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Weighted Nadaraya-Watson estimation of conditional
expected shortfall

Kengo Kato *
March 23, 2010

Abstract

This paper addresses the problem of nonparametric estimation of the conditional
expected shortfall {CES) which has gained popularity in financial risk management.
We propose a new nonparametric estimator of the CES. The proposed estimator is
defined as a conditional counterpart of the sample average estimator of the uncondi-
tional expected shortfall, where the empirical distribution function is replaced by the
weighted Nadaraya-Watson estimator of the conditional distribution function. We
establish asymptotic normality of the proposed estimator under an a-mixing con-
dition. The asymptotic results reveal that the proposed estimator has a good bias
property. Simulation results illustrate the usefulness of the proposed estimator.

Keywords: a-mixing; conditional expected shortfall; nonparametric estimation; weighted
Nadaraya-Watson estimation.
JEL classification numbers: CL3, Cl4, G11.

1 Introduction

This paper addresses the problem of nonparametric estimation of the conditional expected
shortfall (CES). The expected shortfall (ES) was first proposed by Artzner et al. (1997)
as a risk measure and has gained popularity in financial risk management. - Acerbi and
Tasche (2002) showed that the ES of their definition is coherent in the sense of Artzner et
al. (1999) for a general distribution; whereas the conventional value-at-risk {VaR) measure
is not necessarily coherent because of the lack of subadditivity. In this sense, the ES has
a theoretical advantage over the VaR.

The purpose of this paper is to propose a new nonparametric estimator of the CES.
The proposed estimator is defined as a conditional counterpart of the sample average
estimator of the unconditional ES, where the empirical distribution function is replaced by
the weighted Nadaraya-Watson (WNW) estimator of the conditional distribution function.
We refer to the proposed estimator as the WNW estimator of the CES. Unlike the double
kernel estimators of Scaillet (2005) and Cai and Wang (2008), the WNW estimator contains

*Department of Mathematics, Graduate School of Science, Hiroshima University, 1-3-1 Kagamiyama,
Higashi-Hiroshima, Hiroshima 739-8526, Japan. Email: kkato@hiroshima-u.ac.jp
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only a single smoothing. We establish asymptotic normality of the WNW estimator under
an o-mixing condition and show that it is design adaptive at interior points of the support
of the design distribution.

We compare the WNW estimator with the double kernel estimator of Cai and Wang
(2008). As expected, the double kernel estimator contains an additional bias term carried
over from the extra smoothing. In addition, by evaluating the variances of the terms
which eventually contribute to the asymptotic variances of both estimators, we find that
unlike the estimation of the conditional distribution function and the conditional quantile,
the double smoothing does not necessarily lead to a higher order variance reduction in
the estimation of the CES. Overall, the theoretical performance of the WNW estimator
is comparable to that of the double kernel estimator despite the fact that the former is
simpler than the latter. The conclusion is parallel to the aforementioned result of Chen
(2008). We also conduct simulation experiments to study the finite sample performance
of both estimators. In our limited simulation examples, the WNW estimator outperforms
the double kernel estimator in the sense of the MSE.

The rest of the paper is organized as follows. In Section 2, we first introduce the defini-
tion of the (CYES and describe our method to estimate the CES. In Section 3, we investigate
sampling properties of the proposed estimator. In Section 4, we compare the proposed es-
timator with the double kernel estimator of Cai and Wang {2008). In Section 5, we report
a simulation study. For the technical details of this paper, we refer to the tecnical report
available from http://www.math.sci.hiroshima-u.ac.jp/stat/TR/TR09/TR09-03.pdf.

2 Preliminaries

2.1 Definition of CES

In this section, we first introduce the definition of the ES. Suppose we have a random
variable Y. In financial risk management, Y is the negative log return of a portfolio. The
ES at level p € (0,1) of Y is defined as '

p_l[E[YI{Y 2 Q1—p}] + 91—;0{10 - P(Y =2 9'1—1:)}]:

where ¢, is the lower (1 — p)-quantile of ¥, namely, ¢, = inf{y : P(Y < y) > 1 —p}.
The present definition of the ES is due to Acerbi and Tasche (2002). They showed that
the ES of their definition is coherent in the sense of Artzner et al. (1999) for a general
distribution. If Y has a continuous distribution, the ES reduces to the conventional form

E[Y|Y 2 91—-33]:

which coincides with the tail conditional expectation of Artzner et al. (1999).

The CES is defined analogously. Suppose we have a response variable Y and a explana-
tory variable X. A typical example of X is a lagged value of Y. Given X = zy, the CES
at level p € (0,1) of Y is defined as

mp(0) = p [EY H{Y 2 qi-p(zo) HX = 20] + q1—p(zo){p — P(Y 2 q1p(0)| X = z0)}],
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where 7o is a design point, F(y|zo) is the conditional distribution function of ¥ given
X = zg and q;_, (2} is the conditional lower (1 — p)-quantile of ¥ given X = zo, namely,
G1-p(x0) = inf{y : F(ylze) > 1 ~p}. It is immediate to see that if y — F(y|zo) is
continuous, my,(zo) reduces to

my(zo) = BYY 2 q1—p(20), X = o). (1

Throughout this paper, we assume that the population conditional distribution is contin-
uous so that my{zg) is of the form (1).

2.2 Proposed estimator

Let (¥;, X:), t = 1,...,n be observations of (¥,X). In this section, we introduce our
method to estimate the CES and leave some remarks on it. Our basic idea to estimate
my(Zo) is described as follows. The first step is to estimate the conditional distribution
function. Following Hall et al. (1999), we use the WNW estimator:

Y oee1 Pe{Z0 ) Kn (X — 20)I(Y; < ) @
> ey Do) Kn (X5 — o)

where K (-} is a kernel function, k is a bandwidth and Kp(u) = b~ K (u/h). The sequence
of nonnegative weights {p;(wo)} is chosen such that it maximizes ) .. , log{pi(zo)} subject
to the constraints '

F(ylwo) =

S nieo) =1, 3 pu(50) (s - 50) Kn(X - 20) = 0 @)
t=1 t=1

The expression of {p:(zo)} is simplified by introducing the Lagrange multiplier. Let A be
the maximum point of

Ln(X) = log {1 4+ A(X; — 20) Kn(X: — 20)} -

Then, each p(zo) is expressed as

] 1
B 14 S\(Xt —_ JTU)Kh(Xt - .'L'D) '
See Fan and Yao (2005), pp.456-457 for a derivation of the expression. Then, the proposed
estimator is defined as
i (0) = 21 Pol(@0) K (X — 20)YeI{Ys > G1p(z0)}
r > ter Pe(@0)} En(Xs — o) [{Y: 2 Gip(20)}
where ¢1_,(z0) = inf{y : F(ylzo) > 1 — p} is the lower (1 — p)-quantile of F(y|z). We
refer to M,(zq) as the WNW estimator of the CES.

"The proposed estimator can be thought of as a conditional counterpart of the sample
average estimator of the unconditional ES which is defined as

E?:l I(}/t 2 QI—p) ’

3
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where §1_, is the lower (1 — p)-quantile of the empirical distribution function. Under
the condition that the population distribution of Y is continuous, Chen (2008) showed
asymptotic normality of the sample average estimator for geometric a-mixing processes.

Instead of the WNW estimator, we may use the NW estimator of the conditional
distribution function. We note that Peracchi and Tanase {2008} mentioned a NW type
estimator of the CES which they call the fully nonparametric estimator. However, they
did not investigate its asymptotic properties. Mimicking the proof of Theorem 1 below, it
is not difficult to show that under the same conditions of Theorem 1, the NW estimator of
my(Zo) is (nh)}/?-consistent and has the same asymptotic variance as i, () when zq is
an interior point. However, the NW estimator has well known disadvantages that it is not
design adaptive. In some cases of the design distribution, the bias of the NW estimator
may become very large. Therefore, we recommend to use the WNW estimator.

3 Sampling properties

In this section, we investigate asymptotic properties of the WNW estimator of the CES. We
note that the results of this section are not included in Cai (2001) since Y;I{Y; > ¢1_p(z0)}
depends on the overall data.

In what follows, we use the following notations: [;{u|z} = E[Y7I{Y > u}|X = z] for
5= 1,2 ((u|z) = 8% (u|z)/bz® for a = 1,2; F@(ylz) = 8°F(y|z)/8z® for a = 1,2;
pi(K) = [ wK(u)du for j = 0,2. Let g denote the density of X and xp be a interior
point of the support of g. The next theorem is the main result.

Theorem 1. Under conditions (A1)-(A8) (see the technical report), if h = O(n~/%), the
map T — l1(g1—p(Z0){x) is twice continuously differentiable in a neighborhood of zy and the
map = — la(q1_p(z0)|z) is continuous at xo, then as n — oo,

()2 (i) = () ~ 2 ) | {0, o K2 (2)}

where
By(mo) = 7P (q1-p (o) 20) + 2 a1-p(Z0) F® (q1—p(0) 0),
2(z0) = p™ 2o (@1 —p(%0)|@0) — mA@0) + (07} ~ 1)qr—p(z0){q1-5(0) — 2mp(0)}.

From Theorem 1, we can see that the asymptotic mean squared error (AMSE) of i, ()

AMSB(z0:p) = 1 {12 Byan))? + L85 o).

ig

Minimizing the AMSE yields the optimal bandwidth

K2 0‘2 T 1/5
hopt (Z0; ) == /5 [ Ho(K°) p( 0) .
g{zo){pe(K) Bp(zo)}
Unfortunately, Aop:(o; p) is of a complicated form. The estimation of the unknown quan-

tities in Aop:(Zo; p) is feasible but complex. In practice, we suggest to use the the bootstrap
approach described in Section 2.3 of Hall et al. (1999), which is simple to implement.

4
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Theorem 1 reveals that the asymptotic bias of /h,(zo) is independent of the design
density g(-), that is, M,{z,) is design adaptive. The design adaptation of h,(zo) is due to
the second part of the property (3) of the weights {p¢(zo)}. On the other hand, it is not
difficult to see that the asymptotic bias of the NW estimator of my(zo) is’

h2 (K

25 (5, a0) + 270210 gy o) + an-nlo) PO a1}

9(zo)

Whereas, the asymptotic variance of the NW estimator is same as that of 1, (o). It is well
known that the dependence on the ratio ¢'(zq)/g(z) produces a large bias to the estimator
in some cases. See Fan (1992) and Section 3.2.4 of Fan and Gijbels (1996). Thus, in terms
of the bias property, the WNW estimator is advantageous over the NW estimator.

4 Double kernel estimator

In this section, we compare the WNW estimator with the double kernel estimator of Cai
and Wang (2008). The basic idea of Cai and Wang (2008) is plugging some nonparametric
estimators of f(y|ze) and g1_,(z0) into the expression

00
mo(eo) =57 [ yfylao)dy.
q1-p (o) )
Specifically, combining the WNW method and the double kernel local linear method of Yu
and Jones (1998), Cai and Wang (2008) proposed the weighted double kernel local linear
estimator of f(y|z):

Flulza) = Sor 1 2e(20) Kn(Xs — 20)Who(y — ¥i)
ko) = z?=1 pe{20) Kn(X: — 7o) _ '

where W (.} is a symmetric kernel function and hg is a bandwidth associated ‘with W(-).
Let F'(y|z) be the conditional distribution function with conditional density f(y|zo):

Flylzo) = f " Flulzo)da.

As an estimator of g1_(%o), Cai and Wang (2008) proposed to use the solution gi_,(xo) of
the equation F(q1-p(2o)|z0) = 1 — p, where we note that such §1_,{(zq) always exists since
y — F(y|zo) is continuous. Let M,(zp) denote the corresponding plug-in estimator:

m —

Fp(za) = p~ f yF(ylo)dy.

q1—p(zo)
Cai and Wang (2008) established asymptotic normality of 7,(zo) for a-mixing processes.
We now compare the asymptotic biases and variances of 7h,(zo) and 7, (zo).
[1] Bias: From Theorem 4 of Cai and Wang (2008), the asymptotic bias of 7y, (zp) is

R us(K) 2(W)

bias{i(ae)} : L) () 4 B2 V) ot 5,



It is clear that /my{zo) contains the additional bias term carried over from the y direction
smoothing. Since the first order asymptotic variance of 7,(zo) does not depend on Ag, it is
reasonable to make hg small relative to h as suggested in Cal and Wang (2008). Although
the additional term is theoretically negligible if we set ho = o(h), it might affect the
finite sample performance of m,{zy). When hg is small relative to h, the additional term
improves the bias if B,(z,) is negative; otherwise, it has an adverse effect on the estimation
accuracy. In a practical situation, we do not know the sign of B,(xq) in advance and there
is an uncertainty about the effect of the y direction smoothing on the bias. The WNW
estimator does not have such an uncertainty and may be preferable in this respect.

[2] Variance: From Theorem 4 of Cai and Wang (2008), the first order asymptotic
variances of my(2o) and mp,(zo) are same. However, for the estimation of the conditional
distribution function and the conditional quantile, the y direction smoothing improves the
variance in a higher order sense; see Azzalini (1981), Yu and Jones (1998), Cai and Roussas
(1998), Chen and Tang (2005} and Remark 5 of Cai and Wang (2008), among others. Thus,
we need to look at the variances of 1, (zq) and M,(zq) more carefully. Since it is difficult
to evaluate the exact variances, we evaluate the variances of the terms which eventually
contribute to the asymptotic variances of 1, (zo) and M, (z0). Although the approximation
is formal, we believe that it reflects the true structure of the variance relationship between
hp(zo) and 7,(zy). From the proof of Theorem 1, the asymptotic variance of mhiy(2o)
comes from the variance of

npg( th CEU)Kh(Xt — 20){V: — q1-p(@0}} {2 Z 21-p(z0) },

where by{zq) = 1/{1 + X*(X; — 20)Kn(Xs — 7o)} and A* = hus(K)g'(zo)/ {u2(K*)g(zo)}.
On the other hand, from the proof of Theorem 4 in Cai and Wang (2008), the asymptotic
variance of M, (ze) comes from the variance of

1

= npg( Z be(20)} Kn(X: — zoHY: — q1—p(%0) }Gho (Y2 — 1-p{Z0)),

where G(-) is the distribution function of W(-) and Gpo(u) = G{u/ho). Under certain
regularity conditions, it is shown that

Var(I1) — Var(ly) = o{(nh) 'ho}. (5)

From (5), unlike the estimation of the conditional distribution function and the conditional
quantile, the y direction smoothing does not improve the variance at the order of (nh)~1hg
for the estimation of the CES.

Overall, we may conclude that theoretical performance of the WNW estimator is com-
parable to that of the double kernel estimator despite the fact that the former is simpler
than the latter. The conclusion is parallel to the result of Chen (2008) who studied the
estimation on the unconditional ES. He compared the sample average estimator with the
kernel estimator of Scaillet (2004) which contains the y direction smoothing. He evaluated
the variance of the kernel estimator up to the second order and found that the y direction
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smoothing does not improve the variance at the second order while it produces an addi-
tional bias. He remarked that the simpler sample average estimator is good enough for
estimating the ES. In the next section, we study the finite sample performance of both
estimators.

5 Simulation study

In this section, we report simulation results which evaluate the finite sample performance
of the WNW estimator and the double kernel (DK) estimator of Cai and Wang (2008).
Specifically, we consider the following two models.

» Model 1 [ARCH(1)]: Y; = gy¢,, 02 = 0.30 + 0.85Y2,, €

iid.

~ N(O, l), Xg = }/t—l'

> Model 2: Y, = sin(0.75X,) + 0.5¢;, X "™ N(0,1), & = N(0,1), Xl e

The ARCH process of Model 1 is shown to be a-mixing with exponetial decaying coef-
ficients; see remark (viil) in Fan and Yao (2005), pp. 70. Thus, the process of Model 1
trivially satisfies the mixing conditions of Theorem 1. We note that Model 2 is due to Fan
(1992). Throughout this section, we use the Gaussian kernel. The sample size n is 400 for
each model. The number of repetitions is 10,000 for each simulation. The computational
results of this section were obtained by using the matrix language Ox (Doornik, 2002). To
generate ARCH processes, we used the GA@RCH 4.2 package (Laurent and Peters, 2006).
Figures 1-2 display biases, standard deviations and root mean squared errors of the WNW
estimator and the DK estimator at p = 0.05 over a set of design points and a set of band-
width values. Specifically, we choose 0 and the 0.75-quantile of X; as design points for
each model. In addition, we set & = an~1/5, where a moves from 0.5 to 1.2 by 0.05 for
Model 1 and from 0.6 to 1.3 by 0.05 for Model 2. As Cai and Wang (2008) noted, Ay is
not sensitive to Mm,(xg) as far as hy is sufficiently small relative to h. For simplicity, we set
ho = 0.1h. Figures 1-2 show that 7,(zo) contains an additional bias in comparison with
hp(Za), which corresponds to the observation in the previous section. More importantly,
the MSE of mi,(zo) is smaller than that of 7,(xzg) over the set of bandwidth values for
both models. Overall, the simulation results support the use of ,(zq).
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(1] EBFRE, (77 40 FHEBNCEIS % ¢ 97
7 7 2 —EF)I~CDO FHENDSAL, V%
T 4= Ty —F )b T&RTE L AN IO
=T 20064, 83-117 (2006)

[2] dLBFFISE, 157 4V b RET— R X BT T 4
WV MEEBRO#HE~2 77 ¥ X—EFNic L
LEEMBORILHEE~), g&4L—T >
X UG —F 22T IGEREE, 50, 42-67 (2007)

[3) ZHRFRR, RNIFH, tom2 770 E2—FF
U W MBEE CLO OF 7 4V MEER
BROSH), Ve Ta— TVr—F) (BEMN
EAY A VI & ZDI0AL, BERTE (2010)

& L BT L EIFHEARREOIIGT— 7V (Moody’s A3K). FBERT LICEFIORE I 5 HEini

FHBIEO R
14 24 34
Aaa | 0.0000% 0.0001% 0.0004%
Aal | 0.0003% 0.0017% 0.0055%
Aa? | 0.0007% 0.0044% 0.0143%
Aa3 | 0.0017% 0.0105% 0.0325%
Al 0.0032% 0.0204% 0.0644%
A2 0.0060% 0.0385% 0.1221%
A3 0.0214% 0.0825% 0.1980%
Baal | 0.0495% 0.1540% 0.3080%
Baz2 | 0.0935% 0.2585% 0.4565%
Baa3 | 0.2310% 0.5775% 0.9405%

£ 2. DTSR L L BARAE CLO OME @ #ufSm#iTR 18 £9 5 CLOBXUFER 19 £6 A

CLO idF vy o (EHEERE) AN THIMIE 54, HistemigilE CLO 71y 78 (A&

AAEIE 2007) 1B 3ETH S.

18 4£ 9 A CLO 19 £ 6 B CLO e AEIF 2007
BT ARER 12,03 @AM 13488 B M 30,484 A H
BHEN 3384 355 1L 1,190 #t
JEEFE DT EERR H26E 26 4E 1156 F
AN 10,500 8 AH 11,900 53 M 26,900 B =
A Aaa Aaa Aaa
(S A4H5EER) (12.9%) (11.8%) (11.8%)
A= rovx 250 g A M 18089 AH 480 B AH
AT A3 A3 A2
(ZR#EeR) (10.8%) (10.4%) (10.2%)
[ERE =] 200695 27 H 2007 6H28F 2007%FE2H28H
FEEEH 20115103 17TH 2012#E7H17H 2010F 48 30H
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#* 3 HAENECLO F—HIcH T3 ERDH2 7 7 7 X —EFVORTHERRE. Ay IAOKEIZ

BHEEEOIRERZE. £z, [| AOE{ER AIC GRitEHRERE)

g, ¥iE yime 5370

AFIT1 KEFT BhEE 20 B4 BERH

#5732 EHhiE iz AN 20 HAHEME 40 BRERE

A3V 3 #A ZDith 40 B M E

A —-2.715 (0.78) —3.040 (1.08} —3.302 (1.05)

fa —2.750 (0.32) —2.591 (0.58) —~2.668 {0.14)

03 -3.161 (0.83) —3.108 (1.01} —-3.195 {1.01)

20 0.707 *(1.00)  0.707 (1.00) 0.707 (1.00)

P1 0.041 (1.00)  0.045 (1.00) 0.114 (1.00)

o2 0.041 (1.00)  0.051 (1.00) 0.114 (1.00)

03 0.060 (1.00)  0.066 (1.00) 0.284 (1.00)

HEALE [AIQ) —7.67 [29.3] —8.44 {30.9) —5.04 [24.1]
A7 JUREE¥E 0.0023 0.0030 0.0354
o2 0.0017 0.0021 0.0129
o3 0.0017 0.0026 0.0129
02 0.0036 0.0044 0.0804
A7 3 U EHEEE 0.0011 0.0014 0.0129
Lap1P2 0.0009 0.0012 0.0064
0§p2ps 0.0012 0.0017 0.0161
Pépam 0.0012 0.0015 -0.0161

& 4 AR CLO 7—RICNT % t 9 2 7 7 7 Z—TFNVOBAHEEER. Hv IAOEEEE
HERMEOIRHERZE. /e, || AOKUER AIC (FRHrEEREREE)

Hirigg *iE RS
AT aU 1 RERT 5hEE 20 &7 AT
A7) 2 s - /TR 20 &R MLLE 40 BRFAKKE
A5 3 A DAt 40 BAAME
6, —3.798 (0.75) —4.694 (1.00) —5.211 (1.00)
6, —-3.861 (0.62) —3.607 (1.00) —3.552 (1.00)
05 -5.236 (0.84) —4.818 (1.00) ~4.075 {1.00)
20 0.707 (1.00)  0.707 (1.00) 0.707 (1.00)
o1 0.036 (1.00)  0.032 (1.00) 0.069 (1.00)
po 0.036 (0.88)  0.056 (1.00) 0.054 (1.00)
P3 0.208 (0.96)  0.109 (1.00) 0.376 (1.00)
v 6.91 (1.03) 6.94 (1.00) 7.88 (1.00)
MNELE [ALC) —7.58 [31.2] —8.41 [32.8] —-4.96 [25.9]
A7 3V RS 0.0153 0.0053 0.0497
o2 0.0013 0.0010 0.0048
P2 0.0013 0.0032 0.0029
pF 0.0432 0.0118 0.1414
h7 U ERETE 0.0027 0.0019 0.0083
PEp1ps 0.0006 0.0009 0.0019
P50203 0.0037 0.0031 0.0101
p5pap 0.0087 0.0017 0.0130
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F5 FCLOKHMLT, £3, £40 M) BRU IEEEE KOTHELREET LD/ A—
AEZHNT, 100 FEDEYFHIE - 2 a2 b—3 3 Vic ko TR FREEEOEIS T OEHE
KELU VaR {EDLLER. RHPDMIERMET 7 4V MEKE (LD RSN 2% T
DFEFT 7 4V MEKR (FED BIUZOERGEE (T .

¢ 1849 A CLO
eV HREBR 80%VaR 90%VaR 95%VaR, 99%VaR 99.9%VaR
R TSI EAM 88 BEAM 963EAN 1,0208RAH 11598548 1309850
2770 %— 6.23% 7.34% 7.99% 8.54% 9.61% 10.86%
EFIN (2.27%) ~  (267%) {2.90%) {3.10%) (3.50%) (3.95%)
t oTm TIEAN 9108A4ad 1,04 mAH LIOEAN 1,320 A 1666 @AM
Hloorois— 6.23% 7.55% 8.41% 9.20% 10.95% 13.82%
=5 (2.27%) (2.74%) (3.06%) (3.35%) (3.98%) (5.03%)
ERam [ 5982Al 798ahsM 95HAMN 1120888 146385081 19188AH
Bledrri— 4.92% 6.63% 8.00% 9.20% 12.14% 15.91%
A EFI (1.79%) (2.41%) (2.91%) (3.38%) (4.41%) (5.79%)
R t5% 594 83AMH 789 g9hRP 985 mARE 1,1958AH L7ebaAaN 2841840
| 2770k — 4.92% 6.55% R.17% 9.91% 14.64% 23.57%
TV (1.79%) (2.38%) (2.97%) (3.60%) (5.32%) (8.57%)
®195E6 ACLO
EFIV HAERK 80%VaR 90%VaR 95%VaR 99%VaR. 99.9%VaR
BRSO | 7798aAH 924 EAR 1,000 FAM 1,081BAME 1,223BEAM 1,300 3540
#|2777&— 5.78% 6.85% 7.48% 8.02% 9.07% 10.31%
EFI (2.10%) (2.49%) (2.72%) (2.92%) (3.30%) (3.75%)
t o4r TROBAN 95788k 1,0[dm3Aa/d 1,8l mAHM 1,420 HA0R 1,825 800
B | 27702~ 5.79% 7.09% 7.96% 8.76% 10.53% 13.53%
ETI (2.10%) (2.58%}) (2.90%) (3.18%) (3.83%) (4.92%)
ERGH 65BN R2B8BAM 099EAM 1i618AM 156840 1,996 5AB
B2y~ 4.56% 6.14% 741% 8.61% 11.24% 14.80%
A =7 (1.66%) (2.23%) (2.69%) (3.13%) (4.09%) (5.38%)
# t ofm 6laEAHH &8585H 106840 1208404 1,798 B5AMN 28028AH
Hl2oros— 4.56% 6.04% 7.53% 9.11% 13.33% 21.44%
ETV (1.66%) (2.20%) (2.74%) (3.31%) (4.85%) (7.80%)
&7z ALIEIE 2007
EFN ARk 80%VaR. 90%VaR 95%VaR. 99%VaR 99.9%VaR
EFT4 1,00 AN 14278408 1581845M L,72084AH 204 B8AFE 2392870H
| 2777 &— 3.93% 4.68% 5.18% 5.64% 6.61% 7.85%
EFW (2.25%) (2.67%) (2.96%) (3.22%) (3.78%) (4.48%)
t o 1,194 B8AH 1303 /Aal 1,52TEAH 16518AM 1,98 BAM 244 85i4H
w2777 &~ 3.92% 4.57% 5.01% 5.42% 6.36% 8.01%
=N (2.24%) (2.61%) (2.86%) (3.09%) (3.63%) (4.58%)
ERD% 930 B/ LI83BAM 136l BAH 1526858 187985H 2350848
& l|2770%— 3.08% 3.88% 4.47% 5.00% 6.16% 7.71%
A TN (1.76%) (2.22%) (2.55%) (2.86%) (3.52%) (4.41%)
2k t o MIEAH 11528408 1308 8AK 1[488HAMH 1815 5AM 2467 EAH
W 277 4a— 3.09% 3.78% 4.29% 4.78% 5.96% 8.09%
TN (1.76%) (2.16%) (2.45%) (2.73%) (3.40%) (4.62%)
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% 6 & CLO louhd B M (F T L ARHERET VI E % CLO OFHE : BhBL ATV TV
v OEERGTE, L—F ¢ — X0 MEREE NIRRT -7V &D L¥Iab—¥a¥T
B - BEEREEAR P B L THREL TV, BIEEHNE 100 FEIOFRTO S BRBIRRV 7
L ETCRARESEEERY. £, YUOBMIECERUEERSHRARE, RF—7V2EKEY
TR BB T DICBER T NS HIRHREAERO LR

BETRE AP B
¢ 183F 9 A CLC | EEHFHREE BT | B 32} T
(SHREED (BHaEED
LR | [0.00033%ELT] [Aaa) [0.1691%LLF] [A3]
EHSH 0.00001% Asa 0.06224% A2
w277 oh— (16) (3,203)
I xaxi 0.00275% Aal 0.63967% Baa3
27T R— (1,444) (18,546)
& ERSE 0.01193% Aa3 1.51030% BEIEE
A|2T7707&— (6,320) (29,062)
b33 t ofm 0.06328% A2 2.65857% BREEW
W | 2770 5— (15,136) (48,562)
BN AN = M
& 194 6 A CLO | B = Th RS
(BHEEIED (BHEEIED
LRRRATT | [0.00083%LLT] [Aaa] [0.1691%LL 7] [A3]
IER T 0.00004% Aaa 0.04730% Al
277058~ (88) ‘ {1,382)
i t o 0.00731% Aa2 0.83184% Baal
2T 7Y R~ (4,503) (14,192)
& LRDm 0.01500% Aa3 1.34379% REERE
ANl{2T7roa— (8,657) (19,538)
#H t 731m 0.06832% A2 2.53904% FETER
B|2770%— (19,486) (32,629)
EFTIE AR
@i AFIE 2007 | BERT H T | ERR s [T
(R EED (BHREED
LR | [0.00008% ] [Aza] [0.03038% L4 F] [A2]
ERSH 0.00000% Aaa 0.01099% Al
#2777 58— (0) (1,488}
b t T 0.00003% Aag 0.02158% A2
277 T H— (12) (1,600)
g | EHZH 0.00000% Aaa 0.02436% A2
Al27roa— (0) (2,830)
H t B 0.00004% Aaa 0.02673% A2
W | 277772 (14) (1,535)
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EEYRY - EFAO—BTHBEEHEFINICBNT, BTF74 V2 ) v TOFEERN
TAYTSAE - FT4) MREFHET S, F740 MEERREERICR)RT LT, 7
7 o U REREE  HEO TR B OBGESA—RCREEME L E LTIk Eh, 87 (bR
T AHEAREEL 5. RILHHIE Takahashi and Sato (2001) DEFLEIEEL, AARER
ﬁ%?@%éh%Wﬁﬂﬁ%ﬂ&muﬂLT%V?ﬁwD-74»?%%MLK(%%@?7#
J RREOHER IOV TIHThSENTH D, TOMOBEMBEICHT ST TALVE - T 1
L2 DEHENTENS.

1 ZL&IC

sRERIOER U A2 « EFIVE intensity model 728 & &I, F7 4V M| ST T AL
%t%b:ﬁhuﬁﬁwﬁf.?71»F®“ECD%?€”%ﬁ?@ﬁ%%?»k?%t@ﬁ%
D,?7#»%@%%%@%@9%?7@%%&Lfﬁﬁéﬂ%.C@?Kf@%?»@ﬁUXﬁ
BSOBRRSEIC T 23R L ESMICEL L TE Y, REEEERERL LT F IV e BaNTS
5. REMTFINCBNT Yy Y TOREMTRES X BEWET 7 4V FIREE (default intensity)
P, ThAREWEEERYAIPEVAETLENTES

P70 FEEEOH R EREE TV B 3 HAMEO—OTH D, MIEEESICEDET
7 5l MR IE R L THEE T B AEE BB, FRTE, EAIOBLIEEER 2L
T,%Cﬁﬁbﬂiﬂfw%?7ﬁWFﬁE,Ttb%%wf%%F-?7¢Wb%ﬁﬁmww
default intensity) FHET 5. TOXSICLTHSNIT 74/ MREE, UREEENRET
BILUw bk FIANE s ATy T (CDS) DL— FREFCFHATZELEALNS.

X7, GELHE 77 4L MEEOEBEAE X Shnid, Duffie and Singleton (1999) ORI
EhEns— Ry EHEARO NG, COLS5EF T )b FIRE L i HTROMGRE, Flo
I 5 IR ZR T S OREA TR T B C N TED. TR, BN 577 )L M 38E
EHETAMEL, TRV TOMBICREINS.

S AR AT BRI OB L LTRIERE DALY - TV ZRED
MMﬁﬂm5hT%h.mﬁ%uwmﬁa77ﬁ9—@ﬂRﬁﬂ%ﬁﬁ§ﬁth,mm%ﬂr
LRI A A OIS LT HEFISHL, BIRALTY - TNV ERAVTT 7 4V M RO
HfFote. 7, Chen and Scott (2003) & CIRMURDIAF T 7 7 X—EF MR LTHLT
e T L BERNTHER{T .

Lﬁb,ﬁm?y-74Wﬁ%%w%kbwm,%%ﬁﬁﬁ-ﬁﬂﬁﬁﬁk%mﬁ%ﬁ¢1?£
D,ﬁ%ﬁ%@@%ﬁﬁ@ﬁﬁ%ﬁﬁbBhaﬁgﬁ%%.ik,ﬂ»vy-74wa?ﬁiﬂ%
HEFLOY S AT, r & ADIFEN L OB MREENEVWEEOHEENHS. T
T, BIENTEETHBNTF T« VA EAVA T LT, FALLADHMORIIESTL 52, £

“STRT PR B TR LR
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LIED X 3557 4 )0 FREOEE & 8IS N A ESRDOMHERIIOE G, REEMEFIVTE
WEBTEHTES. FKEMIETIEIE, ROXSTREETILEBBIEFVOHE LTEREN
AEEDEFILTHS.

b = f(:ct_l,vt} FREEF I (4)
y = h{zy, w) e (5)

TTT, ap b3 ng RITORMOKEN Y bib, y 1d ny RITOGEHIANZ Bib, v i g(v) IKHED 0,
RITD L AT I/ A X5 Bl w1 r{w) IKFED ny KITOBP/ A XX M VERT. HifllE
o x, FHRETHC L RREHEHE LD,

Bz, RETTVICHEE 3 o, ZIREEH X, LEX, BHSF0MEE X, OB®RET
5. FEEUT—2EEPLEMBEOSMIFRNF— 2 TH Y, BT IIIEHEN s
AT — 2 ORBTEERRIENTHEEEZIBCENTES. CTOLIICTSE, TREH
FIEE 2T, BRI EILA T4 F « TIAHINMREREETHCEMTES.

3 E®VFAO- 711032

AT Kitagawa (1996) KIBREE /=T 7h00 « 7o 02X D, JEREIEST T AD
IREEZEB =TIV OREREERITS. o Fhia - 72 VA TRUTOZRSHEZSHORIRE (=
CHRiTT) THlELT 5.

o™ p(alY ) TR

.f,(])a .y i(M NP(-‘I:dY;:) 7-’1’)]/9ﬁ2f\$
S i)~ plalYr) TR
v, oM p(uy) S RF L) A RO

ZTTYi:={yn1.....u}, MEHWNTETHS.

EVTANLD T NFOTNT) XL, —HETFRIE 7o V2O DEUTHEHRI NS,
HEROFMIC DT Kitagawa (1996) ZBBENIWL. TIVTVALEZEEFLHBLEROL I
T3,

1S SIS polz) BB §=1,..., M ICDWTES £ 24T 5.
2. UFEt=1,.,TlKDOWTEDIRY.
) i=1,., MIZDWT oD ~ glo) ZERT B,
b) j=1,.. M 22T P = (9 ) %2t ET 5.

) i=1 . M IZDWT ol = ply|p?) B3 ET B,

) j DM IZDNT D %
PV wp oV T e
) _ :

M ;
o wp oL, oY

ko TP 745,



&L, e=5bp EBVTWVS. F74) FEER MX,) = Xgu THB. abc by, 80; LEEEHD
NERA—HTHD. Fiz, VR OMYMEEIEYo L Eid 5.

r RO N OBRBRIES LT 5 EE, Bl ICBEAHE T O¥n s —E &R X, OB
mh,

T
P(Xy,t;T) = EX [exp{—f T(Xu)duH (16)
\ _
?&a.tﬁLE?MQ®%#H%%@&$¢.itﬁma*ﬁy&ﬁm%uﬁﬁ@;au

T
exp{—/t ('r+)\)(Xs}dsH {17

LixA. TOXI3REFIVOEGE, I (16) BT (17) EBHEICRES RN HELFHLT - ¥
Tal—g It XOBEMCEIET 208055,

HERImAS (16)(17) REETIE THAITES T2 TEAEVLOT, BAEFMcBLTIE, Th
5 Ol & BT REA SRR T — X LOMBEMNEEEEFATS. FOL3 87 —4L LT
LIBOR &£FIAT w THH 5. BAMICIE, iSHHE T 7, B LIBOR I

1 1
LX) = (m - 1) . (18)
TROENE., EHEAETy, BECERS TF vy a2 70—0ORET BT v 7OEFH|IE

1 - P(X!,:t':t +Tn.)
58 P( Xy, t5t + i6)
L35 (Biork (2004) F2MR), HIKARTE, EESH C 2> EBHERRE—2 L9
A. M, @ET T, FBROFHLNA ¢; KBWTEEME C IcEJ3 CNEEZL D HEOHER
&% Vi (X, T,C, {t;}) & &, BBEEOFEMIDLUTOEISILRRENS.

Vi(X3, T, C {t;}) = C D V(Xp b5 85) + VI(Xe, ;T). (20)

2

V(X t;T) = B2

St(XtaTn) =

{19)

AHETE LIBOR I 67 A & 120 A, AATw FiE2, 3, 5, 7THEMEMANS. DEEE LD
T, TRITOEMXT PV Y %
Li(Xe,mn) + Un, e, n=120k¢&
Yo, 0 = { Si( Xy, ) + Un, 2, n=3,..,60L% (21)
Vei(Xe.T.C, {t;}) + ttn ¢, n=TDEE
TR, TTT(11y076) = (0.5, 1,2,3,5,7). THH, up ¢ EITOIKHZRIEM /A XATHS. K

FESHRICEV S F— 4T, BAATZEA 1006 EICRFT L 2006 4 12 A 6 HICiiAe s 5 &Rl
2.9% OREAMEELERANRICLTITY. HEE HAEEIL 1998 F 11 AH S 2006 F 11 A X

TOASEEOERF— 4275, M1iEFNEOKERIERY., 7—&2~—2Ad Datastream &
Bloomberg ZFH L7z,

EEOHERICBO T, T FAl0 - 7oA ZOEAORSIC, REEROBEEMEILT 5
PENES. O TRAAASELICED

Xigs1 = Xire+a(Xop — X ) At + orwip VAL (22)
Xoki1 = Xa g + 002 — Xo k)AL + (c12w1k + Towne) VAL (23)

Xaper = Xap + (03 — Xo )AL + 054/ X [Pwm +v1- P2w3k] VAt (24}
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a b c [ B3

0.41 0.12 0.066 0.043 0.0084
a1 24 ¥ a2 o3 -f
0.006 -0.0027 0.029 0.041 0.03
2 us us g us ug uz AlIC
0.00027 0.00028 0.00015 0.00014 0.00042 0.0007 0.0021 -34926
# 1: HEREAH
[ b c D) A3
0.17 0.076 0.035 0.016 0.0057
71 712 a2 &3 Id
0.0035 0.0016 0.009 0.019 0.25

u Uz L2 ug g

u3 ur
0.06017  0.00013 9.6 x10~% 0.00012 0.00027 0.00033 0.0011

% 2 WERERE

0.010F

0.005 (K

0.0001- i

-0.005-

0.03}
0.02

0.01

2000 2005
2 BTF77R—~DT 4 )25




(1] HUIFEE (2008), BRIV RY - EFVOELEE ZOHEE — kv THAY Y - 7 FO—Fe &
37741V FOAAMEDETNAL—, BT 7 A4 F /A, 23, 3-33.

{15] Nelder, J. A. and R. Mead (1965), A Simplex Method for Function Minimization, Computer
Journal, 7, 308-313.

[16] Schénbucher, P. J. (2003), Credit Derivatives Pricing Models: Models, Pricing and Imple-
mentation, Wiley.

(17} Takahashi, A. and 8. Sato (2001), A Monte Carlo Filtering Approach for Estimating the
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(18] EERIE, ETREAS (2002), EVFANTT 4L 2 EEGERFHE FLORE, HEHKE,
50(2), 133-147.
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HOBECHEB T 7 A X 2010

Self-exciting £ & & DA NV M REEBRELTIVICE S
BRR—FT72 VDY X7 Em

Vil &, D 2 EE, 3 J1 F
1),2) WA FBRIEHE TFRMAR, 3) —BAERFERERERMREHT IR

*Email: Suguru.Yamanaka@mist.i.u-tokyo.ac.jp

WI0FEIHF30H

1 EC&Ic

ARTREBOERR- 73 VADERV XA 7 EARICFMT 2D0H LWETFIVERET 5.
BEETIVOBHIHE Giesecke et al. [1] ¥ Nakagawa [4] THIZEE N T3 top-down 7 S O—FIcE
DL BEMICE, BEEETOERANY FPREDBEEY seli-exciting % & DERBETE T IL
L, thinning i Ko TEDR— P73 UFADA NV MNREBELRRFET S, BREFNVIKE-T, EF
VR DEHEELZ T LT, BROBR— s T75UZ « ZLVy b - FUNRTF 4 T DU R T RFT# ERE
WfTH T EMTEB.

Top-down 7 70—F&, R—+T7xVFDF T4+ - URIDEFNALDFE L LT Giesecke et
al[1] IK &> THEE N/, Top-down 7 70—F Tld, R— 71 UAEEBRTHELOEEDT 741V
FREDEFILZERIITDT, F— T4 UL2EASDOF 700 b RERT 7 40 M REDEE A
WTETNEL, R—r 74 VFROELDEEDFT T 4 )b MEEN thinning EWd AEIK L > TEE
5. EEDRBOEARZET VL LT Giesecke et al.[1] 13 self-exciting E (F7 )V P REBRTI v
TTEHR) BEOBRBEEEL TS, Giesecke et al. [1] OMEAFPEHNT, K—FrT73VUF- 71
Zw b s FUNRTF 2 TOVY R FRPMEHME AT o Fo5 & UT, FIX SEHIEFRA % (collateralized
debt obligation, CDO) DY X &7 AT %17 - 7z Giesecke and Kim[2] BEWF 5N 5.

Giesecke et al. [1] % Giesecke and Kim [2] B F 7 # )V PEEDRKCHEE LIz L, F74/k
REZT TR EARNTOEEDET MELITo 23R, Il [3] *® Nakagawa[d) B 5. $1J11[3] &
BANZERE (&L, BT 7740 b HER selfexciting MIBEIC X > TEFIME LTz, Nakagawa
[4] & self-exciting 7217 T/ < mutually exciting % 6 DOREETIWEEELTWAS. 5, d)
(3] *® Nakagawal[d] &<V« v FL—F - FoFrvavind 2Py b - FUNTF ¢ TOMHE
FHEZIT> TV 5.

ARTR, EROBRAF— 73 UADVRIEFEITS O, BRANY FREBETTIVEL
U thinning DEFILERETS. FHETRE, BHEREKOERA Y FMEES state-dependent % &0
self-exciting FEENAE TEFNALL, F—Fr 75 VAOBEZR— 7+ VADERA, TihbEH—
7Y AHNDOERAOBEDOHGITIRAZE L7z thinning IC X > TIEENZ £ T 5. BFSEDLRY |+
RE% self-exciting HEEBETET LT A LItk - T, BROEEE—F 74U FEDEHY 2
VOGEHELDABTENTED. Eie, KEFIR—F 7404 - ZLVw b« FURF L TDY

'FH Yamanaka et al. [7] OMBRTH 5. AR XERSLE S 0— UV C 0 ETOYS L TS BHOWRRES
LR OXEEZITIE.



AT ERTCIEL TS,

FROBRIILTOED THB. F2@WTE, EFLOERMETS. BT, ¥Ial—y
YTNVIYZLOBERANSD. H4ETE, BEE— T 330U RYBIRT - AEEROR
REBNTH. BEETELDEBRNS.

2 EFIL

2.1 BEREOERANY FEERE

RELEOLEDOEER 5* TRICLIETS. FPEIBELEDHESE—F74VUF S, (@ =
L2,  DOWTNNET LT3 T4bs, S =L, 8, SinS; =05 5. £, &
PRI BABTBTEEZNTVS TS, BFIX 1,2, , KBIUK+1TETC TS, 21
L, #&ffk=13RLERAOBVBHTHIEL, RICERABDMELERD, k=K PELERAHOENE
T, k=K+1 8774V MREBICHET2860ET 3. (Q, F, P, {RDBRT71)V L~ 5 Ufi5E
RHERZEM 295, (R} BEERELTRERETLTS. 1€ {1, 2, -+, L} TEAAMV DX
ATREY, ARTIBWRICL=320L, ARXVF1IHIRLET, A1V 28T, 12k 3HF
TANFEANETE LTS FILDVT0< T < T <« BARY N ORERAFIEERT {F/)-E
BERRERET S, 2L, Til<owas. 'neN LT3 ik, B340 FAREBHICECS T
Wanweds, F74/0 b LEEEIERL, BESHRICEETS2ZLEENETE. AR ID
SHECAEE N = 351 Liniey THEL, &N BEEN ZRHOLT22 FAETE N L UT, ROMESE
WREEZEXS .

= wl(d Mt +all, .
Jio= D (min(dNy_, V)lmen)s {2)
n>l
P fil)\ér‘l :Ci:CIAITI . ®
N} N}

L& >0, de€(0,1), >0, v >0, Ay >0&7 33

M 1EEETTIV () - (3) DY TN - RATHD. A2 FRERZTIEEEDEN Yy 7L
(self-exciting £) , 7\ MREZIOMTIIBEESOMEICEKEL THL 2 &hDh 3 (state-dependent
) 4. Ml LFSERoORT—2E, FOTF—RcH UTHE LR ETEETF VORI 2,
B DTHS. BLITOREEELRE LITHENEEZ>TEL &> THED, self-exciting &2 E&D
BETTFIICEBRAEEDEF OB BENRE B,

2\ RIAD {F)-RBETARIET, N — [1ilds B {R)INVFUF—UEBLDTHS. FRMTR fj Mds < oo,
t> 0a.s BRETS. .

SEMBETFIVEY v Y TIEIE LY E B LW 3 HT Giesecke and Kim (2] B F 7 4V MEEEFINLER D,

AV REDEM T <t < Th IZBVT, BEQ) - (3) 1

A= cl)\frvl' +{(1- cl})\lﬁl exp(—fcl)\ffr;‘ (t —T%Y)

THD.
Sel] [5) 13 self-exciting AT 7/VOHEE THS mutually exciting HEEEE 7L RNT, HAORANZEEIC self-exciting
HNED LERTRREETVS.
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intensity
10
|

time

1. SEETFIN (1) — ) DY TN A L RHA R ML (HRVBHEA N P, B A2 SR E
FIDIRZTAZIE £ =05, c=0.1, § =04, v =500, X =10.0.)

Frequency

iy SN

1 Apr, 11 May 15Jun 21 Jut 24 Aug 30 Sep. 8 Nov. 13 Dec
2004 2004 2004 2004 2004 2004 2004 2004

2: BLEFHROHR LR EFRET T ORE SR (B R&I ORITHGHE, 735 A 21388 P07 — X 8
T AHRAHEE.)



2.2 Thinning

DT ERD R — b 7 4 U A OG5 E DU thinning IC X5 T, BHE— R T+ UFDAR
¥ MEE%18%. Thinning 2175 edIT, Bt ICBOTEEY BT BERT -7 & 2ic 7
R— T4V 8 NOBN k DEEOR K ADIE_EF (T Th 20N MR 5 Ry
B zPV @k, k) & 200, K), BROBLILICFT 5)L b DRE LB B ZADE— R T4 U A &
MO k DREDT7 4V b TH B RGN EHERREWT ML 200 (k) #E % 3. SikMIc
& 200k, K), 280k, B) BEO 20D E) LT, ROE S HHE— T+ U F ORI RS
WEEDEZBEIZCEILTS !

()
G By — Xy (k) » X; (&
Zt (ka k ) = Z£K=(k—k’)+1 X:(E) zk_krl{zf}x=(k—,k-')+1 X{ (k)>0} (4)
(k=& + 1,k +2,-- ,K),
0 |
Gy o X; (k) 2
2k k) = SEH 2 7y Pk 00 x50y ®)
k=1
. (k=1,21"‘,k’—1),
) X(i) k

P20, Xp(k) BRI £ 12 BV BARAT & DRZHTHY, X (k) BB I BIZE—F T4+ S W
DAk DEREEERT. £, 4(0=1,2,m=1,2, ..., K1) IBRHLTEDEC > BFICFIM
m BEEORMNEE TH DR EHRERIRT ZERT, 0<2, <1, 2>z >...>2_ (=1, 2)
BROTE A 1208, Bz, F74V FPRELEBICENIERN k OBZEDF T )1
NTHBRMTEHEERRL, 0< <1 (k=1,2,, K), B<B<... <A BLOTE 2 =1
BT LTS,

NED(k, &) NIk, 1)) BE—F T4 VL S; OB k DRZOR & ~DK T (T
HEGERE U, N (k) B— k74 UA §; IO & DEZDOTT 4L FEEGER LS. COL %,
Z80(k, 1), 28Dk, ¥, 2859 (k) VT NEV(k, 1), NS (&, &), N k) OBERROL S
5Z26NM%:

MWV, &) = Z8 &, KN, (7)
MNPk, 1y = 280k, KN, (8)
Ak = ZE (k)AL 9)

SGiesecke et al. [1] DWEN S, ek xiE, Z0V(E) BROL S ICEHINS
ZEPk) = lim 200k,

; P2 e 2SN N{T2 e ) N{T3 <t +e} | F)
Ao - Y IUEETEN M T IO m R, L

k3

ERL, 73S RE— T AU S TR R4 T 30 PRERHNOESERL, (k) 8T kL OREO/ Ry
b OBREBAUOEESEST. Z0%, ) ((=1,2) bRABICED LIS,

4
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3 YZal—¥arv«-7IIdUXL

FEHITRE 2HDEFIWKETERANY MREY I al—Y gy - 7)VT) ALOBIERIENS.
27w 72, 3% Ogata [6] D7)V X LicEDL.

[0,H] EDA Ny MREBHEERTATILTUXL
L. [BFIVONS A —2BLUCHHERRET 3]

o LITERET S TEFNVONRTA—K (&, ¢, &, 4, ) (1=1,28),2L1=12 m=
1,2 -, K=1), 2z (k=1, 2, -, K), BB% S =0, YT ab— g VOB H 0),
F—r7r0FAOEH xP k) =xP® (=12, .., I, k=1,2 -, K), £
YHIDREHRN =0(1=1,2 3), I\ I DERBEBERAT,, =0(0=1, 2 3).

2 ARV FREBLIORE T BERT5.]

e A=30 Mo BLT, IBEORICRED T E ~ exp(A) BREEE 3.
e T=S+ELT5. T>HTHhE 7TV ALEETTS.

3. [V bR T 2BRT 20 FNT 2D ERET 3|

o Mo/A DHEETRE T 24\ b ORERZ L LTRIRT 3. WTFOARY AL L
THERIRENRTNE, R7vy 7 5icirl.

4. [Thinning]

o BIRENTARY P EA T UZDOT, (4),(5),(6) DHEET, A FOFE (1R b2
Dp=+ 7 & VA DAEPSFELE L Il MRADENEED) BRDB. HEIThAN
¥ REES T, XS k), NY, TL, REHT 3.

5. §=T&LT, AFvy72icfr<.

4 EfEHl

AT, FETMCESCBER—F T3V 40U R 7 BITCET 2 BEBEDN L DI ERRS.
Efr, BADBNIEET 2 UTRBINT A—2HEDFER BB,

4.1 BEETIVOHEE

g"]”\"/ I"%EEB:TJ’I:ZU@J@?‘—ﬁfJ‘B, %"1)’\:/ [“%Egﬁﬁ‘@}ﬁrj} & (KZ,{, C;,’)’g,5,:, )\6) &ﬁﬁﬂ_% chb
ERAEEAVET LITT B, AR k| OBSRIRE [0, H] MOA Y MREBA 0 )T < Th< ... <

Th{(< Y DF—EZHPBRENTVBLTE. COLE, AV M OREEFIVOREBEMEMUTOLS
ks

N H
Ziog pr —/ Ads. (10)
n=1 " 0

3
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T, MESNZETNOT—Z\OBEEERH 5 FBIC, HI [5) #BEIC LT Kolmogorov-Smirnov
BEZITS. BERMICIZET, &F1 704 MRERAT (TN | ZEgHEE T AmE (0 %
BT
T!
A= 7 Alds (11)
0

LT B, T3 LTELNT (ALY AYEHE Poisson BREO Y ¥ TR L ARG B T L EFIHLT
RERITS. $hbb, {4, - A BHUIRSHET, 81 0BEOHITHS C LR RBIRS
LT, TNHNEHNENTVEFIC, EFVHTF— RGBS LTWAT LT 5.
MRV T 2132004 F4 A 1H 2009 4 A 1 BE TOMIC R& I ODNE LIz AEREDRIT
FERAWEREF— 2 ThHs. CC TR, BB+UTORMIESLUT 74V NREEE Lz, T7abhb, &
T AAA, AA+, AA, AA-, A+, A, A-, BBB+, BBB, BBB-O 10 BB 72 % (K =10) . E7i-, K
HZRRU e BT 2004/4/1, 2005/4/1, -+ Hh ¢t = 0,1,-- ICHET 3 &3 ICHROEREIT . Fie,
BRI - T2 EMOBM I EEICH L TR, —HEEeBWTEERIETS L.

#£1PEONIZNATARHEEEL pETH . pEND, HESNITFIVITEEKYE 5% TEHE N
TN GBS,

% 1 METFILOINS A XHEEME

% ¢ ) ¥ Ao p-value

l=1) |1.745 | 0.350 | L.2(EE) | 90.804 | 26.486 | 0.062
BTFY (1=2) |1.643|0.281 | 1.2(EE) | 168.839 | 82.676 | 0.063
FT74IE (1=3) | 3450|0503 | 1.2(E<) | 23.384 | 1.181 | 0.974

4.2 Thinning EFIVDINS A RH#EE
MHCETIL (4), (5), (6) DT AR 2L, 22, 28 BRDES 5L B

[ -
= ey (b 42

3 exp(a®k) 13
= >k exp(adk) (13)
zh, 22, BEU zg BHET B, mBEOR LB XUCERTIINECZEETHS 2L, 22, LT 74V

FRAETORMIA k THAEETH B 22 ZRMIEETF—2hbEHTS. ZLT, 32, (L -2) (1=
1,2), Sz - 8?2 ZRUNCT B ol, a2, o ZRY, TIEHIET B 21, 22, BRU 2 ZHEMEE T 5.
HEICIZ 1998 4 H1HMS 2000 FE 4 H 1 HETORMIEETFT—2EAWE. #£2,41 3,7, 2
DIETHS. HEORKE, ol =2.327, 6% = 1.979, a® = 1.238 BELN, #EM 2L, 22 BLU 22 @& 3,
5oz,
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& 2 %NEE*FEO%%UE\
...1 a—

m| Zy, Zg,
1 |0.9024 | 0.8618
2 |1 0.0732 | 0.1280
3 | 0.0244 | 0.0046
4 0 0.0046
5 0 0
6 0 0
7 0 0
8 0 0
9 0 0

£ 3: Thinning T5V (4), (5) DT A X {EEE

m

31
Zm

32
Zm

0.9024

0.8618

0.08808

0.1161

0.008597

0.01646

8.400 x 10~4

0.002276

8.289 x 107°

3.154 x 10~4

8.992 x 10—

4.444 x 1075

1.780 x 10~8

6.999 x 1076

1.076 x 106

1.824 x 10~

D CO |||

1.007 x 106

1.109 x 10~

# 4 774N P RETORMIORE % 5: Thinning E7)V (6) D735 A X HEEH

k| Z k #

1| 0 1 | 1.009 x 1075
21 0 2 | 3.531x 1075
31 0 3| 1.223x 1074
41 0 4 | 4.222 x 10™4
51 0 5 0.001456
6| 0 6 0.005022
71 0 7 0.01732

8 | 0.03 8 0.05972

9 | 0.26 9 0.2059

10 | 0.71 10 0.7100




4.3 BER—PFI7HUFOURIER

FNETR, BER— 74U AOU R 7ENMICBET2BEERZBNTS. 2T TR, 320K~
F7FUA 123 ZARICERS. BIER—-FI7FVFORADHEERDLIKFRELE, b5,
F—=br72 VA 1HDSIRBICERAOEWR— 7+ UF A, TS AEZHEITER], 3, 5 DfE%:
Bz,

& 6 BR— T 4 U A ORI O

rating 1123|456 |7|8]89]|10
portfoliol |15 |15 |15} 15|15 | 5 | 5| 515 | 5
portfolic 2 | 10 |10 10 | 10 {10 | 10| 10 | 10| 10 | 10
portfolio3 | 5 | 5 | 5 | 5 | 5 ;1515 |15 |15 15
residual (10| 10| 10| 10| 10|10 |10 (10|10 10

M3 eEXTRER-1F 7+ U401 EHOBESHRBHBLTVAIERETHS. B3 LRTMDG,
E— T UVFADERAPMENEERENKRELZZ T EHDNS. THIL, thinning DETIVOMHE
THB 28 <28 <. DHERMIOBEDT 7 4V N EERENREL LB THS.

0895 1.00
H |

080
1

~—— Portfoliot
-= Portfolic2
-~ Portfoliod

089
1

Cumulative loss distribution
083
il

075
1

070
1

3 B b7 4 UAOBRIERHE (1 £/

AEFLTIREHOR— T4 VA ERABRCRA, BESZMER— N7+ ) ABDY A7 EH2DH
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KT BER-IT74V4DURIHEE

One year loss

Portfoliol | Portfolio2 | Portfolio3
Average | 0.09% 0.18% 0.27%

Max 6.00% 9.60% 15.00%
095%VaR 0.60% 0.60% 1.20%
95%ES 0.95% 1.68% 2.23%
99%VaR 1.20% 1.80% 3.00%
99%ES 1.79% 3.25% 466%

THTEHNTES. R8I, K—bT7 YA 20D 1FMDIREDN 0% — 0.75%, 0.75% — 1.5%, 1.5%— D
ETNTNOKETHBHEEOR— LTV F1DVAVEETHS. RSLD, F—r71UL 208K
BRELEBEE, F—F7+ U4 1 OBKREKELLRB T ENDNB.

£8& R—rI7F VA 20BRIISCIzR— 73 UA 1D A 7iEE

One year One year loss
loss of Portfolio 1
Port.2 Average | Max | 35%VaR | 95%ES | 99%VaR | 99%ES
0%-0.75% | 0.0"% |3.60% | 0.60% | 0.74% | 1.20% | 1.28%
0.75%1.5% | 0.24% | 4.80% | 1.20% 1.52% 1.80% 2.20%
1.5%- 0.93% | 6.00% | 3.00% 3.30% | 3.60% 3.99%

# 9, |V 1FMOR—P T+ UF 2DBETRAMFITRD 1EROER—F 7 4 U FOHR
BARTHS. R=r+T7+VUF 20BENAEABE, RO 1EHMOEE— T4V F0BENKE
EZBTENTHD. 2DE3I, HBR—F 71V AOBEDREMIOE— 74 U A DEkDIB
RICEZ BEEBRRETIVTCONTED.

& O K= 74 VA 2 OEEDBRICEKMAEMT SNEHR— 75 U T OHEHERR.

First one year | Expected loss of second one year
loss of Port.2 | Economy | Portl | Port2 | Port3
0%-0.75% 0.26% | 0.13% | 0.27% | 0.39%
0.75%-1.5% 1.56% | 0.78% | 1.55% | 2.37%
1.5%- 3.72% | 1.85% | 3.56% | 5.74%




5 L&

Top-down 7 7O —F B DN TEROHBER— 72 YA DERY A7 2FMETZEFAEEEL
7o, RS, BESENSDEHA XY FORER self-exciting E® L DBETFLERANTES
WEL, B FR—bT73VF O N2 bREBER, R—F 72 ) FTHRORMADEICETT L thinning
KXoTEAT TEFNWEEDIFBHARVMEEDY I 2 L—2 307 3) ZLOBEERBRA, Big
K=+ T3 VFD) XIS BEEFIDERDONL OO BBN Uiz, REFIVIZEROERR—
P A UARERHCE S CLABERICTETHD, ERERAVRIDEBELLZTVADT, F—k
ZAVE - TLTVw bt - FUNRF 2 TOY)RAIENICERTHZ L EZ NS,

BB SHR

1] K. | Giesecke, L. R. Goldberg, X. Ding: A Top-down Approach to Multi-Name Credit. Working
paper (2005), Stanford University.

(http:/ /www stanford.edu/dept/MSandE/cgi-bin/people/ faculty /giesecke/ giesecke.php).

[2] K. Giesecke and B. Kim: Risk Analysis of Collateralized Debt Obligations. Working paper (2009),
Stanford University.

(http://www stanford.edu/dept/MSandE/cgi-bin/people/faculty/giesecke/giesecke.php).

[3] I F/EE by T HEYY -7 TO—FIREBINF - AT L—F - a7 a vy OFE. MTEC
¥y —F IUAFRIE (2008), pp. 451-481.

[4] H. Nakagawa: Modeling of Contagious Downgrades and Its Application to Multi-Downgrade
Protection. Working paper (2009), Hitotsubashi University.
(https:/ /sites.google.com/site/icsnakagawah/working-papers-tesuto-ban).

[5] &)1 Fie HE/EALORNEERETTIVICXD2BNEREERET — X DD, Working paper
(2009), —FER2E.
(https:/ /sites.google.com/site/icsnakagawah /working-papers-tesuto-ban).

[6] Y. Ogata: On Lewis’ Simulation Method for Point Processes. IEEE Trans. Inform. Theory,
vol. IT-27 (1981), pp. 23-31.

[7] S. Yamanaka, M. Sugihara and H. Nakagawa: Modeling of Contagious Credit Events and Risk
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B BIAHT 5 & UG B it 2e B

AH H
RERARFREBREF AR

1 Ui

ALZFENG I T OHRG| FErfid, HUS1 238 U Clifg oo h R TIT ¢ A I Kyle (1985)
DETFALTIE, FREZD > TORWRERICREE > TERERF > T ARERSHE L, B3l
FINFEHMELENERD S BHOME M EH#EI L - TR % 7 2:882@U T, it
KDL 7 <. T, BB 24 THIAERAZRBR LTV EXTOEE, SEICIESHER
ENBIEAH S, TOREIC-OVT Bials et all (1999) 3. 3V EZRHUE | Br o HLS | BALARTIC FRME &
AT FEERSRIRL TE D, Z2NEEL CHEIBNERTEEMTHhNTVE, LwiH
ERRERLTwE, Z2oBoMHiHICow T, Cao ef ol 2000, Barclay ef el (2003, 2008),
Madhavan and Panchapagesan (2000), Chen et al.(2009) 72 & DF7EHs, WEIFHBRTO KRB DR
Btk h2E - BREEMTHN TR I L EHEL T 5, KT, HITEHIWEIAF ()
IZEWTHHM Y - FREENTHONR TV 52 %, Blais et al. EAEOFEEZAVTS
Fea. &oic, AROTEERVT, B IREROMEEROMREIZ DT HORT 3,

RELETiE, —BOHG BRI FHREPEES I N2 1 0 b T, BAssd 0, BRHIET
Bz LHRIAREAEE I NS, BREADOPUIIEEOFE & H LBV, BRAE T oI OER
Bk 1 HORGIHEIOMERRLVLES TH S LEAX 1Ry, MELHETAIEIXD,
1 BRI FBFOMERAROAE - FIcBELTaRT5 2 E0EE L 4 %, £/ Blaisetal. T
B, YHRMEIEEC Lo E LTy 580, MEDMERRICA T2 aihicE iy, 2hu
LB TR, —BO#EMMA b, TEREOBR R ENa—Lt—2 v a itk DiTbh, L
% Amihud and Mendelson (1991) ic & h @ a—iFd — 2 ¥ a vz & 2 EHEALZIEEN T
HHEZEPHONTWA, 207, HENSOMIEEEMEL 45 o & TR T M OffigHmic
WEBEAWNETI ZEHAGEE RS,

MTTikEd, 9WAERSEAL, XICH >y 720 THET S, 204, BE G KE
TERE & CHE BB P ORI 2T OFITHEREEZ L H 5,

2 PWAE

AT, unbiasedness regression iZ & H. FF FHOEER B L UVFL EROMERRE DR T
% . unbiasedness regression ¥, HZEOARIRANIGHES v, FR 0 TORFEMEDHEES E(vilp).
Bt COffitgz P, £ L7 & E,

v — B(u|lp) = oy + B(P, — E(v|lo)) + €
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& T % regression TH 5, Biais et al. (1999) (X, H5|B T D% P,r 8B/ 3, v= F. .
E(Ulfo} = Pc,T—l & L’(\ .
- Pc,T*l

FPor—FP.r_ P
c,TP c,T—1 = oy + }612 1 =
e, T—1 c,T—1

LM 1T LTS, ZIDLE

Cov(Fer ~ Py, Pi~ Pere1)

_ Var(P, — Pep—1)

TH B, flEHEENEITONTEST. Covle, Per) =08%2 e KL TP =FPro1 + e
THDHLE, f=0L453. ZNEHLTEERAITbOTRIEA>0L4E5, 36, tHFR
DAIEBHIRBTHIUL, Cov(Per — P, P~ Per1)=0THB, =145, Cov(P.r—
Py, Po—Pr_1)<0DEE <1 THY, ZOFBAITIHERDHAVRAMIE I LA TRFIEHHE
ZoTwAHEMNESD Y, B Cov(Per~ P, P—P.p1)>00,E3>1THY, ZOBEE
I I ERAIR R 2 AR I e TRNUSAMRE Z - TV 2 A[REIESH 5. % 7= Barclay et al. (2003)
DEFL TV L5, TEOMfE) BRERETH 2550, REDSEBNMcH SN E D,
HEENHETH D,

Biais et al. (1999) 3,8V EEZEMEIATIC B3 2 000 2 FREMEDE L #81H12 2> T unbiasedness
regression & 17Vv>, FEEIZ DV TIHHE|BlMAETD S MR AL Thi, HEIFRRI g =1 L%
%, MR 2T S BB FAGES o {@fgR RofT b, BEIMGEE 30 7RERBL L &
B=1¢tigh, ZORIZp=12¥EET 3. LvIFREETH3,

+ &

Bi=1+

3 HYTI

FRTOGWICE, BEATFT A 7P — 7T A v TREDTF 49 7 F—SBEVE—b 74V 7 -
TAY—2MHv5, HIFIZ2004 F8LU2005 F02EMTHD, TOHMICEILIC LBEINT
WioEBEE TRRE TS, BL, FiOMNGI Lk wERER, CATFLFI TADH ST
2005 11 A1 BB L2 A, SEMOENESL HOfB 2atidRA LT3, HEPORIE
fifi#&43 200 B2 ATV 2 #RIC 2 LT, EESHBRABLUN DI LFREDH -7 HA3 400 H%
BASHPFD S b, —HOFHFRELED L 400 #iE% 0K ET 2. UT. SEIIELCTHE
HE /N =7 EDEREBEL T3 EENH 20, REE/ L —Tii—BOHSRESEIC X
HDI100 R L 42 QFIL /N —7TH 3,

unbiasedness regression %, F#iR - FEZ (FHA) 2L 12475, unbiasedness regression T
b, ATRAHEE v 3 L UEHE & 42 2R 5 0 0B 2 RIRAIEDHEM E(v)ly) 2%IRT 3 HEHs
$ 5. Biaiset al. (1999) I3, ARRIEGEIC Y BKME, 0 RSB 3ARBEMNMED HEMEICHTRRE
E2AVTHS, FRTOFARORFEDNETI. Fh LA, —HOKE (BEHRME) sz,
BRIBIRME, FUBRE. fBREL AROEHOEEEL L. 20AFho 1 BHOMig% 0 HAICE
B ATRAUBEOHEESE & U723 B1T 5. E7-. Biais et al. TIMERMBFOERICE LT, @—
o bEFAOERELHERPAERICHVTWBEA, I TREETIRE CIEELHLT LS,

RELE 1T EICEHIT A, P icik, TN TONERORBERRINTLAFHEE
DHE, FFEFRICBESERILERINAVAEAROPEEAV2, BYAMRLEVREDOTES



B—RFE & U TRR I N T Ao e BINE, Yo 7 S BRAT 5, GLASERIRE ST X
NTORBEI ARSI S BNE, % 6 KFHRERIC VT, T XA R0 5%
1230 0 X D BENLFEEI, T oA T3, BHUSESRREIN TS L Fi0iE,
S THEEDHE v — L ic X 2 TEN, S2BLT3-0TH5,

4 BEEZFOFEE

£ 1k, FAEF ORI OWT, FEAT & 4> DFHE L F Afif% O & 12 unbiasedness regression
2TV, FHOTHEF LHERTHE, BL, §5 - BEZAZNELEASTIVEEsHT
LS ORIBBER 1 T L OB RZIBHL Ty 3,

9 O RFIIOTHBEF T ZRNE, COMEEREL LTh, 859 SMRIERED 1 L b b
(o Lh 1%kBECHEIC 1 E8BE D, Fh, 9RIGET CIEEREBOFEIE LIGEDLTED,
O 0 FORE# AV IBEOFROTEIZ L X9 b ATV, Jhid, ETPIZ &R W3 %48
DR VERLOEEOA THRERE L RMBHEABTHNTB I LERBEL WD, £, K
M1EDINSOI LRFMNEMOKBROZTENAZ VLI LZMRL T 523, W27l
o oflitg % K& By LD o HHilitE 2R L Twa LI BRLTIETH 3,

BIBEA S AT ERIC b AROEANH 325, BISEA AN CREOFEEE 1L D
Mvs, BlAIE, BIGREEHEIEY LGS, 8BS 0BT 2RO FHIE 0706 THIDIK
L\m%sﬁmé1m%mﬁm%ﬁ®$ﬁuogérﬁofwé,%%%ﬁ%ﬁ@%ﬁ@ﬁ%m,
ASIC B 2EEIMHRT L T26 1M 30 LR L Tl wRETITHLN 2D L. #IEHF
T2 RioSRORE L. FEEHOBEHE TR 15 b5 17 RELN LA L - RETiThi s,
FRETIEETASRIE & 2 ORI HIEESRE T AARENE O THIUL, The KL THEEN
E RGOS ROSEEE & 22 . unbiasedness regression DFREAHE L2 oicx L, BEFTSHT
12 ERERE AT L 1 DI REDSE o T BN S B, i, THEE (S EHI 8 I 59 TR
i, BESTERNOGKROTHOR/MEL D bAS v, Ik, IPEE M SaTOMEFHERIZ. F
fFEEWCEPLTITONEZ EETRBL TS,

FHRORZEILPREROHEEZ T 202 BT 22 dIC, 400 ML FHEERICL D47
=TI, Y— PRI ENS O RREL THL L, EFAFHORRICBLT,
HIBIRE - FBMYE - BB R L LBEaK., FHENL D, BEFIEHOREICDw»
Ti, AEREPEMEL LAGACORRERICIDEND S, LVIRBRTH-L, BHRIL
2EFEDELRZLDIC, £213, FBSMEIC oW TIIABEREELEE L UEHEICD
W, BB ERIC OV TRBHEREFEE L L A#iHEIK W, BES/ V-7 T L%
FEHTWE, ERFERRICEIN—7TELORMSE DFHERLTWS, kb, BIEBEM
ERNICIE, REPERLERICE T, REMMEL 228ERH 2 2 EPbn s, FTEZRORE
DEHHREEICIVBELBFERAE LT, BHREERHCOBEELH-LEXORAR EPEL
5B, LHBFELVOINISROBETH S,
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5 EX5IREPRICE TS MEBER

R 33, BEIBRE I B\ THEE Z L unbiasedness regression 1TV, Z DREOFE % &
LorboThsd, R LHEMR HEEL LMK L CRBRE, #BBE. FEBIRME, WHEH
filiz v, FRFRICREOFEHZHE L Twd, WINOMiEeEiEs L2Ea b, 9FORK
DFHE1 LD HKREL, Lhb 1L EFRKCERS. 20M%, RigREEEE: LABE2RE. .
FHOFEIIBROBB L L S ETET T 2HEAET L, BoRBREEREEY LB,
QW1 M5 Ol 15 S ETHREDFFF 1 EFEICRLE 2, ok ICHEIBEE 15 o0&
BITERED LHHIC L EE-Tw5A8, 9BE20 4, 2547, 30320 Tk, FEOFHI E Ol
WEEEL LIEAED 1 LD HRE(, 10R55 DUBEREROMEMET LET 1 IE(ZoTw
3. Chuid, HSIBAREIC IEREEIOENEAC LB D, FOEBNE 15 GBECEEEXNS D
DD, *OHTOMAGEANEN & 7 0 FHSR T RIS /OBl A MR ThbNn b I L %
AL TWvWE,

ABBICB LT, 9 15 o bife, liEREISE 252, JofFERER S v — 7HTRED
RESICENH D, RABTERIIN—T T L OREOFEEE LU RMSE O¥EER L TW 553,
T2 AR, ARSI OV TIIENSRER B L AHGHER, BB LTI ERBRELEIEL |
R DVLTE LD TWE, R4 kb, 915 0MBRORBEG S/ V-7 Lo, %E
EBRERTA— T TCHEEDTFERREVILREINBEL TR I b3, ZOFRKD—>
DFREMERRD E I A bDTH S, BEIHBHOMEERBESTRTT3L, EvyF - 7R7 -
A7 Ly FEC ), REREBCE T 25N RES 2 VIEDERAMES, Zhic &k hEiREl
25E € 7% B, unbiasedness regression DIRMMK E L 25, FHEITERLBW I, w|Hs+ac
B shnid, HEELOENIRASHRZY, HL, BT 3ERLITIESEORET
H3,

#3 &Y BRBOMBIZRIC OV T OIS & Ak, BEIBRBCREN 1 LhREL, REGY
N—7Z LI REOFABRLERMH B, AL, HigERAab, HEEL TR L OERS
B W) ATHBABBRTE R, —H, BEETEBCE T, BERELZEHEL LEE0
FREUT, THEBL LD LS, SLEREFEIN—TICL DRk 2. R4BFEES I L—
T ORBOFE R LT »EY, BRERVROIEHTRED L DS WiEfdh 2z I kb
5, Zhid, RESERLEMRICE VLT, | BOBSIRTIICMEEESMNKE { 25Ty 2 WHE
ZRELTV3, EZ5N5BRHO— 2, REPERLZEFROIRS I ARG RSSEEML
TED, BICRETIEIL 2w W) EEOH 2 BT R T i 2 BT 2 &
HIMMIBETPBRE 22 TwE, EnI bDTHS, —F, BERELRIFHEORBIET &
LTEZ LRI LR EL T RTEER L H 2. BEOCHA ., BBREZEVETRT
DHFHERICN T 2B TEENSLEICA S,
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F1 FLER
Time PM Close PM Open AM Close AM Open
835 0.128 * 0311 % 0.321 * 0.458 *t
840 0.167 * 0.366 * 0.375 * 0.516 *
845 0.218 * 0.422 * 0.429 * 0.565 *+
850 0.28 * 0.487 * 0,494 * 0.625 *+
855 0.414 * 0.609 **  0.611 **  0.715 *+
856 0.447 * 0.6356 * 0.636 * 0.732 *+
887 0.497 * 0.67 *t 0.67 *+ 0.756 *+
858 0.566 * 0.719 ** 0717 *t  (.789 **
859 0.706 *  '0.824 ** 0.82 *+ 0.878 *+
900 1.05 * 1.05 * 1.038 * 0.789 **
1205 0.947 * 0.97 * 0.407 *+ 0.984
1210 0.904 * 0.931 * 0.411 * 0.935 *
1215 0.918 * 0.945 * 0.447 * 0.957 *

1220 0.927 * 0.954 * 0.517 * 0.978
1225 0.933 * 0.959 * 0.662 * 0.992
1226 0.937 * 0.062*  0.703 * 0.998
1227 0.944 * 0.968 * 0.758 * 1.009
1228 0.951 * 0.973 * 0.85 *#+ 1.019
1229 0.985 * 1.002 * 1.123 *+ 1.072 *
1230 1.000 0.951 1.31 *+ 1.093 *

FERAHIFR (2) 128V T unbiasedness regression 217V, HEOTHERL Thd, *id, FHl 1%k
HT 1 K OFEREZ 2 E2RT. 43, BEES -7 L OFEH 1N THIEI R 5 T L k#T.



F 2 FTEA

‘myn—7

Total 1(high) 2 3 4(low)
Time 38 (RMSE) B8 (RMSE) B8 (RMSE) 8 (RMSE) 8  (RMSE)

GIES 88

835  0.321*  (.0026) 0.328 % (.0025) 0.27*  (.0025) 0.314 % (0027) 0.37*  (.0028)
840  0.375*  (.0026) 0.387* (.0025) 0.329 % (.0025) 0.372* (.0027) 0.412*%  (.0028)
845 0420 %  (0026) 0.433* (.0025) 0.374* (.0025) 0.436* (.0027) 0.474*  (.0028)
850  0.494*  (.0026) 0.474* (.0025) 0.436* (.0025) 0.511* (.0027) 0.553*  (.0028)
855  0.611*F  (.0026) 0.586 * (.0025) 0.542* (.0025) 0.652* (.0027) 0.665*  (.0028)
856  0.636*  (.0026) 0.615* (.0025) 0.569* (0025) 0.675* (.0027) 0.687* (.0028)
857  0.67*+  (.0026) 0.644 * (.0025) 0598 * (.0025) 0.715* (.0027) 0.722*  (.0028)
858 0.717*t  (.0026) 0.69*  (.0025) 0.643*  (.0025) 0.768 *  (.0027) 0.767 *  (.0028)
850  0.82*F  (.0026) 0.792* (.0025) O0.761 * (.0025) 0.86*  (.0027) 0.868 *  (.0028)
900  1.038*  (.0026) 1.04*  (.0025) 1.05*  (.0025) 1.037* (.0027) 1.027*  (.0028)
i AL e
1205 0947 *  (.0113) 0959 * (.0103) 0928 * (.0112) 0.949* (0113) 0.953 * (.0121)
1210 0904 *  (.0116) 0.913* (.0107) 0.863* (0117) 0.82* (.0115) 0921 % (.0123)
1215 0918 *  (.0113) 0.935* (.0104) 0.896* (.0113) 0.921* (0114) 0.92*  (.0123)
(0101) 0.92*  (011)  092* (0113) 0917 * (.0122)

1225 0.933*  (.0109) 0.954*  (.01)  0.927% (.0107) 0932*  (011)  092*  (012)
1296 0.937*  (.0100) -0.956* (.0099) 0.932* (.0106) 0.936* (.0100) 0.923* (.0119)
1227 0944 *  (.0108) 0.962* (.0098) 0.94*  (.0105) 0.942* (.0108) 0.933* (.0118)
1228 0.951*  (.0107) 0.966* (.0098) 0.946* (.0105) 0.949* (.0107) 0.941* (.0117)
1229 0.985*  (.0104) 0992  (.0095) 0.984* (.0101) 0.98*  (.0105) 0983  (.0114)
1230 1.000  (.0102) 0.999  (.0093) 0.999  (.0099)  0.997  {(.0103) 1.007  (.0112)

(
(
(
1220 0927 %  (.0111) 0.951*
(
(
(

FUHEF (2) 128> T unbiasedness regression 17l RMOPHERL T3, () Ak, RMSE
OFEEERL TS, *i, (ZEH 1%KET 1 ORISR 2T L2HT. +i3, BEHE/V-TTLD
B 1R ECHRECREA L LERT.



=3 FHFER
Time PM Close PM Open AM Close AM Open

500 1.05* 1.05 * 1.038 * 789 **
901 1.018 1.041 * 1.031 * 899 *+
902 1.001 1.037 * 1.028 * 0.929 **
905 1.008 1.044 * 1.036 * 1.007 *

910 1.000 + 1.039 * 1.034 * 1.041 *+
915 1.008 ¥ 1.039*  1.034 *t 1075 *+
920 1017 %% 1044 ** 104 *F 1.101 *+
925 1.022 *+ 1046 *+  1.043 ¥+ 1125 ¥+
930 1.031 * 1.051 * 1.048 * 1.155 *+

1055 0.994 1.01* 1.007 * 1.075 *
1056 0.994 1.009 * 1.006 * 1.074 *
1057 0.993 1.008 * 1.006 * 1.073 *
1058 0.992 1.008 * 1.006 * 1.071 *
1089 0.986 * 1.006 * 1.004 * 1.064 *
1230 1.000 0.951 1.31 ** 1.093 *

1231 1.001 1.116 *+ 1281 *+ 1.001 *
1232 1.002 1127 *+  1.251 *+ 1.089 *
1235  1.006 * 1.113 * 1.195 *+ 1.089 *
1240 0.998 1.061 * 1.131 *+ 1.075 *
1245 0.997 1.072 *+ 1,128 *t 1.073 %
1430  0.994 *+ 1.052 * 1.056 * 1.052 *
1435  0.994 **  1.054 * 1.058 * 1.05 *
1440 0.993 ** 1.04 * 1.046 * 1.047 *
1445  0.995 *t 1031 * 1.038 * 1.047 *
1450  0.995 *+ 1,029 * 1.034 * 1.045 *
1455  0.994 *+ 1.021 * 1.027 * 1.042 *
1456  0.995 *T 1.02 * 1.026 * 1.043 *
1457  0.996 *+ 1.02 * 1.026 * 1.043 *
1458 0.997 *+ 1.02 * 1.027 * 1.043 *
1459  1.000 *+ 1.017 1.024 * 1.044 *

FERERA (2) 123\ T unbiasedness regression 1T, REMOFEREFR LTS, *1d. F%H1 1%k
BT1IDHBELREIIERET. +13, FHE N -7 T L OfEN 1% RETEHEICRRD I EAHT,



4 HHER

(=

Total 1(high) 2 3 4(low)
Time Jé] {RMSE) Jé] (RMSE) B {(RMSE) Jé] (RMSE) Ji; (RMSE)

R E 2R HE
900  1.038%  (.0026) 1.04* (.0025) 1.05*

0026)  1.027 %  (.0025) 1.046 *

( (.0025) 1.037* (.0027) 1.027* (.0028)
901  1.031% (.0025) 1.020* (.0027) 1.024* (.0028)
902 1.028*  (.0026) 1.024* (.0025) 1.042* (.0025) 1.026* (.0027) 1.022*  (.0028)
905  1.036*  (.0026) 1.032* (.0025) 1.044* (.0025) 1.041%* (.0027) 1.026*  (.0028)
910 1.034*  (.0026) 1041 * (.0025) 1.041* (.0025) 1034* (.0027) 1.018*  (.0028)
915  1.034*F  (.0026) 1.043* (.0025) 1.042* (.0025) 1.032* (.0027) 1.019* (.0028)
920  1.04*F  (.0026) 1.049* (.0025) 1.043* (.0025) 1.04*  (.0027) 1.025* {.0028)
925  1.043*F  (.0026) 1.053 % (.0025) 1.046* (.0025) 1.047* (.0027) 1.027 *  (.0028)
930 1.048*  (.0026) 1.055* (.0025) 1.049* (0025) 1.049* (.0027) 1.038*  (.0028)

BB L LE

1430  0.994 **  (.0054) 0.982* (

1435 0994 *t  (0051) 0.982* (.0049) 0.991* )
1440 0993 *+  (.0048) 0.982* (.0046) 0.89 * 0046)  0.992 ¥ (.0049) 1.005 {.0052)
1445 0995 **+  (.0045) 0.987 * (.0042) 0.992 * ) 0.995 (.0046) 1.005 (.0048)
1450 0995 *+  (0041) 099 *  (.0038) 0.991* (.0039) 0.995* (.0042) 1.005 {.0044)
1455 0.994 *+  (.0035) 0.99*  (.0033) 0.99*  (.0034) 0994* (.0036) 1.003 (.0038)
1456  0.995*t  (.0034) 0991 * (.0032) 0992*% (.0032) 0.995* (.0035) 1.003 {.0036)

) ) (-

(-
(-

0051)  0.994  (.0052) 0.993*  (.0056) 1.008 *  (.0059)

0049) 0994 * (.0053) 1.008*  (.0055

1457 0996 *  (.0032) 0.992*  (.003) 0.992* (.0031)  0.996 0033)  1.004  (.0034)
1458 0.997 **  (.003)  0.994 * (0029) 0.994* (.0029)  0.998 0031) 1.004*  (.0032)
1459 1.000 *  {.0026) 0998  {.0025) 0.998  (.0025)  1.001 0027) 1.005*  (.0028)

EHHEEIER (45) 128> T unbiasedness regression 21T\, REOFHEFL T35, () Wid. RMSE
DFHERLTRS, *I, B I%KET 1 KNFRRBLB I EE2RT. +i, REFT/ V-7
B 1R THEIC RS 2 L 2RT,
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TABRE T — 2T < I3 BT L AR AR FL AR PEIE DU T

7 S i
RSB

HOZEICEIET 7177 X) BiFES
First draft: March 30, 2010
This version: April 30, 2010

HE

H.-Yoshida{06,08), H.-Jacod-Yoshida{08) Tid, CBEOERGIBEICLEREL I SL3%) T 7 LIEHE]
K H 2 FOT TR (predictability) 25T 32 L T, REESEPAEREHICHT 2 HEROH
EHESESER DV TWS, —7, o, B SN PErR 2iE, $b B EhE MlGRET 545 %
r—RICBLTERESF « VT« OFEDHERARBAELTOHBEH TV 5. FFTE, ThEREOHSE
B EITRIC L 2 — U, E @il — 21 L 2R REROMEAEIC OV TIRE L, IO H#1TS.

1 FUs&IC

AR, GEET - X ZEH LU TRSHER E OGS R L OEEREERZE L L2BNLTS. TOR
NODRAFv T LT, AR TR, FTEAFRAEED > T AHEEDLIC, XRICBWV T, E0& S ikEtre
FTMEE>TREEN TS ELEa—F3%. Ric, BAAAIEERER, 20X BIKREEOR LS RO F—
LIk DFHETBHERERD. '

AR T AR B (F iR [RED) "E RBRCERS B E LB B I F— 2 R—RIC B E R & £ &,
Y TR AR R L RBI LR WTHERT S, £, —DOORGIBRE L THSRONG (MRET S E
TORFERRE ERG IRE H 2 W T al—Ya " L BERC BT 3.

FRTIE, BICE SR, “KRERZ T « U T " (realized volatility), “RIENERLF (realized power
variation) I B89 5 MRROIFHERERAEIC L, EEMERIE RS T+ U T 1 i858 o, BRFDOEE [t6 semimartingale

t t
(1.1) X:=Xo +f s +f oWy
0 o

- TEML, TRHHEERTHIE NS (=E51EN5) LEETS. £, HRAR u,, o, o3 L TS
HBEMFELBIENTVWELRERETS. —A, TAV70ARALI7F % « /A ZRDWTIREELERY. LUTFT
&, REIRZF 1 V7% RV, RIHRE RER % RPV, BHRS T4 UF 7 OHEWRTE 2 BHOSE fut o2ds
ZIVEEBLTLILTS.

BB IBZIFI (T(n,1));eq, K DVTE, FICHISHVIRD, T'(n,0) = 0 2 & Y 55 1LE%I (stopping time)
DFIT, T(n,i) Tooas,asi—oo(n21) 835, £/, BBLLT, BRE T s v ERENT 5 HIY(08) #8
I, BEIER . Talb—Ya v Aln,i) = T(n,i) — T(n,i — 1), 2L AMX = Xy — X7(n,i-1), BB
REE (9abB5, WEEF— 580 NP = mex {i > 0;T(n,1) < t}, SAHS ME = sup;—y, .. np+18(n,9)

T223-8526 i di#E LR I 4 — 1 — 1 2408, Email: takaki@kbs keio.ac.ip

1



ZEAT S RV/RPV BT 2BEMENES THE LS, BHEET — 4 9RONRMSABIC B TE
50 @sn— ) HHRERELS.

2 HY5 (R DKEFEDORR

Fu vy a TR, HEBRICHT 5EE (1t6) semimartingale EF VO T TO, B3 [BEHEOBET FILERIC
DT, HHED W o R L, BIEOREICDWTERY LT3, i, oo OWREORICTIEE L, @
AR LG R & OREBRICERRY TS, 28, MT TR, SENEEL 6, BEMmEE 25 LA
& & D EBRATEHEVR DAY S, BMELER, MRICEKOH ZHER, FIANMEEESBI N,

2.1 H.-Jacod-Yoshida(08) DR F:H%

“H.-Jacod-Yoshida([4]) i, RPV 2B T 3 EHIZE TH 5 (WUF, HIY(08) %\ Li HIY LIEE) . BE7F0)
RPV #3E (i, (1) EERE (RS SMBIC A TV 25 OMKEE % S, IESRIRORES R, BE 3EFR & 133
IET F LR IS 2 VEET o F LG R ER - 7 ([2]) BIgREH o7t HIY [ ZHUREN - B
HPEAMEAARRIC R ET 2 & 5 RREC-—RIE LK.

F9 X, i3 1 RFTONUHS Itd semimartingale (1.1) 2T 5. oy & LT 1 RO Gk SAERDLIZES 7%
V) semimartingale &9 % (BRI Y p.3 ZBEEX). —F, BEIRE (Fr7FUyyd AF—L) LLTHE
SR ERRNEMRE L LT, UTOLY BB 0%EZS (FEOEESIA -

[Assumption(C)] There is a sub-filtration (77}, ,
adapted, and such that any (]:f)-martinga_le is also an {F;)-martingale, and such that for alln,i > 1, T{n, 1)

of (F1)y>0, with respect to which W and b and ¢ are

is an (JFi)-stopping time which, conditionally on Fyp ;—13, is independent of the o-field FO = v o FP.

COESHAE—LOWE LT, IHERAEAF— L, GERBRE (W, X,b,0) i) BT AF— LI £0) trivial
B —ARMBOT &, ROL D7 trivial THVAF—LATENS,

(1) T(TL, I) € :FT(n,i—l) (}—P = fg 03"7'—2)
(il) “REFERAF—L" (“Mixed renewal schemes”) :

1
T(n,i+1) = T{n,i) + —vR(nne (i + 1),
n

T, (e(nyd):in> 1) i, (UF,P) LTEEEND iid DEDEREHFIT, 7O LMy THs &
TE(BRBEOEAYMEMFEBET LT S). (o) BIED (F)-BEREEERE (0F) THS. rm i

. NP = Op(r,) C&% & 5% deterministic % L— F TH Y, FHI AT 2 (FRE, 2ERTYTY 5
Dr—A BT r, = 1/A,)

TTT, FORBEGWEDEIIT ZDIRIERAED o-fleld ¥ LTWAETNLDTH B, (RO
L7 CLT K B2 REMREI-—BITOREED F TRRIZLAW) UTFTE, KE (C) #EE L“HIY-
predictability” ZFELZ LICT 5.

1 Srie & o T, BUAKE, BEARIT #P O —SHCRIIEN OB L T2 0 Rk o 0 93405, LFORRe s T4
TRINTIEIR L.
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FERX Tk, RPV 2—fRIEL RO LI EFEEBRER/Z. p> 0, = 01ITH LT,
. N
(2.1) Vip,g)7 = Y An, )77 E |ATXPP.
i=1
FLT, WYZENEEOTTO riVip, ) 3T 2AMOBER, FOMREERHE. ZOERNA—Ja Vi
DNTHET 5.

2.2 H.-Yoshida(06,08) DEFEIE

Fic, H-Yoshida([8], [7)) £ BV THV & N7ME BREOIBREENT S (LT, HY(06), HY(08) LB ) |
HY o8B\ T, 828 X, Y ORE [/ 8 semimartingale T3 0, T3 R (Si)iez)r , (Tj)jez+ RENEN
PR O TEOLSHIEL, 4,7 OFKEFICERRT 2 X5 REEERIOBMENAITE S L T5. OB
TR, AVF P A n — 0 icft=T (89) R (T9) DELORKIGIRAY IR LT CRRIKB VT, 3
MUEHBEEIE N5 XY 6, mAORSE BV HEE T & 5 & 3 BE it (“nonsynchronous covariance
estimator”, BIF, “HY #Z&8" ¥ MER) ZREL, T5IC HY HEBOEASHEZEHLTVS.

ZOWT, HY #EROFARSEREZE DD+ RMHFL LT, XY OFERICHTZEER, (5*) and
(T9) T BIEDBE L BoTL B, IS, (S9) and (T9) &, 1§EHS (Altration) 49 % measurability
WY B AR AT i R W g (i o Eg s 1))

[A2]: For every n,i € N, §¢ and T* are ( t(n))-stopping times, where {Q’én)}t . is the filfration given by
ERy

Qt(") = f{t—bi)vo forte R,

CTT,E<1THY, (by) 12 HY HERDEESEERD 2 KEMZ n — oo 10BN (trivial THEVEEEI)
RE 5 & 5%z deterministic B X4 — 1) V8 (OBE) THB. Y1 X n DSHRY V7Y FOESK
&, by o 1/n THB. @ETHUE, BREL ST 0, HERL t KB 2R LERES 7, X0 &40 LIETA
1 6™ (2 20 filtration BHERRICECTEEEREENS) KT A ELRBRAIC A > TWB LW RETH S, T
Tht, YT RS UALT, MEOBE XY ICRELTEERWS, FH T4 EFMICIL, deterministic ICIRE
S (FHIATEETH D) T LA ETNB T Licin 3.2

FlEm3id [A2] 451 % “strong predictability” £ PEA TWB. LIT T, “HY-predictability” & FERE L2 F 5.

HJY-predictability, HY-predictability & &, BEF#HZIC BV T deterministic 254 Lid, HHIBRE & i3 i
5 Y ZLIEBBIRRIINC X o TY > TN E NI MREE 2 TIcEHl L T 27 RV/RCV % RPV B9 2 EiEEE
%, BB ARIMERREOBROBRBICKET 5 L 5 MR —ib T 3 et A X NI & TH 5.

€T, RV/RPV DI MFFDHGARI RN E E X B3 FHH 0 & LT, X © (rtfiii L) 3 REE" 280 F
FE 3. o

R FRIEFIBIAN T A T B 56, 35 [td semimartingale X (& (1.1) KHUT, RIF 4 U F 4 59
o QD DES3BHAFIIARBFEORBERS T 1 )T+ - EFNTH-TH,

(2.2) \/ﬁi: (arxy L o,

i=1

" AZ) DEd, IR, EVE<E < 1RMRT € RHUT, [Ag): ra(t) = op(8) (VE), BB RM—5E ¢ & TORAKIN ro(e)
IR BRI b IEREXTAEBERV—ERALTVE GE: FEORSETOLEEM) . TCT, [Ad] R sub-fltration
(G 0 (Fu) exte B (ISIBIC &5 ) MINMIAE 2 R80T 5 £ ORISR L TV T L ic LIEEE &,



LB T EAIREND (cf (9], [10]). FHRR, H3VEMTTEIBMITE > TLEARTH S, *oicld, ff
18 L HASAMORBYRHT RPV OWRER S HIY & HETHB. “predictability” &1, H5 [#R % (%
i (PLEY) FTE 36 THRRDTHS. KTHNT S [13], [10] KBV T T O3 WET HE o~y
HUAVRBICERT 3.

2.3 FTOMOEHFHE

TE (09)
[13] T, (F)-4AERSIF (T(n,4)) & X A TR — R8T, RV DWESi% Kbz,
FERSONTIE, (FHEIRSEERED) (T(n, ) KB TREEST Y PV ENET T B8 (W)

KHLUTHUTOX S R RAANTE @Jﬁj\i‘ﬁ@% A2 MY B{RE (“local homogeneity”) &L . EHT (¢,),
¢ — 0k (R)-EA O @i <Y, £ BEEL (RBRBIE) ,i=0,1,.., NP KN LT

3
Gin) G, = Kgﬂ()m)en + 0y (€n), Gi./Gi, = KT(n ,)e + 0p (€n)
G/ Gin = 0p (67‘;) , k=3,4,6.

rerEL, GE, -—E{(Aﬁ]W)"]fr(n,i)] TH5. O REBHHED BINE) BE, Y GREEERT. T

DR =) €q b4 —F—ENI, HIY(08) TO“ry /12, HY(06), HY(OS) TOYY P T T

AZXER LT 12— S LT 5
FE T, Ito DRREFHBT AL TELND

- 1 .
(2.3) E [A(n, ) APW | Frna-n) = 58 [ (AW Frensoy
THMRERNT
N 1 ¢
(2.4) e;JEA(n,i)A?W Zo: /0 x®ds

ThA I L EEL. COFEYOORFBIE~DIES, AR RN RV OREDHIREAHD A 7 AZRE
TRBCLICAD. BE B BT, ERVEEEL THERET TV 5.

Li, Mykland, Renault, Zhang, and Zheng (09)

110] i3, RV ICB9 3 TN E TOBFRA TRERI N TV (HAHEZ L)“3 REE"IC trivial THRVERIS
BERATHIRET AT LKL - T, @B LI (REOIRBEEERICAN RV O#pE2HEEH L. BR
FOC i, NEUERAE X (FNEN (R)-ASTRAERE, FUTFERB i, RZ74VT 1 BR 0, 2 ¢ >0,
o> 0 K LT, BYETHEFRERE u,v MEELT

NY t

(2.5) vay o (arx)y? 5 fvsds, vt > 0
i=1 0
N n

(2.6) nS o (arx)t & / usds, VL0
i=1 G
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THDLRETH. £, BARME 1P =o0p(n227%) Qe >0) £¥5%. O, BMRAAIERIEZEDOTT,

41)2

(2.7) JRRV -Tv) TTEO 2 / B ax, + f st
vﬂ'ﬁzw?z

rizd. TCT, BIRITO o-field LT HISHET S EHTH B
RIS TR, 3531 7 ADKE E2FHET 5T LI & D, B3R endogeneity % 5RIT SRELEREL,
FESFEIT o T

RS F 4 U F ¢ EOXIRO B THG BR L BB OREREEEHRCAMR L LTI, Toi, 1], 12] 2848
HB.

3 HYS|[{iR& & XS | RF R D IRTF D E E 895
3.1 kR

(IHBE X AR (B A T(n,q) (BBVEEEIRE (n,1) EEVCRITENEE—EEDE ST~ 25
BMENBENE ko> TEREIAKNT B LAHEDTHB 35, b IHEA L LTEI 5N50EINER L
Fal—va YOMCHEASRLNE Yy —ATHY, BEET— X OFAL VS REH 5, BAEUEMIE ) - 0
BV BAREMETRE X

NP
(3.1) GEEERr—) x 3 A(n,)ArX 5 0,

i=1
BESHELIHBT L THD S, LTHMN LI [13] KBWT S, BBES i 5 R THRAE m T L
r—2%k->T05

~ 75, RO GO TR — AL 2X 6N5. Tiabb,

Ny
(3.2) GELEEAT—A) x 5 (ATXY & 0.
=1
T D& 5 IEMERRAS - OIS LA —~ A HMEAS L B (R S OFEIEIT %, [ BER % (endogeneity) I D& D 3 &

EEBLTV20H0, Lok 3ic (13], [10) THB. T, BHEE X TV 5EE semimartingale DEREICE W
i, (3.1)(3.2) 1o BB (HLE R — L) L4 /R T .

%%, (31) & (3.2) LOWHHHEOWTIE, (3] IKEBBIULD X = W OF —Z e B 2/h0%K (23) 4
ERNTERICEIIDTHSD.

ARG T, HIY(08) OMREN—RIC, (3.1)(3.2) #UET2 75 AL LT, ROBEFHOHF AR D LIF 5.
& o, B la>1-6/2,8>0KHLT,
Ny
(3.3) Ule, B)7 i=_ Aln,i)* (AT X)?
i=1

EEHRTD (M, BONEHRENB L5 f OBRETRET ). ChicBYaRETD FERRR) 25—

WEBEFTS T LILE > T, RARRBMESF (i - 0) LTLREMT 20 e EREREXIcBEL L5 cE

BAIL, (Fo) OXEEHE 52 TVB— 04 B80S martingale T E NS Altration THS LT 4.

5



3. COHERIE LR RPY 2—8E L7t (2.1) ROEIHERIZT Li/s—Y s T, Rid 0 HIY(08) KBTS
ERENTVHLOTHSE. M

(3.3) 1, BIS (B T(n, 1) 1065V TEAHRR S NI MAREEHT] (APX) OB SHES N5 RV/RPV RIS
HEDERE-RETHS.

AHEET -2 AV THEEOREEEERIMT O 0EENAERE LT, AR TRENIHLEERE

B9 5. BRsICHEY, B L LT, S8R0 fltration I BRE (C) wA T, RO & S HE RO B IS5
B &3 hiERARE

NP
(3.4) A7 =78 > Aln,i)f
i=1

BEAL UEBO ¢> 0ICHLT) , ZORERNEEICHT BEELER . C T, m i, AP /rit = Op(1)
T B & 5% deterministic LIEOREINYTH S,

[Assumption(D(q))] %% (L¥RRIC, IFED) (F)-optional process a(g) BAEL T,

(3.5) Alg)y il /ta(q)sds, Wi > 0.
0

EFE 34 X0, FiC, AO)T = NP /v, A(D} LS iThB. Fim, Y YT Y TOF—R (Aln,i) = A,
T(n,i) = i) KBWTHE, AQ)F = An[t/A] Bt (V) £7%3. g =20 —2 A2)} &t Mykland 504
W—THEEE T AD"quadratic variation of time” T 1, 5 I WEIS S N T S HENLIZT S Folc T i
ZEALR. £/ HY O--#OWZE (5], HY{06), HY(08)) IK¥%¥>T%, nonsynchronous covariance estimator
OEFENZEBZHEANBBRICORARE ¢ = 2 ICHY T 288 (HS ORESICIZIFRIEO ZBRF 244 TiokT 2
HENS 4 EORE) ZEA LK. HIY(08) X0 —MOREFLEENCMT 2MNEMERT 2 0EM,M G, H8
A ZNEERD ¢ Ric—i3E L.

PAEDBEDT T, RO & 5 iGRERESEH NS

£ 1 (Law of Large Numbers) »3EIRGEDOT T,
a—1+£ w.c.p ¢ ,8
(36) W@ [ g Bete+ §)uds = Ut ).

CTT, palr) = E(27], Z ~ N(0,0%) £$ 5.7

EZE 2 (Central Limit Theorem) & % ERIZHDTF T,

61 v (e - U a) TE [ (0,28 = po (B (2 + 8),45,

ML, BIMCEVTRI (3.3) EFSLD -BVRY FAFTHENT VS,

*5 [ T3, Assumption (C) %0 T{n, i), 72 DAY (L7 | TBEEE) BKT7LTVA T £ Assumption(D(q))
DAT—FAVFIEBTVA.

*6 “u.c.p.”id, “convergence in probability, locally uniformly in time® % 50kT 3.

TAIL, @ B85 2 & LIpSEICE, ST RO M Ga R 3002 T 5.
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CCT, B FICHIAIEETSY VEETHD. BEERIE FOESA T T, By, &EMTE

(35) [ (6o 28) = 0o, (0) a2+ ), s

F 1 oulitt (conditional) Gaussian martingale TH 3.

T 1 DERICEVT, py (B) = 0 & Ule, f). = 0 EHE D THS (rivial 2l — AREET 572 alg). £ 0
2EB) . ER2OOFBEBBERE 2 LT, BEIRAFICH U TZEI R “HIY-preditability” O B 1L #
HIRE LTVA. 5T, & L T 0 predictability BT LW IRIR—E4E L EL5 8% L AEEREZEE NS KA
(endogeneity) 123510 Tid, KEOEMOEET BINEIGHE S AR, BT, predictability AV LW ER
P BT, BEEEE (WNERD BV TERIRERII L IO THCUDEMSH TLEREhT, o T
FONHE—AY MI—BICIELODNERETHA 55, LiEKEOEEEILANEIfRENS.

KT Tid, X DHER 10 semimartingale TH 2 ¥, predictability #5 &, FIE 1, 2 O+ &ENFHzT N
TVBRIRAEET 5. & LAY predictability ST 50 THNE, FEOFH S KHLTHHMENS
Ul )7 1, n D 9REVEIE, 12777 12 12 2 — L ERR S AROEAIC L 2 OB TH 3 Yo+
HISE I NERL BT TES. o7, Ule, B) = 0 RIRERICEE L, CRAF— R ko THIHE
NBODEEET SR

LG, po.(B) = 0 DB, KEOEBEBEGEAT S C Lic X > T, AOMERERIC B 2 BRSO &
PHEDE (o, o). KEET 55 A LEE) ICHT 5 —BHEEREZEAIF— 2 X DHBRT B - LK S. A
HRII U, g, (B) = 0 DIBE, AROHEAIZ LT,

7

P2IHB (2, 28)7 S f oo, (28)a(2a + B)sds = U(2e, 28):
0

LB EME, O prelimit QRN RS ROHALE U IWIUE, AF a—F > MEE N TEF
Ule, B)7 £
VU2, 28)7

IS THD. o7, WERR Ve, §), =0 0OTF T, ZD“feasible CLT"®#HIUT 5 LB TES.
EHRINERST A UT 4 0 OEFTR ry KIKELEVEWSEA L OBREEED.

LIAT, BBEF— 2 ROWT B0, BRAEOF— A RES L T—EOBENF— & & L T—EI O %
15 F— RLHLHIETHNBD, T TR, BIEO—ART— 2ty FEDHEMNCT> Th B 2O RE
HET BHERIS. BAEMICI, (100, ROX S ZFIHT p BOSEETS C LicT 5. VE, SEOF—
ZIIITIC T B L TET B,

FTRBEEOREET 4L Z{(o, /)2 (T=18) #3EBL, FOpllp; ¥HETS (i=1,..,n) . IO
B, BEERSIAE Lihug,

(3.9) Z(a, )} = N(0,1)

-2 log(ps) ~ x*(2n)
i=1
LB EDD,

Peombines = P | x*(2n) > “22108(%‘)
i=1
W&o THERIERD p ERFZEITNIEEY (Fisher's combined p-value)
RDETL T, (o,f) OEBEDI4ENICDONT, BEXSHFEERS.
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3.2 SREESZHA

EHT—42

FRTEINERHENE MG (58N D BROSEEF— 2 2 /M7 5.

SHEB BT T — 2 13 ICAP #0D EBS (Electronic Brokerage System) @t & kU 1)l - ¥— 4 FData Minel
(L 5.0) 2001 £ 7E 26 BE~RA 12 A5 BET, 2008 9 BN —< > - a v i RIIEANE, FEF—
SRADRDTHD. Thik, SEEIESE 250 SUNEBLASAALET—2ThH5. SLEESO ask (bid)
Yo FOERE T~ 2 &, ZOERO 250 T UBRICRE Liz2T0 ask (bid) ¥ RFOIE OO RLRE @EEiE)
REFELIEDTHS® BXHRT— 2I3HE NEEDS (F 5w/ 5—%1 7740 6 AR OhhSHE
RET L35 2008 £ 6 JI6R, 9 MER, 12 JIFED 31R)), BLBMLEMIC G- THASDRET—2U 3 A IDTHS.
TR ORER 1B TES. R-PHICRELEEHOTEE, REIEBAL L TRE—-OEEEOH, R3IRE
WA R/ AT HENT VB,

EBS F— 2t L Tid, SWICAETBRO K 3 AaERTTS . £9, @—BRIIC ask ¥ ¥, bid ¥ FONAS
KHELI— FANETT 2154, WEMEE L THY - RORBAFEEERD, ThEFORKATO (B—0) HEM
BLRITT. Thid, ChoDTOORNEMEOA, EL50Y A FARICRELIEABRTELVAROMET
LH5. Ko, BREL— MIEREPEFNUNORTHRED L b, REINRENCITLNEVASTHEBICEDL
BLEND, 1T 7 AN 30 La— FREDRIXDITHSRD S BMANCERES S (T 7 b8 ZiC L TH 1000
A FELF).

—7#, NEEDS 7— &M L Tk, Fl-— 8RR RnilifEz)[na C LA TEZ 0T, MBI Tk NiFEo
BINREELRZDZT « v VB TOYTH 7 2 J (subsampling) #1738, 1 B& 1 La— FICERNT S
BT, '

FEonF—atwy #Ei’a‘b’(%, BTV F401 AREESIRERICHRE LD LTHEER I H AW
deterministic 7LD #R < £ 5% 1 GRFAMEMEE ([diunal adjustment) (EfTh&wv. i, 8T —2
i, IREF RO, BIcHiE0od— 7V EHRS /0 —XDEFHO—-EMBO T2 ZRELZD L Lixw.

FHRO X B3I, R TERET 2 0WE, M F— 2 HES 1t6 semimartingale THB T ERFIHEE LTV 5.
T, SUIOE S HEHSHIL DT — 2ty FEAIWAREIE, Ew K- 7R 7 - 3702, B0tz Bic
RBRENBYA PO Z0F v » /A XeRELTRERLE.

AET—XICBIL T, [10] I2 & % “preaveraging” 7 7 11—F ([8] DB ZEHTS. vhbb, (FH—EC
BREFR | L O— FICHIEEE N T WD) F—AADRRBERC BV TEOEZBUENO P BAOfiitg7T—% 0
HEETEERFEL (local averaging), RiCZ DRI FEOKRZINEZEY  TIMCHL T, ZOHH 5 K(P € K)
BFOF—2ERIS LAY T TILEERT 5. —F, %EESREDFT—2ICBEL T, £2RE(0OEE 2 H
ENT—REy MCERINTWAI EWS, P LEKRS “preaveraging” Y. T4b B, HHEOEMTOD
£ i, MO K OB % LR GINEFEE (VWAP) Liclik, (F—20EHFAECESHNED)
KERELTHERLTY 7Y TUEERT S LICT 5.

PUETHbNEET—2Ey O 7Yy FVCH LT, dik s Y3 v OFICiE > TOFTRITS.

*BHELETE 20 SUMBDAFT »Fay b THZDH, F—2REBEN TV 3REEDIHERILTE, 23 L & U
Wi L,
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SRR
BRI, SEIRRD 4 DDAF 2—F v MEENFLER Z(w, §)3 15 LT combined p-value ZFHE LI
(Da=1/2,=1: 2 a=1/2,=3: Ba=18=1; Qa=15=3

PlEAET— 21t USDIPY #BV, F—28ME LT, (D V—< - Y3 v 7§ (200847 H 26 H—F9 B
13B) ,(II) U—= - »¥av otk (200849 5 14 B-F 12 A5 8) , (1) £EMO 3B E2REL. A
F— 2 OB #1I0RT. LUTF, “preaveraging” /85 A—4& P =5, K = 20 O % — ADHYERT

fit o g TR R, 29 Z(e, 82 (T =10) B2EOF—2 X 0EHE L. ® 112 USDIPY
KLU THEZNALOEERA SOy FLEROETRY. 7oy bbb, £ 4 D07 —A0WNTNOFEIC
&, F—AH 102 BEOFTHEE BEAED £2 £#8BX5) B, lHERETHD C LHNRTENS. -7, TIF
TORWELNE, F—R—E9B > Tk 5% RLo (W) MiiziToe LTRBRERTOr— AL
BOTRERFEEISNED S/ THA D T LRGBS, R, combined p-value ZFHRIT BICHRIE, O
Wit L 33 p-IRIOMIME F v 2T 57, BADIC Z(e,B)5 &b HATNE i piiEED IR
{pini=1,...,102} KR LT, RFGEREOHHAERAL. B 21355 145 20 ¥TO USDIPY F—2DEEH
WEBO TRy (IO &5 L) TH5. [EED, MEERFIOERIYERRRERNS C 5, Db, BT
AR RELTONEED THEFABRTREZVE EMNERINS (I, T /#5202 T Ljung-Box it BZFE
LIETH, WM Q) KBV TRTA—F » 2y b (2) D1 7 —A-12 & — X4z T Sk 5% TIRITIEAR HAS
EHE Niz).

3 DO (D—(IID), 420 (o, 8) DB EDBIEN L TEHE S N x? O, BHE, £ combined p-value
EFe 3 IRT.

—7, HEEEEEOERF— 4 OfFEER 212, K = 50 L RE LSO combined p-value OFHEEREZE
4 oY, BERERENOESICOVTO p BRVIOEIIHOF = v JICEL Tk, XR—J#OBEREMIS 573
&BE 4 5. Ljung-Box FatEE, BRA (I) ®/83 A—4 v bk (1)(3), BRA (II) ®FE (3) D 3 r— A (12 77— AH)
BT 5% CHEIEARHE ML OO0, 2Rk L U TRIIMEERE L THINMRh e s nfe 1

$I-4 D, ROE AT LHIRBEEING. £F, SEHH Lz USDIPY BFL— Mcid, BREMEEEKED
TRIRERSA RIS NV K &0 p EHS, il 3 HEROHEREERED 6 nEV. —F, B8
EESEINE, 17— XER R TOY —RICT p EAED TAHE {, HEREEOEEREORBELTVS,

135 A—%2 (a, f) OHIGR DN & BHRERSIIOFTND S EBIEHIC S HARTNT, Thi D & F— 2 OFH
IZ & B (USDIPY H HETFeh) OFFEGICAZ .

IS £ BHEMEIE LTI, ABF—RIEHWT, U—=y - &3 v & 0N TR K= 23ISR bk
V. BRI R RREN T — 2 BVTE, BESBAMCENTE p MOBRNFICAE RERIED BN,

T, USDIPY ¥— & £ AR FHEEMT— 2 L OMOEERICET s EEXHEEORERRTHALN, &L, 7—
ZOMERE, oWHENEDESOTHT25425E, £9, ﬁfﬁ%@?ﬁi’%ﬁﬂﬂ%@ﬁﬁ—ﬂiﬁ, JA X
L—H—DBLL, FELONEOEHTE-NEZ 6N 5. £, ¥—2DE-EBS 447 — 20 L— b A8
250 T UHEOREE - REEEERL, BRIOMIC X 2 HE0{E “previous tick interpolation® Tid i ik F—H T

¥ Zud, & 1 KNUE, SIEH LI USDIPY F— 2B T, L TH L 2 DR TOIHIN 0¥ 78w T YT 5.
T @ preaveraging UMIC K- T, RAFOA LT 0F v - /4 X B9 F - TRY 37y ) AskUhiiE nits b,
realized volatility A2 T EFHIT 2 C L THMERENS.

10z, #2B, BEEE 1 012 SEMHEOTEING 105 7 H L TVICHIY T B, BILEE TR ¢ IMEEE TR (VWAR)
EIOTVBHWE, TA YDA LS F+ - JA X FHLE 9 F - T AY 30 U A) BABBURREENBC EPWFE NG, £,
() DARHOE A R 7T LIBIRL 7 7 v B F— P52 S OOERSMLIC BV A T L bifliEh s,



DESREEELECLTWEONE LREW. %%L\Li, F— R DB, FiieA 7OA S5 F v o J o
ZOWBAEOENADEZELTVBIEERLEECERN. V=2 o3 v 23R E NS “100 Sl —E O LSF
TEOIZMRE LECLOBELELLSBICEIT THETRESTHS.

Lyrns, RBOTHITIRT HME (B, BLE, U R/HEELHOBMENSML TV 37, REOS
HR3 (B S R DYERRA D E— D B LB FID A SR o T3 C Liddh DEBRL. bk B S5{EE s 0
89213, BIER B D hitting time (AT B A, MU, FHHCIE BT BREL TWAEETTHD, F— &I
o TR N2 WEIRR L @EROBERFLEOEE" X, FICB X /- & 5 R HEEOSETE A, ZL
T, X DHEE, 74 9 7 F A ADKEEREI L — L EOLEMN T A P ORA LS IF+ 7 THSD
EOHE - B, HROHBIER ZICMboTWBELEXLNS. b, Z(a, AP R Ule, B I, fSEE Y0
HES, WREEHII ) A X L—H—DHEE E, AT OBINE MR THRT N THS LEZ 5OR
B THA S

4 HBbiic

AW E, HIY(08) OMR%EN—RIC, Mg L 705 (EM & OEBERTFEEZASS FEREFIREL,
Y—=-3v 7EEICET3 USDIPY, HRTEHAMOZBHEOBHET — 2 AW TEAIMEIT > /2.
USDJPY 7— S GHEKEFEEIRD 5 AL 0iCH L, HREFEEMIIEEKEESEN &0 BEBERESES
N,

TAUE, RS NI B3 2, K OURFIF— 2 Ic H L THB N DT, & 2 X D IR TIESH D 2k
V. 5%, SEERULT Rty Mo LT, B 5 “preaveraging”/37 A% (P, K) ®BRE3v~/ 70X |
SUF v - S ATRARERRAL, SUOMERNTZRIUNHC X3 ICHITIT50MEMET 2008 HS. X561,
BOMRPHOF— 2Ly ML T AROBRIFON L DO EFERNGHEND D, AR TOERILSITIE, B
707 & S DR ERFE 2N HROHE QB E R, '

R

AREBRITSRIL D, Atk THINASIRIC B EMAMINZ Ofhia{ S8EB D, Elci@ii STz, &
faid, BEmEE (BRWR (A) 1 No.21243019 17 7 A F > A BN OFER L &R , MENKREEER
BEARRAZER OBSEMOT AR SN, iz, OWICHWET 1 v 7 F— 2 0O—8N3, LSS
FIRAEMEAMSTHARSHBI K> THAENILDTHS. CCIBEERERT 5. FRCTINIRIORERT
NTHEAEIRT .

N IoHICMLT, MREAFEEEASELD AV RN
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USDJPY | H# Loo— Rk 1 B30 17%h
SRR
HARS | B EREIE IERR sy meg | EaEm TR
(=3 A)
(I) 50 42 38 595 023 563, 559 14,167 25,493 9.84
’ ’ ’ (Sep/9)
43.990
(1) 81 70 64 1,277,793 1,192,902 | 18,254 12.68
(Oct/8)
43,980
(III} 131 1192 102 1,872,816 1,756,461 16,722 11.61
(Oct/8)

=1 USDIPY F—&oigh (1) Y—= « &3 v Zii (2008/7/26-2008/9/13), (IN) U—=% >/ - 3 v
% (2008/9/14-2008/12/5), (111} £/ (=(D)+(11)). FAE L L T, RO D BB MG IR EEATS
Ko T—D2iR8E, £z 0— FEFEN 30 FREORISRAT— 2y M SlE.

ATy | 7% La— kR | 1 a%no 15557 b
B AR EN
BA B sy T S Zigesy
* (=]A)
(1 Mar/ld o 622,821 10,210 18,418 23.74
-Jun/13 {(Mar/17)
=4
(In) Jun/13 e 1 726,882 11,358 16,544 26.41
-Sep/12 (Sep/2)
- 29,8
(111) Sep/12 oo | gg0,801 16,514 »890 38.40
-Dec/12 (Oct/27)

%2 DEFHEHTF—2OWE: (12008 & 6 S8, (112008 4 9 SR, (111)2008 4 12 BIE, &4 HHHEY
Yo A (EIOEEMOBIEER (SQ) »b, FhESORKISIH (SQFE) * TOMEM.

USDIPY (1) (1) (111)
Z{e, B)2 df  x*  pvalie | df x>  p-value | p-value
(VNa=1/2,=1| 7 76.23 04709 | 128 136.07 0.2961 | 0.3305
(2) a=1/2,8=3| 76 86.64 0.1897 | 128 133.14 0.3600 | 0.2134
Na=1,06=1 76 75.19 05046 | 128 124.40 0.5734 | 0.5739
BDa=1,08=3 76 9249 00960 | 128 132.58 0.3729 | 0.1487

#3 USDIPY F—RICEBHERR. BIIEMNIA—Z P=5 3797 R A—% K =20.

H g5 (I} (IT) (111}

Z(er, B2 d.f. x2  p-value | d.f. x*  p-value | df x?  p-value
Ne=1/2,=1|122 170.34 0.0025 | 128 142.87 0.1743 | 120 19497 0.0000
(2)a=1/2,=3|122 181.72 0.0004 | 128 161.35 0.0246 | 120 168.75 0.0022
BNeae=1,8=1 122 176.92 0.0009 | 128 170.57 0.0071 | 120 173.85 0.0010
Da=1,=3 122 183.61 0.0003 | 128 173.76 0.0044 | 120 167.90 0.0026

F4 HRTPHEAMT -ZICLBRERR. VWAP 3AREXUT 7Y 7hoH/SS A—& K = 50.
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Robustness of the Separating Information
Maximum Likelihood Estimation of Realized
Volatility with Micro-Market Noise *

Naoto Kunitomo 1
and
Seisho Sato ¥

March 21, 2010

1. The SIML Estimation

Let y;; be the i—th observation of the j-~th (log-) priceat tP for j=1,---,p;0 =
th St < <t =1 Wesety; = (%, -, ¥ip) beapx 1 vector and Y, = (y;)
be an n X p matrix of observations. The underlying continuous process x; at (i =
1,---,7n} is not necessarily the same as the observed prices and let v; = (v;, - - - s Vip }

be the vector of the micro-market noise at 7. Then we assume

(1.1) Vi=%+v;

and
i

(1.2) x, =X+ [ Cu(s)dB, (0<t<1),
0

where £(v;) = 0, E(viv;) = B, B,isagx1 (g > 1) vector of the standard Brownian
motions, C,(s} is a p x ¢ vector function adapted to the c—field F(x;, B, r < s),
and we write the instantaneous covariance function X.(s) = (o {"")( }) = Co(5)C4(s)’
(o (= )( ) is the (4, 7)-th element of ¥,(s) ). The main statistical problem is to estimate

the quadratic variations and co-variations

(1.3) = (o) = f %, (s)ds

*KSIII-10-3-21. This is a sumrmary version of Kunitomo and Sato (2010).

tGraduate School of Economics, University of Tokyo, Bunkyo-ku, Hongo 7-3-1 Tokyo, 113-0033,
JAPAN, kunitomo®e.u-tokyo.ac.jp

¢Institute of Statistical Mathematics, Tachikawa-shi, Midori-cho 10-3, Tokyo 190-8562, JAPAN
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of the underlying continuous process {x;} and the variance-covariance %, = (og-’))
of the noise process from the observed y; (i = 1,---,n). We use the notation
that agf ) and JE;’) are the (i, j)-th element of ,(s) and X, respectively. Although
we assume the Gaussian processes in order to derive the SIML estimation, the
asymptotic results do not depend on the Gaussianity of the underlying processes.
We first consider the standard situation when x; (0 <t<1Dandv;(i=1,---,n)are
independent with X,(s) = 3., and v; are independently, identically and normally

distributed as Np(0, X,). Then given the initial condition yg, we have
(1.4) Yo~ Nasp (1n* Yo, In ® By + CoCr ® 1T )

where 1, = (1,-++,1), hy = 1/n (=t} — ;) and

i 0 --- 0 0

1 1 0 0
(1.5) Co={1 1 1 0

1 1 1 0

1 1 1 1
We transform Y, to Z,, (= (z,)) by
(1.6) Z,, = h7?P,C; (Yo — o)
where
(1.7) Yo=1,"¥p-

Then the likelihood function under the Gaussian noises is given by

: 1,
np p _= L3, -1 }
(1.8) Ly(0) = (i) Hlaknzﬁzmrl/ze{ 57k (@n Ty + 2ie) ™ 2 ,

‘\/% k=1
where
2k -1
1.0 . = 4nsin® il =1.... )
(1.9) ak n sin [2 (21@-}-1)] (k=1,---,n)

Hence the maximum likelihood (ML} estimator can be defined as the solution of

minimizing

- RPN Sy
(L10)  Ly(8) = = 3 log lagnDy + Ta ™% + 2 3" zfaan Ty + Ta] Mz
k=1 k=1
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From this representation we find that the ML estimator of unknown parameters is
a rather complicated function' of all observations in general because each ag, terms
depend on k as well as n. Let denote ay, » and then we can evaluate that ag, , — 0
as n — oo when kn = O(n®) (0 < @ < 3) since sinz ~ z as z — 0. Also
Ans1el,n = O(n) when I, = O(nf) (0 < 8 < 1).

When k,, is small, we expect that ay,, is small. Then we may approximate
2 x L,(8) by

(1.11) L1 (8) = mlog |Za| + > 2, 87 2
k=1
Tt is the standard likelihood function except the fact that we only use the first m.,

terms and m,, depends on n. Then the SIML estimator of 3, is defined by

~ i 4
(1.12) dip = L > zhzy, -

My
Similarly, we set and consider the terms when @411, is large. We may approxi-
mate 2 X L,(0) by

n

n
(1.13) Lon(8) = 5 loglamZel+ Y, Zgloano] 2k -
k=n+1-1 k=n+1-1

It is also the standard likelihood function approach except the fact that we only use
the last { terms. Then the SIML estimator of 33, is defined by

- 1 o _ :
(1.14) My= - ST gz -
™ k=n+l—in

For both 3, and 3., the number of terms m, and I, should be dependent on n.
Then we only need the order requirements that m, = O(n%) (0 < @ < i} and
I, = O(nP) (0 < B < 1) for £, and X, respectively.

2. Asymptotic Robustness of the SIML Estimation

We shall investigate the effects of the serial correlations of noises on the asymp-
totic properties of the SIML estimator. Consider the case of p = 1 and we set
iy
Tp==T; — Tiop = o,dB; (1=1,--+,m)
ti—1
with0=#; <t < - <t, =1 (i =1,---,n). For the simplicity, we take the
equi-distance case as t;—t;_1 = 1/n and the volatility function o, (0 < s < 1) is non-

stochastic. From Kunitomo and Sato (2008a,b), we shall investigate the asymptotic

3
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distribution of 62 — o2 and ¢2 = f; o2ds. From Mathematical Appendiz of Kunitomo
and Sato (2008a},

vmlet—dl] =
> (e - of
+ B+ 3 b2 - Bl 42 S [oldefl)

Then we want to find the conditions that three terms except the first one are 0,(1).
Let by, = e, P, C;?
zg = ¥ 7=1brjv; and note that 37, bsber; = 6(k, k)ay,. (We shall set K; being

constants.)

a\~

= {(bx;), e = (0,--+,1,0,---) is an n x 1 vectors. We write

First we impose the condition
) Eluy]=ad™ (0<p<1),
where ¢, is a constant. Then by using the Cauchy-Schwartz inequality

E[mi(czn)]z = E[E bty Z br;v;)]

IA

Z c1(1+ 20)/" E[Z bribri—]
i=]
< Kl X Qpn
provided that E[vf] are bounded and we define by; = 0 (5 < 0). Then the second

term becomes

1 m 2) 1 m m5/2

(2.1) — ]5}[$§m]2 <Ki— ) apn= —0
ifl<a<04

For the fourth term,

2
Bl img)mg)l - 1lvE [z 520 ]
nkn - kn g’ knT k'
\/ﬁ j=1 m ki =1

(2.2) ~

3|~
NgE
=

n
2)_(2
2 Z Sk B(rsr 5 )fcgcrf ;(c)]

L 5.4'=1

2> sisw B(r] gDz f) )}

=1

&
s
Il
=

NgE
=

3=



2 n
< K
< Kol DG 5 S VA,
m3
< KSZakn—O( )

k=1
by using the relations [ | 02ds < (1/n)(supeg,<; 02) and | Yim S| < [Ty s3] =
n/2+1/4 for any k > 1.
Then we need the condition 0 < o < 1/3. If 0, = o (i.e., the volatility is constant),
(0.2) becomes (1/m) 35, arn = O(m?/n), which is satisfied if 0 < o < .4.
For the third term, we consider

o~ Blal) = 3 busbyg [ooy ~ Blugoy)
hi'=1

and we try to evaluate the expectation of
o6 — Elaf] [27 - Elal)]]
under an additional condition
(D) Elfowy — By ) osver — E(vpvg)] = eppd@ HE-0 (0 < p <1y

where ¢; is a constsnt. The condition (II) is satisfied for the linear processes on {v;}
with bounded 4th order moments. The calculations are straightforward, but there
are many terms involved. We can use the fact that

- ! o " i
i—7 |/2 M 9
3 Bgby 07 NE N by by gl W

j,j.r:l j” ,j”’ =1

Ky [Z Pl-ﬂ’u,] l:z bk,jbkj-I:] |:Z bk,Jf,bk: 12 le
J=1

=1
~ Kg X Qgnlyy, -

By applying these evaluations, we can obtain

2
1 N (@2 @21\ | 1 &
E|l— -E < - )
\/’ajgl(:ckn [xkn D = mk’ilaknakn
1 mi, mS
= O(HX(_n_)) O(-TL?)

since Y7, agn, = O(m3®/n). Thus the third term is negligible if 0 < o < .4. We

summarize our finding, but the conditions we have used can be further improved.

5
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Theorem 1 : Assume Conditions (I) and (IT) and set 0 < @ < 1/3. Then the
asymptoic distribution of \/my, (62 — ¢2] is asymptotically (7., n — co) equivalent
to that of (1/+/n) Tpm {mfn)z - ag].

The only term involved on the correlations of noise and signal is the fourth term.
Thus it is interesting to find the condition that they can be ignored for estimating

the realized volatility and covariance. The second line of (0.2) can be written as

S A ECEORCET)

M k=1
1 n ” <

= = Z E [(2 3 sisypriry ) O bruvad(D b svs)
T k=1 Fi'=1 i=l i=1

Thus the sufficient condition we need is
(1) Epwlr,k=1,---,n] = e p < p <) as.

We note that ¢, may depend on f; o2ds, which is finite (a.s.). In that case we allow
that the noises may depend on the volatility structure, but we need the condition
that ¢, (fg 02ds) f} 62ds should be finite (a.s.) and integrable. By this argument, if
both the correlations between signal and noise and the autocorrelations of noise are

weak, the SIML estimator is consistent and it has the asymptotic normality.

Theorem 2 : Assume Conditions (I} and (II) and set 0 < @ < 1/3. Relax the
independece assumption between the signal and noise terms. Then the result of
Theorem 1 holds.

One nice feature of our approach is the fact that our arguments go through éeven
when p > 1. When p > 1, we take an arbitrary constant vector ¢ and use.c r; and

’ .
cv; (¢ =1,---,n). Then we can use the same arguments.

3. Simulations

We have done a large number of Monte Carlo experiments and we shall show
only some results below.



Table 1 : Estimation of Realized Volatility (standard case, vt ~ 1i.i.d. Normal)

n=300 o2 o2 H-vol a2 a2 H-vol o2 62 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 2.03E-04 2.1BE-06 1.40E-03 | 2.00E-04 3.82E-07 3.19E-04 | 2.01E-04 1.84E-07 2.01E-04
sD 961E-05 3.22E-07 1.35B-04 | 9.16E-05 5.61E-08 2.67E-05 9.29E-05 2.69E-08 1.61E-05
MSE 9.27E-09  1.36E-13 8.40E-09 3.61E-14 8.63E-09 3.39E-14

AVAR 817E-09 8.34E-14 8.17E-09 8.34E-16 8.17E-09 8.34E-20

n=>5000 a2 o2 H-vol o2 a2 H-vol o2 o H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-OY 2.00E-04 2.00E-09

mean 2.07e-04 2.01E-06 2.02E-02 | 2.01E-04 2.10E-07 2.20E-03 | 2.00E-04 1.23E-08 2.20E.04
sSD 8.37E-06 9.44E-08 4.93E-04 | 5.12E-05 9.68E-09 5.22E-05 | 5.27E-05 5.688-10 4.35E-06
MSE 2.92E-09 B.99E-15 2.62E-09 2.03E-16 2.78E-09 1.06E-16

AVAR 2.65E-09 8.79E-15 2.65E-09 8.7T9E-17 2.65E-09 8.79E-21

n=20000 al o2 H-vol o2 o2 H-val a2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 2.05E-04 2.00E-06 8.02E-02 | 2.00E-04 2.03E-07 8.20E-03 | 2.00E-04 4.54E-09 2.80E-04
sD 4.10E-05 54TE-08 9.82E-04 | 3.98E-05 543E-05 9.91E-05 | 3.90E-05 1.19E-10 2.87E-06
MSE 1.70E-09  3.00E-15 1.50E-09  3.58E.17 1.52E-09  6.46E-18

AVAR 1.52E-09 2.80E-15 1.62E-09 2.80E-17 1.52E-09 2.90E-21

Table 2 : Estimation of Realized Volatility (MA(1) noise, a = 0.5)

n=300 a2 a2 H-vol ol ol H-vol o2 o2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean .| 2.03E-04 3.53E-06 1.87E-03 j 2.03E-04 §5.18E-07 3.68E-04 | 1.99E-04 1.86E-Q7 2.01E-04
sD 9.62E-05 5.12E-07 199E-04 | 9.68E-05 7.45E-08 3.21E-05 | 9.35E-06 2.689E-08 1.G4E-05
MSE 9.27E05 2.61E-12 9.40E-09 1.0TE-13 8.74E-089 3.44E-14

AVAR 8.17E-09 8.34E-14 8.17E-09 8.34E-16 8.17E-09  8.34E-20

n=5000 o2 a2 H-vol o2 o2 H-vol o2 o2 H-vol
true-val 2.00E-04 2.00E-06 2.008-04 2.00E-07 2.00E-04 2.00E-08

mean 2.04E-04 3.52B-06 2.82E-02 | 2.00E-04 3.62E-07 3.00E-03 | 2.00E-04 1.38E-08 2.28E-04
5D 5.27E-05 1.63E-07 T7.61E-04 | 5.12E-05 1.69E-08 7.94E-05 | 5.09E-05 6.45E-10 4.57E-08
MSE 2.79E-09 2.35E-12 2.62E-09 2.65E-14 2.59E-09 1.39E-16

AVAR 2.656E-09 B.79E-15 2.65E-08 8.79E-17 2.65E-08 8.79E-21

n=20000 a2 o2 H-vol o2 &3 H-vol o2 ol H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04  2.00E-09

mean 2.05E-04 3.56E-06 1.12E-01 | 1.98E-04 3.57E-07 1.14E-02 | 2.00E-04 6.09E-09 3.12E-04
SD 3.95E-05 9.59E-08 1.53E-03 | 4.00E-05 9.58E-0% 1.54E-04 | 3.92E-05 1.62E-10 3.30E-06
MSE 1.58E-09 2.43E-12 1.61E-09 2.48KE-14 1.54E-06 1.6TE-17

AVAR 1.52E-09 2.90E-15 1.52E-0% 2.90E-17 1.52E-09 2.90E-21

Data generating process:

ye =T¢ + /o2 /(1 + a?)ve

Ty =143 4

o2 fnuy

Uy = W — awp—1
ut ~ LLAN{0, 1), wy ~ 144N (0,1)
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Table 4 : Estimation of Realized Volatility {Endogenous noise, p = 0.5,{ =0)

n=300 o2 a2 H-vol o2 a2 H-vol a2 o2 H-vol
true-val 2.00E-04 2.00E-D6 2.00E-04 2.00E-07 2.00E-04 2.00E-09
mean 2.02E-04 1.76E-06 1.14E-03 j 1.58E-04 4.64E-07 3.68E-04 | 1L.97E-04 2.02E-07 2.11E-04
sSD 9.54E-08 2.54E-07 1.07E04 | 9.31E-05 6.62E-08 3.14E-05 | 9.44E-05 2.98E.08 1.71E-05
MSE 9.11E-09 1.23E-13 8.67E-09 7.40E-14 8.93E-09 4.10E-14
AVAR 8.17E-09 8.34E-14 8.1TE-03  B8.34E-16 8.17E-09 8.34E-20
n=5000 2 o2 H-vol a2 a2 H-vol o2 o2 Haval
true-val 2.00E-04 2.00E-08 2.00E-04 2.00E-07 2.00E-04 2.00E-09
mean 2.02E-04 1.15E-06 1.18E-02 | 2.01E-04 1.55E-07 1.65E-03 | 1.99E-04 1.58E-08 2.55E-04
Sp 5.27E-05 5.42E-08 2.82FE-04 | 5.27E-05 7.22E-08 3.77B-05 | 5.13BE-05 7.48E-10 5.19E-06
MSE 2.78E-09 7.20E-13 2.78E-09  2.08E-15 2.64E-09  1.90E-18
AVAR 2.66E-09 8.79E-15 2.65E-09 8.79E-17 2.65E-09 8.79E-21
n=20000 a2 a2 H-vol a2 o2 H-vol a2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09
mean 2.03E-04 1.07E-06 4.30E-02 | 2.00E-04 1.25E-07 5.09E-03 | 2.00E-04 5.78E-09 3.29E-04
5D 3.98E-05 2.8YE-08 5.21E-04 | 3.91E-05 3.37E-09 6.12E-05 | 3.96E-05 1.57E-10 3.50E-06
MSE 1.60E-09 8.60E-13 1.53E-09 5.68E-15 1.5YE-09 1.43E-17
AVAR 1.52E-09 2.90E-15 1.52E-G9 2.80E-17 1.52E-09 2.90E-21

Data generating process:

Yyt =Tt + \/D'_3U:
Tt = o1 + /0L frue
vt = (1 — plws + pusqy
ut o 134N (0, 1), we ~ 4.4.d.N{0, 1}
Table 6 : Estimation of Realized Volatility (MA(1) and Endogenous noise, & = 0.8,p = 0.9,1 = 1}

n=300 2 o2 H-vol a2 a2 H-vol o o2 H-vel
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09
mean 1.98E-04 1.71E-06 7.86E-04 | 2.00E-04 1.88E-08 6.91E-05 | 2.01E-04 1.39E-07 1.74E-04
SD 9.23E-05 2.47E-07 9.13E-05 | 9.30E-05 2.94E-09 7.78E-06 | 9.42E-05 2.02E-08 1.39E-05
MSE 8.53E-09 1.43E-13 8.65E-09 3.28E-14 8.88E-05 1.92E-14
AVAR 8.17TE-09 8.34E-14 8.17E-09 B8.34E-16 8.17TE-09 8.34E-20
n=5000 a2 ol H-vol o2 o2 H-vol a2 o2 H-vol
true-val 2.00E-0¢ 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09
mean 2.00E-04 2.81E-06 2.10E-02 | 2.01E-04 2.13E-07 1.51E-03 | 2.00E-04 2.12E-09 1.11E-04
sD 5.31E-05 1.33E-07 6.02E-04 | 5.16E-05 1.02E-08 4.47E-05 | 5.15E-05 1.02E-10 2.51E-06
MSE 2.82E-09 6.67E-13 2.66E-09 2.61E-16 2.65E-09 2.51E-20
AVAR 2.65E-09 B8.Y9E-15 2.65E-09 8.79E-1T7 2.65E-09 8.79E-21
n=20000 o2 a2 H-vol a2 o2 H-vol a2 o2 H-vol
true-val 2.00E-04 2.00E-08 2.00E-04 2.00E-07 2.00E-04 2.00E-09
meah 2.01E-04 3.01E-08 0.06E-02 | 2.01E-0¢4 2.65E-07 7.70E-03 | 2.00E-04 7.30E-11 7.13E-05
5D 4.01E-05 8.08E-08 1.28E-03 )} 4.05E-05 6.97E-0% 1.08E-04 | 3.96E-05 1.96E-12 9.98E-07
MSE 1.61E-08 1.04E-12 1.64E-09 4.28E-15 1.56E-08 . 3.71E-18
AVAR 1.52E.09 2.90E-13 1.52E-09 2.90E-17 1.52E-09 2.90E-21

117

Data generating pracess: same as Table 5,



Table 8 : Estimation of Realized Volatility (MA(1) and Endogenous noise, & = 0.8, =09,l=-1)

n=300 a2 ol H-vol o2 ol H.vol a2 a? H-vel
irue-val 2.00E-04 2.00E-D6 2.00E-04 2.00E-Q7 2.00E-0¢ 2.00E-09

mean 2.02E-04 249E-06 1.66E-03 | 1L.99E-04 2.64E-07 3.46E-04 | 2.02E-04 1.63E-07 2.01E-04
5D 9.64E-05 3.67E-07 1.62E-04 | 941E-05 4.74E-08 3.21E-05 | 0.50E-05 2.42E-08 1.69E-05
MSE 9.20E-08 3.75E-13 8.86E-08 6.40E-15 9.21E-09 2.66E-14

AVAR 8.17E-09 8.34E-14 8.17E-09 8.34E-16 8.17E-08 8.34E-20

n=5000 a2 al H-vol oZ o2 H-vol a2 o2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 2.00E-04 2.91E-06 2.48E-02 | 1.98E-04 2.38E-07 2.65E-03 | 1.99E-04 4.36E-09 2.24E-04
8D 514E-05 1.35E-07 6.68E-04 | 5.20E-05 1.10E-08 6.51E-05 | 5.30E-05 2.28E-10 4.78E-06
MSE 2.64E-09 8.45E-13 2.71E-09 1.53E-15 2.81E-09 5.64E-18

AVAR, 2.65E-09 8.79E-15 2,65E-08 B8.79E-17 2.65E-09 B.79E-21

n=20000 o o2 H-veol ol ol H-vol a2 o2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 1.99E-04 3.07E-06 9.84E-02 | 2.00E-04 2.74E-07 1.00E-02 | 2.00E-04 7.45E-10 2.98E-04
SD 3.88E-05 8.40E-08 1.36E-03 | 3.91E-05 7.39E-09 1.29F-04 | 3.93E-05 <2.50E-11 3.42E-06
MSE 1.50E-09 1.14E-12 1.53E-09 5.60E-15 1.54E-09 1.58B.18

AVAR 1.52E-09 2.90E-15 1.52E-09  2.90E-17 1.52E09 2.90E-21

Data generating process: same as Table 5,
Table 10 : Estimation of Realized Volatility (MA{1) and Endogencus noise, ¢ =0.9,p = 0.9,1 = 0)

n=300 a2 o? H-vol 2 a? H-vol o2 o2 H-vol
true-val 2,008-04 2.00E-06 2.00E-04  2.00E-D7 2.00E-04 2.00E-0%

mean 2.01E-04 4.46E-06 2.14E-03 | 2.00E-04 B8.75E-07 4.91E-04 | 1.99E-04 2.24E-07 2.15E-04
SD 9.44E-05 6.43E-07 243E-04 | 9.61E-05 1.28E-07 4.94E-05 | 9.48E-05 3.31E-08 1.76E-05
MSE 8.90E-09 6.48F-12 9.24E-09 4.72E-13 8.99E-09 5.03E-14

AVAR 8.17TE-09 8.34E-14 8.17E-09 8.34E-18 8.17E-09 8.34E-20

n=>5000 o2 o2 H-vol o2 a2 H-vol o2 a2 H-vol
true-val 2.00E-G4 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 2.00E-04 3.53E-06 2.66E-02 | 2.00E-04 4.37E-07 3.26E-03 | 1.99E-04 243E-08 2.84E-Dd
sSD 5.20E-06 1.B7E-07 7.58E-04 | 5.28E-06 2.08E-08 9.32E-05 | 5.01E-05 1.15E-09 6.17E-06
MSE 2.70E-089 2.38E-12 2.79E.09 5.65E-14 2.51E-09 4.98E-16

AVAR 2.65E-09 8.79E-15 2.65E-09 8.79E-17 2.66E-08 8.79E-21

n=20000 o2 o2 Hvol a2 a2 H-vel a2 a2 Heval
true-val 2.00E-04 2.00E-08 2.00E-04 2.00E-0O7 2.00E-04 2.00E-09

mean 2.00E-0¢ 3.40E-06 1.02E-01 | 2.01E-04 3.80E-07 1.12E-02 | 1.99E04 1.13E-08 4.18E-04
8D 3.92E-05 Q.07E-08 1.44E.03 | 3.91E-05  1.03E-C& 1.59E-04 | 3.85E-05 3.03E-10 4.03E-08
MSE 1.54E-09 1.96E-12 1.63E-09 3.25E-14 1.48E-09 B.62E-17

AVAR 1.52E-09 2.90E-15 1.52E-09 2.90E-17 1.52E-09 2.90E-21

9
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Data generating process: same as Table 5.

Table 11 : Comparing with ML (MA(1) noise, a = 0.5, a = 0.45)
n=300 o a2 ML o2 a2 ML a2 a2 ML
true-val 5.00E-05 5.00E-07 5.00E-05 | 5.00E-D5 5.00E-03 5.00E-05 | 5.00E-05 0 5.00E-05
mean 5.34B-05 2.10E-07 1.11E-04 | 4.91E-05 4.73E-08 5.10E-05 | 4.97E-05 4.54E-08 4.95E-05
SD 2.11E-05 3.05E-08 3.31E-05 | 1.96E-05 7.02E-08 7.23E-068 | 1.94E-05 6.83E-09 7.18E-06
n=5000 a2 o2 ML a2 a2 ML a2 o2 ML
true-val 5.008-05 5.00E-07 5.00E-05 | 5.00E-05 5.00E-08 5.00E-05 | 5.00E-05 0 5.00E-05
mean 5.24FE-05 1.24E-07 1.98E-04 | 5.00E-05 3.78E-09 6.66E-05 | 4.96E-06 2.57E-00 4.89E-05
§D 1.09E-05 5.74E-09 4.21E-05 | 1.05E-05 1.81F-10 2.Y8E-06 | 9.98E-06 1.19E-10 1.69E-06
n=20000 a2 o2 ML o2 a2 ML a2 o2 ML
true-val 5.00E-05 5.00E-07 5.00E-05 | 5.00E-05 5.00E-09 5.00E-05 | 5.C0E-05 0 5.00E-05
mean 5.20E-05 1.13E-07 2.25E-04 | 4.99E-05 1.76E-09 9.69E-05 | 4.96E-05 6.35E-10 5.00E-05
SD 8.00E-06 3.02E-09 3.81E-05 | 7.55E-06 4.74E-11 2.85E-06 | 7.53E-06 1.76E-11 8.43E-07
Data generating process: same as Table 5.
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Abstract: This paper discusses modeling the intraday perindicity of high frequent financial data,
especially of the quotes in yen-dollar exchange market. At first, we briefly review the most com-
monly used approach using spline smoothing. Then we propose a point process approach in which
the intraday periodicity and trend (if any) and the cluster effect is simultaneously considered. It
is confirmed that the cluster effect represented by Laguerre polynomial is essential in explaining

the intensity of quote occurrence.

Keywords; High frequent data, autoregressive conditional duration model, point process, La-

guerre polynomial

1 Introduction

Modecling .with high frequent data in finance has
become very popular since the middle of 1990’s. One
reason is due to the availability of such data itself. For
example, a set of high frequent data was provided by
a data service vendor to foster the empirical research
in this field, and the conference and special issue of
an academic journal were accompanied to the project.
Sec Baillie and Dacorogna (1397), the preface of the
special issue in Journal of Empirical Finance. An-
other reason is model development suitable for the
analysis of high frequent data. Since the pioneering
work of Engle and Russell {1997, 1998) which pro-
posed a useful class of models called the Autoregres-
sive Conditional Duration Models, it was followed by
many empirical research and model ramifications such
as Threshold ACD by Zhang, Russell and Tsay (2001)
or Log-ACD by Bauwens and Giot (2000) among oth-
ers.

The basic idea of the ACD model is to express the
mean conditional duration time as a linear function
of past duration time and mean conditional duration
time. But we cannot fit the ACD model directly to the
duration times calculated from original high frequent

data because of intraday periodic pattern. As the
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transactions or quotes in markets will be proportional
to the actual economic activity and market time, the
pattern of quote occurrence inevitably exhibits intra-
day periodicity.

Section 2 describes commonly employed two-step
procedure to remove intraday periedicity prior to the
fitting of the ACD model. The purposc of this paper
is to propose simultaneous determination method for
the models of intraday periodicity and of the cluster
effects of financial transactions. Section 3 reports the
framework and worked example of conditional inten-
sity approach to point processes developed by Ogata
(19832, b), which has been applied in statistical mod-
eling of seismicity analysis. In Section 4, we apply the
method of Section 3 to detect the residual scasonality
in the point process data adjusted by spline based two
step method. '

In closing this section we briefly state the data ana-
lyzed throughout this paper. The data is tick-by-tick
data of yen-dollar exchange rate collected from July
10, 1997 to August 3, 1997. The data were captured
from the screen of Telerate terminal, and then the
obvious wrong orders and ticks with extremely high
volatility were removed prior to the analysis. The in-
tervals corresponding to weekends (from Friday 21:00
to Sunday 21:00 GST) are removed to make the data
handling easy. One feature of foreign exchange rate
data is that each data record is not always an actual
transaction but just a quote. Secondly, the market is
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basically open 24 hours a day. But the transaction
will be proportional to the actual economic activity
and market time, the pattern of quote occurrence in-
evitably exhibits intraday periodicity.

2 Removing Periodicity in the
ACD models

Since Engle and Russell (1998), a class of models
called autoregressive conditional duration (ACD here-
after) model has received much attention, and applied
to analyze the characteristics of financial markets us-
ing high frequent data. In this section we briefly re-
view the basic framework of the ACD models, and
subsequently the common recipes for removing intra-
day periodicity from high frequent financial data.

Suppose ¢; stands for -th transaction. It is assumed
that 0 =ty < t; < -+ < t, where n is the total
number of transactions observed in the interval we
consider. Then the duration time between trades is
defined as X; = ¢; — ;_1.
conditional mean duration time ; as follows;

Here we introduce the

’l,l')i=E[XilXi_1,...,X1;91]. (1)

#; is a set of unknown parameters that describe the
structure of the conditional mean duration. The ba-
sic assumption in the ACD model is, if we correctly
specify 1, then i-th duration time divided by % will
follow some distribution of mean 1 identically and in-
dependently, namely,

=t =~ G(02) @)
for some distribution G with mean 1. 85 is a set of pa-
rameters of a distribution §. The equation (1) shows
a general framework, and the models used actually are
the one that resembles the specification of volatility
in ARCH and GARCH models. If v is defined as

? a
Y=+ ) amXicm+ Y bathinm,  (3)
m=1 n=1
then the duration time is said to follow ACD(p,q)
model.

Before the fitting of the ACD models, the removal of
intraday periodicity is usually considered. The most
commonly employed recipe seems the one described as
follows. Divide one day into, say, the collection of five
minutes bins. Every duration time is classified into
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[ 1: 5-minutes-bin-wise average duration time and
its spline smoothing
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] 2: Reciprocal of 5-minutes-bin-wise average dura-
tion time and the reciprocal of smoothed curve esti-
mated in Figure 1

anyone of the bins. Then the mean duration time is
calculated by an sample average within a bin. Now we
have 288 equally spaced data points. Then perform
smocthing spline for the series of mean duration. If we
divide each duration time by the corresponding value
implied by the fitted spline curve, then we assume
that the intraday periodicity is removed. See Engle
and Russell (1997), Zhang, Russell and Tsay {2001)
for example,

Figure 1 shows the results of applying the above
stated procedure to our data. We used the function
supsmu in S-PLUS. Both ends of the figure corre-
spond to 21:00 GST. Figure 2 plots the reciprocal
of duration time and the reciprocal of the estimated
smoothing spline curve in Figure 1. Curve in Figure
2 clearly shows the intraday pattern of the quote in-
tensity of yen-dollar exchange market. Three major
humps correspond to the market time of Tokyo, Lon-
don and New York respectively. Engle and Russell
(1997) and following works in this field generally as-
sert this two-stage approach works fine at least for the
stock market in the United States. The aim of this
paper is to examine such assertion by another mod-
eling methodology, a class of parametric models for



point processes that will be estimated by the method
of maximum likelihood.

3 Specification of Point Processes

via Conditional Intensity

This section describes a general framework for an-
alyzing various point process data by way of the con-
ditional intensity function. An excellent review of
modeling point processes mainly applied for seismic-
ity analysis can be found in Ogata (1999).

Consider a series of events {£;;0 < & <ty < ---}
oceurring at random on the real half line (0,00). To
describe this sequence we take time differences, X; =
t;—ti—1, between consecutive points, and we then con-
sider as a positive valued stochastic process. When
this is distributed independently and identically, we
call this a renewal process, and if its marginal is éxpo-
nential distribution, then it is the stationary Poisson
process.

Let N{a,b) be the number of points in an interval
(a,b) on the real line such that this is & nonnegative
integer valued random wvariable. Consider a predie-
tion of an event occurring on a small time interval.
Namely, assume a point process on the real half-line
{0, 00), and divide it into small intervals of length 4.
Then we get a stochastic process {£r}, where & =
N[(k —1)d,k8) is k-th random variable on the subin-
terval [(k — 1}4,k8). If & is small enough, we may as-
sume that {£} is a binary process. If the point process
now considered is a stationary Poisson, then {zig}
is identically and independently distributed Bernoulli
series. But in pgencral, the joint probability of the
sequence os determined by a sequence of conditional
probabilities P{£, = 1|&1,....ék—1}, & = 1,2,...,
namely on the history of events.

Then as a derivative of the conditional probabil-
ity with respect to the time, the conditional intensity
Jfunction A(t|F,) is defined by

P{N(t,t+ 6) = 1|7} = A(}|Fe)d + 0(6),
or
NEVIES giLnOP{an event in [, ¢4+ AlF}/A (4)

where F; is a set of observations until time ¢, includ-
ing the history of the occurrence times of the events
H, = {t;;ti < t}. It is known that the conditional
intensity completely characterizes the corresponding

point process (Liptzer and Shiryayev, 1978). Clearly
a constant conditional intensity provides a station-
ary Poisson process. If the conditional intensity is
independent of the history but dependent only on the
occurrence time ¢, like A([F) = v(t) for any non-
negative function »(f) of ¢, then this means a non-
stationary Poisson process which is employed in the
subsection 3.1.

There are many interesting classes of point pro-
cesses which are defined by certain conditional inten-
sity functions. One of them is Hawkes' self-exciting
process described by

t
MEF) =t [ ot =)0, = ut 3ol 1),
o ti<t

{See Hawkes, 1971, Hawkes and Qakes, 1974.) This
functional form resembles the autorcgressive model
in time series analysis. In this model the expectation
of an event occurring is given by a linear combina-
tion of past occurrences, where the so-called impulse
response function g(-) measures the weights of such
combinations. This type of component is considered
in the subsection 3.2. .

Given a set of occurrence data #1,%a,...,%, in an
observed time interval [0, T'] and a parameterized con-
ditional intensity Ag{t|F:), the likelihood is written in
the form

LT(Bltl,tz, vty 0,7 =

n T
{H /\a(fz‘u:t,-)} exp {— /; /\9(t|-7:r.)dt}

The maximum likelihood estimate of 8 is the value of
the parameter vector which maximizes the logarithm
of above,

1OgLT(9[tlyt2: NN N U!T)

n T

=3 log Ag(tilFe,) — fo M(UF)d.  (5)

i=1
If the second term in the right hand side of (5) can be
expressed analytically in 8, then the gradients of the
log-likelihood function can be easily obtained. In such
a ¢ase the maximization of the function can be car-
ried out by using a standard nonlinear optimization
technique.

Assume that we have to choose the best model
among proposed competing models. The Akaike In-
formation Criterion (Akaike, 1974},

AIC = —2x(maximum log-likelihood)+2x (number
of parameters)
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is very suitable for such model comparisons. A model
with a smaller AIC is considered to be a better fit.

3.1 Modeling with Cyclic Part

We start with & non-stationary Poisson model, and
specify the conditional intensity function as follows.

Ae(t|Fe) = ao + Ps(t) + Ck (8)- (6)

The second term on the right-hand side of (6) repre-
sents the evolutionary trend where

J
Pr(#)=> a;¢;(4/T), 0<t<T (7)

j=1

T is the total length of the observed interval and ¢;(:)
is a polynomial of order 7. If the data span of the
high frequent data we consider is very long, then we
may expect this term could capture the evolutionary
change of the quote/trade intensity. The third term
in (6) is the Fourier scries

i)
Cx(t) = Z {bar—1 cos(2kmt/To) + boy, sin(2kwt/To)},

k=1
(8)
which stands for ¢yclic effects with a given fixed cyclic
length Th. If we set Tp equal to the length of a day,
then this cyclic term represents the intraday period-
icity.
Sometimes it is useful to employ exponentiated ver-
sion of trend-cycle model

Ao (t1Fy) = exp{ao + Fs(t) + Ck (1)} (9)

instead of (6) to guarantee the positivity of the con-
ditional intensity function. This case can be viewed
as the log-linear modeling of the conditional intensity
function. In this case, the analytic caleulation of the
integral (the second part of the right-hand side in {5))
is not generally feasible except in special cases. See
Lewis (1970) for example. However, for the slowly
varying intensity model such as the exponential rate
for a trend, numerical integration well approximates
the integral term so that the maximum likelihood be-
comes feasible.

We fit the model (9) to the high frequent data from
yen-dollar exchange market described in the section
2. Because the sample period covers only 16 days
(T = 16), it is expected that any significant evolu-
tionary movement cannot be conceived from this data.

...

[ 3: AIC difference vs. order of trigonometric func-
tion

avoof

[¥] 4: Intensity function induced by the minimum AIC
model

Actually, the models with polynomial term of order
one, two yields bigger value of AIC, hence those are
not reported here. After restricting the model class to
constant plus trigonometric functions, we scarch the
best model up to the maximum order 1440. Figure 3
shows that minimum AIC is attained by the model or-
der 111, which means a constant term and 55 pairs of
trigonometric functions are required to describe the
intensity of yen-dollar quote occurrence during July
1997. (The ordinates in the Figure 3 are the differ-
ences of AICs between each model and the minimum
AIC model.) The highest frequency in the best model
is approximately 26 minutes. Figure 4 shows the es-
timated cyclic intensity function. Both ends of hor-
izontal axis are 21:00 GST, and the length of a day
is set to one (Ty = 1) in this analysis. Three major
humps in the graph correspond to the market time of
Tokyo, London and New York respectively.



MK |J AIC »
2 10 |0 —-370461.21
216 [0 —370667.19
2 |10 ) 0 —370857.12
2 | 200 | --370910.87
2 |30 0| —370921.32
2 |34} 0| —370924.39
2 |40 0| —370918.18

F 1. AIC values for several configurations

3.2 Modeling with Cyclic and Cluster
Part

The class of models we consider in this section fol-
lows:

Mo(tFe) = ao+ Pr(t) + Cre(t) + > gas(t — t:). (10)
b <t

The last term in (10) expresses the clustering effocts
such as quotes or trades invoked by precedent ones.
The function gas(z) measures the increase in cluster-
ing due to a quote/trade. We may call this function
a response function of an event, and parameterize it
as
M
gn(x) = Z cmxm—le_amy
m=1
see Ogata and Akaike (1982). This model is used to
examinge the existence of each component by the com-
parison of AIC values among a possible set of config-
wrations of (J, K, M). Different from (9), trend and
cyclic function is not exponentiated in (10). It is rea-
sonable if we expect the most of intensity will be ab-
sorbed into the cluster effect component. Then the
seasonal pattern should become smoother, which lead
to the ordinary trigonometric function fitting rather
than exponentially transformed one.
After trying various configurations we find that M =
2 and J = 0 generally lead to smaller values of AIC.
After fixing M and J to the above mentioned value,

(11)

we repeat the maximurm likelihood estimation chang-
ing the order of the Fourier series, K. Table 1 and
Figure 5 shows the model of X = 34 attains mini-
mum AIC, —370924.39. Estimated parameter values
of the second order (M = 2) Laguerre polynomial in
{11} are & = 321.88, ¢; = 203.65 and ¢z = 45.36,
respectively. Because the cluster effect is almost con-
centrated around the origin, the intensity implied by
the cluster effect part is drawn with the horizontal

—o AIC (linfin}
suf-

X 5: AIC difference vs. order of trigonometric func-
tion

[

Intinaity of Lagderre Polynommal ]

X 6: Intensity implied by the estimated Laguerre
polynomial

axis ranges only over [0,0.2], which approximately
corresponds to 4 hours and 50 minutes. Numerical
integration of the function with the estimated param-
cters over (0,0.00485) produces almost 1/2. Hence if
a quote occurred right after the previous quote, the
probability of the next quote occurrence is very high.

Figure 7 shows the shape of the cyclic part of the
intensity function if we change the order of Fourier
series K from 2 to 40. Model order increases horizon-
tally, and the most bottorm-right figure corresponds to
K = 40 case. The cases of K = 16, 24, 34, 40 are dis-

[® 7: Cyclic part of the intensity function induced by
the minimum AIC model. The order of trigonometric
functions (K) varies from 2 to 40.

124



125

¥ 8: Cyclic part of the intensity function induced by
the minimum AIC model.

M| K |J AlIC
0 | 110 | 0 | —368454.04
2 0 | 0] —370461.21
21 34 | 0] —370924.39

3% 2: Comparison of AIC between the best model and
other extreme models

played in Figure 8. Compared to the Figure 4, we find
the shape is almost alike but the scale of ordinates is
very different. In table 2 we report the AIC values
of the best model and two extreme cases. Introduce-
ing the second order Laguerre polynomial is far better
than the Fourier series modeling where the difference
of AIC is more than 2000. Adding periodicity to the
pure cluster effect model results in improvement of
AlIC by 463.18.

4 Residual Seasonality Analysis

To demonstrate an advantage to employ direct sea-
sonality modeling in a point process model, we check
residual seasonality in a seasonally adjusted point pro-
cess by spline smoothing. To begin with, we divide
durations in a 5 minutes bin by the estimated value
of the time of the day function. Then we rescale the
whole time axis so that the terminal values of the
original and adjusted point process data coinside. We
call it the intra-day periodicity adjusted point process
data.

To check the residual seasonality in the adjusted
point process data, we start by fitting the baseline
model of which conditional intensity function consists
of constant term plus second order Laguerre polyno-
mial. Alternative model considers one sine or cosine
term with the baseline model. We change the fre-

quency from 24 hours to 36 minutes. If intra-day pe-
riodicity is completely removed, AIC of the baseline
mode] should be smaller.

K | AICDIff. | K | AIC Diff.
1 0.86 | 21 1.57
2 1.58 | 22 -0.02
3 1.88 | 23 1.66
4 1.66 | 24 0.74
5 —0.06 | 25 1.94
6 1.67 | 26 1.57
7 1.81 | 27 0.82
8 1.95 | 28 —3.01
9 —-1.86 | 29 1.63
10 -1.07 { 30 0.78
11 —-1.20 1 31 —1.86
12 1.88 { 32 1.29
13 0.41 | 33 —1.57
14 200 | 34 —{.69
15 -0.22 1 35 0.30
16 0.53 1 36 1.67
17 0.61 | 37 —2.22
18 —0.64 | 38 1.74
19 1.51 | 39 1.73
20 1.96 | 40 1.57

# 3: Differences in AIC between alternative and hase-
line model.

The results are summarized in Table 3. Numbers re-
ported in the table are the differences in AIC, namely
the AIC of the alternative model minus the AIC of
the baseline model. Thus the negative value suggests
that there may remain some seasonality in the ad-
justed point process data.

After investigating single separate component, we
prepare two more alternative models with multiple
sine and cosine functions. In Alternative 1, we add
all the frequency components that showed negative
AIC difference in Table 3. On the other hand, Alter-
native 2 includes terms with strong evidence only. So
Alternative 1 has 12 sine/cosine terms while Alterna-
tive 2 has only 7 terms with all AIC difference less
than —0Q.5.

The results are summarized in Table 4. In any case,
the usual spline based custom to adjust intra-day pe-
riodicity might lead to some under adjustment, and
there remains seasonality in the residual to some ex-
tent.



Model AIC | AAIC
Baseline ~356839.58 —
Alternative 1 | —356854.03 | —14.45
Alternative 2 | —356852.42 | —12.84

#¢ 4: Comparison of AIC between the best model and
other extreme models

1500
1

1000

Intensity

500
I

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Time of the Day

X 9: Estimated periodic intensity of time deformed -

pProcess.

We can visually inspect the residual periodicity in
Figure 9. Horizontal axis stands for the time of a day,
and estimated periodic intensity of time deformed pro-
cess is plotted.

5 Conclusion

A class of models for high frequent financial data
is proposed. It turns out that incorporating cluster
effect is essential to the modeling, which is paral-
lel to the commonly used duration time based au-
toregressive models. The estimated shapes of the
cyclic component of the intensity function shows the
simple-minded application of built-in Splihe smooth-
ing method may lead to smoother intraday periodicity
pattern. Fitting conditional intensity model reveals
the remaining seasonality in adjusted data by spline
based two step method.
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