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EAIZES & HESRGR

R R

FESHIC

ARREER 18 6 AMD 7 HIChI T, EFEERIV—X [{FRESFOHOEE
TSR O—RE L THRERERERZBZMIRT 5 @ich i > TEENT- 7RI
EERROAFIHBEZOREE L LTEMNIELDTH 3.

IERIZEEBE L 1E, BBT 2T INVRE, FAEHHSREREKC SEWEETHD,
IEREIC AN REEICREZTHEEENI -0 TH 3. NEFEY (T, z0FE
R ZEOMIEELIZLDOTHZ2h 5, HEOESHFTEVIAERZ LS, HCkESR
et TIX, BIEEH & ST 2RO OBOEFHOFUNI R EICHVENS. AEI,
FEDWY, ERETMHOHR L Zhuc BT 2HRROETHS. 2% 2 2ITH,
B|1ETIR, FRIZHERO—EaETHRY DI, F 2B TREFRZSEMENRINET B
RNTHERPMETORTZENT 5. |IHEEIZ, F1 ETREREHEROES, F,
BEANMNE, EBELEHEH BOOMEEICONTORITRDER, 575 RZHcl
TE7—VEEM, ZoN—8FEHE, FAEHE»SIRELET RTU M-zt 52
BT, EHEEME TSN ENZLESHmORs M, BESHORSH, BViELZL
DOMOHEFTH S subexponential BT DN TIRNRS. WTIOZEEICOWVTHHE
BRHOBANBRGE T L TEROMT L Ui, 2L, H4OMEREEOMIRIT
HE, NDOLIEIHTOXMEREILE EHTHRL, ERXERICDOVTIIEETANABN
LINZ TRz

BENPLEDT A3, BRROMASTLERIEBEEAES L2, EHLH (3
EAEITEERD EHEHLTW LS REEENHHH, BERT, BEONTTLLE
EENBEI oM LITEIEL, S, TOXIERERLEXI T FE o HEK
ER AR RFERAR O FERE ABRE & AT B2 o) s B BiSIc B O B e &
L7zb.

1 FRIZEENEEEL

LTTE, EREHENOEENLRUDHT, fleblift, SELEE EESICD
WIS,

" HET RS,



1.1 FERIXEEHDOER, Fl, EEETE

f(z)=2" (p € R = (—o0,00)) DR L DEIRE N E RBH (power function) &P,
IERIZEEIREEN (regularly varying function) Z#—F TE AW, “EF|EIECITVIITAYEE
BET58E. 3D LELLVAR, NEFEEREERTETRLMNEELEZLD
TH3. ERIETHELICIEIEE (index B I exponent) WEE D, NEFJREIETLIZE
R e LTHNZE, p NENICHS. B8 0 DERZEEHELEZ BEEHEE L L,
FTOFHDBOY - HETHEHTH 5.

EE 1.1.1 [a,00)(e € R) ETERS NI EMEFTHFIREE f(z) A (oo ) 488 (index, exponent)
ple R) OEHIZEREHTHS &E, FED A >0 KNLT,

(L) _ lim

EiGlcgEERTS. FC, B8 0 DL E, FIELTIMEKR LS.

S5 p OERZEEILS, NXRUM 2° LARWEBIY U(z) ORTERT T LAHRE
BT LBEBIDONSTHSS, -
' f(z) = z°l(z).
158 p OEHIZHEIRS KD 5L BEEE R, TEL, R=UxR, LT3,
FE 1.1.1 i(z) B0 TOEHIZEEHEE L L (0,q) (a >.0) TEREN, I(l/z) B oo T
DEAETRIRE LB L ERVS. BEMIZERASFEDT, o TOENEHEROLE
3.

LREDT D, EMEHRBEOFIIFEBZEIEROMZA NI T3 THS. EEHE
HIBPRREEBERTH D, NERABUCHET S, KCBD L DR (&
GEDONER) ThHsHD, BEEHERKIICS Lzbolisflict, SBEt0555.
RIGRI B 5 1%, HRTEEL, #HE (0,00) ZIREIT 261TH2. <5 Lichhd—RE
MR LENEDE LNEWD, #Bhd 2RFeHEANE, BREMCLWETESTSH
A9, '

B 111 LITRRELHEKTHS.

1. @) = c+o(l). TTT, ¢ RIEDEM, limy_ o o(l) = 0.

2. lz)=logz.

3. I(z) = {log z)°.

4. l(z} = exp Viog z.

5 l(z) = exp{(loga:)% cos((log m)é)}

FE 1.1.2 BREEOREEH THAIdIlE, D AA1ICHLT (1.11) BHIIT
ET9ThH5.



Al 1.3.1 (R—2— « R—)L5BH) BRFNVANWITDOF—LEIE, a4V ERAELE
TRITET, kEIHIKESHZALE, 2P MRS LS8 0THE. COF—LOE
&D5H F i,

Flz)=1- Z 27"

. ">z .
IR0, BB e, 2N BV YT BEEB NS, EHEH LR LiZT CIChh B,
LTBB, [TydF(dy) R [F(1 - Fy))dy REAZEHT 52 2 SHID NS,

1.4 ARyN—BFH

COMTE, EEEHEEEELES 7S XEERERD. HRIHOEEI O DICED
ST AR ENSDE Vo T BISHAENS.

T 1.4.1 (STSREM) Uz) # (0,00) LOLEERRFERETER LTS, Ue)
D jﬁzﬁjﬁ (Laplace-Stieltjes transform) BROE S ICEHZENS,

0(s) = /0 ety (a),

FERDMED U(s) OREMAMEE L Uz) Oz — co OFFENHERNIET 3 Lo
BAfR%E 2 U /3—EEHE (Tauberian Theorem) £ 115,

zHiTF &5, Uz) BHEEAT F(z) TEOS TS ALENHEEINTND L, 70
BRINEOBEERDZ LT, B1- Flz) Dz — oo DEEDEFHRDIHS.

A 1.41 0< o<1 EEREBHE I(x) LT, RIIAETES.
() 1 F(z) ~i(z)/(z°T(1 - a)) (z— o0),

(i) 1— F(s) ~ s®l(1/s) (s — 0+).
CTTIR, IERIZESME & B L e R 27— BIR RN T 3.

TR 1.4.1 (AFILO2IN—BFEE) U(z) 2 [0,00) EDIERAE S, I(z) #
RIBAEER, c>0, p>0292LE, NIFAETHS.

Ulz) ~ e’ z)/T(1+p) (z— o),
Uls) ~ esU(1/s) (s— +0).

e=0DEAE, Ulx) =o(zfl(z)) ZEHET 3. BELAK. T, De)EH <@
Thbb, -
T'(z) = j t*~le7tdt,  T(n+1) =nl
0

AE 141 c> 002 LD 2XDLRMIEEN, ThdERLDAEDERETSS.

U(z)/0(1/z) » 1T +p) (z— o).

12



KOEFBIREBILBWT, &5 7&]\&%17‘1_5% =0+, s—mooLTEMD
VDT EEEELTVDS, : :

FE 1.4.2 U(s) % [0,c0) LOIEHDEET, +ARERSIHLT, U6) <o i3
&0, i(z) BEEEHEK c>0, p>0LTHLE, RIFHETHS.

Ulr) ~ afi1/z)/T(L+p) (z - 04),
Uls) ~ esPl(s) (s— ).

MREBEOFERRELZD, ZOREEMO eV i3 LIEILED S, %z, B
BEERHE L Vo TN OEEDHFAMRZRETE 2H50 E V. HAEEEHE
{monotone density theorem) &, ¥EOOEHIMEEN S, BEOIENEEZEL L
DOTHY, FOEEEOERERRETS. JEEEFLOAED"HEHD 2ENT3.

FHE 1.4.3 (EBEHEEE) Ux) = [fult)dt &L, BB cpeR, I(z) € Ry LOMIK
ROERDREDIL> TS ERET S.
U(z) ~ czl(z) (z — o).
COLE, uz) Wb LIANLATHERALLE,
u(z) ~ cpr? () (z — o)
L3, |

EE 1.4.2 TOEETE, :
zu(z) N
Ulz)
MEDIIOH, TOT LS ulz) DEFAMERER $ICIEEOREDH I & EHIEEME,
u(z) e R,y & U(z) € R, HHIB.
ROEIBER S SEDBMCONTDEDTH S,

EE 144 (BBTRETE) Uz) i (0,q] LTEHEEIN, ulz) e LY0,0] lL& D,

U@:f%mﬂ

LEM, BBceR, p>0, O TORBEFE 1(z) & DEICROBEFENSH S &%
RES 3.
Ulz) ~ czfi(z) (z|0).

COLE, ulz) BHB0DEIETERRLBIE,

u(z) ~ epzP~H{z) (x| 0)

Lixs.
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BiIOEEAEAIZEFIRIE L 7 0D & OFBEMERERICONTOLE D TH 7D L,
ROTFHIZORLETHBIELETELTVS. $4bb, WidO#EINTEGEND,
CHIESEREINZDTHS. ‘

EE 1.3.2 f(z) # [a,00) L TRAFEREZLCEREE T 5.

(@) BB o> —-(p+ DIKHLT,

:c"+1f(a:)/fm 7 f(t)dt — c+p+1
oI, fz) RIS p OTFERIEBIEETHS.
(@) BB o< —(p+ 1) KHLT,
s 1@ [ @ 50d -~ +p+ )
oI, f(z) X8 o OFRIEHIEE TH B.
ROTEIIHEES T DR L YINEROEAMBEFEET.
EE 1.3.3 F % [0,00) LOBEFEHHEL,

Vo (z) = /0 " Ry
ris.

(@) Vo(a) 01— F(z) DEB BN ERLHT UL, R

. 2%(1—F(x))
(1.8) 2T Vw

WFIET %.

(¢8) B, (1.31) A0<y<oo & LTHDIIDEE, Th

EWVIBICEL. TDLE, BRIBEHBIK () Icky,

Vol(z) ~ 277%(z),
1-F(z) ~ a_aa:_al(sc)

&%, Ehic, (1.3.1) By=0& LTHDIETIE, V,(z) MEBEZEHL, v=
EUTRYIITIE, 1 - F(z) MEISEEITT 3 C L AEINS.

2E 1.3.1 V,(z) DEBEEEHES S 1 — F(z) DERZEBEEEC C LIZHEEN.

11 .



HEWZISHTE, FlRE p@) ZHEREEL L, 51T, fi) = 2p@t) L340, T
aWE, BT ) =p(t) ETHIE, HHOEE, FhFhET

ROreE 1.3.1, 1.3.2, 3INSEHE 1.3.1 £ T f(z) ZIEREEREHE LIz 20 50
DESOEEEICEET AR THD. —REMZIICRI AN, BE LTk, EHEH)
B f(z) DBISEBDZEBDOT L D OIUCHIL, Bo e\ EREAKEES L
LD, LLORPEFARICELLNEVLSRITEE R,

i 1.8.1 I(z) & [a,00) FTRAIERERIBLEHEIET 3.
(2) a>-17%6i, .
/ £21(8)dt ~ 2P U(z)/(a+ 1),

a

(i) o= —17x6F, [Ti()dt/t TEBEEL,
1 T
— ! —
3 f (B)dt/t — 0o
LB,
iRl 1.3.2 [(z) ZIEBELHER LT 5.
(i) a<-1%&5E, [Cta@)dt <o THY,
/ )t ~ " H(z) (o + 1)
ks,
(#4) a=-1T, [U)di/t <oo &DIE, [i(t)di/t ISBIBEHL,
. l( )/ dt/i—nbo
eiRB.
SfeonmBEEERELTELHTHL. |
EE 1.8.1 f(z) # [a,00) FTRATEREER o OEHIZERRE T 5.
(@) 0> —(p+1) B, [Pt7f(t)dt 13I8 o+ p+ | OERIEHRKTH D,

:c""'lf(x)/fm tf(t)dt = o+ p+1,

(i) o < —(p+1), BBV, [Pt f()dt < 00 THIUE, 0= —(p+1) DBEE,
oot f(t)at B8 o + p+ 1 DIEHIEBBESTH Y,

w1 [ 150~ (o +p+ 1)

Lix%.
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BET 35 LT conjugate pair ZHN9 5.
EE 1.2.5 |(z) WREBEEIT A A5, |
@) =1, FEla*() — 1

BT RIS 1 (o) PFEL, WREANCHED L DICIRE B, COEE, 1#F(z) ~
I(z) &7 5.

B 121 T OREEHIEEU () %%f%@ﬂgﬁl(m) 0 de Bruijn conjugate, (I(x), 1¥(x))
% conjugate pair & PLE,

ﬁnﬁ 1.2.1 (i(z), I () ZBELHEHRD conjugate pair &‘ﬁ“hbf A B,a> 0L
, ROEET conjugate pair £755.

(I(Az), I*(Bz)), (Allz), A (2), ({lz*)}e, {F(=>}/").
COEMDRHRELT, fy)/f(z) DREEFEREICDONTENS.

EHE 1.2.6 (Potter DFEE) (i) I(z) HBELHEEELE, TEICETNZAST &
§>0WHL, X =X(A,8) ZREWET LB ENTES. 2> X, y> X
LT, ' :

I(y)/i(z) < Amax{(y/z)’, (y/z)~°}.

(#) (z) DEBIT [0,00) DEFEDALNRT FESGETO0 & o iZELAVWESLE, £
HIORENIZ 6 > 0L, A = A(0) ZBREWTLSICHMB T &N TES.
z>0, y>0IXXLT,

iy)/l(z) < A max{(y/m)“ (y/z)™°}.

(#) flz) € R, 6, FERICEINS A>1 & §>01IKHL, X = X(4, 5) BRZ
Yﬁflﬂ_ckjbr_ﬁ‘lﬁt_aﬁ\'f%% > X, y> X ITHLT,

F®)/f(@) < Amax{(y/z)""?, (y/=)*"’}.

1.3 RO OIAEE

ERZEBBIR OB ORI T A SV X OERCOWTHNS. H2ETHL
{RRBY, HERSMOEPYMRTE (ERIEE 25) OLHZEEEEINAoOZERHO X
5%, ThREHERLHEIBTDOVTOS. MU SHEREEPELES LIz OOEE
Mo Y ELGERFCRRENSZT L HD, UTOXS LERIABBEREREIBEHRE T
LD OEEEE NS T LREETH 5.

/a * e, /w °° F)dt.



12 KSR

HETEE L &5 C EAIEBIE R OMENEE TS 50 5, MENEEHZED
EESRETES. CONTE, FHEBEMOXENERIC OV TRNTS.
BlLLLT, #8K0, $7rbb, SELHEICE, HREE00OHEET, BALEH
RETBEONBBCLERLE. —AT, 85 0 TRV EREHENIE N B
nBT L EERT BONBHOEETES.

FEE 1.2.1 (Monotone equlvalence) fl@) € R, % {a,00) (a > 0) ECRAAGHRET
A, p> 07461,

(1) f(z) =sup{f(t):a <t <z}~ f(a),

(i) flz) =inf{f(t):t >z}~ f(z).

p <05,

(@) sup{f(t) :t >}~ f(z),

@  Wf{f(t):e <t <a}~ fl).

ZTT, f(z)~ glz) & limgoo f(2)/g(x) = 1 BEH.T 3.

REREH & BREHERICHIENTRAROBEZICENH DT LI, RBUEHE (EHE
1.1.3) Do bEBIChMZN, O EHAEBEHROBRE N R TS,

B 1.2.2 EEATRAIBEE I(z) MEBETIRTSHD T L EERD e > 01 LT, JFR
DRIR ¢ LIFBINEEEL ¢ T

2°l(z) ~ é(z),  =Uz) ~ Y(a)
BRI T OOMEET B LRAETHS.

R 1.2.3 EEFTHIESE (z) AERGEBLHEMTH I LHEED ¢ > 0 IKHL
T, 2l(z) & z78i(z) BWBD LT APLETERFNEINERURADERICRE T & L3R
ETHS.

FERANEDERIZEE) Eﬁﬁﬁiﬁfﬁﬁnﬁfﬁhﬂ'ﬁﬁ BN, EANGERTOSEREELDL
na.

EH 1.2.4 (WEXHRM) f(z) € Ra (o> 0) & B,

flo(z)) ~g(f(=z) ~ =

Z1Y g(z) € Ryo BEFET 2. TO g(z) % f(z) OISR (esymptotic inverse)
LY, WHEMICHED EDICRE D, BANIE, UFO—REEhDEEs s e H
5.

7 (z) = inf{y € [a,00) : f(y) > z}.



EE 1.1.2 (—HIURRER) RISLEBEE l(x) DT,

. I{Ax)

BT

i, A€ (0,00) KDOWTIEZE—RINKET 2 ((0,00) DEEDIIIY MES ET—RIK
RT3 .

FIE 1.1.3 (BEEHERORIEE) (o) MEEEHRETS 5 T LIXROTBICED S
ZEERETHS.

=1

I(z) = c(z) exp{jj e(t)dt/t}, z>a.

ZTT, a>0, clz), e(z) BENTNRImywc(z) =¢c> 0, limeoe(z) =0 &3
TR, X Bic o(z) IEFIE S £ 5 CHB T L AR, £ e(z) # ¢ EIREFER,

o(z) = ¢ > 0 DFEF, EREEEEHREL (normalized slowly varying function) &3,

f#1.1.3
logz = exp{/m(logt)_ldt/t},

exp(logz)® = exp{—/:n a(log t)l_adt/t}, 0<a<l).

AE 114 1. COXRET, KK e(z) = p £ 0 2THE, p ONESEEHKE KD,
p+e(x) LTS, FRIZEBEMOEETEY 3.

2. [Pdufu=o00 KERLT, TORFEEHRZHNE, c(o) ONFSRERLNLHEY
KRBT LT, HEEHEHO L TFRENABHRICENSG I EBONETHSS.

3. RICAZVERART 2HERRTHMO 1 F(z,c0) PEFSLEELET 24
b, e(z)/z VEBEREE 22 TER IKkb.

4, WA 3120 61, ERILBEESREIZT 2ANIET57E0, —
3T UE 2 5 IRHEBESHEIE L.

HIEEHBIBIC N T BEM 1.1.2 3 ROCHEEFEHLETh 5.

T 1.1.4 (FUEBEICNT 2—RIVRER) /(o) cR, LT3LE (p>0DLE
HEED o KHLT, [0,0) LCEREHE) , I

. f(ax)

i T
¥, ERENUTORMCENT A e T—H.

(1) p=0DHFE, [a.b (0<a<b<oco),

(#) p> 0 DFF, (0,8 (0<b< o0),

(#i) p< 0 DFE, [a,00) (0<a< o).



PMTIBBEHRR TR OMIL 272, 2R L 0E BT B0, HRHT
BL35LE08H5.

# 1.1.2 DUFRERZHBEM TR,
1. l(z) = expz.
2. l(z) =2 +sine. |
RIBAERIEIS R4 THREICDOWTHE TV 3.

R 1.1.1 I(z), L(x), lo(z) ZIBISLTHEK L T 5.
(@) ae RIEXLT, I(z)* BBIEETHELCHS.

(i) R hL()la(x), ® L)+ lafz), EBIE limgela(z) = 00 BB, BF L(l(z))
LIEEEHBEAN TS S.

(445) HED e >0 IEHL, limgy o zfl{z) =00 limg_o 2 €l(2) = 0.

(i) limg_oologl(z)/logz=0.

BAE 1.1.3 (i) OMHEIBIBEERIESNZ B K O BRI S VT ERFELT
WABH, BIORT &S CEE1.2.2), COMECZEBEEHREFOLOTHL LN 3.

[FRIZEEENED L 55 DD B 2BENOHSI LT BT, FOALA—IVE LD
BHEICT BN, BERLEZEBICOVTHRNS, 2D BENEVIE0E B
BN, WFhAHEELZLOTHS.

RHIDOL D, EMESEOEBRICEET 20T, ZOEIICOVTOERTHS.

f@) PEABNTHWAREDETS, A>0kKHLT, TaOOMmBHITEET 3 L =,
FhE g(0) 8L,

(1.2) mIEI;o ff(()\;)‘) = g(A) € (0,00).

ERIESBIBOER T, (1.1.2) ORI g()\) BNERERTH-> 2. Fi, R
Eﬁﬁ@‘f‘ﬁj‘ﬁ%b\%#@?“_ﬁtTL@CI‘E%@'C"‘%%.

FE 1.1.1 (FEIEE) EMEATHBER f(2) KL, (1.1.2) BEH D )\ OESHED
HEZEDELE, RN S.

(i) (1.1.2) BAFRTO A >0 KL TR IZD.
(it) B pIckD, g(d) =» AT,
(ti1) f(x) (I8 p OLAIEEEERTH B,

PTFO&IO0ERZ, NRCZREDH, BERSGEV->TEIWV. B, BOER
FBEEI—ROFEEHEENEDO K 3 b 0RO BREMCERT 20ICBTDEED
Nns.




1.5 7—~JEIEE

7 —)VEIZEE (Abelian Theorem) &1, X7/ 3—RIFEH LW, HESEEICRE
ZLT, MoOEAENEEZE LN SHOEBOC L THS. M L3 THSITXDE
HE UTEHIESBEROBE OERER R 720, Tha—BtLliz, 2R3
Dok 5. I(z) ZRISEEEE, k() P0<a<b<oollHL, [ob) EARHTHS
o, —RRIGRER (BH112) IKED, 200 DEE,

/ﬁk@ﬂ@nyﬁngux)[bkuyn

MIROILD. [Pk(t)dt = 0 D& AT o(i(z)) DE.

CDXSFT LR L) KBYERFFEREDFBTET, a=0b = oo DIREGICHEET
BT LHEHATHS. ' ‘ :

XD BAEREHIL UT, BB S DESHROSEM (FoicH T, convolution,
HERZTROMIFID ) OWOEFHFEHEL LS.

Bl 1.5.1 JUTHIDONEDHE) [0,00) LORT F & G HISMMEEEPEOLDL T3,
Thbb,

z) ~ e ("),
) ~ e (7).

LCT, 0<a< f<oo, hiz), Io(z) e Ry THS.
F ¥ G OBERF « G DEOXHE,

F(
G(

1ﬂ?@)=‘[f@—wﬂm+@@)

ru/mwmmﬂm
0

ROGEE, TNTNRARCIIRET k() IC&EEDII T b 2 OERTS S,
BE151 0 65095

(1) fy t78lk@)|dt < oo B, [0,00) ETREESN, «fl(z) BRFTERELES l(z) € Ry
LT,

/%@MW%ﬂﬂfHWt&ﬂw)

0 0

(i) [ t0lk(t)|dt < oo B BIE, I(z) e RIENLT,
fmmm@ﬂﬂNM@/mkmﬂ (z — o).

EHE 1.51 §>0, [of <sHL, [[°tolk(t)|dt < co THNIE, I(z) € RGIEHLT,

fmﬁm@nﬁNK@/mkmﬁ (z = oo).
[t} 0

TZT, R{E(0,00) ETERIN, RATARDMDEEHE CLERTIREEHEROE
BTH5.
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TE 150 k() IENTARERERDESICHEITFS.
| /Och(t)ldt = O@") (z—04),
fmwmﬁ;=ouﬂ)(mqw)

ERBEI g > 0 PEET B,

1.6 [ EEEE NEXEE

THIZEESEGRORBICHY, RETARTEL OBSHIEETNTER. o TENT
5258 & - RBRRENZLOTH Y, ihfﬁ@ﬁﬁﬁ@%ﬂﬁ@%@ﬁwkﬁm
5hB.

£ 1.6.1 JERDEE V (x) AT EH) T-varying, V € T) T3 &%, Viz) B (a,z0) E
TEREEN, limg,, V() = oo, (a,2¢) ETEBTN-EMEE f(z) BH-T, EFED
LT, '
Vierare)
V(t)
EBLERND. f(x) ZRBIBEE (auziliary function) & WOV, BHEMEEKT—EIC
HRES.

(t — zo).

fl1.6.1 1 .zg=o00, lz)eRy LTHLE, V(x)=el(e®) IXABIEE f(t) = p!
DT EHBEERTH 5.

2. 2=1&¢92LE V(z)=exp(z/(1 —z)) EHHBIBEER f(t) = (1 — )2 DT £H
B TH 5.

E& 1.6.2 JEEJERDER U () AT EH (T-varying, U € 1) 5 L1, HHEHM (2, 00)
ETEHZEEO, Bffat) e R & b(1) > 0MNEFEL,

U(tz) — alt)
b(t)

b(z) BRI L, MGERE B T — B 5.

— log .

AE 1.6.1 a(t) = U(t), 8(t) =Ulte) = U(t) ETHIE LW,
II & T OFICIXROBEFDYH 5.

ek 1.6.1 (i) V(z) € T TEOFBIEEN F(t) 2 5id, V—(z) e N THY, HHBIETE
b(t)=foV—(t) THB.

(it} U(z) € I TZOFHBIBIEA b(t) 51, w%@erfﬁb HEBHBEET F(t) =
boU(t) T 5.
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2 IERIZEENE & FEEMET .

COETIE, FAEHBEEOEERPHRAICBVTEDOLSIISATN TV S, 2O/
£ZFZBNT 5. EREEHEIIEEINEHETHE 05, TICEEEEETRT I
bbb, BEOEEZLLS. BESH FICHLT, F(-co,z] 2 F OEE @Widg
M@%h.ﬂaxoizﬁ(ﬁwwﬁw®ﬁ)a;ﬁ,@ﬂ%«m&nmm%.

F(z) =1~ F(x)
THHDLT. BRI F O o ROYMTIER (oth truncated moment) #

Vo) = [ I FG
ly|<=
TRERTS. T, o =2 0DL¥E, YD (truncated variance) & X 5.

2.1 RESHEBSEH

1 XTI {3 AR 95 DB EED S5 T, FOESEHEL, —
BRIEL TV T ETERS DKL D ICZESTH LTINS L OPERS T & LTHDO
B AL, EREENEDOMDODHIEDNTHNS, -

COEZEUT, {X,X;:i=1,2,...,} ZEEEIRSIESHHEEERFIE L, X O5
LRt (—ROBADER) LTWENEDLT S,

EE 2.1.1 (PEREE) SBAERTHNE, RO S ICEREE nislr RS
Sp=3 71, X; OHOE, ERSMSESL.
Sn —nEX

VvVRVX

TTT, E, V@ENTIEREZHNOFE E08%, N(O,1) 3FHE 0 581 OFERSH
ZRL, WHREHHNETHB.

L, ToEBOMIFSA (1id) OREOTTO—KEEEZTHL. —ijks
RO EAMEIROIE & DI o R EROMOET EEZ B LS EKTH D, FiEi
BEERCKDIERELT, BTALID GERL) FHICBREERLVWSTLTHS. &
LE3A, FRIEREOIHEEOTNTERD TEHHRI DT TRV, EEADITEAIC
o T, FUERERICLI-BOMBEENEOIIDC LA HD. M, TOHEOEHE
{t (normalize) IZHEELIC KO RRT VR T —)UCET & W5 BECIERS /A & I3IER
#TH5. .

Y, WREZERSHICEELZEETO—RLEEXS. LEAHEPRHRLTE,
TOFRMDETTH “BIRNTHET 500 THNL, ERIEEHEROET T LT, FuER
EHCHEY B BIRERA B D 11D,

I 2.1.2 55 EH5 B, PMEELT,
- Sn —nEX
B,

— N(0,1).

— N(0,1)
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L2 B b DRE RIS, YA V() = EX21(X] < z) DEBEST5I LT
b3 TorE, ERICER B, S@EEINGEEZEHIEE ((z) KXY, By = ynl(n)
LET T LIRS | ' |

BE 211 1 I(z) BELEEINEE, IR () BB T, Uz) ~i(z) B EE

NS, HREROESE, FIEET (z) = vVVX (B L endh, DEEE

. DBRER, BYROEEROESLVEVORELS, METAERLEREMISLT
KELRZTHAI LEZNE, COBREIERTLOLERTELS.

2. REAHERHETHS.

wlirrc}cmz{F(—oo, —z|+ F(z,00)}/V(z}=0.

FUOBRRRETRE, INHERIEFRAMENFETRTRC LT, ¥oi—Rtbdsce
S, RICEZ B0, MRS HEEDHRONEZERE L2 OOBRAIHTHD,
EEDRETHINZ L ONFNICH S, RIRBERTHCDOWTHEHT 5.

Ef 2.1.1 07 G HPLERTHTHD L, BBEEH X L Y W THICHH G ZHD
LE MEED a, ap >0 ICHL, b>0& ceRBPEFELT, oy X +aY & bX +c DR
AERFLLEDEERND. TDLE, a0l <a<2) WME—DFEL, 2TD a,a2,b,¢
LT, '

b* = af +ad

L%, O a REESH G DEHENS.
Bl 2.1.1 ROMEBIRBEETHTHS.
1 B (FEEis 2) .
2. O——f (REE D .
3. ROFEEEBRFTOOMIEE 1/2 O FRD WERTHTSHS.
plz) = (2m)7H/2e /B3,
RENTITRDFEATRES T THE 05, 1FIEREUL Lévy-Khintchine DR ED.

TH 2.1.3 (RESHOSHBEE) 5 o0 < o < 2) DXEDTHOFERE G(2) X
DE3EHLDENS.

L 0 dt
(2.1) logG(z) = ivz4+a / { Yoo
oo [

e o] .
‘ izt izt dt
+ 02/0' € 1 s brg

ZCT, vyeR, 1,020, 0 << 2.
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AT HERERMOMCRE S, RAKRD D,

BE 2.1.4 {X;:i=1,...} ZOf F IS FRIEHI RIS HHEREZESIE T3, 28

3l B, >0 & A, e RickD, EREINEESAN GREL) 516 G IKIURT 280

£9 5.

Sp— Ap
B,

ZDEE, WRDM G YEESHLES. £, 24 F ITEHH G CREIEh3 &
W, BEENE 0O ETESH G OWSHE (domain of attraction) &\ 5. G
BEBZORSHcEENE e, D, ETORERHRIETEVRS[EEED,

DL EFDEHULER B, 1E, BIEBEEHRAE I(z) 1T D,

(2.2) LG

(2.3) | Br, = n}l(n)
LELEHHES.

EHE 2.1.2 T, ERDHOREIRICES 570 DOREREEEATC LITES. RiT
FEROEENT G ROLDBAILL E, WRNH F BZOREICASFDORE
NEMHEER D, BEEOR, FREHETREL, F OROELFTORHTES.

EHE 2.1.5 59 F A, FHERE (2.1.1) 2L OWESH G 0<a<?2) OB5HICEE
NBTEDDRBRETDRME, ROSEEDOREDIIDT L THB.

(8} limg e F(—00,—a]/F(z,00) = c1/c2,

(i) EED X >0 kLT,
lima:-—roo(F(_oo: —.‘1’:] + F(Q:: OO))/(F(“OO, —'ALE] + F()\CE: OO)) =A%

CNZEHIESHEROEETEVERE, EADED/NE SHEWANEMZESMERES S,
T MERTE B LN < ARINE, ZOEEE EXEREZRCEEK TR UERZE
B2 DL 03 T icad. NELEVWEOADEHEESEOISRIETEREDEE SR
DO A FALEB.

B 2.1.2 FESHOBALBAD, 0<a<2 OBAE, (21.3) OEREERICEN
BEBELURN (o) BEBRLOKEEEINEDIEET, KBNS D2 EONED
nss. |

AE 2.1.3 L EOFIHRT &5 ICEAIESEEOHRERCBET 255, UNOEC®
BREOHETHE T EREL, PRNCEHEALRLDIARS. COkE, BFEN0 (BB
ZE) TRTNE, FANTERK TEAZESEHEINES hixwdt, 850 thhid,
BEIRRBAEERE &), EBLHENSEAOFTHEVELNIEEDICES.

AR 318 A I AV SIS & B IEHE TIBBE A 5 &
BHSERV, XOL S HEREESROIDT EHHSNTINE.
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T 2.1.6 X >0 95, F(z,o0) WEEEHT 3451,
xli‘IEOP(n -F(Sp,00)2xz)=¢", >0
HTHEREROWTMCONTERRDO LS BT LB ALNTNS.

EE 2.1.2 BEEST F RV ULNEGT 285 S, DHEMNEE (relatively stable) THD L
13, Sn/Bn B VICHERIGR, BB, FED > 0IKNLT,
ﬁ—1 >_5)=0

n

lim P(

n—oo

&% &5 BIERIEER B, FENZ L &R WS,

M 1.3.1 DR—%— « B—)VRHTH,

Sn/{n(logn)/log 2} — 1 in probability.
AEOIID. —BIZE, XAANWR S,
EE2L7WJQ£@%$ﬁEFEﬁLT,Wﬁﬁﬁf%a
(i) S, MHENNEETHS.
(i) [y tdF(dit) BHEIBEENT 5.
(i83) Jo {1 - F(t)}dt BEIBEET 5.
(iv) H3EBEHEGE (x) CHL, 1 - F(s) ~ sl(1/s).

2.1 fiOWE :

ZOETHE-> FHFERICHET 2EREFIRAFNLOTREVDE LEHnD T, BEEX
HITMEBA2ERICE LD THL L& bic, HEHFEESHELTHL.

ERDEAEESM LR, SHEDERTEEDOHORSTHRICPMTEE7HTHA.

Thbb, G PEEDMAIEIMTHSLE, EEOBRE n IKHLT, 9/ F N
n |5

G=Fx--xF (BUIFOnEOERBEDE) LEBXIIKMNDEERND. MR
EROSETWAE, TECSAGNE n IKHLT, (O F IS n E0) MRS
RG] (X i=1,...,n} O 30 X; OPWH G L3 L2 WKHN3Z LI
Ld5.

FlHbhihfmns b, EfSA, K7V ok, #HERTY U594, a—-—51,
B OE, BASH, AOTZESTCTNZ, Student O t 7777, F2OMW, MEERSH, O
VAT v VRSB EAIEENRTH B, —H, —HOW, TES RGBT
TR

HIRFRIRED TR G L LT & &, TORMEEE (Fourier £ 13X {HIbN7: Lévy-
Khintchine DR TR Eh, 3DO0RKMEE (v,a,v) TREMNITLONS.

® i 1 o
/ eltZG(dt) = exp{fjryz — Eazz + / (e'tzt 1
—co

-0

izt
1412

Jv(dt)}
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ZTT, vER 020, v Eu({0}) =0, [, Lau(dt) < co BT R LORET,
Lévy M LPHINS. ChbiE v hE—RIICERD, MIC, FRAHREIT v,0,v
R LT, Msd 2EEOMAREDT G BIZ0EDEET 3.

AW 214 1 3BEROSEL, EROHERERT o & Lévy A v RAENSEHER
- O, Y BETULEEZ S TIEAEY. Lévy DIEERO {2 IHIERIC LD, —E
OME RG-S, TOBICELY, TOHOBMDAREST, v LEREDDS
BMETHS. TOEKRT, Lévy DIFERIEULOTEL, BEIKISUT, WHEHE
DiEofz, HORBZAREEZRAVWERREDAVWLNS (554, AEMICIIH—
D). KL, Léwy REILED, v BRENLBEREROCLEHS.

2. WEDMCEUTEICEN Iz XS I, @4 DERSEAREDR RT3, 5
YRR Lévy DIZERICHIT 3 3BEERFOHNIEEL, CTHHEELIELLS.
EROEEFICOWTE 3BEENEBICROENZLDEHBZH, F5TREVE
D, {E-oT, EBRESEUENEIDAEHIHELNEDES S,

FEEIRICH L DN B ERIZESRIE &V S T & THOEBREEO— D D BEESTRICD
WA, E5E5—REICOVWTEHERINTNS. AHHE WS ERERAEE,
WEDMIX, Lofm (BOOMETREST) 203 EDlciks L, EESRAEDTRELS
null array OFIOBERSHEE LTRDNS.

— W EESTIL, B, O<a<l, a=1, 1<a<?2 a=2ILhiEIAE
CEES., WESPTIBEREOE—AV FELON ER), FoEMU For—XY
MIFERT 5. (2.1.2) CBIBEREER A, 13, 1 < a <2 CRTEHOFBIEET
{a=2 DL ZXREZTOETEN), 0<a< 1 DFEE Ay/B, BEBIDN T
bB. Ay =02¢L, B, FITERLT S LEBESHIIMBEEDH LRI EED
FOWMAICED (BF211Te=0 & LERBRHEY . o # 1 OBRE, FEEES
HE—ROBEDHDEVREICTHTIBHOLTE D, AENICENIRNWEWVWLS, —
73, a=108FE, J—-—ohhlM—ORERES N GERL, —&km) Thy, £
BHSHEN D 5.

2.2 MBS & IRE

WEHER &5 DR, BiRET—2 GIZXEEORAMERE) BEDXS3155E
WETHEIEEGRY BOVPLT -V THS. BRKFPHER S OMEICIZ, FB®P
SR ERBOTENOEHA TIEERIEVELEED TN S.

Tl 2.2.1 X1, Xp,... ZHEOHBL N FICH D BREMTHEEHRIILL, X, ET
DAEE
Mn = ma.x{Xl, e ,Xn}

LB M, ZEEI| An, Br KX DIEREL, n— oo & LIzl E, EREDTHE G I
Re 355, EROSTHE G ZBESHELNS.
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B, '

TDEE, FRGIREEIENZ LW, ZOX3%45%H F O2FE G ORI (D(Q)
L&) L &E (Mazimum domain of attraction).

BIESHEHEECEZ SN TNS.

EX 2.2.1 (Fisher-Tippett DER) WADHIIRDIEDZA TOWTIhHNTH 5.
FNEN, 7L x (Fréched) 5%, TA TN (Weibull) 948, 72~V (Gumbel) 4
mEMENS. DUF, a>089 3%,

_J exp(=(-=z)%) (x <0)
‘D“(m)n{ 1 (z>0)

(417) A(z) = exp(—e™®).
AR 2.2.1 XA TRE REERC LA OBKRTIBEVSERTSHS.

SEEZNTNDBEDSHORS BICAZDHOEGGIZHITS. KMHEZFRELT,
D(@1) W< OTHREWVERZED S5 (GEISFEICETSHD), i, D) IKET
BAMEMBHICRRYNHZ GHROSHEICHER . Thbiexl, D) KBTS
X ZOHEADBENE 5.

f 2.21 1. I—2—5%E D(®) ICEENS.
2. (0,1) LO—HE5TEIE D(I) ICBEN 5.
3. BRI D(A) KEE R 3.
4. XDHHE DA) KEEN 3.

F(z)=1-exp (I—_LE—) <z <)

LT, 3HEOHHESTNTNOWRS I A S 2 OBETSFEFICDNTIRRD. B
FISIIEOBROMLS, BEOHERADEIEH L - THBTI A RENS. JLvzsh
METATVRHORS d, EREEIME & REMBEICRRI SN, JTo0Ly
e LTid, T-ZHHENHNENS.

T 2.2.2 F e D(9,) L2 IDOBBETHEMNE F(z) e R, THB. EHIEEEL,
An =0, By=inf{z: F(z) <1/n} L& BT LN TES.
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EHE 2.2.3 F e D(T,) LR5DDRETHEMFE ,.(F) =sup{z: F(z) <1} (F®
EiaR) BERID F(ry. —1/2) € R THB. EHRLERE, A=2y, Bp= sup{z :

Flz, —2) <1/n} LB LNTES.
D(A) ZFLRY B 7= DS 2 M T 5.
H(z) = —log F(z),

&L, Z0 (G #f%E H(z) = inf{s : H(s) > z} £€§3. 5L, Ulx) =
(1/F(z))~ &8BL. o 3 FOLEEERT.

EE 2.2.4 KidWThd Fe DA) b EZ-HOXRETHRETHS.

(1) U(z) eI, $ixbB, LEDz,y>0, y#LIKHNLT,

Ultz) — U(2) . log x
Ulty) -U(t)  logy

() 1/F(z) ¢ T, F4&bB, HBEMEE f(2) iKHLT,

Fe+af®) .
F@)

(t — ca).

(T xy).

(i) 3 BABIBZEBIBI I(z) BB 5T, EED u> 0IHLT,

H™(z +u) — H (z) ~ ul(e®) (z — o0).

AR 222 1L (@)T )= [T F(s)ds/F(t), (t<zy) LEBELNTES,
2. EAHCERBRD XS L BT ENTES.
An = H"(logn),
B, = H™(log(ne)) — H (logn).

AE 2.2.3 EHOH, Ho~aofh, UATVE0H, UBEESTEL L OSHEMT N
WATRORSIRICAS. —7, K7V D85 & OSSR ¥ OBES RO
s iHicd A S,

3 IHIC A B 1= DRBHIEMICIE L, OE¥A, Von Mises 1o & B T45% A%
BOTHNLES. :

EE 2.2.2 (GRRERY) 2% FHEE f(z) DL E,

h(z) = 1 f(;gx) = H'(z)

% F OfEREMEE (hazard function) 15,
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fERRE RS AW RES T ORF IS ENSHDToEFZE5Z 5.

EH 2.2.5 (Von Mises DEHE) (@) 74 = oD Dzh(z) - a > 046, Fe D(B,)
THD. ' '

(i) z4 <o WD (24 —2)h(z) » a>0(z 1 24) ﬁ%ﬂf, FeD(V,)ThHs.
(44 ¢+=mﬁ9%umgnaot6ﬁ,Femmf%%.
(iv)

T

lim /() [ F(ydt/(P(a))? =1

%5, Fe D) THD.

2.3 Subexponential 537 & BIfRT 53k

Subexponentiality (&P FEHERRIC BT BRI OFRDIH & LT 1960 4KIC Chistyakov
WKEDBAEWIBEZRTHD ([Chéd]) , EFEEDEVERSH (heavy BN fat tail) O
REAZLOL LT, WEME FREEELEERRFEOEFVICE{AVLENS X
Sk o TE T (IEKM], [As00]). '

T 2.3.1 WENTE FH (o) € R EWETEE, FRIEHTZEREDE NS,
@ 231 1. SL—Fo%. Fz) = (o/z)? (,8>0).

2. FHIRESH (0 < o« < 1) ROZOBEIRCRT 30%. (1< a<2 OBLHEE
DEOMISERZEET S (EH2.1.5)) .

BF 2.3.1 BB F & GHE LICFAIERT B3 BEHORLIE,
F+Gz) ~ F(z) + G(z)
id. o7, FEOBHRE nlcLT,
For(z) ~ nF(z)
TH5.

FRZHEEERIC DOV THELTWAT &5 (@5 1.1.1), FRZEHT3ERZLDH
HEEEERBICOWTEHETWAZ e 5,

F(z),G(z) e R=>F+«G(z) € R.
FUC & EHEHOREERE L A0 KIE DN TR B,
EH 2.3.2 F[0,00) LODTRETS.
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(i) TED ke RICHLT,
F(z + k) ~ F(x)

LB &, FiZlong-tailed 0L\ 5. FO2EE L THEDT.
(@) F DR v(> 0) D exponential tail BH D LI, EE%:(D keRIEXLT,
Flz+ k) ~ e F(x)

PRBEEERN, FORME L) THEDT, y=0DL 2R LIALL, L) =L
LEL '

S 2.3.1 Long-tailed R T ezponential tail & & D5 HILIBIBEERIE I(x) 1T & D,
F(z) = e 1(e?)

LERTEBNMTHS, DED, EAMESINK Y ERETRROARMEL o T3,
€-7T, long-tailed NTIAAREOEBEDH XD L EHENT ehbd (EH122). T
D& 5 HREE TR & - TERIZTIOEROR I K 15,

E#% 2.3.3 (Subexponential class) [0,00) LD F 33

Flz)

Zglcg L&, F 7% subezponential A&V D. FDEK subezponential class ® § TH
5H7.

E#% 2.3.4 (Convolution-equivalent cléss) [0, 00) DD FE F M8 convolution-equivalent
DRTHD L, ROEEDDEERF =T EO, TORIE convolution-equivalent class
% S(y) THEDT.

(i) F € Ly},
(#) FxF(z)/F(z) ~2 ;" e F(dt) < 0.
CCETERLTZIEDMORZEBITFS.

B 2.3.2 (i) FHIEBIT 2828 D0%E, long-tailed DT TH YD, subexponential &3
HThbHd (ME23.D .

(id) B8, H~nThid émponential tail & DM, convolution-equivalent TIIXL .

(41) AT A5 convolution-equivalent TH 5.

d _ (t:::l:—e:l'.!2
plz) = Woweme exp~ == (z>0).

BARIASREENT B, () 14 subexponential HEABNDHTHBT L, (i) &
BOMEEBCE HIETH S T LETNENEKL TS,
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EE 231 (i) ScL.
(i) G € S F(z) ~G(z) %5iE, FeSTHA.
(i) FeSabid, EEDe> 0HLT, KRBT K(e) MEET 3.
T (z)/F(z) < K(e)1+&" (neEN, z>0).

Bolzo ki, LG22 N £ 82 N LIZERBOBECOWTIRR3HES
.

EE 2.3.2 (i) Long-tailed class £ RUEE v D ezponential tail & & DNTE L(y) &
EEIBRBICOWTHAL TN 3.

() SRU S(y) R EBIERBICDOVWTH TRV RN !

FE 2.3.2 1. BEMNESHED long-tailed THAIHDDOHERERED, suberponential
THDHOHERZF 5 Tidiad, WD FRREPDMONTVS. —F, Sc i
Tl2H DM, subexponential DA ThV long-tailed FHIFEBICE N DL &5k
DTV, BRI LIFIW L Oh S 5BEAOT, EAE, VR, X
2D long-tailed 1L subexponential B EFHT LU

2. S KU S(y) DIMMERARTEDTIIERS, 0EMEBICLSR RSz ©
heh D EREFITHB DT, KBEOEEX, subezponential DTALOE K
IXH U subezponential DRICHEBIETTHS.

R1&IC subexponential ZAARET ZEREZSEDOENTS.
BRI RED R & £ D Lévy HIEDOFERLOBRICOVWTADEENLLMENT
AP

EE 2.3.3 G2 [0,00) LOERGMATRES T TED Lévy FIE v BMTED z > 01cHL
T, v(z,00)>0LEBEDETEB. TDOLE, RDOIDIFAETHS.

(?) Ges,
(@) v(l,z]/v(l,c0} € S,
(iid) G(z) ~ p(z).
Al 2.3.3 LT DT subezponential IR RFTREN T TH 5.
1 ERIEEAT (0< a < 1), L 3.
2. ATV 0<a<l).
3. MEERD.
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Subexponential FTHIIREMETELHWOND. 5, FRBRESHIEZEE « 2F->T05L
L, RBRRZ—E& c DFETRITRZ D LT3, THVEHIZ RS A—&2— 08T
Y VIBRRICHEY, T OIGMITIC (0,00) LR FICRI D LT B, m = [ tF(dt)
B, c<dmBELIE, WEERI1ITHAOT, c>AimbT3. BEIMET SEVE
xR REL, FOBBEVERD ROFEHEECONTINED IO,

EHE 2.3.4 .
Fi(z) = /0 (1 - F(&)}dt/m

IC& Y integrated tail distribution EVHIND 04 Fr ZED 3.
ZOLE, FROIDIEETHS.

(i) Fr €S,
(i) Re S,

(i#2) R(z) ~ mA/(e—mA)Fy(z) = [Z°{1 — F(t)}dt/(c/) — m).

A TEEFOFATGE

AR TR RS OTREE DT, b 0IcIfARRLTEL. Tbic, Ticiks
U2 DB S T R S0 e T R > B AR 72,

B1E

EREBREEGRE, #7748 (Karamata) ORX [Kr30) ICHES LT N5, VR
LT, LEIDLH Tk IR, RrfhEs, —RITRES, REEEE V- i
DT TR LI EERERE, WINLREMCH < Z2OFHORL T TWA.,
AT ZOFLIILFETDT, FEZEIRT 51455 “ lentement” DEWLFH, 6, BHEL
RISEEEER [(z) ¥ L(z) L EBLZENZ,

ZEH 1.1.1(Characterization Theorem) [BGT] p.17, Th.1.4.1, [Se76] p.9, Th.1.3,

#£3 1.1.2(Uniform Convergence Theorem, UCT) [BGT] p.6, Th.1.2.1, [Se76] p2.Th.1.1,
[BGT] I, TOEBIEELZLL LFHANEILEVTES !

FEHE 1.1.3 (Representation Theorem) [BGT] p.12, Th.1.3.1, [Se76] p.2, Th.2, [Fe71],
p-282, Cor., [Re87] p.17, Cor. £ BIAEFICEINS C LA T LEEIN TRV ES
2R, EBOD CT LB ENTES. [FeTl] & [Re87) TRERTEIZEE TR L,
MO OIEHEC OV TOFERORE L THEAEA TN S.

7E¥ 1.14 [BGT] p.22, Th.1.5.2,  FH 1.2.1 [BGT] p.23, Th.1.5.3,

FEH 1.2.2 [BGT] p.23, Th.1.5.4, EFE 1.2.3 [BGT] p.24, Th.1.5.5,

JEH 1.2.4 [BGT] p.28, Th.1.5.12, EH 1.2.5 {BGT] p.29, Th.1.5.13,

#7RA 1.2.1 [BGT] p.29, Prop.1.5.14, ¥ 1.2.6 [BGT] p.25, Th.1.5.6,
g 1.3.1 [BGT) p.26, Prop.1.5.8, 1.5.9a,

- HOOWEEBEASTIOERL LicH, LEOEATHEENTTRICLS. BMHD
EOAEENE [FeTl] TVII ICFELL BN TV 5.
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78 1.3.2 [BGT) p.27, Prop.1.5.9b, 1.5.10, EH# 1.3.1 [BGT] p.28, Prop.1.5.11,

7E# 1.3.2 [BGT) p.30, Theorem.1.6.1, £ 1.3.3 [BGT] p.331,

Th8.1.2, [Fe71] p.283, Th.2, #11.3.1 [BGT] p.372, [Fe71] p.236,

AN—HEE, T—~NVAEHOMARREOPERICER L, S LEEETEREY
B, —IGOHAELTREL. BROTEND, FOEROUBELREL X4 TDLOH
T—~WETHY, TOMDEATOLEONR2IN—BLEINES. —fRic, 23—
OFHHL. HAFREEETEANEZRELEDY, TOXSGRENBECXZT N
V. WAMDPREE NS XA TOEDEH5 (BCT] p.193, p.39 BB . £BcbH 3
K57 A9 N—BIFEHEIT [Fe7l] @ XIILS % [Se76] D 2.2 72 & Tik-> T\ 3.

fil 1.4.1 [BGT)] p.334, Cor.8.1.7, p.374, Th.8.8.2,

TEH 1.4.1 [BGT] p.37, Th.1.7.1, [Fe71] p.443, [Se76] p.59, Th.2.3,

7% 1.4.1 [BGT] p.38, p.274, Th.5.2.4, T 1.4.2 [BGT] p.38, Th.1.7.1’,

EH 1.4.3 [BGT] p.39, Th.1.7.2, [Se76] p.60, Th.2.4,

% 1.4.2 [Re87] p.21, Prop.0.7(a), ¥ 1.4.1 [BGT] p.39, Th.1.7.2b,

il 1.5.1 EHEVAE, BENERICEST, XDEWESI, RROTLPadiD
BEHD R CBESE - LMD, BATESNHS. LKA ETHIE, subex-
ponentiality *® convolution-equivalence IZ8 - T <,

g8 1.5.1 [BGT] p.199, Prop.4.1.2, #FH 1.5.1 [BGT] p.199, Th.4.1.3,

#E 1.5.1 [BGT] p.198, Lem.4.11, FHE 1.6.1 [Re87] p.27,

gl 1.6.1 [Fe7l] p.278, Prop.,

£2E

7EHE 2.1.2 [BGT] p.346, Th.8.3.1(i), [GK68] p.172, Th.1, [Fe71] p.577, Th.2(b),
EHE 2.1.3 [Ferl] p.213, Th.1, FH 2.14 [BGT) p.343,

FEH 2.1.5 [BGT] p.346, Th.8.3.1(ii), [GK68] p.175, Th.2, [Fe7l] p.577, Th.2(c),
B 2.1.6 [BGT] p.29, Th.1.5.3, [Da52] JE# 2.1.2 [BGT] p.350, p.372,

FEH 2.1.7 [BGT] p.373, Th.8.8.1 :

B E 7 LY 2086, DA TIN5, Tovpfin 3@ B, HEtEsm e
&, 7Ly 0WmEEERST, 747V HMEREETETNT, SBELTHTCAE
V. b o & B EERICIEEERR E AT S T, BN TIRIEEEROEBENG
A HEbTEHETVWBRDLERZ P RKEMBVWERLS. HEHPEFHMEPSH T s
EMEBTIRIIEA L “H AIATRERLEENTVWS. UL, T VOAEBNESK
NG LV, MRREOEBHUSENSBHEELIZECATR, COFEENF2YT 7L
YATHEELWS, Gumbel i FAYRIAAYANT, BLTWE RS YARFREL >
NIVDFRENE W e F S5 1. EAOEEORR Tty BIHOER L 205
)T o0EeHD. b, WO L IIVDAERBRICESTDFASh 2?25
THlc, TN amik, filcb “EREO M, FERES AL &IN5 [LLR p.4].

SEH 2.2.1 [BGT) p.408, Th.8.13.1, [EKM] p.121, Th.3.2.3, [Re87] p.9, Prop.0.3,

fl2.2.1 [EKM] p.133, 137, 139,

EH 2.2.2 [BGT] p.409, Th.8.13.2, [Re87] p.54, Prop.1.11,

7EHE 2.2.3 [BGT] p.410, Th.8.13.3, [Re87] p.59, Prop.1.13,
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£ 2.2.4 [BGT] p.410, Th.8.13.4, [Re87] p.28, Prop.0.10,
#H 222 [BGT| p4ll, ¥&E2.2.3 [EKM) p.118, [LLR] p.26
FE#2.2.5 [BGT] p.411, Th.8.13.5, 8.13.6, p.412, Th.8.13.7, [Re87) p.62, p.64 Prop.1.17

1EE 2.3.1 Subexponential BRI, HIERAIL LD, TEOBESH LD LENES
VIGEDS T ERFENET S, kb, TOEEND, long-tailed HHEDHBIEH L.
BT, long-tailed DEEIL subexponential i & —RITIZ L,

id 2.3.1 [Fe71] p.278, Prop., EH23.1 [EKM] p.41, Lem.1.3.5, p.572, Lem.A3.15,

EH 2.3.2 [EKM] p.581,

1R 2.3.2 [BGT)] p.430 (FRMEA. 81TH — & |, 10F7HEM vH'(y) & yH'(z), 16,17
f7H /2% & 2* BELVY), p.432, [EKM] p.581,

FEH 2.3.3 [BGT] p.431, Th.A4.1, [EKM] p.581, Th.A3.22,

JE 2.3.4 [BGT] p.431, Th.A4.2,

B XEEEN

BRETH - HIERIZTFER R CE#T 2 BRROFEERIL C ONBOER» T T BT
LOTHBH, ki, EREHREEGROADICAERV. FOT, SHBOLEVHEDS
EDfdic, FAIEBESRE - HEEEN O LI, MEn@nssd. ABo
MG E S 720, [ERIZEHIBMOERIT, BRREIIUH LT3 MOBSESTOLHES
ELTHEFT LN TWE XS/ ZF0iks, FRILEEEOMNIT, MREOAD—I]
ZEL LVSHTENMNTOBT EAEL, [FeTl], [HaT0], [Re87], [EKM], [HF06) 7%
ERHB. [Ferl] ITIARICH 3 ERESHEROBROZ L BBHIN TV S, TTLHERE
DEMETHD, ZAHPTV. (HaT0) IE, B8 2.2 TROTAREDFREWS B TEL L
TEY, EAZEIEC DOV TR ZDERE VS MEDSF TEIN TS, [Re87] &, AL
BEFEFROFRIEE VS BEAISHERICEINTVT, ThEDMIRTNERS.
[EXM] TRBEEREDETIVOR—RLix35% L LT, subexponential H4i%{H-T
BY, HRO—ERIC Regular Variation and Subexponentiality & LT, ZAOIRRIC HWEL
RAZMEL TV 5. Subexponentiality & &S EANTEERMD I-NEWNS L EiC
RO LBbha. ®RiEO [HF06) &, FEOTE O AFRIEREROMGBORE TS
BOIIA, WiidhDDRTELHEDT, BAEDBRPSH, HENWEELAB L T-
T3, BERRORTIZEVD, 2UN—REERLEELT [Kodd TLT EDDEHRE|
WTH-> T3,

INBIH LT, EREBEREOLOFIHE LBMEIIE, [Se76] & [BGT) 4%
B, MR 27TV H—DLIF v~/ —b T, BRNGARFDLOICEL TLHEN
TED, TRTRLAEHEEO—BLICOWTEEINT NS, T, FOBEREN
WO LI 0o BRNA C LI bW T 5 SARBES. REORADS <
LINKFENTVS. R, 1987 FHIRD BGT] GREDR—/58—y 7 iz —ERmE
BEENTWVS) & Encyclopedia of Mathematics and its Applications & %% & 3 Ic,
TNETOIERIEHBEEICET 2RISR, 70 CERHEHERO—BHE2E,
BFEBEDORDE, REGE, EREN, 7L THER ORI OWTENN TS,
ERIZEBEBICOWTRMD 2L &, TORRZEFIE, BEOBERTHVED, 3F
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ROM2THAS. FROABDEZL L TORNLDFIHTES. BB EICIZEHIZEET
BOMROBELICLEZICMN 6N TS, [CHSTY] &, ERIEEEEHR->TRWAD, &
MENEWNS KD E, 1.4 TRY LI -l BiET 2ARICRE LT, T
EERUCTIER T EERIEEEOIRICDOVTEEZENMM TN S.

MERWETOREEN O, REDT, MIEFER, subexponential HZHELD _EiFfz. [GK6S)
AN THENERERORMORESHOBRED, BESMAEDH TESW,
LAafEELDWTEINT VS, BEDTIL [GKES] * [Fe7l] TEEH EFLATH
BH, IOEFNELDI, (Zo86] DD, BESMIIEBIMAEETHZ2H 5, chic
DWTEMNIZATERDN TS, ERIFAIRESFHICONTIE, HED [Sag0] KL
V. [Sa99] BThICINZEL, HERLEEDOTHS. Lévy BIEICDW T [Bedt) 85 5.
Fifti, Black-Scholes model DFEAN 541, [Sc03] *° [Mi03] i & D X 5 i &R~ DILH
BT AEBEL TALIIE - TEE.

MEERCDVTIE, IERZVEO0, FREESY. AMEELTE, BUCEML
Jo [EKM] % [Co01], [FRO4] %53, HADMERIC X 2REDOMFEREIC, Hatias
ORE(EERREFER [To04] 135 5. ,

[Ch64] i8R E o 7= Subexponential i, FINCH-=FER IR, dihod [EKM]
[BGT] OAHIC [ANT2] & [As00] TH-> T34, T EOHEZERSICIIHROZFTL
MEV, Embrechts (% L ¥ o — [Em84] % Kliippelberg IZ L 328D HH 3. &
EHBEEERER > TWVWASDE subexponential 7T, S & DAWVDTHEICHT 2 EM
2.33 DHATOFEERLTINS ([SWO05]) . T OMXOBEIRRICIE subexponential
DWCDONTDEDESLHEFTHS.
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HEREREDHETF
< JVF 77—V & empirical process

matsEmeEs PO W By —

nisiyama@ism.ac.jp

2006 4 10 A

BE. IV MoE—i, E69BIC > THEREIT 5N LLD. F— X OBERSH
BRI T B ARBOER A DMERR B RIS B 72812, 1980 FfUICHZEE hiz. &
Sic, BEEDW L O DTy boE—ERMhOFEEEIcL ERTh R L ®
RLTETWVWS. TOHEOHZHD% LID. B ThIIVF U — VO Tk
RINICELT ZHIZEH 1990 £RDEF TADSIEB SN, AFETIX 2006 E£ORS S E
TORERD—ERZRENT 5. _

1 fiCld Ossiander DAL EHO—H LI T 2ERMAAHAZEL T, T b
E—D— YLD RA > "N E TICH B HERT S, BIHDT=0, ABOB D O
F L TEEIIVF T —IV i DICERED 2. 2 BT, ARZEOH & 7523 quadratic
modulus £ W EZEAL, TOSETRANTERAEEZS. 3 HITIRSHIREEE 52X
5. TNLEZRAWTA—RIVEEEDRITHEREOHRERE), W OhD M-FHEEZEDIY
W BOIHEROE IR 28R T 5. '

Key words. IVF 27—, BEROHIBRE, BAAEFR, FIERERE, b—3VHEE
=, Z2{t&, mIif#EE.

1 F—1LD. 5IVFUTF—ibA—

AFROEMWIE, CNFETEELTILID. F—2ORBROMGERICT L THRELTE
ey b a¥—EDORBLERD 2 < IVF T — IV ORSEBIC—RIE L, FERIEROHEN
HRINDOCHZTRELRS LH2ETH S, T T TREANTHER LA TN B DX, Dudley
BIEE o THESTN T ESCEBERFICL OMBEDETH 5. ERNTHEER
T, £9 Ossiander (1987) I & % 11D, OBAICH T 3 F.OMEIEEBOBNA 2 L, F
DI FN%E dependent 7 —Z DL FIEITGFEI—RET 3. FOHMAOPT, &
BT TH LI EFEIT 5.
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(E,&) TR TH B L T5. {Zi}ien 1 EMEDLLD. HERETHTHS & L, FDit
EODTRE P LFT. Uk LUP) = LAE,E,P) DESEATH-T, B3 o € L2(P)
KHLETD Y e UM [P <p ZHELTEDLTS (p & ¥ EFENTVERITEE

V). LNE i
Xm() = %; {w(zz-) - [E w(z)P(dz)}

WKE->TEBENDHERER o ~ X" (¢) ZEZ B, Ossiander (1987) i &b L2
bracketing & IEIRDE > HEDTHB; & ¢ € (0,1] KHL, Ne) HD £2(P) OE
FHBORT 195, u*], k=1,...,N(g), TH>T, FED ¢ ¢ U ITHLU TR 1595 < ¢ < us*
AOTNHD kKIS LTRDLE, LHd

(1.1) \/[E [uk(2) — 15¥(2)PP(dz) < &

R D 37D, Ossiander DEFDFIRE TH LE T D bracketing procedure BT b
Y—Z&f

(1.2) ' fol V1og N(g)de < oo,

BT ESIERINB LI, MBBEOF] ¢ ~ X)) & Ui k> THEEHT S
1’17"._7"5‘7‘/% '3‘75:13“'5 $ﬂﬁﬂ@£iﬁﬁ§$iﬂﬁ' Y~ GY) THoT EG()G(¢) =
Jz¥(2)0(2)P — [p(2)P(dz) [, ¢(2)P(dz) Zi%7=9 & DIC () O THIERT
3] tb‘j?’(%% 7‘1.}’7_ E°°(II!) 13U _FOEFEEEEDOZEE L L, I supremum
norm Z Y U T EiRinEEzEi & 4 5.

ET, {Zi}ien GHERED E-BHEEROTE L, P & Fiy = 0{Z4, ., i} (L
Fo & null o-field) 25 A2 7% & TD Z; OFMHFEDHERTEDET S, 0WE

-5 Z {m) - [ wopn)

KR > TEZADNBHEEER o ~ X™(¢) BE X 5. E£OD bracketing procedure D5 5,
(1.1) %

\/ |ue,k(z) — ek (z)|2 R-(dz) < Kie almost surely
E

CROBIRLOBREZLD. IHFEU K; ke Rk ICHELAVIESER TS > T Fo -
ARG ZEDTHB. WEDRE, EOANS VELTHANSHAICE TV E LK
K ZFFLIEDTHS. COLE, b LETY P OE—5f (1.2) B h, Lhd

—n 1«
K =, EZ|K1'|2
i=1
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KL TERESNDEELZEDHRERTH 54 51E, HEREE ¢ ~ X7(yv) DB
HREITTAROUBR L, B BFED Lindeberg 2N SHES . Ossiander OFEE P = P »»
DK, =1 DBEETHBLEALNS. APIEOR LSS 4 LE “quadratic modulus”
&, COMRER K LEULELOTHS. X055 nERE

VP S g [uh(2) — 19%(2) [2Py(dz)

“quadratic modulus” = sup max .
6€{0,1) LSE<N(e) €

THB. TOFVH LRI bracket DB AELWETHRELTED, £-HLER
HE ¢ ZOEDONT UV ELTHIBEEEEZITZVOT, EBICIE “quadratic modulus”
GOLUBRRBETERENS. FhLHNC, AR TR TSRO~ LS 7~ |
MBEEHES Y LRE) , TER~VF T —IV] D=D0BEICHNTTF Ta—F%L
TWAD, LRDEDIZFOBRFOEDICT ER . 1% 2 EFD S B0 IEEILF
=V G REBZFRICK B “quadratic modulus” FEHT LNENH B T L 2R
LTETS. ARTRE, MBOMGRLHAOKIHEDES (ChETOL Y Mo lidilind
DEZS>TULEIN, BAT) TEFEIVF 77— OBESICBT 2R CIRES
5. LU, 1D 2 BIZOWTHAKO7 P o—Fic X D BEN LI EENELNZEH
ST L THE L. :

IV bR E—EOREI B 52EHME, BUHDIETE LTLY B 8D
RO E R (FRICZRITD Donsker DEH) ZRHBBHERMUTEREINT
Ele. L LEDS, ZORGERT, $Hhbb Iy bR —Iic k- THIEE 7z chaining
& bracketing OHAIE, Zh S OBRERIIC EERO GV L EHTE 3
T, FILDV L ODDHRXC L DRENTETCVS. FIREARTLNS M-H#EEHT
DEITHB. WAL > T, TV b E—ZEDREO—2E, TFVMN LLD. T/
T (K <L} LVWOBOEES L TR 20BN ZOFEMATEL L VWS ETHS.
TN, HERBREOHKEHEINC S ZRED W DAk, FBRD X 3 % truncation %
BAL, ZOMES (K" > L) PREAER L > 0 ICH L TEETE 3 B8R HI
KOoTHRTES. ChAKRHETIRVBELHWE 7Y Tu—5FTH 5.

EFEDONKE LTIV F U7 —VERSEEE 3 055, BHOE 114, 1LILD. O
BEKBOTEANGER TH o /- Bernstein DFRERD, RIVF U F— )V ORSERT
&, predictable quadratic variation ICF < truncation RETHZ L NS EEDE &
T, I TIREZALNTVWAETHS. 3 2 I, BLOWICBT 2GR A oM ONE S
IRYTEDIE, KLFEEL IV F VT —IVNOBREER RIS 2/ TES. 5 3 12,
RVF VTV EVSHERICE D, HERHNETNVOBEL 7 S ARSI EHNTES (FlZ
W, EAERATIC 3513 B multiplicative intensity ©7I0, /L0 7@, FHEEE ) A XE
7V, HEGRTE, Lévy Bf24a Y).

ARRORERILROBD . Fict SN0, 2 BiLREIIE R T EE~ILF V75— &
FOISHZRNCIRS. T 2 HcBVT, BAL R BBATERERND. 3 HITH,
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FNEACTEEIVF 7 — U BERE N MRS 3 OEREHES X 5.
4 BN, HBRREEZIGH LT, A—XIVH#EEDRFTHERZOHNREZEH T
%.5 ik 6 Tk M-EENOKAZRNS. £7 51 FICHNT M-#EEEDIEHR
YT B O—RWTEEZBNT S Thid 52,53 BLU 6 BlicEWTHEAL
3. 5.2 BT, 4 BIOERLHWT, EHBG ./ 7 A=7 VOREEERORKSROM
EHOHFEMEZEREL, 5.3 MTRERMBOY v 7HOMBOHERITS. 6 fiTH,
EHE®S A XETIVORIFEBD . R5 A M) v VRAHEEOIREZEHNT 5.
i, ERBERAERETH R MO THEREIT DV TOFERAYT 5. 7HITE,
Lévy JE% Nelson-Aalen OHEFEE ZHAWVWTHET AUEREZ 5. RfT TN
HEERAEHT B0, BEES > 7 LEICHT 2 R RAEFR R S ICTHLERE
EHERETAREND D, FRTRTOMMIIERL, HROASZ 5.

ETOMEMENZ LT COHZEZ 5. £aPEBZRTICE ORBIMAROER
3 LLD. OBEI LT Dudley (1978) i< k- TEIFAX 1, 1980 FERITHIMIT I =£
HOBEFE THFRE NI, van der Vaart and Wellner (1996) OARMNZF D RWAEEI X5
TN EBATVBDOT, T TR THEL. 1990 £RUTA D, MarthE
BET8RANVEDH LN, EHBRRICITYT % mixing condition 1B L Tt Doukhan et
al. (1995) A% D, ¥ /VF 27—V LT Bae and Levental (1995a,b), van de Geer
(1995), Nishiyama (1997) A% %. A3 Nishiyama (1997) OFEM T3 % Nishiyama
(1999, 2000a, 2000b, 2007, 2006) D—FRZEM LIz E D TH D, FEEOHTLZER
NF TV EZFDEHAE ./ A XETIVADIGHIKIBZ 72128, K#5713 Nishiyama
(1999) T/t Do

Bae and Levental (1995a) {&, </L3 7 EHORBRA @R O P OEREEZEHT
BT, BERRHEO<IVF V77—V T 28RO 1 MOB=ERE L RU L TRE
187z. ¥ 7= Bae and Levental (1995b) &, 785 A—% v Icd Bkt & {RE L7z LT,
AFOFEHE 3.2 LR UEREER:. 5 DHEROHIC, quadratic modulus &1 9 EDid
FHIERWETEBRTE AN, ZOEDEADIDICIE van der Vaart and Wellner (1996)
KE2HLOWEEHHECHELRELFBIC > TR EBIRLTHEERY. —F
van de Geer (1995) {3 Bernstein DFEFEXDILF 7 —)VRRD Y ¥ TOKREEICHE
TBRER DD D L[EKFIC, Ossiander (1987) IZ & % bracketing DT # T miE
BD/UNT A M)y VRIAHERDOPGREZEH Lz, Nishiyama (1997) Giﬂﬁ@ﬁ
% AW, 3INEEE#ZEIH U, Nelson-Aalen HEEENDIGHZ S,

o &3, AW, Dudley & (i Ossiander) i< & 3 BBRSEROHF %<
WFF—VIc—fET 2L BT 0, HHEHEEDD LREAHEAN5E X /- Bae and
Levental *? van de Geer I k3777 &, van der Vaart and Wellner D7D H kR I3
EOU LN THHENIEDTH o7z, Nishiyama (2000b) i 1990 FRICHBVF % F DEL
ROERKTHS. LA LEDE, ZTIRBOTRY v Y THERES S &5 &<V TF
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T=VERbhTHWaE o7z, CORMBEZEBR LD Nishiyama (2007) TH 5. F0
#5R%2 FiWT, Nishiyama (2006) (& Lévy f2D /235 A U w Z#EERIED, BN
— R OBEREEH - /2. —7, mixing condition IC K57 FO—FDEEOWEL L
Tid Pollard (2002) A% b, HLEGETED Donsker DEHIC DWW TIE van der Vaart and
van Zanten (2005) B&H 5. R TIEH 55, 5iE DML 1 HiAFNNT Ossiander DE
GRS Nz 1984 FERICISIT B Seattle group DERTEMANL TV 5. AFEOREK
DAV MIEEEE ¢ OO AOEHEEICH D, SBUELIRASERAEEThET L
WHIRFENS.

2 EHERIVFUT—IVOBERBICH T 2RARELR

B =(Q,F,F = (Flr,, P) 1Z filtration BRI ENHEEREMTHS L L, (T,p) i&
MM TH B LTS, & e U ICHL B FOBRRHTILF V7 =L XY Th-T
Xy =0 hBEONE52 50T 5. AFHOERI, ZOK X = (X¥ € U) L
TRRANER, T4bB Esupyy | X} — X OROERWE X 2 REXEPEHT BT
ETHH. BIETLENRED, ZNIEUBOLTORBROBERL LTERTH5.

¥R IVF 7 — IV D quadratic modulus ZEHZET AEN LI X S.

EE 2.1 5AONEHPHES S U ICHL, X @ quadratic (S, p)-modulus %

X% _ X% X% - X¢
[ X llis,00. = sup VA i e R.
‘%i%s ,0('[/), ¢)

EREETB.

S WRIFETHIUL [0, co MEFERERL || X |50, (& F-HIRE 2B, S AFFTETHNUE
F-AAET SREE RN EICEREE Wiz, LURT, IR (U, p) DeERTH
BEREED > 0 I LT U BEEBEOERE c OFRKick->TEbhAC L EER
T25LDLL, e N, pje) ICX>TEFHIWVWIFAROB/MEREERT L DL TS, KA
REIOEEETHS.

T 2.2 (V,p) GEREHTRTHA2LT5. 711 B LOFREEERNTHS &
5. COLEATED 6K > 0L

')
sup F sup sup |X§[J — Xf)ll{“X”(w,,p)'TsK} < CK[ Veg(l + N(¥, p;e))de,
CO‘?.[:R.C&"Z[E te [O’T] P‘!E';fg?:ﬁ 0

MDD, 72720 C > 0 id universal constant ¢, F#]® supremum (& T DL TDF]
HEDEETLEENS.
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ETAT, BRIGISA ¢~ X R (4,0) ~ X! DSV BERTEEME I e
WO RERTIC LIE LR < DT, LOBRZER LT, COMRBEICHT % 2 EEoMs%
RRTHENTES. 1 DHOEDR U WMEEATHIBERETIEDTHS.

I 2.3 FHE 22 ORAEEZS. L LE UAHETLLE
i
P(| Xl (wpyr <00)=1 D [ V1og N, p;e)de < 0.
0

THRIREE, v~ XY DIFEAELTONRRAR Y ETo LT HiEETHS; &
I, ZNHE (D) IKBLTWS. 5T 7> 0 BEHTHBERLIE, (1, 9) ~ X¥ DIF
ERERTDIRRE p((t,9), (5,8)) = |t — 5| V p(1, ¢) KK TEHBENS [0,7] x T L
OWFEEEE p ICBH LT R TH %; R, TNHE 2200, 7] x W) ICB LTV 5.

U DIERTETH BIHE, ROFED ¢ ~ XY OEGHEY 7 —V'3 VOFED DO+
Sz E52%. _
EH 2.4 FH 22 DRI ZEZS. BLE | X|rn- <Y (identically) %5 F,-Al ],
[0, o] -ERERZE Y BIFEEL, Lhd

1
P(Y <oo)=1 D /\/logN(lI',p;e)d6<oo
0

THBELE, H5 F-AIHRREROE(X(W) ¢ € U} THo> TR v € U ICH LI
R1TX@W)=XY THED, LD ¢~ X)) DIFLAEETONAN T LT picl
LT RRERTHZLDOWEETS; B, ThoR (2(0) IEBLTWS. (FDL 5K
FEZRIERE o~ X (1) 13 o~ X¥ D p3BEY 77—V 3V EFHEN D)
BRE N X(v) 3B EPEERITLTF V7 —VOREETIR AV EE E s,
Theorem 2.2 IZBWT, p BN T +D (HFEEEETIZAL) Bl T5 3 LW 3 EIZIGH
FETEDZELHD. ROFEE, KR, VX LABIESEADEFICETZL0
TH5. HEL, TV OE—3MR L UTHAEHCE L THE LR hidk b,

EH 25 TH 22 DRAEEZS. LB S5AONE T LOT U F LIGHHE o B
VIXP X5, XV — X9, < o(),¢) Vih,6 €T  identically
ZHilz T aRLIE, FED 6K > 0I1ICHL

5
sup E* sup sup |X§"’~Xf|1{”g”p5;{} SCKf Viog(1+ N(U, p; £))de,
0

T*Cw te[0,7] $.oET*
countable E(ﬂ"!‘?)SK‘s
FerEL b 6)
o(y, ¢
2ll, = sup
lelle = 22w, oy

MELD LD, T TIC C > 0 14 universal constant T, BFD supremum (& ¥ DL T DA
BHTES T TEbhb.
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3 EHESIFT5—IVOREERRICNT A2RO0EREER
FT1ODEBREPHETHLCANLIEDES.

EE 3.1 BEEER (T, p) KE-o THEMI SNEESERBFASLF T —ILOkK X =
(XVip e O) B pAIDTHB L, HATERSES V' C U L P-PuEs Ne F H
FELTC, EED >0 we Q\ N IKHL

XP(w) e {XP(w): € U, p(4h,8) <e} VteR,, Ve,
BERDIDE XT3, 727 LA RU {—c0, +oo} BT L HRS,

HLE (U,p) BANELIE, O pAMEDTHD+HEMER, BLAELTONRZ
Y XU W pBERETHAETHS. LAL, —BICHNSADEEEEF v 73 3013
BETREW. —F, FFES U AAETHBEGIE, O3 4L ¥ FOLEZD
IEEE p IKBAL T p- R THRHHSHTH 3.

TRHEPROXARICEA S, (V,p) ILFFREMTEMTH S35, & ne NioH
U, filtration G S NICHERZER B = (Q°, 7", F" = (FM)ier., P*) BEZ5N7-F
5. X" = (X" e ) id B* LD (BT LE p-AIDTEW) BRI~ IILF 27—
VXYW THoT XpY =0 THALDDETHB LT3, ™ kE CHREH FTES%
ENHRFELRNATH S L 9%, T T T Metric Entropy condition ?E’%E]\ L&3.
[ME] 5z 65h/z B* LOFMEEREL oL ‘

| X" |- 0),7» = Opn(1) D f V1eg N(, p; e)de < 0.
0

B 3.2 LFORRICBOTHE X" = (X e ) & p A9 THBETB. ¢~ XU
EHER 1 T 2(0) IKfER LD, SHICFDOERDOARRRTY—YFVidH % Borel 7]
HDHICSHNRTBL 35, COLE, & LEESMF [ME] ke hakniE, Xm &
£2°(0) O TH B FRE Borel TRIDFICTHINET 5.

%EEHGD»%’%‘/I*@E»’%@’\‘%. —ic, 2HEFHEHERZERM (T, p) KX > THRFHIF &N,
(1) ifE% & BRER DTt~ X (), n=1,2,... BEETHB1HDTHEMEE, T
EORBITY—IFVAFIERT 5HBLERD 6,7 > 0 ICH LB B § >0 BEELT

n—oc (t,8)<8

lim sup P™ ( sup |X"(t) — X"*(s)| > a) <7

THEFTHS. FH 3.2 OMMEADES, Chud 2 BITEXEAFEL (B8 2.2)
& Markov DREFRNLEBICHES.

ST, EH 23 ENE, B LE U AAET ME] A S35, ¢~ XU B
HEER 1 T £2(0) iR & BT 0+ o5%mii P*(|| X™|[(w.p)rn < 00) =1 WD ILDHE
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ThH5. UHIEAETHIESIR, v ~ X FOEDOTIREL FD pdifsy 7 —Us
EWSTERDRNER RS, péﬁﬁ;—/a/®rfaﬁmﬁﬂ24k&ofﬁ
EENTVWAEERENHES.

% 3.3 FORREHNT, =7 ZERTHB L L, BAERDE {Cv, ¢); 4,0 € T}
s o
(X, X%, T O, 4) W pel

THEERRETS. $5 F-1H, [0, o HEEEER V" THLT | X wpr < Y™
identically & P*(Y" < c0) = 1 ZiGIT L OAGEHETHBEERETS. CDLE, L
b [ME] D ENB 55T, ¢~ XM O p BT 7 — T3 Y ¢~ X0(y) 1, T
T DIEHFIRRE ¢ ~ G) TH>T EGW)G(9) = C(¥,¢) B L DIT £°(T) DHTEH
KT 5.

4 SE1: A—2UEEEORFREEOENE

LLD. F— A2 OHEEHOHEEREICEWT, 1—3IVHEENSEH T L OBREERME
ZEDTLRICHENTWS. KEITI, ZNR2RH/IT A—2 @Y 3 HEBORRK
TOWLEREICHIRY ARIEEEZ 3. DT LR}, LLD. F—2ERBE UCHETHHEL
KA TTRETH S, T TRRADXTER BNBEREE ) A XEFNEEET 3

(4.3) dX' = f()dt +n~Y%dB, XP=z5€eR

77U B = (B GIEETS Y VEHEET. VE, BBt € (0,1) ZEET
5. POlcUR 2EEROF) b, 2 5. B u~ flto +byu) ZHEET R 22 HAL
DEZFETS. KEL v iZ R OFRESES U OFZECEDLT 5. BREHERR

- 1 ! t—tp
fn(t0+bnu)_E/0 K( ;

ThHa. TNIET 2 2HEHOREMRZEEZ X 5:

—u) dX? YueU

Zo(u) = +/nby, {ﬁl(to + bpu) — };(to + bnu)} Yu € U;
Vb { Falto + bat)) ~ flto + b,;u)} VYu € U,

§
S
I

=iz L

Julto + bpu) = bi/ K (t b b _ u) fitydt  YuelU
T J0 n

9%, -V K K3 ROREEZRBL.
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FMHF 4.1 B KR — [0,00) i&, FRHE, [, K(z)dz =1, »Dav 3y bak%b
B, LDBRD (i) HBWE (i) DVThbh B

(i) z ~ K(z) & Lipschitz 7,

(ii) z ~ K(z) 1& [0,00) FTHEFHRL

IR 4.2 A—FVIEE K 1350 41 ZiiT802 T3, B85 b, % b, L 0 D
nb, too EHEBEDICE B,

B BLt~ f) Dt € (0,1) KBVWTERTHZE5IE, 20 = Z in £2(U). 7=
72U u~ Z(u) BTPEEODERERET :

EZ(u1)Z(ug) = fRK(m —u)K{z —ux)dr  uj,up €U

ZiIrTEDTHSB. :
(i) &Lt~ f(t) Bt € (0,1) DEFHITBNT 2 EERHNMOTEET, LA

lim nb5 =h<oo
n—reo

THBEOE, B = 2+ Z in £2°(U). XL

=.?-/Rx2K(a:)da:- d;;gt)

t=tp

FREOFRCENB{KER, BRI EOFEEREONIRICBIZEDER—TH 3.
o T, BADKERIE Tf ORFINAHOHER, &ET a'cam%&rtﬁri@af; 57,
RN ESDER TOLHRINEELFILT ) EW0HT L THB.

mE, B 4.2 OFEITE u~ 27 (uw) 8L KRB0, R/ C IR & BREREE
XS 2 T IR IGERIERIC K ARV EATRETH S, LHLADNS, FHEE® ./ 1 LT
FTILNDFITIE u~s Z0(u) 5T LB ELR 23R 550, Fhif, B BRT08RS,
ZE °(U) % & AHERERICH T 2 MmPERET Ta—F k5.

5 mFA2: M-#EE0OFIES)
5.1 —fgE M-HEERONREHETEE

9 M-HECEOINREZEHT B 7HO—RNEHECEERNTS. (0,d) #IB
HEZER &G B, 6~ v(0) 1F © ETREERINIE deterministic KR THB LT3, HA
&, EORKEONME 0y = argmax,y(0) BHELIZWVWEDET B, FOEHIC, /135
A—RZEE O ThBKILHR 6~ T0) BWEADNIELT 3. 1BIC 0~ T(0)
B 6~ 4(8) ODRWVIALDICIZ > TV B EWSREZRBLD, TO XS5 KIBHITIE, 6, DE
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RIHETERIZ 0, = argmax, T°(0) THHS. LIFTIE 0~ F”(Q) % criterion process,
6 ~» () % contrast function &FF&.

Z ORHHAOHR T, HIZIEF A MU w & LLD. %wb@aﬁﬂﬁﬁg (MLE) &X&kD &
ICHEZENS. {fo:0€0},0 CRIEBEBEBOEKETESZLL, Xy,..., Xn REE f,
ZHDLLD. DT -2 THBHLTH. WVWE

v(0) = Eg, log fo(X1) V€O

EBL. BYAERIEMADY & T, contrast function 8 ~ v(6) &, 6y DFEHTD 2 i
Taylor BEIC XD,

7(8) — v(6o) = —I(60)|6 — o[*
EAHEPBNCEE NS, 72720 I{6) |d Fisher (EHRE\EFRZRT. > T, BEMIT contrast
function 6 ~» v(8) DERARUZ 6y £/ 5. —75, criterion process # ~+ I'™(0) & BRI

I"(6) = Z log fo(X;) V8€®©

EREINDN, TORAMIZ MLE iz 5. EAIARETILTD MLE OHHE
& n2 THBT L, TihbB a2, — 0] = Op, (1) THBHT LidEHBNATNS.
UL, EAMEDRENENTZES, H3WVIE, REORFA—& 6, #FEHT D contrast
function 8 ~ (6) WEZEDOLONVELFIDEDTHBES, WHERI DL SICELT S
DTHH S TOREMIC 1 DORER G Z5DNRO—RVEHIEEETHS.

LUF, #8543 LLD. ZEENT, KEOE—BETE X 7e—RIVEE DICRES. Ba(6,,6)
i o ZHDE UTBEEE d IKBIT B4R 6 OFFER, Tb B, By0o,6) = {8 € O :
d(0,6,) < 0} BETELDLT 3.

EE 5.1 (van der Vaart and Wellner (1996)) XD “M-CRITERION” B, $ 5
p>0,a¢€(0,p) BXU & € (0,00] (WWTHE n KEKIFLEV) &, HBHER ¢ -
(0,d0) = (0,00) TBHoT 6~ 67%"(8) BEFWADHZLDICH L TIIEhi-LKE
T 5.
M-CRITERION. EED £ > 0 I LHZER c.,Cc >0 BB n, ¢ NHBFELT:
Fn>n KHLUES Q) cQ BEELT

¥(8) — v(fo) € —c.d(8,60)F VO € By(8,6)

E™ sup [(I™ = 7)(6) = (T = 1)(60)[1gn() < Ced™(8) V3 € (0, 60)
€ B4(80,8)

B ILE, Lhd PO\ Q) <e THB.
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TOEE (7)) <P BWETBER > 022N THE, ELEFRY, Q" > 0
ya)l
(5.4) lim lim sup P™ (rn(b;) < T™(G) — LT;P) ~0

L=oo nseo

v
(5.5) | Tim P™ (d(é‘n, B) > 50/2) =0
BT IR0,

lim lim sup P™* (Tnd(gn,ﬂo) > L) = 0.

WO D. HLE M-CRITERION DY §) = oo I U T ENTWVWABES, —BitD
E (5.5) R RHRETHS.

M-CRITERION DHFIDT 4 AT LA Uic 2 DREREZNFN ME—FHK |, M8
ZAER EBET LT B F—AERUL, contrast function 8 ~ v(§) BE(E 6, Bt
DfE O 5 p RDA—H—THET REEHINH R T LEEHRL, E_F5ERIZ, criterion
process 6 ~ I'™(8) 2% contrast function § ~ ¥(0) 2 EDEEORETHUT ZEELHS
BRWEREL TS, ZThO R TIERE r, HBEHRK () <P KK TEHE
hs.

FEDYEEHD p = 2 HER, HREHEZEH-> T2 1990 ERFREOM AL OLHES
% &IC LT, van der Vaart and Wellner (1996, Thoerem 3.2.5) i & - TIFIEC DFICE
ABNlc. EHIEHELIX, v 6 & n IKKETZI VA LBLDTHBBEED—RIL
L5 27 (5D Theorem 3.4.1). —/5 Nishiyama (1997b) &, FIEIES—ED p I2D
WTBRDIIDT 2L, EOICEE 6, BT 3B onTdER/ L UT
D 5.2 BLU 5.3 T, A T—HBO p KT BHDOHEELEL, FHBEHOBbINE
DR BT 5 —fREiE SR L.

ZE, FIiC 0 Ba—2 Uy FEMOBTERAETHSHE, LRFROR 5 WL
ZOLEHTEZEN LA LED 2. Z20DO—FINETFHREIELITOEI TH S (FHL

- { & van der Vaart and Wellner (1996) @ Theorem 3.2.2 #H &X). WA BIFESICHL
%, £9
M*(h) = a, {0 + 77 h) — T™(8)}

EWD K 57T & U7t rescaled criterion process b~ M*(h) ZE X 3HICHk 5. #-T,
R ry ZROVETENRYOMBEE X35, ZORDICER 5.1 3EHTHS.
3 oy 1 r, EOBMBREERLUTHREENS. RIT, argmax continuous mappting theorem
(van der Vaart and Wellner (1996) @ Theorem 3.2.2) ZEH 9 % /= DICROERTRTH
ENHS. '

(A1) JRFTHI Ry = ra(@, ~ 60) D—REERIEHE.
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(A2) TESKIR b~ M (h) DYEHFESIR b~ M(R) N £°(K) O CRIRT 3. 7

L K BRAING A—2DZERMOEEDI T MRDESR.

(A3) HROEGEFEHEIE b~ M(h) DO/SZADEKE h O—BNTELE. |

ZhohRInfe &, “rn(gn — ) = B LWSHEORES argmax continuous
mapping theorem N HHES . _ ‘

BARCo7 7 a—F (L TEREITTRG A—ZDBEORCHAT2ERE, B
5 B, O—BERe: (EoXFv 7 (AL & “rnlﬁn — & = 0p(1)” LEETHD, F
LTCNAEX LS EE 5L OFEOBTHINETHD. COT LIk, /35 A— X2
(0,d) B—HBDFEICRLT LEETIREW. LHL, FHE 5.1 RIGHROEHO - HIC
ORXODEHTHD, FO6% 6 fiTHRT 5. ¥ 3 HIOPINEEELZFDILHTH S
4 HiOHRE EDZT v 7 (A2) KBWTHWLMAS.

5.2 fl: BEAOMEBEORT

A MTEIRERAQ/ A XETIV (43) BEX D, TTTRERK L~ f(H) DR
BONE t, OHECERIERZ X 5. BT % criterion process I'™(f) & contrast function
¥0) W&, FNENTO) = f.(0) & +(0) = f(0) TH 3 (MBCNZIE, 58Ik n K
LT y2(0) = fu(8) £ T RETH BN, HHADTDHIVERITET B).
BEADEHCETS f OELDEEERICANIRDREERB LS.

& 5.2 HAMEp> 2L, Bt~ ) 3HBR 4 € (0,1) DEFE N T p-[E
HEHM O RETH D, ZOEBEK ™ m=1,..,p IREHT:

() &m=1,.,p— 1R fM™(t) = 0; : :

(b) sup; f®)(t) < 0.

HEE LToWRANBHEE 0 =ty THB. TODEMFDL LT, p IKKIZL T, Taylor BRI
ity
F(0) — F(06) = f@)(60)10 — o)

EVSIELE D IID. o7 M-cRITERION DE—AEFNTi 5. EoREREF
127 B, 2 MITHEATRAATNEFAT 5D, TOAEE A — 3 VEEEOEEIC
Lo TETRLS. BHINHEEDHEIT &, smooth kernel DIFEIE " (8) = n /2, 28552
&7 D, monotone kernel DEFEIE ¢"(6) = n~ V2 16Y2 L%, WThicg L, BLD
bandwidth % b, = n= V@) L5 &, BR ¢"(rpt) £ m? W, = a2 Lk
CEILE TSNS, .

BRI nM PN (G, — to) DUBENHEEHL LS. SHEOEE L, —Bh—3L K(z) =
L) ZERTS. 27y 7 (A1) RETIGRENTVS. A7y 7 (A2) iKHELT
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&, RDK S RN T E S rescaled criterion function b~ M (h) BE X 5.

MM (k) = b7 {Falto +bah) — f(t0)}
= Y(h)+ Z"(h),

=L

YMR) = b7 {falto +bah) — f(to)};
ZM(k) = b2 {Falto+bah) = fulto + bah) }.

Vb, = b KEETBE, ROV MES K CRIENLZY L Zin £2(K),
1efZU Z(h) = {B(h + 1) — B(h — 1)}/2, &R 2FEHN, FH 42 H5EHNS. K
h~ B(h) ZWRHIT S0 EITH S, 5, BHEEFEMS, & heRICHL

lim Y*(h) = Y(h)

- f (p)(t") f (h+y)dy
= A(h /2 (CDXT A(R) ZEHT D)

PR DIULDENDDS. A~ YM(R) & h~ Y (R) BELIDERTH ZH0 5 T OIBRIHTE
DAY MEE K L TERTHS. ZHilll, RS b~ M () i3 h~ {Y(h) +Z(h)}
NEP(K) DR THEIGRT 5. TRTATY T (A2) BRE N A7 T (A3) I3V ED

GHATHS. £oT, argmax, M*(h) & argmax, {V(h) + Z(h)} "FIKT 5. §7&
b5, a1, — ty) =2 argmax, {A(h) + B(h + 1) — B(h — 1)} BEEHT.

5.3 B Jv U TRDLBDHE

BU 4 HiTEALEREE/ A RETIL (43) BEXD. CTTTEREE ¢t~ f() D
T T ONE t, OREREREZB. 1o DEFICHITE f OFRICHE L TRORE
ZHL.

FHF 53 BB toc(0,1) iITHL, BEEH a € (0,1/2) WEELTHEE t ~ f(t) K
M [to — a,to + o] ETHEGMDEMREEZLE, ULHEROEGEETT

D=(Ry— L)~ (L~ L)V (R* — R) > 0

iz L
L SUPsertg—ayto) f () R* = suDugpy 191q) f(2),

infté[to—a,to} f(t): Rk = infﬁe[to,to+a] f(t)

.
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FTHRAEER o> 0 ZU FTERETAHREEZHER T DT RINE RS K
V. LU, AR ¢~ f) ORFENRERABFEE LWV, E8 D > 0 OfFEIXEE
HTH20EEEN. & 531 TRt~ fO) Wi KBWTIEDY Y7, $ibb
flto)—fto—) > R — L* 285, FUTENDRM [t — a,t) + a] DRDBEROT v/
TTHB) EVWIBERTHS. COERICED, TOREDODICEATHZhHbH D
ThH>. '
RS A—RZE@E O =[a,1—a] EBL. TATFTIE [t~ F(t) = [] f(s)ds DEFIE
REE & EARERRE DEN ¢ KBV TEKICES WS BEE, NOEERO—2 )V
AHEEZRAVWTRETS] LWIHRTHS. FOLEDIC, EEbe (0,0) ZEEL,

(5.6) wp(t) =kpy(t —8) VO €[a,1-aq,
fefZ L _
—z — b, z € [—b,0),
kyz) =4 —z+b, z € [0,3],
0, otherwise

LEFET S, FRET % criterion process § ~» I'™(0) & contrast function 8 ~» y(8) i&F
Fh

) = /;lwg(t)de,
10) = [ welt) £ (£)dt

TH5. FERHOVERIE, BAWE n(f - 6,) = argmax, p{A(h) +B(R)} in R 2155 T
EWTES. ITZL h~ AR & '

Ak { h }(zb)—l o8 F (@)t~ (i)} h0

h{(2n)= [0 (t)dt—f(to—)}, Vh < 0,

ICk>THEZE5N% deterministic process T, h~ B(h) TS0 B8 THS. I¥
RROEHDRA Y ME, REDRD 2 ZTHB. 7, FED 0 € [t tp+a—b] IKHL

7(8) — ¥(8o) < —[0 — 6o {D — 10 — 6p| R}
THY, EED € ity —a+btp) IKHL
¥(0) — v(fo) < —6 — 6o|{bD + |0 — 8o|L*}

THHENDS, M-CRITERION DFE—FEFERXMN p =1 IcDOWTRENS. —F 2 HOR
KARERZ AT, BTAFERDN ¢n(0) = n7 V282 KW LTHRENS. ThBEDINE
Er, =n NEHMND. EHOKRZEDIL, 5.2 Hi & F#E, criterion process I'*(9) DR
MREORFNAZTRTENRL 55, FHIIEETS.
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'M. X" PP OB LT
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5. HEHEMOTT, MEALELZ

Py Fp i
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KX>TEHEALNEERIKHESNTWS (IZ1F Jacod and Shiryaev (1987) D Theorem
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(69) 70) = f 0)00(0)ds — 3160%ey V0 € £20,1]
= —§||9 — B0l %20, + §||90||c2[o,1]-

LEBRTHONERTHSD. Idnd, BE I™(0) —v(0) =n~VV2 [ 8(t)dBP™ #° Py D
LETIVF VT —NVENSTH S, BRI (6.7) PHMLELEEEZ B0V FER
fEh&Ew. 1EoT, I*(0) BHIC (6.8) DEUIC K> TEBENKHRERTH B LEX
bd. 6, BWAIZ (6.8) IKHBNT ™) £ © OLEITidE £20,1]) DLTD
FERICDWTER L. TDT L, “sieved” MLE 2% X 2ERTHECT . (6.9) &
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DIiR<, £20,1] L) ofEEr UTRAT 20NERTHS. _

WE, “sieve” O" &I, L£20,1] DERESDF] (0 OMDEFLIIELE) ThHo
T,0% ‘B AMTZESABDLTE. —RIC, KE& o &L hdEfid “BL”
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BROLY rE—&f L Tsieve HHEHT ERV WS BEBROELIEGERDL S ICEA
T3

6.1 (I hOE—&H) HA/ME ¢: (0,00) = (0,00) TH2T I~ 6 1p(d) MIE
WiE3800FEL, TOREELTO ne NIIHL

8
/0 \/log(l + N(©O" || - ||le2pape)de < 0(6) Vo € (0,00).
PO LD,

THBRDIIDEE, B rn > 0 B W2p(r;Y) < r?2 Ziile T X3k 3. ELEMA
B/ LTS5260n3. '

R4 6.2 CELEN) BBEE M >0 PEELT, TOKEELTO neNIZHU

oc |} BO, MY
fecon

BELD LD, 72720 B(f,e) &, 0 ZHDET S |- |l ey T BERE ¢ OMERERT.
EHE 6.3 &1 6.1 BXU 62 DL LT, BRE,: 0" = 0"

(6.10) I™(8,) > sup I"(8) — r;?
fcen
BT DIE,
lim Lim sup PJ* (rn|l§n — Boll e > L) =0

Lo oo

AERD 1D,

I, COBERIIFT 2013, EE 5.1 DNRTA—ZER O & O KD E
ZTRLOZARTHRENSS. LML, RKEMEFRNIRUC TS0 5, TSRS
5. B9 B L, E—1FU3 contrast function DEHE (6.9) DOV, FBE - AFN
i 2 IO K PEANZOEXERATESRICE>TWNS, LS ETH 5.
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6.2 il 1: BRBEHDIE
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l:ﬁaﬁ [, 1) FC—EEREBEDTHEHETS. TOEE O C Uyeon B#; vV2n13)
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Lo 4
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HTENG, TOWEREFBEIARENTES, LVWIETH .
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EH 7.1 Bracketing T PO Y —5M (7.11) BEDUIDERETS. HBEICETH
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ZRIETLODEFEETSHETH. EHIC
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Abstract

This paper introduces parametric families of distortion risk measures, investi-
gates their properties, and discusses its use in risk management. Their derivation
is based on Kusuoka’s representation theorem of law invariant and comonotonically
additive coherent risk measures. Much simplified prools of some known results
under slightly weaker condition are also given. Our approach is then to narrow
down a tractable class of risk measures by requiring their comparability with the
traditional expected shortfall. We make numerical comparison among them, and
propose a method of estimating the value of the distortion risk measures based on
data. Their use and interpretation in risk management will also be discussed.

KEY WORDS: coherent risk measure, convex risk measure, distortion, insurance
premium principle, parametric family.
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1 Introduction

The problem of quantifying risk led us to the notion of risk measure. The value at risk
(VaR) is the first example of such a measure and is now the standard measure used
in practice. An axiomatic approach by Artzner et al. (1997, 1999) suggests, however,
that the VaR fails to satisfy one of the properties that any coherent risk measure should
possess: namely the subadditivity, which reflects the reduction of risk by diversification.
The expected shortfall has emerged as a coherent risk measure with many nice features
(Acerbi and Tasche (2002) and Tasche (2002)).

In practice, depending on one’s purpose and the type of risk to be handled, it would be
desirable to have more coherent risk measures with some nice characteristics. In financial
economics, there are many examples of utility functions, many of which are parametrized
by a few number of parameters, to express different investers’ attitude towards risk. The
same thing applies to risk measures; risk managers’ assessment of risk may be subjective,
and we would need various risk measures to reflect their subjective degree and form of
conservatism.

In this paper, we narrow down a good class of risk measures by imposing several condi-
tions sucessively. First, we use the usual axioms of coherence; then additional conditions
called law invariance and comonotonic additivity are imposed. By Kusuoka representa-
tion (Kusuoka (2001)), we arrive at the class of distortion risk measures of the following
form: for a random variable X representing loss,

(11) o(X) = /[0 PR D) = /R 2dD o F(z)

where D) is a convez distortion function. Fx denotes the distribution function (df) of X
and Fi' is its quantile defined by

Fi'(u) = inf{z € R: Fx(z) > u}, O<u<l

We note that the essentially same class of risk measures has been introduced in Acerbi
(2002, 2004) under the name spectral measures of risk.
Here is the precise definition of distortion function:

Definition 1.1 Any df D on [0,1] is called a distortion function: Namely a distortion
function D is a right-continuous increasing function on [0, 1] with values in [0, 1] such that
D(0)=0and D(1)=1.

Given a distortion D and a df F, G = Do F is again a df, which we will call the distorted
distribution under D. Notice that a distortion can be viewed as a transforimation on the
space of df’s. And the expectation under the distorted df G, i.e., [ zdG(z), will be called
the distorted expectation under D. A distorted expectation is also called the Choquet
integral (Choquet (1955)), the non-additive integral (Denneberg (1994)}, or the fuzzy
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integral (Grabisch et al. (2000)). We would not use these terms because our distorted
expectation is a proper integral; we distort a df, not a probability measure.

The concept of distortion has been recently popularized in financial and actuarial
research: Denneberg (1990) introduced the idea of distortion in constructing premium
principles, and Wang (1996, 2000} developed it further. However, it has appeared much
earlier in other fields. In economics of measuring the inegaulity in income distributions,
a special class of distortion functions appears as Lorenz curve (see e.g., Kleiber and Kotz
(2003)). Furthermore the connection with the dual theory of choice under risk in eco-
nomics has now been well known. As an alternative theory to the expected utility theory,
Yaari {(1987) proposed the dual theory of choice under risk. Instead of the usual inde-
pendence axiom, he puts the dual independence axiom, and proved that any preference
relation satisfying his axioms can be represented as a distorted expectation. See also
Schmeidler (1989) in this connection. In statistical iterature, the distorted df’s are known
as Lehmann alternatives, which were introduced in Lehmann (1953} and generalized in
estimation context by Miura and Tsukahara (1993).

The class of risk measures in (1.1) is still broad, and in order to get more explicit
form, we parametrize distortion I to get new risk measures. Qur approach is to take the
expected shorfall as the benchmark, and put the same conditions as the expected shortfall
satisfies. In other words, we would like the parametrized family {Dg} to be comparable
to the one for the expected shortfall. With some regularity conditions, it is shown that
Dy of the form '

(1.2) Dg(u) = T(¥~(u) +logd),

where ¥ is a strictly increasing, continuous df on R, has many nice properties, including
comparability with the expected shortfall.

In the next section, we first recall some definitions in the theory of risk measures.
Assuming throughout that the underlying probability space is atomless, we give a much
shorter and simpler proof of two facts; the first one, due to Jouini, Schachermayer and
Touzi (2005), states that the Fatou property automatically follows from the law invariance
for convex risk measures. The second one is the above-mentioned Kusuoka representation
with the form suitable for us.

After showing that the convex distortion transformation preserves some stochastic
orders, we introduce, in Section 3, parametric families of distortion functions in the form
(1.2). We use an elementary result on the translation equation to identify the class (1.2)
as the one having required properties. We argue that the class (1.2) of distortion functions
can be interpreted in financial terms, and give examples such as proportional hazards and
proportional odds distortions. _

Section 4 discusses some computational issues. In applications, we need to exam-
ine the condition(s) for p(X) to be finite for unbounded X. We take some well-known
distributions and distortions to illustrate this point. Some classes are shown to have un-
desirable properties that the range of permissible parameter values is restricted severely
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by the tail of the underlying distribution. Also we display some numerical figures of sev-
eral distortion risk measures including VaR and the expected shortfall so that one can
see the difference among those risk measures. Finally we discuss briefly some methods of
estimating the value of the distorted expectation based on real or simulated i.i.d. data. A
natural estimator is a simple form of L-statistics; hence one can use the existing theory to
investigate stability and efliciency of the estimators. Section 5 concludes the paper with
some remarks.

2 Coherent risk measures

2.1 Notation and Terminology

We first recall the definition of coherence of risk measures according to Artzner et al. {1997,
1999). Let (Q,.#,P) be a probability space, and L* = L=(Q, #,P) be the set of all
P-essentially bounded random variables. In what follows, a random variable X represents
the loss, not the value of a financial position.

Definition 2.1 A coherent risk measure is a functional p: L® — R satistying the follow-

ing four properties:

[PO] (positivity): If X <0, then p(X) < 0.

[PH] (positive homogeneity): For any A > 0, p(AX) = Ap(X).

[SA} (subadditivity): p(X +Y) < p(X) + p(Y).

[TE] (translation equivariance): For any ¢ € R, (X +¢) = p(X)+e.

For a nice representation theorem, the following continﬁity property is needed.

[FA] (Fatou property): If the X,, are uniformly bounded in absolute value by 1 and
X» 3 X, then p(X) < liminf p(X,,).

Delbaen (2002) proved that any coherent risk measure with the Fatou property can be
_represented as
p(X) = sup {E9(X): Q € 2},

where & is a set of probability measures and each member of 2 is absolutely continuous
with respect to P.

Next we need the following definition:

Definition 2.2 Random variables X7,..., X  are said to be comonotone if one of the
following equivalent statements holds:

(i) For every ¢ # 7, {Xi{w) — Xi(w")) (X;{w) — X;(w)) = 0 for P ® P-almost all (w,
w').
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(ii} The joint dfof X, ..., Xy is given by the upper Fréchet bound Fy (z)A- - -AFy zq)-
(i} For U ~ U(0,1), (Xy,...,Xa) and (Fig}(U), ..., F (U)) have the same distribu-

tion.

(iv} There exist a random variable Z and increasing functions fi,..., f; such that
(X1,....Xa) and (f1(Z),..., f2(Z)) have the same distribution.

Note that we define the comonotonicity as a distributional property rather than a prop-
erty of random variables. See Dhaene et al. (2002} for an overview of the concept of
comonotonicity in actuarial science and finance.

Now we introduce two more axioms:

[LI] (law invariance): For any two random variables X and Y with the same law, we
have p(X) = p(Y).

[CA] (comonotonic additivity): p(X +Y) = p(X)}+ p(Y) if X and Y are comonotone.

It is strongly desirable that we are able to estimate the value of risk measures statistically
(as also claimed in Acerbi (2002)), and to this end the law invariance [LI] is necessary.
When X and Y are comonotone, they move together in one direction with probability
1, so, as rightly described in Yaari (1986), neither of them is a hedge against the other.
The comonotonic additivity [CA| then means that for such two risks, we should have -
additivity instead of subadditivity, which is a very natural requirement.

Recently the concept of convex risk measure has been introduced by Follmer and
Schied (2002a, 2002b). A convez risk measure is a functional p: L® — R satisfying the
translation equivariance [TE| and

[MO] (menotonicity): If X <Y, then p(X) < p(Y).
[CX] (convexity): p(AX + (1 = A)Y) < Xp(X)+ (1 = XNp(Y) for 0 < A< 1.

Note that every coherent risk measure is a convex risk measure and that [TE] and [MO]
imply (see Follmer and Schied (2002a))

(2.1) [o(X) = p(V) < 1X = Y |eo-

2.2 Fatou property and law invariance

Jouini, Schachermayer and Touzi (2005) proved that for convex risk measures, the Fatou
property [FA] automatically follows from the law invariance [LI}. Here we give a direct and
shorter proof of this result (with a slightly weaker condition on the underlying probability
space} although our method is somewhat similar to theirs. Let us recall that a set A € 2
is called an atom of P if P(A) > 0 and for every B C A with B € &, one has either
P(B) = 0 or P(B) = P(A). Then (Q,%#,P) is called atomless if P does not have any
atoms.
We first prove the following lemma, which may be of independent interest.
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Lemma 2.3 Suppose that (Q, #,P) is atomless. Let (X,) be a sequence of random
variables uniformly bounded in absolute value by 1, and X, 5 X. Then one can find a
triangular array of random variables Yoi, k= 1,..., N, and n € N on (Q, &#,P) with the
following two properties:

(i} For eachn, Yo, k= 1,..., N, has the same distribution as X,.

* Np

1 .
(it) oA ;Ynk — X in L*™.
Proof (due to Delbaen). Fix any m € N and set

Ay = {w € Q: jfm < X(w) < (G +1)/m}

for j=-m,—m+1,...,-1,0,1,...,m—2. For j = m — 1, we define A,,; by the above
equation with < replaced by <. Without loss of generality, we may assume P(A;) > 0
for all j {otherwise define everything to be 0 on such sets of measure 0). Now, for some
N large enough, we have

P ({|X — Xa| > 1/m} N 4;) < P(A;)/m

forall j=—-m,—m+1,...,-1,0,1,... m—1and n > n,. We can take the sequence
(7em )men to be increasing. Let Cj, = {|Xn—37/m| > 2/m}NA;. Then P(C;,} < P(4;)/m.
Using the assumption that P has no atom, we can divide A; into m sets le-, o, B of
equal P-probability so that Cj, C le and

P(Bi|4;) =1/m, i=1,...,m.
Applying Proposition 6.9 in Delbaen (2002) to the restrictions of P to the B;:, for each ¢
and 7, we can construct V,,; so that, for k=1,...,m,

P({Vie <y} N B}) = P({X, <y} N Bj*¥1).

Here and in the rest of the proof, we use the convention ‘mod m’ in the superscript of B.
It then follows that

K-~

.._1

Ms

“x
.
]
&

s

-‘»‘Qll
I

P({X, <y}nBi*) =P(X, <y).

T

-K

i

3 1

This shows that the V,; have the same distribution as X, under P. Moreover, by con-
struction, P-a.s. on A;

. - m+2—k
Vir(w) ~ g ‘ < 2, if we B;
2/m, otherwise.
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Therefore, P-a.s. on A;,
15
_ nk
M

Note now that the Vy.;’s in fact depend on m; thus write V2. What we have shown
is that for each m, there exists an n,, such that for all n > n,,, we can construct random
variables V77,..., V! satisfying that, for each n, V7, k = 1,...,m has the same distri-
bution as X,, and |X — (1/m) > i, V?| < 5/m. For each n, there exists a unique m
satisfying n, < n < npi1. Then letting N, equal to this m and define Y, = V7. It is
clear that the Y,z thus defined satisfy the required properties. W

j i1 — 1 ~12
s’x—l +'3'--—— V| € =+ = ==
m Fie mk_l m m m

+ <

2.5
m m

Now we can easily prove the following thereom.

Theorem 2.4 Assume that (2, #,P) is atomless. Then every law invariant convex risk
measure p(X ) satisfies the Fatou property.

Proof. Let | X,| < 1 for every n and w, and X, = X. Let Y, be a triangular array of
random varibles satisfying the properties stated in Lemma 2.3. Write

1 Nn
Y, = -N—ZY,,,,C.

T k=1

The convexity of p and the law invariance yield

We use (2.1) and take limit inferior on both sides to get
p(X) = lim p(Y,) < liminf p(X,)},
n—00 n—oo

as required. W

2.3 Representation of law invariant, comonotonically additive
coherent risk measures

Under the assumption that (Q,#,P) is a standard probability space, Kusuoka (2001)
showed that every law invariant, comonotonically additive coherent risk measure can be
represented as the expectation of the risk under a convexly distorted distribution. Here
we present his result in the form suitable for us and give an easy proof under a slightly
weakened assumption of atomlessness, emphasizing the distorted expectation aspect of
the risk measures. As a preparation, we recall the following results:
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Proposition 2.5 Let (X,Y) be random variables with joint df H{z,y), and let F and
G denote the marginal df’s of X and Y respectively.

(i) Hoeffding’s lemma: Suppose E|X|, E|Y| and E|XY| are all finite. Then
B(XY) - BXOE(Y) = [ [ [H(s.9) ~ FE)GG)] dody

(ii) Frechét-Hoeflding bounds: We have
(F(z) + Gly) — 1) VO < H(z,y) < Fz) A Gly),
where a V b and a A-b denote the maximum and minimum of a and b respectively.

For proofs of (i) and (ii), see Lehmann (1966), or Lemma 5.24 and Theorem 5.7 of McNeil
et al. (2005).
Now we can give a simple proof of the following theorem due to Kusuoka (2001).

Theorem 2.6 Suppose that (2, #,P) is atomless and that a coherent risk measure p(X)
satisfies [LI] and [CA]. For X € L™, let F'x be the df of X under P and F' be its quantile.
Then there exists a convex distortion D such that

(2.2) p(X) = /{O PR dD() = j}; 5dD o Fy(x).

Conversely, p given by (2.2) with a convex distortion D) is a coherent risk measure satis-
fying [LI] and [CA].

Proof. Let Q < P and put Yg = dQ/dP. We denote by Fy, be the df of Yq under
P. Also let F' be the joint df of X and Yq under P. Then, for X € L*°, by Hoeffding’s
lemma (apply twice) and Frechét-Hoeffding upper bound, we get

EUX)=EF(XYq) = f_°° f_‘x’ [F(z,y) — Fx(2)Fyy(y)] dedy — EP(X)EP(Yg)
< [m /_00 [Fx(x) A FyQ (y) - FX(:E)FYQ(y)] daody — EP(X)EP(YQ)
= j;oo f_oo zy [Fx(diﬂ) N Fyq(dy)] = l; F}EI(U)F;QI(U) d,

where F;; is the quantile function of Yq. We have thus proved that for every X € L*
and Q € P, : '

23) B0 < [ PR d
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(with the equality when X and Y are comonotone). In passing we remark that the same
argument with the lower bound would yield a proof of Hardy-Littlewood inequality; see
Foéllmer and Schied (2002¢), Theorem 2.76.

Now let %y = {Q: Q < P, EQ(X) < p(X) for all X € L®}. It follows from Theorem
3.2 of Delbaen (2002) and (2.3) that

1
(2.4) p(X) = sup E®(X) < sup / F}l(u)F;;(u) du.
QEFHy Qe Jo

On the other hand, since (2, #,P) is atomless, for any Q <« P and X € L™, we can
construct X which has the same distribution as X and is comonotone with Yq. It then
follows that for Q € 2,

PX) = pl%) 2 B(R) = B (5Y0) = [ PR,

and hence

1
P02 sup [ R )P ) du
Qe Jo

But we have shown in (2.4) the reverse inequality, so the equality must hold in the above:

(2.5) p(X) = sup / Fy'(u) Fyg (u) du.
Qe Jo

Define

(2.6) D(u) == /0 ’ Fy (v) dv.

Since Yq is positive, so is F;c;, whence D is increasing. And D has an increasing density
F;Ql (v), so it is convex. Finally D(1) = EF(Yq) = 1. Thus D is a convex distortion.
Let Zex denote the set of convex distortions. We shall prove the following two claims:

(i) Zex is compact with respect to the topology of weak convergence.

(i) D+ / zdD o F(z) is continuous on P,y for each df F of X € L*°.
R

Let 2(0,1] be the set of df’s on [0, 1], which is compact. Since Z.. C 2[0,1], we need

only to show that %, is closed. Suppose that D, € %2, and D, <4 p. Denoting by C
the set of all continuity points of D, this means that Dy(u) — D(u) for every u € C. If u
and v belongs to C' and if 0 < A < 1 is such that Au+ (1 — A)v € C, then we clearly have

D(Au+ (1 — A)v) < AD(u) + (1 — X) D(v).

But C is dense in [0, 1] (in fact, C® is contable), so the right-continuity of D establishes
the above inequality for all , vin [0,1] and 0 < A < 1, ie., D € Z.,. Note that v =1
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cannot be approached from the right, but we always have D(1) = 1. This shows the
compactness of Ziy.

For (ii), note that D € %, is continuous on [0, 1) because it is convex and D(0} = 0.
Thus the only possible discontinuity point of any ) € %y is u = 1. Now suppose D, 4p
in Pex. Then for any  with F(z) < 1, one has D, o F(z) — Do F(z). Also D,(1) =1
and D(1) =1, so D,o0F(z) — DoF(z) holds for z with F(z) = 1 as well. Thus obviously
D, oF 4 Do F. Since X is bounded a.s., this entails that

/R:a:anoF(a:)%/RacdDoF(w),

which proves (ii).
What we have shown in (2.5) can be rephrased as follows: there exist %, C ch such
that

(2.7) p(X) = sup / Fit(w) dD(w).
DeZp J[0,1]
For the rest of the proof, we may argue as in Kusuoka (2001) {(see his Theorem 7 and
Proposition 21). We include the proof for completeness. If we put

2, = {D € Dex: Fg'(w) dD(w) < p{X) for all X € Lm},

[0.1]
%, in (2.7) may clearly be replaced by 2,. By (i) shown above, %, is closed, and hence
compact. Therefore for each fixed X € L*, one can find a Dy € 2, for which one has
p(X) = f[ﬁ,ll Fil(u)dDx(u). Let

D,(Fx) = {D € D,: o Fi'(u) dD(u) = p(X)}.
This is clearly closed, and what we have shown amounts to Z,(Fx) # &.

Now we make the following assertion: For any finite number of df’s Fy,..., F; with
bounded supports, Z,(F1),..., Z,(F%) has a nonempty intersection. To prove this, let
Xi,..., X, be comonotone random variables with df’s Fl, ., F} respectively (just let
X;= F Y(U) for a uniform random variable U). Put X = Z% 1 X;, and denote its df by
F. Then by [CA]}, we have p(X) = Z; L P(XG).

Note that since X7,.. ., X}, are comonotone, we have F~1 = 3% _ F'~! (see Denneberg
(1994) or Dhaene et al. (2002) for a proof). If we choose D € Z,(F), then

k
Z F7u)dD(u) = f F_l(u)dD(u)=p(X)=zp(Xi)

[0,1] [0,1]

On the other hand, we must have,

f Fr(w)dD(w) < p(X), i=1,....k.
{0,1] :
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Hence the equality must hold in each of the above inequalities, which implies D €
N, 2,(F;). We have proved that {D,(F): F df of X € L} has the finite intersec-
tion property in %, which is compact, Thus there exists an element D € %, which
belongs to Z,(F') for every df F of X € L. Namely, for any X € L,

p(X) = /{0 TR D)

This proves the first half of Theorem 2.6.

Finally, suppose that p is of the form {2.2). Then. p is clearly a law invariant coherent
risk measure. If X and Y are comonotone, then Fyly = Fx' 4+ Fy* as we noted above.
Thus p is comonotonically additive. W

Theorem 2.6 suggests that we should look at risk measures of the form (2.2):

o0

1
p(X) = f F'(u)dD(u) = f zdD o Fy(z),
0 —0C
the distorted expectation under D, if we are willing to accept the very plausible require-
ments of coherence, law invariance and comonoctonic additivity. In fact, we know more
from (2.6); the distortion function D has a density which is the quantile of the df of the
Radon-Nikodym density Yq.

The reason that we stick to the expression above and not the original form of Kusuoka
representation is as follows: We can regard F' as the rearrangement of X in increasing
order in the sense of Hardy et al. (1952), Section 10.12. Since X represents the loss,
the larger values in the unit interval (0,1) correspond to unfavorable events. Thus if
D in p{X) above put much weight to the the values near 1, it reveals decision maker’s
conservative attitude in assessing the risk X. In this way, intuitive interpretation of the
distortion function D is possible.

Our next task is to go one step further to introduce parametric families of convex
distortions for the practical use of risk measures such as capital allocation rules, portfolio
selection, and portfolio performance evaluation. But before we go on, let us note that
the renowned value at risk and the conditional tail expectation may be represented as a
distorted expectation. -

Example 2.7 (Value at risk) Taking D(u) = 1j1.1)(u), 0 < o < 1 produces the well-
known value at risk (VaR), which is just the (1 — a)-th quantile F3'(1 — ). Tt is well
known (Artzner et al. (1997)) that the VaR is not a coherent risk measure. From the
distortion point of view, it is because the corresponding distortion D is not convex.

Example 2.8 (Expected Shortfall) For 0 < o <1, let

D) = —[u—(1-a)],.
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where a, = a V 0. Then the resulting risk measure is the renowned expected shortfall:

1 1
ES.(X) = =l F3u) du.

One can easily verify that for 0 < a;, 03 < 1, DES satisfies

(2.8) DES o DES = DFS

o an”

Also we have

(2.9) D) =w,  lim DZ(u) = Ly (u)

so that ES{(X) = E{X) and lim,;o ES,(X) = esssup X.

Here we note that many premium principles in actuarial mathematics can be written as
a distorted expectation. Wang (1996) is considered to be the first to propose the distortion
approach to premium priciples although Denneberg (1990} had already indicated possible
generalization using distorted probabilities. See also Wang (1995). He also showed that
for a convex D, the distortion premium principle possesses many desirable properties as a
premium principle. Wang et al. (1997) take the axiomatic approach similar to that given
above and prove the analogous representation thecrem for premium priciples.

2.4 Preservation of Some Stochastic Orders

If D is a convex distortion, then, as a transformation on the space of df’s, it preserves
some well-known stochastic orders. Recall the following definitions:

Definition 2.9 Let I' and G be df’s on R.
(i) G is called stochastically larger than F (F <4 G) if G(z) < F(z) for all z € R.
For the next two stochastic orders, we assume that the means of F' and G exists.

(ii) F is called less dangerous than G (F =p G) if there exists x; such that F{z) < G(z)
for z < x9 and G(z) < F(z) for ¢ > @y, and if [ zdF(z) < [2dG(z).

(iii) G is called larger than F in increasing covex order (F' =iy G) if [h{z)dF(z) <
J h(z)dG(z) for every increasing convex function A on R for which the integrals
exist.

Note that the increasing convex order is also known as stop loss order in actuarial
mathematics. See Miiller and Stoyan (2002} for properties of these stochastic orders.

Theorem 2.10 Let D € %,,. Then we have
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(i) If F <4 G, then Do F <, Do G.
(i) f F {p G, then Do F <Xp Do G.
(iii) If F <iex G, then Do F <, Do G.

For (ii) and (iif), we assume that the means of F, G, Do F and D o G all exist.

Proof. (i) is trivial (we do not need convexity for (i)).

(ii). Let F' =p G, and zo be a point such that F(z) < G(z) for z < zp and G(z) <
F(z) for z > xp. Then clearly Do F(z) < Do G(z) for z < zy, and Do G(z) < Do F(z)
for z > zo. So we need only to prove [ zdD o F(z) < [zdD o G(z). First suppose that
0 < G(zo) < 1. Note that

/wmdDoG(m)—/:cdDoF(a:)=fm[DoF($)—D0G($)]dx=: I + I,

o0 -0
where

L= f “p °F(@)-DoG@)]dz, L= / "D o F(z) - Do Glz)] do.

—0 @

Since F(z) < G(z) for z.€ (—o0, 2g), we have DoG(z)— Do F(z) < d(G(z))(G(z)—F(z)),
where d is the left derivative of D. Then

I 2 ~d(G(e) [ 16) - Fa)lds
One can show in a similar]l manner that
b2 dG() [ [F@) - 6@) de

Hence, -
L+ I > d(Glao)) f [F(z) - G(z)] dz > 0

because d is positive and [ [F(z) ~ G(z)dz'= [2dG(z) - [z dF(z) > 0.

If G(zg) = 1, then we must have F(z) < G(z) for all z € R. On the other hand,
0< [zdG(z) — fzdF(z) = [ [F(2) — G(z)] dz implies that F = G.

Finally, if G(zq) = 0, then F = G = 0 on (—00,2). This means F(z) > G(z)
for all z € R, ie, FF % G. By (i), Do F =4 D o G then holds, and so we get
JzdF(z) < [zdG(z).

(iii) Define the dual D* of D by D*(u} = 1 — D(1 — u). Then the survivor function of
the distorted df Do F is given by D* o F By Theorem 1.5.7 of Miiller and Stoyan (2002),
to prove Do I’ <« Do G, it is enough to show that

fD*o?(a:)dscgf D* o G(z)dx
t i
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holds for each ¢ € R.

Convexity of I implies that D* is concave, so there exists a sequence of piecewise
linear concave distortions D}, such that D} T D* pointwise. Such a D, can be written as
a convex combination of functions having the form (u/a) A1, 0 < a < 1 (In fact, this
is precisely the dual of the distortion associated with the expected shortfall in Example

2.8). Therefore, in view of monotone convergence theorem, we have only to show, for a
fixedteRand 0 < ¢ < 1,

(2.10) [o (@m) d:cg-[m (@/\1) da.

Note that G(z) < o iff z > G~(1 — ). So we separate two cases: When ¢ >
G711 — @), (2.10) follows easily. Using the assumption F =i, G, we get

/ (@Al)dtﬂ:/ @d:cz/ @dmzf (-@Al)d:&
t o t o t o ¢ a
When ¢ < G7}(1 — @), splitting the range of the integral at G~!(1 — @) yields
“1l-a) oo ral A
f (G(:c) ) dx —] ldz +/ Glz) dx
i o ¢ G-1{1-a) 87 :
Gl(1-a} /17 oo I
> f (F(a:) A 1) dsc+f (F(m) A 1) dx
t 44 G1(1-a) &
= / (F (=) 1) dz
; o

Remark 2.11 Another way of proving (iii) is to apply Theorem 1.5.19 in Miiller and
Stoyan (2002), together with (ii) although a careful treatment of the step involving limits
is necessary.

as required. M

‘When X and Y have df's F and G respectively, we write X < Y when F <, G;
and similarly for X <p Y and X < Y. Since X = Y implies X <p Y, which in turn
implies X =iex Y, we have the following corollary.

Corollary 2.12 Any of X =4 Y, X %pY or X <. Y implies pp(X) < pp(Y).

Remark 2.13 A proof of the above corollary in Wang (1996) .[Theorem 1] contains an
error. One can find a similar statement in Yaari (1987). A simpler proof is also given in
Leitner (2005). In the literature, this is a common statement concerning the preservation
of stochastic order by risk measures. Note, however, that Theorem 2.10 is a stronger
result in that if D' € Doy, then F' <o, G implies [ h(z)dD o F(z) < [ h(z)dD o G(z) for
all covex increasing h, not just for h(z) = z.
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3 Omne-parameter Families of Distortions

In this section, we construct parametric families of distortions by putting some more
restrictions. This produces several families of law invariant, comonotonically additive
coherent risk measures.

We use the expected shortfall as a guide; remark in particular that the distortion
function DES satisties (2.8) and (2.9). Then the following conditions seem to be a natural
requirement for a family of distortion functions {Dy}:

[A.1] For each 8 > 0, u > Dg(u) is a strictly increasing, continuous distortion:
[A.2] For each u € (0,1), 8 — Dp{u) is strictly increasing and continuous;
[G] Dgl o] D92 = D3192 for 91, 92 > 0.

[A.1] and [A.2] are rather regularity conditions in nature, but the latter means that {Dy}
is ordered by § in a nice way; it implies that for any df F', Dg, o F' =, Dy, o F (in the strict
sense) if 6, < f3. Also note that D is necessarily (absolutely) continuous on (0, 1) when
D € 9., (which will be considered shortly). They may seem mathematically convenient
because the class of all strictly increasing, continuous distortions forms a group under
composition. Finally, [G] means that {Dy} is closed under composition as in the case of
the expected shortfall (“G” stands for group).

If we impose the above conditions, then a certain class of distortion functions emerges,
as shown in the following theorem.

Theorem 3.1 Assume that { Dy} satisfies [A.1], [A.2] and [G]. Then there exists a strictly
increasing, continuous df ¥ on R such that Dy can be written in the following form

(3.1) De(u) = ¥(T (u) + log §).

Conversely, the family {Dg} given by (3.1) with a strictly increasing, continuous df ¥ on
R satisfies [A.1], [A.2] and [G].

The converse part is obvious. To prove ‘the _direct part, _we make the transformation
= log®, and define D (1) = Deu(u). Then D satisfies Dm o Dm = D“H_m This is
called the translation eguation in the functional equation theory See Section 6.1 of Aczél
(1966) for the details.

Solving this is in fact easy: Fix ug € (0, 1) arbitrarily and put ¥(z) := D(up, z), z € R.
Then, by [G], we have ¥(z + ) = D(¥(z), ). [A.2] ensures that ¥ has a well-defined
inverse, so we get D{(u, ) = ¥(¥~}(u) + p). It remains to check that lim,_._o, T(z) = 0
and limg._,. ¥(z)} = 1, which may be shown by a simple reductio ad absurdum using [A.1].

Definition 3.2 If a one-parameter family of distortions {Dy: 6 > 0} satisfies [A.1], [A.2]
and [G], we call it a one-parameter distortion semigroup.
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With this definition, Theorem 3.1 states that a one-parameter distortion semigroup {Dp}
must be of the form Dg(u) = T {¥~!(u)+log§) for some continuous and strictly increasing
df ¥ on R.

Note that we have D;(u) = u and that limgjo Dg(u) = 1413(u) as the distortion function
for the expected shortfall (see (2.8) and (2.9)). This form of distortion has been considered
by Dabrowska et al. (1989} in the context of transformation models in statistics, and by
Arnold et al. (1987) to construct families of Lorenz curves in economics.

Members of a one-parameter distortion semigroup {Ds} are not convex in general. To
get a simple condition for it, let us suppose that ¥ in (3.5) is twice differentiable and
denote the first and second derivatives by 1 and 1’ respectively. Then the distortion
Dy(u) is also twice differentiable with respect to u, and we have

dalw) = 5 Dafu) = LB,
and
& o ¥(w+10g6) — h(z +logO)p/(z)/p(z)

w(u) = ——=Dg(u) =
o)1= g Do) WP

For notational simplicity, we have set z = ¥~ (). Since we are assuming that W is twice
differentiable, Dg(u) is convex in w if and only if its second derivative dj(u) is positive.
From the above expression of dj(u), one finds that

' (z + log §) S ¥(@)
Y(z+logh) ~ Y(x)

If the density ¢ is strongly unimodal (i.e., log ¢ is concave), then (¥'/v) is decreasing, so
0 < # <1 is a necessary and sufficient condition for the convexity of Dg(u) in u.

Summarizing, if we choose ¥ with a strongly unimodal density in the one-parameter
distortion semigroup

foralz e R

s(u) >0 forallue (0,1).

Do(u) = ¥(¥*(u) +log?),

then Dy is convex for 0 < 6 <1, and

(3.2) 0o(X) = | Fg'(u)dDofu) = / dDy o Fx(z)
[0.1] R

is a coherent risk measure satisfying [LI] and [CA]. Also we have

Di(u) =, 13{51 Dg(u) = 13(u}, and Dy, o Dy, = Dg,g,.

Thus we have established the ground on which we can reasonably compare our distorted
risk measure given by (3.2) with the expected shortfall.
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Before we turn to numerical and statistical comparison of those risk measures, we make
an attempt to interpret the distorted risk measures (3.2), and then give some examples.
Note that if 8; > #,, then pg, (X) < pg,(X), and E(X) < pg(X) < esssup X; smaller
values of 6 thus represents a more pessimistic view of the decision maker, and the most
optimistic [resp. pessimistic] evaluation of risk corresponds to the case § = 1 [resp. 6§ | 0]
in which one has po(X) = E(X) [resp. pe(X) = esssup X].

It can be easily seen that the structure of one-parameter distortion groups imply the
following proportional relation of a certain quantity derived from the original df ¥ and
the distorted df G = Dgo F. Let x{u) = exp[¥~!(u)]. Then we have

(3.3) K(G(2)) = 6(F(z)),

The above proportional relation gives us some idea about the interpretation of the pa-
rameter 6.

Now we give some examples of one-parameter distortion semigroup. It is a straight-
forward calculation to verify that ¢ is strongly unimodal in all of the following examples.

Example 3.3 (proportional odds) Taking D5O(u) = Ou[l — v + u]~! yields the pro-
portional odds x(u) = u/(1'— u) (odds ratio). It is in the form (3.1) with ¥(z) =
1/(1 + e™®), i.e., the standard logistic df. McCullagh (1980) first introduced this model
in statistics. _

When X represents the loss of a financial institution, it is natural to define the event
{X > 20} as insolvency for some fixed z9. Then denoting the df of X by F, the odds

represents the degree to which the event of solvency is likely to happen. On the other
hand, the above proportional distortion yields

G(Ig) —9 F(CEO)
1-— G(CL‘U) - 1- F(ﬂlo)

Hence we can interpret this distortion as follows: No matter what value is used to define
solvency, the odds for solvency under the distorted distribution is proportional to that
under the actual distribution. Using very small values for the proportionality constant 0,
thus lowering the odds for solvency, the decision maker distorts the distribution to express
his/her conservatism.

Example 3.4 (proportional hazards) The family DF¥(u) = 1 — (1 — w)? corresponds
to the proportional hazards relation: s{u) = —log(1l — u) (cumulative hazard function).
The associated ¥ is given by ¥(z) = 1 — exp{—e”} (Gumbel df). This is a well-known
model in statistics (Cox (1972)). See Wang (1995) for applications of this family to
actuarial science.
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Example 3.5 (proportional y-odds) If we take the distortion
—u) 1/
L [ 6(1 —u) } v >0,
DESO(y) = T—(1—u)r+0(1—u)
1—(1—u)t/? v =0,

we have the proportional v-odds; x is given by the -y-odds ratio:

(6) = (1—wu)""—1]/y forvy>0,
= —log(1 — u) for v = 0.

Note that the case v = 1 corresponds to Example 3.3 and that the case v =.0 is defined
by the limit operation v | 0. It is straightforward to check that the choice

U(z) =1— (1 +~e%)"

in (3.1) gives this distortion (it may be called exp-GPD (generalized Pareto distribution)).
Clayton and Cuzick (1986) is the first to investigate this model for the regression problem
in statistics.

Example 3.6 (Gaussian distortion) To price both financial and insurance risks, Wang
{2000) chose the standard normal distribution function ® as ¥ in a one-parameter distor-
tion semigroup:

D§A () = &(d~1(u) + logh).

According to the discussion above, with this distortion, the df F' of a loss variable X and
its distorted df G are related as '

exp[@ ! (G(2))] = fexpl@ ! (F(2))],

but it is not clear how to interpret the quantity exp[®~*(F(z))].

This model has been mentioned in Dabrowska et al. (1989) in studying semiparametric
parameter estimation for a class of transformation models.

Wang (2000) asserts that using the Gaussian distortion together with the (log-)normality
assumption, one can interpret the parameter u = log & as the Sharpe ratio, which is based
on the mean-variance CAPM theory, and Black-Scholes pricing formula for put and call
options can be written as the expectation under the distorted distribution. But this is a
coincidence due to the shift nature of the normal distributions, and it does not mean that
the arbitage pricing theory and the CAPM are special cases of the distortion “pricing”.
The CAPM equation is a consequence of equilibrium pricing with quadratic utility or
under multivariate normality, and the Black-Scholes formula is derived from no-arbitrage
argument with the géometric Brownian motion assumption.

Figure 1 below shows the graphs of distortion densities in the above examples. From
this, we can see visually how these distortions put weights in a different way.
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Figure 1: Distortion densities with § =0.5, 0.25, 0.1, 0.05; dashed line (--) for ES, solid
line (—) for PH, dotted line (- --) for PO, dash-dot line (—-~) for GA.

‘Mixtures of extremes

Here we quickly illustrate the second approach to constructing parametric families of
distortion functions.
Let cx(6) > 0, k =1,2,... satisfy > cx(#) = 1, and set

(3.4) Dg(u) = Z cr(0)ur,

Since [F'(z)]* is the df of the maximum of & i.i.d. random variables with df F, the distorted

df G = Dgo F may be interpreted as a mixture of extremes. Since the powers u*,
k=1,2,..., are convex, so is the distortion (3.4), and hence the resulting risk measure is
coherent.
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Example 3.7

(i) If we take c;(4) from Bin(1,8), then Do(u) = (1 — #)u + 6, where 0 < 8 < 1.
(Lehmann (1952))

(i) If we take ¢;(8) from positive Poisson distribution, i.e.,

91‘
1 = 3 g 0}
) = @ >
then we obtain
D ( ) eBu -1
u) = .
d e —1

We can put Dy(u) = u by taking a limit (see Ferguson (1967), Section 5.7). A
special case of this example also appears in Delbaen (2002).

Also if we take ¢;(f) = (1 — 6)"719, i.e, geometric distribution, then an easy calculation
shows that we get the proportional odds distortion of Example 3.4. Thus these two
approaches are not mutually exclusive.

4 Computation and Statistical Estimation

4.1 Computation

We assumed in Section 2 that, for theoretical reasons, the random variable X representing
the loss belongs to L™. In applications, however, we need to use py even when X is
presumably unbounded. Therefore, before any computation, we need to make sure that

oo(X) = A ) Do) = /R 2dDy o Fy(z)

is finite for a given Dy, Fy and 8.
First we note that if X is not bounded, DDy cannot put any mass on 1, so Dy must be
continuous on [0, 1]. In this case, we can write

(1) () = [ P (wdotu) du= [ sdo(Pr(w)) dFx(u)

where dy is either the left or right derivative. The second expression may be preferred for
computational stability. From this, we see that the tail of Fx, or equivalently, the growth
of Fi' and the behavior of dp near 1 are decisive factors for the finiteness of pg(X). A
simple sufficient condition is given by

|Fg (w)dg(u)| < (1 —u)™'*, §>0.
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For example, the proportional hazards distortion has a density dg'(u) = 0(1 —u)?"1. Since
0 < @ <1, this put a stringent restriction to the growth of F;' near 1.

We illustrate the situation by takmg the generalized Pareto distribution (GPD) as an
example for F'

Example 4.1 The value of the scale parameter § is irrelevant for our purpose, so we put
it equal to 1. The df of this GPD is given by

1—(1 -l 0
Fe(z) = {1_2:_&6) gio

For large £ > 0, it is heavy-tailed (the mean is infinite if £ > 1). We have

Fil(z) = %[(1 — )™t —1].

Hence direct calculation can be done easily and one concludes that:

(i) For the PH-distortion, we have df™(u) = 6(1 —«)°~!. This is unbounded and tends
to +oo relatively quickly as u T 1. As a consequence, we need & < 8 for pfH{X) to
be finite. This means that the permissible range for 6 is affected by the tail of the
underlying distribution; for relatively heavy-tailed distributions, one cannot choose
small values such as 0.05 for #. This limits the usefulness of this dlstortlon which
we regard as undesirable.

(ii} The PO-distortion has the density given by d5°(u) = 8[1 — (1 — 8)u]~2. This is
bounded by 1/6, and hence we need only £ < 1.

(ili) The density for the GA-distortion is dg (u) = exp[— log 8@~ (u) — (log §)/2]. We
have not found a clear region of § for which pfH(X) is finite, but since 1 — ®(z) ~
zl¢(z), z > 0, {exp[®~!(u)]} "¢ cannot be the order of some power of log(1 — )
(u T 1), so there must be a moderate restricion on the range for 4.

We complement the numerical comparison of the VaR and expected shortfal in McNeil
et al. (2005) (p. 47) by adding the values of the PO-distortion risk measures. The result is
summarized in Table 1. Following the above-mentioned book, we use two different models
for the loss distribution Fx: one is .a normal distribution with mean 0 and standard
deviation 126.5, and the other is a ¢ distribution with four degrees of freedom, scaled to
have the same standard deviation.

We used the last expression in (4.1) for the computation of the PO-distortion risk
measure; i.e., we generate 100,000 observations X; from Fy and calculate the mean of
X;d§O(Fx(X;)). This was repeated 1,000 times and their mean and standard error are
calculated. ' .

We did try computing the PH- and GA-distortion risk measures, but the results were
too unstable, probably due to the huge variance for small values of 8, to be included here.
For the ¢ model, their values are not even finite.
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Table 1: Values of risk measures in normal and ¢ model

a=14 0.10 0.05 0.025 0.01 0.005
VaR, (normal) | 1621  208.1 2479 2043 3258
VaR, (£) 1371 190.7 2483 3351  411.8
ES,, (normal) 2220 2609 2057 3372 3658
ES. () 2234 92863 3567 4658 5635
POy (normal) 157.5 199.7 238.5 285.5 318.3
standard error (1.5) (2.3) (3.7) (6.5) {(9.9)
POy () 159.7 215.7 278.3 373.5 458.3
standard error (1.7) (3.2) (5.5) (11.4)  (18.5)

A summary of computation goes as follows. The PH-distortion risk measure cannot
even be stably estimated with Monte Carlo methods with one million observations. The
GA-distortion risk measure may be more stable. For the PO-distortion risk measure, its
numerical computation is stable. It seems that its value is smaller than the VaR when
the underlying distribution has short tail, and it is between the VaR and the expected
shortfall in the case of heavy-tailed distribution. Thus it seems suitable for some use.

4.2 Statistical Estimation

Here we assume, as a first step towards statistical estimation, that i.i.d. sample X, ..., X,
from the df F are available. A natural estimate of pp(X) is given by replacing F' with
the empirical df IF,, based on the sample Xq,..., X,

LX) =fan;1(u)dDa(u) = iXﬁ) [Df’ (%) D (%;1)]

i=1

This is a very simple form of L-statistic, and we can apply standard asymptotics as given
in Shorack and Wellner (1986) to get their limiting distributions:

Proposition 4.2 Assume that

Ido(w)] < Mu™(1 —u)™, ue(0,1)
|F7H(u)| < Mu=(1 —u)™®, ue(0,1)

Put o := (by+d1)V (ba+d2). With certain smoothness assumptions, we have the following:

(i) (SLLN): If a < 1, then B(X) — p(X), P-a.s.
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(ii) (CLT): If a < 1/2, then /a(p(X) — p(X)) = N(0,0?), where
o2 = /0 : fo A — ) dy(0)do(0) AP () dF ()

Example 4.3 If F' has bounded support, then we can take dy = d» = 0:

(i) For the PH distortion, 0 < # for SLLN; 1/2 < @ for CLT
(ii) For the PO distortion, 0 < # < 1 for SLLN and CLT

Example 4.4 If F is a normal distribution, then dy and d; may be taken arbitrarily close
to zero. Thus we get the same range for # as in the preceding example.

(i) For the PH distortion, 0 < 8 for SLLN; 1/2 < & for CLT
~ (ii) For the PO distortion, 0 < § < 1 for SLLN and CLT

From the above two examples, we see that the PH distortion risk measure is hard to
estimate; we can barely consistently estimate it, but for small value of &, which we would
be much interested in, the accuracy of the estimate is impossible to assess.

Naturally, the situation is worse when the underlying distribution has much heavier
tail:

Example 4.5 If ' is GPD (§ = 1), then as in Example 4.1, we have

(i) For the PH distortion, need ¢ > £ for SLLN; § > £ + 1/2 for CLT
(ii) For the PO distortion, need £ < 1 for SLLN; £ < 1/2 for CLT.

Remark 4.6 Insurance loss data may very well be incomplete because of deductibles and
limits, so it is important to be able to adapt the methods to incomplete data. In this
case, we can replace I, by the Kaplan-Meier estimate with left-truncated right-censored
data. |

5 Concluding Remarks

In this paper, under slightly weaker assumptions, we gave simple proofs of two facts; one
is that the law invariance implies the Fatou property, and the other is the representation
theorem for law invariant and comonotonically additive coherent risk measures. Using
them, with some additional conditions regarding comparability to the expected shortfall,
we proposed several one-parameter families of distortion risk measures, among which the
proportional odds distortion is most promising because of its financial interpretability and
numerical stability.

Considering the recent development of integrating financial and insurance risks, the
distortion approach should be useful and indispensable tools, and will be applied to many
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practical problems in finance and insurance. Further problems includes portfolio opti-
mization, portfolio performance evaluation and capital allocation. Also since we may not
have i.i.d. data in practice, sophisticated estimation methods with time series data would
be necessary to implement a historical method.
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Extreme quantile estimation using extreme value theory
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Abstract

This paper considers extreme quantile estimation based on extreme value theory (EVT). In
particular, we consider the case where the distribution function F belongs to the maximum do-
main of attraction of either the Gumbel distribution with infinite right endpoint or the Fréchet
distribution. In this case, EVT suggests two extreme quantile estimators depending on the do-
main of attraction of the distribution. We derive the asymptotic distribution of these estimators
for p, = 1 and n(1l — p,) = 00 as n = oco. It turns out that those estimators use only the
first k largest observations from the samples and the optimal choice of k is also treated in both
asymptotic and finite sample cagses.

1 Introduction

The study of extreme events, such as currency crises, market crashes, and natural disasters, is
essential for risk control and policy management. For example, the probability and magnitude of
natural disasters are integral to calculating the premium on property insurance.

Since we cannot collect many observations of extreme events, developing theories to describe
extreme events has been one of the most attractive topics in mathematics and statistics, therefore it
is not in itself new. Extreme value theory (EVT) can give us a powerful tool to examine distribution
theories for extreme events. As a consequence, EVT has recently attracted increasing attention
among theorists, empirical researchers and practitioners.

Following this theme, this paper considers the extreme quantile estimation based on EVT.! In
particular, we consider the case where the distribution function F° belongs to the maximum domain
of attraction of the Gumbel distribution A with infinite right endpoint or Fréchet distribution @,,.
In these case, extreme value theory suggests the following two large quantile estimators depending

on the domain of atiraction of the distribution as discussed in detail in section 4:

“International Graduate School of Social Sciences, Yokohama National University, 79-4 Toldwadai, Hodogaya-ku,
Yokohama, Kanagawa 240-8501 Japan, E-mail ; okimoto@ynu.ac.jp

!Since we can treat small quantiles as large quantiles by considering ¥" = — X, we will concentrate on large quantiles
without loss of generality.
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Case 1: F € D(A)

. 1 . n{l —pp)
Tp. = e |z > Xjn = Xptip | In —x
~ jxl
Case 2: F € D(A) with zp = co or D(®,)
1k
" n(l —p —{+ E5o mvX;n)-In(1V Xk 41,0) }
:L.Pn = {%} (1 v Xk+1,n) ,

where Xy , is the kth largest order statistic of Xi,...,Xn, zF is the right endpoint of F defined by
zp = sup{z|F(x) < 1}, and k is a certain number less than n.

There are a number of studies that consider statistical properties of related estimators. Weissman
(1978) first considers the joint limiting distribution of the k largest observations from random
variables in the domain of attraction of A. He derives large quantile estimators as asymptotic
MLE and asymptotic UMVUE, both of which are asymptotically equivalent to &,,. The approach
is based on the fact that the joint distribution of the % largest order statistics converges to the
joint distribution of the & largest order statistics from a location and scale exponential distribution.
Therefore, when the tails of the distribution are not exactly exponential, the estimators are biased.
When large k is used, this bias becomes severer, but the variance of the estimator gets smaller.
To control this bias and variance some attention must be given to the number of order statistics
k that is used. Boos (1984) investigates the finite sample properties of Weissman'’s estimators via

simulation. His findings include

1. If a distribution has a lighter tail compared to exponential tails such as the normal and Weibull
distributions, then Weissman’s estimators using k& = 4n(1 — p) can outperform the empirical

quantiles when 50 < n < 500, p > 0.95 and 500 < n < 5000,p > 0.99.

2. Tf a distribution has an approximately exponential tail such as ts, X2, xz, X3, and lognormal
{0,1/2), then Weissman’s estimators using k¥ = 0.2n(1 — p) can outperform the empirical
quantiles when 50 < n < 500,p > 0.95 and Weissman's estimators using k£ = 0.1n(1 — p) can
outperform the empirical quantiles when 500 < n < 5000, p > 0.95.

3. If a distribution has a heavier tail compared to exponential tails like ¢35 and standard lognormal,

then it is better to use empirical quantiles.

Davis and Resnick (1984) adapt a similar idea as that of Weissman’s (1978) to estimate the tail
of the distribution consistently for p, — 1 and n(1 — pn) = 00 as n = 0. Dekkers, Einmahl and

de Haan (1989) consider more general situation F € D(H,), where H, is the generalized extreme
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value distribution and show that the empirical quantile, which is a special case of &p, and 2., s

asymptotically normal for p, — 1 and n{1 — p,) — o0 as n — 0o. They also consider the situation

pn — L and (1l —p,) —» ¢ € (0,00) as n — co. They propose the following estimator to estimate

large quantile:
[27%
DEH (n‘uk—pi) ~ ooen
£pPH(a) = 20D T gpEn g,
n by, k k
“with
4DEH _ Ml_)
3 p1(ém)
b% = Xit1,n
1< |
M =+ ?‘;; (InXjn —In Xpy1,0)" s

() = 1 o >0,
pLi) = o a<,

and &, is some consistent estimator of e. They derive the asymptotic distribution of #2757 (&) for

prn = 1 and n{l — p,) = ¢ € (0,00) as n — 00 (see also Dekkers and de Haan (1989)). Note that

-DEH
Zpm

for ax coincides with &y,. Following Dekkers et al. (1989), de Haan and Rootzén (1993) and de
Haan (1994) show asymptotic normality of &> (&) for p, — 1 and n(1 — pp) - 0 as n — co.

for the special case o = 0 it turns out that (&) with different estimator of norming constant

The first contribution of this paper is that we derive asymptotic distribution of £,, and &y for
pn =+ 1 and n(l - pp) — 00 as n — oo. This result can be considered as the generalization of the
result of asymptotic distribution of empirical quantile by Dekkers et al. (1989). This result also
provides the base of the asymptotic optimal choice of &, the number of the largest order statistics
used to compute Zp, and &, .

The finite sample optimal choice of & is also considered in this paper. Although Boos (1984)
gives somé rules of thumb to choose k, there are few suggestions in the previous literature which
concentrates on the extreme quantile estimation. Pickands (1975) considers the estimation problem
of the tail index and proposes using the smallest value of k that minimizes the Kolmogorov-Smirnov
distance between the empirical distribution of the normalized spacings di,. . . , dy, and the exponential
distribution with mean some estimates of az. Zelterman (1993) remarks the Weissman’s (1978)
result and the test proposed by Gail and Gastwirth (1978) to choose k to use bootstrap technique
for simulating extreime order statistics. Zelterman proposes a. sequential test to the normalized

spacings di, ..., dg until some value of & is found to reject the hypothesis that the dy,...,dy are iid
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exponential random variables. Gail and Gastwirth (1978) show that under the null hypothesis that

the dy,...,d are iid exponential random variables, the Gini statistic

G = it ik = 8)(dix — diz1 )

k-DTigd
where d;, is the ith largest order statistic of dy, ..., dg, is approximately normal with mean % and
variance _t when k is greater-than 5. Zelterman (1993) suggests using G in a sequential

12(k - 1)
test procedure examining stccessive values of k until the null hypothesis is rejected. Wang (1995)

proposes two criteria based on generalized least squares and the Shapiro-Wilk goodness-of-fit statis-
tics to select the & largest order statistics for the domain of attraction of the Gumbel distribution.
Other related studies that consider the optimal choice of k for the Hill estimator include Beirlant,
Vyﬁckier and Teugels (1996a, 1996b), and Danielsson, de Haan, Peng, and de Vries (2001). The
second contribution of this paper is that we propose a way to apply Zelterman’s (1993) bootstrap
method to choose & and confirm that the method works fairly well via simulation.

The remainder of the paper is organized as the following. Section 2 provides several examples
where we need a large qunatile estimation and reviews two typical methods to estimate large quan-
tiles. Section 3 presents the basic EVT. Section 4 focuses on deriving two large quantile estimators
using extreme value theory. Section 5 derives the asymptotic distributions of those estimators and
asymptotic optimal choice of k, which is the number of the largest order statisﬁics to compute those
estimators, is provided. Section 6 considers optimal choice of % in ﬁniie sample using bootstrap.

Lastly, Section 7 provides concluding remarks.

2 Motivating Examples and Previous Methods

In this section, we present several examples where a large quatile estimation is needed to reach the
solution. We then introduce some quantile estimation methods used in literature.

Here are several examples where a large quantile estimation is needed:

Example 1 Value-at-Risk (VaR)

The 100(1 ~ a)% VaR for period T of a certain portfolio is defined as the maximum loss of the
portfolio with probability greater than « for period T'. Therefore, calculating VaR is equivalent to
estimating the 1 — o quantile of the portfolio’s loss distribution. Generally, since small values, such
as 0.05 or 0.01, are chosen as«x, calculating VaR is the same as the large quantile estimation. [
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Example 2 Constructing a bank

Suppose a government wants to construct a river bank so that the probability of a flood happening in
100 years is less than 0.01. If the annual maximum flow of the river is independently and identica,lly-
distributed, then since 0.99Y/!% ~ 0.9999, this problem is equivalent to estimating 0.9999 qua.ﬁtile
of the annual maximum flow distribution, so that the government can construct a bank to endure

that quantity of flow. O

Example 3 Defining Crises

There are a variety of ways to define a crisis. One of the clearest ways to define a crises is to
use a phenomenon which occurs with probability less than some small probability. For example,
we can define a currency crisis if a currencjr depreciates more than 0.99 quantile of the currency
depreciation distribution. As we can see this example, large quantile estimation can be useful also

to define crises. O

Example 4 Optimal Forecasts
Consider the situation where we want to forecast y;yp from some information set £ with a loss

function
Lie)={p+(1-2p)I(e<0)}|e?y, 0<p<l ¢>0

where € =y — et and I{-) is the indicator function. Then optimal forecast yf, ; is

v = { gg@{ml&)) it g = 2,p = 1/2, (MSE case)
voral g =1, (Lin Lin case).
Hence if ¢ = 1 and p is close to one, in other words, if people care about underestimation very much,
but don’t care about overestimation very much, the optimal forecast is a large quantile. Such a
situation indeed occurs, for example, if policy makers want to estimate sustainable fiscal deficit,

they tend to care about only underestimation. 0

As we can see from the above examples, large quantile estimation is very useful for risk control and
they are one of the hot topics in finance and insurance field.
Since quantile estimation is one of the most important themes in statistics, there are many

studies about it and two of the major basic methods are the following.

Parametrie method

Parametric method estimates quantiles assuming the distribution F(x; @) which data follows. Thus
parametric quantile estimator is defined as &, = Fy !(p). Since we assume the distribution, estimat-

ing quantile is identical to estimating the parameters © of distribution. If the assumption about the
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distribution is correct, the parametric method can bring relatively accurate quantile estimates, even
if it is large quantile. In practice, however, it is very rare that we would know what distribution

the data follows. O

Non-parametric method: Empirical quantile

Empirical quantile is defined as

k=1 k j| where X}, is the kth largest order

5 =X _ _ . g
D n—k+1,n pe ( n ? n statistics Olej-‘-an'

Since empirical quantile does not need any assumptions about the distribution, it is very useful in
practice. In addition, it is known that with fixed p empirical quantile is consistent and asymptot-
ically normally distributed. However it is very hard to estimate extreme quantiles using empirical

quantile, since order statistics often have little information regarding extreme quantiles. O

Although the above two methods are very useful in certain situation, neither of them give fully
satisfactory estimates of large quantiles. Since they are two extreme methods, thus parametric
and nonparametric methods, it is expected that there exist some median, or semiparametric meth-
ods, which requires weak assumptions {only about tails), but still have some good properties for

estimating large quantiles. One possibility of that is the method using the extreme value theory.

3 Basic Theory

EVT studies behavior of extreme values such as maximum and values exceeding a certain threshold
and was developed in astronomy and meteorology. Recently it is drawing the attention in finance
and insurance in terms of risk control and analysis of the fat-tail distribution.

In the following we introduce the basic concept of EVT and then state the detail of extreme value
distributions, their maximum domain of attraction, and norming constants based on Embrechts,
Kliippelberg, and Mikosh (1997).

Throughout the paper we consider the following model:
Xi, X0, ..., Xy, ... 5ld X;~F.

Thus {X;}2; is a sequence of iid non-degenerate random variables with a common df F. Also

define M, as

ﬂ/fn = max(Xl,Xg, ‘e ,Xn).
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EVT considers the situations where there exist some sequences ap, >0, b € R (n = 1,2,...) and a

non-degenerate distribution H such that:

M, -
ﬂ_bﬂz_d_hq, n - 0o.
an

If there exist those sequences and a distribution, we call {ay, b,) as norming constants and H as a
extreme value distribution. Also we say that F belongs to the maximum domain of attraction of H
and denote F € D(H).

It is, actually, known that there exist only three extreme value distributions. The following
theorem was discovered first by Fisher and Tippett (1928) and later proved in complete generality
by Gnedenko (1943).

Theorem 1 Fisher-Tippett Theorem, Limit Laws for Maxima

Extreme value distributions belong to the type of one of the following three distributions:

_{0 z<0

®al2) exp(—z7%) z>0

a >0, Fréchet distribution

1 z>0 a >0, Weibull distribution

Y 21
Vo) = {exp( (—z)*) <0
Alz) = exp(~e™™) zeR Gumbel distribution

O
It is known that the necessary and sufficient condition for that F belongs to the maximum domain

of attraction of each extreme value distribution and its norming constants are given by the next

theorem.

Theorem 2

The maximum domain of attractions for each extreme value distribution are characterized as the

following:
. F(e)
FeD(@®,) +<= F(g)<l, Vz and mh_go Fa) =% t>0
FeD(W,) < zp<oo and lim LOE—(EF=2)) =1 >0
ztzp F(z)

. Pz +ts(x)) 4
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Also, norming constants for each extreme value distribution are characterized as the following:2

F € D(8,), Flap) =1- % by =0

1

F & D(A), F(b) =1= =, on = s(5n)

Remark _
Tt is known that the function s{-), which is used for defining the maximum domain of attraction of
the Gumbel distribution, can be chosen as

s(z) = :F %dt, z < zp.

0

As you can see from above, according to the extreme value theory, we can claésify the whole set of
distributions into three families given they have an extreme value distribution. Consider now the
characteristics of each family. The first family, which belongs to the maximum domain of attraction
of the Weibull distribution, D(¥,), consists of distributions with support bounded to the right,
and hence they have a finite tail. The second family, which belongs to the maximum domain of
attraction of the Gumbel distribution, D{A), consists of a large variety of distributions with very
different tail characteristics. In particular, tails may range from moderately heavy (lognormal, and
heavy tailed Weibull) to very light (exponential, and distributions with support bounded to the
right). Also, note that VF € D(A), E(XT)® < oo, V4, where X+ = max(X,0). The third family,
which belongs to the maximum domain of the attraction of the Fréchet distribution, D{®,), has an

infinite right endpoint and are heavy-tailed, in the sense that E(X+)? = o0, ¥4 > a.

4 Large Quantile Estimation

In this section assuming that F belongs to the maximum domain of attraction of the Gumbel
distribution, we derive a large quantile estimator of F using the relationship given by the extreme
value theory. In addition, we show that the method can be extended to the case where F belongs to
D{®,) or D(A) with zF = co instead. In the previous section, we stated that we can divide whole
set of distribution into three families, although, in practice those two families are most important,

since those maximum domain of attraction contain almost all distributions used in practice.

2t is, actually, enongh for norming constants to satisfy the equation asymptotically. Thus, norming constants are
not uniquely dedded and those sequences which satisfy the equation asymptotically could be all norming constants.
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4.1 Case 1: F' € D(A)

It is known that if F' € D(A),
n]i}ngan(a,,a; +b,) = —InH(z) = exp(—x), Vz

must be hold. This implys

lim nF(u,) = Lm exp (b” — un) , Va,
n—300 Tt=300 a,n
where u, = a,z + b,. By taking logarithm of both sides we have
lim {Mnﬁ(un) - E@——un} =0, Vz
0 155
Hence?
Up ~ by — anInnF(u,), Vaz. (1)
A handwaving consequence of this is that for large up = apz + by, = xp,*
Tp ~ bp —aplan(l - p).
Therefore a large quantile estimator could take on the form
Ep = by — én Inn(l — p).

Consider now the estimation of a, and b,. By Theorem 2, the natural estimators of an and b,

are

n

o
3
i

i s(by) = [Xl'n _& dy = n/xm F(y) dy=X14—Xon

b F(by) (2,n

There are, however, some doubts about finite-sample properties of those estimators. Since by, is the
(1 — %) quantile estimator, in practice the accuracy of estimation is, in general, unsatisfactory.®
Furthermore since &, is a function of by, its accuracy might be even worse than b,. One reason for
this is that &, and b, depends only on the first two largest value, Taking into consideration that the
extreme value distributions are the limit distributions of a normalized maxima, it is very natural.

We can consider, however, that the k largest order statistics also contain some information about

Note that accuracy of this approximation depends of the value of z.

4Since (1) holds for all 2, u, could take any value. However, since for all x, u, diverges to co, it is natural to
consider 2, as a large quantile. ' '

% Actually this is our motivation to consider large quantile estimators using extreme value theory.
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the tail of F. Taking this into account, we can introduce the variable k& = &y, (1 < k& < n—1) which
depends on n satisfying

k

k—o0, mn-—+oo,
——30, n—oo

With the following relationship

n(1 - p)

Z vz, ' : (2)

prb%—a%]n

each estimator then changes into®

- A k
b% = F 1(1—;)=Xk+l,n
- X.‘nn n Alrt —_
3 = o) = [ Py =3[ Faya
ba F(b ) Xp+in
n |k 1
= E ;(Xk,n—Xk-}-l,n)+"‘+;(X1,n_X2,n)
1 k
= EZX"”—‘Y’C'H’"'
7=1
s = be— el TP
Tp = f% a% k
k

1 n{l -
= Xk+1,'n. - (szj,n - Xk+1,n) In ( T p)
F=1 ) .

4.2 Case 2: F € D(®,) or F € D(A) with 2p =0

In order to extend the method stated in the previous subsection to the case where F' € D($q) or

F € D(A) with 2 = 0o, we will use the next result.

Theorem 3 _
Let Xi,...,Xp be iid with df F € D(®,), or F € D(A) with zp = o. Then X7,--+, X, where
X} =1In(l Vv X;) are iid with df F* € D(A) with zp = c0. O

Suppose F € D(®,) or F € D(A) with zr = oo, then F* € D(A) from Theorem 4.1, for sufficiently
large n and zp > 1,

1, UL~ P)

-2, ®

Inz, = z* ~ b —a
PTIRTTRTR

#2 is not necessarily an mteger So rigorously speaking we have to use [%] instead of , but for the simplicity of

notation we denote [%] as £,
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so that a large quantile estimator could take on the form

P n(l - B _&’E %]
? = {T)} e ( B )
{n(l — p) }_{T]é .?:1 In(lVXj’ﬂ)'-]Jl(].VXk.;.g_‘n)}

P’ (1 v Xk+1,n)‘

5 Asymptotic distribution and optimal choice of &

In this section, we derive the asymptotic distributions of the estimators #,, and #3,,, and consider

asymptotic optimal choice of k.

5.1 Casel: F€ D(A) with zp =00

In this subsection, we consider the asymptotic distribution of the estimators &p,. To derive the
asymptotic distribution for the estimator £,, we refer the following theorem from Davis and Resnick

(1984).

Theorem 4 Davis and Resnick (1984)
Suppose F' € D(A) with zp = co. Suppose further {k} satisfies

koo
4
i F_ (4)
R0 T
Then
; br — b2\’
(x/E (i - 1) ,\/E( 3 i)) 4, N(o, L)
a% a%
[ o] - o0
where an = 2/ 1— F(y)dy = E/ F(y)dy and bn = F~1 (l — ﬁ) ]
k b k b k n
3 : 3
From theorem 4, we can easily show the following,
Theorem 5
* Suppose F' € D(A) with xr = co. Suppose further {p,} satisfies
n]grolop n =1 (5)
lim n(l —py) =00
n—oe
Moreover, suppose
vk {1 ~ pr)
nhﬁr}gog{:rpn—(b%—a%h———k—)}—o (6)
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77'(1 ~ Pn)

is satisfied. If we choose {k} so that it satisfies lim
n—co -k

= ¢, then

vk (ﬁ"—“’") 45 N(0,1+ (Ine)?)

an
k

Remark Asymptotic optimal choice of &
It follows from theorem 5 that the asymptotic variance is minimized when ¢ = 1. Therefore

asymptotic optimal choice of k can be expressed as
k=n(l-pn)+cn (7}

where ¢, = o(n(1 —p,)). In this case, it is obvious that

em lim PA=P0) o nld - pn)

1 .
= lim —2A2TPn) oy 2 g
n~3c0 k 100 2l — pp) + € n-—)ool—}-m.l—c_ﬂp—“j

O

According to theorem 5, we can find the condition (6) is crucial for the asymptotic normality of
the estimator £p,. There are two important cases where the condition (6) are satisfied, which are
exponential distribution and empirical quantile. Let’s consider the case of ekponentia.l distribution
first. If F' is exponential distribution,

.’L‘pn = _ln(l_pn), a% = 11 b% =1n

Ll

Hence

M:—m(l—pn)—ln%+mﬂi£ﬁ=o, k.

Tp, — b% tax In
Thus for exponential distribution, (6) holds for all k, meaning theorem 5 also holds. Next let’s
consider the case of empirical quantile. If we choose {k} so that k = n(l — p,) holds, then &,

coincides with empirical quantile and

Tp, — bz —i—a%Inn(%p—n) =F ' pa) —F '(pn) +a2nl1=0, Vk

Hence we can apply theorem 5 to the empirical quantile.

The empirical quantile has another important property. As we mentioned above, asymptotic
optimal choice of k can be expressed as (7), which empirical quantile satisfies. Thus empirical
quantile is asymptotically efficient. There is, unforfunately, no é;lmantee that the estimators &,

with asymptotic optimal choice of £ satisfies the condition (6) in general. However we can show the
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following theorem,

Theorem 6
Suppose F' € D(A) with r = co. Suppose further {p,} satisfies (5). If we choose {k} so that
- satisfies (7) with ¢, = O ( n(l — pn)), then

vk (%T_xf’l) -4, N(0,1).
E
O

Thus this theorem indicates that &5, with certain choice of k, which includes the empirical quantile

as a special case, is asymptotic normal and optimal.

52 Case2: FeD(®,) or F e D(A) with zp = 00

In this subsection we consider the asymptotic distribution of the estimator Ep,-
By theorem 3, the exponential transformed estimator %y, has the same properties as the esti-

mator &y, , we can easily show

Theorem 7 _
Suppose F € D(®,) or F € D(A) with F = co. Suppose further {p,} satisfies (5). If we choose
{k} so that it satisfies (7), then

VE 1og ("i) 4, N, 1)

6 Optimal choice of &k in finite sample

In the previous chapter we found the asymptotic optimal choice of k. It, however, does not provide
the way how to choose k in finite sample or in practice. In this section, we consider the optimal
choice of k for £, in finite sample. More precisely we consider the use of bootstrap to choose optimal
k automatically so that minimize the sample MSE.

One possible attractive way to choose k optimally is to use resampling methods, such as the
bootstrap and the subsampling method. Both methods attempt to approximate finite sample dis-
tributions of some estimators using the empirical distribution of the estimators from resampling
pseudo samples. Although these methods still need a large sample size, it is expected that the re-
sulting approximation would be better than the one obtained by using asymptotic theory, because
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they approximate not the asymptotic distribution, but finite sample distributions directly. Invented
by Efron (1979), bootstrap is well known for its validity and higher order efficiency, provided that
the finite distribution converges to a limit distribution with a certain uniformity. As for extreme
order statist:ics,‘ however, Bickel and Freedman (1981) actually use the extfeme order statistics as
one of the counter examples where the usual bootstrap would not work well, because of a certain
lack of uniformity. Let Xy,... X, iid, X; ~ U(0,8). Then by extreme value theory,

n{X1p — 6) d,

5 0y,

(1n=0) | 2Kin = X1)
6 " Xin
pseudo sample. Bickel and Freedman (1981), however, point out that this bootstrap does not work,
n(Xs, - X
because with probability 1, the conditional distribution of w
in

limit, since limsup n{X7,, — Xg») = 00, and liminf n{X7,, — Xk,) = 0 with probability 1 for each

n .
Hence it is natural to bootstrap , where X7,..., X, is a bootstrap

does not have a weak

k. One intuitive reason why the usual bootstrap does not work well is that it is impossible to obtain
pseudo samples with values greater than Xy .
In order to overcome this problem Zelterman (1993) considers a semiparametric bootstrap tech-

nique usiﬁg EVT. His basic idea is based on one of Weissman’s (1978) results below.

Lemma 1 Weissman (1978)
Suppose F' € D{A). For fixed k, as n — oo, the normalized spacings ia; 1 (Xin—Xir15), i = 1,..., k

are asymptotically jointly distributed as independent standard exponential random variables. O

According to this result spacings are asymptotically iid, so we can expect the bootstrap to work. In
fact Zelterman (1993) shows that we can get a valid pseudo sample for the extreme order statistics

using the following bootstrap:

1. Calculate the normalized spacings or the difference of order statistics

di = ‘Z(Xi’n — X¢'+]‘n), ’1‘- = 1,. vy — 1'

2. Choose k*.
3. Bootstrap using di,...,dr- to get di,...,d}..

4, Construct a pseudo sample for the first &* largest order statistics by
£

k(
X;,n=Xk‘+],n+ZT?'s j=1?"'5k*'

=7
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Using this Zelterman’s bootstrap we might be able to choose & as the following sample MSE criterion:

- 1 ; 2

E =a.rgmin{k : Té,z; [&57 (k) — 2] } ,

i=

where :&;’i(k) is the estimate of %, with k from the ith pseudo bootstrap sample and Z, is some
consistent estimator. Although the Zeltermn’'s bootstrap works for the extreme order statistic, his
method is not applicable to our problems without modification. One reason for that is to conduct
the Zelterman’s bootstrap we also have to choose k*, which indicates the number of the largest
order statistics used for the bootstrap. We, however, might choose k a,n& k* simultaneously. In
other words, we can use same number for & and k¥, but this simultancous choice might introduce
downward bias as we discussed below. Another problem is the choice of a consistent estimator . To
approximate the MSE we need a consistent estimator, which is usually given as the original estimate
£p(k) or sample average of the estimates from the bootstrap samples &}(k) = & 8 254 (k). For
our purpose, however, those consistent estimators might not work, because they induce downward

bias again. To remedy those problems we propose the following modifications:
» Parametric bootstrap
¢ Bootstrap using the first £ + 1 largest observation, i.e. k* =k +1
¢ Setn(l—p) <k<nf3
¢ Use empirical quantile as a consistent estimator.

One defect of the Zelterman’s semiparametric bootstrap is that we are not able to get enough
variation, if we choose small k. As a consequence we tend to choose small k if we use the bootstrap
sample MSE criterion. According to Weissman's results, normalized spacings are asymptotica;lly
not only iid, but also standard exponential distributed. The parametric bootstrap, therefore, is
also available and it might mitigate that problem. The second modification, namely using the k + 1
larg%t observation might also mitigate the problem because it would provide more variation without
much distortion. The third modification is to set minimum of k as min{1,n(1 —p)} to prevent from
choosing too small k. Also we set maximum of k as n/3, since theory does not hold with too large
k. The last modification is about for a consistent estimator. Since we know the empirical quantiles
arergo'od estimators, we might use them as a consistent estimator. As a result we can consider the

following six different types of bootstrap methods:

1. Semiparametric bootstrap with #, = £,(k) and k* =k +1
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2. Semiparametric bootstrap with &, = Z5(k) and k* =k +1

3. Semiparametric bootstrap with Z, = empirical q\-uanti]e and kK*=k+1
4. Parametric bootstr;),p with Zp = Zp(k) and k* =k +1

5. Parametric bootstrap with #, = Z,(k) and k* =k +1

6. Parametric bootstrap with &, = empirical qua.gtile and ¥*=k+1

In order to investigate the validity of proposed six different bootstrap methods, we conduct the

following simulations:

1. Generate iid samples with size 100 from normal and lognormal distributions and calculate
estimates using empirical quanitle and estimator Z,,, with choosing k via six different bootstrap
methods for p =.90, .95, .975, .99, 995, .999.

2. Repeat stepl 1,000 times.
3. Calculate the ratio of sample MSE between empirical quantile and each estimator.

The calculated sample MSEs for normal distribution are shown in table 1 and for lognormal distri-
bution are shown in table 2. Noter that if the MSE ratio is less than 1, the estimator outperforms
empirical quatile. According to the simulation results, all bootstrap methods seem to work very
well, in particular for normal distribution. We need, however, more sophisticated simulations and

theoretical justification to conclude these points and to obtain clearer results.

7 Concluding remarks

Tn this paper we consider the use of EVT in extreme quantile estimation, that uses an iid data se-
quence {X1,...,X;}. More precisely, section 3 introduced the basic EV'T, while section 4 reviewed
the derivation of the estimators £, and £} under the assumption that {X1,...,X,} are indepen-
dently and identically distributed with F which belongs to the maximum domain of a;ttraction of
the Gumbel or the Fréchet distzribution.

In section 5, we derived asymptotic distribution of the estimators 2, and £} , which also

n?
provided the asymptotic optimal choice of k. Our results showed that if F belongs to the domain
of attraction of the Gumbel distribution with the infinite right endpoint and {p,} satisfies (5), then
the estimator &, with {k} so that satisfies (7) is asymptotically efficient and normally distributed.

The corresponding theorem for the estimator &; was also provided. Following section 5, we further
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investigated the optimal choice of & in finite sample using bootstrap in section 6. The results of
simulations indicated that the proposed methods work well, but further studies and theoretical
justification are required. '

This paper opens up many possible topies for future investigation on the large quantile estimators
Zp, and 2y, which are derived by using EVT. One of which is to investigate the asymptotic and
finite-sample propgrties of the estimators £p, and &} more generally. Since we use the simplest
estimators to estimate the norming constants as and b%, derivation of ways to improve those
estimators is another future research subject. Those methods developed by Csorgo, Deheuvels and
Mason (1985) and Csérgo and Horvath (1987) are possibilities for that. Also since we assume that
the data sequences are all iid, the effects of relaxing this assumption can be another possibility for
future studies as well. Among others, Dress (2001) consideres this problem for 2DEH by allowing
time dependence, while Chernozhukov (2005) develope regression quantile theory for 0% H

Finally, in the last part of the paper we summarize the method for large quantlle estimation
using EV'T. This method is a semiparametric method and can be used to estimate large quantiles
that are usually difficult to estimate. There are a lot of possible ways to improve the estimators
&p, and 7, . For instance, through an optimal choice of k and/or improving the norming constants
estimators. From those observations we conclude that the estimators £, and &, can be powerful
tools for estimating large quantiles. Further researches are expected to be conducted in the near
future.

Appendix: Proof of Theorems

Proof of Theorem 5

N Ep, — Zp, _ ﬂ(l pn) E _% 1} 4 vE bﬂ_b’?
% as a%
+ﬁ? { (bn oy PP pn))
ag

Since it is obvious that {k} chosen as n]i)zgo 2(1;—%) = ¢ satisfies {4), by Theorem 4 and (6), we
can get

vk (%—a—%) <4, e- Zy + Zy, where (Z,, Za) ~ N(0,1).

E

~  N(0,1+ (Ine)?)
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Proof of Theoremn 6

It is enough to show (6) is satisfied. Define

F(by) =
t , alt) =t F(s)ds,
1= Ty 90 =1 | T
then from Davis and Resnick (1984)
),y iforml t neighborhood of s = 1 as ¢ —
e , uniformly on a compact neighborhood of s = as 00.
‘We also have .
;o F(b) TR § 1
b= meye  TO=% U= mame
1)
t
Therefore,
vk

Eleom-tr) = Lo =) (smm1-252)

- \/“f""‘ f(t)dt ¢ (9))

- \/‘/“"ca f(ks)

- \/Emki{wo(l)}

= VEmF T ey
Note that by the Taylor theorem,
i _
VEm=— = vk 1n(1—-)

= VE(-5)+VEo (%)

= O(1) + o(1) ( (\/n(l - Pn)) s k=n(l~-pn)+ cn))

= O(1).

Hence

=
" |

(20 — b3 ) = VAR 2 4 o1),

97

(8)

9)



It follows that

E""\/: {:cpn - (b% —a= ln%(l “"Pn))}
= g (:Upn - b%) +\/Eln—-n(1 ;p"')
= ~—\/I_ch1k;cn-{—o(l)+\/i—cln£;—q’
= o(1),

which completes the proof. O

Proof of Theorem 7

It is the immediate consequence from theorem 6. [
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Table 1: Simulation results for normal distribution with n=100, B=500

quantile 0.9 0.95 0.975 0.99 0.995 0.999
bsl 0.870 0.703 0.801 0.722 0.835 0.837
bs2 0.954 0.920 0.961 0.911 0.871 0.752
bs3 0.918 0.829 0.854 | 0.874 0.970 0.825
bs4 0.827 0.751 0.904 0.776 0.879 0.775

 bs5 0.977 0.909 0.928 0.829 0.833 0.758
bsé 0.857 0.883 0.784 0.942 0.831

0.761

Table 2: Simulation results for lognormal distribution with n=100, B=500

quantile 0.9 0.95 0.975 0.99 0.995 0.999
bsl 1.081 1.287 0.751 0.800 0.299 0.695
bs2 0.849 0.975 0.716 0.805 0.310 0.731
bs3 1.069 1.194 0.804 0.938 0.391 0.703
bs4 1.230 1.283 0.778 0.780 0.291 0.746
bs5 1.314 1.208 0.715 0.816 0.305 0.782
bs6 1.159 1.241 0.818 0.897 0.446 0.994
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RBRAPEIRIC L BB/ N T A —F OHeTE

FHRKERFFIIER D1 Kfal &

200644 A 25 H

BE

ST — 5 DX TR, EE, fat-tall RRKEETFAT BUES—BLHE>T
ETW5, EH (Extreme Value Theory(EVT)) ik, S OB ORERASE# 5
BT SMARGHPETHD, BERCRBY - Tk, BEAAZA—F &2k
IHETE LA huie B 220 as, Hill(1075) % Pickands(1075) ORI, HEIC
85 BIHES OB UL CHERD A T R EEETEROVBBERS Y, Zhil
FAKXF T, BBEEE (Empirical Likelihood) CES < HEFHRFIRET D,
HEEDFER, ROBENST A —F B0 ILFWERE THD & XiTid, BRBEERICE
SLFER, ChETOFELVEN AT+ - R ERT B0, &
biZ, TOPIX @ HERMEINE R AWV EZESHT TR, SO fat-tail 1E% FiElc
2D LT Linigds, AR A AL EREICIEE CE -,

1 Introduction

HF, &R ) A2 EBORF T, BRI OKRERBRE EO LI ITEFMET S
WRERLRBL 2o TWD, FlAE, REEGE2HEMTITT 28, B igEgE - ¢
W72 EDOEED 1are events DET/ALDF IR RTET B, £/, rare events DEY)
REFNACCETHIE, VX7 FBROBE THEE AV 515 Value at risk (VaR) b &
DEZLIBEC R 55 Lviel, 25 Lo, ### (Extreme Value Theory (EVT))
(€. fat-tall ‘HEFHRKOGHFICRILSLF DN TEY | A THX rare events DEF /1L
~OBEGROER ZRETT 5. BERTIE, KON A—2 2P0 LS ITHET E0088
A2 b ERBM, BB TEEH AT EE LCRBLERE (Empirical Likelihood) (= 3-3
SHTREZHEET S, TOH, YIal—a VEREFBLTABORE EREROFED
N7 A= AHBEITY, BHEIC TOPIX 0 BN % AW EESH 217 5,
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2 #B{E&#% (Extreme Value Theory (EVT))

BIER T, LTD 2005 —F BREELSITHSR LD,

1. BREDOFRF
B (BERO) AL OBKERE, FREAEARY S,

2. &5 HIE v 2 BB LI EAE |
i
(X1, X2, X3, X4, X5) = (1,5,6,2,3) &35, Znex, Bt LTu=4i2L5
L. (X2, X3) 2 BB & LTOFRSER B,

2.1 Mn = maX{Xl, Xz, . :Xn} GJEE@E"JEE

RN LR L O — AR BT 5. X1, Xa, ..., Xy BIRONHEIL F & b
IR T B, '

Xl, Xz, .. ,Xn,ﬁ'l.d ~ F

T Xy, .., Xy) ORKEE M, LEHET S, T7bb M, = max{Xy,...,X,}
THhd, ROERT, WLRES a, > 0, b, € R THEEMIRIEKE M, ®n - oo
LB DWBBRAFHZE X5, 3 LWVIERIZ OV TR, Embrechts et al.(1997) # 8B ah
ey ZOEBORKRIT, [BRKRE M, BT H0EEER LOBRLATRTH D,

Theorem2.1.1 (Fisher-Tippett theorem)
X1, Xoy ooy X BN - 7RBEREH L U, HBOSHEEE F LB, Zokx &
S a, > 0, b, € R L HDIDHEE G BHFEL T,

n— 0
P(M n<z)=P(X1Sanz—#-bn,...,XnSanz—l-bn)

Qn -
={F (anz+bs)}" — G(z), as n — oo forall z: R LoilkEs

PR TIE, BROA Gl TFD 3 2o vFhumsicZ Ly, Tabb, 520484 F 5
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AThiL, M, OWERSFIL Fréchet, Weibull, Gumbel DW-Fhmafiic—T 2,

Fréchet : D,(2) = {

Weibull : U,(2) = {

Gumbel :

Density of a Frechet Distribution {a=1)

oo ©B o
N W & th

Prabability Density

2
bt

 — Frechet |

(o]
[=]

Density of a Gumbel Distribution

0.4

o o
n W

o
b

Probability Density

\L——_ Gumbe! |

0,
exp{-2z"%}, z>0,a>0

z<0

(1)

exp{—(—2)*}, 2<0 (2)
1, z2>0,a>0
A{z) = exp{—-e™*}, z€R (3)
O
Density of a Weibull Distribution (a=1)
0.5
é—.ﬂ.‘i : .
z
402t
g
a 01
0 .
-6 -4 2 0

2B, LRD 3 o054 —AOXTRANETHD, ZOHHMI T Ak, —IEBHES
Ai (generalized extreme value distribution) &M, £4& {z: 1+ &(z — p)/o > 0}
LTEZSND,
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L 1
exp[—(ug “) ],ifg;éo

o

exp[—exp(-—z;'u)], if =0

BL, FTFA—FITEeR, peR, o> 0/ LTEY, u & o BFNFNMENST
AP AT—NRTGA—F LIRS, i, (=00 FOHMBEIL Hepo, 40
DE— 0BT DERSME R TE D, —RIBEHH & Fréchet, Weibull, Gumbel
S DFHICERIZLUAT OM@EY,

Hﬁi#,"'(z) = (4)

¢ {>0DEEFR E=1/a,u=1,0=1/a B &, He, o = Py Fréchet 5547
BiEohD,

e {<O0DLEL E=—1/a,p=-1,0=1/a &8 &, Hepo = T, Weibull
FMBHBLND, |

e {=0DLEE, p=0,0=1,BL, Hepo =A: Gumbel AN ELNS,

Example

Example 2.1.2 (—#&51h)

X1, Xoy ... B—HOWUQ,1) KHESMIRHEEH LTS, Z0L &, Flr) = z,
0<z<1ITHY, 2<O0HLTn>—2I0,2T. a, =1/n, b, =1 LBIFIE.

P (M—:Pf: < z) = [Fn~'z + 1))

a
n
-+
n

— e, as n — oc

BWR D, an, by TEELINEEKRE M, X, £ = -1 %% Weibull 24510 A RILE
ER-D

Example 2.1.3 (}835%)
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X1, Xo,... #EERMESAH Exp(l) I MM mELH LTI F(z)=1—-e77,
r>0B0ED, ZOEE, a, =1, by, =logn T,

» (Mﬂ —bn _ z) = {F(z + logn)}"

= [1— exp {-(z + logn}}]"
= [1 — n"le_z]n

—exp{—e7*}, asn—o

T B, MERSAIE Gumbel A5 L A2 D . HBEAS A—F €10 &R B,

Example 2.1.4 (/\L— +570)
Xy, Xy, .. #MIF—I Fz) =1- (k/(s+2))% 8> 0, 0,6 > 0 2D/ bR
TREDMEREMET D, ap =knl/ b, =0 ETBE, 2> 0T LT

P (M" = bn 5 z) - {F(nnl/“z)}n

qn
. aNn
= {1 - ;
1+ nl/ey
—exp{—2"%}, asn—ox

MY 3L, BT, MIBRATIL € = 1 /o ® Fréchet HATH 5.,

Example 2.1.5 (3—>—4%1)
Xy, Xoy oo BIEDD, fz) = (r(1+22))72, z € R AR BEEREO = ——HMmICHt
SHEEEBYE L. an = n/m, by = 0 1BE. 2> 0 K LT,
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, (Mna: bn Z) — {F(nz/m)}"
([ )
= {% (tam—1 ;z—i— g)}n

—>exp{—z‘1}, as mn — o
BSERIE L. BeokflE M, i3 € = 1 0> Fréchet HFICHTGET 5 2 & 035035,

O

£ DRNME, EOHH F OBROES LEELRBEES S, T4bb, Fiha——5
e~ bR L D A fat-tall RAMTHDI L&, E RRERMERD I LEBEW
(Fréchet TRIZXE), —F., fHizr =sup{z € R: F(z) < 1} BEERHE & 557 T
. EHADEERY . BIRAFIL Weibull 5576 £ 725, Gumbel 575 (¢ = 0) IZoVT
iE, SWOWHBENVE BHNLE BV, WhIEPRROr—XZHEET 5,

EBROGH TR, 7 ¥ty FEESCKBLTET oy 7o RKELMIE LT
5. BRRBEORINC—BIBESMH Y Tl L vI L 28 Theorem 2.1.1 2> BRI S
N5, WAL Ty bEIEIE, LR ERZEIIETNS Z L33%, —
BRABESARONRT A — FHERBIZE LTI, ThETIZE OFERRRSNTEY,
EAHEER (Maximum Likelihood estimator (MLE) ) (Prescott and Walden(1980)).
the method of probability-weighted moments(Hosking et al.(1983)) 72 &ai—fl& LT
BZfbnd,,

22 RAfEuzEBLI-HEREHOHE

MEeRAE) DiEAc, THHE v 288 L2 8HE bEBERCREERSTS LD,
BBEIC oW, TEEEHR L TOTHAEN A EEEF B L L &, TOEKEL
ED LD RBTTIED b, [BBEBEBOFEHEIILE DL b o Vs 2RERET
OHFBEZOND, £/, BEREOSH T, 1207 oy 72 2 BB Lo E 285
BEATEET 2HE. BbRERBAEIUNEETHWISR,L LR TOLRTLE Y 10, +
HRERBRAETLHRAENGED L OBKTEROZ VT Yo —F L b2, IOk
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. BREOHTTIE. BEREOSI LB L TR E BRI LB LV FDLREERS |
BONDFEERD D, £F. BBEZEENICED Y BRSHHEE 2ERT 5.

Definition 2.2.1 EBH MM (Excess Distribution Function)
DB F b OMEFR X 282D, IDEE, u<zrp=sup{z € R: F(z) <1}
O LT X OBRAHERERDL D ICERT D,

Fe)=PX<z4+u|X>u), z20 (5)
Remark
RO ERENG, F( ) - Fw)
T+u)—t(u
BV D,

O

HIE LI, SHEIC L 5> TROST FIRETH Y, #oT Fy(z) bREE R0,
BB/ T 2 — 5 DTN bl > TiE, Fy(z) ML — GRS 5 2 & & 72 5,

Theorem 2.2.2
X1, Xay o, X BRHOSHEE F 2 bW HEREE LTS5, ap > 0, b, € R 2
FFEL. F 2 Theorem 2.1.1 DERTHEBRAME LT Hepo EER, p€R, 0> 0% D

D ERET B,
{F(anz+bn)}”—>H§m,a as n— oo

IOk, Bu) > 0 BEELTUFARY I,

Lm sup |Fu(z) — Geppy(@)| =0 (7}

wlZr Q<a<ar—u

ZIT ap BOMOGS (e zr=sup{z € R: F(z) <1}) THY. Geplz) iT

o\ e
1—(1+§B) if €40
Gep(z) =

1 — exp (-%) if £=0 ®
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[0,00)  if £20,
[0,-8/¢] i £<0.

EEFESND, Geplz) T—MR SV — b4 (generalized Pareto distribution (GPD))
EFEENB, B, Go,ﬁ 2T, £ = 0BT Gg,ﬁ, E#£ 0 DIBRIB E LR TE B,

xeD@m={

d

Remark

LREOEEL, +aRE R ulCH LT Fy(s) B/ — MIRICTERF R D L %
RLTW D, Zris, EEOF LVWEWIL Embrechts et al.(1997) 288, BHEN (9) 11,
KDEZ e TEEMETIRCAHVWOND,

Fu(z) = G puy(z), forall 0<z<zp—u (9}

Example

Example 2.2.3 (—#%%)

Flz)y=2,0<z <1 23— U0, 1D 22T, FEOCHEw>0L0<z <
1-wicgtLT,

_ Flz4+u) - F(u)
B = =@

_x+u—u
I
T

=15 = G-11-u(®)

BRAT D, ZHiE, £=—1, Blu) =1 —uRD—ME 1 L— ISR LTV 3,

Example 2.2.4 (5% 5 %)
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F 2SERERRE ST Exp(1) IHE5> bDETH, ZOLE, Flz)=1-e%,2>0THD
Foth, Fu(r) REEOBEw >0 ICHLT, BEILL{=0,5=125—f7L— raTi
W8S, '

Flz +u) — F(u)

F‘u(m) =

1 - F{u)
1oty (1 —em¥)
- 1-(1—e®)

=1- e T = GU,I(-'E)
O

PUF TR, BIRSS (9) 2T WBILER LT, pS—Br ¥ A LVOHEE I,
FERT D, RO, (6) % (9) ITRATHE, £A£0ITRLT,

F(z + u) — F(u) ~ 1 (1+€£)—1/6

- F(u) 5
1—F(z+u) N AL
R (1) to

PR B, BERT—FOEKE N, & L, T2 At 5 N, D) 38 1— Fu)
DARGEERTHHZLIZHFETHE,

1 T Fu) = = 1)
(11) % (10) &LIRAT B &
-1/¢
Flz+u) ~ 1—%(1+§%) (12)
AELY S0, BRI, (12) TF(z) =p L LThb, (€, 0) 2iteE (£, 8) TB&E%. ¢

EDNTHES & 2, DREIESE LIS,

~

. B

$p=u+7

(Wn;“ —p)) Al 1] (13)
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2.3 HRARUREEFEX

IO Z I a T, THE 288 LEBERE CESCEBEAATA—FOHE
FRELEONBNT D, Xy,... . Xn 2EBOSHEE F 20 DM piEELH LT
%, &6 F ) Theorem 2.1.1. OEFERCTHRMSMN He,po b2 & &, JEFHHR
Xin < Xpcin £ £ X Xyp BERAROBANE 2FA LEUTO 3 >OHEES
mbhh T3,

Method 1: Pickands’s Estimator for £ € R (Pickands(1975))

1 Xk n X2k n
Brn= lo ’ : 14
Fon 1Og2 E X2k,n - X4k,n ( )
Method 2: Hill’s Estimator for ¢ > 0 (Hill(1975))
1 k
Hpn = E;log Xjn—logXen (15)

Method 3: The Dekkers-Einmahl-de Haan Estimator for £ € R (Dekkers,
Einmahl und de Haan(1989))

1 {H(l)}z 1
Dk,n=1+H,,(ll)+§(*—L;(T-]_) (16)
n
B,
H(l)“lzk:(lo Xjn —log X, HE = 1 k log X1 — log X 2
n —Ej=1 gXjn—log Xei1,n), n —E;(og in —10g Xpy1,n)

MEwRu =X CRESHTWVWDEEZDL, Zhb 3>0ERIT (HE

w BB LI-BRE HoBRShTWHLBRED, HIZ ki LTE 21 0%E
~ (k(n) = 00,k{n)/n — 0,as n — o0 ) FFEIE, THOEERIT B, BIEERML
FHRELWEEZ LI LBMbA TS, FELWERICOVWTIE, L TEALEZ 3 20
X ESBHE IR, ko, LERPSAOFEL LT, Smith (1987) &L ECHER 4R
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Bl Xq,o ., X PEYICHRELCBAE v IcxT 3 kL EOBBEL T EE, —BA
L b A DOBEBES f(z) = (1/B)(1+ £x/By V41, £ £0THBZ En b, Mk
BB 14+ 87%X,;>0,j=1,...,k DL E,

k
l@J&X)=—kbgﬁ—(1+§)§:kg(l+£é%) (17)
=1

ERB, BB =1,k TI+AHX; <O0DLE, U BXK) = —00 &BL, Fik
=00k E, RELEBEIIROME & 5,

k
(B X) = ~klogh— 5 3" X; (18)
=1

U ETHEBEAESRSN, BAEEER S OLEBRERAT 55 A —F 0
(€n, Bn) L LTEHZENS, 2B, £ < —1/2 DL FTTEARENEL SIS, BAEE
TERWI LICIEEPSLETHD, £, BAEERIC OV TIL TORHTMREER b 0
R TVWS,

~

v (En ~ &, %" — 1) 4 NO,M™Y, as n— oo,

ﬂf*=(k+8({:£';)

3 BERALERICLOIBENTA—2DOHTE

D' Z I 2 Tk, Owen(1988, 1990) 22E L 7= BBR AL (Empirical Likelihood)
WL 2T RAATA=F (€,8) DHEEITI, — B SL— S TIRETLE 1k -2
WE—A L PBFET D LITR SR (3L < iX Embrechts et al.(1997) 2) ¢, 4
L AHDE—RA N BT AEMEREICHND Z LIXTERVR, Kb 0 GRS
PHATE 5, BN TRBREENE 2 EHET 5,

La(F) = [ (F(Xx) - F(Xk=)) = [[ o&
k=1

k=1
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BL. F() RBFERT, pe (b= 1,...,n) ZEAME X, $BONBEELTS, =0
ETFARETH, RTOHRAESIHEEERENTHWA I LIZEEEREY, pr >0 &
Shoipk = L DA ORHERS 2T, BRAEER L, (F) REL2. pp = 1/n
(k=1,...,n) DLEBRMEE LD, EOT, BREELELY

Rn(F) = H NP
k=1

TEHEL, TROKEDT T RL(F) 2BKIT 5 8, = (6, 5,) # BABRBRLEH TR
(maximum empirical likelihood estimator, LA F MELE & 32ik) & &%+ 5,

= i N, 5 -1
{pkz{},kzl,...,n Zpkzl, Zpk{f{xk>u+m}_?u(1+‘f7é‘) :0,[:1,...,m}
k=1 k=1

- (19

OB EOERFRIALTH <, (12) Bb+HAE 4 u I LT FEARY o=
L RHHB,

Nu S —1/¢
1—P(X§u—i—s;)-——n—-(l+£ﬁ) =0, s5i>01=1,...,m (20)

ML OHFME LD &,

N, s -1/€7
E I{X)u-f—sg}_? 1+§-E =0, I=1,...,m (21)

7B, B, Iixsay =1 X>a, =0if X <aThb, pe (k=1,...,7n) 28
i Xe (k=1,...,n) BEENBMETHB - LERTEE, (21) 12

n N, ~1/¢
Zp;c I:I{Xk>ﬂ+st}_ (1+§%) :' =0, l-.=1,...,m (22)

k=1 n

EREND, FBNT, mx 1~ b
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N, s\ V¢ N, s\ M€Y
g(Xk,H) == I{Xk>’u+51} - ? (1+€TB‘) )"‘!I{Xk>‘u+3m} - ? (1+€‘?)

BPEZBLIER, 50T BT S,

n n n
Ln(0) = lognpe — szk - 1] - n)«’kZpkg(Xk,H)
k=1 =1 =1

TIT e A=Ay ) EBIET TV RETHD, Le(f) T pr THWSLT

FHEX
OLa(0) _ L _ p—nXNg(Xg,0) =0

Oy Pk
BREC &, DT OMMRE 2,
p=n
5.1 1
Pe = T+ Vg (Xs, 0)

TITA=AO) B
= g(Xk) 9)

L 1
0 = ﬁkg Xkaa) = — I ————
; ( n Z 1+ }\’g(Xk, 9)

k=1

DORERD, ZO&E, AFEEBE L) 2HKITTEH/FA—FRB § D MELE T

»HD,
1a(6) = log [ ] ke = — > log (1 + X (9)&(X5,6))

k=_1 k=1

E2al—3 3 EER

4
T TANUERTMELE OR7 4 —< Y AEENPD D, BOIZ, TILO 4 20510

(HE D M S E — A RE R B R £ 4LEh 10000 ERESE S,
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D5 WER f EEANEKEF | (0BEoE

T byt fl@)=(r(1+2%))""z€R 1

a=3/20L— L% | Flo)=1—{z/(1+2)}7%, 250 | 2/3

a=5nv—Faf | F(z)=1~{z/(1+z)}% 2z>0 0.2

BRER ST Exp(l) fz)=e%2>0 0

TIT, BfEu & LT, (19) Tu = Xp 10000, p = 2000,1500,1000 > 3 /¥ —1 D
WTRPIZRET 5. BL. X, o lOF U IACBIT 58 LIEFKHETH D,
HIz, 81,82,  ETROBVEDD, EMEME v T LT, FHE. BEXRE, R/ME,
RMSE = /Y219 (€ — £0)%/100 2389 . B L. & 1% i % B ORI, £ HEOfT
BB, YIal—ra VERILOWTIL, B 14 (16~19 2—) 2BBEhi-, &
Ralb—valERICEINE, HBRRELRDIESONTRMSE b k&< 25, +4bb
OGS DTEBIEL 7251224, MELE O#EHBERHELLE VWA S, TONHEN I —
eGAi(E=1) DL & FREOEVCHIZH LT, ALMGRMEESh TR,
RMSE b D5 a— =SS D L E L E_RTREL A-TLE S, ZHIEHL
T FREREENT (£ =0)F a =5 D/L— b 4570 (€ = 0.2) T, £ OHEEMHICFEEA
AT AR LR, '

BRMEICH T HHFES

REE . u = X3000,10000 u = X1500,10000 u = X73000,10000

$1 = X1900,10000 — ¥ | 81 = X1400,10000 — | 1 = Xos0,10000 — U

o
H#IZM | 52 = X1s00,10000 — % | 82 = X1300,10000 — % | 82 = Xo00,10000 — U

§19 = X100,10{)00 —U | 814 = XlDO,lUOUO = U | 519 = Xso,mouo - U

114



£ T, RMSE % 3% MELE & 10 ~2— 2Tt L7= Method 1-3 DHEERE DL
¥#1T 9. MELE T u = X, 10000 (p = 2000, 1500, 1000) (T8 E ¥ 5 Z & X, Method 1
Tit k= p/4. Method 2-3 Tii k= p & L B = LIThST 5, T TIHBELA L S Iz,
MELE iZHER/N SR £ TR LTEVEERESZF T2 0T, F—X 1 (BN
(E=0)®r—R2(a=5D L— L3H (£ =0.2)) TiZ4 S>OWEROHT, MELE
® RMSE 2&b/h&< s, —F, K& ¢ WU T, Hill's (Method 2) % DEdH
(Method 3) DEBNRT 3 —= L AR AV, IO Enb, EIEHW TIIOAOER R
SiE) B A<, TEF] fat-tail ZHEIC MELE 2BWVW5 & LW I L BT ENLS,
KEy DT —F 1%, [HTO) fat-taill EBHR SN By —ACHYT 50, MELE 1%
EE EIthOEERLVERLTHWA EB WL D,

r—21: 585 (€ = 0) ® RMSE

u = X2000,10000 §| %= X1500,10000 || % = X1000,10000

MELE 0.0314 (1) 0.0311 (1) 0.0520 (1)
Pickands (Method 1) 0.0858 (3) 0.0985 (3) 0.1153 (3)
Hill (Method 2) 0.4247 (4) 0.3753 (4) 0.3237 (4)
DEdH (Method 3) 0.0646 (2) 0.0570 (2) 0.0521 (2)

(

T—A2: a=50D/\b— 3 (£ =0.2) ® RMSE

) FHERR B IS,

u = X2000,10000 || %= X1500,10000 || % = X1000,10000

MELE 0.0349 (1) 0.0333 (1) 0.0549 (1)
Pickands (Method 1) 0.0918 (3) 0.1010 (3) 01223 (3)
Hill (Method 2) 0.3332 (4) 0.2847 (4) 0.2348 (4)
DEAH (Method 3) 0.0754 (2) 0.0658 (2) 0.0582 (2)

(

) WEHERERR I DIBAL,
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F—A3: a=3/20M/3— k5 (€ =2/3) D RMSE

U= Xz;ooq,mooo u = Xi1500,10000 || ¥ = X1000,10000

MELE 0.0433 (3) 0.0434 (3) 0.0639 (3)
Pickands (Method 1) 0.0996 (4) 0.1034 (4) 0.1335 (4)
Hill (Method 2) 0.0139 (1) 0.0162 (1) 0.0208 (1)
DEdH (Method 3) 0.0270 (2) 0.0307 (2) 0.0388 (2)

(

) VLR R HE DL,

T—A4: 3—L—53%H (=1) D RMSE

u = X2000,10000 || %= X1500,10000 || %= X1000,10000

MELE 0.0761 (2) 0.0663 (3) 0.0748 (3)
Pickands (Method 1) 0.1152 (4) 0.1198 (4) 0.1201 (4)
Hill (Method 2) 0.0990 (3) 0.0566 (2) 0.0368 (1)
DEQH (Method 3) 00447 (1) 0.0404 (1) 0.0455 (2)

() BHEERE DN,

5 ZRERHT

Tt a T 1990~2005 4£0 TOPIX o B ket#uniisEic X 5 MELE 0%
REFHT 2T 9o M0ICINBRICET AEMEHER A5 &, EHMHLBEMET0ICEL
WIErD, MBROSHALEIEERANHTHIH I ENEbRD, S5IT, REMS3 2
ATWBZLhh, IWEBEOSMIERSH L VERE, 202 ENLETF TR, 07
DW|IER LIearEiTo 2 L &5,
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TOPIX BRI HUREE RO EREE

B 3800
FEHE -0.0157
BKE 9.1158
BME - —7.3646
R 1.2728
£E 0.0996
L 6.5098

90

The Number of Observalions

Qaily Lag-return

BOGIICADRNCE D, Bo TNBRBONFICERSHAEFRE LIBSIC@MBE- 5
WHRTEL, ERXMOEE p & 58 o? R EE2S

3800
ji= 3800 Zz, = —0.0157

3800
3800 Z(z, = 1.6196
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EHEEIND, ZIT, u i BEOHIHE, —ol&, FRA—BL XA AFTUTOLS
IZHEEEIND,

Zo.990 = 3.09¢ + 1 = 3.9168
Zo.99 = 2.336 + 1 = 2.9496
Zg.01 = —2.336 + o = —2.9810
To.o01 = —3.096 4 1 = —3.9482

L L, ZOBRIZEHA—E L Z A LV OWBEBITIIBFE R AL T ANBEET D, T7hb
H, %70 0.58% (22 8) OBRIE LD Fo.9e % LEl-TWRWER, £9 70
D 0.55% (21 18) OBBE LY $o.0p Z TESTH LT, WEBHAO fat-tail 12 LF
CEAENTWRWVWI EBDND, Zgg dVDWBNY 2—TF v YR (VaR) &b
FEREND 1, Z5 LRV LY A7 FHOBA)» BIIBEAREETHL Lz LS,

TIT, WERBODMPERSHICHED & DRERI L, bV ITBESH OEA 2 £
ATHDo WDITHMOBERITER L, (19) Tu = 11294 ERHED L7 15 _—t &
AMIHE) | uw=1.4295 (BRHED LA 10 R—& > & 4 A48 %) . w = 1.0089 (LA
EDEN 53— FANTHRE) D 335 —TRE LIt WHERTA—5 (£,0) &
IR FA IV o 99, Tooge PHETEE KD,

BENTHMOEMTEET S, ZDL &R, TOF—F % 2,i=1,...,3800 &4 2
L. T—=FEy b —z,i=1,...,3800 ICH L CREZEDMF 2T LT LV D L oS+
Do TOBE, (19) D u % u = —1.1301 BREO T 15 A—E L ¥ A LITIBY)
u = —1.4859 (BAMED THL 10 /8~ ¥ 4 NMATHS), u = ~1.9518 (BRHED FHL 5
R—B U FAMTRY) EThiE. (€,8) & Zo01. Booo B FRBICEECE D, HoE
ERITTROEY,
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S TOEWRD ST

u = 1.1294 u = 1.4295 " u = 1.9989
(15 R—E A VR) | (EBL10 8—B X FANRY) | (LS S~ FANVEF)
¢ 0.0821 0.0505 0.1227
J 0.7481 0.7954 0.7758
£0.00 3.3982 3.3717 3.3793
#0.999 5.7664 5.5534 5.8942
PEDEMD S
u=—1.1301 u = —1.4859 u=—1.9518
(FHRE15 N—E ¥ A E) | (FRL10 A= FANR) | (TS S—ErF A VE)
é 0.0436 0.1224 0.0297
i 0.7897 0.7135 0.8912
£0.01 —3.4000 ‘-—33837 —3.4210
Zo.001 —5.5525 —5.8993 —5.6488

BREDDE, £, BE v OBUHICE > THEFEBHLTWD &k %, TEIEE+
SHETELIRBETHDIED, N—BUZAAOEBERLHEYEEL TS, A M
fBu & EFT10/5—ErFA T E olcid, TOPIX @ BRHERERD 100 A D
LI 1H33717% 22 5 Z LAHFEh, R 1 EXT -3.3837% 2 THES Z &
BFEEIND, Fh, ETORERRTES0 22 TWB I EML, EROLTIIE
HAME Y bWHAENWZ EBHER IS (ERFA T E =0, 3L < iX Embrechts et
al.(1997) D% 3 FEE &),
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K% 1. FHERLELM (£=0)

Simulation Resuit 1: Exponential (£ = 0)

Threshold || u=Xsng0,10000 | U=X1500,10000 | U=X1000,10000
Average 0.0019 0.0036 -0.0018
Max 0.0986 0.0914 0.0997
Min -0.0875 -0.0700 -0.1655
RMSE 0.0314 0.0311 0.0520
Threshold u= XZODD,IGDOO
35 p—
30
25
20
15
10 ——
5
0 — ’_I —
=g g oz 3 & ¢
i i i T 7 7 i
¢ ¢ { .
Threshold u = XlSOD,IODOU
40
35
30
25
20
15
10
— ]
g g g g 5 2
T | ! ¢ ¢ !
1§ ¢
Threshold u-= XIGOO,IUDUU
30
25
20 [
15
10 — |
b |
0 /i <ﬂ<
T 3 8 &8 8 8§ 3 8§ 2
A A S A DR A N S
¢ ¢ ¢ ¢
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H*z 2. NlL— A (€=0.2

Simulation Result 2: Pareto (£=10.2)

Threshold | u=Xspo010000 | W=X1500,10000 | U=X1000,10000
Average 0.2015 0.2032 0.1986
- Max 0.2993 0.3029 0.3167
Min 0.1041 0.1270 0.0216
RMSE 0.0349 0.0333 0.0549
_ Threshold u = Xaggp, 10000
35
30 -
25
20
15
10 —
5
o LI —
N S A S A
Threshold u = X500,10000
35
30 ——
25 ——
20
15
10
5 [ ] S
0 == —
o b 2 & ] 8 3
T 7 7 T 7T f 7
Threshold u = X449, 10000
30
25 ]
20
15 —
10 —
| AR
ole=  T1.1 1. o O =
A A A A A A
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X 3. SL— hpAf (E=2/8)
Simulation Result : Pareto (£=2/ 3)

Threshold || u=Xup00,30000 | W=X1500,10000 | U=X1000,10000
Average 0.6669 0.6697 0.6636
Max 0.7654 0.7954{ 0.8403
Min 0.5530 0.5666 0.4657
RMSE 0.0433 0.0434 0.0639

Threshold u = Xs000, 10000

45
40
36
30
25
20
15
10

~0.60
~0.65
~0.70
~0.758
~0.80

Threshold u = X1500,10000

50
45
40
35
30
25
20
I5
10

~~0.60
~0.65
~0.70
~0.75
~0.80

Threshold u= XIDOO,IOOOO

40

35 [

30

25

20 ] ]

15

10 [

L =
g &8 8 B8 & & g =
T T 9 T 7T % 35 7
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& 4. a——446 (E=1)

Simulation Result 4: Cauchy (& =1)

Threshold U=X2000,10000 u=X1500,10000 u:Xwoo,mono
Average 0.9429 (.9668 0.9763
Max 1.0939 1.1233 1.2182
Min 0.8189 0.8415 0.8078
RMSE 0.0761 0.0663 0.0748
Threshold u= XZOOO.IOOOO
45
40
35
30
25 —
20
15
10 _I
5 SE—
A A A
Threshold u= X1500_10000
40
35
30
25
20 r
15
10
5
o LT, _
A
ThreShOld u= XIUUU,IOODD
35
30
25
20 .
15 — | —
10 |
5 — S I
O I_I. ,' s I/ | g |
5 & & & 8 =2 &8 8 §
? T

~
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3K 2 5 DERERANDISHH

W —
2006 £ 2 A

1 FC&®IC

FHTIRIY 25 DRBENDIEAH% Frees and Valdez(1998) ZHL L T3Y— Atk >T
HNT 3, AT LRBRTOHEBETIHICACNEMEBDZ LT, Uy, U Zp
fHO—8RSHE U(0,1) ICRES HERERE LIt &

Cluy, -, up) = Pr{l1 € uy, -, Up S up}
ZilcdER C DT L THEL ELREROEADTR Fi(z,), -, Fplz,) 2EL L
ClEr(za), s Folzp)) = F(@1, -+ -1 3p) (1)

LFBT LT, [RINTN Fi(zy), -, Fylep) ¥ 2IH C ThBERTHN ZRETE
%, Tabba¥a s —oiEETEERORIGHER - ERTHTHERBICHBRTE
ZDTHS. o TERHOREEFNIEBELRO LS RRRICEWT, I¥ 2 SO/MEN
HRTHBLEIBNSG, TTTUTTREZOLS 5%, RRAOHAEFIEHRLNCETH T
Lt B,

2 ZEERETEHIR

HEEMRBPESEMESOMBERDZ LTHET - £F - BB LV S THBOEHOERF
EFREZHET S 5E0B 3, LM LERT - k- BR L0 o el OR EmOEFRRC D
Tl Tbroken heart syndrome| Mcommon risk factor! X -7EBERFIC &b, FEENEFEET
LT EHBNTVWS, lbroken heart syndrome) ¥ REFO—FHCL hofcBEEBICES—F
DFCRSKEL LET S 203 ERNCEIENA3BSEOC L THY,. common risk factor
& RFEEOBENLRELEPHREASEEMOEFETFBORLELR YO L THB, WThtE
MEOKEROBRICK 2RSS B LA B7EA 5, FC T T T, Frailty EFLERE
NBIV 2 S EHWESEREFRMCTVERTN,

T, ~EBTESERETD. SEBCOWTIRIE  #O-ES. B cl@yaieE
THETLEZEKRT 5. TREFEREE L, £EERSE). "—FER AR %2

Sty =Pr{l'>t}=1-F()
1O¥ o SOMERER - BRE. FIZIE Nelsen(1998) iIKHE L.
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9log S(t) _ F@)
ot S(t)

EEBT BT S, EBIC Cox DEFINY— FEFNEEZLS LY — FIEEZ

h{t) = —

h(t, Z) = 72 b(t)
LB, CTTZ BFHAEY, FRFHNRTA—H, b(t) BR—ANTF—RTHB. TOL%E

v=e"

B(t) = exp (- fo t b(s)ds)

S(tly) = exp (— ]0 t h(s,Z)ds) = By

BB, TTTZ, Thbb yERAME Ukt O Frailty ETNTHD, yBREVEELEE
RIBODEANE S BEZT LD D v B (BB (frailty)] 2ERT T 2iTkS, v BRATHZIDT,
EFRE S@E) &y DWW TR ER L 5T S(t) = B,[S{ty)] £ T3 L TRLAS,

RChEEBOEMTELS, TOERE yR2FHE TR b, BER Frailty €70
BREMGEOBREEDERERE Uit { A HE. $3VIEEEOBERID Y b ELEAREE
LTWdEWnWid, T,---, T, % p MOMEOEEFRE L L, v BEXDNETFTEWVCHITT
HLLTH, Tiabb

LF B LA S(ty)

CPHTi> b, T > by} = Pr{Ty> iy} Pr{Ty > th)

Si{taly) -1 Spltsly)

. Bi(t1)7 -+ Bp(tp)”

L., EEOERE v DR THETDOIITHS, O 2ETREFEEL. —EBOES
EERRIC v ICE L THARER E 5T

Pr{ly > t1,- -, Tp > tp} = E[{B1(t1) - - Bp(ts)}] (2)

LEHENS,

D (2) EDWT, Hougaard(1986) i v i BB ERE L TEFWIHEL TV 3. v 4
oM o DEEHCHS LT B, Kyle] = exp (—s%) L 53T LRBEEX (2) RETIHT
k34 '

Pr{Iy> - > t) = Byfexp (vlog{81(t) - - Bp(tp) 1l
= exp(—{~log Bi(t1) — - - — log By(t,)}")
= oxp (~{{- oSy}t -+ (Lo S, )T ()
ETBTENTES, o THEEOFAG

S(t) = Ey[S(t17)] = Ey[B(t)7) = Byle™ 18 B = exp (—(~log B())*)
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ERBLEEANTVS, COR)RBAC272ACTERBENIALHERTZT LN TES,
¥ 5IZ Hougaard(1986) ik p = 2 O L TFWHMC T A TR EEL (§HdbBi=121C
DT Bi(t) = exp (—ast™). Si(tly) = exp (—ait™) BHEEL). (3) 2%

P?’{'li > tl,fI'Q -3 tg} = exp ("Ialtgl +azt32]a)

& BAENICRHTVS,

3 Competing Risk

FREFERH P OB TS SN TV competing risk FRETH AN, EBROEHERDIA
P DT LR A LERTIEC - BHET 2 8ENH S 2 WX 2D T competing risk DAL
BHETERLEZI NS, FC TLF Tld competing risk OFaga® ¥ o 5 OHL TR TV,

3.1 Competing Risk DT

PIZEANRT 20N BR A REETT AR50 TOL3LERL LTy
HOBERAZEZ., TOBBORFBRDOMCET BEEDEEREE 1), --,1, Bl cLikT3,
ThoRSERICBRT2z LR TERY, ERICBThED3IB—D2DBETEL K2DUTH
BOT, BEEOEIFELE 1 = min(l),---, 1) REEOERTEL Kot kWD T 2 AT
2B Licinbd,

COEFRMIcOVT, &1, ., T, KT 2 REFEOFERGE LEFMEBERD S, &5
EDWTR 2EHEAROLORA., ol 2HLAcE N, -, 1, Ry FEX BN T TH
WIEH TS (TRDBEFEEOERIE yOHETS). THL

Pr{I'>tly} = Pr{min(l},---,1p) >t}
= Pr{Ty>tly}---Pr{T, > t|v}
— Bl(t)'T . Bp(t)’r
ERY, yEDVTOMERE BT LT
Pr{T' >t} = E,[{Bi(t) - - Bp(t)}"]
LBIIG, OIRCTTL 2L ERIC v IcEEM o« DRESHRRETBTLT
Pr{l'>t} =exp (—[{—logSI(t)}l/“ ot {= logSp(t)}I/"‘]“)
EE, COREOC27BAVWTERTNAERLBIRNTETLITES, COBEE, p=2
DL ZFLRMICTA TNV HREEETSE
Pr{l' >t} = exp (—[art? + ast™]%)

& RN EHEN R b5,
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3.2 Competing Risk DEBR\OEA

EMRBEREODEMESTHRITE, FECOMER (AHFEEHE) IKXB3BRICE > THY
PHHT BT LB, £ T T Valdez(2001) 13, ThBZOOBLBERICHE T 3£ WEEEE
Z. DR EENZBERPEBITIET > T0E D LD TEOREEAN TS, Rk
LI B BEBRE 13, BAPDEVA (DF DEELZA) ZEBHILTUEL, BESE-I
DRTEADE A, THDEEBRSEHD BENE LI REOTOCADERRE L L TR
TLES EWIRKDT L THE, ENREMERICBIIBEBERE . BHORNAE EFEL
TLEV, BLOESETRLET IR S ROBEEAEP D P HEREL LTB->TLES
LOSREDOTLLTHD, AhOBELERESRICE > TRAREL R ETERL VI BEA T,
W-oT. BRFEDEBICELTWBDM S T ik, RS L > TEEREL X3,

TOFRROEMEPERCRIT 2 7HIE, BELBRHZ VS TOOREEROREELE
ABTENBRECR D, BELEREERRTEN, & LIENLBKOORET H T SICEDOHERA
BNERFELANZCHEREL L TRADITHED. EMESRU BT3NP EONS.
—HROBEIBNIEL, FREZAREEFREL LTRAIDITHD., EHERRWICEIT3
WRIRPE LT3 BERS 2D TH S, H-T. ERNICTRHZH, FBC LBEDEE
HEEBCANLSBENSD CLHBPbIMETES S,

Z T T Valdez(2001) &, EZFE L UTREERIC L= Yo, BRERCERS iz
fGEL. OA¥ 25 LT Franc A¥a 52 AV TEFRERHEEL T3, T DIERIZEY
MICER L., EESNEFNRERACTEH USRI XD, WBROEEERETIHE
ZHRRL TS, ZLTEORHBEAVEEHEMICED, F—Hlc ko THEBRIETT
WATHERNHZ L NS T LEREL TS,

4 Loss-Expense 7—X D%tk

4.1 [FRSHROHEE

T T Tld Frees and Valdez(1998)Sectiond Ic >, HFRBREHIC B 2RSMESFHE
TS 2 REBA ODWBIRBNT 2, HERRSHOES L— LIZBERRE (loss,
Xat,o o, Xin £93) LENCHRET Z3RA (ALAE. Xo1, -, X2, LT 3)BBHRB, TC
THERA L. AELNOZLPREBANOEZBAOT L THD, ThHOELIEDH
BEFDOT LARIICHIBNTE D, Frees and Valdez(1998) TRV b/t F— % (n = 1500)
TRHHEEERS 0.4 LioTW3, ChiRARRGEREERELZ L ORDBOBESHET L
STEERFEHLTEY, EEMICERYUEBFTHILVABESD, COREEHREEEX.
TNHDEMORARSFZEYNCROZ LT T TOENE KRS,

Frees and Valdez(1998) TIXSICABRIC TF— XICHT 2 ERE LT, loss F—XiBIF3

FECRHBICBIY 5/ vF— FROT £ Th 5, ‘

SEIZIT TR (1)) (CRRE, 1992) THAA—VORERIE LTENMENRTVS.

_Ggériﬂﬁ&ﬂm (BET7 #F a7V —% 2000) D 1-5 A—¥ T MEBEICHT 35BS LHERTWAEEOT

5 TRENEE| (AA7 2927 U—E, 2000) D 15 A—UT MEMORES L ULEOED E IR ENICHRHTS
W (CHERWNEREL D) LRI T AMBOC £ T3,
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YY) TOMEPMETEN TS, THhEEREOZTHEIC LR (policy limit) AARIT 5N
TWAZ LIGERT 22 ) »J THB. Frees and Valdez(1998) THW S {17z 1500 0 &
L—LF— &2 Tl 34 fFCHIRER L EROSHEN—RL TBY, ERce 3 VI8
BEINTW3, LEEEERDIEREICERVSEL LS,

2T RACEDH TR, ETEERORINEIET 5 BEN BB, Frees and Valdez(1998)
TIRNFhOERIC OV T E/8L— 9% '

F@)Il"(Aiz)e

DENSNTED, BROFLOHBICED T 29 FOKEIPEIDENTVS,
RICBEE A 25 8BIRT 3, BRIV 25 OBRIZLITOFEIE (Genest and Rivest(1993))
TEDHEN S,

LR A3 a7 0BRERD S, TTTRR
o Gumbel-Hougaard ¥ 2 F : Cfu,v) = (u=% +v=% — 1)/
e Frank ¥ 25 @ Cu,v) = 1 log (1+ Lg:_"_‘j‘__—_l)jgf"_—“ll)

e —1
# Cook-Johnson I¥ 2.5 © C(u,v) = exp{~[(— log u)* + {~ logv)*]*/=}
BEMEET S WINOILaSRAIS A~ X E—DTHS,
2. B2 DOTHEOBEL LTHShE Y F—D r BRDZ, 2/ F—ldrik
A2 SEAVT
T= 4/[C(u,v)d0(u, v)—1

EEFTBCENTES FEHLE2TWAI 2T DN T DT Y PO r B RDB L

e Gumbel-Hougaard I 25 © 585

o Frank ¥ 51— 4 { L 7% -1}
e Cook-Johnson JI¥ 25 11— !
L3,
3. BAbhieT—RiILDWnT
.01
Ty = an Zsign[(Xlg - le)(Xgi - .ng)]

i<

iChoT, BB Y F—lon, 2RDSB,

63U < IX Nelsen(1997). HONEHHE DM CHBRA LT 2D p L 2 SHEANT

p=12 ff{C(u,v) — uv}dudy

EFHT B LATCE, K{AVBhD, ChENEHIEREEOMBNMEEIC SAHc OV TRE RS- TE
b, WEZEO RS —ICHEE T,
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4. FR2 TRIAL2FIKDVWTRDE 7 L. FlEH 3 TF—E2HhERDIE 7, BHY
T=Tn

EFBTETRAY2TICEALT a OHEEMHE o, ZR®D B,
5. Z; = F(X1i, Xoi) EOVSHEREERER, TONEEE K(2) = Pr{Zi 2} T3, C
DK(z) BBAC2FEDVT
_, . 8=
K(z)y=2z—~ gé’(z)
ERBENBTEAMAENT VS, TTT ¢(z) i generator X THENZEP T, 8IF 1S
el Ak
¢ Gumbel-Hougaard ¥ 2J 1 ¢(z) = 27> -1
e Frank ¥ =25  §(2) = log 2= e _1
® Cook-Johnson I¥ 2 F ! ¢(2) = (— log 2)*

EEBTEFMOIAT B,

6. FIE 5 TRBILZIL 25D K(2) k. FIf4 TROT: o DRI o 2RAT B, Thic
kD, BI¥2IDNT K(z) DEANEFRI AT 2 MU v 2 Ic@BB bl Th 3,
T.F—ENE ) VRS A MUY FIE K(x) RS, THE K, () £ B0 K() 2/ V1854

MU ZIERS B BT EIE
: (a.) A @ﬁfﬁ‘“ﬁ’i’ 4y = {Xl:, < XIJ‘J‘b Xg_-,' < Xg,'é’:ti%) (le,ijUJﬁ)}/(n — 1) &LT
i=1,--, R IEOVTRDS,
(b) Kn(2) = {z U2 %% Z,OHE } LT3,
TH5,
8. FfE 6 TRz K(z) EEIET TR Knlz) D aq TRy FRIFO, K(2) BT Ka(2) I
I B 2ARDFEFABREITN I 2 S EBHE I 25 2 L TRIRT 3,

DLEAREE 2 2 5 OBRTETH 5, Frees and Valdez(1998) TIF THAEIC LD, Gumbel-
Hougaard 2¥ 2 SHRIREN T3,

CTETOBRTIC 25 + FHHIPE >TeDT. (1) U2 & DS 2 KTEM F(zy, 22)
AEENG. TTTRCBLERAVTEHTTD 2 RITHHOIT A — 2R HEE LET, 2
EaSDNRF A~k 1D, AOMRTHE— bRHONRIA—XE 2DTHY, 2 1TH
HTHBEDTHET 5 DORANRS A—2BHET B Lichd, LEEEERDBICHIE>T
J, Y —TNIT - 2DV THHERBRORERS 2 HO T EEEBOBRERNT 2 58
BH37,

Frees and Valdez(1998) TR F—ZP 637 A—Z DEENEEN., TOHEBERE L EICXE
TRYD p W NREFRENTVS, THIHPRERETIEL THC{HT 2RABBRAKED
HERD2 L 05 BRUTHZLEONEHERL VI 27255, T 5IC Frees and Valdez(1998)
TREIL2FEDWTAIC LFHEENTED. AICH 5% Gumbel-Hougaard I ¥ 25 O
RAFZRENTVS, BifRIC 2 5BRICIE, £ TV Cenest and Rivest(1993) DA HER

TEEL <12 Frees and Valdes(1998)Appendix A %,
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AlCIZ &3 Ak ERAGFENTNE TR E T T3 A RERR RITE 0 &S
TH%.

4.2 ¥EERThRERZHEOHA

FET & DIREEESIAR (X1) L ThICHET 28%RA (X) O 2 KamEMEE s hi.
CTTREFNZAVERERSHOAEEOTAL VI ISAAERANT 3, HRICHWET—&
DFHEE T ZEENERGRY LFTYL, THEHMALVIREZE LS, TOL EERRS
FLORHEM (X0, X2) %

0 if X, < B
9(X1,Xa)={ Xi—R+%EEX; ¥R<X <L
L-R+2EX, i#X)>L

9%, TTCTRBLIEARA Vb, LEZINBEETSHS. ok,  RUTOPEI
EDOWTREERESMIIFHESELED,  RE LOMOFCONTIE RBBIZDE2E
Rt seEal., FERAIC OV THHSRESHGEOS NG L REORSTHET 3.
LEBZAZNCOVWTRERTSHS L LIRERHE (EROAFETHETS, LWHTEe%E
FLTVS, ThALLEBERTEEHRREZEEL TV 2DUTH S, '

CDE = EFRESLORGEIETR Elg(X1, X)) 2%, % T Frees and Valdez(1998) Tid
AT TR 2 KT & OEEE 100000 EFRE 13, TORREIEMH g« LIERRE se(g¥)
#

160000
1

9* = 100000 9(15,25)
=1

1 100000
se(gr) = \/m Lt 10?)5)35, i

YLTYIal—vavic kDHELTVS, CCTREV LIBLEHEEINTEY, REU
L OEREHENDOBLETRNON TS, TOR. HEER L FEWiE CHGaRE:
&L %3, R/ILPECEEHGFARBEMEC< BRI LI FEREBRTVS,

EHRCHOOEHIHT THS LV IREDO T CEABOY I2L—va YT hTED.
R/LRU LWL 53 B P HIF R ER LIt EF VI IS EEERENCHELTLES
NSV al—Ya VEREBTWS,

4.3 TOBOER

CORERBSHEE TS JHT 2REBRHEOHIE. Frees and Valdez(1998) DIEEHOW<
DHORIL THHEEN TS, Klugman and Parsa(1999) TIXFISAM & U TRA 02 AL
Bl X D HE, BERBESHEEI inverse paralogistic 247, HERAIC inverse Burr 2776% B

SEMOBEAEIC OV TIE, Frees and Valdez(1998)Sectiond ICE L,
ITHEHY I LS Clu,v) = w BRVZELIT L THS,
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WTN5, EBIKIE2F L LTHVWOEBGENE Frane 2¥ 2 52, ZZE goodness-of-fit
IEDWTHER LTV S, Cebrian et al.(2003) TRAZDHICIEERSTEHY., BEIY 251
KBTHRITo TV B, TORBFR. BRHOKEEEZER LAV ESERRESHICHIDPZTL I
TLNFRTHEENRTUE S L4 5 Frees and Valdez(1098) ¥ FDEHREB T\ 5, 5
i< Denuit et 2l.(2006) TRIBEREHEOL VI Y V7B EB U LTV 2 S OBRETO
(Frees and Valdez(1998) T, ¥ aZDFRITE /YU FREHALTITFDATVE), /v
N5 A Py ZICHEE LTz Archimedean 3 ¥ 0 S EHAWESHETFTVS,

5 VIR —FEmADORGH

RERDBITH - BN 2 ERFEROFI & HIE L. 2004 FICEEY 2 F 271 — (IAA) I
&2 T lA Global Framework for Insurer Solvency Assessment] FNFEENiz, FOHT, B
EBVAHOBRERERRI FREL LTIV aSOEAMERTHED LD T ENRRENT
V3, TOEIRAEEIC 25DV —FHENDIGRPEE EN TS,

1984 £ LUREERTT ORI - BB 2 ERFE ORI ORRPR Y EHY, 1088 Flo3—¥
WVERKICKD BISHF (/15— ) PEEShe, EBIFO%BY BIS HiHRE LEENMT
b, 2006 £ERN BH BIS i (03—8)V ) DEANEHBEND, COXS RETREROE
REEREOHXORELZ). BN RRERE - ST 2R ER Y I 3 {RREE
FEPRHEM (TAIS) 2 1004 FFICFT TNV, FLTIAIS I TVILRY S —HEITE) & a il
BO—DL UTHRIRL., EIE7 7 F a7V —% (IAA) ~OWIRERHT I Lichks, COEH
ZRIFT 2002 | JAA RREERERNCMRBLISBREEN. VIRV Y —FHRCRER T 7
¥ FERRERTRET 2 FH. BRRY AR AD VIR Y Y—AY AT WO, URTE
ZOMEKENFEORBHEAEREICHEL TO#RIP L ENT, FOEER 2004 ElchFEEh
e, ERD TA Global Framewark for Insurer Solvency Assessment| T# 3.

CCTIABIE &S &, VRV —Lid TWOTLETOEMcEbIAEEEH I LY
TEZHEN LENTVS, LA LEL OERZNRRET ZEREC BV TR, BiEoEk
XBREMRBRBOLR, A 7 Uic X3RS IEOMM, WHERE LEVERKEDRE
Lo TcfBREXHRERBICT 2 REDEEL D 3, TOL5 2B TH- THLRREFHESEK
XA BZREEMEBRSHICRDBENTED. TORDRENLEOEAERROT LIREL
T%. Tk, BRBRSHITLTORBAREOBEFHRYLETSHZ LVABES 3D, ohH
VIRV —FUBE TS %,

TORFEENLT B7zbicit, BRI BOTEEOTFAEEITELI 2V A ZDELE
HEELENH D, BIRISEERBRESHOES. YAZE RBRURY, FEARUZS,
BEERAVAY, BEEHUZAZLVS KSKHETITLITE, FREhISICNES
N, TOXRICHMENTR AZITDVTRENMERD, FRCESWTEEOFRER
ATELSB3VRAIOEERMEZDIIEN, SHEULTDYR IV ZERT3HICRTHLE
VAT DREDHRE O R TREL ARV, FOBRB TV 25 ORI AR E % nhEME
BHBDITHB, '

A Global Framework for Tnsurer Solvency Assessment] Tik. @GR (Total Company
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Requirement) DEHE TIE 2 21TDNT

It is more likely necessary to construct dependency models that reflect observed
and expected dependencies without formalizing the structure of those dependericies
with cause-effect models. The theory of copulas provides a comprehensive modelling
tool that can reflect dependencies in a very flexible way.

While structural dependencies are modelled directly in an internal model, em-
pirical dependencies are most easily modelled using speciﬁc. dependency models
called copulas. Copulas describe the relationship between the quantiles of destri-
butions of different risks. They can be selected in order to recognize so-called
"tail-dependencies” where dependencies only occur, or only appear, in extreme cir-
cumstances. Appendix  gives an overview of some technical aspects of dependency
modelling using copulas.

EERLTWD, ¥5IC Appendix T 2 SOBBEEHANATRENTEY, TORTIV LS
AEE T BHEAILDONT

The meodel for x{=overall risk of the company, which can be described as =
EJ. x4, where z; are risk components) is completely specified if we assume a multi-
variate Normal setting in which each component has a univariate normal distribution
and all dependencies are expressed through correlations. However, insurance claim
data immediately show shortcomings of this assumption as,

o loss distribution are usually skewed and heavy tailed(le., the downside risk
due to large losses is substantial),

. depen_dency between risks usually increases in the tails(i.e., various lines of
bussiness may look almost independent in "normal” situations, but they are
strongly correlated in the tails as occurred with September 11, 2001).

LEMNTVS (—8H). Thbb. T¥2FEHNTY A 7EOKEER X Y ZRICRR LT
EFVNEENTOEDITHS, LI L—FT. BENEIY 25 DBRAEDPEISGEDOSR
ERER LITONT OFEREERV, 0T, BRY AZSHICE L IY 2 SHIAFIEORETH
SHBOFEL LSS,
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Y25 DOWHE & Z DI

JEHEEA!
2006422 A 14 H

1 FC&IC

SEB|F—SEHANICES KHTD, ZOARSHEEETZC 2L, STOSWORRCET 28 LEEMN
B THS. BicSMT— 2520158, EEONRESGICSERERSHERETS T ENEL, TOEE
BaEEETHCLRIERCEETED LEALNS.

FZIE, —RROEMT—R BV TREONBERSHENERSHICHE > TRV EWS CERE<AMENTS.
FRSFL D LEOE N, MOBARDHTHI WS LN LELETRSR TN, COLBOBREERTS DI
FELONRFA M) w I BRHERREEIh TN L5 THS.

DED, ThEAROT EESIFOSFHIELDNTEERLLS bWS ONEROMNERERTH 3.

LA L—RTOES R, FTESHFOSLE (e 2 XA TH2TE) HEETROEAWEOEM T
H5. FOEDERTTIRIV2S (copuls) EFHINZBEENAL, STROSHEHHICMBE T EDGH
B3, ChRERSTY [FUoH L kERE] RT3 LA TERERELENR Y- THD, RXOFFIT
O 2 SEERNICEATE S LHAEN RS, TUTESERERAFICAET S NIEREREEE) ORRER
HAZPE-E D EIRILT, HFiehASA M) v 7 3MENAL, SHORERROL LRBEOSHM T —F DL
J:ipa R R ot s

kB, FRCBYBHHEN - V22— Y arvO2 TR R220ICL>TITS.

2 AEa13S&IE
21 =B |
T C T Carmona {2004) iKHEVLTFO X 5 1ce#&T 5. 41
ER OV a5 E—ROWT SHRRPZEFH ORI AR TS S,
TOOE 2 ZMEL{ EbNZEHE LT, LTOEEOEEFAZN.
EE (Sklar) HEEZ (X1,...,Xn) IKBWT, EREHER F, BUSHERE R, .., Fr 2R,
Flo, .. 30) = C(Fi(z0),. .., Fa(zy)) forallzmy,...,z, €R (2.1)

EHITIC 2T O BRICHEEL, RICHSER (X),...,X:) BEFEE C BE—DTHA™ M oW
A¥2STHEEZED, 1) RESTESIhE LI M, ..., M 2EISHCEOARSHERTHS.

* FRLEBR BT, WAL IHENL T KE -t ERENREICER Lt
SRR 4 47
1 Y72 SEFARI D MR ECBL T, fIAE Nelsen (1999) 2BM. AR TEEREMBIRETICRS ),
P72V 2 SOERIHCEEI WL L.
*2 FHicid TRenfy X -+ x RanF, BEME s 373 SH—RIHEET 3] L5 T i3 (Ran BEE).
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(FEBAIE Nelsen (1999} %&:H)

TOESELTEES C%, (Xg,...,Xn) DICATERR. # HEEELE, (21) i
% = Fl_l(tu), veey En = Fn_l('un) Z2RAL

Clu, ... un) = F(E (wr), .., K7 un)) (2.2)
= P(F(X1) < upye.., Ba(Xn) S up) - for all ug,...,us €[0,1].

BRI C’ (F1(X1),..., Fa(Xs)) OFRSWMEETHS. ThbE, (X1,...,Xs) # (FL(X1),.... Fa(Xa)) EE
BURDLT P, ..., Fy ORSERSICROB T LT3, S REREOREIY 25 C L LTHELE W
STEICED. TOXSKk, LEBEARSHERE 2.1) RckoTHERE (=2¥a3) LAISH LRSS
BIBCLNTEROTHS.

Tie O WMEERITH B LEETZ L, Q2 TOBEER i3 (2.2) K& b

f(Ffl(ul), . F{l(un))
Pl ) Tl ) 23

clug, ... uy) =

LHEENB.

2.2 —iEMEY

FREERT S L TEEER, W OWOEESEEPETS. SEMOEHIE Nelsen (1999), Cherubini et al.
(2004) ZBR. LBFAXTE, CHUBMHMOED 2 XTOOLSORERS T L LTS,

FE2 (X, Xo) B5HERF S BECHBEY, TOI¥a TR O LTHL
1 pl
FYRE—ID T = 4/ f Clui,uz)dC(ug,ug) — 1
o JO

BEEDIzD. dhbbrik o L:%b'c—ﬁh‘.ﬁ_ia“*.
EF 3 (Fréchet-Hoeffding DAFAWE) EHMOa¥a S O IKHL,
- max{u; +ug — 1,0) < Cluy,ug) < min(uy,ug)  for all uy,uz € [0,1]

BEDIID, max(uy +us—1,0), minfuy,up) HEX[0,1]x[0,1] TN TA¥AFTES*S LK, ¢, ct
LEQ.

Y OEEET R X BEOSHMM F T B(XG) LERTIL, & oS FICERES [0, 1] 0—BaIcHES T Lizx <
HohiERTHS.
1 ThucHL, EROVT Y OEBHERN
_ S JCF (), Fa(xa)) - F(m2)Fy(w2))dzr deza
y/J (@1 — B[X1))2dFi (21) f (2 — E[Xa])2dFa(w2) -

L Y EUSOERERITLES T LIRIFHE IR, BHEHIHOAEL Hoeffding (1904) K45 (BROFR-TH
SRS ERCTHRICR T X 3),
*Sn R HNTS
max(u1 +ug + -+ +un —n+ 1,00 £ Cluy,uz,. .., un) < minu, ug, ..., )

FEUTEY, n >3 0L EEIRIV LT LRESRVWOTERFSHTSHS (Cherubini et al, (2004) ILE&RNSH Z). +
ORE, EEH4D 1 D 3MEM ETREFELELE3, 3 DB EOERCEN TR THO (B HEEN -1 &b Aanc
LEREZDL, HEEOMBON{XETEHS 5.
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EEA ESTERTN (X, X2) KRBT, MUTFARITS.

1 (X1, Xo) H2¥aF C 2fD e P(AX1)+ B(X)=1)=1
o Xo RIF LA YRS X, ONSEELEPEETES
o T=-=1

2. (X1, X2) BT CF BHD & P(F(X1) = Fa(Xg)) =1
© Xo IE LA CBEEIR X) ORSEERRINANTSS
@7r=1

3. (X),Xp) Ha¥as C'J'(‘ul,‘ug) = wyup FIFD & Xy, Xo T,

EBS5 H3a¥aZ CkBRkEE, LUTTERERZWHROLIV25LES.
Clug,uz) =ug +up — 14+ C(1 —ug, 1 — up). (2.4)
ThEYRAINAELS LR,
Gk (3, 5) €DVT C % THINCEILK] A CH3. CIESER (U1, V), C > ER (h,Uy) kT3
P> 1—un,lUe>1—up)=up +up— 14+ C(L— 1,1 —uy)
= C(u1,u9) = P(U1 <1, Us < ),
it C NEIHERITH S5 O LIRS 0", EEMRE

S(ur,ug) = ofl — ug, 1 — uy) (2.5)

LHHTES.

23 JECaZDNSAMN YO
W, FRICTRAVIST A M) w7 aa SEBAT 3. *7 L b B8R3N, Cherubini et al. {2004), Embrechts
et al. (2001) 2R &. FHC, 7 F—D r ORFOLBHIIERFEESH. HHEICOVTETR B.2 #8H.

(1) B2
Sklar DEBL Y, THFEERATICHT 5 2 FHME—DBET S, &, BHBIEE » (-1 < p < 1) OTR5T
FRRESIN, o BREERIHEERE TIUE, (22) R&D

CY (w1, ug) = B,(& {wr), & (uz))

*i‘_l(ul) é_l(ug) 2 t2
= [ / ! exp(2p5t ° 7 )dsdt.
oo oo 2m/1—p? 2(1 - p?)

tﬂ?&IEﬂ;:l EaZ ey ERMCBHELMERDE, o EUTOXS BEEER ORI/ T A—2TH 5.

8

o7 = —arcsinp.*
T

ep—1DLECH, po-1DLE C- CENTFNGHIETS. Ekp=00txcN =cl b3

*6 (2.13) S L TROIEMEISRE S,
T EDWDIY 2T DT, Joe (1997), Nelsen (1999) fx EATELL

*8 ZWRSCIERSHICEY S - R (RIENH (1975) #BR) L, O¥a S s r o—gilE (FE2) 2HCTEETSC
LLTRETHRS S,
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(2) ta¥as
FERC YT t AMICHBI B IC A SEERTS. o, BHEEHp (-1 <p<1), HHE v (> 0) DIYRITIRNK
L, b FEBEY (>0) Ot 5EEEEL

C:a,y (u1,u0) = p.v(t,?l(W): t:l (u2))

M wm)  ptr M uw) 2, 40 vt
=f 1 / = (1+2 1 f’”t) F dsdt.
—o0 —oa 27r\/1—p2 V(l"P )

ChEtI¥aS MR, EfavaZLiBEERE,
7T = %a.rcsinp.

ep—1DLECY, po-1DEECT LEFNFASHIGETS. EXELp=00L%E L it i,

(8) Ho Yk a2
B>10rE, LTTERINE CC*BH UV ¥ 1S LR

O (w1, uz) = exp(—{(~ logus)? + (~log wa)*}3).

TTDEMAY - A FIEBTBHENS A4 —TH b,

er=1-8"1

e foooDEE CT KHTNEL, f=10rECcl Lis.
(4) EFH UL, BEH VAL a¥2 T

—1<a<i, 821 ¢LTHYy A¥aSENTOLSICHETS.

CHS (w1, u2) = CF*(u, ug) + (1 — &) CF* (uy, uz)
=« exp(-—{(— logu)? + (— loguz)ﬂ}é)
1
+ (1= ) {ur +ua — 1+ exp(—{(~ log(1 - w))® + (= log(1 ~ w))?}¥) }.

CHEEARH I - AV S EMRT Eicd 510,

o EBD alZDNWT, fo oo DEECTIKHTWIGREL, f=10Lzcl s,
Fic CF¥ BEFH VN« A2 FERRRC LICT B, EFEHIULZDVTIE (3) KB 3 2 DORENTOEE
it a (GEEASR).

(BR) Efio¥askta¥as
MR p D" RAERDHCAET 2 HBERED TERIV ) o) THY. HEEK p EHE v OTRKT
t SARICNTET BIREMED Tt a¥as) O, TH5.
B, L0 X 5 ZEMBIEAR b 12D,
XD p= (1), RABITI Y = (7 T ) DIRFEERSHICHES.
o Eiﬂﬁ‘ﬁi X]_"’N([.Ll, O’%), Xg"‘".N(,ug, 0'3)
D, a¥aZ oV R

< (D EEE v, R p DT ¢ HERCHES .

%mﬁﬁ? X]_H"' t v X2~ L v
WD, a¥aZ C, RO,

*9 IV 2 FICBT 3 AWML LTI, Demarta and McNeil (2004) A 5.
MO B EC=a Cg"(ul,ug) + (1 —a) CF%u1, u2) BREH VANV ERERETEZ 5T, 5 - WROBELORD g = ¥
&Lk, Fantezzini (2004) Tk, C = %Cgu(ul,ug) + %C—f“(uhug) % mixed gumbel & LT3, Fiz, TOLESEL
THRENBN T2 TOEMERITT T LILDWTIE Nelsen (1999) Exercise 2.3 %578,
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it 5H0ES, 2200F0SHOAHEL ¥ Z0BEENR2THELIRVE, ZARt SR EBZEZVD
THEVMBETHSS. MeEXE, ZHr t SHRADSH « I€ 2503 D0HHEEFL TELVEWS HEE
FERMOSBEBLTLESTWA I lcind, 24 THERRZEY, Tt 9 TREL t 2S5 VAT ED
AJw bk (O—8) XrogicHs,

24 AE1ZOWMESEBATEAYY b

SZTBERIFLALITLREEE (Q¥aT) KRR TEZ LS T BR--

EFV T ORRESBEIC ER Uk, BiiicER T, BISHOBEX ¥ 2 SORERT SRS C LA
BETHS. £i, OIS LT [(AlSXEF8E] oHE-T {ERNERE LPTVWTS35,
SRS EORBIEXEC L2k SR 5.

FlAIE T2 Ko t 90 12 JOTIEESM BEVWE LTS, TRUSHEMIBERSTC, AElEhamE 3 o
QXL HAEAL] 8 LW S SRREROBER Tidahia il s ¢ LA KRR -7, ULHLIY 258 Skler
OFBERVZC LT, TOOHEEE

E(mr,74) = Cp 3(8(w1), B(22)) (2.6)
EHINIE, ERAICSDODRT RT3 T LIRS,
BEHCORE, AIOERSHS [VHH) LHRTC LETHETHEY, ta¥aT L AHENRE-TVS

Teh (2.6) BERP 2 Tt 7HOL S HEEL WEHED) BRELTWEY (F1. #HERESERE DY B,
CORITMNTE Demarta and McNeil (2004) &2,

(®1)

ERARLTHRET S, EERED fat tall 0SSP —EAQSHEEZS L, “EREESHFIHT 304
LT "HASMOFERE" & “REBEOIERE" 2P LR, HLICRETZCEHNTEZORAZLA
Dy bTHS FIRESEEE— 74V AONERFEY (EHSHLEBELT) fot tall BB B-TLES LS T
eix,

1. BEEORISHEHD fat tall BER2FK-TLE-TWVS

2. BRED Bkl 2&F0E) NEERERSHICHEXTESCA->TLE>TVS
&5 2 D0l (DH) NEZSNBRITC, CO2BEESIT BT, 2.3 THALIESTIA R v I a¥aS
FELHEERLEEZDTHS.

EROE 2 IR TR B A EFNEE] LB aCaS%ERE, COLSASHFE2ERYVITE L
LToTREL s, RECRCD NBleBraEE KOV THET S,
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3 DhMOEICHIFAEGEIES
3.1 RWICBITHHER

BAC L FORICHIBREMEERB D, U, Uy HLbiih3—FOME v ZBASHE PUL > v,Us > v)
&, BARVHER P(U) £ v, Uz <v) (TA—VR2O8RKE) Holkk->TEDXS KHRTZHERNS. R
¥4 Z, ta¥aZIDOVTE 100 AROISEREIWENNLEHERT- . FORRARI TtHS (FHa
EaZd t a¥a ZREERHEOTLEAOLETRLE). E0a8asTho THLEERMIKZ 0 KAD S, FOMN
RTBFEIIBREDRBNYSZL5RZE. BCB3EFHEENIBNEE, RhhEN o lclE LRV EE
RBCTLINTERESS.

FlaE, M3no—FTehaEaZOBERNE, THEOE TRAU, t (AHE3), EHEOMECE
OEFRAREE<ED, TEATOR cldt (BHEE3), EH HrNWOECHB< K3 LT3 LR TES.

SEHMEOERE UTRAWEY Y PO r @20 T, ZORALEZZ WL 208 LRIz OWTE
Cherubini et al. (2004) #£388,

3.2 Tail Dependence
CTTUTFORREERTS FHIE Joe (1997), Coles (2001) 2R &)
R X (3.1),(3.2) EEET Ay, A %, THTH R Tail Dependence, FH Tail Dependence & FER.

Ay =Ll¥lf PF(X1) > v| (X)) > v) = 1&11_1111)(1‘12()(2) > u|F (X)) > v) (3.1)
A =lim P(Fy (X} < v|Fa(X2) < v) = lim P(Fy(X5) < o|F(X1) S v)- (3.2)

B (X1,Xo) 0a¥aTZECEL, Uy = Fi(Xy), Uy = Fa(X2) LB,

Ay = li?ilP(Ul > Uy > v} = ﬁ1;111 P{Us > vjU; > v) (3.3)
AL = ]iﬂ}P(Ul <v|ls <v) = ]iﬂ')l P(Uy < ojl; <) (3.9

&ED, AL ZREWT

ho— lim P> 02 >9) 120+ Cv,) (3.5)
w1l 1ww vT1 l1-w
< <
Ao lim P Swla<) o O, v) (3.6)
T v v|0 v

&b,

TaELE Ay, AL &, 3.1 TiRo M THHE v 2BAZHE A, YOBEOME T IKT 30E8EELE 1D
DERCHZLARTCLNTES. Tk, (3.5)3.6) »oMLI LS, BINHOREERIT O TIEHL
T—HCEEIRMETED, 2 BROHMORICEI A R ERDET A BOEELY— V3.
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(®2)
PUy <9,Uy s v) P(U; > v, Uz > )
Uz Ush

1 : 1 7
: I I /é

'uy'- --------------
//A L

0 v J‘Tll 0 v 10

(E3)
CERAEaZ0p kBB (PBIEIZ0.50,-05) I SOEEEY KEZR (EVSHC 3,6,9,0)
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FRa¥as, ta¥axs, Hrb - a€aSOHE (=05 TEE, ta¥aSOEBE?I)
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(&)

(X1, Xo) ORI B BHAFRES, HOHT S =Xy + Xo OB EDQL S RS THEBCRIETS. F
J€a2, ta8as (BEE3), Hr . a¥as, £FEHUL - 8250 420381 FiCDVT 10 5
DUERREESYE, HMOTHUOEEREL!: (K4). 5FIC2S0RBERI 2 HERIEREY, 2EOHEYN
d7=03 7=06tH—L, BASTHRCEEEERSWERELE (DEDVERIC2TO L X TZTRIEETHE
DD (X1, Xo) OMORTHLRS). FULBLEHOBLE LBHEL, 0P 20T Tail Dependence i

EH t Hoeb  EJgH~N

T=03 0 0.2876 0 0.3755
T=06 0 05512 0 0.6805
THB.
(Em4) =03 T=0.6
£ g

0.015
0.015

RBER
0.010
REENER
0.010

0.005
0.005

2.000
0.000

B b GIRCERHT U0, t, BR, HrVTHs. BRERS 2, FIEHBloki) 5 RisdEom -
DSITED fat tail Lixo THENTWS. i
o FERAAYEEV &, FEHAIE Tail Dependence DERICLZBEHIUNE LD, BORAENX KD,
e HUb - ¥ AT, ERIY 252 812 T Tail Dependence i3 0 745, MHBICIXFOEIIENDS.
FhbE A LBOEREREICE 5 —DOAEERBL TV ISBER.
EVOSHRGARFCHRB I N, BB, 2 DHOKIZDVTE, Coles (2001), Ui - HI (2002) DML LBEL
W3,

4 BINSAMYwT - aAa1S0OHEE (F&8)

PEThETORRER 1 KELY, FIAC 2 SOPMREMNR C (FRER) 1SR Lk, Tail Dependence
BRI HERMNE RO THIFT S (PRI Embrechts et al. (2001) ZHE),

*®1)
J¥a> RS A—H ¥ F—ibr L] Tail Dependence T Tail Dependence Ry —2
;| ~1<p<l 2 arcsinp o 0 c-,ct ot
t -1<p<1, v>0 2arcsing 2t,+1(~,/l-ﬁ§;)‘—"l) 2t.,+1(— e e c-,ct
Hb A>1 1-% 2 9l/f 0 oL ot
E1FH AN B=>1 1-% 0 2. 9l/8 ¢t ot

BEAEAVSL -1<a<l, B>1 1- a2 —2V/8) (1-a)(2—2'% ct et

19
%7
EIRESHVAND - BENERLEEETYIal—vavl, 1— % RIZFZELW T EAEEE N, BElciiRR 22 Bbha.
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BEATRSEHEIY 2 FHOMEE LT,
o BEAY N CYF B, a=1,~1 TENENH VI CFY, EHH U CF* Lixs.
e t VS CE,,, v — oo TIEHRIELS C'f,v AT 5,

FRD IO

£1, R CE2ENEDHM3ED, (A0SHcdil) s Bt fed sREEE LT, x2lin
2D EZILNG.

(1) Tail Dependence A/l &% 0 TH 3.
(2) € =C LS HEEMPREDITE*2, Tail Dependence L%, KAEMEICHVAHELEELTLES>TWVS.

RFIC (1) BSMY A VEHICBNT, SEVRLRBNTEZLEDTZEIRVESS. (2) RBOFHICCO
E5EBVREESBTRES LW R EL, FAIXEEREORERY, THNY 3 v 7y 3 EEOHEMNER
DN WS OREBNIL L {MONBHETES,

ZhichHdaiiRe L, ROFESH TR t a2 S, BEF UV a2 FRFHTBC LIk B,

tACATERNERAY y LT, EHOCLS LEROEEEROHMASA—& p 2RI ENE, BHE v
& - TROMKEEE (ERMC) BNF2C L TE3C LYBFoNs. FRIV 2 50BCRREERHEY
—RILLEEFVTHEB LHETTLHHAHET, BREOLRTE, FRICaSLOEBOLRTILVSETL I
Ca FRAEREBIERE - TVEESS.

BRICER T, HELE t a8 SOHHEENTSNEIINE, P LB ERICL SORERETT S C L
TEZETTHB. “EIMICH, Mashal and Zeevi (2002), Schmidt (2004) 75 ¥, SMWF—ZICH LT ta¥a
GRANHEEETBZABEDEE LV EVS TERTRENTVS. EELZDtaaSh, (2) ©OVWTIERT
Yo b EHROEBREEL TWE LS C EERERLFRIER S v,

—HOEET NV - a2 T, FEEFAD Tail Dependence ERF o iERETH D, (2),(1) @ACHLTH
BEEORBHIFHING. BEONSTVARRT o By HEXLETLT, XDFNBHEIC 2T LS.

LA LESHROZ Ls (RFA—ZE 2 REOT), ENHEEHELESALHOHENE 7 £ Tail Dependence
(D) C—EDBERFIFELTLE>TED, —E—ETH3. BULAFHIY 25 EXR FTEVSY, #EREED
EBEESHETt A2 EDERRBENCLVETASME Livhy. ELFRTTRIFCERT 3 DENEh -
o, ADHEZZEASTERTERVEVSRE @) HoUb AL SOERTHSS.

RETRCNETIERBR LI 2 SOMRLBNATA M vy« a1 SOBERSER, ZRTERSFICR
DAEFNELTHREDF—2~OER L TOHERERS, '

5 SRELS#

51 7—%&

ST —ZADEAE VS BAD S, HEFL— FOBBMEER L LTHFT 3. BRI L =& EE L
fif (1 FAV 120, 182K 200 B 2.) OBANEES YEERZREL, 2TOV Y TS E—SHICHES
LARFE L.

WRZ 19904 1 A 5 B5 2005 4212 A 30 H (F—#%(834). H&EEE, ¥R (USD), A—RXFSUPFE

‘1 ENSHTTEWED, 1 RTRBET3 t ST ERIGOIGEE b L EFI MY TE 5.

*12 Nelsen (1099) 2.7 BiZE Y.

13 R UMEIC Ho: v = oo WS MEEHELTET LRTFARTE D, Ho: v > 1000 5 ¥ L Hy BRBMICRDT 2% 575
. Mashal and Zeevi (2002) 258,

"4 F— 2k OANDA.com H oL, REMAEEWOT— 2L L F—2EARE LEOR, —BNICSREATINEED,
HRF—ZDRF 70 V74 CHRBYHENRES (B3HEENESECEEN RS EET 2 LS C L E#E 5NE. %D
HRREE Liew.), BROPE, REBINOERFHEEIDE D MRIE 2 TLED EEI6ND D THS.
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/v (AUD), %K F (GBP} , A1 A7 Z (CHF), #=lL% (DEM), 2—0 (BUR) © 6 T, (USD,AUD)
BY2BECL ORBESGAIEHTE O SEREETR. &5, vy, 20k OnTIHEERS O L,
ENTHNI9994E 1R 1 HET, 19994F 1 B 8 ALBEAESHONSE Uik,

52 WEOERLEICSLSHE
BLBEAVWT, EaCa70RFA—F—HERTS. (21) &b, 2 RTARSHONEEERE
> log f(wmi1, mi) = > log(c(#y (), Falz:o)) + Y "log fi(ma) + > log fa(zi) (5.1)

Lixh, THREFOSH  AE2T0RNTA—Z—L DV TERALThELNS, ¥ SORERERERDS
ERICEAAGHOFELRTORAEES VY, SERSHVEEHRICENEEX, UTO3IEE

ERN f(z) =~ ep(— 5o — 1))

Voo
BYRT 49 5 o) = P E)
' #(1 + exp(Z52))?
STZAHBT flz) = %exp(— II;M)

ERELOUTRT 4 v I3 (REEA.2), STIASE (RE6) RIEBIFCENTEORECER® LT
b, BASHD fat tail K& SZBEOMENTHETSHS. AIFEHVEOSHTIOTNE, ZTORATRLEF—
Z F(z1), Folme) BHEHOIE A FITEVGHAET BT T, FORRICLSOHEEML LV EOMITF DI
BLEZLND. 24 TEBRTED, TOXSLEFV VY FOERECFHIE 2 SOMEEMAZEADAY Y T
H5.

Fla¥aFRIER, t, BAH 0 3EEEBRL: @HMEEIMRBI2REL). o [Fl5%fHEx 2
EaZ] OMBEHRIEDNT, OHFL-F—ZA+SUT R, @EHRYE - RALRXTSY, @HRL - izl
(E1AL1HET), @KFNV-2—1 (99418 8 ALE OF 2 KA HEEEELLLORE 2 THS.
FEE 1TEE 278D (ALLHEXI¥2F) OHAGDREZELTED, $ic 1 BE0% [EHEXTEH] i, &
BICAVWLNE -ZERERSHLALEFLVTSHS.

EFIVOMBHEIEEEE L UT AICBIC 2FET 5L @ IOMRAFELTES), FhFhB/ET Lo FD
Bwaabiild, © [OVAF4 v I XBEH ], @ [@YaFsvsxt], @ MY¥RFsvoxt], @
[(MPAF 1 v I XER] 53, UFCORRELSDLELLETWL.

(1) BRIE2FDT 4w b

EFTORDVTE, t I SOAHENNELEAVE Y EHIC 2507 X ERBEL T4 F LT WA,
(=7 PORELE) $3—FORBRHCEETRE, EEEOREREL VS REL P ETHE-2L0T
Baevobht Lhiy, LI LEoMo@~@kEnTE, EORISHERELTLERIC .07 2w MR
LE-THEY, t AL FLOEKE LTEEE v OEERTE TSN EVEE S 2TV T Ehbh3. *1T Rigb
FLOT—RICELT, BOREBRIEREICaSI D RBMIBVEESCENTEZESS. ta¥as®
ES DAV y PR BEEEINIC LT3,

18 R LB MBI ERETAD A— AL BV T A5, BAILT SROMMARIINEHAE{nB. & HEENDRENLLE
LTI, 2,38 ($00%) 2REBRAEL, TORREFELLTHGE LEERAETS NIFM B 555, LK
i, EEROERE L Joe (1097) 2B,

*16 25 DB UVERIINS (2003) 2581,

T RERIEQO [EHRX t] OEBEE v ICHS 00% MLEREME (2.096, 14.548) &b, THoppEng LRisg3.
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(F®2) BRAATEEEL & TORERR

HEETOH Y INIEEIAEESE (Hessian B 5EEUE).

*p, Ha, 01,09, $1, ¢ L EOEHEEOBALA— 2 THB.
* Kendall’s 7, 1:fff Tail Dependence (L T.D.), Tl Tail Dependence (FHIL.D.) &, #EELFENATA—
ENBR1DOBEREACTHELESD. YU Vb ERHELEHEE PPN PR IB HCBE THS.

@ USD,AUD (% =0.444)

pubs i IR BYRF 4w I F7 7 AN
=t EiR t BEH EfR t BEH EH t BEH A
Ha -0.0106 -0.0168 -0.0170 0.0256 0.0212 0.0184 0.0441 0.0398 0.0376
(0.0226)  (0.0226)  (0.0227)  (C.0206)  (0.0204) (0.02068)  (0.0194)  (0.0193)  (0.0195)
H2 -0.0146 -0.0188 -0.0106 0.0343 0.0346 0.0323 0.0604 0.0813 0.0580
(0.0268) (0.0271) (0.0274) (0.0252) (0.0250) (0.0252} (0.0232) (0.0231) (0.0233)
o1, $1 0.6521 0.6563 0.6592 0.3452 0.3441 0.3459 0.4852 0.4833 0.4815
{0.0138) (0.0140) (0.0139) (0.0068) (0.0067) {0.0069}) (0.0142) (0.0133) (0.0135)
aa, ¢a 0.7746 1.7909 0.7952 0.4239 0.4233 0.4251 0.5938 0.5936 0.5907
(0.0170)  (0.0180)  (0.0175)  (D.00SS)  (0.0093}  {0.0093) (0.0183)  (0.0173)  (0.0173)
p:0.676 oz 0.694 p:0.647 o : 0.656 p:0.644 a:0.652
a¥a3 p: 0.650 (0.022) (0.079) p: 0.647 {0.022) (0.084) p:0.654 (0.025) (0.098)
PESENE (0.020}y v:8322 £ :1.988 (0.019) w:5.699 #:1.871 (0.020) »:3.126 B:1.874
(2.417) (0.069) (1.618) (0.062) {0.648) (0.063)
Kendall's 0.451 0.473 0.497 0.448 0.448 0.465 0.454 0.446 0.466
£ T.D. 0 0.211 0.405 1] 0.271 0.362 4] 0.397 0.360
Tl T.D. 0 0.211 0.178 1] 0.271 0.190 0 0.397 0.192
B 6113.349  6118.453 6135.169 6171.706  6181.499 6186.976 6141932  6160.399 6160.430
AlC -12224.70 -12232.91  -12266.34  -12341.41 -12359.00 -12360.95 -12281.86 -12316.80 -12316.86
BIC -12223.78  -12231.06 -12264.50 -12340.49 -12357.16 -12368.11 -12280.94 -12314.96 -12315.02
® GBP,CHF (#=0.50 )
Hiladn ERITE TYURAT 4y PR 7S 25
a¥as ER t BaHAW sl t BEN AV IR t BEN AN
1 -0.007¢ -0.0054 -0.0056 0.0197 0.0224 0.0231 0.0633 0.0693 0.0715
(0.0245) (0.0245) (0.0258) (0.0222) {0.0221) (0.0222) (0.0209) (0.0208) (0.0211)
42 -0.0025 -0.0069 -0.0063 0.0218 £.0165 0.0164 0.0635 0.0613 0.0633
(0.0243) {0.0241) (0.0250) {0.0229) (C.0228) {0.0226}) (0.0211) (0.0209) (0.0211)
a1, $1 0.7084 0.7123 0.7473 0.3748 0.3735 0.3757 0.5278 0.6231 0.5218
(0.0150)  {0.0151)  (0.0165)  (0.0076)  (0.0075) {0.0077)  (0.0158) - (0.0144)  (0.0147)
og, ¢o .7022 0.7013 0.7150 0.3837 0.3819 0.3801 0.5408 0.5339 0.5298
(0.0148)  (0.0145)  (0.0154)  (0.0079)  (0.0076) (0.0078)  (0.0159)  (0.0147)  (0.0147)
p:0.743 o & [L.548 p:0.721 a:0.489 p:0718 o 0.436
a¥ s p:0.732 (0.017) (0.078) p:0.720 {0.018) {0.085) p:0.72¢ (0.020) {0.098)
HEEMH (0.0168) v :10.261 B:2.342 (0.018}) v:6.515 a : 2.050 (0.016) v :3.675 £ :2.059
(3.153) (0.087) (1.686) {0.069) (0.783) {0.070)
Kendall’s T 0.522 0.533 0.573 0.512 0.513 0.512 0.520 0.510 0.514
1 T.D. o} 0.223 0.359% 0 0.304 0.292 0 0.424 0.262
T T.D. 0 0.223 0.296 0 0.304 0.305 0 0.424 0.338
HEOURE 6216,495 6231.601 6225.583 6266.732 6279.763 6277.827 6236.672 6256.747 6253.762
AlC ~-12430.99  -12459.20 -12447.17  -12531.46 -12555.53 -12551.65 -12471.34 -12509.49 -12503.52
BIC -12430.07 -12457.36 -1244532  -12530.54 -12553.68 -12549.81 -12470.42 -12507.65 -12501.68
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(FR2D0T%)
@ USDDEM (9941 B 1 HLED (+=10.338)

B ERH VYRF 4 v L STSAS
J¥as EH t REH AL FH t BEH A ER 1 BEA AL
1 -0.0218 -0.0288 -0.0314 0.0198 0.0095 0.0126 0.0533 0.0413 0.0468
(0.0324)  (0.0310) (0.0285) (0.0282) {0.0284) (0.0271)  (0.0269)  {0.0271)
Ha -0.0210 -0.0119 -0.0169 0.0163 0.0242 0.0225 0.0567 0.0619 0.0592
(0.0310)  (0.0293) (0.0285) (0.0274) (0.0276) (0.0273)  (0.0262)  {0.0267)
o1, $1 0.7015 0.6867 0.7268 0.3606 0.3505 0.3598 0.5022 0.5052 0.4992
(0.0203)  (0.0186) (0.0102) (0.009%) (0.0100) (0.0202)  (0.0192)  {0.0190)
o2, ¢ 0.6714 0.6505 0.6772 0.3570 0.3484 0.3453 0.5004 0.4891 0.4820
(0.0192)  (0.0172) (0.0099) (0.0090) (0.0001) (00200}  (0.0178)  (0.0178)
p:0B7D o : 0.620 p:0.623 o : 0.542 p: 0502 a: 0479
a¥as p:0.618 {0.038) p: 0556 (0.039) {0.141)  p:0.553 (0.043) (0.163)
HESEMA (0.028) w»:5767  B:1.715 (0.031)  v:4.522 8: 1555 (0.033) w:2.842 @:1.561
(1.823) {1.308) {0.065) (0.618) (0.066)
Kendall's T 0.424 0.386 0.417 0.375 0.350 0.357 0.373 0.335 0.359
E8T.D. [ 0.217 0.311 0 0.240 0.237 0 0.339 0.211
T8 T.D. o 0.217 0.191 0 0.240 0.201 0 0.339 0.230
SRR 3454.854  3469.691  3466.060 3491532  3502.130 3501.508  3473.820 3487.656 3484704
AIC -8007.71  -6935.38 -6920.94 -6981.06  -7000.26  -6099.02  -6045.66 -6071.31  -6965.41
BIC -6006.79  -6933.54 -6928.10 -6980.14  -6098.42  -6097.17  -6944.74  -6960.47  -6063.57

@ USD,EUR. (9942 1 A 8 HLE) ** (= 0.345)

Jabubegict ERGHR OYRAF v e ST Z AN
O¥aS ER BeH A ER BEH b R BEH AN
i 0.0042 0.0077 0.0203 0.024 0.0227 0.0376
{0.0305) (0.0311) (0.0301) {0.0300) (0.0289) (0.0200)
# 0.0058 0.0008 0.0292 0.0268 0.0607 0.0748
{0.0362) {0.0368) (0.0348) (0.0347) (0.0342) (0.0344)
o1, $1 0.5822 0.5917 0.3301 0.3294 0.4630 0.4568
(0.0183) (0.0196) (0.0008) (0.0098) (0.0205) (0.0197)
a1, ¢t 0.6914 0.6998 0.3835 0.3843 0.5358 0.5362
(0.0227) (0.0237) (0.0128) (0.0127) (0.0249) (0.0242)
o 0.512 a:0.421 o s 0.329
I¥aZ p 1 0.552 (0.175)  p:0.548 (0.198)  p:0.549 (0.235)
HEEAA (0.036) @:1.531 (0.036) B:1.495 (0.038) B:1.502
(0.077) (0.069) (0.069)
Kendall's T 0.372 0.347 0.369 0.331 0.370 0.334
L T.D. 0 0.219 0 0.173 i 0.136
T8 T.D. 0 0.20% 0 0.238 o 0.278
A 2724.352  2714.012  2726.542  2720.204  2705.054  2702.467
AlC -5446.70  -5424.02  -5451.08  -5436.59  -5408.11  -5400.93
BIC -5445,78  -5422.18  -5450.16  -5434.75  -B4D7.18  -5299.00
(%)

ENThONELEBEEEZVEDS, RO optin ZHVTRALET 7.
NI A-ZEFBOFARTHEERECEH D, HEERCRETOEENS% LEDNS.

* B0 [ERXBAAYNV] OBBEDER, GIREHERETESIC) /185 A— 22 EHERL = L TORER
UDRES & o, 207 HEMEERIEEZO THEL TV,
T ORFt I SOEHEMR U o . '
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(2) ASHADT7 4w b

RABWCONTE, EFVEREMCE LG, ERAMERELEZETIVOT 4 v FAZALIENINTEL <
TV, QURAF 2w IGHEEEREFLABLEN TV EWSBREELZCEHNTES. ThbE 2ERERER
FERETACLE, BOAHLICASO 2 BOEKTEELLEVEVS T EICES.

FREAGHEICOWTE, RELESHOBVWIEL > TEIC 2 SOHEFEN AT DNTLES NI T LS
BELZTFAEZ6 RN, F—220fB e oI UEBER p, 8 RPEDEELTVEY, ya b oloifl
BELZZENILTLESTWS. FlAdO0 t a2 Jckit38mEik 8.322,5.699,3.126 x> THD, Tail
Dependence DEL FOEER{EL TV EOHDHE. D2EHVACATONTA—SZELLHEETEEINESIHE,
BRS04 v VMY EELTLESTVE EVWS T L TES. 18

HLEA—Z P U7 FAODRERR, R M SALEELERASHOBEMEEPERTHS (B6). ¥
LEETR UEEFLVRRET  EER, BOMNC2ENER VAT v Z70H0STEEDRRWY, EBCONWT
BSFIANTHLDOHMENEL Z-TVA T D DLDE. CORBRUVAT v I oRhERVWEER, ERLDE
ERAROSHERVT F(X) e7F—%2ZBUTLES D) a¥a50ETOREEY 3 74 OERELE],
BBt 2 EREOEES S E D ER TR EAATRENS. ERF7TIRAPHLLEREDNTOT 79 MR
WH, HFEEZESHEEEDOSTREVSOVAF A v IGHEDLELESTLE S TVS,

(E5)

-40 ki

0
1

10

- . T T T T T T :
B S N A Q0. <00 0080 <0025 -0 D015 0D
"D, 4D

ERC B AROBCEK S TSR, nYVRAF4 vy GER), ERSH

DX SICHUSDETY ¥ 7 I RFERI T NEE S BV NETES—, KIA M v I REFLTH
£ LTV DREED OBES Y. FAXIESEOREES, —E L — kO EBORCAEENS, £
DBATSHEROS, 2 DOMUIBIRE R SATA LY v Y RERETER RS LT BRE, BABEFIES
AREELT, HELETETEELEESCLANTHEENS.

FOTH, BERKONSRE L TREREOSNCRAEE UBR, RIEFT LI/ VAT A M) v 7 REDS
WMERNZDOVERNCLAAFTHS.

18 ERbicid, RORESH LEEL LISHORVCED, I¥250RERC T AMEENTLES L5 C £Th5. B
$fil & LT Durrleman et ol.(2001) 288 BECEXOIHIERDTHES D, BNEhET— XIS 74w FORE
%, MOPGCHT BT+ v FOREE [BoT) RBMIACDT Licks.

147



53 RASHICERIHREERVHE

CCTRHAAMFRECATA NI v 7 aREEEHT, BROINER F 2EAVIEARET ST LEERS.
U; = Fi(X:) EF—2E2ZH8L, Th (U,02) D9V FLEENT T, logeltin, tuz) BRAILT 5. X LEHRD
EaZ . t A2 ZRYVAVE 1 EWSHEDPHS EBARETEEVOT (Bl OEFBEHRIERL), B n TH
BrA%®atlel, BRHTEHEEE F@) = ;_%_—r#{i; 1<i<n,; <2} BEHWATLICT S, F AWM P
RT3 C eEEANE, 5.2 TRLS RRDSHICEDT 2 EFVEBROEB DGV, BAEEASEOMIOE
VWEDEEBESS, O

5E2bELIEERRNL - HRUE, @EEVF A—ATFUT RV, @RRL AL ATSY, @F—A LT
TR« A4 A7 2 OHERBINL, 2¥aFE GEED) H0, £EF~EfHi-imiTt#EeEl.
OFRPHFEI THD. WEARK, BN AICBICRAFCLUTHS.

(1) ANHTRORE, &2 LOHR (O~®@)

t 2 FOEHE v BOVAT 4w ¥R RELRBE LT DL ofedd, —ATRSH >~V DIERHT
HERT o OMEAAEERLE. HIMIKE o B SIADHERVERSIGEVY, 575 ASMcknES
ED v OERDPREN. PROSFTFIR, OVRTF 1 v 7 LERESHEOBES TERI TR TWiVSG, EREO
Fe&% 1 00 %RBUIBRICHAILHIELTVWE RS S Y £ EESHERELETFVE o, v L EBEE
VMEIZE T LE -7

RREDHAAGHZIEL TLRBTREY., RROYTELTRVWEEETS LD IBERITEEE RV 555
2+ TH OB THS.

@) ERa¥aSDT 4w b

@L@®IE DT AIC,BIC AR\ ofe. L LZODEERE DWW TRBWEREVHTEST, taa
FOBAEFRTETRICAIVHEEEZ S TWE T EAbD A, #2 LEEAROBRTED, Db CHEMEH
BOFERRENTED LEI 605,

(3) t a2 ZEREH YV aa T

BENT UL o A% { 05 % FED, Tail Dependence DALINMIC FRlicKEL kote. chidF—%0D
Rt (COBRA 01,0, OH) CIHHERSE LS T LERMLTED, 704, HHEO 1 I8 FED
WTRZ 4w bPAECESTNAES S, HECKEFREICIENHENSS5A, tI¥2FEbE (AEAALER
O¥aTkbd) BEH UV oA SOAREE LWESDS S T e MR TN,

ER@POBRIE- Tt A2 FDERT 4w MRV, thid t I€aSHEOKE v 2280EM p L5
UTHkZ 378, Tail Dependence NI VIR S v BREL TR L THRIHBTELDNETHA S, DD,
O~@REHIEDOWTZAE, BUL Tt SOFMESH - LEbE TERELTI BWEREZHLTWALERS
LAk, '

(4) BHEOAAN « A€ FEEEH N a¥ 2S5

FEHBUNETEZ RV EB LR ZLET T 4w FRRSEWS, £EF - ULOFFHT UL bizshicy

TREDSEIL, TITETH Tail Dependence O MEXREIHEEL VI LEILNS.

M0 LM (U1, 0h) 2 MOIK 25 LERR o EHRRES RTTES, £k FO) BBV IMCEELTVS S
(Th, U2) Y /BT 123 5T (Meshal and Zeevi (2002)), BEOBMLREOEESTOLLIBHALEVE Btk 3
255, EMC L TRHORS (T, Th) SEFNMICIRENIR MDD IV 2 F CIcid LREL, EXORLEENTYETE
BT LILT, a2 5ORAEOMCRET S,

Y20 BbIETH, RUT FAROZTES LIS oT0EY. F AENICEROSTORET 5 L0 S REERE 2 ik L6,
B AMELITLRETH 5,
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(#&3) BRIAMEREL & EDHERR

HSEE Ay SNSRI BENERT 5 LEE Lt L 2 0OMIIAENERZ (Hessian D HETR L.
* Kendall’s 7, Efl T.D., FEIT.D., # €DV T&E2 LA

@ USD,AUD ( +=0.444)

E# t BE&EDTvSL Husl EEHSIL
p: 064532  o: 0.38750
e p:0.64513 {0.02153) (0.08845)  3:1.74639  B:1.77725
(0.017068) = :4.54519  §:1.83324 {0.04897) (0.04990)
{1.00061) (0.05443)
Kendall’s T 0.446 0.447 0.4558 0.427 0.437
LRI TD. 0 0.319 0.209 0.513 0
Ml T.D. 0 0.319 0.331 0 0.523
THELE 920.997 236.232 937.445 371.248 296.826
ATC -430.993 468 464 -470.889 -420.495 451,651
BIG -430.072 -466.622 -469.047 ~419.574 450,730
@ GBP,CHF (+=10.509)
EHR t BEHT L Ay EgHIL
p:0.72024  «: 0.34504 _
HEENE p 1 0.72001 (0.01662) (0.08419) 5:1.94102  3:1.99180
(0.01353) »:6.17971  8:2.04846 (0.05465) {0.05605)
(1.68519) (0.06085)
Kendall’s T 0.513 0.512 0.512 0.485 0.498
"ERT.D. 0 0.315 0.206 0.571 i
Tl T.D. 0 0.315 0.391 0 0.584
MEOLE 301.853 312.279 312.643 281.24 302.212
AIC -601.706 -620.557 -621.287 -560.486 ~602.424
BIC -600.785 -618.715 -619.444 -559.565 ~601.503
@ USD,DEM (994 1 A 1 HLAD (+=10338)
1R t \BEA W Ho)  EFHVAL
p:0.51483 «:0.30368
HEENE p:0.53247 (0.03832) (0.13817)  5:1.49346  §:1.53418
(0.02948) ©:4.39269  §:1.54952 (0.05431) (0.05599)
(1.30586) {0.05853)
Kendall’s 7 0.357 0.344 0.355 0.330 0,348
Efl T.D. 0 0.242 0.132 0.409 0
T4l T.D. 0 0.242 0.304 0 0.429
RO 75.792 83270 84.194 71.299 81.260
AIC -149.584 -162.540 -164.339 ~140.598 -160.520
BIC -148.913 -161.198 -163.046 -140.036 -159.599
@ USD,EUR. (99 £ 1 £ 8 HLIME) (+=0.345)
iER t BEH W Hol fREHRL
p:0.54358 e (0L27666
HezEly £ :0.54361 (0.03279) (0.16757)  B:1.45845  B:1.48525
(0.03278) v :6181181*  7:1.50443 {0.05895) (0.05927)
(0.42857) (0.06283)
Kendall’s 7 0.366 0.366 0.335 0.314 0.327
EflT.D. 0 0 0.115 0.392 0
FHl T.D. 0 0 0.300 0 0.405
THELE 61.630 61.620 58.003 49.344 56.508
ATC -121.239 -119.239 -112.186 -96.689 -111.016
BIC -120.677 -118.114 -111.062 -96.126 -110.453
* HEENRE UL o TcDT, o ammn 1 DEBE £ L TR (=5
)
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(F+&3IDTE)
® USD,GBP {+=0.423)

FH t BEH 2SN Huogl EgEH-
p: 062384  «:0.31302
HEEE p 1 0.63792 (0.02365) (0.00391) B:1.70518  B:1.74961
(0.01739) v :4.32604  §:1.77622 (0.04749) {0.04876)
(0.98850) (0.05162)
Kendall's 7 0.440 0.429 0.437 0.414 0.428
TEET.D. 0 0.314 0.164 0.498 0
T# T.D. 0 0.314 0.359 0 0.514
T EEE 214.530 227.948 228.659 201.907 291.971
AIC -427.059 -451.895 -453.319 -407.813 -441.042
BIC -426.138 -450.053 -451.476 -400.892 ~441.021
® GBP,AUD (+=0.359)
EH t BEH A~ HoUb EFEHVIL
p:0.55051 a:0.28333
H#2E p:0.55240 (0.02266) (0.10796)  B:1.49917  B:1.53477
{0.02118) »:20.8435  [3:1.56037 (0.04044) (0.04145)
(16.9957) {0.04434)
Kendall's 7 0.373 0.371 0.359 0.333 0.348
-f T.D. 0 0.020 0.125 0.412 0
Tl T.D. 0 0.020 0.316 0 0.429
THEEE 149.126 150.001 149.159 127.032 145.463
AIC -296.252 1296.003 1294.318 -252.064 -288.926
BIC -295.330 -204.160 -292.475 -251.142 -988.005
@ USD,CHF ( +=0.300)
£ t BEHV~L  HrRl EFEHAL
p:0.46559 o 0.24913
HEETE p 1 0.47965 (0.02989) (0.11210)  §:1.40242  G:1.44531
{0.02421) 1 :5.80545  B3:1.45635 (0.03749) (0.03877)
(1.60698) (0.04036)
Kendall's T 0.318 0.308 0.313 0.287 0.308
TEWTD, 0 0.160 0.097 0.361 0
T LD, 0 0.160 0.293 0 0.385
TXECE 106.846 116.060 118.303 95.789 115.608
AIC -211.692 -228.137 -232.788 -189.578 -220.216
BIC -210.771 -226.295 -230.944 ~188.657 ~298.205
AUD,CHF (+=10.281)
E# t EBEH N Ho0 =TT
p:043342 «:0.30776
HEEH p:0.43546 (0.02806) {0.12024) B:1.34961  F:1.37669
(0.02594) 1»:8.94510 G:1.39739 (0.03586) (0.03657)
| (3.47423) {0.03889)
Kendall's T 0.287 0.285 0.284 0.259 0.274
E®/IT.D. 0 0.076 0.110 0.329 0
T4 T.D. 0 0.076 0.248 0 0.346
THEE 85.854 89.950 92.006 75.363 88.301
AlC -169.708 -175.981 -180.012 ~148.706 -174.783
BIC -168.787 -174.139 -178.169 -147.784 -173.862
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5.4 HWMEERDEZED
BHiELICEAIHSHEND, M EOERICOWTHEKE LS.

(1) 2 LT, t A2 FKERFRIAC2FOF—2ADETREHRBIEVC ENB. Fh, LEIHOY
FHERIAC25TH2ThH, ta€aFR (RAMTEED) BHEFARE< B> TEROICAFIRES BB DT,
FERUZAZEEEWSATR) EoTtaaSERAVWTLES LY, B TERACaS2AVTLESTE
OHENEBNCEATHALEIC LA TES. BENFRL UTRER2YASI0E t 82 TR EET ZHH
BE LY.

(2) FENFEREF BN UV OB SOANt A8 S8 F—RICE 7+ » FEBTHESENSS. ¥4
bEHEDREREICHECIENHEL B RIBE, HTLE t ¥ TR TREN.

(3 EEH YUV - aA¥ 2T, 2ECHEE Tail Dependence ICiWEMENH D, TOHGt ¥ 5XDHTIR
EOHE BBEAHS . BT, I TESIBA%ERE Tail Dependence DEEERIEELTLE> TS T
LA, SEOEHTEEENRE UTHI

(4) FIDHEDREEED L, I TONRTRA—2HEF AT ADD - TLES AIHEENS 5. "2 SED LS
i BOEV) &HF—20FISHICERMFERELTLES &, IV 50ERR T2 A2 {XLTLE
5 B,

(5) Rl BN EA R, AUSHLaaSOmADWT 2 BEEF Y ¥ I % LT LE SR Ry

55 UAVBEADGE

BRI, V2 F2AWEY A EEOREKAREBIZRD N3, c TRADSHERELESDAHERL,
FERNFAPY v Y EFLOEBEATHERETS > C LT S.

Pl T28E0NE R H, Q A2 HEFRRLELEOTHYAZREEL, VaR LHIfFYa— 74—
OHEZEHRT 3. 0 MBI ZHEORRIEEE LT P = @ 2RETHIE, TOLE0OEERH S =P+ QM
(t =0,1) ORI

log(-g—z) = log;(%;2 + %}2) —log 2=1log (exp(log(%)) + exp(log(%))) —log 2
ERENG (log(R), log(§) BSE TR TOIERTHS).

HHEIZ® USD,AUD &@ GBP,CHF 2\, “EBRERSHERT [1  HEMMHXERQE 2T &, 5.2 T
ELTe [ ST/IADMXEOROE/N AIC a2 F] BT S, CTTRYRF 4w 7 TRELS TG
ERWEDR, ERKEFEZEANEZTSANHEORBBTREDHNRNENS 5.2 TOBRICES. aaSH
DNTHERELIEEFNVORTE, SEDY ZAZEHICE > TRERA MEFILVTESS.

HE LIS (log(£), log(SL)) DEEE 10 HERKETE, VaR LIy 3 —F 74— LOMENELE
(##0i2 Carmona (2004) 124 3), " BENFATH 3.

*21 k) DEREBHE,

*22 THICDWTHE Durrlemen et 2l.{2001) B8, ROSHERELELCOMFELTVS.

2 HEEEORSE 10 AHIELES, BEELLTIRHBI, £9 kB 0ANM RE (bL{RNOHALSERTIRE) FE
EAnohd. &, CCTRCONBEHEELOBERCOWTREETAC LTS,
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(®4)

VaR TEREN ML VaR X Hilkd EE - ot 7L,
95% I I KR CIN O EAE
VaR HElEN VaR EREK (F—4EXa
@ USD,AUD  1.073 46 1.060 48 41.7
® GBP,CHF 1.078 44 1.036 46 417
a9% I I R EE O TARE
VeR HEEEH VaR EHREN 2 F—2%X o)
®USD,AUD 1.532 20 1.819 11 834
@ GBP,CHF 1502 13 1.797 7 8.34
99.9% 1 I HEIB SO R
VaR @BREH VaR BEEE (F—2MXa)
®USD,AUD  2.039 5 2.863 1 0.834
@ GBP,CHF 2.033 4 3.079 1 0.834
Ky a—rF74—10 lhistoricall REREOT—FO (TN o% SLFOMETH).
95% 99%
I I hisitorical I I hisitorical

@®USD,AUD  1.3508 1.5622 1.6519 1.7494  2.4852 2.4664
® GBP,CHF  1.3548 1.5321 1.5519 1.7454 2.3362 2.4954

MRERS b, £ (CEBRERSH) BEBIDBRNETELSITLTLESTVSS, —AT, O
Yo ZOEREAVETRREEOT— 252 LA HBNBSEOEWVELZ->TWE TH 55, RicEHkEH
HOE EZOBMEEET, 2 PR 1 OTFLRE 09.9%VaR M EOEEHSHE L EMEATLEY, SR
FEEET S ETHENSD LEDIT RN, RO fat tail A5, “ERIFESHICL S VaR @Ml
RE{HEELTLESTVE T b3,

NDEFLOLEY, HEOSHICEWESEEETEEEETARESS5. £ BEIVLIEERICDEDNT
log(§t) PHTBOEBEMTHIE (R6), 2 DDMNELDHETHS.

(E@6) BROHERE | (B, 1 (=) OK#

IR (45}

P&y, BREETNTLES “ERERITHTEAEL, IV2SOEREFONSARY wEZEFVERAVE T
LT, EWBRROF- RV AV EESATES C LASRENEC LIRS,

*24 05%VeR TREFVMORNELA LRS5O, K6ERNESDE LS EURICE D TR 5% TRELSHOE
CRBL T ot ThS. 100 VaR B TRY R 2 ERERBE TSRV TIEES S5 C L ETRLTNS,
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FESEO_ERBERSHEORETE, t I¥aF, BEFN VNIV a¥ IR TERL, FSFAGHEREL
TRAAGAOBANC L2 FEHLEA TV EERA6NE. ZTORDENE (B0) FREOHOE TR, COBRE
ED BN IEERLAMEZNT, 22 TEMATEA Yy FEPEVEESHELATY. LHL, TO
XS ADSREEFEREETVBLTEA W LEKY O SOBMRCE IV TED, a¥a FEHAVET
EDQAVw AT TOHBRRCGEREZ<ENThTVS, &) CeiERBifiinz til.

6 HTLHLSEDFE

Bk, a¥aZbHEnafsotEermohicl, “ERERIFe{baTTV) I/ TREDT-ZDEH
AT,

[ARR] = [ARGRXIE2T] EWS R (Sklar DFEH) OFR, KEHEOHAR Y bR TEIHH
TERLBIChY, EFUTOEFRBL ERTS. CHEFRAV2SOESERVBCLEDERDAY Y FTH
DT EVHOBRTIENE. TUTEFDONRTAMN wIEL LTV DD SORYEEROMCTET &
LTEE (TOFBTEDOVWTR 2 Hi~4 I TEHLLEEDTVE).

FHALDH TRASE L — F DIBESRICERESH T, T THREREN S (DBREERIC AT LRBE -k
FELTHEY, HNCt SO ELTEN TS L ESHREBALE . Eta¥ashignt
BIpnEn3 T ed’, BTV Q¥ FIC X o TRITENTERL. FLTHEL LLZERBFRARICON
T, F—2Ed3 74 v FABLBEOCEHHELEMN RS (CTE 54 TEEDHTWS).

Ui LA OERZ L { ORE » BB{EDL L TR I THY, MECRITTREMBEREEEIEZS N

Ric, BRATF—ZE27—-N L TIA—96GOREES TR LIRERNICL R ERMHELTE D, o
RAEFN LB EDE L ERBEEERETHAE.

i, EFANERCH DI RERER TSI C LD TERI > C LESBEORETES. TFI0E
WEHE L U TIRBBUC ATICBIC ZRWESR, TOMICOVWTE XD BELBRMNBETHE LEX NS, iV
AVEBRETSBCREHO 7+ v PCE, BOV s v FREIDVEFRTRETHED, FOLILEADIOEFV
BREZTSNENML LGV, EFVYTORRESELELWS T L, TFVERMELL RS T E
EBTHD, a¥aZEAVE ETEFLVEBREROBINISETARTHE LELS.

COXDIEEOERALABL S OFERPH LT THEEY, BRIC VaR SOHERRT LB TERLS
i, —ZRIEFESHIRbL3EFNELTO2C A SORELXP LREETAC LA TEREES,

8 A EBMORESZE

B2 FEMSEHMDERZDVT, HCFRRL THVESELRRS, &b aENLMEIIE Cherubini et al.
{2004), Embrechts et al. (2001) ZR.X.
o Ffinvaz Cl
L 3232 M, EREN p © 2ZBEETRESHEICES M (X, X)) ZREXES.
2.0 = 8(X1),Uz = ®(Xy) LEBINUE, (U, Ug) & O CRESEARTHS.
et IS Cf,,,,
Lé%ﬁ%ﬁEﬁﬁﬁtﬁm§v®ﬁ4Z%ﬁ&%mw,ﬁﬁ%ﬁg BHE v O 2 ZEEE « SRS B
(X1, Xo) Z2RETRS,
2. U = tu(X1), Up = tu(X2) LEHERTIUS, (U1, Un) & CF, IS ALK THB.
o AUV Q2T CFY, EFAVAN - 22T O5
1 U0, 1) icfe s Mz UL,V BERT 3.
2. Up = C (V1) ETHE, (Uy,Us) B3¥a S Ct RS EBERB.
(2. TA-U1,1-Uy) bTHE OF¥ S ALBERS )
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TTT Cluglu) B, —REI¥ 2T C OREFDHEEEDTHY,
Flugluy) = P(Us < ug|Uy = 43) = P(C™H{V|wy) < ug|Uy = wy)
= .:U(V < C'(u2|u1)iU1 = ‘IL]_)
= C(ualuy)

tﬁﬁ.b, clug|ur) = e{ur, ug), fluslur) = fluy,up) CEETIE, Flu,un) = Cluy,u) BRETES.

o BEHVAN - a¥aF cME
1L U0, 1) IfESHNIEER UV, W R2EKT S,
2WLaDkEU=C7 (VIU), 1 =U kL, W>aDbkEUy=1-C (V|U), h=1-U & ¥
L, (U, Us) Ba¥as CME TS ABTHS.

() 270 /I 7L L AR R22.0 2BV T .
c ERELEL A7 2 FEBOERIKC L rmorn, rehisq F, EREREERSEES, t S prorn, pt AV,
< SREN A I - OE 2 SOHEBEFETMICRE AW, unireot o TFAFNEEWNICHE L.

8B BINFAMYYS « A¥1SOEE
B.1 WEEN

BAHEEEZTOBICAVESE I ZOBEMERETTEL. FER - t a€aJeounTid (2.3) REDEEL
Fe. Hrub . iaﬁﬁy&;b:_E:L-ﬂ:owc%mﬁtiﬁgﬁz‘é%.

1 Dty — 2 _ .2 2+ 2
N _ PLY — T Y & ¥
Fr) = or(Ba )

where z=&"1(w), y = o (uy).

v ANt z2 2y uit 22 2 —up2
ot - B 0 D) DY (e )

where z =t w), y = 7 (ug).
1
g ¥ (u1, ug) =m(— log u3)P 1 (—log ug)? 1 exp(—{(—logul)’:i +(— loguz)ﬁ}%)
b2
% {(—logul)ﬁ + (= logug)'ﬁ}3 (ﬁ + 1+ {(—logw)? + (- logug)ﬁ}%).
Eg“(ul,ug) =c3*(1 — ug, 1 ~ ug).

C?xfé;(ul,uz) = cg"(ul,ua) +(1~a) cg“(l —ug, 1 —up).

P25 Xy =y LB X OREM ST, —Bic F(zalz1) = mgyo P(X2 < walz1 —e < Xy € 21 + £) LEBENDH
(T (1977) B ERBRD, FCOVaS0BE U, U —BSHT20T
P(h <ui+e, Us<us) —P(Ui Swa—¢, Up Sup)  8C(uy,up)
2e - Buy

Cluglur) = IE]JIB

ThBb.
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B2 HERSE

B.2.1 FMI¥aS, taEa15@CH C~- ~OIE

eV Ctig, po 1DEECT A, po =1 DEE C™ NIRRT 5. “CEMMICIE, HEFFMEEL 2 KT
FEH1 QRT O B 1RTLfmehsc b, ICLFOUWEHLERLLEDTHEY, EET->TVS
TEARIC BN S, T THEHES. UTTREHOCASOBEEOHES (t A Z70EELEIR.
(1) Ct ~DETRILH
(REEH)

w < up BRETSE. EFTERIAIC250O U = s CBIIZEAEMDHE, BlIZBUZEENMD,

w2 U2
CP (unls) = fo N (t}s)dt = fo (s, )t

e 1 (y = p27Hs)?
= dy (t=&(y) LEHRLTEE)
fu o exp( (1~ ¢?) )i @)
0 ug) — pd(s)
() )
PRIBICHEEND. CTTp— 1 OLE, HTME CY (ug|s) IFEHD s, up ITH LT
_ 0 ifuz<s
% (u2) = {1 fus >s (%)

RT3 (Thbb Us|Up = s o HESBIGHT 3)*Y. I (+), (++) & s OB E RNUE, So(ug) 1 [0, 1]
THEEE Cow <up KDWY, DD |CF (wo)s)| < 1 B O TAY 2 FOEEBEH o5 LEBOZTHNTE

" (2 (ua) — p®7(s)
. N o
}Bllcp {u1,u9) = lim A ¢I>( )ds

p-31 1— p2
21
=f 35 (ug)ds
0
41
=f lds (rup < ug)
0
= uUj.

up Sup DEED, U1|Us = t DRSOV TAROBRERDETE, limp_ Cplu, ug) = ua.
WA im, ) Cp(uy, up) = min(uy, ug), TibH CF AORHBHATE N,
(2) C~ ~DHTREHR
(ZEEE)
uy < ug BEETS. (1) LFEME REMHTER CY (uls) ik p— -1 T

_ 0 fus<l—s
O1-o(u2) = {1 fuz>1—s

@IS T EEERE, ThENARED SOEBRTSS.

YT U = bLTcEE, () DORBEEN 6 HU:) BRE p&1(s), B 1 — p® DEHABEMRS. EoTp » 10LE
&1{Up) iF &~ (s) IBERIHL, Us B s ICHERIUET 5.

*28 N (1991) EBIR.
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KERIRT B LARENS. CTT () LAROBROL L TEHETS.

_ , 1 81 (ug) — pb~1(s)
Pgmilpp(l—u;[(UlSl, UzSUz)ZpE}& 1—u1®( /1_p2 )ds

[ swes

1—uy
1

=f 1ds Crup<us & 1-(1—12)<uy)
1

—uy

= u3.
ug L uy DL ELEERCREHEDTET, lim,, 1 P(1—u < Uy €1, Up S ug) =up. WA
p]in}l{ug - C';N(l —uy,ug) b = minfu, ug)
& ug — pEIr_ll Cj\r(ul,ug) = min(1 — uq, ug)

& lm, C¥ (u1,ua) = max(us +uz — 1,0),

O~ ~NGRERT 5.

B22 Ar~ib-a€aZ, BEHYAIL - Q€150 CH NOIE

Nelsen (1999) 4.4 EHC P VFRAT 4 7 » A2 THRLSKICH TS CF ~ORHESFAATN TV, DP—
BUTHHDTEW, LHALHYAL ¥ 2 SOBREKR-THELE LT3, MFOLS CERcHBaAET
C* NDURARE hik.

(FERR)

HEEOFRADTS a,biEHL o> b BRETBE, (0 +59)F =a(1+(2)°)F i,

a<a(1+(27)* <alt+(Ep)F = 2ta

Mo, BEBS>EOFEID s o DT o lcUHTE. Affica<blE (a”+b”)é’ —b EFha=0bkbld
(@% +5%)% = 2%a > o LAEBHS limg_eo(a” +b%)F = max(a, b).
TORFEMANE, Hob  O€2 FRAEED up,ue € [0,1) EBEWT
‘615130 C5¥ (w1, up) = exp(— max(— logu1, — log us))
= exp(min{log uy, log ug)) = min(uy, uz).
2T Ot ~BHWHKTB. WRICEEH IV
ﬂlim CYE (uz, up) =aﬁ]im CS*(u1,ue) + (1 — ) ﬁlirn C§*(ur, un)
=amin(ur,us) + (1 — a){u+v—1+min(l — 1,1 — uy))
=min(u1, ug).

& O AGTRIRT 5. EEH ANC DOV TLRABETHS.
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& C BFIAE1>DEHH

CHYR=L TR0 (), 075 (F) EEELTRICLFORERHET2Y b.
Cta¥a TRy =3, BEFIN - a¥aFEa=03 kLK.

EH

H~ib

EFH N

=]
&

A

$i4

¥

[
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=H AW
BB {7 SRIIZERT
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BE: AT, fRY X7 LREERO AFEMNC OV TESETY. Thb O
il <D SHAMTON TV B, HFEHET 7 72 A L OBEFREC LI E hifk
BEELTWEDETH S, I TR, ROBLVERICEIIALT, D, L3RR
REEFROBED M B & 5 IKHETO . Xz, IBEOBHE 7 7 TV ADWHRLD
BN S & S BRAEITD. BB, ARMOTNIEEARMNC Dickson (2005) icHoT
W3, B, EEN—R LKL T A Dickson (2005) i3 & b BN GEFEERZOEFE
Klugman, Panjer and Willmot (2004) O EEZFICRI AN LHEI N TIZEWSH]
R/ TNB, £, FRICET 2 TENTEBRIERE (2000) ZHIE,

F—T—F: RREEHREE, BRGHEE, WEER

1 fRERREHFE

AETIE. FBREHOMIETRELE LWERI DOV TERZITO. P05 IcFRERE
EONEZENE DREERIZTOMCDNTERETVEV, VAT BHERER X TF
REB, TOURIEAIN—FTZ2EEDTVIT LIFERER X #5235 £ 5 5 TN
MHEES (1) B () BBCTEHEEI NS, Thbb, YR XHBEETHLE, U
AVERG TRV R (HRER) W oFERANDEBRLEL S, FREE I, &
Ly =¢(X) ET B, T LELWEBEOMBODOERLBEDE S HE
ZMIZERETHAIH, FLT EE LN EEDNAHER N OHETTHD,

(i) SEADERER I > BX]| B DI,

(ii) U 227 X4 & Xy 6i§ﬁﬁtlj A7 LT B, C@&%H)(H_xz = HX1 +H)(2 ya
5 IRTASR

(iif) R —NAEEEDER 0> 00H2L TS, Z=0aX £T 3, Iy =ally B
IRTASN

(iv) =B YV =X + ¢ THNE, Ty =y + e AR DD,
‘FHE. EFEAOREC X3 LOTHY BARETE KUSMIIEFROARTRERTEO TR,
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(v) 3 B3R (No rip-off): URI DEBKIER ¢, LB & iy <, BRDILIED,

o DEEMNE RS SRV IDEBRRIOBHAESROAERTHS LEbNS. C
NEOHEIX, BTy AFVARBNATIV A2 LS5 ICHEL A 5M5 U7 Artzner
et. al. (1999) lc KB ae—L b - URJAIEOMFLFITL THREINTER!, &
D& 3 RN ENAEECIT, B AV T 7472 AOHE & B 0 IEeETE
ETFNVEEBCLTWA I HBIT NS, ARETE., {ENEEFERERERFEETHS
YashiFEH, Ty yy—FH VRSB LVI 7 LAFBECOVWTERLLERETI. &
B, TSN T ETERHEREBEHOAENALSN T3,

1) JTHEFRISEIEOESR > 0 ZHNT

Iy = (1+60)EX

TIRERIERD 5, —BUE® no rip-off ARE D 3772780,

2) TEGEE  £ED o > 012DNT
Hx = EX +aVar[X]

TRERIZRD B AHEMES no rip-off B D 3772700, Thliicd | BHEREEEY
SAEFE 2 (FRA (2000) 2SR EOERHERFEES TSN TS,

1.1 ¥OAEE

WE, v(z) > 0BXT v (z) < 0 BT RAME u(z) 2EZ 5, SIFABEROFEREAD
A, FIZE Gerber and Pafumi (1998) I B W TIRBRRISEDFRFEIC ED X 5 A
BOFIAEhTHSH@mULEN TS, YaMBFEETCRERES-BGETLAho
TB\E, PANFAFCES &S KFRREEET BT LEERLTN S, TEDD

u(W) = Eu(W +1lx — X)]
THRERAR I Z2RET 5. FHiC, fBESIABE u(r) = —exp{-fz} BEZ K.

Ix = 7" log Eexp(8X)]

1 Artzner et. al. (1999) i3,
Axiom T. UAZ X & p(X + o 7) = p(X) — a BRD UL DT &, (Translation Invariance)
Axiom 8. VA7 X i3 p(X1 + Xo) < p(X1) + p(X2) RO MDET &, (HINHE:E)
Axiom PH. URZ X LIEE A > 043 p(AX) = Ap(X) B IDT &, (IEEERME)
Axiom M. FED X <Y Bz X L Y IZDWT p(Y) < p(X)
Axiom R. £TD X < 02T X #£ 0IEDVT, p(X) > 0B b irD,
DEEEETV R 7ABOEEEITo Tz,

? VaR D& 3 CHERSHOSN ARG LICRBRERERYD 3,
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B D, COFEREOREEEREERLPRC 55, CuifFEEOL & ¢
. FEERNIIEE OERSERE (1) ThB T EMRENS, Jensen DARERID

w(W) = Elu(W +Tx — X)] < w(W + Ix — E[X])

THBMN v(z) > 0KV DDTIx > EX| THHT LWNRENDB, £, FEEOA
T Noripoff TH5 Z LBHEICRT LN TES, 20—, CaifiEEOL 2T
BINEERR DI B, T, RRRRNHR A CORKICKET 2 EOHFELIR
WRIDERIE N T3, ETAD, IBEEIE H O THREBRSRRE T LTS8 ikt
IR R T OBERDIHRERDE D LD, ZDO—FT. AT —IVAEEIRED IE0,
COMBARBEOELTG, EE, $EI77 A F YV ACBOTLEERIN TV S, FE

ST B TIREFBROMEE LD L S CHIT ZREMEL X 5, AT, X
BBENSHERES T+ VT4 - EFN

dS; = Si(udt+ f(Y,)dW,)

dY; = a(Yy)dt - b(Y,)dZ,
BB LT B, ZDDRHERIBEW, & Z, 3 cov(dW;, dZ;) = pdt ZFOIEHET S
VEBITH B, WE, BEEFEr(> 0 T—8LT %, TOETFIVTETY 3 > OFE
21755 LIESEHFTIRE TN BEI BN EWDITEY, 2O E, RS & 2HENE
BEEZ, MEORLEE 1), MROFEEE (1) 55 &, R—F 74V + D&
BE (X}

dXi =rXdt + (u— r)w(t)dt + n(t)o(Y:)dW,;
EET B, WHICHT B BRXOME S(T) TR AT C(T) = C(S(T)) BrEZ A o=
> DFHERITER N2 FT T RO 2 M ORERFIHE
V(z,y,1) sup Blu(X(T))|X (€)= 2,Y (1) = 9]
Uls,z,3,t) = sup E[u(X(T)~C(T))|S(E) =5, X(t) =2,Y(t) =y

BEXB, TOLE,
V("L‘7 yi t) = U(S? .'L', y + h’wl t)

ZRTITT . Y = h¥(t, s,y) BF D F0” indifference price”
Viz,y— bt t)=U(z,y,1)

ZWICT. bt = B¢, 5,9) ZEVFD? indifference price” &FER, ISEEBIP#EZ 3 L.
FIBHR L T OBEARDIEEENEDH D F L B E D indifference price” D—FEATE
%o BEMNEAN Y VHESHADORAME. 7Y 2 VOMKEHEST 5751l HIB A
#3\ (Hamilton=Jacobi=Bellman /512%) LMHIND, HEEHEHATLE LITHN 3k
WB RO T ERNEHET 28BN E %, COLIREEDHE T 74+ Y ATDGHA
(& Zariphopoulou (1999) %R COJEAIE Young and Zariphopoulou (2002) Z45H8
BT,
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1.2 ITwvirv—EEB

Iy iy — BRI
0 _ B[XeM]
X == E[e"X]
TIFREERDB L TH B, TOFBEAT—NVAEREZRL S DEL LINERE
DOHEEETZT. 0,00) TERTNIMREN X ORRHEEREE F LBE, HILLE

Ho® i ()
e T
1) = T

EB Lo g RHERFEEBERT, WL 57w ERE

Jo ™ f(y)dy
Glz) = Mx(h)

THBo 7Ly My(h) SHRDM X ORKPEN, 755, GRRERHHERLTS
R ZM ORI My (1) 2T 5 &

Mx(t+h
My() = T
BB AFRIC LD, -
vl o M){r (h‘)
‘ BlX) = Mx (k)
WD T, &7,
Ao Qg AMe(W) _ on g
i = Pl = dh My (h) = EX - BX] 20

LD Iy & A DR THET LD B, K0T, lx > EX] PR IID. &o
T, Ty oy —FEIC BN TIERDOEAER (1) PR IID. Gk, EE. —BiE. No
rip-off O 3 DDOWHBHEAHBEIC K DRI LR TES, Ty vy —FHERAr—ILR
EHERI2E 0,

—R. TOXTREEPZRET 5K DI <W0A, i Biilmann (1980) IR
ENs K5IV AT B33 s BBEE T REEEE RS T L TTOMSROSEHE
%o &z, Gerber and Pafumi (1998) i & FRIAMFNH 2, LUFOBHIZ, ZRA (2000)
BN D 20, BEEAERNTICC T THEREPTE S, VE, n ADOKEEEE
ZER, BHwPRINTEEER(ICEEX (W) PRETEED LT 5, FHTEIRY
AZEHUT, RBREE A TES LT 5. FHhw ORETRETNR OB 5N EREME
Z2Y(w) THB T 5. RBRRD D BHRER ¢ BHNT

[ ¥iw)$(w)dP(w) = BlYig)
LB BLDET B, T, PSR EEL T, Viw) = 0RO TOLD LT B,
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COREDS EEFEER OMAREN ui(z) TH34E56E, FEAVHCOBRAEE
A BRIE

mex fg u(~Xi(w) + Yilw) — jﬂ Y ()(w')dP (') dP (w)

#EZ B, 2T T, LOBEERALTS (6,Y). (VSL—h) HEAEEDI 3,
BB X S ERE DS A—2 § BEOREMEEE L L,

eﬁz
$w) = B

LB, T, Z=30, X THB. £oT. URY X lchtd BERE

E[Xe%%)
B[]

THEH, X & Z - X HAIirsigait

E[Xe’%]  B[Xe]
E[eJZ] - E[BJX]

MY 30D, WG, Esscher BEUE T 7 4 F Y ANDBALEZ ATV S, Thicon
T Gerber and Shiu (1994,1996) £,

1.3 VAVREITLIT7LEE

X ZIFADEZRAHRERE UTHHEEE F 275, URVEBHEATLITLE
BIE I3
M = /D  Pr(X > a]Yeds = fo T - F(e))Pds

TR ZRET BHETH B p> 12U AVIBMEER,
1 - Hz) = (1 - F(a))Vs

WIS BIM H(z) bR TH D, Esscher FEOR & FEIC & & OOHICER
ZHGELTHIZE - TS, TOXS %, RBEIEIIER Wang (1995) o X DBIZE
SN DTHB, il OB Tp=1DL %,

M = jo " Pr(X > aldz — fu (1 - Fx))ds(= E[X])

W T EIRERLTEL, VAVRETL I 7 AEE IS L. L
L. SRR N TES,
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2 UAJVEEHTETIV

AEITIZ, Peod BNFEBSEA (BIRIE 1 4ER) DU R & BERET B FHEIC DOV TEREAT
5, WV, B S % 1 EMICRET BIEROFBROEAL T 5. HEFERN TH
RAEFEERL, X, T BROFRELERT B, T3L.

N .
S=3x
i=1

EBLCEWNTES, TTT, (X} EHIFA--DHICHESIDET B, TDLEG(T) =
Pr[S < z] 2 RDZDIIBEMRZC BN TEEEHETSH %,

G@)=PriS<a]=3 PriS<z,N=nl=3 Pr[S < #|N = nPr[N = n]

n=0 n=0
E:E:Z)fﬁ\ "
Pr(S <z|N =n]=Pr)_Xi; < z] = F™*(z)

i=1

BRED ISEDD T, MRSMERIE
6e) = 3 5™ (2)
THABNB, £, HERHEENE o, &
%—gmﬁ

7=E L. ,
for = Pr{z X; = 1]
n=1

THB, 2/lEL. —BNC MR EEEROBRHAHEHET 5DIEHELOBEET
HB. TNTE, LOXSEHERTRIEYRNC g, ZFETRENTERESS
P EDTDDFED DN Panjer (1981) IC KB BEIEGEETH 5, LB, EXRFHEHE
BEERRZEORRNEHIEDO—DTH Y SH TEMAEMTEbN TVD, BRFIEE
(&, Klugman, Panjer and Willmot (2004) THFEL {EHBITHDNTVBR &S5 TH 3,
2.1 (a,b,0) 7S A9

FEZDTMN (a,b, 0) DTRCHE D TV B L&, iEREEN n THBHER p, B

b
Ph = (a+ H)pn—l; po >0
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BWICTTERE D TOETN TR, SBELBZODATIRT V0%, &D 2557,
2D HERRFTE S T &5 Sundt and Jewell (1981) I & 2 TREN TV B, FHERZH
X @%&35&&% PX(T) a§< aﬂ—%o @‘5 &\

PN(’}") =+ Z T“pn

n=1

Lihid,

oo B oo n_ b
Pu(r) = S ar"ip, =3 nrtat ﬁ)pn_l

n=1 n=1
oo

= g Z nr™ p, 1 + bPy(T)

n=1

= oY (n—1y" Paci+a Y r"pa_s + bPu(r)

n=1 n=1

= arPy(r)+ (a+ b)Py(r) (2.1)

2.2 Panjer EXREIHZ

HLHENTYR I 0DOMEE, Tibb S = 0DHBERIE [N =0TH2h. N=nTh
DXi=0(=1,...,n) THIMN) OHERLFLL, FHEREH X, OMITELD

Prid X:=0]=f}
=1
MEE D 7D, HRETE S B0 ThHMRIL
=00+ Sy = Py (f0)
n=1
THB. HHRLHS OHRBIER Ps(r) = Py(Px(r) RTELBh. (21) &b
Ps(r) = Py(Px(r))Px(r) = {aPx(r)Py(Px(r)) + (a + b) Pn(Px (r))} Pi(r)
MWD IID, &oT,
Ps(r) = aPx (r)Ps(r) + (a + b)Ps(r)Px(r)
THB, TTT.
Ps(r)=3"r7g;,  Px(ry=3S_rkf
j=0 k=0

2T B, T5L,

3197l = a3 r (3 i) + (0 + S Pa)(S ket
7=0 = j §=0 k=0

=0

166



B D DD THEEI r 2N THET B &,

rg: = aka(fC k)gs—rx + (a-+b) Zkfkgz—k
k=0

aforg. + GZ fulx —k)go—r + (@ +b) Z kfrgz—k
k=1 k=1

AEREHEL T,

MEENB,

2.3 Panjer ZRTRZDHR

Panjer ic & % (a,b,0) 75 A#HOHIRL LT, Sundt and Jewell (1981) i &3 (a,b, 1)
275 A% Schréter (1991) IC X 2HIRNEET 515, (0,b,1) 7 TFALWE, (a,b,0) Mg %
Bz 7z L RBEEREOZBIGEZERRELTOVRDIEIL T, (a,b, ) 7T ATid g &
q ZE5 AT L TR RBOGHERDL5FEETH S, Tz, Schroter 7T A &

— (G + 2) + E
Pn= n Pn—1 np'n.—2

BWICT I T ATH B, Panjer ik LBBRNA L BIEFROTHEAET 9. ZFIETES
b RRREODEER

Z{( + f3+ ’_ff*}ym-j

afo

&b f DEHFABBSLMCHHBEENTHERTNE, ¢ BEBERNICE XS0,
T, BRTTTOD Panjer BRARFOMELTON TS LD TH %,

3 fEBJAVEHETIV

AETE, RV R 2BEF U ETETAREL B3B8, EOXSCETI T EHh#ESR
T,

3.1 De Prillc K 5ZFREHE%

De Pril (1986) i2 & b, RD KX 5RO & 5 BEEOREEHEENERI N, KD 14
DETOIRTRD g (j=1,..., /) DABRBBEMFERICi(G=1,..., ) OA>TWVBA
Zng EBECTEILT S, TOLE, 1 FRTORBEREOSHERD V., dhbb,

(RBAREE HEEZ] S TET LT g, — PIS = 2] BEHELIV BBICiOAST
W, FEEEN g, TEINBHEAL & BIERE R OHER L

Pylr)=1—q; +gr'
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EEBF B, TDITARA>THB AN ny Nne b hid, SEAOEBREROGEN
TR D ﬁfﬁﬁl@%ﬁﬁ@ﬁﬁ%ﬁﬁﬁﬂi

Py(r)= HH(l—qa +grt)™e = ir’”gm (3.2)

i=1 j=1 z=0

EE;TB, CT T,

d Ps(r) J gyir?
drlong() P(r) Z:z:n’""l

i=1 j= "'QJ‘]‘%Tl
KoT
PLr) = Ps(r E E n@a
S() ),_13_1 ¢ QJ _I_qut
I J z 'i
47
= il 1+ )
gg Jl_ 1-g;

~ P33 3 e

i=1 j=1 k=1
AEDILD, TTT, E’?&@E’rﬁ@é’c@z LilcBT
o
1—g
BOZBBECDOHRRY D, BHEIE ¢ RETENEVDT, TORERRD IO, T
T

| <1

(k) = i(— 1)*“2%( q, o (i=1,....1)

i=1
= 0 (otherwise)

EBFE,
1 oo
Py(r)=Ps(r) 3 > r"h(3, k)

i=1k=1
TH2HDT, (3.2) AOHELZRAL TEHEABT B L
RN

Z ng ,kh(z k

1‘—'1 k=1
ELUTHENTES, 2L 0BRLPEGT 27011
I
go=TITIC2~g)™
i=1j=1
2RV, BEEZ, g = gm0

1 min{z,I) min(K,[z /i)

9 = ; Z Z gxﬁikh(zl k)
i=1 k=1

LT gk BRI, K = ABETHIICREERS C LTS, TOEDEE
RIS DV T De Pril (1988) 22 H,
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3.2 Kornya®H&E

De pril DF571& S DIEMA DR FET 2 /TETH SO U T, Kornya DFiEZ S D
AEEELUT 37 TH B, TDOFHEEL Kornya (1983) It & DEA I NIz, HERp = 1—¢;
ZEANT B &, HERER S ORI

Ps(r) =T II(ps -+ gy

i=]1 j=1

LECTEHNTES, 5L,

I J q 4;
=HH 47 z)m, 1_|_p3)—n,
i=1j=1 J

THb., VWE, ZfFg <1/2 & |gri/p| <1 ZEET 3,

log Ps(r) = zzm,[log(1+ L br) - log(1+,q—’j)1

i=1 =1 By
( 1)k+l

= E - Zznu(q"r*)k )

i=1 j=1

FZT
zzm}[ Y- (2
i=1j=1 pJ
PEALT
o0 (_ )k-l-l K 1).‘c+1
Qs(r) 212 Se(r), Qx(r kz_l (3.3)

ZERT B Ps(r) & Ps(r)

Ps(r) =exp{Qs(r)} = ZT 9z, Pi(r) =exp{Qk(r)} = Zr gt (3.4)
=0
EUT, gl BRDI. Thickb, ):ﬁ 09 DEME LT TV, |¢lF| ZEIRE LN, £
T Qrlr) =T2,r* b L5 L,

oo ( k-}-l I 7J G i g
=X ZZ%[( T) (’)]
k=1 =1 j=1
cEFs LD, HEEOkBICID
K
ng) = Z ZZ”*J
k=1 i=1 j=1
min{K,z} k+1 1 J
1
0 = 3 S S (&
k=[z/I]k|z i=1 j=1 p

169



CTHp S kid o DRETHBC LERKL TS, ¥, [o/]) o/l KOREOE
fJ\@%ﬁ’(%% 93, LTAT, g

940 = za R (3.5)

ENSBRNSBDT

Py (0) = g8 = exp{Qu (0)} = exp{{}

MBAZ— L UTR (35) BHNTHEL TN C L HAEETSH 5, T5 L,

min{z,{ K}

g0 == 3 %)
T 5

BEDILD, Bk, BE K =4BETToEBE Ty, BENTES, &, TOBRF
R OB A OELERZ O FRIX Kornya (1983) TEEIN TV S,

Lz, @V A7 ETFNDOMOEFELE L U Tl De Pril and Dhaene (1992) I & 5,
2 H 2 T/ (compund binomial distribution) % 2 R 7V >43#F (compund Poisson
distribution) THHY 2 FEFHET 5N 5,

4 WEEEIRAMN

4.1 EREE TOWERSE
B%ln=1,2,3,... Ic B 32 HBRROEFEARR (surplus process’) %

Ug(n) =u+n—>_7
i=1
LEBELT LT B, TTT. u=Uy0) RFHERS TOFEBRRONEHEFRORE, 2, TH
% BT BERBEANOTIVEHREL TS, CTT, Z (i=1,...) BEOBEDEY
WRBMIFA—DHICHEIBERERTH D, EZ) <1 %I dDLT 3, COETHT
LD/ DICERBIC L BZMAREY 1 TH B L LTETFTNRERL TS, R
DR %2
Tyn =min{n > 1: Ug(n) <0}

TEET B, IEL. 2TOREInicBOT Usln) > 0BROIZD L E Ty, = 00 EHL
LT B, ET. TR THENET 2H%

Ya(u) = Pr[Ty, < ool = Prlu+n—>Y_Z; <0, for somen=1,2,3,..
i=1

3 Pl(r) = Qi (r)Pr(r) 12 (3.3) & (3.4) BRALTRES,
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ZRDBFEEDODTE, L. B BN THBERES U,(1) > 0THhE, 20
(IE T OMERRIT

PriU1)+n-1 —zn:Zi, for somen =2,3,4,.. ]
i=2
?%D 'l,b(Ud(].)) (1:75"”'%0 ;'D’C\

u+1

W)= Y hpalut 1= )+ 1= H@W) = 3 hussalr) +1 — H(u)

F=0 r=1
Zh&b
w w utl
Z_‘B@L’d(u) = Zo 21 Poy1-rtba(r) + 20[1 —

w+1

= Z"bd('r) z Put1- r‘[‘Z[l_H(U)]

u=r—1 u=0

= de(T)H(w+1_T)+¢d(‘w+1)hu+i[l—H u
=1 u=0

THb. Thhb,

w

PYa(w + 1)ho = Pa(w Z'&bd M—H(w+1-r)] =3 [1— H(u)]

r=]1 u=0

AEZB. FC. vi(0) = E{2,| TH %, ThERT, THBFENO0THR LTS, T
DEE, BMEDETNEELS, BE LI EOFRFED y THIHERE g,(y) £T %
WE, {HOBFREZw L LT, I TuZETE-EEETOBFEEN v —y THHHR
BEZBZLT

u—1 - o0
Ya(u) = and(y)?,bd(u ~y)+ Y 94ly)
y= y=u
HNRED, Tk,

o0

$a(0) =Y ga(y)

DT D, KoT.
u—1 u—1
Ya(u) = Z 9a(y)alu — y) + 1a(0) — Z ga(y)

= a0) + ng(u yaly) — ng(y

zhi () BHELT,
9a{y) =1—H(y)
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/B, Th&D

oo

%a0) =3 (1- H(y)) = E[Zi]

y=0

BEDIID. Ko TRE Nz, Fie.
u—1 =]
Ya(u) = Z%[l — H{y)alu~y) + > [1 — H(w)]
y= y=u
LY LD, R T O EREROF L De Vydler and Goovaerts (1988) 22 1H,

4.2 Lundberg OFREL,
WE, BB R E

Elexp{r(Z:-1)}j =1
DFETHB LT %, TbE Elexp{Ru(Z, — 1)} =1 TH 3,

g(r} = Elexp{r(Z, — 1)}]

&Ll L,

g(0) =E[Z]-1<0
THB. Tz, g'(r) > 05D limg(r) = o0 BRDIID, DT EHE, B g(r) i3
r=05BPL, 0 RyDEDHTRADIEE D, BNciET 5,

Lundberg DAEFA 1
Pa(u) < e~

EBT B, FNRARTIE. Rt £ TIBEDNEC BHERE Yy(u,t) BT
Ak,
'o,bd(u, t) < E_Rdu

PETOLtTROIIDT LERET IV, ET,
/(de(u) 1) = Z hk

k=u+1
) AIRVASN
o0
PYa(u, 1) = 3 e Halwii=Bp,
k=u-+1
ca
< Ze—ﬂd(u-l-l—k)hk
k=0
oo
< e*R-z’” Z eRd(k_l)hk =6—Rdu
k=u+1
‘i

oc oo o
gr) = e ® U >3 ey > e Y hi=€(1-H(1)) o0 (r— c0)
k=0 k=2 k=2

PomEND,
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T, BBROFATIE Ry ONE

Elexp{R4(Z, - 1)} =1
ERAONTOWAZ LICERT 5. BFENRHEEZR O T Lundberg DAERERT, T T
tHEBEOT Ya(u, t+1) < e # PRV ITDERET S, &Ko T. BENRHEMREN S

Balu, 64 1) = Palu, 1)+ > hitpalu +1—k, 1)

k=0

S i hk + Z hke—.ﬁ‘.d(‘u+1—k)

k=u--1 k=0
oo

S E :hke—Rd(u-l-l—k) — e—Rd‘u
k==0

A DL, Lundberg DREFRS R D 37D,
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RoTHS, ) LIERRREFEDEERD
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HFEEPLIC, BEESEBROKIHY R 2D
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I TOBmmILIEES S EEMICER SR T,

HIRIREEE O L & 1372 b WA BTk A
TEY, REEGKRRD Y A WIEEE KD
To A H STy 3, FFIC RSLN(regime
switching log-normal) €7 /L, J 25 B
SHIEHE 7 A EVRER TV S O fEh+
17 (Hidden Markov) # A 7O #iaHHEF
BIEF ML L DEIBTERHRO Y 27 WS
ATERBAITOADL LT R>TD, 22
TR R 70 L R OO B BRI L
Ei, F—EAP LR TS LTSRS
HEZEHK (state variable) 23 D IEZIC B 5 Hifi
(¥ a—5) RrdiIEm & & LI (55
VCIEEEE) LT BRI T T B 0N
ORROFETHD, 29 Lickhwra 75
B RANET VRN T T 4 U7 4 (volatility) Z5H)
DUFRFIE T NAZ L DHEFHY Y A 7 FEEIZ
WT, HAROEMBREGEGERI S L1
2o TD, (2 I - fx11 (2004) ZBH,)
AT O LI-BIREERIRE K5
HELEZ D, Rififa#h (RS) £F ik
DEMEGRRO VU R 7 FHBEC RS A2 H TS,
BIHEEF L L LToRmER (RS) =57
NOFFHERER L MST B, E6hIZ, LW E
EARMREE LT, #H ki eHmhi sty
HIRENY R 7 FEIEN NAROT — 20T
FHMIIFFEAL D D, & I EFMC M
IR DT ERT D, £ L Thilizii (RS)
BFAERWTIE AARICE T 2 EHEEGRIRO
YAZIZOWTODHTEEREWET 5, Heo
S ki, ZoMICRBLEZEADY 2 1
RFEMEREZD L, ATERREOT -4
GHTCH LS EHFESED Y AV FHiE T 0 E
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{http://www.actuaries.jp/info/hennen.htint } $%% &
A9,
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T~ 2 ZHOERHERFIET L E L
TOREIEE (RS) TFAORFETFAE L
TOMEER~S, FHOEEST, BEHHE
. R e Y2 BT, &0, 28
HEERIREO Y A7 Rl LRGSR (RS)
EFNEHHLUICERE A FFOTF— &2 RO
AT, RIC3ECHHEELIAAT A—F—
FRHM LY ab—a & R0 T, HE
IEE RO EIT . OB, VaR(#3Y 2— -
v b URZ)RCTE (GUE4HEMEE) 4
EDY Xy T OWT LHERT D, Rk
ICAHITH, ARTHOWEEREELDD,

2 B (RS) ETILOHE
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a—AR - TIa—FHLED T, WhANERE
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Tihebb, § #RALICEITAHIME T

log % ~N{pt -r), 2 —7)) > (2.1)

Tho, ROBEE LTI EEE2 L5 pn &
RIT74 YT 40 MWD, ZOL ISR
HUNIISZICRHBOE R AN LAds 5 & v D 4k
3L (45 FHGER ILN (indepentent lognormal

model) &7 /AZEH TR R, BRI
WE MG L Tidade v R SOElE 5 %5
TEMRT AT ARG THEHRLATHS, L
LML, BEMOMERE 2 D562 13E8
TRWIERENEEZLND, PIRITIOE
FACRBEOERMGIZE TR BREER
TOD IR MR EBCRTT 4 U T 1 SO
Lok L 525 EAHERN,

K77 4 VT 4 BhE & 6 2 DEERS IR
R FT A CIIHE Tl £ Ao dif
THBHBMNR, DI TIHBFT 1Y 7 4 KN K
il (K > 1) oBE#d 2o 2280 L, HEBdY
FRAELOD ] 2 RN IEIRT B 2 A 7 O g
RINETNEEZL D, T ) LIcH AT ORE
B F T REMIIE ILN & 7L O Yilide 1] & HE
FLoo, ILNEFALY GEEICEBREND
INERLTEFE LD BN L HZD I EHHEKD
EMMBHTELI B K =2,L7c L&
LN DMEBIFRIIE T AORRE LTI,
THHAHMORB L & HICKEHNTEI 7 1 Y
T ADIKIKIEL | RRECRZ T4 YT 4D
EOIRIEL ZHEBT L 05, HEWTIZHD
IR EERE OMICIRE FRET B R L #E
HTHD, TITEVRTT 4 YT cOIREEL,
Pl M CARE T & D ELR
MREICHEL TR ERAZIENTEL I,

R HEFETO RN % & D ORI A A
S ALTHB TS, L0 ¥ A4 TOMETIIER
FIET A ZNE ThHx 8GR STy
Do FTRRERSBETRZNESR (state
variable) (- S& v a7z E L BEF N
3, BERHRIIE R FIARAT (statistical time serics
analysis) @58 T+ o ZiRAKRIITT
NBLFEEN TS, FHRERHFFEIZBNTIO

2T BEIERT 7 A+ ARBHI 1S B EEIBIEIC L
T3, FAEELE - %S (2003) HEBH LRSI,
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RO Ry ifaae 7 A 2 H A L /2ot Hamilton
(1989) THv, £& LT nBEmirickr

ATRRO BRI FH BRI ET L & LT
I &EhTna, &5z, Do/ a7k
RN ETFT DD T Kl i 8 (RSLN)
ETNC L DERERD Y R 7 IR IER LIz
DA Hardy (2001, 2003) THh v, FHodko T
2F 2T U — (GRIREEEA) O TIRE & fJ:o
TWh,

S I T R TSR L7235 i &
LT FHIKHEIERMNIRD Z & de, L0 —
R FIMtER (RS) EFAOVE AR LTz
D, BEHER (RS) EBF 0 28RS 2
THHIT, FHITBVCERMT UL IR R OETE A
KEORECRE (LYa—Lb) O—205H5
EEXED, ZIZTp THIKR L t+ 1) KIS
Rifi (V¥a—5h) %L (pp=1,2,-+,K).
S L T BT BR— N7 4 U A OB,

St+1
S+ P~ P(lupr?o-p,)

log (2.2

&1 D, IIL p,, & of, BB EGE TOME
(location) & A4V (scale) # FNEFNET
bO LTS, TIT, RLEROHERHESRT)
P=(py) % ‘

pii{t+1) = Pl = jlpe = 3) (2.3)

i=1,2,-,Kj=12" K

LT, WEERR = logs‘“ DERSAEE
A& D, T I T a7 RS TER AR {K A
HFEHTH Y, TR p; (¢ +1) = py;
UAFEE-EaM

TP == (2.4)
R EEAE T ELED, L =
(m,ma, o M), Thmo=1 (me 2 0) Th

Do

ZCHERMIZE T DEEE R LCIZINIZE
n%nﬁm@ﬁﬂ@:LuwmuLtﬁa&
BES AU, SRR DIEG RS 0T F; (i =
1.+, k) DEEHA (uixture distribution) &
&aoznfRf~ziﬂmﬂm,ﬂww)=

Fi(Z ”Ufi%vo:w&%\W£$w%#
14 }ﬂﬂi
P(R; < rolpe—r = 1)) (2.5)
K
= Z P(R; < ro,p0 = dulpi—s = i1)
in=1
K
= Z P(R; < rulpr = dp, pe—1 = 41)
'lq] 1
P(Pt = i’u|Pr 1= 21)
L
= Z — L )plltu
1|J»-1
&b, Lo T, ISR mB
P(R; < ro) (2.6)
K
= Z P(R; < rolpi—1 =1)P{pe1 = 11)
i1=1
K ro — i
= Z Flu("'('}“'l) iy
ip=1 to

THZBND, BTGB~~~ 7
ML CHRRHEEETH - T, &Rl TO®HEME
MWAE()THALRD ETDHE, R WL

Emd (2.7)

To— Mg
= / Uflu R )d‘)‘u X i,y
JIU ip=1 Ti,

4]

= Z 71'1[]{[110 + U!uE[mlu]}
ip=1
ERICED, LU, ai, IS
oy = ”wféém E(z;,) =012 &

niiifﬁfiﬁﬁfﬁ{téhbo KIZHLRE R A3 TR (A
R AOMERERSTHL I, EPu> 1K
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L C Rt ik od 4 3] tion) L

P(ifl. S o, -l{ﬂ—ll S 'rnlpf—u—l = ":ll:+]) (28) COV(R{_. Ri—ﬂ) . (2“10)
iy W i
= Z PR, Lo, Ricw € ralpimn = s, = Z Z [ttig + gigB{mi )] (i, + 00, B2, )]
in=1 in=1ig=1
Pr-u—1 ='iu+l) x P(p: w = fulpr—u—1 =iut1) Xy Piin
IN K
= Z Z Z P( iy < o T Ky R - Z [“iu + O’j,,E(.’l‘»j")]Tl',’,,
famlini=l  ig=1 Tin Tig fam=l,
Riow— i I'w — [ K
H < 113 . . HE .
o - g, I X 'Z_l[l‘t’u + JHIE(“["")]"‘T'"
pr=dn, o Prew = bu Preu—1 = fugl) \U X
KPivegrinllivivoy = Pigiy . = Z Z e + i B2, [pi, + oin Bri, )]
in=liy=1
ARMMLES, SALED, ORI s, (Peaie — i)
N5 TP b,

—.C’L;‘;{.EJJLZ)n Lf;;’){,)"c‘ 't} LPE":’U = P(pu =
" W i(llpl—u - iu) = Wiy, Cl: f.}:éfﬁ [:_){:f\ Jl /\'d{fi't‘f
Z z 5 'U — iy )F ('f'n = Hiy )'iT i

m o Fy e wlhiiv o (COV(RH-Rr—-u) =) (u, > ]_)) 'Cai')/':a:

iv=lig=lL fur
A WA - = el ‘*‘(]) LY
ERE (0> 0)TDHLENTED, T Tpii, = WG, EIZ Blry,) = 012 2R
P(pfl - l[;lf)!_u = l'u) &)7 Z &‘ Kt:::: L,_Cj".s r&ti\

<o [R5 BEC I 0 Wi ERRU

PR < ro. R < 10) (2.9)

K
Var(R;) = Z[/tm+a (;v?u)]rr,-u_(zpiumu)z

f(Rt =71y, Rt—n = ru)

ip=1 in=1
KR r‘,—'ul“) (Ju—;h,,) . 1 g e ~ ks
= 22 fal fin (% Lieh, G<RBEC, 0> ISR B HERE
fe=1ig=1} L
11 K
X aa—iun’upmn) E[R?] = Z "'Tqu[(Hiu - O-T'u"viu)n] (2.11)
iy=1

THABID ZEHDPD, RICIERBZTO

B3 (autocovariance) HEEIC DWW~ ERMEND, EHIZ, ny,ne 2> 1IZxT LR

THZ I, TR (1> 0) IS OWTOREE R ERDS &

E{R!Ri‘ u) ' E[R"' R"?]
= Z Z f ru"‘f’u i ol )fln( ; “j") - Z Z D ﬂ'u + Figd lu) Yy +°'1'u3’i-.)"2]7"upt'u in
in=1iy=1 Tiy n iy=lig=1
x L iy dradin THEZBND, Lo, B - RIGEHD
Ti, Tigy
e 12 1 EASBIBIE (u > 0) B & D BB &
= Zl Zl [l‘“U + aiUE(milJ )] []-Li,, + gqu(ﬂ’IT’u )] COV(RE, Rf—n) (2'12)
in=lip=
Ty, in kX 2 2
= Z Z E[(.Uiu + O'iuwiu) (uiu +Uirewira) ]
RS, B 23 B0HE (autocovariance func- tu=lip=1

X1, Piniq — Tig)

TCHALND Z LMD,

ks, IRIEROZREFNIR 7T « V7 1 DEEH)
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[FSECIER I Lizdvey, BRI F 4 V5 413
iEE &S, RIS L T, FibfiEse T T
E S EEEIET o cide <, INEEOE
774 UT A b—E L RSP 20Tl
BEREWAFF>TWH, 22T, &5IINASHRN
L7 RSB TORO{fFESGE L L
Vo TIRbL, HAHETFER AL & My BMEELT
B{(ptsy + ouyzi, )] < My, Bl(pe, + 0i,2:,)% <
My 73, ZoE &, & LIRELHO (FR)
v /o 7R S Rinis g s o
d— 1% (ergodic) 5T, TN ZNHDIE
Efon (< 1) BTFEL T,

|Cov(RZ, R2_)|

KN K

Z Z[P(Pf- =i, pr—u = iy)

in=1ip=1

—P(f)l. == iu)P(Pl,—u = JU)”
_ O(T]")

(2.13)

A

An

|Cov(R:, Re—y))
K K

Z Z [P{pe = i, pr—u = iu)

f|,=1 !'u=1

'”'P(Pt = i())P(pt—u = lu)”
= O(n")
EHETH I ENbND, UloESL0ES
I RHEES (RS) €7 AO—xEHII RO
E2CEE DB ENTES,

(2.14)

< A

EE 1 : Rl (RS) TFAICEB W TRG
IR OB L (transition probability) AR
(AR IERLH (irreducible) 2> DIETEBR (a-
periodic) @+ /L= 73i#H (Markov chain) &%
Do JOLIWIRE R, & Ry, DI
(29) THEABND, BEEIZBT BUNIEROS
A TR S 138 2o O H0IE (2.10) TH.2
Lib, ELINODREDT T, INERE -
Tl R IIFUEIR (weakly dependent) OFFEF

EE (weakly stationary process) & 725,
. Y1

RIZH RSO IR AR LI ) ik
i U B & M - 2 5 A EE (maximum
likelihood method) B8 L &5, 2L, 22
TR YT Dimdic K =204 —2 %
FEZADI LT B, — M K > 2 OBA LM
BRI D S EATEDR, F—F~DT 4v b2
HEE LAREROMPIITAUZE BB o0 137
BAANIENENZ LA I I THIEELTE
PO RAERLWT LI ) S5 maS Izl
SEZRIEBUMNS LIc i’ 5 L{RET D & | HE5
B DAL 0 = {1, po, 01, 02, P12, p } P
6 78D, T 2T IXERIEORIE, mipyy +

Tapoy = Ty, TPz +Mapr=mg £V

mo=—"2 g =—F2
P1z + pa1 Piz +pa
THLhF L,

Z ZTEMEEHC BT n BT — & MBS
EhickFaE BREER=(R),Rs,- ,R,)
DA BRI,

L(6)
= f{R1|0)f(I2|R1,0) - fF(Rn|Rne, -

(2.15)
W)

LREEND, ZIZT fFIFIRMEE R OBERN
. QTR e, SBITE—1MFEE
TOMBETTE & Lt HBOBMES LA
O R AR R

log f(Re|Ri—y, Re—zy- -+ 11, 8)

Thd, LEREEMSET SER, FlEEY
LIZBT B EMSHIEERER -1 £ TOE
HEE TG & U CBRENIZEE T 52 LR TE
Do HERCEZ bR eF —Fioxh L ChERE
% R ALY D ARIHARR T RE Tk fewn, %
ITREETAITYZLELTEL @GR TH
5 EM(Expectation-Maximization) 7/ U X
LEFRATHZETETIDIENTED, =

EEFERROKE NI R 7 B8k | BEERTT VO
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OEFBET AT XaE, B2 b0 T
PRI A 5 &, £ OIS S i B8
ERIZEEAICE T 2 REE oM LT
HIZERTI, WIHEES L AHBERALT
REfit =1,2,--- ,n DF—FIIHTHLIERHE

ToRed, ThE 4 Mo oW TRELT S
TEICAY BEERIEET S, & HEEh
2 BECE ZRIB OB E L TRUTH & 927
L, ZOBDELFRERTT2ETITI &0
LD THDY,

ZIT. I LTHLNIRLTEROBT
FHERIZ SV T, TR 2 i i
WD St CEAL I EICEREL TR,
EBLICEEDTEBWZE)IC, WERF—¥
SR H N L e 50T, HHAERYET N
DT AN w2 HEEIEE 25T D, Rl
BET MIIERIERERINE T N T D O THE
T BT VT DM T s 2 &
LELHEETIRARN, L5, BRI EICE
=21 7 (Hidden Markov) &7 A2V THE
CAVE THGHOMF RIS BV T gD o
ifFgERd 0. ZOMMBMBELERTLZET
R EHEE BRoOWLEMEEEA R G5, FHIEM
SNRVEERAVRIEE DY D D IED IR
Tho THRINT —# P HEHEER, Thilidh~
N2 7 BIOHEHOR RS 7 -850 DR
TERO—FHEIZ 20 T Leroux (1982) OfE%,
MG IEARMEIZ DV T Bickel et. al.(1998) &
RPHEATE D, BRAETONIERDAHN—
BROBEIZSOTRLHETED DR E#<
T2 OO RIS DN TIE IS 22083
ELEHES TS, B RBmcBIT 55
HBLERSE THIUZ, TOERSEEHI e
Mifbahnd, T ZTEEER G = {u, 1,0 <

X BT,

4% 1 Hamilton (1990) IHAETAFY XL LL

0,0 < 02,0 < p2a < 1,0<pgy <1} &¥ D
L HOBBMARBERMOER LIZH D &
EOBEESRSLT UL LRV &I
EELTED 5, KHROMTIHLMBNT
WAHBEERE LCiE, SRilnngmaRiERsy
ML 2 & & DHOBE e —0&T
HELEHEANSHTHLRELCTH I LRT
&, LEBEMRRBT DEaREEASHD, ZIL
TR T Aok, BRI E o &
WIEEEAL (F=3,4,5) 10k

O = {|u < My, |pa| < M3, 1/M, < 0y,

oz < My, 1/My < pra,pay £ 1 - 1/A5}

LTS LB X RS, T2 CH ks
RTILA0A, IR P ER R ORRR Y
WHEGEETHIOTEDRDIZZ ZTOi%
WERDEIIICELDTEI I,

B 2 ; JmEGER (RS) 7 /MZ BV TRkl
BROHEBFHER A B IR AT, FEBLRY (irre-
ducible) 22 IEFEER (a-periodic) D<=/ 3 7 il
# (Markov chain) &1 %, 32 R, 3&E
HICBWTEEBEE B, SBOELEL, &
& 1 RIRG S AT DS EHEGS DV TR BRI RE . s
N CHOBENEONRERDIE
HISktE R obnE45, Dk &RALHE
ERE—EME S WL IESE R, Thbb,
n—ooDkE

MAsz iy

o= 0,, (2.16)
o
Va(h —60) 5 N(O,I(60)7)  (2.17)

Lind, FIELOEESHTR, 6 HENF
Ay Pb, I(0g) MLV RDLND
(QEIEFZITHITH D) 7 4v v —1EHITH

RELCVEHH, ARTOF—# M2t o EM #HE7 . 1 Olag L {0)
=9 X AR L, 1(80) = im0 ~Bl-— —-lg, ]
YR ERR
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USRI T O B O 54 % T 5y
i PGE LI b, B FNF—4 L NRHT—
5RO ERLTES, =2 ThT
FF—-4 L LT EaRIRO Y 7
RSB TIEROREIC AR STV A e
v ARSI 300 (TSE300 : Toronto Se-
cnrities Exchange300) N5, = 2 TliY A
F10) TSE300 0 J ko 50522 & 20> 124 A
OBHEEEGELE (BOARTF U T 4) 211
R LTBLA, F—¥OIMNL TSE A EA S
721956 T 1 H 6405 1999 F 12 H £ T
527 A Th D, HAZBL T, BEEs L
THEYLTY 72 TOPIX 0 H koo s #ORak 4 (Bl Y
NEY A, HIRH IS REZD 120 A0
BOMEERLEEZH 2 IR L TRBLM, F—FD
WIFNL 1956 4E T A 19094 12 A £ T, 57—
FHIL 52T M TH B,

-
P :

'E § — R R(A 2
I

¥ e WSF YT
# {HR)

#

&

1 BkilLti &R T 7 4 U7 4 (TSE300)
X ]
.-E — REA R
]
¥ e HSTFAUTA
g %
m .
= 02

B 2: HRIEHERFF 4 Y 7 4 (TOPIX)

i g
TSE 300 1956-1999 | 0.008  0.1506
TOPIX 1956-1999 | 0.007 0.175
TOPIX 1956-1979 | 0.008 0.160
TOPIX 1980-1989 | 0.014 0.144
TOPIX 1990-1999 | -0.004 0.225

L HRWAEROTIEIBROBRTT 1 VT«

Wl IR R U E kg T UAY babe A7O R (5 )Pl
RIT 4 YT OHEEMAEE EDDE, £1D
L9248 B, 1956 F0e> 1099 FFETHF—4
TRS &, TSE300 DHEROF T T 1 U7 1 Diff
T 0.156, TOPIX OFEKRDET T 4 VT 4
OHEEMNL 0.175 & 22> T 5. TSE300 0 H
B FRULE AR EH5)13.0.008, TOPIX A i
DB R OFEENT 0.007 Lo Td. &
B. TOPIX B L Tl & =217 T, %
OV, SRFT 4 VT 4 OHEFEEALTEHL,
SThit 4 B TRIEEER (RS) E7 A2 RH LT
PHERHH EOMME £ X 208, T OBITIHER

Hlpi Y A LARBIER L F U A& LTRM L,

FATURE RO & S BT D20 EW~<H L
THo,

1 &9, TSE 7 —& Tk 1980 4958,
TOPIX OF —# Cid 1990 FMEHIZ, R 7
T4 UT 4 OBRVRIEN s BTV D, =
D L7cBlgsF R e My (84) A¥EM (ILN) ©
FAORRE LTELZD T ENFELVOT,
Fhififst (RS) €7 ACEOLICELALR
HOh, HETFHERER2IFLTEL, 24L&
9. TSE300 & TOPIX {Z & &iZ, 1956 445
1999 DT — A L TR E NI HEAES
NLEZENDDD, Thbh, Wr—R& b
RIT 4T 4 RHOVEIPMERZ T4 VT4 R
MO E FE->TEY, EROETT 1Y T4
1320 %z ie o T B, LasLiesis, &

EHEESRBROKINY R 7 FHE : REHERTFLVOFH
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b ey, TSE300 & TOPIX Cik, F)
IO FHOREA 0.029, 0.012 &4/ D Riro
T3, BEIAERI DR, F5I pyy 1IZH
LClk, TSE300 73 0.191, TOPIX 2% 0.045 &
RipoTD, 2N &, TSE0 OF—F 0
SN TOPIX O F— 4 LWERF T4 U7«
OIEREE R E W) T ETE LT D,
I 2T P A% ¢ HEE M plT sy TH D
P R i AR B T — 1275,
Lihim T, TSE300 0F— 5 O 57 1
7 4 RO D RN, 520 AT
by, TOPIX TIX#I 224 H L S h B,

Z 2T TOPIX F — 4 o W o5 E5% 3
(ZDWCRBE, TRHLCW MRS IS RD
EZANDD, PRI, 1980-1989 12k T, &
KT T 4 VT 4 WEOLBERRGE LTS,
LG ST E L ERO~ 2 2R ofhR)
ERIRLTOLOERRCE L H, 1990-1999 12
BNTE, ST NHBEEITTERT T4 VT 4
BRI SRR T T 1 U T 1 RBifiio> 05 & 26
IZiRo T, £, ThENROEE (V¥Pa—
L) WOEHOWERRL>TNE I &, poy I
BILTiL, #iBCKERBONRLNS Z L
WEIRAL D, Tidsh, HAROF— &G
W REFIOHERIEROMENRLE L oo
&R —ATHSHI EEA LR D,

& T AT L CRDIHEERE A E U THh L (1
7y AHEOEHL(ILN) =7 L O d 178 5, %
FILN =5

Ry =p+oe, ¢ ~N(0,1) (2.18)

D237 A—F—DELHGERC L A HEEE R4
3R LT <, ILARHAR B U AT
BRGNS D S RET B & BTN L R
T ECSHEEIC A B8, 2 2 Clalbo:
¥, A5 MO Rk iEc RS (RSLN) &5
Jb &R (HA5) RPEGIEE (ILN) =7 0

i a1 P12
2 G2 P2
TSE 300 1956-1999 | 0.012 0.039 0.031
©.002) (0.001) (0.008)
-0.017 0.068 0.191
(0.014) (0.010) (0.059)
TOPIX 1956-1999 0.014 0.033 0.055
(0.002) (0.001) (0.015)
0.002 0.061 0.015
(0.004) (0.003) (0.012)
TOPIX 1956-1979 0.013 (.06 0.053
(0.002) (0.002) (0.013)
-0.047  0.065 0.723
(0.005) (0.003) (0.169)
TOPIX 1980-1989 0.012 0.029 0.033
(0.003) (0.002) (0.019)
0.022 0.059 0.070
(0.011) (0.007) (0.042)
TOPIX 1990-1999 | -0.601 0.068 0.008
(0.005) (0.004) (0.008)
-0.035 0.105 0.116
(0.056) (0.040) (0.131)

#FT 2 B &5 RSLN 5403 EE

Efl

(i Aoz () HEREZEOREEEZTLTHS,)
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it a
TSE 300 1956-1999 | 0.008  0.046
(0.002)  (0.001)
TOPIX 1956-1999 | 0.007  0.051
(0.002)  (0.002)
TOPIX 1956-1979 | 0.009  0.046
(0.003)  (0.002)
TOPIX 1980-1989 | 0.014  0.042
(0.004)  (0.003)
TOPIX 1990-1999 | -0.004  0.065
(0.006)  (0.004)

2 3 I LHEEIRIZ B ILN =540 Bt
EfE
(a2 () UERSERSEOIEEM AR LTV 3,)

RSLN | ILN
TSE 300 1956-1999 | 917.38 | 888.19
TOPIX 1956-1999 | 852.48 | 825.14
TOPIX 1956-1979 | 477.14 | 472.16
TOPIX 1980-1989 | 223.07 | 206.66
TOPIX 1990-199% | 161.40 | 145.69

F d: 2 0D F N A B R

BOEER4IRLTEL,
SITxIAT 4 Yy BURRTIREMIC D
e B R DR EOFRIZ E 62 DA
MCTHDLICHEELLE S, £ CRERERT
TN R O S A Rk, =
Mo, RBERETFACL S EICEST BN
L5 2RD . BEOMSZ (H53) MHEEHME

FIMIE AR I 2B LS,
TR M 23 1 ICHE LB E
D&, Me{0,1,2--- ,n} ORTEMENRL S, F
TFEBR P(M = m) = plm) TRHEL, &6iz
M, Z Wi [¢, n) BV TRIE 1 IZIETE L f0E
#ELLd, 2LT, P(M, = mlpi—1) (m =
0,I,;-yn—t:t=1-.,n~1) ZEBLE

Do ETHOMIZ, m>n—t, m<0IZHLT
HP(AM =m|p—1) =0 Thd, £z, A
P(AM,— =0|pi—1 = 1) {TRIOIFH ¢ - 1 Cl3R7
01 HHE L, BT LTS5 2 &
IMOERERLTWS, 22 Cte[n-2.n-1)
lZ&f LT P{M,-, = lpi—1 = ) = i (J=
L2} P(My_1 =0|pi—1 = j}=pja THY, )
MAERLLTP(pr =4) =7; (=1.2) £AL
HIEBEBEZLRLK I, LA oT, EHMED
Ko F TR
P(Al = m|p1—1 =)
= papPMua=m—1lp=1)
+pj2P(Mepr = mlpe =2} (j = 1, 2)

AT, ERRICTER P(M = M) 2K 5
ZENTED,

KAS M OS3AIREEZE R LT BRAick
DEMOBHIGEROMERRTD L %25
R D, Sy & n RS TOREOKYE, Y &ik4%
Sp=1¢LHELL D, MEEH (M =m} RN
RIEEE (o =ty pn = i) &5MHLT S
& FREARMEDR AR 3 R, i m A0
HUNMIIMSLZ0RE 1 OWERTERE n—m EOH
VML AR O Tl LTRBLEN S, R
ELBHIY 5 D0 (M = m} TS24
(iR A2 IR (M =m} OFEWHTENE LT
HBHOT, FRITONHE LRI EL
Fhud |
Su[M ~ lognormal{u, (M), c2(M)),

(M) = Mpg + (n — M)pa,
c2{(M}= Ma?} + (n — M)o3
LD, (T Z THHEIESRSA lognormal(y, o2)
AR & D EIERSA N, o2 o Lizdd D
AL ERT S, ) ThRbLERETONFN%
IESLGTIC B EL T, M O p(m)

BPRESRROMINY A 2 EHY: . RERREF VORI
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ZJ,

Fy, () = P(Sy < @) (2.19)

= i: P(S, < x|M = m)p(m)

m=0

= Z Q(logi,(m) ,n)) (m)

LD, ZIT @ ILEEMETEIR A O BN
BARLTWD, FERICLT, S, OEREMY
ik,

log .z — ,u.,(m) 11
foule) = 3 o - = 7P

m=(} (m)

(2.20)

LET D, o IR DTSR T Rk T
B D, TIO ORISR, TedEENEe
1 > Tl et BGE L (RSLN) £ 551 & 431
(H123) RHETEM (ILM) TF 42 L2835 e
OB MR N A Y 2 e+ B 2 &
bk S, RAMFEOILERFIRIZ OV TITME
HISYCHEGESL (ILN) £ 72 ~T, iz
FHEGEHL (RSLN) & F DA DYEMRE T &7t
3B, THLIBEOMEE, 22 4F 40
BERICBOTEMORICBT A Y A7 &E
FU VT HBATHTHS S, L LA,
O3 A MY TSE300 027 —4% L TOPIX
DEF—F, WTIZ, TOPIX 7 1956-1979 @
T—HIMLTERADbDTH S, TOPIX D
1980-1989 5 —# & TOPIX @ 1990-1998 o>
7—HIZE L TRDIFERL, LAt LER
Z7AVT A MM TORIT 4 T OO
EWSHERIZSTNS

TITCIRE 2 THET Lz /35 A—F —%ffu,
ESIZHIHNE Sy = 100 & LB IR ROGE
HEMEREEI NS TIC52TEL, &M
DR 2R 537 12 20 TR BGE R (ILN)
EFNATIEAT, MBI EIES (RSLN) &
FNDEDBPBIENZ ERRTEND, 50

TiHDBE xS, =454 ) 7 BRRICEBW
TEAOZMCBITAY A2 2FFY 744
BECHRICA ST B,

0 e o 30 J M0 s0 TN K0 SW 1000 10D 1w

B4 3: TSE300 O ife25%: frpdk

I 1tn 2 o a 300 (LU kU HK) AL R 16 B FVT R k11 )

[ 4: TOPIX1956-1999 Ol 3% FERTE

RIS HTER B ML Mo, (B8
DU BT DHMOMBLERDB Z LA TH
DI EAIERY Do SRIFFIRHEIER 34T M

27 ERBE
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nts

Pas

gLy BL [Le]] KAt M Lo [[E1)

Ul 1] piLT] Ml

¥ 5: TOPIX1956-1979 > fife 358 e [ #¢

AL
0128
ALBIAE
un?s
(LUSN .

wo2s '

;l lll(l-': kit kLT 4ty ’ ot oL bl KR WH
& 6: TOPIX1980-1989 > fifi 35 8 B 4%

RT3 &
E[(S0)"]
= Elexp(k(Mpu + (n = M)pz)
+%(M'012 + (n— M)o3))]
=  Elexp(M (k{11 — pz)

&2 ; 2
+5-(0F — b)) x exp(knps -+ Eonot)
2

. 2
= exp{hnpg + ?naé)

1100 LX) hixe 2w M1 RILT) il [ci]] T HINE N

(2.21)

[IL-TREN 1T
B4 7: TOPIX1990-1999 o fes i 145k

B EREOSITNRERT— 2 nEFEL
IERERGICE L HTEL, AR TOPIX 1L
EHIDT—F & TOPIX1,2,3 X4 h %1 1956
1979 H, 1980 4E~ 1989 £, 1990 4E~1999
FOBROT— 2 EZhTREK LTS,

”m_'ﬁﬁﬁﬁﬁﬁmuxbm3

we  ww FIMERIR (RS) :E?IV%J'HU\I‘: U A8k

FEZ LD, FICRERN L LTRImER (RS)
TFAEHGEC A F LU s BERD U X
ZRHBOBE LT, SE7 7 o Koo ¥ R EHE
ZDWTERTS, B 7 FRGoK LR
TeEsE LT, 10 4EMIRIRE S BT 36
BUSNDE W RREZ, B EDOERH
A2 ZZ LGS L35, (REEOIICIIR
FURFEL, TR A2 - F- (R RE A Tl
LA E W D RIES DN TRE DR E 5%
TRAMEBELL S, =2, HARMS 12

x Z": exp(m(k(pn — p2) + ];—Q(Uf —o2)p(m) RSO IT A FHELRME (LITF Tit

m=0
LD ENRND, Zd(2.21) REHLT,
F) s (RSLN) EF A LT REED 5 1 —
AITDOWTERSIZ, EY, 21k, 3K, 41KD
A b, EBE, RIEERDEELESZT

SABRILHE S 2V CIERIC I, A7 vy T
LT AChBRACRIESIN A e Kausole A & K1,
HOfhiE, AfoEE E AR LEodins, |
FF 2T 27 U —2HM (2004) HEELCIBRALCWA LD
I, BIRMRERSARSICE Uity R BERZ S LS
WEind, I3 Lickes DEEMGRAIC L TEE X
L7z Y — (@5,

ERFERBROMITN Y R v BB | REEREFVOAE
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Rl el & & L R) 1 G RIS CIREE
LTWHH, F&lificsds7rr FE45
&L max[G - F0) THEAONDEEZD, L
o T, ZOEBEa—e v Ty - o
7' 5 2 {European put-options) ¢ i & fifH
VD ENIRD, I L R E IR
DWE, TOWERR Y A7 E o8+ DIz,
RHI A OMAEN T & % 3 R RN ¢
HEEFTNPRLIEL D, TRt RIERHL
Ty b AT a AERRIOMETE Y, BRGE
Mo C 5 47 HICBT D TR e ks
a2 WTHEME % b ST B2 h B,

120D Y 22 Z2HET 5L LClid, fiilgie
iD= FREERDZENEZ LN
Do TN Y 2—+F b U AT (VaRivalue-
at-risk) 7 7' —F TH B, =Tk, Mo
WHETATDEF N & LTSSy MRS
TFNEMWI L & L RTER (RS) £7 14
Wl b & mA— 2 PEEHELTRE S,

I 2 CHBIHEO B IR O Ik -
WTHEBX RN &S, 728, =100, G =
100 & BASHIERE, @ o x & LT, #HuT
Hh = M7 7 FhLELGINN, S,
Zn BRI S BN L5, 22
THEmOWUMILOBIZ, R ADE IR
577 FOfffis S,e~ TEELLT, %M
I F50F 5 ARG Hidi @ 4

X = max(G — §,e”"",0) (3.1)

ERLES, TIZT(=P(Se ™ >G) &
HE. bla<( Thid, BREEEEOSH
D 1000 7/t b AV, =0 Th b, bl
a>( ERBEEICIEV, IR

Fs,((G— Va)e™) = (1~ a) (3.2)

L9

Vo=G—e"FED(1 - ) (3.3)

THZOMND, ZITFy, FYEEED n A
(R IR, FSU () = inf{elF (o) >
t} TEHD, FHIMSI SRR (ILN) €7
A D EIT IR B O ARSI LE
MESIFETDIOC, 2, =0 (o) LB

Vo = G — Spexp|—zovno + np — nh] (3.4)

Th b,

ZITVaR(# W a—-Tw ke URY)[Fri—
T bRTHY, TOELY LEMOSAGON
N RS P ANRY - B A SR AP PN Ak 5 - A B
£, BRIIHLT, &F, RO T72F27
VU—TLTHEALE2THD Y 27 KK (risk
measure} & LC, ZMHHENFHE (CTE, con-
ditional tail expectation) 23 5, Zo#EI&E
L RSN & DDA O (1 — o) DEBICTE
LA L&Y E Uiz & & ORE Ml & 0%
iz ®tET 5, CTE i3/ 5—t®» Mgz
FMDTWET<THALChDZNE/AY 2— -
Ty URZXO LI LT 2IRNE S &
DHERHIER L TWD I EiZh b, Lizhio
T, VaRIZHAD & 30 (REFH e s & 80k L
Tuvd,

2 IC. iAo B R 0 oo b U A 4
MZHLTO0< o<l OFEICHDIEEDHEK
a (2342 CTE 1%

CTE(a) =E[X|X >V,] (3.5

THEABND, T2 TVt a—e T ok
YAZ{ETHSB, 25 LI CTE DEHICLA
L Wl e < CIRARNLTH Ve = 0 &2 5,
IOE R —APEMAMIREE L Qe

YA ERBE
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UL, FIRE S =maxB: Vo=V L0 3 IT o2(M) = Ma? + (n — M)o?
S ERDZEICEETHE, a2 ebiE
A ' CTE(a)
CTE(a) = (1~ B )BXIX > Vo] + (8 — )l R
l-a . = G—l_aZp(m)
(36) m)
‘ ) X (explpe. (m) + log(Sa) + df(m)/Q))
LERT D L%, FZIE Hardy {2001) L2 q)(l()g(G_ V,,) — log(S0) — e (m) +nh — o (m))
KL TWBH, 20 CTE OEFlE— oK) o« (m)

Wikt Ex ot S,
IITa>( BRESTDE

CTE() (3.7)

E[X|X > V)

E[G - S,e7"M8, < (G ~ Vu)e"]
1 (G—Va)e"

TP (G —ye ") fe,, (y)dy
1 Al ¥ nh .
T=a (G X Fol(G = Va)e™)

(G— v“ )euh .
— f ye " fs. (y)dy
4]
c—nh

(G—Va)ﬂ"h X
1—a ./U‘ yfs.g (‘y)(hj

ERUSN T LITHELL Y, 2T S, =
172 8, ~ lognormal(ny, na?) TH B2 bIT,
a> (LT

0

G —

CTE(a) (3.8}
exp(ng — nh + ne?/2)
G-
l1-a
log(G — Vo) — npt + nh — na
x&( o )
LD, B, TORBBYMMHS, = 1 %K
ELTWaOT, & ‘f) —ROYIRE S, (2% L
T, RikOERic &
CTE(o) (3.9)
G- exp(n,u, —nh+ log(Su) +no?/2)
= T
& log{G — Vi) — log(Sg) —np+nh— no"‘z)
Vno
THEALNAB,

E70 8, BREERERSHIER (RSLN) =70
IZLiedis & &z,

S| M ~ lognormal(u. (M), c2(A)),

(M) = Mpyy + (n— M)ps,

D,

Hla<(DEAIZE. F =V, =V =
0 THHME CTE() = B[X|X > 0] &7 50
T(3.6) DEFREFH 0L,

¢

CTE(a) = ;T_QCTE(C)

TEZ BB,

PAZBTICHER & i 5 RO G FV Ol
ERRHRIE (RSLN) FF ALY &3 2 L—
arE{Fo, Nl a—Fy b ) RIECTE
DUAZFHMERTICELHTEL, Likns
OISR BGER (ILN) BT AT DT HR 8
ILELDTEL, ThbOERLY, 1980 4-89
EDXL 2 DORWMOEHNIETCHD LS A
BEIZBOWTIR, KYZ R (BbAWEIMLVEF)
AOFERKE L, YRABLIEMICIZE
TR Lo & 5 AR BT o fMiRg B 4 0408
REAETECHIZ LRSS, i, 1090
999 £ DL H 7 2 DORFE TOELNH T
HLLIBRBEIIBOTIR, Ty b AFTa
v DIRGEH 0 U 2 MR e & OB Ik

ECRDIELFERLSMND,

RICERR I AORRI I PRV, I I T B R HE
&% £ 5 RENIONTE L TARL
J. HD FH (0 <5 < 120) OMME & O
PSR I R

S8120-;() (3.10)
1205
logz — p*(m) — log 5,1 1
- mz=u ¢( e (Tﬂ) )_ Tao* (m) p(m)

Loy ) bE2 bhd, L, Slzo_j (X 7%
9120 — j A OSMEEE R, §WTIE S,

5%

THRESREOHN) A 7858 BEEREFVOMHE
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DEHEET DI LD, JI T LEENMHS S
FRETIFILCHREHESL YD L 212
BT RETHDIEVIaL—TaickE
BLTHD, RS2, S+, S £TE 100
[EIELECE A &, kg HEH & ORI % 100 FITT
WEDHtE & 5 THIZ, FAHOL T 2 L—
arZRML, 913 TSE OFFHER, %
10 1242 TOPIX OFHLERA TN EFNF EOH T
B o, TITC year LIERFEHTH Y, year 8
D & G BB 0B IS AT 1 3 5 SV
WEND, I () SHCER (ILN)
EF D LIS D BB BOE 4 i o1
SRR U TR AR % it B3 I e & B8,
FEEMEIRE T A OB S IR IR & b R
HHE, EOMRITEMEL RZOTUr IalL—
alBRUEERA D,

=R
Dit= Foa|

4

AR T ERRRECB O TIECRA 31
TV B EGUERRRE FIUCBEb B LY 2
7 HRITOWT, BRSOV LB & 7 B R
BRI & AR TR L, el bR
BRI O L SICE L H B ENRTE S,

Bl EBIERBRO Y R 2 WEHETI AR
BCIRIREEL (72 F a7V TAi) H3kLL
T & 1o 2 KB R R b OB BR 1 £ A5 -
DRBEEREZLERVEW S BT, B
RELBWTMR Y- REEAIRELTWS
ZLRALHTHB,

& ACAR kO RIERIGRE & d.0is Z o
ENTVWBREGER (RS) EFAICLEB Y A2
BEEL, 74T AN CRRERET Sy
7 ra R BT TS T DR R
F T dp B HNTIRST KIS A SHAE RS it
L7235 &5, By (H845) SPCE#L (ILN) &

FARBRAT BRI A U B2 A FapIR &
DR/OMEEVHATHRELTIND, L1V
NiEHHD &V BRTRIERVFETHD,

RREERE T BT T L LSBT
D532 ERTICRD LET RV, BRE
TOWIRBS A ZIERGH LD & INEEES
WOBMDHTILRGERATE RO, BT 7 4
U7 4 EBENEL, BRI 5 —4)
et T T, HHMIE S S EBMNICY
O RTOEHSRIET A L R T L
T&D,

LinLiadb, LDRELRE=ZORMKELT
ERFERBRRICET D Y R 2 FHEIC B 5 R
EMETAOFIREELS L %O OMMA L
FIRFIZPE L L C &, BRFESIRRICHEES 2
YR BIKIZBZEIT DL, GRAA GERR
THBELTWAEETRIRZENILD b,
K& YA CREORIIKEL VW o72v 7 0
FEZOBFIT L EEMIKFELTHWD, &
ZAHN, FlAidZ olodko~ 7 o RiFEIm
EREDTZ oBEIMIZITLREEHSHO
D, RpDZRELEDLORLARY, FHER
DFEIT, BAR L o T HEO BT To
R B i LSRR Y A 27 fili% &b DR
ETITHILEDRDHD, Lhi-T, HERTIEH
SR O RICH LEYICIRERELT
Bmfsii (RS) EFAEEMLTY X2 %
T2 OB ET SWREERSDZ &
MR e,

I 2 Cikmifdsi (RS) € 7R ARIEER S
5347 (statistical time series analysis) 233V T
IR <27 (Hidden Markov) €5 /1 & FEE
NCWL YA TDWRINETATHD Z LG
L Th<, ZOMORERMERIIET LTI
I REIR M & s D[R B R R 540 23 FE IE MM o FER
Bitx GRBL I D EFIREGEHA PB4

VA7 ERB
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LTWa, 7720, JETEME & JERRm it 25
T HREBERFIE T AT TR ETRE D
M 2IhTD, FlEdEROT7Fa7
U — i CIARESRNYE 7 7 4 U 7 1 (stochastic
volatility) BHIORERT|E T L0 (BkiLA e 0
FAp D HOID) LHEST A (stable distribution) &
FAREGERZNTVS, HHWT, BiEM
B LR SN IFRBIERIIET L LT
Kunitomo and Sato(1999} X FIRMEH E S0l
EFN(SSAR) ZRELTWS, Eh, L/
YR A MY w7 HEFENTIECE-S3 < S
Y 27 EBEOW TR X EEK - —455 (2004)
AT LTS, ok ) EHURR =T
BRI Y X E R e N, RFSHE T
DISAELEDTHE LI LIZBEFL T L
ZRHDH I,

WHEICAE TIIEESD Y X 7 FBED
PTOHRICHR SN LIRS L E L Aol g
DO - I RER e i & 1T o2 Z &
{CIEE LTS, HARTRbEN, £ 0iEs
NEHBELRHMER S D, T EHEGRD
HENEEROEEIEE BT 5 Z &R TE R
A, UTEECIakRx 208 LS00 R 48
HESNTWD, Fi, BUEMFIEE LTHER
SROZERHBERTT 4 U F 4 HEWEYIC
REETDEWI, VAIRBICLD Y AVER
ik (727 F a7 Y—LH (2004) 28H) &
HEZONWTLE L RIRMBMETHAS I,
(7o EHESOTEEMNLR Y X2 EHECRIET
ROEhE, @FOEDEARHRRT & H LEBO
Bhia i EEIOE OBRIRBAOSH LEETH D,
25 LI-EHFECREZ K58« 2Rmiz v

pr -
| S

SEEERTHC.L U — AR RYEAIEDA (infnitely
divisible distributions) IZ2WTE LW I X0k, HEiE
(1990) 2K LA Db 3,

T A KR TR ¢ L < EIH S AT O ISR SO E S
SWOBESETF LB TS Lo & 4 6 LUV EE
EEEER G Are, FEREEMO RS Ly — 2o ERT S
2 e SIS TEL Nelson (1999) 23l S hiu,

Th, A, SHICRFH 22 EHFRENRL S,

51 ARzHk
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TSE300 TOPIX TOPIX1 TOPIX2 TOPIX3
ks 3.1056  2.6331 3.2206 7.1764  0.90306
2IRE—A | 12.853  8.3228 14.181 69.183 1.3333
IE—A | (G8.876  30.420 84.092 955.40 3.0936
diRE—A 2 | 168.95  128.66 669.59 20376. 11.160
ity 15727 0.72517 1.9362 2.7087 2.5754
L 7.0859  5.3237 10.262  20.377 16.770

#F 5: RSLN ©F /L08R - B « ¥

TSE300 TOPIX TOPIX1 TOPIX2 TOPIX3

EH 2.9903  2.7612  3.1991  6.4926  0.80748
2KRE—AY M| 11479  10.363  13.228  51.858 1.0826
JKE—AL M| 56059 52869  70.704  509.54  2.4099
AWE—AL | 34934 36660  488.48  6159.1  8.907d
B 1.7212  2.0134  1.7810  1.5498  2.9745
£ 8.6916  10.979 9.1229 7.5538 22.025

2 60 MeARR L Y R SR - -

TSE300 TOPIX TOPIX1 TOPIX2 TOPIX3

¢ 0.8724  0.8302 0.9135  0.99968 0.1305
V.o 8.80563  19.473 0 0 81.035
Vo.us 28.215  37.030 15.028 0 86.443
Vo075 42,216  49.254 20.2562 0 90.073

CTE(0.90) 31.568  39.669 18.784 0.0366 88.524
CTE(0.95) 44.837  51.547 32.174 0.0731 91.258
CTE(0.975) 55.008  60.114 42.562 0.1463 93.322

# 7. RSLN €7/ kD U R 7 Bl

BRESEROMIE ) A TEE | RERERE 7 VO H
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TSE300 TOPIX TOPIX1 TOPIX2 TOPIX3
¢ 0.9046  0.8327 0.9390  0.99864 0.1364
Vo.ou 0 16.213 0 0 81.702
Vo.o0 15.621 31.622 4.8049 ¢ 85.850
V0,00 27.992 42661 18.806 0 88.740
CT £(0.90) 18.835  34.317 11.256 = 0.1650 86.620
CTE(0.95) 30.811  45.023 21.754 0.3301 89.290
CTE(0.975) | 39.869 53.026 32.178 0.6601 91.397
# 8 ILN EF LD Y R 7 5l
# 9: TSE O Y R 2 7T
year | VaR90  VaRR05 VaR97.5 CTE9G CTE9S CTE97.5
10 | 8.8063 28.215 42216  31.558 44.837  55.008
9 | 80621 22197 36,101  29.422 39.673  49.742
8 | 84658 18.841  31.260  28.836 37.775 45937
7 | 773556 16.155  26.694  27.763 35.888  41.939
6 | 81875 14.937  23.709 27951 35.800  40.669
5 | 8.0847 13.944 20.849  27.059 33.814  30.786
4 | 77826 12.688 18839 26978 32.046  35.930
3 | 76623 12,149  16.871  23.647 25464  31.862
2 | 69010 9.6155 12873  20.322 22.788 27.921
¥ 10: TOPIX @@h%ah Y X 7 8§40
year | VaR90 VaR956 VaR97.5 CTE90 CTE9 CTE97.5
10 | 19.473 37.030 49.254  39.669 51.547  60.114
9 14,487 30.632  43.208 35407 46.047  54.988
8 13.280  25.519  37.810  33.368 42507  50.434
7| 11378 21.602 32,523 32,586 39.269  46.073
6 | 10.712 19.244  28.370  32.734 38.389  43.498
5 | 9.0013 15990 23.811 29.286 32484  39.869
4 10.066 15.339  21.231  27.600 32,949  3G.413
3 | 92178 13307 17.37L 25421 29.886  34.586
2 | 86963 11.173 13.855 19466 25.232  26.820
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Risk Management Methods of Equity-Linked Insurance
and Practical Problems

Gota Akiyama

Mitsui Asset Trust and Banking Company, Limited
3-23-1, Shiba, Minato-ku, Tokyo 105-8574

Naoto Kunitomo

Graduate School of Economics, University of Tokyo
7-3-1, Hongo, Bunkyo-ku, Tokyo 113-0033

Abstract

Recently the various types of the equity-linked insurance have been introduced and
actively traded in Japanese financial markets. We investigate the basic problems of
the actuarial risk management methods for those products based on the Markovian
regime-switching time series models, which was originally proposed by Hamilton
(1989). We argue that they should be carefully used in Japan mainly because the
macro-economic performance of Japan in the p.ast'decades have been quite different

from the macro-economies of Canada and the U.S..
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Swiss Solvency Test IZDWT*

Jilks REBL
HRH R IERT

1 RBKLE&IC

AROEMIE, A EHREMARR (Swiss Federal Office of Private In-
surance) iZ &% “White Paper of the Swiss Solvency Test”(2004) [CHETE,
SST BBEH T 5 L THSB. FOPLIZAA AL B I 2 FRBOBHILE, B
BETHES. LTAB TR cOXE%E ISSTHE) &89,

Rt OB EORSNZRITREEL LTIEENSHWENTW B DAY
WA r— =V R THS. Chid, FRERER ENRIOEETR
RETNVEN R LIIBE TS, FREMEPZIGED RS S B
fFoTVBENEIHETRTIEETH D, RBREAOTINRAKETSERT
HB. —RIITTDEH 200% FHEL TV SIEIMEOTINBICES.

VIR — 2w — 3
V2 DEEHE/2

UL LERSIEERLTE, 200% % EEl> Tz ERS R Thike
Li-i@h o, BEEO—EHLUWRABELMELN TS, (BB, SSTHE
Ehid, A A TR ERFRSHOBESEFIE R, )

VIR r— =V rOEERRERIEZ, & (BFE), WKL
2, falatEd, SE514E, HRERE, $EO— 2R ETHB. VA
2 DEEHRE,

o RV AT i REFORELZLILLD, RBREXHDPEETHIVRY

o FEFERY Y GEARBOREIcK D, ERERAE D N FEFRE
TEBYAY

o HIEHHY A7 BER% - BEHBOME & 8ic & b HEMEA IS
IKTET VRS, BRURHAEREOHELEICIVERNDSZET
BURY

*Preliminary iZ0%, FHIFD I {FHLEVWTTFEWN.

HEE - & 27 LI SEHRERSRTE T  IRIER /) A S s v —
T 106-8560 BLAUHBHEEX R 4—6-7

x 100(%) > 200(%)
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o REEHVRAY  XFOEE LEFOTFEEBATRELED VRS

- DEFELTEZ SN, SST DRV, SERESHIEEICE-TWSY
ATRBIETHEIOREREZ 5L THB. TORDITE, BH
HEDUASZITEL, ThEEEER (target capital) DEHICHAANS
BEEES LB RDHEND., BEENMD TIRIEL, F5TB0580F4
TEYUREZ 5N NERSRWWhid T, BN EEAIHBEL, VRS
BEAZTBALTETWAEME EEbAATHEMCIZ > TS,

SST 2T 2EAD v 2, SSTHEORFEILH > THELTHC
I, GeDOIERETHS. chid, VRS - A—ATHHREHEEHRT
BTLLICKSTERREENZ LTS, LVWIHIERILVEFIEFELTVS, 8
2 I3 HEE - AROBSNERTTTHS. Thi, WEFEEEELL, W
BEESNICEE - AERMGEITO LSS5 THS. HIl, VAIER
AOFRTHB. Thid, % (UEE) EFVESX B ERARCASRET
NVORREERGMT2L0THS. FOHNE, EOBEOEVARETILE
EABCELTURAIOBAZREBEORBIIATERTES LS {LHAE
EZ, SHBEC)ASEE DA T T RBIEIABCEICHS. B
41, MRREOTEGWETHRT ST TH5. BigcHi T, SERE
E{EROEEBENE U S nilasan.

55 5 DFRlE, Solvency II EDESHTHS. Solvency I &3, i
WRANC T 5 EBRRETEHE T, MITEFICH 3 Basel IT & LU 1Al
DFEFOLOTHS. FOMRE, UTKREZ X5 Basel IT 2L T
W3,

o Pillar 1: B/NEARERS
— EEHE(H (statutory requirements) & Solvency I
o Pillar 2: EHETIC X 2H0E

— BEDRL - R R ORI X B BFEZEA (target capital) DFk
T [SST DRSAMIC & B3] |

e Pillar 3: TR

56 DR, BASHEENEWNREETHS. BNFHEEN (ninimum
solvency) i, EfEMEE BENICHRESNZHETH-> T, BHEERED,
il & HRBEEEDOEEBRICES VA « T/ AR—Jvy—BFHL TG
W, AU LT EARE A (target capital) i¥, U A7 4%EREE (Risk-Baring
Capital, D{F RBC EBEEE) EREL T3, RBCIZATHEHSHY (BB -
THHY, VA - _R—ADFETHS. NBEEICHTE TEFHE) HERE
hiihg, BEEEr» o RFHEARONEC LIcES.

ERHCT S LY XY - A= 208 - BEEREALTVWAERSES D,
TSR, AFE HKE, A—-AWZUT, EEH, R, A5

210



HirEWRFITHS. £, ThooOFEICHT 55K, ShhdbahrhnE
B7IF27)—% (JAA) KLBBEEZF AN TEF TN TS, SST
BREOELERHANTVAY, BHLLTRUTOX S BESSETONS.

o YASZHIEL LTOMRF a—F 7+ —LDiEA
o =N RSV AY—} - TTO—F

o FHEIAARRIZ 1 £ HAT
-mﬁm&uz&-v—vngﬁ

2 BEFRERLSHORN
CT I, SST AT 5 EAEREZREINT 5.

2.1 SHOFEN

9, SHROFNIL SST HEBD Figure 2(FRTH 1 L LT KREH
TWa. Fhicka E, SST kit, &, 8E SHVAIFOHTS 14
OIEETFUHEES. ERYAZEFLEZBROTRE, EEEFLOKRIE
HESHTEAOND. TTTOERGHEE, EFUEENEVRIER
WERT 2D AV ERER (RBC) OBHMONHTHA. 77/F2T7 Ui,
FORMEEDY A &S EFLEIB LI HIF VA REBREH LB, F
OEAER IS 3. EETTIVOERE T U ASHOBRIE, Thoohn
HEEEICKDEEENS. (HEFEOFMIE SST 5&5E 8 i, )

2.2 FEETIV

SST NEVIWETFILNHNR—T BV RS, UTOEY TH5. RIEL,
FBETVOERBIZBEEDHN S IXGFH ALY,

o THRURY

.« ERURY

o JEER GBI VRY
o EFRBmY 25

. BRURY
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SST Concept

Madel / / j Scenarios /
1l EEEER
m

8l 3all |55 | | N
52 3 o8 2 ]
c Y inin D =
SRR T T T

X 1: 88T OiFEHE

ERAVAZICEUTIE, Basel I TIRATNTWAIBHENBEIZES L& h
TWa.

BHEEF OIS A—2iE, BOhOISANBEINTNS, DS
b, BAT1DATA—F i, BHSRAEDS O THELEENFE
NaWEDRET. BN, BU XSS~ s nEEBECET AL
O, YFVFGHOMFHERICHT 235 A—FRVTHS, ThicHLT,
BERSUPFRDTRVIIST A—ZEBAL T 2S5 A—RLBATNE. T
NIZBIAE, BHOBERBRISIEUIERST 0 VT « OHFEHEENZYT 5.
RATINSG A= Lk, HHYENEHEH, FERSHPTELTLN
LOEIET. ERER, BEDNSA—RRTOISACETS. HEEED
AA R4 VIRRAERNE X 50, BHEHEOHEES &2 R0 YRR
ETLERELNDS.

2.3 THiRESHETH

AMMEER A I BIE N 2R & L ICEEIERIT 5. IEmmRIR e
DFEEE, HEMREERT 2 LR UNESE, IRATAER B E O
RED SICEERERKT 5. (UREFIIKET S.) SST Tlx, Sitks
BRC RTOAME, BSIKE EENTWEL TEERICANRS. FHblcHiz-
TlE, BRICHAANS N2 7Y g R DRSS R ERE NS,
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Assels Liabilities

Best-
estimate of
Market liabilities
> consistent
values of
assets
Risk-bearing
Capital

Figure 3. Definition of risk-bearing capital

B 2: URX7EREADESE

24 BREEX

= FEEORFHIZITY. RICARORBHEM (best estimates) ZH
Hd %, FOENIAZERER (RBC) Ths. HE Figure (AR TIEE
2) BlE. BEEA L, VAZERESR (RBC) Zic, RBESHNE->T
WARUAZE, BARREHE LTETSHLEZEEDIREDTHS. SSTO
FHANE 1 EEBMITHS. BEERLE, 1EO#DHIC, 2BHZANN—T
A0, HREFKETRELINZEAROT L2ET. BEERE,

BfEg4A=RBC OIFYa—r 74—V (ES) +Y RS - v—T

ELTEHENS. Figure 4(FRTIEE 3) 88,

EiZEA L, EAMCIY A/ EEOEIMEE A/ S —F 3270 +00k
. EARITHENG, —HEMRICEL SR U AZITHREREAR ES Tl 5.
SST & Figure 7(ABTIER4) 8. —AVRAZ -x—Yrkid, R
EEBEPERNT S L TOBRLE LT EAEARICY S (REW) aX+0
TETHB. HlAE, BRAREESHOERELAFEEINOFRREMT S/
Eixofb ¥, BEEAORS TR MIE— 71U AR THbNRT
NERSEW, (F5 TIPS EZIZEIZRBVEVESRES)

Ti, BUEOREBHERE LM THR 5 b, RN BRI 545
WCHRBFREOA, 0ITNICE JRBREEPICHAAENTA T a3 AT
i Ui hidm ome. SR, REFTRINZFry a7 n—%2R
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i-year Risk Capital [ES)

Defined as the expected
shortfall of the change of risk-
? bearing capita! during one year

Targe! Capilal <

Risk Margin

To prolect policyholders from
the effects of an insolvency

Figure 4. Target capital as the sum of 1-year risk capital and the risk margin

B3 SYa—Fy hUAY LM g — R T+ —ib

JATZ@FTEDSIK T Eicks. RERNENGHMNICITER LR T LY
ETFVEELERT L. ERETIIBEMEERICAREGINBTELS
50, BOrOEHMREZEWTEEEDS. R best effort estimates
L3 ERBLTVREOEEDNRS.

BN, RBC< HEEARL o /ciEEIc, tsatili OBEROHER G 3%
OB LR ERE DR LOEENEENS.

3 EEEFIV(BY) |
CCTTWESST TEALMBEREFILELIDELL ATV 3.

3.1 BEETI

PEEEF IS HBI ZEETTIVE, EBAINCIE RiskMetrics Ic#6 U7z 60
TH5. SSTHEDpOICRIEEIN TR LES5E, BEOVAITFoH2—
PEEOTWE. ETDURZ « 7727 2—cBL, TOET|IEE D
ERSfMEREEZ N, #EOURS - 777 Z—-DEHNES EOEH R
A TR 5. U RIERER (RBC) OE(bRE, BUAY - Ir o E—
OELROREERERET B, o Th—ENTORSTFUFrE, 3
SREEZNORES, FUNT ¢ THCERT 3 IEEFHITEET T L0
MRS TH B.
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Value at Risk

Expacted Shortfall

Figure 7. Comparison of Value at Risk and Expected
Shortfall

B4 23 a—=Fyv VRS EHAFZa— 74—

3.2 HEJRY

EEYZSICBIBURAY - 77 ZZ—F, SST EEp.2l KT T
3. BUAYT 7 7 2—OBNRITHEIGLREL, YRS T 75 &—
ICHY % RBC ORE (BIRGRE) Z251H 2. BYRIT 77 2—OHMET
L RSF 4 VT 113, WEYEF—EHRERVDT, HiE L OBRET
\, BERERUE ETEEERSEDS. SST BEp.22 2 5E.

3.3 BEEFIL

BREFME, ChETBNTERES AT 7 I2—EFLTRE,. #E
TS, ERSHATREVERDHEHRIICREL THWa. SFARGERERER, 2
A b, FERFET DR (7 L—L), dHiie (11%E) FO technical result
ICHEE S 2 RBC OFEREEET LTS, £, SBREXOTT VD
BETHZN, ChREEFHEEREVERR L TEFIULSIICITDNS. K
KRICEZBRE DT UATEFNLT R C&ICED. £/, ¥EmSOEL
3 &5 (LoB: Lines of Business) Z & ICEFIMLT 5. REH, MRITHE
M, HLKEZFHNTBELT—ILE, BEGRTISMCk DBRRICET NV
k9.
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FRODVEREOLHFTRICOVTIE, %M (LoB) TkiC, JFROEUF
B & 2 NIC T 2IRREOTHEHET 3. Fad®ic, MaROHEET
JERHT 2, REESETOLHIRAOTYLOBERDS. chbDi|
KA IGWMTETVESS. ZOE, T—AV v F U FTH <D
MeHTEHD, (24 X—IERL LHBIER M) RERE FILTHER
DIEZREFL TRV YA ->TH 3.

FROEWEROYHATICONTE, & (LoB) J&ic, #EaR7Y
YAWTETFET 3. FEREBERTY UM 0L T3, #FRko
SHEE (severity) &/ 8L — bOTRICHES L L, FO/SA— R IFHEFCEAT
B A= MOICHE L TIIUIROERF > TE RV, T 3580
BEEIEICH LTI, BEBEFOHA FI0IiES.

AEEREREKICOV T, BESOBBICHT RS HERDET E
PRELES BHTEREA NIV - RIF2 UF o REHEL, HaHHE
HEDHEIMMRRE, DROMERDS. FROSRREOMNRERSH
el LFEENEDICRs K537 b)) RHEERIMBOBERSMHE T5 [SST
HE p.23, Figure 13). fIROFHW A2 —VB#E LI LT, FISOU RS
7V)—&RTEryy 2 Tu—%E D5,

WK D%KET (aggregation) iF, LUTOX3 AFIRTITS. B, &
BREODI L, FEREMEELOSHE BERT 5. FSOHBTHTM
DEEEFREEZ, TRICT Yy FEEAETHEERITES TIIDHS. B
HRREDEEK - BESESH L IIMTICRELTWB LREL, EERY
VS — b TR B RS THETT . (SST HE p.24, Figure 14)

3.4 ZTODOMAIE

EEEFIVICET 2 F OO OV TEEIIAY FLTHL &, =
TERFRRICEL T, HARROERE, F— SR EZKRIL, 18
% L ->THEETT S, EHUYAZICONWTE, A— g+ - YRS ER
%, Basel T ORIHERSA T TR—FERBLTVS. BERICOVTE, #
MEZIRIC D578, BHETTIVEETE L.

4 YD

) A SR, EEEEFIVHAERRL 450 tail behavior #H3 HOT
Ho, PETRHESEBBICNTADAL 37 MCHIGT 2 S50
YFUADLHEENTVS, ZOEKTIE, H—DURXT T 7 72—kl
RITBALLATAIERELRDZLEOTED, SST M AEETEET
55,
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YTV, MY UL, EEBMIVFUABEILNGN, E
BT U THERERSLE LTS, ChiI VW TEEESTFVPEXS
2EELH5L, RBREHICHET 2RBREEASEH L TE L.

YTUADEEFELTE, UFDESLLOPEToNS,

o TIZORH

o FITH

« ERMHEIE

o EPRIKE

o BF

o O

o B{RBRETTOBIEE
o RIS

o EfE, F[hE
o R

e FOUXL

o REEUAS

o BRHEMEH T ) A

SST L BHERTEF I e T UMD TV REFVTHD, 7V
F EERTFLOESHThNS. Y FUFTHRELTWAS A A E
BLinNH T ki, BIRHEBEEEWT 20T, HEMICRBC REDTS. v
FUFR LT, BALEEFLTVLS YR ZUANO/MOU R 2 IE—F LK
ETHERLHS.

FUAOEBNRENL, SRBRIFICLE. YFUFRES A
FEZFRECTEDE, FIZIERHOI 7 FThofzh, HMHETFILLIZIER
ORI ZEEHHZRNETIEELHS. BRI, EETFLH51E5
NB 5 INEFEERD, Y FUAHREEHEFT S [SST BHE p.28,Figure
15].

5 WERETIV

SST T, BRERMALOHEATPEIERMMITIS CizARE 7 L O
FERIEN T R2HIER, FOHWE, EMEEETNVICHALZ T ETE
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L3, YA7IvIVASZRRTHRICHB. I, AMET L LE30->
To, BHEBFCETVEBBZITTINETIRR L, BEEETONA
PEIBR, HEENNDS. ThHREENERTE -0, ERNWERS
TH-IED, HHIVIRHBETOERETH DT 5. W7 IVERICH
FTBA LT T, BEETIVORTIII AT EEHICAKE 5L 5%
THA LGS T B ETANLELRLDEELLNT WS, HIZE, 1§
RERSHOBREICH T BRI ZTD—HIck> TWna.

RN, RBESHEELOU ARSI Y3 Y EEHLEEDESST L
FA—hELTRHT 3. 2hicld CEO W+ > L, FERTEFETICHE
$HEHZES. BARCE, SST BIZEAL ZOEREIT, RERLD
DAGRI s VicBd a8, VASERBREZLNGRS.

6 AXL—3Fib-URY

ARL—aFib- URZIEDNTR, F— 20BN L HH T,
HERTOERLIZMEL {, BENIZZONBTH S, /5, Basel ILICHEIF
THITERIT—ZAFE D005 50T, FRERTLABORNEER
LIEARICHEATWAZ XM THS. d-kd, ERMERATTE, a—
Rl— b HRFZICHT B ASADFENPETH B, SS5T HENEH
N1z 2004 FEOMETE, EOHHET > — FOERIC & B A L
KIBZ SN TR, BESAL—at il - DAZCEOSEESH, 184
ICERAERICHU CGESHVEBFCNR L TATHS.

7T EED

Swiss FOPL A% 2004 SR &R L7z SST B OABEBH EMICHNT S
TET, VAIAR—ADY Ay —FERRPRANIC ED L STk E N3
Db, FORMEUBEER L. SITHERC Basel I DBAILE > T, HE
BHHEOEENS, JCEBLTERELRLE LERBIBITLDDSS.
Solvency T, #NELEATDOSST &, AR LTEALFNICH> EDT
HBHM, EITELRBRETE, FERER-EEOHRSHEENM RO ELD,
Solvency IL ik FRFMOB LICH L ELE LS.

SST OHEHBICH 2D, AXFTEZRULERT 7727 )—Ha%, 5
N RBREE RIS (International Association of Insurance Supervisors)
THHH, SST EFE L TAIS A7 2005 F 10 AL e rBEd DER1E:T
[EDIHD Ta—F—A b= KRBT TRRENTVS. DEY, SST
A ZAEPRTEEO L 3 Tanads, URZ A=AV AV —Fiilc
ML TEHamZE - FI3R5ZH-TVEEIICLRA 5.
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Fir, SSTHZOERXRICE, oYz MO LEMSREO—EhTE
NTHWED, ERER - HEE TELEWREORTMESEEEH I NTVS. I
MEITOY A7 A—2Z0EEEENHET L THOERICHE VT, RiciElE
EFNVONBEFRBET ZICE L, REBTTAREBET BICEL, FEiRz0
MEZHNETH S, VARIR—ADV VR I—IE, HERSOmEsgs
S EDX S HBAHRIZEEZMIRFA L TELFTOMEOSE 25 FLEED
ns. :

B2k

[1] Swiss Federal Office of Private Insurance, White Paper of the Swiss
Solvency Test, November 2004.

[2] Keller, P., A Primer for C'alculaﬁng the Swiss Solvency Test “Cost of
Capital” for a Market Value Margin, April 2006.
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