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Abstract

This paper studies the consequences of a lack of common knowl-
edge in the transmission of monetary policy by integrating the Wood-
ford (2003a) imperfect common knowledge model with Taylor-Calvo
staggered price-setting models. The average price set by monopolis-
tically competitive firms depends on their higher-order expectations
about not only the current state of the economy but also about the
states in the future periods in which prices are to be fixed. This inte-
grated model provides a plausible explanation for the observed effects
of monetary policy: it shows analytically how price adjustments are
delayed and how the response of output to monetary disturbances is
amplified.
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1 Introduction

Modern macroeconomic theory provides two main explanations for why mon-
etary policy has real effects in the short run: imperfect information about
the policy shocks and short-run rigidity in price or wage adjustment. The
imperfect information approach was originally developed by Phelps (1970)
and Lucas (1972) in the era in which the traditional output-inflation relation-
ship collapsed. Their arguments, however, were criticized for their practical
irrelevance: the Phelps-Lucas models imply that the real effects of monetary
policy only last while the precise public information about aggregate dis-
turbances is unavailable, which seems to contradict the observed persistence
of business fluctuations despite the availability of macroeconomic data with
little delay. To analyze the persistent real effects of monetary policy, many
current monetary models of business fluctuations assume short-run rigidity in
price or wage adjustment, typically by incorporating staggered price setting
as in Taylor (1980) or Calvo (1983).

Recently, some authors have reconsidered the imperfect information ap-
proach. Mankiw and Reis (2002) consider sticky information rather than
sticky prices, which means some price setters cannot choose their prices
based on current information. Woodford (2003a) considers imperfect com-
mon knowledge about nominal disturbances in an environment among mo-
nopolistically competitive suppliers. These models can generate persistent
real effects of monetary policy. Moreover, they can also explain the observed
delay in the monetary policy effect on inflation, which implies they overcome
a major problem faced by the Taylor-Calvo staggered price-setting models.

These imperfect-information models, however, still leave the original prob-
lem in the Phelps-Lucas models unsolved. The source of persistence of the
real effects of monetary policy in the Mankiw-Reis model is the outdated
information that influences current price setting. In their model, there are
always some suppliers who set their prices based on very old information
because the probability of obtaining new information in each period is con-
stant and identical for all suppliers however recent their last updates. In

the Woodford model, suppliers choose their prices solely on the basis of the



history of their subjective observations that contain idiosyncratic perception
errors. They never obtain, nor pay attention to, precise information about
aggregate demand and even about the actual quantities they sold at their
chosen prices. In both models, there would be no persistent real effects of
monetary policy if the true state of the economy were revealed to all suppli-
ers with a delay of only one period. These models do not explain why price
setters fail to use widely and readily available macroeconomic data.!

In this paper, we develop a model that integrates Woodford’s imperfect
common knowledge model with Taylor-Calvo staggered price-setting models
in order to overcome the problems in each of them and explain plausibly the
observed effects of monetary policy. The model is based on the standard
monopolistic competition framework as in Blanchard and Kiyotaki (1987).
Following Woodford, we assume that price setters can only observe the state
of the economy through noisy private signals. Their optimal pricing strategy
depends not only on their own estimates of the aggregate demand but also on
their expectations of the average estimates by other price setters. In such an
environment, the overall price level is determined by a weighted sum of price
setters’ “higher-order expectations,” that is, what others expect about what
others expect ... about aggregate demand.? Meanwhile, we drop Woodford’s
unrealistic assumption by assuming that the true state of the economy is
revealed to all price setters with a delay of one period. Given staggered price
setting, however, the model can generate persistent real effects of monetary
policy. The average price chosen in each period depends on higher-order ex-
pectations about not only the current state of the economy but also about the
states in the future periods in which prices are to be fixed. For simplicity, we
assume that half of the price setters in the economy set their prices fixed until

the next period, namely two-period staggered price setting. Our model of

'Some recent studies attempt to explain how agents rationally choose to be inatten-
tive under informational constraints: Sims (2003) considers limited capacity for processing
information, while Reis (2006) considers costs of acquiring, absorbing, and processing in-
formation and provides a micro-foundation to the assumption of Mankiw and Reis (2002).

2Keynes (1936) described the role of higher-order expectations in an asset-pricing con-
text by introducing the famous metaphor of financial markets as “beauty contests.” Re-
cently, higher-order beliefs have been extensively studied in the theoretical literature on
“global games” (Morris and Shin, 2003) and applied to various fields.



imperfect common knowledge, however, can be integrated with more general
price setting that allows for multiple-period staggered price setting® including
the one analogized with Calvo-type price setting.* Despite the complexity
in those dynamic and staggered higher-order expectations, the model can be
solved analytically by virtue of the assumption that the true current state
becomes common knowledge in the subsequent period.

The main results of the model are as follows. The noisier are the private
signals, the more sluggish is the initial response of prices to a monetary dis-
turbance. The response that operates through dynamic and staggered higher-
order expectations is, in many cases, more sluggish than the one that oper-
ates through static and simultaneous higher-order expectations under flexible
prices. Following this initial response, price adjustments are delayed and in-
flation may peak later than in the corresponding full-information staggered
price-setting model. The response of output is amplified by the lack of com-
mon knowledge and continues to exceed the response in the full-information
model. Even a small amount of noise in the private signals may significantly
delay the adjustment of prices and amplify the response of output. The
model nests the full-information staggered price-setting model as one limit
case. As another limit case, it also nests the predetermined-prices model, in
which all firms either have no information about the current aggregate dis-
turbances or are simply assumed to set their prices one period in advance.’
The case of imperfect common knowledge is between these two limit cases,
and explains endogenously how price adjustments are delayed.

We extend the above baseline model by introducing a noisy public signal
in addition to the private signals and study the consequences of a more gen-
eral information structure following Hellwig (2002) and Amato and Shin (2003).

These authors emphasize the separation of information into public and pri-

3Fukunaga (2006) provides some extensions to multiple-period staggered price setting.

4Calvo-type price setting corresponds to random-period staggered price setting given
a constant probability with which price setters can change their prices in each period.
As pointed out by Guerrieri (2006), allowing for a distribution of price durations makes
fixed-period staggered price setting closer to Calvo-type price setting.

°The latter limit case is analyzed in Section 3.1 of Chapter 3 in Woodford (2003b) to
demonstrate a simple and direct way of generating delayed effects of nominal disturbances
on inflation.



vate signals and criticize the Woodford model for focusing only on private
signals and for lacking considerations of problems involving informational in-
teraction between decision makers. As they argue, in an economy in which
decision makers’ information sets are heterogeneous, public information has
disproportionately large effects on their decisions. Whereas Amato and Shin
assume that price setters never obtain precise information as in the Wood-
ford model, we retain the assumption that the true state of the economy is
revealed to all price setters with a delay of one period. The public signal in
our extended model, then, may represent preliminary data that is to be re-
vised or noisy information promptly provided by the media, the government,
and so on. When it is interpreted as a communication tool of the monetary
authority, the model has interesting implications for the conduct of monetary
policy involving, for example, transparency.

We first show that provision of the public signal alleviates the effects of
monetary disturbances. The noisier is the public signal, as are the private
signals, the more sluggish is the initial response of prices. Compared with
the baseline model without the public signal, which corresponds to the case
with an infinite amount of noise in the public signal, the initial response of
prices is less sluggish and the response of output is less amplified. Meanwhile,
the provision of the public signal exposes firms to an additional aggregate
disturbance, namely noise in the public signal itself. For example, a nega-
tive informational disturbance, that is, downwardly biased information about
current aggregate demand, generates delayed inflation and positive response
of output as does a positive monetary disturbance. Unlike the responses to
monetary disturbances, the responses to informational disturbances do not
have a monotonic relationship with the amount of noise in the public signal.
A small improvement in the precision (i.e., reduction in the amount of noise)
of the public signal may amplify, rather than reduce, the responses to infor-
mational disturbances and increase output volatility. This happens because
improving precision of the public signal does not only reduce the size of infor-
mational disturbances but also makes firms rely heavily on the public signal,
and therefore, indirectly generates high responsiveness to informational dis-

turbances. This mechanism corresponds to the one proposed by Morris and



Shin (2002) who show that improving precision of public information could
lower welfare in their model. We examine the total effect of the improving
precision on the responses to both monetary and informational disturbances
and find that the possibility of increasing output volatility is small in our
model.

Recent studies on imperfect common knowledge have obtained important
results for the analysis of monetary policy and social welfare. Adam (2007)
determines the optimal monetary policy in an economy with idiosyncratic in-
formation errors about real demand and supply shocks. Amato and Shin (2003)
consider a targeting rule in an economy in which firms can access both pub-
lic and private signals about the natural rate of interest. The debate on
the precision of public information, or the central-bank transparency, has
received much attention since Svensson (2006) claimed that the model of
Morris and Shin (2002) actually implied pro-transparency, that is, improv-
ing precision of public information does not, as they argued, lower welfare.
Hellwig (2005) extends the Hellwig (2002) model of nominal adjustment and
finds welfare-improving effects of public information in the form of reduced
price dispersion. Angeletos and Pavan (2005) provides a general analyti-
cal framework that relates the inefficiency of business cycles to the social
value of information. These studies, however, are typically based on static
models, or assume an unrealistic lack of awareness or attentiveness as does
Woodford (2003a).

Meanwhile, the attempt to integrate imperfect common knowledge with
staggered price setting has never been made until very recently.” Nimark (2005)
considers firms’ private information about their own marginal costs that in-

cludes an idiosyncratic component, and derives a Phillips curve based on

6In response to Svensson’s claim, Morris, Shin, and Tong (2006) and Morris and Shin
(2005) develop their arguments, emphasizing the endogenous nature of the precision of
public information.

"It has been argued, however, that imperfect information and nominal rigidities are
closely related to each other as plausible explanations for the real effects of monetary policy.
Ball and Cecchetti (1988) develop a model in which monopolistically competitive firms
gain information by observing the prices set by others and then the staggered price setting
arises endogenously as the equilibrium outcome under certain conditions. Kiley (2000)
develops a model that has costs of nominal price adjustment as well as costs of acquiring
information in order to estimate the degree of price stickiness.



Calvo-type price setting. Morris and Shin (2006) consider higher-order ex-
pectations iterated in a forward-looking manner, which can be applied to the
purely forward-looking New Keynesian Philips curve based on Calvo-type
price setting. These approaches, however, are not sufficiently tractable for
obtaining various analytical results.

The remainder of the paper is organized as follows. Section 2 describes
the baseline model and presents the main results on the effects of mone-
tary disturbances. Section 3 extends the baseline model by introducing a
noisy public signal, in addition to private signals, and examines the effects
of informational disturbances as well as monetary disturbances. Section 4

concludes.

2 The Baseline Model

In this section, we incorporate a lack of common knowledge into a simple
two-period staggered price-setting model and then analytically examine the

effects of monetary disturbances.

2.1 Set-up

Consider an economy in which a continuum of monopolistically competitive
firms indexed by ¢ € [0, 1] produce individual-specific goods and set their
own prices. Goods are perishable and capital is not required as a factor of
production. Following Woodford (2003a) and Mankiw and Reis (2002), we

begin with the static optimal price-setting condition of firm .%
pi(i) =E/p+EEjy, 0<&<1 (1)

All variables are expressed in terms of log deviations from the full-information
symmetric equilibrium. pj(7) is firm ¢’s desired price in period ¢ and would
be the actual price if firms could set their prices flexibly. p; is the overall

price index and y, is the output gap. The parameter £ is assumed to be less

8This condition can be derived from a standard monopolistic competition model such
as Blanchard and Kiyotaki (1987). Woodford (2003a) provides a simple explanation of
the background of equation (1).



than unity so that firms’ price-setting decisions are strategic complements.
The higher the elasticity of substitution among the differentiated goods or
the lower the elasticity of marginal cost with respect to output, the smaller
is ¢ and the greater is the degree of strategic complementarity.

Firms cannot precisely observe aggregate variables such as p; and ¥, in the
current period, t. Moreover, their information sets are heterogeneous, which
is the main feature of our model. Accordingly, the expectations operator
conditional on #’s information set at period ¢, EY, is applied to p; and y; in
the above equation. The details of the private information set and the signal
extraction problem are explained in the next subsection.

Next, we introduce the two-period staggered price setting as in Taylor
(1980). In period t, half of the firms in the economy set their prices for the
current period, ¢, and the next period, ¢t + 1. Since they must set the same
price for both periods, prices are not just pre-determined but fixed. The

price chosen by firm i that sets its price in ¢ is given by”

(p; (1) + Ei p;tkﬂ(i)) (2)

(Etz Dt + fEZ Yt + Etipt+1 + fEZ Yer1)-

(i) =

N — DN —

In period t + 1, the remaining half of the firms set their prices for periods
t+ 1 and t + 2. In period t + 2, the firms that set their prices in period ¢
then re-set their prices for periods ¢t + 2 and t + 3, and so on. The overall

price index is given by

1
Pe=5 (¢ + 24-1), (3)
where x; is the average price chosen by the firms that set their prices in t,
that is, o, = 2 [\ 2,(i) di when t = ---,=2,0,2,---, and @, = 2 [ x,(i) di
whent=---,—1,1,---.

We specify the demand side of the economy by introducing an exogenous

stochastic process for aggregate nominal spending as follows.

9For simplicity, we assume that the discount rate applied to the firm’s profits in the
next period is negligible.



me —my—1 = p(my_1 —my_2) + 06, €~ N(0,1) (4)
where

my =Py + Yy (5)

and ¢; is Gaussian white noise. One may interpret m; as “money” that house-
holds must hold for their spending. Following Mankiw and Reis (2002), we
treat the above process as a plausible stochastic process for representing the
actual money supply (M2) in the U.S.'% Alternatively, m; can be interpreted
more broadly as a generic variable affecting aggregate demand. This simple
specification for aggregate demand, however it is interpreted, allows us to
concentrate on examining the consequences of alternative specifications for

price-setting behavior.

2.2 Signal Extraction

Here we specify firms’ information sets. As in Lucas (1972) and Woodford
(2003a), each individual firm estimates the current state of the economy by
using their private information. In period ¢, firm ¢ has access to a noisy
private signal about current aggregate demand, m,, which is represented as

follows.
2(1) = my + oy u(7),  u(i) ~ N(0, 1) (6)

where u(7) is Gaussian white noise, which is distributed independently of
both ¢, and w;(j) for all j # i.

Unlike Woodford, we assume that the true value of m; becomes common
knowledge among all firms with a delay of only one period, in period ¢ + 1.
Therefore, the information set of firm ¢ comprises the private signal, z; (), and
the history of realized aggregate nominal spending, {m;_s}2°,. The result of

firms’ signal extraction for estimating m, is given by

10Woodford (2003a) specifies almost the same stochastic process as (4), except that he
adds a drift term that represents the long-run average growth rate of aggregate nominal
spending.



Eim, = E[my | z(i), m_1, mi_o,...]

= bz(i) + (1 = b) {mu—1 + p(me—1 — my_2)} (7)

where

0_2

0%+ o2

b

represents firms’ reliance on their private signals. Given the variance of ag-
gregate nominal spending, this reliance is greater, the higher is the precision

of the signals (the smaller is oy,).

2.3 Higher-Order Expectations

Unlike the Lucas model, our model considers an environment among mo-
nopolistically competitive firms whose pricing strategies depend on the other
firms’ strategies. The prices chosen by the firms depend not only on their
own estimates of current aggregate demand but also on their expectations of
the average estimate among the other firms, their expectations of the average
estimate of that average estimate, and so on.

Averaging (7) over i, we have

E;mg = bmy+ (1 =0) {my—1 +p(my—y —my_2)}
= bUEt -+ {mt,l + 1% (mt,l — mt,g)}, (8)

where F, is the average expectations operator. The second line implies that
the average estimate is not equal to the true value of m; defined by (4) despite
the assumption that the mean of the private signals is equal to the true value.
The average estimate is closer to the true value when the private signals are
more precise and reliable. When o, = 0, all firms can access homogeneous
precise signals and the average expectations operator no longer needs to be
defined.

The average expectations operator, defined for heterogeneous information

sets, does not satisfy the law of iterative expectations. Firm ’s expectation

10



of the average estimate (8) can be calculated as follows.

E;[Ermy] = b[bz(i) + (1 —=0b) {m_1+ p(mi—1 —my_a)}]
+(1 =b) {my—1 + p(m4—1 — my_2)}

Averaging again over i, we have

Et [Et mt] = bQ my + (1 — b2) {mt,l + P (mt,l - mt,g)}
= Voe+{mer+p(mes —ms)},

which differs from (8). Therefore, we need to define the j-th order average

expectations as follows.

EEO) my = my

)

B m, = BB

my |

The higher-order average expectations can be calculated as

EZ [Eij) mt] = biJrl Zt(i) -+ (1 — ijrl) {mt,l -+ p(mt,l — mt,g)}

Eij“) my = UV my 4+ (1= {dmey + p(me_y —my_)}

= VM oe+{mey+p(mi —mio)}. 9)

Since b is less than 1, the infinite-order average expectation converges to
the expectations that are conditional only on common knowledge about the

history of realized aggregate nominal spending.

2.4 Solving the Model

We seek to find a rational expectations equilibrium, which is defined as a set
of { ps, y; } that satisfies the model equations (1), (2), (3), and (5) given the
exogenous process for aggregate nominal spending (4) and the information
structure described in the preceding subsections. The key endogenous vari-

able in the model is the re-set price, z;. Combining equations (1) through

11



(5) yields

(i) = s (Eip+EEiy+ Eip + B yiin)

= 5{5Etimt+(1 — & E/pi+ B myp + (1= &) Eypria }

1 4 4 . 1—¢ .
= 5{5E§mt+§Eth+1+(1—§)E23?t+T£EZIIJt+1+

— N

=<

9 fthl}

= %{§(2+p)E§mt_§pmt—l

) 1— . 1—

l‘t—l}‘

The price chosen by firm ¢ that sets its price in period ¢ depends on its
estimate of current aggregate demand, m;, its estimate of the average price
among the firms that set their prices in the same period, z;, and its estimate
of the future average price chosen by the other group of firms, x;,;. The
price also depends on the past realized value of aggregate nominal spending,
my;_1, and the past average price chosen by the other group of firms, x;_1,
which are known in period ¢ and therefore the expectations operators need
not be added to these terms.

Averaging z;(7) over the group of firms that set their prices in ¢, we have

1 _
Ty = 5{5(2+P)Etmt—50mt—1+
_ 1—¢— 1—
(1 — f) Et Tt + Tf Et T41 + Tf l‘t—l}a (10)

where the average expectations operator is defined as F,(-) = 2 f00'5 Ei(-)di
whent =---,-2,0,2,---, and E,(-) = 2f01'5E§'(-)di whent=---,—1,1,---.

Apart from the average expectations operator, the above equation can be
regarded as a second-order difference equation for x;, similar to the ordinary
two-period staggered price-setting model with full homogenous information
sets. We suppose that all firms in both groups believe that the solution of

the difference equation takes the following form.

Ty = )\l'tfl +Cl my_1 +02mt72+0306t, (11)

12



where A\, C'1, Cs, and (5 are undetermined coefficients. By substituting this

solution form into (10), we eliminate the term of x;,.

Ty = %{5(2+p)Etmt_€pmt1+(1_§)Etxt

1—¢, — _ 1-
+T§ ANEix + Cy Eymy + Comy_q) +

Ti1}
= LH2E@ 4 )+ (1~ O} Bume +{(1 ) Co — 28 p} e

+24+N A= Err+ (1 — &) mpq]

Note that Ele; (= E;eq) = 0 for all i. Then, iterative substitutions for

x; yield higher-order expectations about m.

Y 2§<2+p>+<1—§>01i{@ﬂ)(l—s)}j‘lp@mt

4 4

(1—5)02—2£pm N 1-¢
A—2+N0N01—=8 "TTTa—2+N0-¢

Ty (12)

This implies that firms consider the weighted sum of higher-order expec-
tations up to the infinite order when choosing their prices. Using (9) to

substitute for Eij) my, we obtain

T 6{25(2+p)+(1—§)01}0€

! 4— 24N 1 -6)0b !
26124 p)+(1—-6)Cy
4—(2+N)(1-¢)
(1—5)02—2€,om N 1-¢
A—2+N01-8 TTTa—2+N0-¢

{mi_1 + p(my—1 —my_o)}

Ti—1-

By matching this with the solution form (11), the values of the undetermined
coefficients, which provide a unique stable solution of the difference equation

for x;, are identified as follows.

- VE
1++€

13



2vE | 2pVEQH VESFPVE)
L+vE I+ VO L+ VE-p(1=VO}
o, = __ 20VEHVEFPVE)
I+vVO I+ VE-p(1-VO}

O — 2VE(L+ VO L+ VE+pVED

O VE - VA 0B-2VE-¢))

The set of equilibrium paths { p;, y; } can be calculated as

Ch

1
Pt = 3 Az +Crmy_g +Comy_g+ Cs0 ¢
X290 + Crmy_g + Comy_s+ Cs0€_1)

N % — Ci+ O,y —2(1 +p) Cs _
—l—% mMy_3 + %aet (13)
Y = Ay—1+ (1+p—)\— %) my_1 — (p—l— G116, —2(1+p)03) My_o
_GtpGs +2p Cs my_s + (1 — %) o € (14)

2.5 Impulse Responses

From the solution of the model obtained in the previous subsection, we exam-

ine the impulse responses of inflation and output to a monetary disturbance.

We compare the responses in our model with those in the full-information

two-period staggered price-setting model to study the consequences of a lack

of common knowledge. Our model nests as a limit case the full-information

two-period staggered price-setting model in which all firms can access homo-

geneous precise information about the realization of the current aggregate

disturbances, o, = 0, so that b = 1. The other limit case, o, = oo, so that

b = 0, implies that all firms have no information about the current aggregate

disturbances or are simply assumed to set their prices one period in advance.

The case of imperfect common knowledge is between these two limit cases,

and explains endogenously how price adjustments are delayed.

The impulse responses of the price level and output to a unit positive

innovation in €y are calculated as a set of equilibrium paths { p;, 7, } with

14



co=1,¢ =0forallt #0, p.1 =y 1 =m_1 =m_s =m_3 =0, and
lim; ooy = 0 in (13) and (14). The main analytical results are summarized

in the following proposition.

Proposition 1. i) The impulse response of inflation is initially decreas-

g and later increasing in the amount of noise in firms’ private signals, o
) U

1.€.,
o(ps — Pi_
M < 0, t=0,1.
do,
o(ps — Pi—
O =prr) 0, t>2.
OJoy,

ii) The impulse response of output is increasing in o, i.e.,

Oy
>0, t>0.
doy, -

Proof. i) Taking the partial derivative of (p; — p;_1) with respect to o,

sequentially, we have

Opo o 90y Ob

OJoy, 5%&%

Ve + VY L+ VE+pVEouo’
(4 VE=p (L= VE} {40+ (L + VEP o7

Obr —h0) _ | o

doy, doy,
d(p2 — p1) 2y Do
b Y S Zro
doy, ( A) OJoy,
O(Pe — Pr-1) O(Pe—1 — Pi—2)
A A .V A— B o N > 3.
90, A 0. , t>3

ii) Taking the partial derivative of ¢; with respect to o, sequentially, we have

8@0 o 803 ob

do, 2 0b Odo,
8VE(+VE (1+VE+pVE) a,o?
(4 VE=p(L= VO {ao7 + (1 + VEP o7

15



O Yo
= (14X
doy, (1+A) doy,
Y 01
= A t>2. 1
0o, oo, =

The noisier are the private signals, the more sluggish is the initial response
of prices. Accordingly, price adjustments are delayed and inflation may peak
later than in the full-information staggered price-setting model. The response
of output is amplified by the lack of common knowledge in period 0 and
continues to exceed the response in the full-information model even after
precise information about the disturbances becomes common knowledge in
period 1. The responses in the imperfect-common-knowledge models are
persistent in a sense that their half lives may be longer than those in the
full-information model while their total lives are the same.!!

Given the variance of the aggregate nominal spending, the amount of
noise in the private signals, o, corresponds to firms’ reliance on their signals,
b, one-to-one. Therefore, the above results can be applied to b instead of
0y: the more reliable are the private signals, the less sluggish is the initial
response of prices, that is, dpy/0b > 0. Moreover, it can be shown that the
extent to which a change in the reliance affects the sluggishness in the initial
response of prices is greater when the private signals are more reliable, that
is, 9*py/Ob*> > 0. This implies that even a small amount of noise in the
private signals may significantly delay the adjustment of prices and amplify
the response of output.

Sample sets of impulse responses in the models in which b = 0, 0.25, 0.5, 0.75,
and b = 1 (the full-information model) are shown in Figure 1. The size of the
shock in the aggregate nominal spending, o, is set to 1 in each model, which
implies o, = 00, v/3, 1, 1/v/3 and 0, = 0 in those models, respectively. In
the model with b = 0.5, the size of the initial response of prices is about
a third of that in the full-information model, and the response of output is

amplified by more than 45 percent in the first four periods. The half lives of

HEollowing Chari, Kehoe, and McGrattan (2000), we define “half life” as the length of
time after a disturbance before the response shrinks to half of its impact value.

16



the output responses are 3 periods in the models with b = 0, 0.25, and 0.5,
while 2 periods in those with b = 0.75 and b = 1 (full information).

In Figure 1, the parameter value for the strategic complementarity, &,
is set to 0.15 following Woodford (2003a), and the AR(1) coefficient on the
process for quarterly aggregate nominal spending, p, is set to 0.5 following
Mankiw and Reis (2002). A smaller &, that is, a higher degree of strate-
gic complementarity implies a larger A\, which indicates more persistent re-
sponses, and also implies a smaller C'5, which indicates more sluggishness in
the initial response of prices. A smaller p, that is, a less persistent shock
process implies a smaller C'5 but has no implication for .

Another interesting comparison can be made between the responses in
our baseline model obtained above and those in a flexible-prices model with
the same information structure.!? In the flexible-prices model, prices are set
by all firms in each period based on simultaneous higher-order expectations
only about the current aggregate nominal spending. The average price in the

whole economy is expressed as follows.

p = Ep+EEy,
= fEmt‘i‘(l_f)EPt

= > -9 B m,
j=1

where the average expectations operator is now defined as E(-) = fol E'(-) di.
Using (9) to substitute for EE]) my, we have the initial response of prices with

€g=1and m_; =m_y3 =0.

AF Ebo

=10 (15)

From period 1 onward, all firms know precise information about the shock

in period 0 so that they can adjust their prices flexibly to the process of the

121t is also interesting to make a comparison between the time-dependent staggered
price-setting model (our baseline model) and a state-dependent price-setting model with
the same information structure. In the latter model, the initial response of prices is likely
to be sluggish due to menu costs, but the adjustment after the precise information about
the initial shock becomes common knowledge might be rapid as in the flexible-prices model.
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aggregate nominal spending, that is, p" = m; and " = 0 for all t > 1.
Sample sets of impulse responses in the flexible-prices models in which
b=0,0.25, 0.5, 0.75, and b = 1 are shown in Figure 2. Compared with Fig-
ure 1, it clearly shows that the responses of inflation as well as output in the
flexible-prices model is less persistent than in the baseline model. Moreover,
concerning the initial response, pi < po in the models with b = 0.25 and
b=0.5, pf’ > po in the models with b = 0.75 and b = 1, while py = p{’ = 0 in
the models with b = 0. These imply that the initial response of prices that
operates through static and simultaneous higher-order expectations under
flexible prices is less sluggish than the one that operates through dynamic
and staggered higher-order expectations about the future states of the econ-
omy as well as the current state when the private signals are sufficiently
reliable (b is close to 1).!3 If we assume p = 0 instead of p = 0.5, the initial

response of prices in the baseline model is

V(I + Vb
M -2vE- )

From the comparison between (15) and (16), we can conclude that pi" > py

(16)

for most range of the parameter values.

3 Public Information

In this section, we introduce a noisy public signal in addition to private
signals into the baseline model developed in the previous section and study
the consequences of a more general information structure following Hellwig
(2002) and Amato and Shin (2003). As they argue, in an economy in which
decision makers’ information sets are heterogeneous, public information has
disproportionately large effects on their decisions. The public signal in our
extended model may represent preliminary data that is to be revised or noisy

information promptly provided by the media, the government, and so on.

A aF A
13Tt can be shown that the ratio of p{’ to py is increasing in b, that is, % > 0.
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3.1 Private and Public Signals

First we re-specify the firms’ information set. In period ¢, firm ¢ has access
to not only private signals (6) but also the following public signal, which is

not necessarily precise.
ZL{D =m; + 0oy, Uy, Vg ~ N(O7 1)7 (17>

where v; is Gaussian white noise distributed independently of both ¢, and
u(7) for all i. Whereas Amato and Shin (2003) assume that price setters
never obtain precise information about aggregate disturbances as in the
Woodford model, we retain the assumption that the true value of m, is
revealed to all firms with a delay of only one period, in ¢ + 1. Therefore, the
information set of firm ¢ comprises the private and public signals and the his-
tory of realized aggregate nominal spending, in which noisy information, 2/,
as well as precise information, {m;_,}2°,, is common knowledge. Following

Hellwig (2002), firms’ signal extraction for estimating m; can be calculated

as
Eim; = E[my | z(i), zf, Mi_1, My_9, ... |
= alAz(@)+(1—-a)Az
+(]. — A) {mt_l + P (mt_l — mt_g)}, (18)
where
__ o
o2+ o2

represents firms’ reliance on their private signals relative to the public signal.
Given the precision of the public signal, this relative reliance is greater, the

higher is the precision of the private signals (the smaller is ). In addition,

0.2

o2+

A

oz o2
02+02

represents firms’ reliance on the private and public signals. Given the vari-
ance of aggregate nominal spending, this reliance is greater, the higher is the

precision of the composite signal.
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Asin the baseline model, we calculate the higher-order expectations about

m, as follows.

R . — J+l1
E; [Eij) my] = (« ANEAR 2 (1) + ﬂ (1—a) Aztp
1—aA
, 1— (aA)H?
_ jg+1_ - \==) _

+{1 (aA) T ol (1—a)A

{me1 +p(me—y —my9)} (19)
—=(j+1) , 1— (ATt

+{1—(QA)1+1— 1_1(_0‘—(%“(1—04)4

{me—1 +p(me—y —my_2)}

= {(QA)J’H + % (1-a) A} oe
1— (aA)*!
oA (1—a)Ao,v
Hmeer 4+ p (et — mu—2)} (20)

Compared with firm i’s own estimate of my, (18), its expectation of the
higher-order average expectations, (19), is more responsive to public informa-
tion including the public signal and the history of realized aggregate nominal
spending, and less responsive to private information. The infinite-order av-
erage expectation converges to the expectations that are conditional only on

common knowledge.

3.2 Effects of Monetary Disturbances

Substituting (20) into (12) in the baseline model, we obtain a unique stable
solution of the following difference equation: z; = Ax;_1+C1my_1+Coymy_o+
Croe+CF o, v, where A, O}, and Cy are the same as in the baseline model

and
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or _ _ 2VE04VE+pVE  {4-aB-2/E-O}A
CT OO VE-p(1-VE} - aAB-2VE-OF
o SVE(+VE+pVE) (1-a)A

C T VDA VE-p(1- VO (A-aAB-2VE- O}

As before, we examine the impulse responses of inflation and output to a

monetary disturbance, that is, a unit positive innovation in ¢y, and compare
these responses with those in the baseline model as well as those in the full-
information staggered price-setting model. The baseline model without the
public signal corresponds to the case of o, = 00, so that « = 1 and A = b,
and the full-information staggered price-setting model corresponds to the
case in which either o, or o, is 0, so that o is 1 or 0 and A = 1. The
responses of the price level and output in this extended model are calculated
as a set of equilibrium paths { pI’, 9" } with eg =1, ¢, = 0 for all t # 0, v; = 0
forallt, p.1=y_1=m_1=m_gs=m_3 =0, and lim; ., 4 = 0. The main

analytical results are summarized in the following proposition.

Proposition 2. i) The impulse response of inflation is initially decreas-
ing and later increasing in the amount of noise in firms’ private signals, o,

and also in the amount of noise in the public signal, o, i.e.,

a(npP — pP o(pF — pP

oot —bie) g 0@ —Pi) _ g g )
OJoy, do,

/\P_/\P AP_"P

bt =pie) g 00 —Pia) g sy
6au aav

ii) The impulse response of output is increasing in o, and o,, i.e.,

0y

P
Wi~ o ¢>o.
do,

Jdo, ’

>0,

Proof. See Appendix A. W
The noisier is the public signal, as are the private signals, the more slug-

gish is the initial response of prices. Compared with the baseline model with-

out the public signal, the initial response of prices is less sluggish and the
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response of output is less amplified. Provision of the public signal alleviates
the effects of monetary disturbances because it allows firms to gain common
knowledge and, hence, calculate the higher-order average expectations more
precisely.

Sample sets of impulse responses in the full-information model, the base-
line model (b = 0.5), and the extended models (&« = 0.1 and 0.5 with
A = 0.5) are shown in Figure 3. As in Figure 1, the size of the shock in
the aggregate nominal spending, o, is set to 1 in each model, which implies
(0w, 0y) = (v/10, v/10/3) and (v/2, v/2) in the models of (o, A) = (0.1, 0.5)
and (0.5, 0.5), respectively. The other parameter values, for £ and p, are
the same as in Figure 1. In the extended model of @ = 0.1, the size of the
initial response of prices is about half of that in the full-information model.
The sluggishness is alleviated compared with the baseline model in which the
ratio is about one third. The response of output is amplified by more than
35 percent in the first four periods, while the response in the baseline model
is amplified by more than 45 percent.

As before, we compare the responses in the extended model with those in
a flexible-prices model with the same information structure that incorporates
the public signal as well as the private signals. The response in the flexible-

prices model is

ﬁFP: {1-a(l-¢)}Ao
’ {l-aA(1-8}

The corresponding result in the extended model with p =0 is

o= VE {4-—a(B-2VE-§} Ao
0 1+VE {4—aA(B-2/E-6))

Again, the response that operates through static and simultaneous higher-

order expectations under flexible prices is less sluggish than the one that
operates through dynamic and staggered higher-order expectations, that is,

pit > pb, for most range of the parameter values.
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3.3 Effects of Informational Disturbances

While the public signal reduces uncertainty in firms’ higher-order expecta-
tions about aggregate nominal spending, the noise in the public signal itself
adds to aggregate uncertainty. Firms with heterogeneous information sets
might “over-react” to the noisy public signal to such an extent that the
economy could be destabilized. We consider this side effect of public infor-
mation by examining the impulse responses to an informational disturbance
in the public signal.

The responses of the price level and output to a unit positive innovation
in vy are calculated as a set of equilibrium paths {pf’, g/} with vy = 1,
vp=0forallt#0, my=¢ =0forallt, py =y_1=0,and lim;_ y; =

lim; ., pr = 0. The responses of inflation and output are given by

N cr
Bo=
P =Py = ABy
Py —p = —(1-=X)ph
pr=pry = ANBE—pl,), t>3.
and
N cr
o= g

o= A+
o= AgE,, t>2

Firms raise their prices when they receive a public signal biased upward
from the true value of my(= 0), believing it to be unbiased. Since the ex-
ogenous process for my is not affected by the informational disturbance, the
increase in prices leads to a corresponding decrease in output.

Sample sets of impulse responses of inflation and output to a negative
informational disturbance { —pF, —g7 } are shown in Figure 4 (upper pan-
els), in which (a, A) = (0.5, 0.5), (04, ¢) = (v/2, 1), the size of the shock

is 0, = v/2, and the other parameter values are the same as in Figure 3.
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Firms react to the downward-biased public signal by reducing their prices,
and output increases accordingly. When the output gap begins to shrink,
prices start increasing and then inflation peaks later than output. Combin-
ing this pattern of responses to a negative informational disturbance with
the pattern of responses to a positive monetary disturbance examined in
the previous subsection further delays the response of inflation and further
amplifies the response of output.'* Conversely, a positive (or negative) in-
formational disturbance accompanied by a positive (negative) monetary dis-
turbance has an effect of further alleviating the sluggishness in the initial
response of prices. Figure 5 shows the responses to a negative informational
disturbance, o, vy = —v/2, accompanied by a positive monetary disturbance,
0 €y = 1: the combination of the responses in Figure 3, { pI’, 4 }, and those
in Figure 4, { —p’, —g!" }. In this case, the sluggishness in the initial response
of prices is magnified and the response of output is amplified significantly by
the negative informational disturbance.

Improving precision of the public signal, that is, lowering o, makes the
initial response of prices to monetary disturbances less sluggish and the re-
sponse of output less amplified, as shown in Proposition 2. Meanwhile, the
effects of lowering o, on the responses of prices and output to informational
disturbances are ambiguous. While a small o, implies a small informational
disturbance and directly generates small responses, it also makes firms rely
heavily on the public signal, and therefore, indirectly generates high respon-
siveness to informational disturbances. If the latter indirect effect dominates,
improving precision of the public signal induces firms to over-react to the sig-
nal and amplifies the responses. The partial derivative of the initial response
of prices to a positive informational disturbance, or equivalently the initial
response of output to a negative informational disturbance, with respect to
the amount of noise in the public signal is
opy _ _Ouy

do, Odo,

14 A negative informational disturbance accompanied by a positive monetary disturbance
implies that the public signal (17) does not reflect the current monetary disturbance.
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1/ p oCy
= 5 (04 + 0y 3o,

AVE(L+VE+pVE) 0,0 {40y (0" —0y) = (1 + VE)? 0y 0%}
L+ VO{I+VE-p(1=VO} {40l (0®+07) + (1L +VE)? 0307}

The first term in the second line represents the direct effect of the disturbance

(CF > 0) and the second term represents the indirect effect caused by changes

P
88(;4 < 0). The sign of the partial derivative as a whole

in the responsiveness (
is ambiguous.

In the lower panel of Figure 4, —gl is plotted as a function of the
amount of noise in the public signal, ¢,. For the amount of noise in the
private signals, o, and the standard deviation of aggregate nominal spend-
ing, o, the following three sets of parameter values are chosen: (o,, o) =
(vV2, 1), (2v/2, 1), and (v/2, v/2). When o, = /2, these sets correspond
to (o, A) = (0.5, 0.5), (0.2, 0.385), and (0.5, 0.667), respectively. The rela-
tionship between the precision of the public signal and the amplitude of the
responses of output to informational disturbances is non-monotonic: improv-
ing precision reduces the amplitude when precision is high (o, is small) but
raises the amplitude when precision is low (o, is large). Therefore, a small
improvement in the precision of a relatively noisy public signal could increase
output volatility and destabilize the economy.

This non-monotonic relationship can hold in the responses to a combi-
nation of monetary and informational disturbances. In the lower panel of
Figure 5, gt — g&" is plotted as a function of ¢,. Although the slop is much
flatter than that in Figure 4, improving precision of the public signal re-
duces the amplitude of the initial response of output when o, is large. More

generally, the variance of output is expressed as

cP\? C cr\?
Var(y,) = (1—73) +(p+71+02—73)
cr Cy cr

C2X0(14 ) 2+p01+(2p+1)02 eyl o

1-xp \/ 2 2 | T
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+[(C’§)2+2)\ (p2+p01+(22p+1)02)%f] o2
where the remaining terms are independent of o,. The sign of the partial
derivative of Var(y;) with respect to o, is ambiguous. It is negative, however,
in a very limited region of parameter values, in which £ and p are close to 1
and o, is very small compared with ¢,."> While a small o, generates high
responsiveness to informational disturbances and increases output volatility,
it also generates high responsiveness of prices to monetary disturbances (i.e.,
alleviates the sluggishness of price adjustment) and decreases output volatil-
ity. The latter effect combined with the direct effect of reducing the size of
informational disturbance brings the partial derivative into positive. As a re-
sult, the possibility that improving precision of the public signal destabilizes

the economy is small in our model.'6

4 Concluding Remarks

In this paper we have studied the consequences of a lack of common knowl-
edge in the transmission of monetary policy by integrating the Woodford
(2003a) imperfect common knowledge model with Taylor-Calvo staggered
price-setting models. The average price set by monopolistically competitive
firms that can only observe the state of the economy through noisy private
signals depends on their higher-order expectations about not only the current
state of the economy but also about the states in the future periods in which
prices are to be fixed. This integrated model provides a plausible explanation
for the observed effects of monetary policy: it shows analytically how price
adjustments are delayed and how the response of output to a monetary dis-

turbance is amplified. We have also considered a more general information

15See Appendix B for the derivation of Var(y,) and the partial derivative of Var(y;) with
respect to oy.

16This result is consistent with Svensson (2006) who points out that improving precision
of the public signal is welfare-improving unless the public signal is much noisier than the
private signals in the Morris and Shin (2002) model. While we consider only output
volatility, Hellwig (2005) shows in his model that better public information is always
welfare-improving when price dispersion as well as output volatility is taken into account.
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structure in which a noisy public signal, in addition to the private signals, is
introduced.

Based on the models developed in this paper, at least two directions for
future research can be pursued. One is policy research. The model of Section
3 could be further extended to obtain richer implications for the central
bank’s communication strategy. Another direction is empirical research. For
example, deep parameters such as price setters’ reliance on their private
information could be estimated by matching impulse responses obtained from
a structural model with those from an estimated VAR model. Although the
models in this paper may be too simple for practical use, they are tractable,
flexible, and based on plausible assumptions about information structure.
We hope these models serve as a useful building block for future research in

those directions.
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Appendix

A Proof of Proposition 2

i) Taking the partial derivatives of p} with respect to o, and o, we have

opl; o ((90;3 Oa N oct 8A)
doy, 2\ Jda Oo, 0A 0o,
B 8VE(L+VE (L+VE+pVEauo,0°
{1+VE—p(1=VOH40% (07 +0?) + (1 +VE)? 0} 0}
oply o ((90;3 Oa N oct 3A)
do, 2 \ Ja Oo, 0A OJo,
R2VEQA+VE+pEola,d®
VO T VE—p(1—VOHAe (02 +0%) + (1T VO o o]

From p! onward,

OF —if) _ OBk Owr—pk) _ ok
oo, do,’ o, 0o,
9(p3y —p1) 200y 0y — 1) 2y OBy
0o, ( ) Oo,’ oo, ( ) oo,
OF — i) _ O ) O —iE)) _OE. i) .,
80u aO'u aay aav
Therefore, we have proved
o NP pP o AP P
(pta Di_1) <0, (pta Di_1) < 0, t=0,1.
Oy Oy
L), W L
Oy Oy

ii) Taking the partial derivatives of g’ with respect to o, and ¢, we have

of o (9CY Do OCE A
0w _E(aa 9o, | OA aa)
8VE(L+vE) (1+VE+pVE) oo, o®
{1+ VE—p(Q -V} {do2(o2+0?) + (1 +VE)? 0} 0?}?
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ogr _c oCT da n oct oA
do, 2\ Jda Oo, OA 0o,
2VEA+VE+pVEala,o?

A+ VO +VE=-p(1 = VOIH40i (07 +0%) + (1 +VE)? o7 0%F

From ¢f onward,

aAP aAP aAP aAP
9w = U H NG oo = LN 5
o _ \ 04, 0y _ \ 09, i

do, = 0o,  Oo, oo, = T
Therefore, we have proved

oYy oyl
>0 >0 t>0.
OJoy, " 0o, ’ -

B Variance of output

From the equations (3), (4) and (5) and the solution of the difference equa-

tion: oy = Aa;_1 + Crmy_y + Comy_g + CF o e, + CF 0, v;, we have

Yo — A1 = (P + % + 02) (my—1 = m—2) + % (my—o — my—3)
+ (1 — %éj) o€ — %éjaetl - %fav (v + v4—1)
= (1—%3]’3) oe+ (p—i—%%—(]g—%f) O €1
N (p2 ASE (22p+ 1) CQ) i oo
=0
—%f oy (v + v21). (21)

Note that the terms including Zzo p' o€ _o_; are independent of both C:f
and C} and thus independent of o,. Squaring both sides of (21) and taking

expectations gives
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(]_ A2 )_2AE[ytyt 1]
P C cr C 2 Do\ = o
{ 1—73 (p+71+02—7> +<02+p 1+(2,0+) Q)ZPQZ}OQ

_|_( (22)

Multipling (21) by 3,1 and taking expectations gives

E[?Jt yt—l] - /\V&T(yt)
cr C cr
= E[(l—%) o€ Y1+ (P+_1+CQ——3) 0 €-1Yt—1

2 2
Ci+2p+1) ) =
+(P2+p : (2/) ) 2) ;PUGt—Q—z‘yt—1
CP
—74 o (Ut+vt—1)yt—1:| . (23)

Combining (22) and (23), we obtain

cP\? o) cP

cr a cr

C2X0(14)) 2+p01+(2p+1)02 ol
1-xp \/ 2 2 | T

(CP)2 pC'l (2p + 1) 02 Cf 0'12)
+{ 5 T2 5 > | Tt

Var(y;) =

where the remaining terms are independent of o,. The partial derivative of

Var(y;) with respect to o, is

OVar(y;)
do,
1+VE+pVE 160t0,0"

(1+V%) {1+\/§—P(1_\/§)}3 {40303+40302+ (1+\/§)2 0302}3
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x {40303 {p4 (1—\/2)2—2,)3 (1—\/§)+p2 (1—4\/5—4£+4\/§3—€2>
+p (-2—3\/§+6§+5\/§3—252)+<2+7\/§+75+\/53—52)}
40202 {p4 <1—\/E)2—2p3 <1—\/E)+p2 <1—4\/5—2€+§2)

+p (—2—\/E+2§+3\/§3+2§2)+<1+\/5)2<2+\/E+§)}
+<1+\/5>20302 {p4 (1—\/5)2—2/)3 (1—\/5>+p2 (1—4\/5—52)

+p (—2+\/E+2§—3\/§3—2§2)+(1+\/E>2<2—\/E—§>H

The sign is ambiguous, but it is negative in a very limited region of parameter
values, in which & and p are close to 1 and o, is very small compared with

Oy
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Fig. 1. Impulse responses to a positive monetary disturbance (Baseline model)
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Fig. 4. Impulse responses to a negative informational disturbance

(Note: The asterisk onthe (0,,0)=(¥2, 1) line in the lower panel corresponds to
the response of output at t=0 in the upper-right panel.)
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the response of output at t=0 in the upper-right panel.)
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