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Abstract

The asymmetrical movement between the downward and upward phases
of the sample paths of many financial time series has been commonly noted
by economists. Since this feature cannot be described by the Autoregressive
Integrated Moving-average (ARIMA) model and the Autoregressive Con-
ditional Heteroskedastic (ARCH) model, we introduce a class of the Simul-
taneous Switching Auntoregressive Integrated Moving-Average (SSARIMA)
model with ARCH disturbances. The asymmetrical volatility function of
financial time series with daily effects can easily be estimated by this mod-
elling. We also report a simple empirical result on stock price daily indices
of the Nikkei-225 and SP-500.
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1. Introduction

In the past decade, several non-linear time series models have been proposed
by econometricians. In particular, considerable attention has been paid to the au-
toregressive conditional heteroskedasticity (ARCH) model, which was originally
proposed by Engle (1982). A number of extensions of the standard ARCH model
have been proposed and some of them have been used in empirical studies. In
addition, some non-parametric and semi-parametric estimation methods for the
conditional heteroskedasticities in asset prices and returns have been proposed.
The related issues of modelling the conditional heteroskedasticities in asset prices
and their volatilities have been discussed by Bollerslev (1986) and Chapter 21 of
Hamilton, for instance.

In this paper we shall propose to use a new class of non-linear time series mod-
els called the simultaneous switching autoregressive integrated moving-average
(SSARIMA) models for analyzing stock prices and possibly other asset prices. In
particular, we shall use the SSARIMA model with the autoregressive conditional
heteroskedastic (ARCH) disturbances to estimate the volatility functions of stock
prices. The main reason for using this class of non-linear time series models is be-
cause we are convinced that the class of autoregressive integrated moving-average
(ARIMA) time series model and the standard ARCH models cannot describe one
important aspect in some financial time series, that is, the asymmetrical move-
ment in the upward phase (or regime) and in the downward phase (or regime).
It has often been observed and argued that major financial series including stock
prices display some kind of asymmetrical movements in the upward and down-
ward phases. This feature of time series can be regarded as one form of time
irreversibility discussed in the statistical time series analysis : see Chapter 4 of
Tong (1990).

Earlier, we introduced a simple stationary SSAR time series model and dis-
cussed its statistical properties in some detail (Kunitomo and Sato (1996)). Let
{y:} be a sequence of scalar time series satisfying

Ay +ove iy 2 Yy
(11) Y = 3
By +ove iy <y

where A, B, o; (0; > 0,i = 1,2) are scalar unknown coefficients, and {v;} are a
sequence of i.i.d. random variables with E(v;) = 0 and E(v}) = 1. By imposing
the coherency condition given by

1-A 1-B

(12) = =7,
dJ J9

this time series model has the Markovian representation

(1.3) Ye = Y1 + (011 (s > YYe1) + 020 (v < VY1) [= VY1 + ve]



where v is an unknown parameter and I{(-) is the indicator function. When
01 = 0y = 0, then the Simultaneous Switching Autoregressive (SSAR) model
becomes the standard AR(1) model by re-parametrizing A = B = 1 — 07 . As
we have shown (Kunitomo and Sato (1996)), even this simplest univariate SSAR
model, called SSAR(1), gives us some explanations and descriptions of a very
important aspect of the asymmetrical movement of time series in two different
phases. Although this characteristic of economic time series has been observed by
a number of economists, as yet there has not been a simple but general time series
model incorporating this feature directly as far as we know in the econometric
literature. It is important to note that the SSAR(1) model defined by (1.1)-(1.3)
is different from the threshold ARMA models in non-linear time series analysis.
The simplest first order threshold autoregressive model is given by

Ay + oo iy g 20

(14) Ye = ’
Byt——l + o0 if Yid < 0

where d is a positive integer parameter. The most important issue in connection
with the SSAR models in (1.1)-(1.3) is in the fact that the phase at ¢ is determined
when y,_4 is observed in the threshold autoregressive (TAR) models. Hence once
we have an observation at ¢ — d we can perfectly predict the phase at ¢ in the
future. See Tong (1990) for the details on the threshold autoregressive models
and other related non-linear time series models.

In a subsequent work (Kunitomo and Sato (1997)), we have extended the
basic SSAR model that we proposed in Kunitomo and Sato (1996) into impor-
tant directions for econometric applications. We have introduced a class of non-
stationary SSAR models, which is useful for applications to major financial time
series. Also we allow that the disturbance terms in the SSAR model can be auto-
correlated and have a finite moving-average structure in addition to the non-lirear
autoregressive part in the time series models. It is important to note that it is
not possible to describe the kind of asymmetrical patterns in the upward and
downward phases by using the standard linear non-stationary time series models
including the ARIMA time series model and the standard ARCH model pro-
posed by Engle (1982). This issue has been previously pointed out by Nelson
(1991) and Harvey and Shephard (1993) in the context of the volatility function
of stock prices. Although there have been some proposed estimation methods
for volatility functions by Nelson (1991) and Harvey and Shephard (1993), the
time series models often become very complicated once the asymmetrical forms of
the volatility functions are introduced. Since the stationary SSARMA and non-
stationary SSARIMA models are natural extensions of the corresponding ARMA
and ARIMA models in some sense, they can easily be extended to handle the
asymmetrical conditional heteroskedasticities.

The main purpose of this paper is to give a new estimation method of the
volatility functions of asset prices, which can be asymmetrical in two phases,
by the use of the SSARIMA modelling with ARCH disturbances. Unlike other
parametric, non-parametric, and semi-parametric methods already available, our



formulation is a very simple parametric approach and it provides an easy way to
handle daily effects in the volatility functions of asset prices. Since these effects
have been observed by some financial economists and practitioners in financial
markets, our method for estimating the volatility functions may have very real
applications. Furthermore, our estimation method for the simultaneous switching
autoregressive integrated (SSARI) models can be justified by its asymptotic prop-
erties and hence the model selection procedure within a class of SSARIMA models
based on the information criteria can be developed rather straightforwardly.

In Section 2, we shall introduce the univariate SSARIMA model with ARCH
disturbances. We also shall investigate some properties of the SSARIMA(p, q)
model with a time trend and ARCH(r) disturbances in some detail and give the
method of estimating the asymmetrical conditional heteroskedasticities in asset
prices. We shall also discuss the asymptotic properties of the estimation method
and develop the model selection procedure. Then in Section 3, we shall apply the
SSARI model with a time trend for the analysis of the Nikkei 225 spot index at
Tokyo and the SP 500 spot index at New York. In Section 4, some concluding
remarks on our econometric approach and empirical findings will be given. The
proofs of some theoretical results obtained in this paper will be gathered in the
Appendix.

2. The SSARIMA Model

There has been growing interest in the last decade among econometricians
to investigate financial time series data by using statistical time series analysis.
There are several interesting features often observed in financial time series data.
First, many financial time series such as stock prices, bond prices, interest rates,
and foreign exchange rates are often too volatile to use the stationary time series
models used in standard statistical time series analysis. There are cogent argu-
ments in financial economics that there are equivalent martingale measures for
asset prices : see Duffie (1992). Then there are some reasons why it is difficult
to describe the observed asset prices by stationary time series models. Second,
the distributions of financial prices, yields, and returns are often not well approx-
imated by the Gaussian distribution. It has often been found that the kurtosis
calculated from the daily returns for stock prices is much larger than 3, for in-
stance. However, there is little consensus on the class of distributions to be used
for describing financial time series among econometricians. Third, the estimated
historical volatility functions for many financial time series are often not con-
stant over time. This leads to the argument for that the conditional variances
of time series are not constant over time. Fourth, some financial time series ex-
hibit asymmetrical movements in the upward phase and the downward phase. In
particular, a number of economists have observed this type of asymmetrical time
series movement in stock prices.

The standard linear time series models such as the autoregressive integrated
moving average (ARIMA) process can go towards explaining the first and second
features, but not to the third and fourth features. The standard autoregressive
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conditional heteroskedasticity (ARCH) process, which was originally proposed by
Engle (1982) and has been sometimes used in recent econometric applications,
is consistent with the second and third features, but not with the fourth one.
There have thus been several attempts to extend the standard ARCH model.
(See Hamilton (1994), for instance.)

2.1 A Simple Model of Stock Prices

In this section we first extend the simple econometric model of stock prices
that we used in Kunitomo and Sato (1997). We began by modifying the well-
known economic model in financial economics developed by Amihud and Mendel-
son (1987).

Let the intrinsic value of a security at time t and its observed price be V; and
P, respectively. We distinguish the intrinsic value of a security and its observed
price. Since the two values V; and P; can be different, we can introduce a partial-
adjustment model when the intrisic value V; at ¢ deviates from the anticipated
price V", which is given by

a(Ve-Vy) if Vi—=Vr>0
(21) Pt"‘.ljt_l =
geAVi-Vy) i Vi-Vr<o

The anticipated price V;* at ¢ calculated by the past realizations of prices is given
by

p—1
(2.2) Vi =) BiPimina
v

and the adjustment coefficients in the stock price equation satisfy the condition
0> 0(i=12).

Earlier, we dealt with the case when V;* = P,_; (Kunitomo and Sato (1997)),
which is included in (2.2) as a special case. The anticipated price V;* in (2.2)
includes the optimal forecasts of price levels given the past information if F;
could have followed some ARIMA models. Because there are new shocks or news
available at ¢ in markets, V; could be different from V;*. In addition, we have
allowed the adjustment coefficients g; (i = 1,2) to take different values. There
could be intuitive economic reasons why they can be different. For instance,
when V; > V* the current price has been under-evaluated and there is economic
pressure mainly from the demand side to force the price up. On the other hand,
when V; < V* the current price has been over-evaluated and there is economic
pressure mainly from the supply side to push the price down. Since there are two
main forces during the actual price determination process in financial markets, the
two coefficients g; (¢ = 1, 2) could be different. However, instead of discussing the
rigorous economic justifications, here we simply point out that this formulation
includes many situations as special cases, which are theoretically or practically
interesting in financial economics. When g; = g, (2.1) is reduced to the standard
linear adjustment model. Further, when g; = g, = land V* = P,_;, then V, = P,



and the intrinsic value of a security is always equal to its observed price. Hence,
by using the formulation we have adopted in (2.1) it is possible to examine from
the observed time series data if these conditions are reasonable descriptions of
reality.

In the recent financial economics, there has been a convention that the loga-

rithm of the intrisic security value {V;} follows an integrated process I(1) with a
drift,

(2.3) Vi=Vii+oe+u,

where u represents the expected daily return except stock dividends and {e;}
are a sequence of random variables generated by the linear stationary stochastic
process possessing a MA representation. Let the indicator functions be

It(l) =I(P, > Pi)
and
1P = I(P < Py),

where I(w) = 1 if the event w occurs and I(w) = 0 otherwise. Then we re-
arrange (2.1) and (2.2). By combining (2.3) with (2.1) and (2.2), we can get the
representation of AP; as

p—1

! — BolAP,-1 —g(t)Z,BiAPt—i + g(t)[p + oe
g(t—1) i=1
where g(t) = gllt(l) + ngt(z) and A is the difference operator such as AP, =
P, — P,_;. In this representation, It(l) = 1if and only if V; — V;* > 0. But then
(2.1) implies that Ifl) = 1if and only if AP, > 0. When p =1 and f, = 1, (2.4)
is identical to our SSARI model in Kunitomo and Sato (1997).

(24) AP =g(t)]

2.2 The SSARIMA(p, 9)—ARCH(r) model

In this section we shall generalize (2.4) in the above section and introduce a
new class of the simultaneous switching autoregressive integrated moving-average
(SSARIMA) model with autoregressive conditional heteroskedasticity (ARCH).
For the specific application to financial time series in this paper we first consider
the univariate SSARMA model given by

P
aj + axt + Z aYi—i +or1ue (G ye > Yi-1)
=1

(25) Yt )
P
bI -+ b;t + Z b;‘yt-—i + oyu, (lf Yt < yt—-])

=1

{l

where we take o; > 0 (i = 1,2). The disturbance terms {u;} are a sequence of
I(1) process satisfying



q9
(2.6) Aug = c;uj,
3=0

where ¢y = 1 for the normalization factor. The random variables {v;} are mar-
tingale differences with E(v,|F;-;) = 0 and

(2.7) E@W|Fio1) =14 v}, a.s.,

=1

where the unknown coefficients {o;,7 = 1,---,r} satisfy some restrictions on the
positivity of conditicnal variances o;; > 0 (i = 1,--+, ). In the above notation the
o—field F;_; is generated by a set of random variables {y,, v, ; s < t—1}. Although
the conditional heteroskedasticity of {v;} has a simple form as in the original
ARCH model and is symmetrical, the resulting conditional heteroskedasticities
for {y;} and {Ay;} can be asymmetrical.

The univariate non-linear time series model we introduced in (2.5) has the
first order multivariate autoregressive form with moving-average disturbances by
using the standard state space representation in time series analysis. Let us define
p x 1 vectors y, and u; by

Y Ut
Yi-1 0
(2'8) yt = . )ut = . ]
Yt—p+1 0
p x 2 matrices p, (i = 1,2) by
aj a; by b3
0 O 0 0
(29) pl = : . ) ﬂg = : : )
0 0O 0 0

and p X p matrices A and B by

ap e e ay by -er e by
1 0 1 0
(210) A= . B=
0 1 0 0 1 0

Then the non-linear time series model we have introduced can be represented as

piz; + Ay, +oue i ey, > ey,
(2.11) y, = ,

Boz; + By, +ou, if ely, <ely,,
where €} = (1,0,---,0) and 2} = (1,%)" is the vector of strictly exogenous vari-
ables.



The most important feature of this representation is that the time series vari-
ables may take quite different values in two different phases or regimes. This
type of statistical time series model could be classified as the threshold model in
the recent time series literature. However, since the vector time series and two
phases at time t are determined simultaneously, we shall refer this type of time
series models to a class of simultaneous switching autoregressive (SSAR) time
series model. The univariate time series model consisting of (2.5) and (2.6) can
be called the simultaneous switching autoregressive integrated moving-average
(SSARIMA) model. We denote this class of models as SSARIMA(p, 1, ) or sim-
ply SSARIMA(p, q), which is a direct extension of the standard ARIMA(p, 1, )
model in the statistical time series analysis. In the SSARIMA model we need
some restrictions on unknown parameters in order to make the stochastic process
defined by (2.11) meaningful in a proper statistical sense. This issue has been
called the coherency problem and extensively discussed in Kunitomo and Sato
(1996, 1997) *. We say the non-linear time series model (2.11) is coherent if and
only if the correspondence between {y,} and {u.} is one-to-one given the initial
condition Fy.

The conditions that e}y, > €|y, and €{y, < €|y, _; can be rewritten as

(2.12) o > €I, — Ay, — e,
and
(2.13) Taue < e,1(Ip - B)y,_, ~ ellllz ,

respectively. Then the set of conditions on coherency in the present case can be
summarized by a 1 x 2 vector v* = (4,v;) and a 1 x p vector ¥' = (1, +, %) :

1 1
(214) e, 6T, ~A)] = e, eI, ~ B)

1

— (7”)7!) .

Because the univariate SSARIMA(p, ¢) has some specific structure in the class of
the general multivariate SSARIMA model, it has a simple representation. For in-
stance, we do not need any additional conditions to (2.14) for the normalization.
By using Theorem 2.1 of Kunitomo and Sato (1996), we have the one-to-one cor-
respondence between the stochastic processes {y;} and {v;} under the condition
given by (2.14).

In order to obtain a useful representation of the process {Ay:}, we use the
indicator functions

It(l) = I(ely, > €\y,1)

and
2
IfF ) = [(elxyt < ellyt—l) .

Then we can obtain the representation

'The terminology "coherency” has been adopted from Gourieroux, Laffont, and Monfort
(1980) in econometrics.



(2.15) Y= p(t)z; + Ay, + o(t)ue,

where ,

(2.16) pt) =Y mli
=1

(2.17) A(t) = A1V + BT |

and

2 ,
(2.18) o(t) = Za,-]t') .
1=1

When the first component of {u;} in (2.15) is an (1) process, the stochastic
process {y;} is a non-ergodic process. Hence it is of interest to investigate the
ergodicity conditions for {Ay;}. In the present univariate case we can simplify
some coefficients by the coherency conditions (2.14), that is, we have the relations

(2.19) p(t) = —(n,v:)o(t)
and
(2.20) el —elA(t) = (1, -, W)o(t) .

By using these relations, we re-write the disturbance terms {u} as

1 . P
(2.21) up = —==Ay; + 97 + 73t + Z’Y:‘yt—-i .
O'(t) =1

Because of (2.6) and (2.21), given the information available at ¢ — 1, we have
to consider four phases for Ay, at ¢ depending on Ifi) and Ifi)l (: = 1,2). By
taking the difference operation on (2.21) and using (2.14) and (2.15), we have the
representation as

(222) Ayt = O'(t) {Ao + i A,(t - Z)U(t - i)_lAyt—i + AUt} ’

=1
where Ag = —73,
Al(t - 1) =1~ 'yla(t - ]) 5
and
At —i)=—yo(t—1) (i=2,---,p).

It is immediately clear that the time series model defined by (2.4) is a special
case of (2.22). Moreover, we have the following characterization result on {Ay},
which is a simple extension of Theorem 2.1 of Kunitomo and Sato (1997).

Theorem 2.1 : Define the non-linear transformation of {Ay:} by

(2.23) T(Ay) = o (1) Ay, .



Then the transformed stochastic process {T'(Ay.)} satisfies

(2.24) T(Ay:) = Ao + iA,v(t — )T (Ayey) + Auy

=1

where A and A;(t —i) (1 = 1,--+,p) are defined by (2.22).

The time series model defined by (2.24) can be called the threshold autore-
gressive moving-average (TARMA) model with time-varying coefficients in the
non-linear time series analysis. From this result it can be deduced that the
stochastic process for {Ay,} is slightly different from the TARMA(p, ¢) model.
Also the stochastic process {Ay,} has the representation

14
ay+ Y aidy + 01Au; (if Ays >0, Ay, > 0)

=1

p
ay + (%) biAYe-1 + Y aiAys—i + 018y, (if  Ayeq <0, Ay > 0)

=2
Ay = 4
P
b5+ (2) ardyes + Y bidyemi + 028ue (i Ayemn 20, Ay < 0)
1=2
P
by + ZbiAyt-; + oy Auy (f Ay <0, Ay, < 0)
1=1
(2.25)

By this form of representation, we notice that the differenced process {Ay;} from
the SSARIMA model has not only the simultaneous switching characteristic, but
also a characteristic of the threshold type time series model. For the stochastic
process {Ay,} defined by (2.25), we can present a set of sufficient conditions for
its ergodicity. A proof is provided in the Appendix.

Theorem 2.2 : Suppose (i) p is a finite number and ¢ = 0, (i1) the coherency
condition (2.14) holds, (i1i) the density function g(v) of {v¢} is continuous and
everywhere positive with respect to the Lebesgue measure, and (1v) sup,»; Efju|] <
+o00. Then the Markov chain defined by (2.25) for {Ay,} is ergodic if we have the
conditions (v)

(2.26) ay + EP: la;] < 1,
(2.28) lax — z sl = oIl < 1.
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P

(2.29) dolal <1,

j=2

and ,

(2.30) dolbl < 1.
=2

For the precise definition and the related discussions on the ergodicity for
Markov chains on a general state space, see Tweedie (1973), Liu and Susko (1992),
or Meyn and Tweedie (1993). When p = 1, we have shown (Kunitomo and Sato
(1997)) that the necessary and sufficient conditions for the ergodicity of {Ay;}
are given by
(231) a1<1,b1<1,albl<l.

By a simple calculation, the sufficient conditions in the above theorem reduce to
these ones when p = 1. When p > 2 and ¢ = 0, the naive sufficient conditions for
the stability of the stochastic process {Ay,} are given by

4 P
(2.32) Slad <1, Y bl < 1.
=1 =1

But they exclude many interesting non-linear phenomena such as the case when
there are some over-reactions and subsequent gradual adjustments to its mean
level. It seems that the conditions we have for the ergodicity in the avove theorem
cover some of these important cases, but they are too strong as the necessary
conditions when p > 2. From our limited number of simulations, we have found
that our sufficient conditions exclude some important cases even when p = 2.

When ¢ (> 0) is a finite number, we were not be able to prove the corre-
sponding results as Theorem 2.2 (and Theorem 2.5 below) at present. How-
ever, we can prove some results even in this general case. The first result on
the SSARIMA(p, ¢) model characterizes one of the main differences between the
SSARIMA models in this paper and the threshold ARIMA (TARIMA) model in

the non-linear time series analysis.

Theorem 2.3 : Let {v;} in the SSARIMA(p,q) model be independently and
identically distributed random variables with the density function g(v), which is
everywhere positive in R. Then given

(Ayt—l) Tty Ayt.—p; Vg1, 7Ut—q) = (Zla Ctty Z2py Zp41y "t Zp+q)1

the conditional probability

(233)PT{A% < yIAyt—-l = 21,0, Ayt-—p = Zpy Ut—1 = Zp41, " Vt—g = zp+q}

is a continuous function of 2' = (21, +, Zp4q)-
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Contrary to the SSARIMA models discussed in this paper, the TARMA and
TARIMA models do not share this continuity property. (See Tong (1990), for
instance.)

We also have obtained a result on the existence of stationary distribution and
moments of {Ay;} for the SSARIMA(p, ) models. Kunitomo and Sato (1997)
have proved the same result when p = 1 as their Lemma A.2. Since it is straight-
forward to extend the proof for an arbitrary p, we omit the details.

Theorem 2.4 : In the SSARIMA(p,q) model given by (2.25), assume (1) the
coherency conditions (2.14), (i) the ergodicity conditions (2.26)-(2.30), and (111)
sup;>; El|vel*] < +oo for some k > 1. Then there exists a stationary solution
{Ay,} satisfying (2.25) and

(2.34) sup E[|Ay,|*] < +oo .
1

2.3 Estimation and Model Selection

In order to estimate the SSARIMA models, we have proposed and investigated
the maximum likelihood (ML) method (Kunitomo and Sato (1997)). We are
also proposing to use the ML method for estimating the SSARIMA models with
ARCH disturbances. However, because of the ARCH effects for the disturbance
terms, we need to modify the likelihood function for the standard SSARIMA
model slightly.

We set the initial conditions such that vo = v_y = +++ = v_pax(qr) = 0 and
Ay, 1 <t < p are fixed for the simplicity. Then there is an important aspect in
the present model that the Jacobian of the transformation from {Aug,p+ 1 <
t < T} to{Ay,,p+1<t<T}isgiven by

T
IT o)~
t=p+1

The Jacobian of the transformation from {v;,p+1 <t < T} to {Au,,p+1 <
t <T}is 1 provided that (2.6) is an invertible MA process.

Under the assumption that the disturbance terms {v;} given F,_, are con-
ditionally normal random variables, the normalized log-likelihood function for
{Ay;, p+ 1 <t < T} given the initial conditions can be written as

(2.35)log Lr(8) = —(-—T—-z-—qé)ﬂlogQW
L 5 50 1§ 1 gy
- 5= I log[olw(8)] — 5= 3. wi(8) v(8),
2T t=2p-:+liz=; ‘ t 2T t=p+1 t t

where {v,(0)} are {v;} rewritten from (2.5) and (2.6) as functions of {Ay,}, 8
is a vector of structural parameters appearing in the original SSARIMA model,
and

12



(2.36) w(8) =1+ Y ar?_(8)

The unknown coefficients {a;, 1 = 1,---, r} satisfy
(2.37) >0, Y o <1.
=1

In this representation of the SSARIMA model with ARCH disturbances, the
vector of unknown coefficients consists of

'
6 —(727’71)"')7}2)61)""Cq101)02>a1:""ar) .

We note the important property that {v,(8)} do not include the parameters {o;}
because they are constructed from (2.5) and (2.6). The maximum likelihood
(ML) estimator can be defined as the maximum of log L7(8) with respect to
the unknown parameters in @, where the parameter space @ is restricted by the
coherency conditions given by (2.14). For an efficient ML computation, we can
divide the full samples into samples corresponding to four different phases using
(2.25) because {Aw,} is a function of {Ay;—;,: =0,--+,p} and {o(t —1),7 = 0,1}
from (2.21). Then we try to maximize the likelihood function with respect to the
unknown parameters by an iterative optimization technique.

The asymptotic properties of the ML estimator in the SSARIMA(1,0) has been
established by Kunitomo and Sato (1997). By modifying those results slightly,
we can establish that the ML estimator is consistent and asymptotically normal
in the general SSARIMA(p,0)-ARCH(r) model. A sketchy proof of this result is
given in the Appendix.

Theorem 2.5 : Let {Ay,} be the stationary process followed by the SSARIMA(p,0)
model (2.25) with ARCH(r) disturbances. Assume (i) the sufficient conditions
for the coherency in (2.14), (i) the sufficient conditions for the ergodicity in
(2.26)-(2.80), (iii) the disturbance terms {v;} are stationary and conditionally
normally distributed given F,_y with E[vi*®] < +oo for some 6 > 0, and (iv)
a; >0 =1,---,7),0< ¥, <1, and g; > 0 (¢ = 1,2). Also suppose
(v) the true parameter vector @y is an interior point of the parameter space @.
Then the ML estimators 9ML of the unknown parameters in 8 are consistent and
asymptotically normally distributed as

(2.38) VT (Buz — 85) 5 N [o, 1(60)7]
where @y is the true parameters vector and

_ L 9% log Lr(0)
(2:39) [(80) = Jim_ [‘W|9=90 '
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The conditions in the above theorem are the same as in Theorem 2.4 of Ku-
nitomo and Sato (1997) except (ii) and (iii). In the present case, we need some
sufficient conditions for the non-negativity of conditional variance functions and
the existence of unconditional moments, which imply some restrictions on the pa-
rameter space. At present we also have the asymptotic results only when ¢ = 0.
These conditions could be certainly relaxed. The asymptotic information matrix
can be consistently estimated by

& log Lr(9)] |
[“ W] 8.0, -

Although we have obtained the consistency and the asymptotic normality of
the ML estimator under a set of sufficient conditions, presently we do not know
much of the behavior of the ML estimator when the sample size is not very
large and the conditional distribution of disturbances are not normal. In this
respect, we have investgated the finite sample properties of the ML estimator
in a systematic way for the SSARIMA(1,0) model when 7' = 100 and T' = 500
(Kunitomo and Sato (1997)). We have produced some evidence on the use of
the ML estimation method for the SSARIMA(1,0) model even when the sample
size is not very large and the conditional distribution of disturbances are different
from normal to a certain extent. From those results we expect that similar finite
sample properties could hold in the present situation.

(2.40)

It is important to note that the class of the SSARIMA(p, ¢)-ARCH(r) models
we have introduced in this paper includes many statistical time series models as
special cases. For instance, it includes the ARIMA(p, 1, ¢) models with ARCH(r)
disturbances. In order to select an appropriate model within the class of the
SSARIMA(p, q)-ARCH(r) models, we propose to use the minimum Akaike’s In-
formation Criterion (AIC): see Akaike (1973). Although there have been many
proposed criteria for model selection procedures, it is widely known that the min-

imum AIC is useful and successful in many applications. The value of AIC for
the SSARIMA(p, ¢)-ARCH(r) model in the present case can be defined by

(2.41) AIC(p,q,7) =

where &; (i = 1,2) denote the ML estimator of o; (1 = 1,2) and 6 denotes the
vector of the ML estimator for 8.

3. An Application to Financial Data

In this section we shall report an empirical result using some time series data
on stock price indices. In our data analysis we have used the time series data of the
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Nikkei-225 indices which are the most popular stock price index traded in Japan
and the SP-500 from the U.S. The first data sets are the closing daily data of the
Nekkei-225 Spot index from January 1985 to December 1994 and the second data
sets are the closing daily data of the SP-500 from January 1985 to December 1994.
All data were transformed into their logarithms before the estimation of the non-
stationary SSARMA-ARCH model. It may be of some interests for economists to
compare the time series movements of these spot prices, which are reprentative
indices in two major stock markets in the world.

It has often been argued by financial economists and practitioners in major
financial markets that there have been significant daily effects in the volatility
functions of financial prices. The typical argument for the existence of daily
effects is from the observation that the information flows are different from day
to day and there are some trading day effects and holiday effects. By taking
account of this observation, in actual estimation we have the volatility function

(3.1) w(@) =1+ v}, + > BiDu,
1=1 =1

where D;; are the dummy variables defined by
1 if ted;

(32) D,’t = s
0 if t¢J,

and the index sets J; (i = 1,-+-,r*) denote the calendar days 2.

We have estimated the SSARIMA(p,0)—ARCH(r) model with the dummy
variables of the form (3.1). The estimation of structural parameters in the
SSARIMA(p, 0)—ARCH(r) model has been conducted by the ML method un-
der the assumption of the conditionally normal disturbances. Since we cannot
obtain an explicit formula for the ML estimators of unknown parameters, we have
used a numerical non-linear optimization technique with the coherency restric-
tions on parameters. Because we do not have a rigorous justification for using the
SSARIMA(p, ¢) models when g > 0 and we could not find any significant autocor-
relations in residuals in most cases, we took ¢ = 0 in actual estimation. We have
divided the full sample period for Nikkei-225 into 4 sub-periods, each consisting
of about 600 data points. This has been done because many different phenomena
occurred in the full sample period and the assumption of constant coefficients in
the underlying SSARIMA model could be unreasonable from a practical point
of view 3. The resulting estimation results are summarized by Table 1 for the
Nikkei-225 data and Table 2 for the SP-500 data *.

2We took r* = 5 in our actual investigation and J, corresponds to the Tuesday dummy,
for instance. We could have incorporated other dummies such as holoday variables in a similar
fashion.

3For instance, many changes in regulations, taxes, and market structures as well as financial

innovations have occurred at financial markets in Japan during the full sample period.
*We have estimated both SSARIMA(p, 0)—ARCH(r) models with and without daily effects.
In Table 1 and Table 2, SSARIMA(:) and ARIMA(?) (1 = 0,---,3) stand for SSARIMA(z, 0)
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There are several interesting empirical observations from Table 1. First, the
spot stock price index sometimes shows sharp asymmetrical movements either
in the upward or downward phase. This phenomenon was evident in 1985 and
1987. Actually we already knew that there was a sharp decline in October of
1987. During these sharp downward phases, the estimated values of the down-
ward coefficients are often smaller than the corresponding upward coefficients.
This agrees with the fact that the estimated volatility in the downward phase is
often larger than the volatility in the upward phase. Second, we have found sig-
nificant daily effects on the volatility functions in most cases. In our estimation of
daily effects we have normalized the volatility coefficients such that the Monday
volatility always takes the value of 1. Except for the first data period °, we have
found negative daily effects from the Monday volatility, which are statistically
significant. This agrees with the notion that the Monday volatility effect is sig-
nificantly larger than other days because of holiday effects, but also it is less than
the holiday length from Friday to Monday times the normal level of volatility. In
Japanese financial markets there was some trading on Saturday mornings during
1980s. It would not be possible to find any significant differences in the daily
volatility differences because the trading on Saturday was terminated at the end
of the 1980s. Also we found that the inclusion of daily effects in the form of (3.1)
does not have a significant effect on the estimation of asymmetry and volatility
level. In most cases the estimated coefficients of a;, b;, and «; are similar for the
model (2.25) with or without daily effects. Third, after around 1990 6, there
have not been many occasions as was the case previously when the asymmetrical
movements of the price indices are evident and the estimated coefficients are not
very large. The differences of AIC in ARIMA(p, 1,0) and SSARIMA(p, 0) are
not very large in most cases in this period. Fourth, as far as the SP-500 data is
concerned, we find some evidence of the asymmetry discussed during the periods
before around 1990. This is quite evident for the data including that for 1987.
In addition, we often find some asymmetry whenever we use a large quantity of
data over more than 5 years before 1990. However, in the data of 1990s it is
difficult to find any asymmetry and the estimated coefficients are generally not
very large. We only show the estimation results by using the data from January
1990 to June 1992 in Table 2, which seem to be typical of recent SP-500 data.
The model chosen by AIC is ARIMA(O, 1,0) with ARCH(2) and daily effects.
It is often possible to find significant ARCH effects as well as daily effects on
volatility in the 1990s by comparing the values of AIC.

and ARIMA(¢, 1, 0), respectively.

5The estimated Monday and Tuesday volatilities in this period are different from our in-
tuition. However, Dr. Kunio Okina has suggested as possible explanation that there was a
substantial amount of informational flow from the U.S. financial markets to the Tokyo stock
market during the first period. Because there is a time lag in two countries, the Tuesday
volatility in Tokyo was quite large.

6There can be economic as well as institutional reasons for this phenomenon. For instance,
we have compared the movements of the Nikkei-225 spot index and futures index (Kunitomo
and Sato (1997)). The trading of the Nikkei-225 futures in Japan became active around at the
end of 1989.
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These empirical problems and findings may have some implications for finan-
cial economists. Needless to say, these observations from our empirical results on
stock indices are preliminary. But clearly it has not been easy to detect these
features of the financial time series data by using the existing methods and the
linear time series modelling in particular.

4. Conclusions

In this paper we have focused on one important aspect in many financial eco-
nomic time series, which has been sometimes ignored in the past econometric
studies on the volatilities of major financial time series. Since the asymmetri-
cal pattern in the movements of time series between the upward phase and the
downward phase often observed by economists can not be represented properly
by the standard ARMA, ARIMA, and ARCH processes, we have proposed to
use the class of simultaneous switching autoregressive integrated moving-average
(SSARIMA) models with autoregressive conditional heteroskedastic (ARCH) dis-
turbances, which was recently proposed by Kunitomo and Sato (1997). In this pa-
per we have investigated some properties of the SSARIMA (p, 0)-ARCH(r) model
and the asymptotic properties of the maximum likelihood estimation method for
estimating its unknown parameters. Unlike other methods already available for
estimating the volatilities of financial time series, our method is a very simple
but general one for investigating whether they are asymmetrical or not from a
medium size set of time series data. The model selection procedure in the class
of the SSARIMA(p, ¢)-ARCH(r) can be straightforwardly developed.

We have also tried to show that there are some reasons why the SSARIMA
model with ARCH disturbances is a useful tool to analyze many financial time
series in financial markets. The point is that if we permit the intrisic value of
security to be different from the observed price and have a non-linear adjustment
process, the result is the SSARIMA model. Then the estimated coefficients in
the upward phase and in the downward phase can be different and the resulting
volatility of financial time series can be asymmetrical around the normal volatility
level.

In this paper we have used the SSARIMA-ARCH modelling to examine the
movements of the Nikkei-225 stock index at Tokyo and the SP-500 index at New
York from 1985 to 1994. We have found some evidence of the asymmetrical
movements of stock indices before around 1990 in particular, which has been
consistent with the view of some financial economists and practitioners in the
Japanese financial markets. By using our empirical example, at least we have
shown that our modelling approach is useful for analysing some financial prices.

Finally, we should mention that our approach can be easily extended to a
more general form of conditional heteroskedasticity models such as the generalized
ARCH model by Bollerslev (1986). In addition, our formulation does not need a
large quantity of data for estimation as some non-parametric and semi-parametric
time series methods do. We think there are some advantageous aspects of our
modelling compared over other methods.
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5. Mathematical Appendix

In this appendix, we gather some mathematical details which we have omitted
in the previous sections. However, since most of the theoretical results reported
in this paper are rather straightforward extensions of the corresponding ones in
Kunitomo and Sato (1997), we use some notations and related results in that
paper. We use the notation z; = Ay, in the Appendix.

Proof of Theorem 2.2 : Define a p x 1 vector X; by

Tt
Ty
(A.1) x.=| 7
Tpmp+1
We then consider the Markovian representation for {X,}. The condition z; > 0
is equivalent to v, > ¥4 + a;_, X,_; , where

n2) = )
By using (2.21), we have the representation

(A.3) X:=H(X; ,,v),

where

—o(t)y; — U(t)a;-—lxt—l + o(t)v,

Ti-1
(A4) H(X ,v)=
Lt—p+1
Ut
We use the criterion function
(A.5) G(z) = 1+ max z;]p; ,

for 2 = (z;) and some p; > p; > -+ > p, > 0. First, we consider the case when
ze—y > 0. For t > 1 and & = (z;),

(A.6) E[G(X )| X s = 2]
= 1+ Elmax{max p;|zes1-;]| X - = 2]

P
< o1+ Blmax{(apmzes + 3 a]on|ze, IV

=2

a2 a )
’"(;alplmt—d + ng |bj|/?1|$t_j|)[t ,2121,;; le$t+1-—j|}] y
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where ¢, is a positive constant. We have the last inequality since E [|v;]] < +oo .
Because we assumed the conditions (v), there exist 0 < § < 1 and p; > p2 >
- > p, > 0 such that 6 > p;41/p; (j=1,-+-,p—1) and

(A7) a1+Z[aJ|—~<0<1
E P1
(A.8) b1+2|bj|;<9< 1,
)= J
P
(A.9) Z[a1|——<9< 1
1=2 2
and
(A.10) Z]b |—<9< 1.
1=2 J

We note that the condition (2.28) in (v) implies an inequality

1 1
(A.11) o +§:|'yJ <+
=2

Hence we can take the same 6 in (A.7)-(A.10) satisfying 0 < 6 < 1,

(A.12) 71+Z|"/JI————)<9<1
and
1
(A13) 0'2(’}’1 + Z l’YJ _— = '—) <f<1.
1=2 f) 01

Then by using (2.14), (A.7), and (A.13), we have

(A.14)  E[G(X )| X = 2]

P
< ert max{{(max (ar, 0)pszis + 3oyl pslaes DI

j=2 J

g9
+(max (——=ay, 0)p12¢-1 + Z 16; |"‘P;|33t—j|)fgz)]a 6 max p;|z;|}
log] =2 5 2558

< c3+O[1+ ]Ig%pﬂle]
= ¢33+ HG(O) )

where ¢, and c3 are some positive constants.

Next, we consider the case when z,_; < 0. By the similar arguments based on
the conditions in (v), we have a similar inequality for t > 1 as (A.14). Then for
any X;., = &, we have
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(A.15) E[G(X )X -1 = ®] < cs +0G(=)

where c, is a positive constant.

The rest of our proof is similar to the one for Lemma 3.1 of Chan and Tong
(1985). Since the Markov chain for X, is aperiodic and ¢—irreducible due to
Condition (iii), we can apply Theorem 4 in Tweedie (1983) and establish that
{X} is geometrically ergodic. Q.E.D.

A Sketch of Proof of Theorem 2.5 : The method of our proof is similar
to the one used in Kunitomo and Sato (1997). Some lengthy modifications are
necessary because there is an ARCH effect in the disturbance terms and p is an
arbitrary integer. However, basically we can develop the method similar to the
one used by Weiss (1986), which in turn utilized the results of Basawa, Feigin,
and Heyde (1976). We give only a sketch of the proof.

(i) Step 1: Let the stochastic process {Au;(6)} be defined by

P
(A.16) Aug(8) = D) Ay + % + [y — D(t = 1) Agee1 + Y %iAu—i;,

=2

which is identical to {Au} in (2.25). We denote the vector of true parameter
values of 8 = (V;a Y150 Vpy 91, U?) as 90 = (’Y;(O)a 7&0)1 Tty ,y}()O)’ 050)7 U,(’ZO))‘ By

substituting Ay, evaluated at 8 = 8, into (A.16), we have

(A1T)  Au(8,80) = o(t) o> Au,(6y)

+ M —-o@) %]

P

+ Yl — o) ot %" 1Ay-i(80)

i=1
+ oo P0 2 - o(t = 1) ]Au-(680),
where 0{” = o(t) evaluated at o; = afo) (1 = 1,2) and Aye-1(60) = Ay
evaluated at @ = @y. Thus we have a(t)‘logo) = (ago)/ol)lt(l) + (a§°)/oz)I§2), for

instance. By the Ergodic Theorem for the Markov chain (see Chapter 17 of Meyn
and Tweedie (1993), for instance),

(A.18)  Q(8,0,) = —-;- lim



Aug (0,800)°
we(ax)

LBL3" 1 log(ounla))] - SE] 5

=1

where a = («;). Because (A.17) is a linear function of v}, v, -+, ¥y, and 1/0; (=
m), 1/o2 (= n2), we notice that Q(8, 8,) is a quadratic function of (r1,72), and a
concave function of (01, 0,). Also by using the conditional normality assumption
on {v;}, we have the key relation

(A.19) / ‘+°°(UZ — w(a®) = ) d(v)dv = 0,

where ¢; is a constant given F;_; and ¢(-) is the density function of the standard
normal distribution. Then we can obtain that for 8 = (6;),

0
(A.20) Q |0 8, =

Next, from (A.16) we rewrite
(A21)  IOAy — IO Ay = 07 TP, + c] = I, Aoy (6= 1,2)

where we take »
Ct = *(0) + U(O) "Dy — Do VildYei -
=1
Then for 7 = 1,2 we have the equation

(A.22) g%uo = E{(w(e) un 1P (v + c) — I Ayei]}
= 0.

By using (A.19) with ¢, in (A.21), we have E[I{”(w,(a0)twy(a®) = 1)] =0 (¢ =
1,2) . Then we can use the inequality

(A.23) 0 = logElw(a) w(a®)]
> Eflog(wi(er) wi(al?))] .

We notice that the first term of (A.18) does not depend on ~5,7, (j = 1,-++,p)
and the maximum of the function Q(8, ;) with respect to these parameters occur
at some linear combinations of 7; (i = 1,2). Also the first order conditions for
ni (i = 1,2) are given by

5Aut(9, 0—0)_

(A.24) ‘1F[It'} Elw(a)™ v, o

] =0,
which implies

2, 0Au (6,0 2
Blwy(e) Z "‘—én,—ol ;Ezp_
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Hence the maximization of the function Q(8,8,) with respect to 73, % (1 =
1,-++,p), and 7; (¢ = 1,2) implies the condition

Elwi(e) Au(8,80)%) = Elwi(@) 0, (8)] = Elw(a) w(a®)] =1,

where 8, = (8", &®"). Then we have

1 6 ) 1 Au (8, 80)°
(A.25) _—Z"E[gjt log(afwi(ex))] 2E[ ()
. 9 (0)2 () 1 Aut(go,oo)2
< —'éE[Z;It log(o; " wi(a ))]“'Q"E[ () ]

where a® = (o!”) and the equality holds only if when & = a(®. Thus the
function Q(8,8,) is uniquely maximized at 8 = 8,.

(i) Step 2: As the results of straightforward calculations, we have a repre-
sentation of the information matrix evaluated at @ = 6, as

(A.26Y(8,) = Efw,(a!®)™?

It(l)Ayt - Ifi)lAyt_l
It(2)Ayt - It(z)lAyt..l
wi(a®) 1 2 a?

R

( 1 \ 1 )
Ay Aya
Ayi—p Ayt—p

IMAy, — I8 Ay,

Ig(z)Ayt - I}f)lAyt_l
wi( &)1y, awéa?

| (@) 2

/

[0 0 0 0 0 \
0 0 B 0 :
+ 0 0 (2)7_(0)-2 : ;
0 E[It ]772 0
Do : : 0
\ 0 0 0 0 —1(a®, a)
where
Bwq(QX) auw(a) \ !
Bay Jay
(A.27) I[(a®, al?) = Efw(a!®)™? : : ]
Bw({ QX Swq( QX
Fay Bay

is a positive definite matrix and n{® = 1/ (i = 1,2). (If (A.27) is not positive
definite, then we can lead an obvious contradition. We can use this type of
arguments in the following derivation.) We notice that E[If’)] >0 (i =1,2), the
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matrix ,

1 1

Ayi-1 Ay

(A.28) B ]

Ayi—p AYs—p
is positive definite, and the upper-right hand corner and the lower-left hand corner

of I(8,) are zero sub-matrices. By taking the conditional expectation with respect
to Fi—1 at @ = 8¢ and using (A.19), we also have the relation

ow(a ‘ i
(A29) Bl @®)ou(80) 2N ay, — 19, Ay, T}
2
-1 g po 90l @)
Uh { t 805 }
fori=1,2and j=1,::-,r. Then we can utilize that

/

we(@@)piO1 P wt(a(o))nioi—ﬁ%])
0)—1 (2 0)—1 (2
wt(o‘(o))’é) IE ) wt(a(o))fh I )

-2 S (X Swi(QL

(A30)  Elw(a®)™? Bar Par ]
awt.a aw;a
Say Say

is a positive definite matrix.
Next, we shall use the standard formula that for any partitioned (m+n) x (m+n)
non-negative definite matrix

A Ap
A=
( A Ax ) ’

|A| = |Axn||An — Aleg_glAzll ;

where Ay, is a positive definite matrix. Then by setting Ay = (1/2)1(a(®, a(®)
and after some calculations; the informatiom matrix defined by

82Q
A31 1(8p) = ——=

is positive definite for 8 = (6;).

(iii) Step 3 : The rest of the proof is to check Conditions (A2) given by
Basawa, Feigin, and Heyde (1976). The arguments in our proof are standard
because we are dealing with a stationary ergodic Markovian process. By using
the Ergodic theorem for the Markov chain and the consistency of 8 51, we have the
convergence of (2.39) and its consistent estimation. Also since we have assumed
the conditional normality for disturbances and the existence of unconditional
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moments of order 4+ §, we can use Theorem 2.4 for £k = 4. Thus the expectations
of third order derivatives of the log-likelihood function

|83 log L7(8) |
00,06,00,

are bounded for any 1, j, and k for 8 = (6;) € @. Then we can check the Condition
(A2) given by Basawa, Feigin, and Heyde (1976), which implies that there exists
a consistent root of the equation

dlog Lr(8)

- R

(iv) Step 4 : In order to prove the asymptotic normality of the ML estimator
in the SSTAR model with ARCH disturbances under the assumptions we have
made, an important step is the martingale property of the partial derivatives
of the log-likelihood function. Then we can use the central limit theorem for
martingales. (See Basawa, Feigin, and Heyde (1976) or Hall and Heyde (1980),
for instance.)

For the parameters in @ except o, (j = 1,-++,r), we can obtain the result by
slightly modifying the derivation of Lemma A.5 of Kunitomo and Sato (1997).
For the ARCH parameters «; (j = 1,---,r), we have

dlog L7(8) 1 L1 10w o -1
da =T 2(2 Wy da, [v¢ (8)w; 1,

t=1

(A.32)

evaluated at @ = 8. Then it is straightforward to show that

dlog L,(8) dlog L;_1(8)
—ae  18-6.F1| =55 lo-6,

where F,_; is the o—field generated by {y,,s <t —1;v,,5s <t —1}.
In order to use the central limit theorem for martingales, we can utilize the
existence of unconditional moments E[v{*’] < oo to show the conditional Linde-

(A.33) E

berg type condition. For instance, define a 1 x r vector Z; = (z;;;7 = 1,-++,7)
by
(A.34) zje = w; vy [viwt = 1]

Then we have

1

(A35) SLACER

~|

converges to E[||Z,||?] in probability under the assumptions we have made. Also
we have an inequality
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(*‘\36#2:15[“%“2 (124l > VT<)| Fi-1] ZEIthIIM | Fe1]

_.—( \/"‘)

for any positive constant ¢ and some positive constant § . The last term converges
to zero in probability because its expectation is bounded by

1,1 '
(A.37) *57(52)6 I sup E[|| Z,|***]
c £>1

and we can take § = 2§'.

Given that the maximum likelihood estimator of @ is consistent, the rest of
proof is to check Condition (A3) in Basawa, Feigin, and Heyde (1976) for its
asymptotic normality. Because it is standard to do this procedure, we omit the

details. Q.E.D.
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Table 1: Nikkei 225 Index (Jan. 1, 1985 — Feb. 20, 1987)

(i) Modelling with daily effects

AIC
ARCH(0) ARCH(1) ARCH(2) ARCH(3)
SSARIMA(1) | -4174.02 -4239.82 -4207.53  -4298.33
SSARIMA(2) | -4178.76  -4239.16  -4297.63  -4297.67
SSARIMA(3) | -4176.76  -4237.32  -4295.67  -4295.83
ARIMA(0) | -4143.68 -4213.05 -4268.96 -4270.93
ARIMA(1) | -4166.3¢ -4234.70  -4286.93  -4287.64
ARIMA(2) | -4170.94 -4234.17  -4286.98  -4287.19
ARIMA(3) | -4169.05 -4232.41 -4285.00 -4285.52

Selected Model: SSARIMA(1,0) - ARCH(3)  AIC: :4298.33

1 2 3 o xq Qg Q3
a (up) 0.2676 - - 0.0030 ARCH coef. 0.19  0.37 0.07
b (down) 0.0752 - - 0.0038

Mon. Tue. Wed. Thu. Fri. Sat.
Daily effects 1 3.20  1.97 1.81 2.26 0.60

(i1) Modelling without daily effects

AIC

ARCH(0) ARCH(1) ARCH(2) ARCH(3)
SSARIMA(1) | -4163.98 -4227.60 -4284.09  -4282.21
SSARIMA(2) | -4165.67 -4227.98  -4282.41  -4280 46
SSARIMA(3) | -4163.97 -4226.54 -4280.61  -4278.66
ARIMA(0) | -4135.46 -4207.97 -4255.02  -4253.02
ARIMA(1) | -4154.55 -4223.05 -4271.77  -4269.77
ARIMA(2) | -4155.80 -4224.08 -4270.08  -4268.08
ARIMA(3) | -4154.64 -4222.85 -4268.51  -4266.51

Selected Model: SSARIMA(1,0) - ARCH(2) AIC: -4284.09

1 2 3 4 oy @2 O3
a (up) 0.2719 - - 0.0043 ARCH coef. 0.23 034 -
b (down) 0.0693 - - 0.0056
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Table 1 (cont.): Nikkei 225 Index (Feb. 21, 1987 — Dec. 31, 1989)

(1) Modelling with daily effects

AIC

ARCH(0) ARCH(1) ARCH(2) ARCH(3)
SSARIMA(1) | -4828.46  -5114.55 -5167.47 -5167.29
SSARIMA(2) | -4836.28 -5129.81 -5166.09  -5165.70
SSARIMA(3) | -4834.52 -5129.29 -5164.11 -5163.80
ARIMA(0) | -4741.86  -5096.03  -5151.75  -5154.42
ARIMA(1) | -4740.41  -5098.90 -5163.12  -5163.86
ARIMA(2) | -4762.00 -5102.56 -5161.77 -5162.18
ARIMA(3) | -4761.40 -5122.66 -5159.77  -5160.23

Selected Model: SSARIMA(1,0) — ARCH(2) AIC: -5167.47

1 2 3 o o] Qg a3
a (up) 0.2083 - - 0.0058 ARCH coef. 0.70 0.16 -
b (down) 0.0776 - - 0.0068

Mon. Tue. Wed. Thu. Fri. Sat.
Daily effects 1 0.68 0.63 0.56  0.58 0.87

(ii)) Modelling without daily effects

AIC

ARCH(0) ARCH(1) ARCH(2) ARCH(3)
SSARIMA(1) | -4782.42 -5111.23 -5169.37  -5168.64
SSARIMA(2) | -4787.27  -5122.35 -5167.88  -5167.01
SSARIMA(3) | -4785.35  -5121.75 -5165.89  -5165.07
ARIMA(0) | -4658.77  -5071.68 -5149.73  -5152.83
ARIMA(1) | -4658.20 -5086.33  -5161.78  -5162.11
ARIMA(2) | -4666.46 -5091.56 -5160.47  -5160.42
ARIMA(3) | -4664.74 -5093.18  -5158.50  -5158.43

Selected Model: SSARIMA(1,0) - ARCH(2) AIC: -5169.37

1 2 3 o oy Qg a3
a (up) 0.2177 - - 0.0048 ARCH coef. 0.70 0.17 -
b (down) 0.0624 - - 0.0057
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Table 1 (cont.): Nikkei 225 Index (Jan. 1, 1990 — Jun 11, 1992)

(i) Modelling with daily effects

AIC

ARCH(0) ARCH(I) ARCH(2) ARCH(3)
SSARIMA(L) | -3117.69  -3174.44 -3203.24  -3210.30
SSARIMA(2) | -3135.06 -3193.48  -3222.36  -3225.73
SSARIMA(3) | -3133.11  -3191.66  -3220.53  -3223.77
ARIMA(0) | -3115.75 -3171.58  -3201.35  -3209.02
ARIMA(1) | -3115.24 -3174.18  -3201.64  -3208.62
ARIMA(2) | -3132.40 -3192.57 -3222.68  -3225.92
ARIMA(3) | -3130.46 -3190.85 -3220.73  -3223.93

Selected Model: ARIMA(2,0) - ARCH(3) AIC: -3225.92

1 2 3 o 0 ag a3
a (up) 0.0866 -0.2126 - 0.0153 ARCH coef. 0.21 0.28 0.09
b (down) 0.0866 -0.2126 - 0.0153

Mon. Tue. Wed. Thu. Fri. Sat.
Daily effects 1 0.42 0.66 0.34 0.50 -

(i1) Modelling without daily effects

AIC

ARCH(0) ARCH(1) ARCH(2) ARCH(3)
SSARIMA(1) | -3112.69 -3166.62 -3191.60  -3200.92
SSARIMA(2) | -3129.99 -3185.10 -3212.33  -3217.27
SSARIMA(3) | -3128.13  -3183.23  -3210.41  -3215.28
ARIMA(0) | -3110.39  -3162.32 -3189.49  -3199.39
ARIMA(1) | -3110.52 -3166.22 -3191.03  -3200.28
ARIMA(2) | -3127.91 -3184.49 -3213.30 -3218.28
ARIMA(3) | -3126.04 -3182.67 -3211.33  -3216.28

Selected Model: ARIMA(2,0) -~ ARCH(3) AIC: -3218.28

1 2 3 o oy ag a3
a (up) 0.1097 -0.2114 - 0.0113 ARCH coef. 0.24 0.26 0.12
b (down) 0.1097 -0.2114 - 0.0113
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Table 1 (cont.): Nikkei 225 Index (Jun 12, 1992 — Dec. 15, 1994)
(i) Modelling with daily effects

AIC

ARCH(0) ARCH(1) ARCH(2) ARCH(3)
SSARIMA(1) | -3541.45 -3565.11 -3591.16  -3604.67
SSARIMA(2) | -3539.49 -3563.46 -3598.44  -3605.82
SSARIMA(3) | -3539.28  -3562.02 -3597.07 -3603.82
ARIMA(0) | -3544.81  -3566.08  -3592.55  -3603.28
ARIMA(1) | -3543.32 -3565.25 -3591.39  -3604.31
ARIMA(2) | -3541.35 -3563.49  -3598.73  -3605.75
ARIMA(3) | -3541.10  -3561.97  -3597.33  -3603.77

Selected Model: SSARIMA(2,0) - ARCH(3) AIC: -3605.82

1 2 3 o ay o9 o3
a (up) -0.0920 0.1228 - 0.0138 ARCH coef. €.,10 0.28 0.12
b (down) -0.0005 0.1125 - 0.0127

Mon. Tue. Wed.  Thu. Fri. Sat.
Daily effects 1 0.62 0.47 0.45 0.31 -

(il) Modelling without daily effects

AIC

ARCH(0) ARCH(1) ARCH(2) ARCH(3)
SSARIMA(1) | -3532.68 -3554.39 -3571.48  -3591.93
SSARIMA(2) | -3530.71  -3552.51 -3577.91 -3592.61
SSARIMA(3) | -3529.69  -3551.01 -3577.14  -3590.61
ARIMA(0) | -3536.31 -3554.74 -3572.29  -3589.20
ARIMA(1) | -3534.36  -3553.42  -3570.62  -3591.18
ARIMA(2) | -3532.38  -3551.49 -3577.72  -3591.97
ARIMA(3) | -3531.20  -3549.89  -3577.05 -3589.98

Selected Model: SSARIMA(2,0) - ARCH(3)  AIC: -3592.61

1 2 3 o ay o2 o3
a (up) -0.1192 0.0950 - 0.0105 ARCH coef. 0.12 0.19 0.18
b (down) -0.0153 0.0861 - 0.0095
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Table 2 : S & P 500 Index (Jan. 1, 1990 — Jun 11, 1992)

(1) Modelling with daily effects

AIC
ARCH(0) ARCH(1) ARCH(2) ARCH(3)
SSARIMA(1) | -4034.48 -4033.51 -4043.41 -4043.50
SSARIMA(2) | -4033.53  -4032.35 -4042.65 -4042.56
SSARIMA(3) | -4031.83  -4030.65 -4040.89  -4041.11
ARIMA(0) | -4036.02 -4035.33  -4046.02  -4045.88
ARIMA(1) | -4036.10 -4035.28  -4045.17  -4045.38
ARIMA(2) | -4035.08 -4034.05 -4044.32  -4044.39
ARIMA(3) | -4033.42  -4032.37  -4042.60  -4042.99

Selected Model: ARIMA(0,0) — ARCH(2) AIC: -4046.02

1 2 3 4 a1 a3 o3
a (up) - - - 0.0094 ARCH coef. 0.03 0.11 -
b (down) - - - 0.0094

Mon. Tue. Wed. Thu. Fri. Sat.
Daily effects 1 0.80 0.49 0.75 0.91 -

(ii) Modelling without daily effects

AIC
ARCH(0) ARCH(1) ARCH(2) ARCH(3)
SSARIMA(L) | -4033.19  -4033.18  -4039.60  -4040.22
SSARIMA(2) | -4032.07 -4031.72  -4038.50  -4038.95
SSARIMA(3) | -4030.49  -4030.01  -4036.78  -4037.53
ARIMA(0) | -4033.46 -4034.17 -4041.31  -4041.56
ARIMA(1) | -4034.32 -4034.62 -4040.84 -4041.74
ARIMA(2) | -4033.09  -4033.07 -4039.61  -4040.36
ARIMA(3) | -4031.58 -4031.39  -4037.94  -4039.04

Selected Model: ARIMA(1,0) —~ ARCH(3) AIC: -4041.74

1 2 3 o 31 2P] a3
a (up) 0.0640 - - 0.0081 ARCH coef. 0.03 0.09 0.08
b (down) 0.0640 - - 0.0081
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