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The concept of coherent risk measure was introduced in Artzner et al. (1999). They
listed some properties, called axioms of ‘coherence’, that any good risk measure should
possess, and studied the (non-)coherence of widely-used risk measure such as Value-at-
Risk (VaR) and expected shortfall (also known as tail conditional expectation or tail VaR).
Kusuoka (2001) introduced two additional axioms called law invariance and comonotonic
additivity, and proved that the class of coherent risk measures satisfying these two axioms
coincides with the class of distortion risk measures with convex distortions.

To be more specific, let X be a random variable representing a loss of some financial
position, and let F(z) := P(X < z) be the distribution function (df) of X. We denote
its quantile function by F~!(u) := inf{z € R: Fx(z) > u}, 0 < u < 1. A distortion risk
measure is then of the following form

gp(X)i= FY(u)dD(u) = / zdD o F(z), (1)
[0,1] R

where D is a distortion function, which is simply a df D on [0, 1]; i.e., a right-continuous,
increasing function on [0, 1] satisfying D(0) = 0 and D(1) = 1. For p,(X) to be coherent,
D must be convex, which we assume throughout this paper. The celebrated VaR can be
written of the form (1), but with non-convex D; this implies that the VaR is not coherent.
Also note that different authors use different names spectral risk measure or weighted V@R
for a distortion risk measure.

The most well-known example of coherent risk measure is the above-mentioned ex-
pected shortfall. Taking distortion of the form DES(u) = a~! [u -(1- a)]_f, 0<a<l
yields the expected shortfall as a distortion risk measure:

1 1
ESa(X) 1= — F~1(u)du.
& J1—a
The following one-parameter families of distortion vields several classes of coherent risk
measures:

e Proportional hazards (PH) distortion: DY (u) =1 — (1 — u)?,

e Proportional odds (PO) distortion: D§O(u) = fu/[l — (1 — 6)u]

e Gaussian distortion: Dy (u) = ®(®1(u) + log0)

To implement the risk management/regulatory procedure using risk measures, it is
necessary to statistically estimate their values based on data. For a distortion risk measure,
its form (1) suggests a natural estimator which is a simple form of an L-statistic. The main
theme of this paper is to derive the asymptotic statistical properties of simple estimators of

those risk measures based on strictly stationary sequences, and to compare some distortion
risk measures and VaR.
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Let (X,)nen be a strictly stationary process with a stationary distribution F’, and
denote by F, the empirical df based on the sample Xi,...,X,. A natural estimator of
p(X) is given by

ﬁn_ﬁ )dD(U) Zcm nis (2)

where c,; ;= D(i/n) — D(({ —1)/n) and Xnq £ Xpg < -+ < Xpp are the order statistics
based on the sample X3,...,X,.

In what follows, instead of restricting ourselves to the particular form (2) of L-statistic,
we consider a general L-statistic of the following form:

1 n
= Z anh(an), (3)
7 4
i=1
where c,;’s are constants. Define for 0 < u < 1,
Jn(u) : chml((z V/nyi/m] (W) +en1liy(u), ¥n(u) = ” Jn(v) dv
=1

Then we have

7= | hER ) du= [ AEF () dTa(a).
0 [0,1]

Let g :== ho F~!, and define the centering constants

e = /D g g = f[o 90 4@

Consistency is a basic desirable property of statistical estimators. The following result
was proved in van Zwet (1980) for the i.i.d. case, but his proof remains to be valid for the
ergodic case.

Proposition 1 Suppose that X1, Xs, ... forms an ergodic stationary sequence. Let 1 <
p < oo, 1/p+1/q =1, and assume that J, € LP(0,1) forn=1,2,..., and g € L(0,1). If
either

(i) 1 < p < oo and sup, E(|J»|P) < oo, or
(ii) p=1 and {J,, n =1,2,...} is uniformly integrable,

then we have T, — up, — 0, a.s..

Further, if there exists a function J € L, such that lim, . fot g)ds = f; J(s) ds for
every t € (0,1), then T, — f[o 1)/ (5)dg(s), a.s. By this result, in partlcular our estimator
Pn in (2) of distortion risk measure proves to possess strong consistency under the very
general conditions stated above.

For the asymptotic normality, we basically draw upon Shorack and Wellner (1986),
Chapter 19, for the form of assumptions and the line of argument. First we set out the
following assumption on (X,).
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(A.1) (X,)nen is strongly mixing: Setting 9’3 = o(Xj,...,X;), the strong mixing coeffi-
cient

a(n) = sup {|P(An B)— P(A)P(B)|: Ac ¥ Be &, k> 1}
converges to 0 in such a way that

a(n) = 0(n™%™) for some § > 1+ V2, >0

Note that strong mixing assumption is the weakest requirement among various mixing
concepts. Next we assume the bounded growth of g and J,, and smoothness of J,,.

(A.2) h is a function of bounded variation: h = h; — ha, where h; and hg are increasing,
left-continuous, and satisfy

|hi(F~Y(u))| < H(u), forall0<wu <1,
where H(u) := Mu~% (1 — u)~%,

For g = ho F71, let J dg be the integral with respect to the Lebesgue-Stieltjes signed
measure associated with g, and [ d|g| be the integral with respect to the total variation
measure associated with g.

(A.3) There exists a function J which is |g|-a.e. continuous such that J, converges to J
locally uniformly |g|-a.e.

(A.4) For B(u) := Mu=b (1 — )2, |Ju(u)| < B(w), |J(u)| < B(u) for all 0 < u < 1 with
by Vb < 1.

We note that under (A.2) and (A.4),

1
|ttt =)y Bw) diglw < o0 @)
when 7 > (b1 +d1) V (b2 + d2) (see Shorack and Wellner (1986), Lemma 19.1.1).

Before we state and prove the asymptotic normality of the estimator (2), let us note
that it is possible to reduce the argument to the uniform case, as in the i.i.d. case. Namely,
there exists a strictly stationary sequence (&,)new with the same mixing rate as (X,) such
that X, = F~1(&,) and &, ~ U(0, 1) (on a possibly extended probability space; see Lemma
4.2 in Dehling and Philipp (2002)). Let G,, be the empirical df based on &1,...,&,. Then

é"" (7 w)) — u)l.
n—M--Aﬁuﬂ%man T, (1) (5)

Here X £ Y means that the random variables X and Y have the same distribution.
Let Cg(u,v) :=P(& < u, & < v) and put

oo o0
o(u,v) :=uAv—uv+ Z[Ck(u,v) — uv] + Z[Ck(v, u) — uv). (6)
k=2 k=2
When (&,) satisfies the same mixing rate as in (A.1), it follows from the covariance inequal-
ity (see Dehling and Philipp (2002), Lemma 3.9) that the two series on the right-hand side
of (6) are absolutely convergent. We define the empirical process Uy (u) := /n(Gp(u) — u)
as usual.
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Theorem 2 Let (X, ey be a strictly stationary sequence satifying (A.1)—(A.4) with

2;+1 1
B bl T

Y 5, 2:1,2 (7)

Then we have
V(Tn — ) 55 N(0,0%),

where

1 rl
o2 :—/O /0 o(u,v)J(u)J(v) dg(u)dg(v) < oo (8)

Returning to the problem of estimating distortion risk measures, we should set cp; =
n[D(i/n) — D({t — 1)/n)] and h(z) = z. Then in most cases, the limit of J, will be d, so
applying Theorem 2 we have the following corollary.

Corollary 3 Assume (A.1), (A.2) with h(z) =z, (A.3) with J = d, and (A.4). Then, for
the estimator py,, of (2), we have

Vi(fn — p(X)) = N(0,0%),

where

o? = fﬁ 1 /0 ' o, 0)d(w)d(v) dF-L(w)dF (o).

When we try to construct approximate confidence intervals for risk measures, we need
to estimate the asymptotic variance (8). Let

Yo i= /[Xﬂ’oo) J(F(z))dh(z), neZ.

It is then easy to see that ¢2 is written as the double-sided infinite sum of autocovariance
v(n) of the stationary sequence (¥). It is well known that

cQ

> () =27f(0),

n=—eco

where f is the spectral density of v. Thus our problem is to estimate f(0), and we would
use a consistent estimator of f(0) as given in Brockwell and Davis (1991). But F in the
expression of ¥}, is unknown, so we must replace it with the empirical distribution function.
That is, we use

Yin = / J(Fp(z))dh(z), i=1,...,n
[X,00)
in estimating f(0). This should give a consistent estimator of the asymptotic variance (8).

Example 4 (Inverse-gamma autoregressive stochastic volatility) In order for us
to be able to compute the true values of various risk measures with adequate accuracy
so that we can evaluate the estimation bias and root mean squared error (RMSE), we
introduce the following simple stochastic volatility model. Let X; = :4; and suppose
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that V; := 1/0? follows the first-order autoregressive gamma process introduced in Gaver
and Lewis (1980):
Vi=pVio1 +ey,

where V; has a gamma distribution with shape parameter o and inverse-scale parameter
(3 for each t, () is a sequence of i.i.d. random variables, and 0 < p < 1. It is known that
the distribution of &; is compound Poisson.

Let (Z;) be a sequence of independent random variables with standard normal distri-
bution, which are also independent of (;). Then it is well known, especially in Bayesian
analysis, that X; has a scaled t-distribution with 2« degrees of freedom and scale papram-
eter 0 = 3/ this allows us to calculate the true values of VaR, expected shortfall, and
proportional odds risk measure. Also (V;) can be shown to be geometrically ergodic, so
the resulting (X;) is also geometrically ergodic, and hence exponentially strong mixing.
Thus our assumption (A.1) is satisfied in this model.

To make use of the setting in Example 2.21 of McNeil et al. (2005), we chose a = 2,
B = 16000, p = 0.5, so that X; has a scaled t-distribution with four degrees of freedom,
and its standard deviation is equal to 2000/v/250 ~ 126.5. For this case, the true values
of VaR, expected shortfall, and proportional odds risk measures are given in Table 4.1 of
Tsukahara (2009). For @ = 0.1, 0.05, 0.01, we generated 1000 samples of size 500 and
computed the estimates, the estimated biases, and the RMSEs for our estimator. For the
purpose of comparison, we also perform the same procedure with i.i.d. observations from a
scaled ¢-distribution with four degrees of freedom. The results are summarized in Table 1.

Table 1: Simulation results for estimating VaR, ES and PO risk measures with inverse-
gamma autoregressive SV observations with ¢(4) marginal and with i.i.d. £(4) observations
(n = 500, # of replication = 1000)

VaR ES PO

f=a bias RMSE bias RMSE bias RMSE

0.1 0.0692 10.9303 —2.2629 22.1361 —1.7739 17.5522

SV 0.05 2.5666 17.6755 —1.2168  37.2719  —2.0200 28.5053
0.01 14.9577 61.2290 —11.9600 103.9269 —15.7888 73.7147

0.1 0.7976 10.5893 —1.2914 19.5756 —1.3574 15.3271

iid.  0.05 0.7974 16.1815 —2.6346 31.3166 —2.8342 23.9933
0.01 10.6838 53.2567 —12.9355 95.9070 —15.8086 69.5425

They show clearly that both biases and RMSEs increase for all three risk measures as
6 gets smaller; this is expected from the asymptotic results. Hence estimation with small
¢ is a difficult task even with moderate sample size of n = 500. Maybe this shows the
limitation of purely statistical methods for estimating the values of risk measures.

The estimated RMSEs are large probably reflecting the heavy tail of the ¢-distribution
with four degrees of freedom. Although RMSE is slightly smaller for every risk measure in
the i.i.d. case, there does not seem to be a big difference in the behavior of the estimates
between in the stochastic volatility case and i.i.d. case, reflecting perhaps the quite weak
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dependence in this stochastic volatility model.

Note that systematic negative biases are observed for our L-statistics type estimators in
cases of expected shortfall and proportional odds risk measures. Examining the histograms
(not shown here) shows that the distribution of the estimator is right-skewed with this
sample size. We suggest that some kind of bias reduction method be applied in practice.
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Yo ZERBLIZRRIETY VT U A 7EEADILH

RETMRREHAPESREMARTGETIEZER FR &R
WEHECERAN - €T U USRI AR

1 ZC&®IcC

ARRTE, BRFEEEREG T (RAE) I EEEh TwaRoffigLdizT 7L, filRU A& TsC L
FEHME LTS, FHAETIE, KIEAFRORMPELHREE LICK > THEHERSRMICEHT5 L2
B, 1 HOMEOEEHESEAEEER FIHOES) Ho ET—EHBEICHEL TWa. CoRlEIMEIEHIETH
5. 1 HOS BICHIEEIEO LEE THRMED LB EEA Ty 7TH, TRETTFHNETEEA Y TLREFR,
{EEFIFRIE B 4 DMBEMICKEL BEREZIZHETHEH, COHEETDICERLIMBEINETIVIZE
BENTWEW, MXT, ZOHERZERLLTBY AZEHHOFELRY LRV, ZC7T, HEHIEZEE
L7l ZETEFIVEREL, TORENMIEEROEICKIEIREL, HiE) R 72T 5B OfE
EEMRT DT EOMACDOOTHET 5.

FELIC B B EEH R T, E&E, FRERA T HOMBERICE > THRES7dIc, HLE(LT ZAHEME
&, BERIC, B TRERIN TV EMEMEE L FIRREROBFRER 1 ITRT.

EHE(ERR  RIRETE FLAENHER IREENE

100 R 3018 20,000 Mo 4,000 @ EHEER R EE

200 MHEE 50 [ 30, 000 PR 5,000 F 2,000,000 FHAE 400,000 H

500 FHRE 80 19 50, 000 PG 7,000 F 3,000,000 FIFKHE 500,000

700 MHA&TE 100 9 70,000 F&# 10,000 M 5,000, 000 P 700, 000
1,000 A 150 M 100,000 A5&#E 15,000 A 7,000,000 FH3&#% 1,000,000 M
1,500 MG 300 3 150,000 M 30,000 M 10,000,000 FH## 1,500,000 4
2,000 MR 400 9 200,000 H&# 40,000 4 15,000,000 A35&#E 3,000,000 M
3,000 &R 500 9 300,000 FI5&i 50,000 [ 20,000,000 MR 4,000,000 [
5,000 FHRi 700 5 500,000 AR 70,000 M 30,000,000 M5k 5,000,000 [
7,000 H&E 1,000 700,000 FA&HE 100,000 M 50,000,000 % 7,000,000 M
10,000 FZ&# 1,500 F 1,000,000 MH#&# 150,000 M 50,000,000 AHLLE 10,000,000 M
15,000 K% 3,000 M 1,500,000 FA&#E 300,000 M

= 1. HEHE(HER & HIRREE DR

CCT, BEMERLEFTHOBER ERZE LICEHONAEERTHS. T74bb, t BRAOMREEL, ¢ - 15K
HOMRBERESL EISREEINS.

FNTR, BEME L TREBOKMOEE LHIEEEOHBICOVWTHREZLTWT 5. K1 TR, 201143
A1Bh»55 A 31 HETO 34 AMOEREH O & RIFEEEOHEBICDOVWTRLTWVWS. ORI, HA
FARERETH, HEPRELTWERETSS.

* BRI RLLARRRTR (A) T7 74 F 2 ZGHEDVTOHEM L HAO SR (s | BREN) IS (e Ghar v+
VA 20110 , 2011 4E 9 H 29 H, R UK NG R — b
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060 1660
|

156
I

X 1: AL F51F 5 HETE S OFR{H OHER

BHORFEKRMZZRL, L TOMBIKEERRO EFEERLTVS. &5, HEEHED FTEIR, B¥EE
BUCH L THIFEEEZMB LIETHS. £z, HHORESIE, A Aby7&E, V. Ay TEBRELVE
RERLTWS. #ifiid 3 BRIHICI 2,000 ETHEHER LTV TCT, HRHEAKEXIRC 7311 5D
FEE 2,121 HTHo72A, BRVOIA U BHIREAMYy 7ZD 1,621 M, BHO3IH 15 BICEA Ly TZD
1,221 M, B4AHD3 A 16 AICE 3BEDA My 7R TH S 921 HEFTERL TS, DI, YUZHAMH, Xbw
TER4E, Aby TR TEERENE. KESTELTOICHY, ETOFBREENEE > T EFH
FAENS.

i, HMORTHZE & FIEEROHEBICOVWTRK 2 10RT. KRiEE AR, HREORMBEEIETRL, &

R (A R 1 S 1]

5140

X 2: HEFIC B A2 HEEHOBRMO HEDH#H

FRICBT 2HIREEZ L TOBBTERLTWS. £, Aty TREZSEREICA, Aby TRCE-T5
BIEVZH LTS,
KELHAEETFTOREATE>TY, HEHMUHEHLN FIRL D EMMHFABC 2iddy. ZHIE,
SHIMHOEIIKKZfIZ FFTVARREZETERTENEESIBWIKEL %2 X > HERNS -z E L
T, METEREINARMETIE, TREDOERZITANTHVADZ LB TEZVENWSTLTHS.
AT, TOMEBHEE VSR, B2OMEEMCEDR S HHEEEEX TWANICDOWTHL RE
L,
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2 Tl
2.1 FBEMKRBEOEA

PRI B 816 N HREER L AVEE, FROMMEHOKE &AM X > THZ ATV HE
AT ST 2IED, HREEEOE/NGHEICDAEND. ZFT T, HIBMENZIFIUEEBILETH 2 S HiEx
{BTERRME X, & LTE#RL, REOTHETHIFONHE P, E XT3,

B 3%, #ffi P & ITERM X, OBRICDWTRLTWS.

() Ml & BETERRAE O HeRS (b) #KATH DR H 2 & EERKT T H 2 DO HER
Xa . = X E AXz
. 1) R O\ f
) B e Ay ‘ AP,
s e E E SR R : E ’ ¢
? 5 ‘ i | }j Ax,

t=1 t—2 £e=3

B 3: #Al & PETERRAE O£

X 3-(a) (&, Kl &EBERMOHBICOWTHEMICRL TVS. t = 1 AT, EUMKBEDFTWEN,
t =2 TIBTERNEHRIENR LA LT VS, CoLE, FREEEZBAB XSG LETH 8, ¥l Py 1t
AbwTEEias. t =3REATIE, REREOERNRDIDICETERE L L TONEE TIFTHEH, HiH
Wt=28RTALy THEADMBN LMD E5EA s efehic, PRERLFTVS. ®3-(b) Tid, HED
BiHZ AP(:= P, — P,_y) EIBEMREOMEZE AX, (= X, - X; 1) OBBEERLTWVWA. t =2BSTIE, AX,
TIIFIREEEZRKEHEASEDERZRLTVAN, AP, TIEA LY TE k> 7= EIFREIE & B CER 5=
LT3, t=3R[RTIEAX; BEDEEDFI TVAN AP TEEDEZDIFITWS. Thit, (HESEOL &
Tt t = 2R R TERMICKBR L ENED > I EREHOREN t =3 ICE-TWBEEI BN, D%, &%k
Thhud t =2 A THRO LRERSHERL LickdIic t =3 TR FFICEL 3 L3 5IBETH->T L, [Higs
RDFHIC AP, APy LR L TIEDER & B RHHFEZ OIS,

COXSIC, RBUCEENT ZAREMZE T AEBERMICR LT, {EEHEDOHIEIZHERZ D20 IcETH Y
BRNEEERZLSTVWAHEEALNS. NMAT, 2WAMREHNMNEC 2N TIE, FALFEOEIES &3k
EHAMNENS Z EAERHIENS. bbb, EEHIRICK > TEDHCHEEEESMINENSaEEENS 2 2 W
A&,

Bald, MRTHRAS NS ZBERMICELT, UTFOX3HTEFIERITS. B ¢ I1CB1) 2HE% P,
BEKMZ X, FIRERE L, B, TOEE, FhEhoBEEE

Po= Xt X Iyx,—Pi_y)<L:3 () + (Pec1 + Le) % Iix,—p>r,3(8) + (Po1 — Ly) X Itx,—p,_<—1,3(t)

P q -
AXt = Z{;ﬁkAXt_k + Z gkut_k + Uy, Ut l.kd- N(O 0'2}
k=1 k=1

LERT D, CCT, Ia(t) BIETEHETHY, tc ADHAIE1IZLD, ZNLUHNDHET R LS.
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2.2 (it EZEDEE(L

AL TORIBERIE —EDEDOTIZAEL, AiHOBREREZEEL U THAELT 2T 8EN D 2.

M1, K2IRENTWAED, 2011 FE3 1 H,S 5 A 31 AT, HENTFELTHEIZDICHIEE
|ANE < x> T, 3 EDOHHITIE 2,000 HEEZ 2%z DI TWicizsbic, FIREMEIREE 400 HTH - 7z
FEAA T L T LIS L - THIEREEAVNE (o TV E, 4 AL TR 500 FEATHE L TWVWA b,
HIFRMEIEIX 80 & 100 HEITERLTWVWS. Z0ikH, 1 HOMEEFHORE LTI, 3 AFEaTIE £400 HD
@Bz, 4 AL T 80 HEEZ THIAL TV ALY, BEASEDIEONTEREF ORETINEL
ToTW{HRADHS. §hbb, RITA VT4 HRRIKEDEFHLTWARZ AHSL LD > TS
b, HREDMERTEZEICH LEREDBDS—ETH2 ARMAETNVELTRHETLRBTEHETHS.

HAag, MEOHEZFIRERCTER(LTSC LT, COMBERERT 5.

T T T T T T
301 ERES 401 415 501 515 501

X 4: HEEIC BT B HIPRENE THAE(L U 72 R E D ORRME O/ H 22 OH#ER

B 4 Tid, ¥RMEOFTHZEZHREE TR LUZEDOHEBERLTWVWS. K2 LARIAMy TEEE BRI
A, AbyTRICESTEREBRVER L TWS. FREIC &> TEHOAREZ THE(EL T #(HaT B 2% HIFRE
ETHREL LzC ik, [-1,1]) DEEEEDRINCERTE .

LBETIE, B UZBRMRIEHER AR, EE0BL, SHONRET S,

3 HEELEZINVIAUIL

HENFREZBRMINT AR (o6}, {01, o2 IR, BEITE R RS OBERESG #HENS L
T3, kB HETALIUVZALICE<IVA7EREYTHLTE (MCMCHE) ZHVWS. #HEEEIEROERSIZLIT
DEBITHB.

1. F— &k

(a) (EMEFEEEICIEARL 72558, $bh, AR =+1 DESIC AX, 23E4E
(b) MEEFIRICEMLEVES, T4b5, |AP| <1 DS, UTOBEGRRLS AX, ZEHK

t t—-1
AX,=P,— X 1= AP - AX;
j=1 i=1

2. KHIZAZDHE
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(a) IRE L7 ARMA(p,q) ETIMTIGUT, o2, {05}y, {04}, ZHEE.

LIgETIE, Hi&fle LT ARMA(2,2) ETVERE LI E0HEHEE 7L T XLICDWTHBERT L.
HE, RRFIETIVICNT B0 ZHEE & MCMC 7))L TV X LOFEKIZDWTIE Chib, S. and E. Greenberg,
(1994), {REEMH (2001), FOIE (2005), H13F (2007), BRI (2010) Z#BBE 0.

3.1 NAIHE
ARMA(2,2) ETIVORRIST A ZZHEET H7HICE, RO 2DDEFIVAERNS.

AXy = ¢ AX 1 + 22 AX 9 + Onus g + Ooous—o + uy, uy ~ N (0,0%) (1)

AXy = 011 AX 1+ 0111 + Oapue_p + uy, up ~ N (01 052) (2)

L"i, AX}_, AXQ %Fﬁ’%—'a L/. Ug =U_1 = 0 & LTCE%@, %ﬁ:ﬁjﬁlﬁ@g&&i,

a _ 1
I (2no2) % exp {_F (AX: — ¢21AX;1 — ¢p22AX; 2 — Onus 1 — 322%2)2} (3)
t=3 22
EERES.
CTCTT, o ORFINMELTEAYINA, ThDBE 0 ~ IG (ap, By) ZBINT S, THEE, AX =

{AX 1) & ¢o1, Pon, b1, 000 MEZ SNT & ED 03, ORMATEELDHII,

9 (033|AX, pa1, D22, b1, 022)

n

X (‘732)_(1+uu) exp _5_20 x (271"7%2)—(“—2)/2 exXp *Lz Z (AX; — ¢a1AX;—1 — ¢22AX1:—2)2
T22 203 =3

_ 1
= (03y) " exp (;‘2—“;31)

22
THALNS. 2L,
-2 1+
B 5 Br=0o+ 3 Z (AX) — $218X,_1 — p22AXe 2 — G111 — foousn)’
t=3

THa. Thbb, o OFRMENEEIMARIINTAZ o, fL ZEDWH M TREINS.
DEIL, oo DY TNV FIKDVTIRRDG, WE, ¢o ODERIDHEE DT, THDB, ¢ ~U(-1,1) &
T35 Ok, FMEFEHESMI

Q] = ag +

1

2
2J¢'22

9 (¢22|AX, $a1,621, 022, 05,) o exp {— (¢22 — Ju‘qbzz)z} x I(_1,1)(d22)
TEZLNSG. EIEL,
Jiu = 052 ZAXE—-?
=3

ko3 n n n
Z AXAX: 2 — ¢ Z AX 1AX g — 0y Z w1 AX 5 — ba Zut—QAXt—Q
=3

t=3 t=3 t=3 =

S axi,
t=3

Heaz
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TBB. TEDS, on ORIEMFEATE, TI 4y, H oD OUNERHETHS
¥ENT, B DT FCDNTHRE, WE, 6 OFFiSHE—HESH, 37D, a2 ~U(-1,1) &

T5H CDOLE, FETEERDFEE,

A
202

22

9 (022|AX, da1, b2, 021, 035) o< exp {— (fa2 — #622)2} x Ii_1.1)(622)

TEx26N5. 7ZIEL,

n
2 _ 2 2
06,y — U22 E Aug_,
t=3

T T n n
Z AXiup_g — ¢o3 Z AXy w2 — Pag Z AXy oup_g — 01 Z Up_ 12
=3 =3

t=3 t=3
T
2
E U2
t=3

THB. T4bB, Oy ORMNERDMIE, T pg,, Pl ol OUMIERNFTHS.

'u'ﬂzz

3.2 LEXYVHA—EITILIY XEEDWNT
EUHIC, ETARK(2) BRELZEED ¢, DY TV FRITS. WE, ¢ OFRiDFEZ—BESE, Tk

bbb, ¢n~U(-1,1) T3 CDLE, ZEFEERSAEIZ

1

2
20‘¢11

g (611|AX, 031,020, 0%5) BXP{— (11 — M¢11)2} x I_1,1y(#11)

THEALNS. 2L,

n
2 _ 2 2
O = Oia E AX]
t=3

Z AXAX  — b0 ZutflﬂXt_l — 022 Z w2 AXy

t=3 t=3 =3
n
2
> AXE,
t=3

TH5B. $&bb5, ¢ OFMFNEERTTIE, T pg,,, D o, DYMERDTTH 5.
WE, TV TICE>TEBLNZ ¢ & ¢ ZFIAL, UTOLE YV Y - H—E 2 7)LT) XL (Brockwell
and Davis(1991), Jt/II (2005)) DOBIFIEE LI ¢y R B.

Hary

G21 = 11 — da2d11 (4)

3.3 AINIVAIGEBEHROFA

CNETOERND, LUTO/NTAZITCILBONTWBEERETS. HARBRITIE, Ga1, daz, b2z, oo WG
BNTVBEE, LITDA 27UV AREREE (61 (2005)) ZFIHELBGRREZL LIC 6, 2R S,

C1 = ¢21C0 — $22C1 — Oozpa102,

(1 +922)O’%2 (5)

a1 =
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7212, Cylid ko eHSEERTHS.

3.4 FT—AREIOWVT

BRI, AX, DT — 2DV TIENS.
fEfERIPRICHR A L /e R T, BERMEICY TRDIEFMICE EDWeT— 2 fMdEfT5 T
Elah o IBTERMOEZHEE T 5.

&T, BN T

LUFTIE, #ERMEOFHZCH LT ARMA(2,2) ZRE LIZREICEIT 5, BIARRET — 2RI DV TEHMA

T35 FtHETE, UTD3IDDHFEICTIIENS.

L:

2.

3.

Abw 7y (atEHIR O ERICEM) Oa.
A by 7% (EEFIEO TIRICEMH) Di5a.
L

FNFNCHEIC BT, AREEFINEL FO®ED TH3. 58, FWistep lCBI BT TU V5% AX, ] &
ARTB. COEE, (i 1)-step ETOHYTU L FELTHENATVIENET 3.

1

AP, =1: 2 bv 78 (EEHIEO FEICESE) OESOEEELTOY T ek ->TiIT.

AX[i] ~ TN 00 (ele], 073 = 1])
&0 AX ] BRETE. REL,

e [4]

{d21i — 1] (AXe—1[1] + AXes1[i — 1)) + da2li — 1] (AX¢—2[i] + AXyiali — 1)
—ali — 1aafi — 1] (AXy—1[i] + AXspa]i — 1]) + Oa1[i — Lus1[i] + Oasli — 1us—alil
—021[i = 1] (@i — Lue[t — 1] + go2[i — Luea [i — 1])
—02ai — 1] (P21 [i — Lue—1[d] + dozli — ueli — 1)} /(1 + @31 [i — 1] + @351 — 1]) ,
t=3,4,---,n—2
=9 {¢2li — J(AXe1[i] + AXera [t — 1]) + gooi — 1JAX,_a[i] — P21[i — Uoai — AKX, [3]
+001[i — g1 [i] + Baali — Lus—ali] — fa1[i — Lbaa[i — Luei — 1]
—0ai — o[t — Nus—1[3]} /(1 + 03, [i - 1]) ,
t=n-1
a1t — LAX 1 [d] + daafi — JAX: _o[f] + 021t — Lup—1[i — 1] + Oaafi — L]ue_soft — 2],
t=mn

Al /() t=n-1
o2,[i] t=n

o] /(1+ 03, + ¢3y) t=3,4,-,n-2
ofli] = 1/

Ths.
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2. AP, =-1!AbFv7& (EEFED FIRICEAM) DEGOBMEZUTOY YT Y FIci>TTS.

AXy ~ TN o1y (peli], o2[i — 1])
0 AX) BRETB. 1L, wli], o2i — 1] & (6), (7) BBEOT L.
3. |AP| < 1{EMEHBEICIEAE LW EE 0 H.
£ t—1
AXi] = ; AP;[i] - ; AX i)

PLEIC & D F— 2l T NI-BERBORTZ AX [i] = {AX,[i]}, £BL.

3.5 7ILdUXL
ChETICRRE#EE L 7T— 2 HEEEASDER C LICk Y, UTo7 /NI X L2155,
1. F—&§EM . AX[E] BY TV
2. INT A HEE

ofyi] DFE

b11[i) DFE

02,[i] DFRE

(a)
)
(c)
(d) @ofi] DRE
)
)
)

(b

C

bo1[i] DEFH  LEY VY« A= U7 ILFU XLOF|H
Oaai] DFEHE
fo1 [3) DEHT © 1 7V ALSEEBOF A

(e
(f
(g

PRIV RLD 1. HE 2-(a)~(g) &, FEWICKEZER M ETHRIIET. +HREIHBMNN < M) I2Ht
LT M- N {foEsfiEiteEe UTEHRHAT 5. Bfanaid,

1 M " M . M
~2 2 1 2 2 1 72 2 1
T8 T iz%f’zz[z]: oy = mi:§1¢21{?’]! P30 = mh;l $32(d],
M M M
~ 1 ; - 1 ; - 1 2
o= 2 Bl Gh=g—x > %l AX(M)=g—x D AXO]
=Nl i=N+1 i=N+1

EHEEE LTRAT 3.
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4 BEEER
4.1 HEEEOEE IERSIBRA S % 58

TTTIE, 011 E3IH1ANMS 531 BETO 37 AMICHBI 2R ETENOMWRMICH LT, ARTHRRT S
F— R e 7V T XL LSRR RS, WA LT TV, AR EFVEL, AR(1), AR(2),
MA(1), MA(2), ARMA(1,1), ARMA(L,2), ARMA(2,1), ARMA(2,2) D 9N THB. Fiz, TET/VEROD
IC DIC #E18 L. 735, DIC OFMICOWTIE, FBH (2010), K& - 0 (2008) ZE&BE Nz,

(TR G PR DRI B OAEIC 5 & B EHERT Bcic, LITFO 210 OEEICDOWTEIHRBZITo .
F— A L AR ST A RBERTo B, T AREEITOTIMROITEY D ZEELETIT/T AR
HERToHEETHS. FMBOERZR2IC, BEDERERIIC, TAThELHTVS.

7 2: HECASR 1.7 — 2R & MBI RI ST A Z 2 HEG U TCRER

EFI DIC a? &1 o2 o 6y RERE
ARMA E7/L7& L 117.825 0.419

AR(1) 116.671 0.419 0.298 0.082
AR(2) 118.537 0.439 0.322 —0.088 0.093
MA(1) 121.901 0.466 0.263 0.069
MA(2) 118.805 0.447 0.344 0.001 0.057
ARMA(1,1) 119.187 0.430 0.179 0.120 0.082
ARMA(1,2) 118.578 0.446 0.173 0.111  0.027 0.080
ARMA(2,1) 122.210 0.460 0.062 0.028 0.247 0.074
ARMA(2,2) 132.160 0.532 0.067 -0.285 0.217 0.204 0.082

F— REEETDEVESTIE, EESRIC X > THADMEREFHOREIMMASNTLE I I, BE
S8 0?2 OREEMEIZ/NE V. @EEEY A7 EZFHIT ABEICE o OKETERVS Y, BYAT— 2%
ToEWEEIKE, VAZERNMELTLES BTNHHS.

(EIEHIIE B LT OREIC S X DEECOVWTERLS. T—2MlRT > RBETR/D DIC ZRAET IV
13 AR(1) T, TOMIE 116671 THA. KPS WVERLBOE, ECARETVEGELNLDTHD, £
Ol 117.825 TH D, MEDEIINEW. Fie, 2T ARMA EFVOREFBZRELTE 0.057~0.093 &

RS HEHREL T 2BHMERTOTICRAVIZ A ZZHE LA

=5 DIC o2 b1 b2 0, Oy  TRAEFREL
ARMA TF/NEL  89.309 0.273

AR(1) 79.637 0.236 0.418 0.145
AR(2) 81.418 0.244 0438 —0.044 0.148
MA(1) 81.209 0.244 0.424 0.133
MA(2) 87.045 0.246 0.454 —0.029 0.131
ARMA(1,1) 81.986 0.240 0.361 0.073 0.147
ARMA(1,2) 80.550 0.243 0.308 0.105  0.064 0.151
ARMA(2,1) 83.019 0.250 0.115  0.112  0.366 0.141
ARMA(2,2) 85.853 0.258 0457  0.113 —0.033 -0.113 0.122
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EAVNEL, BHIAIDMENC RSN S. ThabE, 35 CTARQ) ETILVOHTHEHEDANRNEOD, Th
FEREZHCEREEEZEL TRV ENWEEZ ONS.

—HT, TZEEETDLT, MO BYDEZERLEZVIEETE AR(1) A8/ DIC DOfE 79.637 #E 5.
BUENZETNVET—2HAET /B E LE L AR(1) THBH, TOHERIRDOETEZ>TWVWS. ARMA T
TIVEFRELZEWE DD DIC 1 89.309 £, 9 DDFEOHRTRLAZVEZN>THEYD, [AS5HhD ARMA €7
WERELIZIZESBDETIVE LTOBRYEERF > TVWAT EHRENS. E5IC, AR(1) ZiZUHE LT ARMA
ETNEYTEDHEEOREFRIT 0.122 ~ 0.151 LN AZ LfiEL>TWAZ A s, HEAHFMEERS
LTWBEEZBTEHRZYTHS.

LiE& Y, MBOFTEH0EZELEZVESICEECHFFEEEL TR EEZILNS, TTT, AR OB
WKEHT A, £3 &0, AROFREREDEEL > TVWAZ e S, 2.1 HiTl~ MEEHIEE WS HlEIC X -
THIEEIENSECHOEWEE] PN EEZ NS,

COX3IC, MEDOITHYIDICK > TMEREEOREN L LT 2SN H BT, ETILDHTIEHEIN
FAZHER, TRAEMERARICTI RENDS. BRI, T 2FMICK > THE I NZBERGORIHZ
EEAKINTRES. ®5 TiE, 7 2#METo THE LEBROHF T DIC HRNERBZEFINTHS AR(1) I
Ko THEINBERMOMBEE AX, &, HMO¥HZE AP, ZRLTA.

T T T T T T T
301 315 401 415 S 01 515 601

B 5. 7— 2l AR(1) ETNTT—2HZ{To72 AX, & AP,

M5 Tid, ZHH AP, B AX, ZRL, GESERLERN->RAICORN LTS, [EEFFEZEL
R TRE, TOBROBETEMENENEZ-TWAT EICEERMITS. HIc3HI1THE3E 31 H
OEATI, AP, BEICHLT AX, AEDEER-TEY, ¥ 3-(b) TOME LM WIHEMNEC -7 C & 2R
T&E5.

4.2 (HBZEEN) X7 O

it R 7 25HAT 5168 & LT VaR &, cVaR(conditional Value at Risk) #H 9 %. VaR &k, FRET3
BEICBNT, —EDBETRELBIRKERSEOCLTHS. —HTcVaR &id, HBIK¥E VaRyi00n %
TEIZEVIEMFDE L TORFEMNEARES LTEREINS.

BEZ) AVEREORHFIRIELTOEY THS. FHL1ETERINGE AR(L) ETINENRT A ZDERH
WT, 5 HEOBTERE®R 10,000 £RET 5. TNETNORINCH LT, £ 1 OFIEEEOEE AL TEEOK
fiOKEECE R ZT D, 5, EEFIEOREEEZ S8, 2 D0BEFT AT/ 1 DI, EROHIE

=15 %



ICTEVWEERIBRIC & - THAE DI BYID Z{To B8 TH 5. &5 — A%, [EEHIERZEALFICRIBEN TS
&, DFED, BLOMEMEHMOBZERVETHBICEDIAEZNZBEETHS. FEPRICLZEVWEEZ BT-HIC,
1HM, 3HM, 5 HEHEE LIRETORBSHEZNFTNOBESICDWTERL, 220U Z7IEEL &bt
TRHL.

URATHEEOMRERAICE LY, ThEFNOEEDTAEDOLA LTS LEHGIGRLE. 1| HEOGRETE, &

F 4 REWBICIS C MR EE Y 27 OfF

RAE AR VaR Tl 1%(M9) ¢VaR1% (M)
1 5 {ER R L —125.00 —137.99
ETERIEES D —80.00 —80.00
3 04 {ERGIBEZE L —224.00 —243.93
fElEHIBE D b —207.00 —209.67
5 HiH {EMEHIRR R L —259.00 —274.84
{EfEHIFRSH D —249.00 —261.39

IEHRDZNFEE L HZBFETRIARELREVDELCTVS. COETIRHIFREIRE 80 ATH A7, (HIEEIE
DNHBHATIE, VaR, cVaR DAL LICLUHDORATEETH S —80.00 HERLTWAS. 3 HEDEE T,
ZTOHHTH S 2 HEHOKMDIREIC K > THIFEEENER S /28, 2TORVIT—EDOTENB 5D T
V. VaR T, HIERRZEXZVESICIE —224.00 HTH D, EREFEREZE X BEICIE —207.00 HTh 3.
HEEBBELE 10% BEOTENELTVS. cVaRICDWVTE, EEGEFEEZZZ HTWLESICIE —243.93 0TS
H, {EEFRRZEAHBEICIE —200.67TTHD, MERBELT 15% BEORENHS. H\T 5 ABOES
Tld, VaR T, {EIEFIFRZZZZWVEEICIE —259.00 HTH D, (HEFEEEZE X 1B AT —249.00 I TH 5.
MEIBBEZ 4% EEOTHICNE D, cVaRICDWTE, HIBHEEZEZ Z TWVESICIE —274.84 9 TH D, @
IEHIPRZE X B EICIE —261.30 FTH YD, HEREBBLZ % BEORBICL LT3, Thbb, §5
HZEL LRI DN TEEHFENY) A VIEEICE X 288 NE <D, 1AM 6 B¥H) ORETEHREED
ERFEALRLNEI LS.

TOT LlE, HeICRLIERIAOBRNIS DD S. LB, HEEFHEEZER LI, BRSOV, £
M5 1HMHE, 38, 5 HAOREZT BRI 2ERENHEERLTVS. TR, HEIEFEEERL-E
BIKDWT, TNTNOEBDHEETRLTVS. BUBIC, 1 BEOREBICEIT 2ME0ERSESARLETS. &
fEFIfRZZ M LB E T, BIE0MO Like THMAMERFIED 80 MO & A THBYIONT VWA T LARE
NTHYL, EEGEEOHMENENT 2N 5. 3 BEOEE TR, HEFEOEENHED, EEOBEIHEO
R NTNEI e S, LELENS, [HIERBZZE LGS 0HES4TIE, Ltk TiEsiT s
TI5NTVABRFIHGEETE, HIEFIEOEENLENSTHOTWA T LATH S, 5 QEDEMICES &, #
BAMOBRIC DO THENZECIZE A CHETES, MIEFEOEESHZ L Aol LGN 5.

PLEL D, {EEfIFRAMEMEZESR Y X 71IC 52 5B RIHNOHEICKE L, FENMEZERE LTV R T
SSHMEN TV T EATREEND. RS, 1HEMOREZEATLGEICREEAEHENE{E>TaET LN
ah .
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EramlREL

g _
g+ 5
g 5
g 8
g 8 -
g+ 8 -
L= . = » ; > ; : (=R f ; ; ; 3 v ; = n = :
-18¢  -100 -50 Q 0 100 150 -300 -200  -100 L] 160 200 200 400 -200 0 200 200 800
1 BRRH sEM&E 5 BMIRHE
ErEHIRHY

0 200 400 600 800 1000 1200
t L i x 1 i )

f T T T T T 1 T T T T T T 1 o T T T T
-150 -1C0 50 [ £6 e 150 -20¢ -200 .10 € 100 200 300 <00 -200 o 200 400 €00

1 BRRE SEMRH 5amIEH
X 6: HHENOHEZRE LI IR OBRBIN

5 &b

HEFIC HRE ncERIC OV T, [ERFFRIC X B MEOIT BT £Z 5k LIRRIIETY T RIiTo7. (HIEH]
R b IEERLETH S S RROKMICOWVT, BEKREL VI RIIEFHZICEA LK. FIETOH
FEMEIEIY, AEORMEICE > TEET BBl —EDETE AV, ET5IC, FRICEK > TR MERETDORE EH
BB, HREFOELE—EE LERRFIETI ALY TRDSEC EORYENED. ZO7D, HEOH]
HE% 4 OHIREEZAVTEELTAC LT, MRORBER [-1,1] OXKME{ERKE T2RICERL, &
RYETNVOZEERM L EET.

(L LEBEREOMAZ2RARTIE TV ONGE Uz, Bk, TOERL, —HERAFAIEERYIT
B3, FTORED, KHISTAXOHEEICIBHIATETS > HREOTF— 2 BEEZRBTIHET VIV XL
EFRELE., £, ARMA ETLVDIT A REFEICDNT, ARSEZICOVWTRLEY VY « Z—E 7T
Z L%, MA BT OWTIERA 2 UV ZREEREFIA L RBOEH 2TV, Y27V FEGRNICIT k.

{EIEHIREE Z5E L2V HREE U X7 Z28/NTHET 380, [ERFEOCHIEICLZEEMI0ED
EREESEN SRS S B2, REVST A ZOHETIET— 2 HHZFAERICITS T EOEERNREN
f=. FO—AT, HEREIMEEEHY R 7IC5A 388, FEPREZETT ELLICENTOE, 1ERER
DHEETRIZLACEEPRINANT LERENE.
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