7




Thus, v(y; &) and v*(y*; £*) measure the disutility of producing y and y* in the home and

foreign countries, respectively, when their technology shocks are £ and &£*. Note that

5ol B0
o= e = 10

Thus, first-order conditions (14) and (15) are rewritten as

vylye(0); &) 1 wi(i) vy [y7 (1); &1 _ 1 wi(d)
upg(Yae, Yre) At Pay’ up(Yee, Yre)  Af Ppy

where we have used equilibrium condition (17).

3.2 Natural rates of output

5

Each producer is assumed to be a wagetaker.” Using (8) and (17), nominal profits of a

home supplier of good ¢ € Ny at date t are given by

=t~ 2] ) = 1) - 0] Yo [BO]T_ iy,

where 7 is the constant tax rate on firms’ revenue. Monopoly profits of a foreign firm is
defined similarly with 7* as the tax rate on its revenue.

Let us define the “natural rates of output” (Woodford, 2003) at date ¢, Yy, and Yiy, as
the levels of home and foreign output which would prevail in the flexible-price equilibrium.

Suppose, momentarily, that all prices are fully flexible. Profit maximization leads to:

(1_(1))]%(7;) _ wt(i) _ vy[?Jt@)%ft]
PH,t PH,tAt UH(YH,u YF,t)7
pi()  wi(i)  vylyr(i); &
P;“,t a P;,tAf B UF(YH,t,YEt)’

1 € Ny,

(1—2%)

1 € Np,

where we have used (18) and ® and ®* are the measures of distortions due to market

power defined by

-1 . 01 .
1-¢=——(1-7), 1-0"=——(1-7").

In the flexible-price equilibrium, p(i) = Py, and y(i) = Yu4/ng for all i € Ny, and
pi(i) = Pp, and y; (i) = Yp/np for all i € Np. Thus, the natural rates of output, Y},
and Yﬁt, are determined by

oy Y, /nm; &) vy Y /nps &

=1-— o, S =1 — d*. 19
UH(Yﬁ,t7Y£t) UF(Yﬁ,t’ Y}T?Z,t) 19)

See Woodford (2003, Section 3.1) for how to make this assumption consistent with the supposition

that each producer uses a different type of labor.

10



3.3 New Keynesian aggregate supply relation

Now suppose that goods prices are adjusted at random intervals as in Calvo (1983). Let
a be the probability that each good price remains unchanged in each period. We assume
that this probability is identical in the two countries.

Consider the price adjustment in the home country. Suppose that the price of good
i € Np can be adjusted at date t. The supplier of that good chooses p(i) to maximize
the expected discounted profits:

E, Tf:taT—tQt,T { [(1 —7)pe(i) — wjl;i)] - [pt(i) ] _9}

ng | Puar

The first-order condition for profit maximization is written as

> DN vy lyrG); ér ()]
Eth::taT_tQtj {YH (p()> [[y()é] —(1- @)7)()]} =0. (20)

ng \Pur ug(Yar,YrT) Pyt

It follows that all producers that change their prices at date ¢ choose the same price. Let
z¢ denote this common new price.
As is shown in Appendix, log-linearization of (20) and the corresponding equation for

the foreign country leads to the “New Keynesian” aggregate-supply relations:

THt = YHTHt + YHFNFTEL + BB 441, (21)

Ty = YHFNHTH + YFTF + BEiTp - (22)

Here 7y and 7}, are the inflation rates of goods produced in the home and foreign

countries, respectively:
Tt =Py —In Py, g, Ty = Ppy, —In Ppy
xj¢ is the “output gap” in country j = H, F"
zjr =Y, —InY],,

and the coefficients are given by

Yo = ([l +w+ (0 —ny| >0, (23)
VHFEC(G_1)7 (24)
P =([l+w+ (0 —)np|] >0, (25)
_1l-al-ap
¢= a 14wl (26)

11



4 Welfare approximation

In this section we follow Woodford (2003) and Benigno and Woodford (2004) to derive an
approximate world welfare criterion and discuss optimal policy rules for the case where the
zero lower bound (ZLB) on the nominal interest rates never binds. We assume that the
monetary authorities in the two countries cooperate to maximize aggregate utility. The
case where monetary policy is set in the noncooperative fashion is discussed in Appendix.

Given that preferences of the home and foreign household are given by (1) and (4),

respectively, the level of average expected utility between the two countries is given by

00
TLHUO + npUS‘ = EO Zﬁt {U(YHﬂg,YF,t) — /
t=0 N

o[y (i); &) di — /

N

i 067 i

Using the conditions that

, 1 pi(i)]’ vy = Ly | PEA)
= — = —
Ye(1) nH}H’t |:PH,t ) Yy (i) np Fit P}*?,t )

we obtain

/ v[ye(i); &) di = npo (YH’t; ft) A,
Nu ny

N ek g (Y N
/ v* [yf(l), ft} di = ngv ( ot ; €t> Apy,
Np ng

where Ay and Ap are the measures of price dispersion defined by

_1 [ <pt(z‘))_6(1+w) di. (27)

ny Py

e\ —004w)
Apy = 1/ b iz) di.
nF JNp PF,t

Then the world welfare measure is given by

>
=
|

nplUo +npU; = Ey Zﬂt{u(YH,u Yry) (28)

=0
Y; Y,
— Ny ( H’t;§t> Agy —npv” (F’t§§2k) AF,t}
ng ng

Now, fix a non-stochastic steady state with zero inflation. In what follows, a bar

over a variable denotes its steady state value, and a hat indicates the log-deviation from
the steady-state value. Following Benigno and Woodford (2004), we take a second-order

approximation of (28) around that steady state in terms of = = (¢, £*, A}f_l, A},/il, ®),

12



where ¢ are parameters of policy rules normalized in such a way that ¢ = 0 implies long-
run output levels Y o = Y'j, Jj = H,F, and for any small enough ¢, InY} — ln)_/j =
O(|lell), j = H, F. Then, as shown in Appendix,

Y; Yri .,
u(Yirs Yrs) = nago <nHHt @) Ape —npv ( o @) Ar (29)

— Y N ~
= 0 s+ gV 1= o) — (1400 9] 57,

+ (1 — o)ngnpVi Ve + 7 [(1 —o)nr — (1+w)(1 @*)}Yg{t

1-®) . 1— &%) .
—ng(1—®)Ygi& —np(l — )Vl — nHl(_l_w)AH,t_an_’_w)AF,t}

+ t.ip. + O(|Z?),

where t.i.p. denotes the terms independent of policy. Also, it is shown that

(e 9]

A 0(1 +wb
S A= T S e e ip 4 OUSE),
t=0
- " 0(1+w
ZﬂtliFwAF,t: (104_6(1)50_03@25%; T3 + t.ip. + O(||E|). (31)
t=0 t=0

4.1 Small distortions at the steady state

The existence of linear terms in (29), n HCIDYH¢ +n F(I)*Ygt, might complicate the analysis.
Here, for simplicity, we follow Woodford (2003) and assume that ® and ®* are small
and treat them as expansion parameters in the Taylor series approximation.® Let Yr,

j = H, F, denote the efficient levels of output in the absence of shocks, that is,

WOh/m0) Y e0)
UH(Y[(}a YFe‘) ’ UF(YEU Y}?‘)

Then, let x?, j = H, F, denote the efficient levels of the output gaps:
S=InY —InYj, j=H,F,
where }7j, 7 = H,F, are the steady-state levels of output. When ® and ®* are small,

[l +w+ (0 = Dnglagy + (0 = Dnpzg = @ + O(||2]?),
(0 = Dngaf + [1+w+ (0 — Dnglah = @ + O(||@*[]*)

5Benigno and Woodford (2004) study the case where ® is not small.

13



Then, using (29)-(31), a second-order approximation of the world welfare measure (28)
is given by

o0

> ALy +tip. +O(|@, &, E[%),
t=0

. UgYy 0
ngUy +npUy = _%E

where ( is as defined in (26), and the loss function L; is given by

nH 2

n
Ly = g (r — a®)'Aay — 2) + iy + 5w, (32)

DN |

Here, 2 = (xmt, xrt), xf = (25, 2%)’, and A is defined by

A= YHNH YHFMHNF

1
0 YHFNHNE YFNF 7
where vg, vygr, and yp are defined in (23)-(25).

Our welfare measure clearly shows that what must be stabilized are “domestic infla-
tion,” mp and W}'}J, rather than CPI inflation rates, m; and 7}, as shown by Clarida, Gali
and Gertler (2001) and Benigno and Benigno (2003) in different contexts. In particular,

fluctuations in nominal exchange rate per se do not affect the world welfare.

4.2 Optimal targeting rule in the case where the ZLB never binds

In this subsection we analyze optimal policy when the zero bound on the nominal interest
rates never binds. In particular, we derive “robustly optimal target criteria” (Giannoni
and Woodford, 2002; Woodford 2003). Interestingly, those targeting rules have exactly
the same form with the same parameter values as those obtained in the closed-economy
model.”

In order to introduce a tradeoff between inflation and output stabilization, we modify

the aggregate-supply relation (21)-(22) so that

THt = YHTHt + YHFNFTF + BETH 11 + um g, (33)
Ty = YHFNHTH + YFTF: + BB + Upy, (34)
where uj¢, j = H, F, are interpreted as “cost-push shocks” (Woodford, 2003).

Suppose that the zero bounds on the nominal interest rates never binds. Then the

optimal policy commitment is derived by solving min(1/2)Ey ), L; subject to (33)-(34).

"Clarida, Galf and Gertler (2001) derive an optimal inflation targeting rule for a small open economy.
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The Lagrangian is formed as

o
1 ny ng
L = Ey Z 5t{2(3«"t — ) My — af) + TWIQ;I,t + 7”17,215
=0

+ Yy (TZH?TH,t — YHNHTHt — YHFNHNFTFt — 571H7TH,t+1>
* *
+Yry (HFWF,t — YHFNMHNFTHt — VFNFTE; — 5”F7TF¢+1> }
The first-order conditions are

A(mt - 1:7?) = HA’QZ}ta
Tjt = —Vje + Vji—1, j=H,F,

where ¢y = (Y ¢, ¢¥r:)’. Eliminating 1;, we obtain a robustly optimal target rule:®

1 .1
THt + 5($H,t —xHi—1) =0, Tp + é(xF,t —zpi—1) =0. (35)

Note that these targeting rules have exactly the same form with the same parameter
values as those obtained for the closed economy (for example, by Woodford, 2003). It
follows that, under our parametric assumptions and as long as the zero bound does not
bind, the world welfare is maximized when each monetary authority acts independently
and adopts the policy rule which is optimal for the closed economy. Later, we shall see

that this is not the case when the zero bound binds.

5 Nominal interest rates and the ZLB

Let ig; and ip; be the (one-period) nominal interest rates at date ¢ in the home and

foreign countries, respectively. By definition,

1 1

Eir1
- _F , :
[Ty~ P@uenl

=F .
t [Qt,t—l—l g, ]

Using first-order conditions (11)-(13) and equilibrium condition (17), we could relate the

nominal interest rates and the growth rates of output in the following way:

1 B [5ﬂc¢+1 Py ] — B, [ﬁuH,t—&—l Py 4 ] - E, [BUF,t—&—l Pr, ] 7

1+ime Uer Py urs P upt Prigi
~ * *
1 _ 5 |:/6uc,t+1 Py ] _ g Bumgrr Prye | > Bupir1 Pry
— = o | T | 5 | T B |
L+ipy Uey Py U PH,t+1 UFy PF,t+1

8The fully date-0 optimal solution only satisfy (35) for + > 1. As is well known, such a solution is not
time consistent. As is discussed in Woodford (2003), however, requiring (35) for ¢ > 0 makes the solution

“optimal from a timeless perspective,” and the policy problem time consistent.

15



where 1.5 = Uc(Ys) and w;s = u;(Yus, Yrs), for s=t,t+1and j = H, F.

Whether or not the zero bound binds depends on the policy rules that the monetary
authorities adopt. A given shock may or may not result in if; = 0 depending on, for
example, whether the home monetary authority tries to stabilize CPI, P;, or the domestic
price level, Py ;. In the previous section, we have seen that the prices which have to be
stabilized are not CPI’s, P; or P/, but the producer price levels, Py and Pli:,t' In this

sense, it is natural to use

1 P 1 Py
g [BUH,tH H.t } . and _ _p BUF t4+1 *F,t (36)
1+ 1Ht UHt PH,t+1 1+ IF¢t UFt PF7t+1

for our policy analysis.

As in Woodford (2003), it is convenient to introduce new variables, g, and 73, called
the “natural rates of interest.” They are defined as the real interest rates which would
realize if the domestic price levels, Py and Pj,, were completely stabilized for all ¢. It

follows that 7%, and r%., satisfy

1 _ 5UH(YHn,t+1= YI?,t—i—l) and 1
L+7y, ug (Yﬁ,tv YFT},t) ,

ﬂuF(Yﬁ,tH’ Y£t+1)
uF(YHn,t’ Yz?,t)

T+,

(37)

At the non-stochastic steady state, rjrft =7=p"1—-1,j= H, F. Note that even if Py
and Pbt,t were completely stabilized, the nominal exchange rate, &, may fluctuate. Thus,
r, # 'k, in general.

Using these, log-linearizing (36) yields

0 < i = B{ [1+ (0 = D) (zma11 — 700) (38)
+ (0 —)np(zri1 —Trt) + THe41 + T%,t}

0<iyp= Et{ (14 (0 = Dnp|(zrim — R (39)
(o = Dnar(@ass = Tae) + Tre + 7 |

6 Optimal policy commitment in the case where the ZLB

may bind

We say that country j is in a liquidity trap if ¢;; hits the zero lower bound. In this section,
we consider optimal policy coordination in the case where the home country may fall into
a liquidity trap, that is, the case in which the inequality in (38) may bind but (39) does
not. Our numerical exercise is an open-economy extension of Eggertsson and Woodford
(2003).
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We restrict attention to the case where there is no distortion at the steady state,
® = ®* = 0, and there are no cost push shocks, u; = uj = 0, all ¢. Thus, the aggregate-
supply relations are given by (21)-(22), and the loss function L; in (32) becomes

1 n n
L = ix;Aazt + THW%{,t + ?FW};’%, (40)

It follows that, without the zero bound, the optimal policy would simply be the one that
attains mp; = W}yt =z = vry = 0, for all 2.

Assume that the world economy is in the steady state with zero inflation at date
t = —1, namely, the one around which we have approximated the world welfare, the
aggregate-supply relations, and the intertemporal Euler equations. Regarding exogenous
shocks, we suppose that the productivity processes, & and &, are such that the natural
rates of interest, 7, and r%,, follow the following stochastic processes: (i) The natural
rate of interest in the foreign country equals the steady-state level at all times, rj, = 7, all
t. (ii) The natural rate of interest in the home country gets negative at date 0, THo =T,
for some r < 0. In the following periods, it returns to the steady-state level at a constant
probability, 1 — u € (0,1]. That is, given that -1 = T, the conditional distribution of
Ty is given by

T, with probability u,
= { T, with probability 1 — pu.
Once it gets back to 7, it stays there from then on: if rjy, , = 7, then r, = 7 with
probability one.

The parameters are calibrated as follows. One period in the model corresponds to a
quarter. We set a = 0.66, § = 0.99, 6 = 7.88, w = 0.47, which are taken from Woodford
(2003, Table 5.1). We follow Eggertsson and Woodford (2003) to set r = —0.02/4. For o,
three values are considered: o = 0.5,1,5. As we shall see below, the value of o affects how
the foreign monetary authority should react to the liquidity trap that occurs in the home
country. The two countries have an equal size: ny = np = 1/2. Finally, u = 0.25, that
is, the home natural rate of interest remains negative for a year on average. As discussed
below, the value of u is chosen so that zero-inflation targeting generates deflation during

a liquidity trap.

6.1 Zero inflation targeting

We first examine the consequences of strict zero inflation targeting, that is, the policy that
achieves zero inflation whenever possible. It follows from the aggregate-supply relations

(21)-(22) and the Euler equations (38)-(39) that it is indeed possible to attain mp s = 75, =
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rpt = xpy = 0 after 7} returns to the steady-state level, 7. When r’ﬁu = r, however,
setting both of the two inflation rates to zero is not possible. Under our parametric

assumptions, during the period when rf%; , = r,
*
THt < 0, THr < 0, Tpy = 0,

and xp; ; 0aso z 1. Here, zp; = 0 when o = 1, because, as the aggregate-supply
relations (21)-(22) show, when o = 1, the inflation rate and the output gap in each
country are completely separately determined. The state-contingent paths of 7w ¢, xp 4,
and zp; are drawn in Figure 1.° In each panel, the j-th (solid, dashed, dashdot) line
corresponds to the sample path where r}}’t =rfort=0,...,7—1,and r%i =7 fort > j.

This example fits well with the casual statement that a “bad policy” during a liquidity
trap results in deflation (7g: < 0) and a negative output gap (zm; < 0). It is not
generally true, however. For example, Figure 2 depicts the state-contingent paths of the
same variables under strict zero inflation targeting when g = 0.1. In this case, there is
inflation, mg; > 0, and a positive output gap, g > 0, during a liquidity trap. Indeed,
we can show that there is a threshold value, p, such that the home country experiences
deflation for y > p during a liquidity trap, and inflation otherwise. To gain an intuition,
consider the closed-economy case, and suppose that p = 0, that is, the natural rate of
interest remains negative for all ¢. It follows from the Fisher equation that the inflation
rate equals the difference between the nominal and the real interest rates. Since the latter
is negative and the former is zero, the inflation rate is positive.

In what follows, we assume g = 0.25 so that strict zero inflation targeting implies
deflation in the home country during the liquidity trap. We have checked numerically
that the qualitative properties of the optimal state-contingent paths of inflation and output

gaps are not affected much by the choice of the value of u.

6.2 Optimal policy

The optimal policy problem is formulated as the minimization problem of the discounted
expected value of the loss function (40) subject to the aggregate-supply relations (21)-(22)
and the inequality constraints (38)-(39). Letting v;; and ¢;,, j = H, F, be the Lagrange

9In all figures, inflation rates and interest rates show annual rates.
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multipliers associated with those constraints, the Lagrangian is formed as
- t) 1 nH 2 NE 42
L=E)Y 8 {thAa:t + = T o T
t=0
+ Yy (TLHW Hit — YHNHTHt — YHFNHNFTE: — Bnygm H,t+1)
+ Yry <nF7T}kv,t — YHFNMHNFTHt — YFNFTEL — 5”F7T}k?,t+l>
+ O (nH[l + (o —1)ngl(xpgs — THt41)
+ (0 —)npnp(Trs — Tri41) — NHTH 41 — T?Lt)
+ ¢>F,t((0 — Unanr(Tr: — THi41)
#nll+ (0 = Dnpl(one - 2resn) = neTheg ~ ko) |

Letting m = (mut, 75y,), @ = (Tt Tre)s e = (VoY) and ¢ = (Gmt, ),

the first-order conditions are written as

Az — OAp + A(py — B 1) = 0, (41)
T4+t — Y1 — B o1 =0, (42)
where the matrix A is defined by
4o [l + @ = Vna] (o= Dnin
(0 —)nynp np[l + (o0 — 1)np]

Eliminating ¢ and ¢ in (41)-(42), we obtain the following optimal targeting rule for
the logged price levels, p; = (In P4, In P}7t)’ , with possibly binding ZLB. It extends the
result of Eggertsson and Woodford (2003) to the open-economy model.'”

(i) In each period, there is a predetermined price-level target p, = (ﬁH,t,ﬁ},t)- The

central banks choose the interest rates if7; and i to achieve the target relation:

Pt =Dt
if this is possible; if it is not possible because of the zero bound, then
igt =0 and/or ip;=0.

Here, pr = (PHt, 15’{%)’ is output-gap adjusted price indexes defined by

o 1
Pt =pt+ th-

Tn the terminology of Woodford (2003), this rule is optimal from a timeless perspective, and hence

time-consistent.
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(ii) The target for the next period is determined as
Peyr = Pe+ BT+ 0ATIN)S — 8710 (43)

where d; is the target shortfall in period ¢:

O = Pt — P
In the price-target equation (43),
DA-1A — ¢ c+w+ (0 —1Nwnp —(0 — Dwnp
o —(0 — 1)wny oc+w+ (0 —Dwny|’

which is not a diagonal matrix. It follows that the target price levels, py ¢ and p*F,t’ are
not separately determined. This is in contrast to the case where the zero bound never
binds, as we have seen in the previous section.

Figure 3 shows the optimal state-contingent paths of inflation, output gaps, and nom-
inal interest rates in the two countries. Figure 4 compares the paths of those variables
under optimal policy and under strict zero inflation targeting in the case where THy =T
fort =0,1,...,9 and 0 = 5. The optimal state-contingent paths of 7p;, 7 and ip; are
remarkably similar to those obtained for the closed-economy by Eggertsson and Woodford
(2003). When the shock hits the home country at date 0, the home inflation rate mg and
the home output gap xx become negative, but by committing to generate inflation after
the natural rate 7 turns back to normal, its impact is curbed to minimal. As Eggertsson
and Woodford (2003) emphasize, under optimal policy commitment, the home nominal
interest rate, i, typically is set to zero for a few periods after the home natural rate, T%’t,
returns to the steady-state level, 7. As Figure 4 shows, the deviations of 7y and g+ are
much smaller under optimal policy commitment than under strict zero inflation targeting.
Note that such stabilization is made possible by the coordinating monetary policy in the
foreign country unless o = 1. During periods where r};, = r, the foreign nominal interest
rate, i, must be set lower (higher) than the steady state level when o <1 (o > 1). It
is true that such policy coordination generates (small) inflation/deflation in the foreign
country, the output gaps in the foreign country are made much smaller than under zero

inflation targeting.

7 Liquidity trap and the exchange rate

In this section, we discuss the optimal state-contingent paths of the nominal exchange

rate. We are particularly interested in examining the extent to which Svensson’s (2001,
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2003, 2004) proposal that emphasizes currency depreciation to “escape optimally from a
liquidity trap” holds true in our setting.

First-order condition (16) for utility maximization implies that the nominal exchange
rate, &, must satisfy

g, = " P Vi

nr Ppy Yig
Note that & is the price of the foreign currency quoted in the home currency.

To determine dynamic paths of the nominal exchange rate, it is not enough to specify
the stochastic process of the natural rates of interest, Tt and Ty We need to identify the
process of the (growth rates of the) natural rates of output, Yy, and Yg,. By definition

of the natural rates of interest, (37), we obtain

1 i YHnt+1 (1=o)ng—1 Y}?H_l (1—o)np]
L — _ At _ ot
B+ry,) ( Y, ) ( Y2, )

| Ve \ O (V)
- - Et T+l Z LAl
B +75,) < Yire ) ( Vi, >

Log-linearization of these equations yields

—I[B(1+ 7)) = [(1 —o)ng — 1Egp i1 + (1 = 0)npEigp i
—In[B(1 + T??,t)] =(1- U)nHEtQIn{,tH +[(1—=o)nr — 1]Et91@,t+1

where g7, 1, j = H, I, are the growth rates of the natural rates of output in country j:
9ir =Y, /YY),  j=H,F

Since B(1 +r%,) =1, all ¢, we obtain

EtgﬂtJrl _ l (1—np+ongp)
Ergf i1 (1—o)ny

] In[B(1 + )]

This equation relates the natural rate of interest 7+ at date ¢ and the expected growth
rates of the natural rates of output in the next period, Etg?,t 11, J = H, F. Thus, given a
process of TH there are many processes of 9ii41,J =H, F, which are consistent of it. To
be specific, we assume that, given r%»t at date t, the growth rate of the natural rates of
output in the next period, g7, .1, j = H, F', are perfectly forecastable. That is, we assume

that g;ftﬂ, j=H,F,t>0, follow the process given by

[g?z,m] _ 1 [(1 —np+ong)
o (1—-0)ng

] In[A(1 + )]

n
IFt+1
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For normalization, we assume that £ 1 = 1 and 950 =0, for 7 = H,F. Note that the
value of g; ¢ is irrelevant for 7 ,, t > 0. We discuss the normalization regarding g7 later,
when we compare our result to Svensson’s proposal.

Let ¢, = In&;. Then our parametric assumptions imply that

€t = €1 + ln[ﬂ(l + r?—[,tfl)] + THt — W}k?,t + JZH,t — xH,tfl — («TF,t — xF,tfl)‘

Figure 5 draws the optimal state-contingent paths of the log nominal exchange rate, €.
The figure shows that, regardless of the value of o, the optimal nominal exchange rate of
the home currency appreciates during periods when e < 0. The optimal evolution of
the nominal exchange rate does not exhibit a depreciation as opposed to the proposal of
Svensson.

Where does the difference between our results and Svensson’s come from? His theoret-
ical analysis is given in Svensson (2004). His model is different from ours in several ways.
For instance, in his model, all prices are set one period in advance; the home country may
be small or large; in the large-country case, there may or may not be international policy
coordination. However, the difference in the results is not due to those differences in the
models considered. Instead, it owes to the difference in the normalization of gf; .

To illustrate it, following Svensson (2004), consider the case in which the home natural

rate of interest becomes negative only at date 0:
THo =T, rgy =7, fort>1.

This implies that the natural rate of home output, Yﬁ,m evolves as Yﬁ,o > Yﬁ1 = Y;_Z2 =
-+, or equivalently, 9pa <0 and 9 =0, for ¢ > 2. The process of THt does not pin
down 9?1,0- What we have assumed above is that 9%,0 =0, i.e., Yﬁ,q = Yﬁ,o- In contrast,

what Svensson (2004) assumes is that Y7, > Y} |, =Yj,, t > 1, and so,
9ho>0,  gp.1 <0,  gE,=0, fort>1

Thus, he considers the case in which rj, < 0 at date 0 because the home country ex-
periences an unusually high level of productivity. Figure 6 shows the processes of g7,
assumed here (panel a) and in Svensson (2004) (panel b).

Figure 7 plots the optimal paths of the nominal exchange rate, €;, (a) when 9o =10
and (b) when g, > 0, for the three values of 0. Case (a), corresponding to our results in
Figure 5, shows that the home currency appreciates during a liquidity trap. In contrast,
corresponding to Svensson (2004), case (b) shows depreciation of the home currency at
date 0. The home currency depreciates in case (b), because the home country produces

goods more than usually so that the relative price of home goods must fall.
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Note, however, that our difference lies only in the choice of 905 and hence, in €. It
follows that in the case where the shock lasts for more than one period, the evolution of
nominal exchange rates for ¢ > 1 would be independent of the assumption on 905 and
thus, the home currency would appreciate for ¢ > 1 even in the model of Svensson (2004).
Hence, our previous remark that the home currency appreciates as long as T%,t = r along
the optimal path holds true for ¢ > 1, regardless of the choice of 90

Finally, Figure 8 compares the optimal path of the nominal exchange rate and its path
under strict zero inflation targeting in the case where The =1 fort =0,1,...,9. The
nominal exchange rate under strict zero inflation targeting shows much larger appreciation
of the home currency than under optimal policy commitment. This is because, under our
parametric assumptions, strict zero inflation targeting leads to very large deflation as

shown in Figure 1.

8 Conclusions

We have analyzed optimal policy in an open economy. First, when the ZLB for nominal
interest rate is assumed never to bind, the optimal inflation targeting rule for each country
is exactly the same with the same parameter value as the one for the closed-economy
model (Woodford, 2003). Indeed, in such a case, each monetary authority can forget
about international dependence in setting its inflation target, in order to maximize the
world welfare. Second, this is not the case when the ZLB may bind. The optimal price-
level target rule shows significant international dependence. The optimal state-contingent
paths of inflation, output gaps, and nominal interest rates for the country in a liquidity
trap look very similar to those obtained for the closed-economy model by Eggertsson and
Woodford (2003). However, such paths are made possible by policy coordination by the
other country. Third, in spite of the proposal of Svensson (2001, 2003, 2004), the nominal
exchange rate of the country in a liquidity trap appreciates under optimal policy (except
possibly at the initial date).

We have restricted our attention to the case where the steady-state distortions due
to market power is (close to) zero. Benigno and Woodford (2004) have developed the
approach to deal with the case of a distorted steady state. Applying their approach to

open economies is left for future research.
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A Appendix

A.1 Proof of the proposition

Here, we prove the proposition in Section 2.3. Then the consumption indexes become

S O G O N O
ng ng ng nrg

Under the natural debt limit, the household’s utility maximization problem is reexpressed

by using the lifetime budget constraints:

o
Eo Y Qot(PusCuy+ PriCry) (44)
=0

<worm > Quf [ [0y + D) i+ 7.

t=0

and

Ey Z Qo,:& (P Clr i + PryChy) (45)
=0

oo

< EWs + Eo Y Qo { / [wy (3)¢; (i) + II; (3)] di + Tt*} .
=0 Nr

Let A and A* be the Lagrange multipliers associated with the lifetime budget con-

straint for the home household and for the foreign household, respectively. The first-order

conditions for utility maximization of the home household with respect to C;; are given

by

C ng(l—o)—1 C ng(l—o)
g <Ht> <Ft> = AQo,+Prt,

ng ng
C nH(l—U) C nF(l—o)—l
o () () = \QuPr

Analogous conditions hold for the foreign household. Those conditions imply that

*
PuCry  PuiChy  ny

= = 2 46
PryCry  PpiChy  nr (46)
1
Cur _ Crt _ <A> ” (47)
Che  Cpy A*

The net revenue of the home government at date ¢ is
Py Yps —ng {Tt + / [we ()0 (1) 4 T (3) ] di} ;
Ny
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where Y = ngChy +npCry. Since Wy equals the initial liabilities of the home govern-

ment, the lifetime budget constraint for the home government implies that

o
naWo =Eo» Qo
=0 .

Py Yhs —ny {Tt + /NH [wi ()0 (7) + Ty (i)] dl}] . (48)

Similarly, the lifetime budget constraint for the foreign government is given by

0o _

nr&Wi = Ep Z Qo& | PriYry —nr {Tt* + / [’wf(z)ﬁ,’f(z) + H}f(z)] dz}] . (49)
t=0 . Nrp

Note that the lifetime budget constraint for each household holds with equality in equi-

librium. Then, combining the governments’ and households’ lifetime budget constraints,

we obtain the equilibrium condition:

oo
Eo Y Qou(nuPriCry — npPuyChyy) = 0. (50)
=0

Using (46)-(47), this equation is rewritten as

1
A\ @ >
{1 — <)\*) } Ey ; Qo,tPrCuy = 0.

Thus, A = A* in equilibrium, and
Cy _ Chy _ Cry
Gt Chy Chy

=1.

A.2 Steady-state equilibrium

It is convenient to define the “real marginal cost” of producing good 7 € N; in country
jE€{H,F} as

S[oi) Vs, Vi) = —tR&l 2 (D (1)
[ 0. Vi, Vi) = ot 8L L wil0) (52)

ur(Yus, Yre) — Af Pp,

Consider a non-stochastic steady state with zero inflation: & = & = 0, and
p(i) = Ppy = Pg, 1€ Npm,  pi(i)=Pp,=Pp, i€ Np, & =¢.

In such a steady state, aggregate output levels, Yz and Y, are determined by
Yo - Yr -
5<H,YH;O) =1-®, and s* (F,YF;O) =1- "
ny ng
Output of individual products are
. YH YF

yt(z) —, 1€ Ny, and y:(z):77 i € Np.
nH ng
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A.3 Derivation of the aggregate supply relations (21)-(22)
The natural rates of output are then implicitly defined by the conditions:
S[YH’""t/nH,YI’},t,Y}L’t;&} =1-9, s* [Yﬁt/nF,YHni,Yﬁt;{ﬂ =1- "

Let a hat over a variable denote the log-deviation from its steady-state value. Then,

log-linearization of those equations yields

& = [(1 —o)ng — (1 + w)]?f}t +(1- a)np?ﬁt,
& =010-omuYh,+[1-o)nr—(1+w)]|YE,.

Using these, log-linearization of the real marginal cost function (51) leads to

3:(1) = wie (i) + [L = (1 — o) | Ve — (1 — o)npYry (53)
+[(1=o)ng — (L+w)] Vi, + (1 — o)npV,

Let s; denote the date-t average of the real marginal cost in the home country. Then
§=[1+w—Q—o)ny](Vue—Yi,) — 1 —o)np(Vey — Vi) (54)

Remember that z; is the new price chosen by all home producers that revise their

prices at date t. Let y; 7 be the date-T" supply of goods whose prices equal z:

and define s; v = s(ye. 1, Yur, Yer; é7).

Then the log-linearization of the profit-maximizing condition (20) becomes

EY (o) '[(Inz —InPyg) — 47] = 0. (55)
T=t

Note that .
Inzg —InPyr=(Inz, —InPyy) — Z TH,
T=t+1
The home-good price index, P, evolves as
P;I;te = aP}L_tZ +(1— a)ztl_e,

so that, to a first-order approximation,

Inz —In Py =

TH.¢-
l—a ™7
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It follows that equation (55) reduces to

00 T
_ « A
E» (aB)” t{l — THt > TH - St,T} =0. (56)
T=t T=t+1

From (53)-(54), it follows that

Ser = ér +w(fer — Yir)
=S7 —wl(lnz, —In Py )

T
. a

=57 —wb THt — § THr | »
l—«

T=t+1

where we have used the demand function (8) in the second line. Then (56) is rewritten as

s T
EtZ(a/B)T_t{MWH1t_§T_(1+w0) Z TrH,T} =0
T=t

l-a r=t+1
Solving this equation for 7, we obtain

l—al—-ap
= S E .
THt @ 1xw0 + BETH 141

Finally, using (54), we obtain
l—al—-ap
a 14w
+ BE T 141,

Ty = {[(1+w) = (0= onu) Ve = Vi) = (L= o)nr (Vee = Vi) }

which is equation (21) in the text. The aggregate-supply relation (22) for the foreign

country is derived in the similar fashion.

A.4 Derivation of second-order approximations (29)-(31)

We follow the procedure described in Benigno and Woodford (2004). The home-goods

price level, Py, evolves as
1-6 1-6 1-6
Py = (I1—a)z; " + aPy "y,

where z; is the newly chosen price at date t. We can rewrite this as

0(14+w)

% —0(1+w) B 1— QH%_,tl 6—1
PHﬂg B 11—« ’
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where II7 s = Py t/Prt—1. It follows that the evolution of A, defined in (27), is written

as

0(1+w)

1—all% ) o1
Aﬂﬁzu—a)<H¢> + oIl ™ Ap s

A second-order approximation of this equation is given as

. N 1 «o —
Ay = alpia+ 57001 +w)(L+wh)rr, + O(IE]°),

and a similar expression holds for Ag;. These expressions are used to obtain (30)-(31).
A quadratic approximation of u(Yg ¢, Yr+) in terms of the log-deviations Yﬁ, j=HF,
is given by
. . 1 _ _ .
w(Ya, Yre) = unYuYu: +urYrYr + §(YHUH + YI:QIUHH)YI?I,t (57)
%)

_ _ A oA 1, - ~ - . —_
+ UHFYHYFYH,tYF,t + §(YFUF + YFQUFF)Y]%t + t.1.p. + O(H:’

A quadratic approximation of ngv(Ye+/nm; &) Am s is

Yhu o Ay | ¢ I+weo -
= Ay = 0,Y] : Y; —Y Y, 58
nyv < - 7€t> Ht = UyYy { o PYret — Vi, + H 6t (58)

+ t.ip. + O(||Z|]?)

Also,

~

YEt o — Apy o 1+wa .
npv < - ;§t> Apy =0,V { Tot Yr: + 5 Y2, + Vi (59)

+ t.ip. + O(||E|*)
Then, using the fact that

Uy = (1 — ®)up, v, = (1 - ®")up,

Y; Y2
“FF:ni’ M:(l_g)nH_L
ugYy —ng upYh
UHFYHYF UFFYF2
ug Yy (1 =o)nr, upYp (1 =onr =1,

we can combine (57)-(59) to obtain (29).
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A.5 Noncooperation

In the main text we have assumed that there is no (or small) distortion at the non-
stochastic steady state, & = ®* = 0, and analyzed the case in which the two countries
coordinate so as to maximize the world welfare. Remember that our linear-quadratic
approach is based on this assumption of zero (or small) distortions at the steady state,
which is introduced to deal with the linear terms in (29). As is pointed out by Benigno
and Benigno (2003), when we consider the noncooperative case, however, the linear terms
do not vanish under our assumptions on ® and ¢*.

To see this, suppose that the monetary authority in each country seeks to maximize
the lifetime utility of its representative household. The home household’s lifetime utility

is given by

> Y,
Uo = Ep Zﬂt{u(YH,u Yri) —v < ni;;&) AH,t}
=0

A second-order approximation of the flow utility is

Yu
u(Ya e, Yri) — v < n; ; ft> Apgy
ag Yy N 1—o)n? - IS N 1—o)ni -
= TLH{nHYH’t + (2)HY13—¢ + nH’I’LF(l — U)YF,tYH,t + nFYF,t + 5 ) FYI%t

1+ w

: A : A
(- Wi (1 )L - (- T - (- )

14w

Thus, the linear term, (n — (1—®))Yp., does not vanish unless ® = 1—ny. Similarly, the
linear term in the corresponding quadratic measure of the welfare of the foreign household
does not go away unless ®* =1 — np.

The existence of such linear terms would make our simple approach invalid. Such
linear terms would give an incentive to each domestic monetary authority to generate
unexpected deflation when ® = ®* = (0. There is a simple intuition for this result.
Suppose that & = ®* = 0. Then at the non-stochastic steady state the average utility
flow across the two countries is maximized:

o v v
(Yy,Yp) = argmax u(Yyg, Yr) — ngov <H;0> — npv (F; )
Yu,Yr ny ng

Thus, vy = uy and vy, = up. The home household’s flow utility at the steady state,

however, is given by

_ - Y,
U(YH,YF) - v <H;0> ,

nH

31



which decreases with Yz, since @iy — Uy/nug < 0. Thus, from the noncooperative perspec-
tive, the efficient level of output is too large. This is because one unit of decrease in the
world supply of Yy reduces only ny < 1 unit of its consumption in the home country. A
similar argument holds for Yz, and this is where an incentive to generate deflation arises.

Benigno and Woodford (2004) have shown how to extend the linear-quadratic ap-
proach to the case in which such linear terms remain in the quadratic approximate welfare

measure. Applying their approach to the open-economy model is left for future research.
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(2) Home—good inflation 11, (%)
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Figure 1: State-contingent paths of 7 ¢, ¢, and xF; under strict zero inflation targeting
when g = 0.25. In each panel, the solid line corresponds to ¢ = 0.5, the dashed line to
o =1, and the dashdot line to o = 5.
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(a) Home~—good inflation 11, (%)
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Figure 2: State-contingent paths of 7 ¢, ¢, and xf; under strict zero inflation targeting
when p = 0.1. In each panel, the solid line corresponds to ¢ = 0.5, the dashed line to

o =1, and the dashdot line to o = 5.
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(a) Home~—good inflation 11, (%)
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Figure 3: Optimal state-contingent paths of 7g ¢, 7%, THyt, TF¢, tH, and ipy. In each

panel, the solid line corresponds to ¢ = 0.5, the dashed line to ¢ = 1, and the dashdot

line to o = 5.
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(d) Foreign output gap X (%)
0.3 T T T

Figure 3 (continued): Optimal state-contingent paths of mr s, 75y, THt, TFt, iHy, and
it In each panel, the solid line corresponds to o = 0.5, the dashed line to o = 1, and

the dashdot line to o = 5.
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(a) Home~—good inflation 11, (%)
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Figure 4: The paths of 7y ¢, 7y, THt, TRy, iH,¢, and i gy under optimal policy commitment

(solid lines) and under strict zero inflation targeting (dashed line) in the case where 77,

is negative for t =0,1,...,9 and o = 5.
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Figure 4 (continued): The paths of g ¢, 7%, TH4t, TFt, 1, and ip; under optimal policy

commitment (solid lines) and under strict zero inflation targeting (dashed line) in the case

(d) Foreign output gap X (%)
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where 7"%715 is negative for t =0,1,...,9 and o = 5.
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Figure 5: Optimal state-contingent paths of the (log) nominal exchange rate ¢, for o = 0.5
(solid line), o = 1 (dashed line), and o = 5 (dashdot line).
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Figure 6: The paths of Jp 0 the case where the natural rate of interest evolves deter-
ministically as rj , = r and rj, = 7 for ¢t > 1. Panel (a) is the case in which 9fo =0 and
panel (b) is the case in which 9?[,0 > (0. The solid lines, dashed lines, and dashdot lines

correspond to 0 = 0.5, ¢ = 1, and o = 5, respectively.
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Figure 7: The optimal evolution of the (log) nominal exchange rate, €, when 7%, = r
and rf, =7 for ¢ > 1. Panel (a) is the case in which gf; ; = 0 and panel (b) is the case
in which 9?1,0 > 0. The solid lines, dashed lines, and dashdot lines correspond to o = 0.5,

o =1, and o = 5, respectively.
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Figure 8: The paths of ¢ under optimal policy commitment (solid lines) and under strict

zero inflation targeting (dashed line) in the case where rgy=rfort=0,1,...,9.
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