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Abstract

To publish a data set we must ensure that included individuals are unidentifiable. Nev-
ertheless this unidentifiability is often judged rather subjectively. The author has proposed
objectifying this practical judge by the statistical estimation of a model, where an unknown
parameter describes uncertainty on identification. This idea exploits observation as a statisti-
cal evidence. To promote this evidence based method, the present article demonstrates its ap-
plicability to the decision of the acceptable range of disclosure risk on Japanese Anonymized
Data.

Key words: Population unique, Privacy, Statistical Disclosure Control.

1 Introduction

Confidentiality or privacy reasons let laws allow no individual to be identified when data are
published. Many techniques to prevent such identification are known as anonymization; see e.g.
Willenborg and de Waal (1996, 2000). After anonymizing a data set, data publishers need to
decide whether the set is identifiable or not. This decision, however, has been made in a rather
subjective manner.

Technical efforts to formalize this decision result in many measures of (re-)identification
risk, but no objective method to decide a threshold of those measures seems known. This is
so because those researches authorize this decision to depend on a personal preference under a
tradeoff between re-identification risk and utility of data; see e.g. Duncan et al. (2001).

However, identifiability does not depend on a personal preference: When data are identifiable
they are so regardless of the preference of their publisher. Also laws say nothing about the utility
of data. In other words, no identifiable data set is publishable even if they are highly useful.
Therefore in practice the true goal of anonymization is not to take the balance of risk and utility
but to maximize utility within an acceptable range of risk. This goal has been claimed by
Dalenius (1977) and others, and for a practitioner the decision of the threshold of identification
risk is the primary issue.

This important decision should be objective and explicable. To achieve this clarity the
present article employs Hoshino’s (2013) statistical model of identification with an unknown
threshold of risk, and estimates it by observing whether published data have been identified
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or not. These observations are statistical evidence that carries information on the threshold of
identification risk. Thus we call our approach “Evidence Based Anonymization (EBA)”.

In this way an estimated threshold depends on the measured elements of risk. Our risk
measure only accounts for the difference of data and neglect institutional effects as typical risk
measures do. Institutional effects, however, seem to exist since the degree of anonymization
empirically depends on the qualifications of users of data: A public use file tends to be more
anonymized than a scientific use file. Therefore in order to control institutional effects that may
exist, we restrict our sample space to the cases of each institution. In other words, the threshold
of our risk measure can differ among institutions. Such a difference arises from the difference of
pooled institutional effects.

Restricting our sample space is advantageous in that we do not have to decompose institu-
tional effects. This decomposition is virtually impossible due to very limited information on the
latent ability of identification that a society possesses.

To exemplify EBA, the present article estimates the risk threshold of Japanese Anonymized
Data of surveys conducted by Ministry of Internal Affairs and Communications (MIAC). Anonymized
Data are defined by Statistics Act so that no individual shall be identified. Global recoding and
record suppression are mainly used to satisfy this definition.

MIAC’s Anonymized Data have been available on 4 surveys (Employment Status Survey,
Housing and Land Survey, National Survey of Family Income and Expenditure, and Survey
on Time Use and Leisure Activities) from 2009, on Labour Force Survey from 2011, and on
Population Census from 2013. The Japanese society has not recognized any identification of an
individual contained in these data as of 2015.

Anonymized Data are provided for academic research and advanced education under a li-
cense. The number of past users of these data varies among surveys, but in total about 30
applicants have passed the same review procedure for use in each year as of 2013. We consider
that these cases of using Anonymized Data share the same threshold of identification risk, since
they are under the same institutional measures against identification.

The present article is organized as follows. Section 2 explains our statistical model that links
our risk measure to the observation of identification. Section 3 explains the detail of evaluating
our risk measure. Section 4 estimates the threshold of identification risk of Anonymized Data.
Section 5 concludes.

2 Statistical model of identification

This section explains Hoshino’s (2013) method to decide whether a measured identification risk
is acceptable or not. The first subsection technically describes unidentifiability. The second
subsection presents a model whose parameter expresses uncertainty on identification. The third
subsection statistically estimates this paramter, by which the acceptable range of our risk mea-
sure is determined.

2.1 Definition of identifiability

An effort on modeling identification can be seen in Marsh et al. (1991). They argue that the
probability of identification is the product of the following probabilities:



Pr(actual identification) = Pr(success of identification|trial of identification) Pr(trial of identification).
(1)

In eq. (1), the event of “actual identification” is regarded as the joint event of “success of
identification” and “trial of identification”. This discrimination between “actual identification”
and “success of identification” corresponds to different legal concepts of anonymity or unidenti-
fiability.

Absolute anonymity, using a German legal term, is a state where the possibility of identifi-
cation is eliminated with no doubt. We regard this state as equivalent to a state that

Pr(success of identification|trial of identification) = 0. (2)

De facto anonymity, which is also a German legal term, is a state where the cost of iden-
tification dominates the benefit of identification. In this case the probability of the trial
of identification should be low, and thus we regard this state as equivalent to a state that
Pr(actual identification) is low.

The present article focuses upon the assessment of the absolute anonymity, because Japan
Law seems to define confidentiality as such. Consequently we evaluate whether the conditional
probability of “success of identification” given “trial of identification” is zero or not.

Marsh et al. (1991) regard the success of identification as the result of matching betweeen a
published file and an outer file owned by an attacker (who tries to identify an individual). They
accordingly propose the following factorization:

Pr(success of identification|trial of identification) = Pr(a) Pr(b|a) Pr(c|a, b) Pr(d|a,b,c), (3)
where the events from a to d are

(a) On the attribute of the same individual, both a published file and an outer file record the
same value (i.e. no misclassification etc.).

(b) A published file contains an individual.
(¢) An individual is a population unique.
(d) A population unique is verified to be so.

If we can evaluate the probabilities of the right hand side of eq. (3), we can obtain the
conditional probability of “success of identification” given “trial of identification”. However, the
evaluation of these probabilities by Marsh et al. (1991) is not convincing from a modern point
of view.

As discussed in Section 3, Pr(a,b,c) depends on information that an attacker currently
knows, yet Pr(d|a, b, ¢) should depend on information that an attacker does not currently know.
An attacker may be able to collect additional information to verify a population unique. Such
currently nonexistent information is unobservable and hard to estimate. Hence the author
considers that no one can plausibly evaluate Pr(d|a, b, ¢).

Now let us be reminded that we just would like to know whether eq. (2) holds or not. This
evaluation is far easier than to evaluate the conditional probability of “success of identification”
given “trial of identification”.



Therefore we rewrite eq. (3) as
Pr(success of identification|trial of identification) = Pr(a, b, ¢) Pr(d|a, b, c). (4)

Then we can see that eq. (2) holds if and only if at least one of Pr(a, b, ¢) and Pr(d|a, b, ¢) is zero.
On data for scientific purposes, Pr(a, b, ¢) is usually positive. Consequently our usual assessment
on unidentifiability reduces to a decision whether Pr(d|a, b, ¢) equals zero or not. Since the direct
evaluation of Pr(d|a, b, ¢) is hopeless, we will estimate whether Pr(d|a, b, ¢) equals zero or not.

2.2 Model for discerning identifiability

From our argument so far, we would like to discern whether
Pr(dla,b,c) =0 (5)

or not, since eq. (5) is sufficient for an unidentifiable state.

To this goal we note that Pr(d|a, b, ¢) is subject to the event of (a, b, ¢), and Pr(a,b, c) can be
evaluated since it only depends on existent information. The increment of Pr(a, b, ¢) implies that
more information about population uniques is published. The more information exists, more
easier the verification of a population unique should become. Hence the conditional probability
of d given (a,b, c) should be monotonically increasing as Pr(a, b, ¢) increases. If so, there exists
nonnegative 5 such that

Pr(a,b,c) < B < Pr(d|a,b,c) = 0. (6)

Then we conclude that the assessment of identifiability reduces to the evaluation of Pr(a, b, ¢),
since eq. (2) is tantamount to Pr(a,b,c) = 0 or Pr(d|a,b,c) = 0.

In the model (6), Pr(a,b,c) can be interpreted as the easiness of identification. This is a

type of re-identification risk measure, and its threhold S is unknown. We decide it by statistical
estimation in the following.

2.3 Observational model of identification

For the statistical estimation of 5 in eq. (6), we need an observation that carries information
on . Hence we would like to observe the event of d or the success of identification. However, a
society may not always recognize such an event; a successful attacker may hide. Therefore we
discriminate “actual identification” from its social recognition.

Let a random variable X be 1 when “actual identification” is socially recognized, and 0
otherwise. That is,

Pr(X = 1) = Pr(recognized|actual identification) Pr(actual identification).
Then from eq. (1) and eq. (3),

Pr(X =1) = Pr(recognized|actual identification)
x Pr(a, b, ¢, d) Pr(trial of identification). (7)

Further, let us write the evaluated value of Pr(a, b, ¢) as v, and write

p(y) = v Pr(d|a, b, ¢) Pr(recognized|actual identification) Pr(trial of identification).  (8)



Then

prox =1 = { 50 720 Q

If p(y) is positive, the observed value of X carries information on 3, and we can estimate /3
from X’s. Actually p(v) is positive when both

Pr(recognized|actual identification)) > 0 (10)

and
Pr(trial of identification) > 0 (11)

hold. The first condition (10) should be satisfied because an attacker has an incentive to show off
their success of identification. Also hiding through is not always possible. The second condition
(11) should also be satisfied because of a potential incentive to do so. Hence we regard that p(~)
is positive. It is worth mentioning that we assume no specific form of p(-).

Suppose that there are n past experiences of publishing anonymized data. We regard these
as independent samples from the model (9). For the i-th, i = 1,2,...,n, sample we measure
Pr(a,b,c) = v; and observe the social recognition of actual identification X; = z;. Write the
likelihood of the observations as £(3). To simplify our argument we assume that y; > v > -+ >
Tn-

Now we consider the maximum likelihood estimator B of the threshold. If there exists an
integer m such that z,, 1 = 1,2y = 1 = -+ = 2, = 0, then £(3) = 0 for B8 > vy,—1, £(B) x
p(ym-1) for ym—1 > B > ym, and £(B) o< p(Ym—1) [[j=n(1 = p(75)) for v > B > ~ip1,i > m.
Hence vp—1 > B > ~m because p(7y) is positive. If there exists no social recognition of actual
identification, then 3 > 1.

In general we denote the lowest easiness of identification among samples with social recogni-
tion of actual identification by v~. If there has been no such recognition, let vy~ be 1. Also among
samples with the easiness that is lower than v~ we denote the highest easiness of identification
by 7. Then vt < 3 < ~~.

3 Measuring disclosure risk

To substantiate our theoretical model of the previous section, we have to establish the method
of evaluating Pr(a, b, c), which is explained in this section following Hoshino (2013). The first
subsection clarifies the policy of selecting key variables or quasi-identifiers. Under this policy
the second subsection decomposes Pr(a, b, ¢) to the product of Pr(a), Pr(b|a) and Pr(c|a,b), and
explains the method of evaluating each probability.

3.1 How to select key variables

First we discuss the policy of selecting key variables for matching, on which the number of
population uniques heavily depends. Because EBA compares Pr(a, b, ¢) among cases, the policy
must be fixed.

Few arguments exist on the formal selection of key variables. For example, Elliot et al. (2010,
2011) claim a comprehensive survey of existent information about individuals in a society for
this purppose. The author never denies the importancd of such information, but their argument



does not directly result in the best selection of key variables. Fung et al. (2010) describe the
selection of key variables as “an open problem”.

The present article selects key variables to best estimate 5. Existing researches can not
optimize the selection because they do not consider the aftermath of evaluating population
uniques.

Suppose that there are k variables in a published file. Then there are 2* ways to select key
variables in theory. The number of population uniques can be evaluated in each way, and we
write the order statistics of these numbers as uy Sup) < -0 < Ugk)- Then the issue of the
selection of key variables is nothing but the selection of a rank among (1,2,..., 2k), over which
attackers are distributed subject to their knowledge about individuals.

For given data we evaluate Pr(a,b,c) at a selected rank r, and compare it with v*, which
is also evaluated under the same policy of selecting key variables. Suppose that Pr(a,b,c) at
the 7-th rank is smaller than y*. Then, for fixed Pr(a, b), the given data should be safe against
attackers who lie on ranks smaller than r, since u(;) < u(, for ¢ <r. The given data, nevertheless,
have no evidence of safety against attackers who lie on ranks larger than r.

Thus one might think that we should select the largest rank: 2. However, an attacker may
not exist on the 2¥-th rank. If so, an observed X of eq. (9) carries no information on the safety
of Pr(a,b,c) at the 2¥-th. Hence, considering the distribution of attackers over the ranks, we
should select the largest rank on which an attacker exists.

The best way to select key variables has been described theoretically, but in practice, the
distribution of attackers is unknown. Therefore we have to estimate the maximum of the dis-
tribution of attackers over ranks. The precise estimation of a maximum is, however, known to
be difficullt, the theory of extreme values might be usable though. Also an errorneous estimate
of the maximum rank leads to unstable 3 . Hence, as a second best way, we should estimate a
percentile, which is less difficult. For example it should be more practical to estimate the 99th
percentile of the distribution of attackers, as in the case of financial risk called Value at Risk
(VaR).

Unfortunately the quantitative evaluation of such a percentile is virtually impossible since we
can not observe the distribution of attackers. Hence we select key variables whose information
is publicly known. This policy is common in practice, which actually implies that some large
percentile is estimated.

Our policy sacrifices anonymization’s grip on the strongest attackers, but other institutional
protection may suffice. For example, since the strongest attackers should be conspicuous, a data
publisher may be able to reject their request for a scientific use file. It censors the right tail of
the distribution of attackers. A penal code should be effective even in the case of a public use
file.

3.2 Risk measured to control most

This section describes the method of measuring Pr(a), Pr(b|a) and Pr(c|a, b) under our policy of
measuring risk at a large percentile.

3.2.1 Measuring Pr(a)

The attribute of an individual may be differently recorded between a published file and an
outer file. Marsh et al. (1991) ascribe this difference to an error in recording or a change of an



attribute with the passage of time. A perturbation technique such as swapping can also cause
this difference.

If at least one key variable of an individual is affected by these causes, then the event of a
does not occur. Therefore Marsh and others claim that the increment of key variables tends to
decrease Pr(a); Shlomo and Skinner (2010) give a numerical example of this kind.

Nevertheless they neglect the possibility of the correction of such differences. A record-
linkage-like technique can correct them especially when a unique individual lies in a sparse
space. Because this sparsity emerges when key variables increase, the increment of key variables
does not necessarily decrease Pr(a). Hence we do not relate Pr(a) to the number of key variables.

Consequently we evaluate Pr(a) = 1 for an unperturbed file. This evaluation does not imply
no error in recording. The rate of errors, which is uncontrolable by a data pulisher, is a part of
uncertainty on identification. Hence we consider that the rate of errors too is described by f.

The effect of perturbation should be evaluated casewise. The present article does not deal
with a perturbed file, and thus we do not argue further.

3.2.2 Measuring Pr(bla)

Following Marsh et al. (1991) we evaluate Pr(b|a) as the ratio of the size of a published file to
the correspoinding population size.

3.2.3 Measuring Pr(c|a,b)

Marsh et al. (1991) defines Pr(c|a,b) by a ratio of the number of population uniques to its
population size. The evaluation of this ratio usually involves estimating the number of population
uniques, which is not straightforward.

On this estimation we employ Hoshino’s (2001) method that exploits Pitman’s (1995) sam-
pling formula. Our method is advantageous in that it does not require tailored modeling for
each data set. It is thus suitable for comparing many data sets with the same standard.

Regression is a common way to estimate the number of population uniques, but as Skinner
and Shlomo (2008) address, such an inference may be sensitive to the specification of a model.
Therefore regression is unsuitable for our comparison of estimates.

Another advantage of our method is its applicability to sparse data. Many key variables are
likely to be selected under our policy. Then individuals are distributed over the high dimensional
space of these key variables, and a frequency on a location in this space tends to be zero, which
implies sparse data. If most of these frequencies are zero, such a location indexed by the values
of key variables has little information on the number of uniques. That is, key variables are
useless to estimate the number of uniques: Regression fails. Our method still works.

4 Risk of Anonymized Data

This section demonstrates the estimation of 3 for the cases of Anonymized Data. Results are
to be presented only orally.



5 Concluding remarks

The implication of our argument in Section 2 is clear: A given data set is publishable if its
Pr(a,b,c) does not exceed 7, since it has a statistical evidence of unidentifiability. This y* is
estimated in Section 3 for Anonymized Data provided by MIAC.

By these arguments the present article illustrates one method to objectively decide whether
given data are identifiable or not. Subjective decision may employ past experiences implicitly,
yet our method explicitly employs past experiences as a statistical evidence.

What if there has been no past example that can be an evidence? Then begin with publishing
apparently safe data; a clinical trial decides the threshold of some dose by gradually increasing
risk. The idea of evidence based decision originates in medicine. It can also be applied to
anonymization.
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/Composite estimation]
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Empirical Bayes (EB) /Hierarchical Bayes (HB)]
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Explicit model MDA A%

Rao and Molina (2015)
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Model Based Approach

Aggregate Level model
Unit level DT —RZEESCENTEHLESE

Explicit model

Implicit model

Unit Level model
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Aggregate level model

Direct estimates (B EHE EE) S iFE BB REDBEZRERLI-ETIL
-Fay Herriot model (1979)

g(y)=0+e,0=Xp+u

g oEATEY: Yaa = Vi V.

)
o D T 0=(6,.6,) — EE@P
)

° *ﬁﬁj]gﬁ mep :(Xlg-..lx
° EI'J‘FEH'{;&%I BE RP
rank (X) = p <o, sup [{X}, |<

i,k>1
oz u=(u,...,u,),e=(e,...,e,)
FhZEhsic u, ~ N(0,a), e, ~ N(,d.), (d,,---,d,, : BEFN)

m
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Unit level model

UnitCEDERDELNtEEDHREELDEEETRLIZETIL
-Nested Error Regression model (Battesse et al., 1988)

y=0%+e, 0*=X*B+Z*u

- &unico ey =(yyo.y,) where y, = (v, )
© Fdomain®FEy:  0=(6*---,6,*) _
CWEBES: Xx = (X%, XF), N=)n

o [ERFRE: BERP i=1

rank (X*) = p <o, sup [{X*},, |[< o, supn, <o
i,k>1 i1

CEOER u=(4,...,u,), e=(e,....ey), Z*=diag{l, ,---,1, }
zhenmiiz u, ~N(0,0)), ¢, ~ N(0,07)
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0: M Hl: EBLUP

Empirical Best Linear Unbiased Predictor (EBLUP)
Nested error regression model (Battesse et al., 1988; Prasad and Rao, 1990)

[ éiEBLUP =7’/\i.)_}i- +(1_7;i)i:'l§ ]
B=XV'X)'X'Vy, V=diag{V}, V,=6%1,1', +67I,
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o Vi= =3 ~2
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Small
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Large
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size area
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Sl Per Capita Income [77 A1) 7]

Per Capita Income (PCl)MD#EZE (Fay and Herriot, 1979)

1. Design based approach [EiEH#EE]|D;EMA
#9150000 H#hi% T500 A 5 it D Hh i3
#9500 A D g Cv:$913%
#1100 A DIz Cv:#930%

2. Small area places|ZxtL T. Model based approachZ FILNTHETE

3. Raoand Molina (2015) “1974F E&FERICTER
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Moderate
sample
size area
Vi
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S 4l: Per Capita Income [77 A1) 7]

19734 Special complete censusZE i #igh 1235+ 51972F DIEL1972FE D HEFEEEL D LLER
(Data source: Rao and Molina, 2015; Fay and Herriot, 1979)

== [urect estiamtes ( 266 )
== EB(22)
== County estimates | 316 )
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=151: Poverty counts [77 A1) 7]

SAIPE program in U.S.Census Bureau
(http://www.census.gov/did/www/saipe/about/index.html)

° the U.S. Census Bureau's Small Area Income and Poverty Estimates ( ) program provides annual
estimates of income and poverty statistics for all

> The main objective of this program is to provide estimates of income and poverty for the administration
of federal programs and the allocation of federal funds to local jurisdictions.

° In addition to these federal programs, state and local programs use the income and poverty estimates
for distributing funds and managing programs.

{51: Title | fund: Over $7 billion dollars of funds [Rao (2003), National research council (2000)]
s AENLBWIELED-HDHEBZEIRIT S L

Model based approach
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RAO AND MOLINA (2015)
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Model based approach® ik &
EEETE=ENEH
SAIPEIZH 1T EIEHEEE

(Rao and Molina, 2015; http://www.census.gov/did/www/saipe/methods/statecounty/20102014county.html )

1. 2005 FT: AOENHRERE(CPS)EEIZEH

2. 20054 LL#%: American Community Survey (ACS)fE R & (B H
| CPSEYRR YL T T BTN TS R
THTEEEEEDER

> County estimates (¥73140) : Model based approach
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Model based approach® k&

Model misspecification [Model, Linking model MR E AV ERALT=EE]
° Jiang et al. (2011), You and Rao (2002) etc.

TEDRT—IL~DERR [FEEHEREITIENAT AN EL D]
o Slud and Maiti (2006) etc.

Benchmarkingl =%t 9 5 [l 8

> You and Rao (2002) , Wang, Fuller and Qu (2008), etc.
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ETIVIZE D7 TO—F D753
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Model based approach@ #r1=7i3

OHEEEDHKE a=0
f51: 1989-1992, US 5-17 years old state poverty rate (Bell, 1999)
6" =(1-B)y, . +Bx, B, B d.l(a+d)
& a=
B =1(0< B, <1):>6?EBLUP |§

DIEIREH (0<a<wo)

QgD EEMN RSN
F R TOHEL %L Tsynthetic estimatesz{# ‘
(@Parametric bootstrap ;%2 &A1EE X B FI AN A A RE

Hall and Maiti (2006), Chatterjee et al.(2008)
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Mix estimator

Mix estimator (Rubin-Bleuer and You, 2013; Molina et al., 2015)

. a,, if a, >0
Apic.rr = ~ .
a,, otherwise
HHERIGEH T TUTARYID

E[&Mix.LL —a]= E[&RE —a]+ O(m_l)’ as m —» ©

Yoshimori and Lahiri(2014a) & R % D Eia BI4E R
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Yoshimori and Lahiri (2014a)
$11-75 5% I8 [Under the Fay-Herriot model]
hy, (a) = arctan[# (I - B)]"”
di
a+d,

B =diag(B,,::,B,), B, =

New adjusted PML estimator (AM.YL)

AppyL = AYg Max hy, (a)Lp (a,y) J

O<a<w

New adjusted REML estimator (AR.YL)

Appyl = arg max By (@)hee (@)L, (a,y)
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MIX VS YL estimator

Data Source: Rao and Molina, (2015) [Yoshimori and Lahiri (2014b)]

& MSPE ol EBLUP

Averag

1/29/2016

Model based approachMD #hT=75:E7E2
BB ORI

o SAS: Mukhopadhyay et al. (2011)
> R package: sae (Molina and Marhuenda, 2015) etc

HTEEAAHILEHEERRA
° Bootstrap method M ;& FAIZEBAY
o Yoshimori and Lahiri (2014c) Fay-HerriotE®T JL F COD{EEEXEEE
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7AYH hrs

[ Government ]h

University

The European working
group on small area
estimation (EWORSAE)

http://sae.wzr.pl/index.php

1/29/2016

SAE(Small Area Estimation) conference

2001: Maryland, US
2005:

2007:

20009:

2011:

2013: Bangkok, Thailand
2014:

2015: Santiago, Chile
2016:
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Small area estimation project in Japan?
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1. BEAR L 7 %5 €7V (Fay-Herriot € 7V) 12D\ T
2. [T =% Dr — 2122w T
3. unmatched sampling £V > Z7B&ic L 2 €7V

4. SHDER
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1. Fay-Herriot €7l

HEE o, 2 MR DR T — 8 & L & 5 0, = Ely;]0;] ZHEL 720,
B RSP T IS g D3 0; DRVIEERIC R o T LA,

= ETNVOHZMAL Ty LD OHBERVIEEEZMLT 5.
ZDTOIZLLTD 2 2ofEE 2 RE.

 yil0; ~ N(0:, D;)
Y WXEAE 9; O D TIEMSAMH L Tw 3.

o 91 = :B;ﬁ+’0¢, Vi~ N(O,A)
0; \ZHuS IR DI @, & HIERTH ORI v I Xk o TEPIE NS,

Z DE 7V % Fay-Herriot €7 )L (Fay and Herriot, 1979) & \»9.
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1. Fay-Herriot €7l

AL FOWEZFEDTRHTZEDTDOLIICHR S,
Fay-Herriot € 7 )V

yi:$gﬁ+vi+5ia izl?"'ama viNN(OaA)v EZNN(OaDz)

D; \3BEA (RIS DT =80 55 H T 3).

® Uiy, UmsE1,y-- ., Em FETHIL.

RANRTA—=F1Z BELV A.
BR DR 0, = 8 + v;.



|
1. Fay-Herriot €7l

e 0, D (2F|HFEDEIRT) IE e =13

0 =i+ 5 (i — 7iB)

b, COHEERIE B[(0; — 0,2 < El(y: — 0,)%) %7
0, #FIAT 22 LTy L0 DEERGHEEMEZ L5 ENTES.

ii%ﬂ7% 5 B, AL T DT, EEICHMT 272oicidzin
6%ﬁiﬁﬁAfﬁgﬁzfﬂémw DED D B .

B, A R AHEEE, =XV FEAEOTEMRESATV2



I ——SSS,
2. ILHT =58 D77 —A

BHEDT — YTl y; DIEET =5 D7 — A3k H 5.

e FHET W y; = xiB+ v + & Kol DTHEHINT — % y; 1P 28 DIE
B HICHE> T2 EREL TV 5.

T — 13RI LT n A — 2 03% 0.
o IFEF—# I LTid y; DD DIZ logy; 12 FH EF L2 M TIED %,
logy; = xiB+v; +ei, i=1,....m

WBAEMT 2 2 Lty DELD 9 2HHEZFEEICT L 2 L E oM RNRICT S
2ODHMNEDH 5.



I ——SSS,
2. ILHT =58 D77 —A

i
logy; =x;B+vi+e, i=1...,m

o 0, =xlB+ v IR L THIE R T A =% pu; = exp(0;) DHEEZEZEZ 5.

Z DA TIE Slud and Maiti (2006) 12 & - THEE s X OV R 2 5-likAs
HZohTws,

o WBAEMLIIL DZEHIZ DT,

WL G 7 T ADLEMRE 2 THIRIHEE $ % € 7LD Sugasawa and
Kubokawa (2015) TiREIN T 5.



I ——SSS,
2. ILHT =58 D77 —A

T8
logy; = xiB+vi+e, i=1,....,m

o COETNEAMLPLTOHEEIMENRHZ. ZHZHOHNIIUTTH 7.

HEE v, 2 MR DR T — 8 & L & ¥ 0, = Ely;|0;] ZHEL 7200,

HiA 74 FCHIRDH 237 XA —F% pu; =exp(l;) EERLZ. ZOETNIE
yi = exp(zB +v; +&;) = piexp(e;) ERBITZ DT
Elyi|pi] = ps exp(D;/2) # pi

Lz
o Hiflilc y; 2L TN TIRZLZLDOHNL S TNELDEHEEL T
W5,



|
3. unmatched sampling £V » Z7BEIC kX 5 €TV

You and Rao (2002) i3V v 7Bz e T V2 H#REL 7.

yizﬁi—&—si, h(@l):w;,@—l-v“ 1=1,....m

o h(6;) =logh; & &b ENBEBHETNVORMICKRS.
e ZDETIIX E[yzwz} = 01' Wiz,

e You and Rao (2002) l&—f&D Y > 7 BI%L h(-) DFRAE T/ 7 X — F ITHHFT0
ZRELTRA AMEEERIT> T 5.

REDADNT A=Y ZRET 2REBH D, (ETNVHEBRIEMTH 55%) H
MEd £ 0irEnn.



3. unmatched sampling £V » Z7BEIC kX 5 €TV

KB HI: S S0B05) ~ 7 h(6:) = log 6; D7 — Al L T8
R HEE ST R % 2 B

= NEZEHO TR T 2B TFE2IRET 5.
R R

o LUFD & 912 y; DIRATATHIEHTHICET S 4700,

1 o (y; — exp(VAt; + z/3))?
flyi) = @xD )/ /_Oo exp (‘ 5D, ) u(t;)dt;,

u(-) VTR B O B RE L.
AT 2 9 O EBAERY & & AR HR Y B LI s
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3. unmatched sampling £V » Z7BEIC kX 5 €TV

i

y; =0; + €5, logGi:xQﬁ—&—vi, 1=1,....,m
V; ~ N(07A), E; ~ N(O,Dl)

KEVST A —% ¢ = (B, A).

2XF X — & H#fE5EFi1: Godambe and Thompson (1989) i< & 2 #ffE /i f =l % Fil
T3,

o ZOHEESRERIT y; DAXRETOE—RA YV FONE
o FULFEIIMHTINCRE & 2\ add y; ORIAE—X v MBI s Nn 5.
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3. unmatched sampling £V » Z7BEIC kX 5 €TV

mi = Ely] = oxp ()8 + A/2) 18 LT g = El(y; —my)¥] £k co L s

pog =mi (et = 1)+ Diy  pgi = mi(e? = 1)*(e* +2),

g = mi(e? —1)%(e* 4 2¢34 + 324 — 3) + 6m2D;(e? — 1) 4 3D2.

EBIT uyy = yi — ma, ugi = (i — mi)® — poi LT wi(ys, @) = (urs, u) &
L. 3(¢), Pi(¢) 2B F o k 5 I .

oy [ M2 H3i v m 2mum(e? — 1)
ZDLE ¢ DHEEARERIZ

m

3 Pi(¢)Si(¢) wilyi, ) = 0.

=1
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3. unmatched sampling £V » Z7BEIC kX 5 €TV

91' @jﬁﬁﬂ:/)b)f
o 0; DA AHEERIIDLT DL )12 5.

0:(yi, @) = E[0:]yi]
E. [exp { VA2 + 28 - (2D) "} (y: — exp(VAz + 2/8))? }|
E. [exp {—(QDi)fl(yi — exp(VAz + 33;5))2}}

)

B[]V 2 ~ N(0,1) 1233 2 WIfsit % 3

o HEEREMRAT 2 2 & CTRIKINIC 0; = 0;(y;, ) %135 . (Bior OIS 13T
ICFHE T E R\ O THUERE Y TR 2 5D 5 )
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3. unmatched sampling £V » Z7BEIC kX 5 €TV

0; DV A 7 3
0; DY A 7D 7=z 0; D MSE 2#£ 2 %
MSE; = E[(6; — 6;)?]

o —fRIZ MSE; IZRAVST A =% ¢ ITHKFFT 52D T, MSE; DR GHEE =
ZHw3.

FUAIIZ 13 MSE #fEsEit% MSE; 7% E [MS\E] — MSE; + o(m~1) %t ¥
X9 ICHERT 5.
o HEEHTRRTER L7 ¢ DWBENHL. WG/ SA 7 A % 3 L -CRHFIIC R o

52 LITES. £ FAX MY v I 7= ATy 7T2HTHEKT 52 &

14 /23
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3. unmatched sampling £V » Z7BEIC kX 5 €TV

BfE 5B
WY v I BNED EE, WBEEBEFTVLIZED L SWIEEET 5 D).
o F— ¥ ERERK

y; =0; + &5,  logl; = By + Brxs +v;, i=1,...,30
Vi ~ N(OaA)7 Eq ~ N(Osz)

Bo=0,8; =06, x; ~N(0,5), D; ~U(515), A=0.5,1.

o 0; DTHEZNEY > 7, WEEH, FHOZNZN65HL, HD 6, LD
MSE & X O bias % 1,000 [H[D## b 3K & FHEAL

% 72 direct estimator y; ® MSE & X O bias b [Alf#ICE 5.

15/23
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3. unmatched sampling £V » Z7BEIC kX 5 €TV

BB (REE)
WEYULY 7 FH ARy
A=1 MSE 2.62 3.01 3.02 3.05
bias 0.145 0.325 0.112 0.332
A=0.5 MSE 2.63 2.76 2.78 2.86
bias -0.477 0.178 -0.046 0.192

16 /23
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3. unmatched sampling £V » Z7BEIC kX 5 €TV

FET— 5 ~DjH
o y;: 2014 FOHGEINIRL T L ORGHAE (HEE), i=1,...,47
o D; 13 2006 4E7> 5 2013 4ED 7 — ¥ 72 & FHEL
o MAER x; & LT 2011 FEDORBIBSGEHREORI R 2T 5.
) Y 7 EFAEYTIZD S,

yi =0; +e;,  logly =B+ Bixi+v;, i=1,...,47

17/23
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3. unmatched sampling £V » Z7BEIC kX 5 €TV

LT —F DU

yi =0; +ei, logl; = Po+ Prx; tv;, 1=1,...,47
HESEf: B =0.984, B =0.843, A =3.16

Predicted values

log-transformation
10000 15000 20000 25000

T T T T T
10000 15000 20000 25000 30000

log-linking

Figure: SV ~ 7 € 70 & WA HE 7L O F Il o2



4. SRDIER

B
e unmatched sampling & X4V > 7 Z W/ FOVIZIEET— & Ik L TEH.

o BIRIC3H AL EOFRENEZ L 2T -2 bbb, FLFHET -5 THIE
AL TV —AbH 200 L.

logistic Y 7?7 R RDY 77
o ZHZ LB 7 ERDITE LY ¥ 7258 LIFIRS 7w,
VY7 b T = PoETE S LR,

19/23
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4. GHE DR
)V F A MY v 7Y v %M\ unmatched-sampling € 7L

yi = 0; + &4, 0¢:L(:c§ﬁ+vi), t=1,...,m.
v; ~ N(0,1), & ~ N(0,D;)

V7 L() 1EMTD X 91 P-spline Z W TRET 5.

K
L(u) =~y +mu+...+yu! + Zmﬁk(u —ti)d.
k=1

o BHMLT 2 i€ 7L: single index €TV (772 LEEFZD b D13 random effect
ZEEROLDDRH)

o TR =% ZHEIRINCHEE T 2 DIXHEL WS, FHIOAM 2 3E L TRA ZHE
ET 5 DIFHINAS . (FEAM 6 DY v 7)) ¥ RIS I TAHE.)
BERIMEZ RO TDIZ B,y = (71, ..,Yg+k) I uniform prior Z A#1%.



4. SRDIER

]
y1:91+€27 QZZL(wfﬁ—’_'Uz)v 'L:]-avm
K
L(uw) :fyo+fylu+...—l—’yquq—FZ'yﬁk(u—tk)z_.
k=1

e uniform prior ZF&E L 72856, FESMIIHT L D proper 1272 5 7\,
W2 D b & FR AL proper 1IZ4 5 2 R LT,
o FAHEHET — & 12xf L CH FH A EE

BAEFERR TN ~ 7 58 misspecify N7 — AT v 71256 $ 2 1Bk
ERANPARSY Tk~ Sy A



RS

o T—¥ %MWY 5E 7T )NVONMHE LT unmatched sampling &V v 7 B &
BEFLEMALL.

o WEAEHAD r — AR YT, HEROMHA TE T IV NT X —F DHEESR
INHIE S5 A — 5 DHETE, BEORZDY R 7 3HHICOWTIREL 72

e SHBOTEH: /NI AN Y ) RHVEETIL



I ——SSS,
S 3k

e Fay, R. E. and Herriot, R. A. (1979). Estimates of income for small places:
an application of James-Stein procedures to census data. Journal of the
American Statistical Association, 714, 269-277.

e Godambe, V. P. and Thompson, M. E. (1989). An extension of
quasi-likelihood estimation (with Discussion). Journal of Statistical Planning
and Inference. 22, 137-152.

e Slud, E.V. and Maiti, T. (2006). Mean-squared error estimation in
transformed Fay-Herriot models. Journal of Royal Statistical Society: Series
B, 68, 239-257.

e Sugasawa, S. and Kubokawa, T. (2015). Parametric transformed Fay-Herriot
model for small area estimation. Journal of Multivariate Analysis, 139,
295-311.

e You, Y. and Rao, J. N. K. (2002). Small area estimation using unmatched
sampling and linking models. The Canadian Journal of Statistics, 30, 3-15.



ZEEEHMTESERNA ZHEE ERTT — I NDILHA

NMARKB

2016 £1 A 29 H
BI> 77 LY X ARG - BIFHE OB 6.



BA

E:3
o HIBIERZHAAALIMIREEDETILZIRE.
e BEETIVIEZ, WUYKNT—IP{ET—IREDRRT—FICHERT

5.
o BT —FIDIGAZTV, FRELERTH (SMR) &HENSY X VIEFEZ/N
HISHEET 5.

o KEKXRDAREIL, LITD working paper ICHEDTVWTW5B,

Sugasawa, S., Kawakubo, Y. and Ogasawara, K.

Geographically weighted empirical Bayes estimation via natural exponential
family.

arXiv preprint, arXiv:1508.01641.



BA

IN\HBIFHETE

o HulF i DFIE DTG p; ZRIDcWEE, T TILT A XHUNE WHIR T,
575 (BERFY) y, FEEREDPRSERTERL,

o u; Z/I\MURAE, y; &F D direct estimator & W5,

o u; ICEAIHIBOBERZ ANLBRNHZRET DL, 1 ORBRAIHEER
FREUHEEE L 7S (borrowing strength)

— model based estimator

o BILEETTIL (Linear Mixed Model, LMM) EMEENBZETFTILD Y 5 ADER
EEL fEbNTWS,



e AVYKNTF—IP_HET—F R EDRRT — I U TE LMM (3@ TR L
e, EDEWT ZRD—RIEBIESETIL (GLMM) MULIEUIFAWS
ns.

o LN ULBAS, GLMM FHEICHEBRDNET, EITLEM

o GLMM [0 D, JRBAHIcHRENAHZRELVICETILZRAWS.
DETIVE, BITNICRA JHEEENEHTESZFDX ) Y b5 3.



BEOETIL

e Ghosh and Maiti (2004, Biometrika) IC&k > TROETFILHRESI Nz
Yiyee s Ym (EM'EIZ y1|92 B &K U 01 @ﬁj\*ﬁ%l’x—F@ct > L:Eﬁi
Yil0i ~ f(yil0:) = expln;(0iy; — ¥(0;)) + c(ys, )],
0; ~ w(0:]v, m;) = exp[v(m;0; — (0;))]C (v, m;),
n;: BEAN
m; = (xtB)  INAIR=INTA=5: ¢ = (8", v)
FRDIR: p; = Ely;0;].

o DEEEE LT Var(y|0:) = n; ' Q(ui) = n;  (vo + vi; + vop?) ZIRE.
INSRIERD . ZIED . R7Y VP HEEECHERLE+RLENWT R,



BEOETIL

o 0, ICIEHBENHHEANTNZOTRILES & OB IFBIFMICR
£0, 1 ORA EERE LTUTEES.

~ o~y Y vy
i = Ry, ) = ntv

COWETEIFRID/INT A—F ¢ ITHRTFET 2D T infeasible
o ¢ FEDRENSUTOLS ICHEETES,

&= argmaxz [log C(v, m;) —log C(n; + v, i (yi, d))] -
¢ o

TP ENRSZEER [i; ICRAT B TRERA TR i = (v, d) &

8%. — model based estimator



ik

0N
e,

0.501714)

(1.19431,40.1371]
(861148,1.19431]
(501714, 861148]
No data

Figure : 1930 EERMICH T2 BEHED SMR DA



AR

o BEDETFTILTIINAIR—ISX—IQEHIBTHBETH LI EERELT
Wz,

NANR=INGX =5 FEMBTRLE>TVS (BEEFERE) EEZZDHER.

o BHIMOMBHIBERUENERE U THESNTVSEBEEG, TRHETILICHEMRA
STEDTELANMEERWEENTEZS.



ZEEEH SRR A THTE

¢ BEEFLEEVNT ¢p= ¢, ELEEFILERET 3.
b, i=1,....mEUTOLSICH#TE

o~

¢i = argmax Z Wik [lOg C(V, mk) - 10g C(nk + v, ﬁk (yka ¢))] )
k=1

mie =¥ (xB8),  Fk(yr: @) = (nwys +vmi)/ (ni + v).

Wi, E2 DO i, kIO A N Ty diy, BHSREDIERE, b &/ RIBE L
feeEL, A—FRIVEH K (z) EBWT wiy, = K(dip /b) EEET .

o W—RIBHELTHTDDBERYR—KZHD2h—XRILZ2AWS. SEIFN
TDARN—FRIVERBWS.



ZEEEH SRR A THTE

o HISBIHEI N ¢, EAVTEHEAEEHENT X (GWEB) ¥ES

ﬁGWEB MY+ Umy
1 nl + /V\Z b

EEE.
o XY RIBb LT D& S7% Cross Validation [T K 2 E#EEZFHWTEIRT 3.

m

V) = {ui - ﬁ(G_V;’)EB(b)}z ,

=1

TCTC\.LJ ﬁ?XEB(b) ‘i\ VA FIIIE b @Bt—( Y1y ooy Yi—1Yi+15 -+ - s Ym 7)\‘53}?
iz ¢, ZFEW u; D GWEB HEE.
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HEEFIR

WEATY
1. MO d;), =583 5.
2. CVEEZR/IMET 2L SBEEBR/NY RIB b* KD 3,

3. NV RIED OB ETEHIBREID Y T4 b~ wy, Z5TEL. & i KL T ¢, £K
»H3.

4 HER ), ENA TREBICRALT ASVEB %83,
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MSE

o NSWEB Y 2 7D T8I MSE DIEEEE KD D.
MSE ZIUT D & S Ic &

MSE; = E [(75™"" — p;)?]
= E (i — m)?] + B [V = )%

£ 11EIE O(1), B2 O(n~1) (n = mb).

parametric bootstrap ZF\W\T MSE @ 2 RENANMRHEEEZ KDHD I EMNT
5.



LT —F NDILA

Tty
o 1930 FEREMDITCT— Y ZfFITT 5.
o 2 HulEk i DBEMDIETH
N;: #g i [IC{EATWBBEHEDRE
IEEIE m = 1372 (i=1,...,m).
BHEOBRIETHIZ L =" 2 = 13656.
M i DBMEDIFIETHUL, ny = L x (N;i/ Y72, Nj)

ZXE(LIETCHE (Standardized Mortality Ratio, SMR)

e SMR [ZHBHIRICE T BT DEENLRBRIEZH SO IIERT,
TRERDIETIHMEBAFIRTIDLL, TERSI NS,

o Mulsk i [CH TS SMR D direct estimator (&, y; = 2;/n;.

o ULHULAHNS, /KT vy, IFEETEHRWVDT, SMR @ model based
estimator (GWEB #EE) ZXK&7\L,
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T —I DA

ZEERTYV Y - AVNREETI
© 21y, 2 WEHILICUATOAHICHE > TWB ERE
zilwi ~ Po(niui), wi ~ Ga(vimg, v;)
o "BED"SMR & p;, D direct estimator (& y; = z;/n;.

L4 ;E%‘i r; = (.%Oi,l‘li)t, To; — 1, T4 Liiﬂzﬁk’é @ﬁ'li@%t%{,
(ki) = m; = exp(x}B;).
o HIBEEWRE U THETIINEONTVWSODT, BIETIICL>TERINSDY

T 7 DRMEHEREE U THIBRI DR d), Z5TE. Chicb&DE
&, = (Boi, Bri,vi)t ZHEL, pSWVEB B

&

i -
—Y; — € €. 0.
e — xp(z;3;)

o WD, BMEDORTYVY - HVVERETI (¢, = ¢) HEH.

~GWEB _ "
s =

14 /18
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