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Abstract

In this paper, the optimal subsidizing scheme of the central government on the locally
provided public good in the decentralized economy is examined when the central
government also provides another public good. First we examine the welfare effects of
changes in the effective price of the locally provided public good and in the income tax
rate, and derive some paradoxical results. Next, we investigate the optimal subsidy rates
to the locally provided public good. It is derived that the optimal subsidy scheme is
dependent on the relative efficiency of two types of public goods.
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1. Introduction

In the decentralized economy, each local government provides the locally provided public
good without recognizing the spill-over effects over jurisdictions, which creates efficiency
losses. Boadway et al. (1989) have examined the effects of tax transfer policy when the
local government provides public goods voluntarily and derived the general neutrality
theorem. Buchholz and Konrad (1995) and Ihori (1996) have examined the effects which
the productivity differentials create in the similar framework of the voluntary provision of
public goods. ' In these existing papers, all public goods have been provided by the local
government. However public goods can be also provided by the central government.
Generally public goods are provided by both the central government and the local
government. It is necessary to extend the model of these papers to the one where both
governments provide public goods. By doing so, we will be able to derive more general
results and the optimal role of the central government and explore the possible role of the
central government to restore the efficient allocation.

On the other hand, in the framework of the private charity model where each agent
supplies charitable contribution with externality, Feldstein (1980, 1987), Roberts (1987),
Driessen (1987) and Thori (1995) have investigated the optimal role of the government.
These papers compared the relative efficiency between the subsidy to charitable
contribution and the direct government provision. Especially Thori (1995) has derived
explicitly the optimal level of tax deductibility. These models can been reformulated to a
more general model where each local government supplies public goods and the central
government subsidizes to the provision of the locally provided public good and also
supplies a public good.

There are two main differences between the previous private charity models and this
paper. One is a subsidizing scheme and the other is the generality of the utility function.
Most of the private charity papers, except for Roberts (1987), have discussed the flat
subsidizing scheme with the same subsidy rate among consumers.” However, as Boadway

et al. (1989) examined, the central government often sets the heterogencous subsidizing

! These papers assume pure public goods provided by the local government. On the other hand, Thori
(1994), by considering the locally provided public good with various interregional externalities, has
explored the possibility of immiserizing growth in the decentralized economy.

2 Though Roberts (1987) has discussed about the different subsidizing scheme, he has not derived the

optimal scheme explicitly.
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schemes among each local government.® Therefore we consider subsidizing schemes in
the heterogeneous subsidizing economy. Next, we adopt the general utility function
where the locally proVided public good and the central public good are included
separately. In the previous papers it is assumed that the locally provided public good and
the central public good are perfectly substitutable.

This paper is organized as follows. Section 2 presents the model. Section 3 examines
the welfare effects of changes in several policy variables of the central government.
Section 4 explores the optimal heterogencous subsidizing scheme of the central
government which maximizes social welfare, in the decentralized economy where both

governments provide public goods simultaneously. Section 5 concludes the paper.
2. Model

Consider an economy with 2 heterogeneous jurisdictions, each of which supplies a public
good, G . Each region is constructed by the representative agent and the agent can not
move to the other region. A representative agent in region i gets utility from
consumption, c’, a locally provided public good, G, and a central public good, H . Then
the utility in region i, is represented by the following utility function:

U'=u(c,G,H) €))
where both ¢, G and H are assumed to be normal goods. Each local government, by
setting the local lump sum tax, divides fixed income in each region into the locally
provided public good and consumption goods. After all, each local government faces the
following budget constraint:

c+g =y -Tax' (9]
where g' is the level of the locally provided public good supplied by the local government

in region i, y' is exogenously given income in region i, and Tax' is an effective tax

burden in region i. The cost of the locally provided public good is the same among all

regions and is assumed to be unity in terms of consumption goods. Since the locally

provided public good has perfect spillover effects, G becomes equal to the sum of the
quantity of the locally provided public good in each region, that is,

G=g'+g €)

Next, consider the tax and subsidy scheme by the central government. The central

government is assumed to control the income tax level and the subsidy rate on locally

* Actually, in Japan, the subsidizing scheme for private charity is homogeneous, but the subsidizing

scheme for the local government is heterogeneous.
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provided public good provision (Grants matched to the locally provided public good).
Then the effective tax burden in region i is represented as follows:

Tax' =ty' - p'g’ 4)
where ¢ and B represent a income tax and a rate of subsidy to the locally provided
public good in region i, respectively. B =1 indicates the 100 percent subsidy, that is, the
local government can supply its public good freely. However then there would not exist
an inner solution. B =0 indicates no subsidy from the central government to the locally
provided public good. Therefore we assume Ospf <1 to have the inner solutions
associated with the locally provided public good and consumption. Then the budget
constraint of the central government becomes

H=-iy'-p'g'+1y* - g’ )
Substituting equation (4) into (2), we get
c+g =y -(ty'-pg)
Rewriting this, we have
c+pg=>01-1t)y'".
where p'*, defined by 1- 8, is the effective price of the locally provided public good.
This equation means that the effective price of the locally provided public good is
lowered by the subsidy from the central government. Using equation (3), the above
equation can be rewritten as
c+pG=Q1-ny +(1-p)g" (6)
Each local government determines its public good provision and the level of
consumption in each region, treating the effective price of the locally provided public
good, p', the income tax rate, ¢, the public good provision in the other region, g, and
the public good provision by the central government, H , as given °
Here to describe the Nash equilibrium, define the following expenditure function:
Minimize E' =’ + p'G
Sub to v (¢',G,H)=U"
Then, the expenditure level is represented as a function of the effective price, utility, and

the level of the central public good as follows:
Ei = Ei(Ui,pi’H)

4 By the definition of p and the assumption of 3, we get 0 < p<1.Here p =1 indicates no subsidy
from the central government to the locally provided public good.
° In order to get the results clearly, we assume that each local government does not bind the non-

negativity constraint on providing public goods and consumption goods. In other words, we assume the

inner solutions. -
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Using the definition of E’ and subtracting consumption level, equation (6) becomes
-0y =E'-pG+pg

Now the expenditure function has the following sign and characteristics under the

framework of this paper;

Asfor p, Ei =G'U',p',H). G,<0,¢,>0,c,=-pG,°

Asfor U, Ei =c, +p'G,>0. G,>0. ¢;,>0

Asfor H, Gi,<0. c, <0, Ej=c,+p'Gj <0,

where G' =G'(U’, p’,H) and ¢’ = c'(U’, p', H) represent the compensated functions of

the locally provided public good and consumption good, respectively. From derivatives

on these functions, we can derive the efficiency criterion of the central public good,

compared with the locally provided public good. Now we have the following lemma.

Lemma 1
If 1+ ¢, + ¢ + Gi, > 0, the central public good is less efficient than the locally provided

public good. Also if 1+ cl, + c% + Gl =0, the central public good is as efficient as the

locally provided public good.

Proof

Since functions ¢ and G are compensated functions, the derivative on each function with
respect to the central public good represents evaluations of [/ on G and c. In this paper,
the marginal cost to supply the central public good is the same as the cost of ¢ and G and
is equal to one. In other words, the one unit increase of the central public good creates
the one unit decrease of each consumption or each contribution to the locally provided

public good. ¢, +c% + G}, represents the compensated change on the sum of each

consumption and each contribution by the marginal increase of the central public good. If
i + ¢4 + Gl > =1, the one unit increase of the central public good requires more than

one unit resources in units of consumption goods. Therefore the central public good is
less efficient than the locally provided public good. If 1+ ¢}, +cj; + G}, =0, the costs of
the marginal increase of both the central public good and the local public good are the
same. QED

Then the budget constraints are formulated as follows:
-0y =E'-p'G'U' ', H)+ p'g’ (7-1)
(-0y* =E*-p’G* (U’ p*, H)+ p’¢’ (7-2)

¢ This equation is derived from equation E; =G/ (U, p',H) and E; = C; +G' + piG;.
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Also since G=G'(U',p',H)=g"'+ g, we get
-0y’ =E*-p’g
Substituting this into equation (7-1) and subtracting g', we have

1
(-1)y' = E' - p'G' +%<E2—a—r)y2>,

which becomes
pPrA-0y' + p'A-10)y* = p’E' + p'E* - p'p*G'

Finally the model will reduce to the following three equations;

pE'+ p'E* - p'p’G'U', p", H) = p’(1-t)y" + p'(1-1)y* (8-1)
G'(U, p',H)=G*(U? p*,H) (8-2)
H=y'+y* -U', p',H)- U p*, H)-G'(U', p', H). (8-3)

Equation (8-1) represents the total budget constraint in local governments considering
externality effects. Equation (8-2) implies that the locally provided public good is the
same in each region. Equation (8-3) represents the budget constraint of the central
government. From these three equations, the utility level in each region and the public

good provided by the central government are determined if an income tax, f, and a
subsidy rate, B, are exogenous.

3 Comparative Statics

In this section, the welfare effect of changes in some policy variables of the central
government is examined. The variables which the central government can control are the
income tax rate, the level of the central public good and the subsidy rate to the locally
provided public good. However, all policy schemes are not independent due to the budget
constraint of the central government. Therefore, at first, we set the assumption that the
income tax rate is exogenously given and the level of the central public good is
endogenous. Next, we investigate the other case where the income tax rate is endogenous

and the level of the central public good is exogenous.
3.1 Case 1: Endogenous Supply of the Central Public Good

Totally differentiating (8-1), (8-2) and (8-3), we have
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PY(Ey - P'Gy) PE; p(Ey - P'Gy)+ P'EL][4U']
G}, -G¢ G}, -G, au?| =
ey + Gy ct l+cy +ch+Gy dH )
-E*+(1-0)y*+ p'p°G, ~E'+(1- 1)y’ -p’y' - p'y’
-G, dp' + G? dp® + 0 dt
1 1 2
| -c, -G, -C, i 0
Using the characteristics of the expenditure equation, we can rewrite (9) as follows.
[ pPey  P'E; picy+plcp+p'p’Gh|[dU
G, -G Gl -G} du? | =
c+Gh, ¢t 1+cl +ch+ Gy dH 10)
—pigt +p1p2G}1, —p'g? _p*yl - ply?
:G}, dp'+| G |dp®+ 0 dt
1 2
. -G, —¢2 0
P’y P'E; Ploy+p'c,+p'pGy
where the determinant of | G, -G} G), -Gy , defined as A', has

1 1 2 1 2 1
¢ +Gy, g l+cy +c; +Gy

to be negative for the stability condition of Nash equilibrium. For example, if the central
public good is less efficient than the locally provided public good (cj, +¢j; + Gy = -1)

and G, = G2, we can prove the stability condition of this equilibrium by using the

assumption associated with the utility function of this paper.

Welfare Effects of the Change in the Subsidy Rate

By calculating of matrix (10), we have the welfare effect on each region in an increase of

the subsidy rate in region 1 as follows;

av' 1
o = WY P PPOG) e+ Gy (- D)
(' = NP8+ P PG — (P -DG, PN (G + PPGy)} (U1-D)
H1-7" =7 - u)(-P’g'CG] + PG}
and
du®

1
e E[(szl +p'y? + p P )Gyl - Gicy)

+(u' - (P -DG, P, - (-P°8 + P' PG )y +Gy)h (11-2),
+(1-y' =y - )-P'G,E, + P’8'Gy)}]
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where y' = —ci, >0 and u’ = -Gj, >0, the compensated values on consumption good and
the locally provided public good of the central public good, respectively.

Equation (11-1) represents the welfare effect in the region where the effective price of
subsidy increases, that is, the own subsidy rate decreases. The price change affects the
level of the central public good through the behavior of each local government. This
effect has been constructed by three terms, which are, first, the effect on the total budget
constraint, second, the difference of the evaluation on G of the central public good, third,
the effect on the budget constraint of the central government. On the other hand, equation
(11-2) represents the welfare effect in the other region. Each term in equation (11-2) is
also interpreted as similar as equation (11-1).

Now we have got some results from equations (11-1) and (11-2).

® If the central public good is less efficient than or as efficient as the locally provided
2

public good (1-y' ~y* ~u' 20)and u'= u*, then (il[;l <0

® If the central public good is as efficient as the locally provided public good
1

U>0

d 1

(1-y'-y®>-pu' =0)and u'=y?, then

These represent that the compensated values on consumption good and the locally
provided public good, which are associated with the efficiency criterion of H, determine
the sign of effects of the effective price change. If 1-y'~y>-pu'=0 and u'=u’, we
have the strong paradox that utility in region 1 where the subsidy rate increases decreases

and utility in region 2 increases. In order to get the intuition of this result, we consider the
case with 1-y'=y?~u' =0 and u' = w®. This means that H is as efficient as G in each

region, that is, 1—-y'—y? - g’ = 0. Then the change of H does not affect utility directly.
An increase of the subsidy rate stimulates the provision of G in region 1, which has the
positive externality effect for region 2. Receiving this positive effect, region 2 decreases
its contribution of G. This creates the strong paradox.

If1-y'—y?-u' =0 and u'= u?, then in all regions, H is less efficient or as efficient
as G. An increase of the subsidy rate decreases the level of H, which is better for all
regions. Therefore the effect on utility in region 1 is ambiguous.

Also when we consider the special cases as follows, conditions to determine the sign of
effects would be easily understood.

(a) The special case with the utility function of U’ = u(c’,G + A'(H))
Then y' =0. Now we get follows.
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® If 1=u'>u’, ~E’5—1—<0
rri
® If 1=yu'=y’, %gl—>0.

In this case, a change of H does not affect the consumption level directly. Therefore the
efficiency criterion depends on whether w is smaller than 1 or not. Especially if the utility

functionis U’ =u(c’,G +m'H), then m' =y’ and the efficiency parameter, m, becomes
constant. Furthermore if the utility functionis U’ = u(c’,G + uH), then we have u’ = u
and following simple results.

® If the central public good is less efficient than or as efficient as the locally provided
2

public good (u =1), then p <0.
® If the central public good is as efficient as the locally provided public good (u = 1),
1
then ~d~U—l >0.
dp

(b) The special case with the utility function of U’ =u(c’ + A'(H),G)
Then p' =0. Now we get follows.

@ If the central public good is less efficient than or as efficient as the locally provided
2

public good (y! +y? =1), then <0.

d 1
® If the central public good is as efficient as the locally provided public good

1
(y'+y?*=1), then U o0.

dp'

Now we have the following proposition:

Proposition 1
If the central public good is as efficient as the locally provided public good in region 1
and u' = u®, an increase of the subsidy rate of region 1 decreases utility in region 1 and

increases utility in region 2.

This extends the results of Boadway et al. (1989 Theorem 2), Roberts (1987) and Thori
(1996) with respect to the existence of the central public good. Even if the supply of the

7 Especially, if the utility function is U’ = u(c’ + %{— G,y =1/2.
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central public good is endogenous, paradoxical results hold as long as the central public
good is as efficient as the locally provided public good in region 1 and = ut

This proposition has the following policy implication. Let us consider the economy
where there exists the utility differential, that is U”* > U”®. Then the central government
may want to decrease a subsidy rate in region A or increase a subsidy rate in region B if it
does not consider the spill-over effects of the locally provided public good. However as
longas y'+y*+u' =1and u'=yu?, this scheme creates the paradoxical result that the

degree of the utility differential between regions increases.

Welfare Effects of the Change in the Income Tax Rate

Changes in the income tax rate on utility are given by

avt 1

=Py POy iG] -t - ) (12-1)
and

au* 1

(Y PPN T G (G G D) (12D)

If ¥' +y2 + 4’ =1in all regions, the level of utility after the change of the income tax rate

does not vary at all. This neutrality result is easily understood as follows. As shown in
Lemma 1, if y'+y2+ u' =1, then the central public good is as efficient as the locally
provided public good. By the increase of the income tax rate, the central public good
increases’, while the locally provided public good and consumption decrease. However
now the efficiency parameter is the same between regions, and therefore the neutrality
result holds. As known well, there exists the neutrality theorem associated with the
transfer among contributors (see Shibata (1971) and Warr (1983)). Our result is another
neutrality result associated with the transfer between the public sector and the private
sector. This type of the neutrality result has been derived in Roberts (1984) under the
special case with the utility function: U’ = u(c’,G + H). Then we have G, =-1. The
increase of the central public good is perfectly offset by the decrease of the locally

provided public good and consumption level is unchanged.
Given the income tax rate, ¢, if efficiency parameters are in a range of y'+y>+u<1

and up' = u*, the increase of the income tax rate lowers utility in all regions, that is,

8 This utility differential occurs from some reasons, for example the differential between the exante
subsidy rates, the income differential, the difference of exogenous parameter such as an environment.

° Actually, the effect on the level of the central public goods is calculated as
dH 1
—= = —AT(--pzy1 - P'Y* NG}t + G (¢ + Gyy)) >0, which is positive.

10
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dau’
dt
the supply of the central public good. However the evaluation of the central public good

< 0. Intuition is as follows. An increase of the income tax rate means an increase of

is lower than the one of the locally provided public good. Therefore utility decreases.

Proposition 2
If the central public good is as efficient as the locally provided public good in all
regions, then the transfer between the public side and the private side is neutral on the

allocation.
3.2 Case 2: Endogenous Income Tax Rate

In order to compare results in the existing case where H is predetermined with above
results in the general case, next, consider the case where the income tax rate is
endogenous and the central public good is assumed to be constant. Then totally
differentiating (8-1), (8-2) and (8-3), we have

P, PE; py +py|[dU'] [-pg + PG, -p'¢’
G, -G; 0 dU?| = -G dp'+| G |dp®
a +G, ¢ 0 dt -c; -G, -c i’
2.1 1,2 1.2 .2 ( )
pYy tpy tpPpH
:ul - H29 dH

~A-yl-y?-u)
where the determinant of the matrix in the left hand side becomes negative, that is,
A >0.

Welfare Effects of the Change in the Subsidy Rate
Welfare effects of a change in the subsidy rate of region 1 become

dUl _1 2.1 1,2 1 2 2 1

& =K2—{(p Y +py)G,lc; +G,(1-p)]}>0
aut -1

v Xf{(l’zyl + p'y*)Gycl, - Goep) <0

Therefore we have the following strong paradoxical proposition:

Proposition 3
In the case of the endogenous income tax, an increase of the subsidy rate of region 1

decreases utility in region 1 and increases utility in other region 2, which is independent

11
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of efficiency parameters y' and u'.

This proposition reduces to Boadway et al. (1989, Theorem 2) when the level of the
central public good is zero and the revenue change created by the increase of the subsidy
rate is financed by the income tax , instead of the lump sum transfer.”

Similar to Proposition 1, this intuition can be understood. In this case, the supply level
of the central public good is constant, therefore the efficiency parameters y' and p' do
not affect the utility. Region 2 which receives the positive externality raises utility and
region 1 lowers utility through the negative externality due to the decrease of the
contribution of region 2.

Welfare Effects of the Change in the Central Public Good

Now the income tax rate is an endogenous variable, and therefore the central government
controls the level of the central public good. Then the welfare effect of a change in the
central public good is given as follows;
du!
dH

vt 1
= (P PGy =y - ) - (W = ) + G}

1
= Py + Py - W, - Go(l-y' ~y? - u)}

The implication of these welfare effects of a change in H is similar to Proposition 2. 1f
y'+y2+ ' =1 in all regions, a change in H is independent of utility of each region. This

derives the neutrality result between the private sector and the public sector. Condition
y'+y2+ ' =1 in all regions implies that the central public good is as efficient as the
locally provided public good, and hence the increase of H can be perfectly adjusted by the
change in ¢ and G in each region. In the range of y'+y*+u' <1 and u' = u*, the

central public good is less efficient, and hence the decrease of H raises utility, that is,
au’

——<0.

i~

4 Optimal Subsidizing Scheme

In order to examine the social optimal subsidizing scheme by the central government, we

introduce the social welfare function:

1 This strong paradox also depends on the assumption of the same productivity of the public good

provision. If the productivity is different, this paradox does not necessarily occur. (See Thori (1996).)

12
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W=a'U'+a’U?
If there exist inner solutions, the optimal subsidy rates in each region and the income tax
rate (or the central public good) must be determined such as to satisfy the following three

first order conditions;

a'U', + a®U% =0, (14-1)

P p
a'Ul, +a’U% =0, (14-2)
incase 1, a'U! +a’U} =0 | (14-3)
andincase 2, a'U}, +a’U;, =0. (14-4)

4.1 Case 1: Endogenous Supply of the Central Public Good

In this case, considering equations (11-1) and (11-2), condition (14-1) becomes
[Py + Py + PP NG + Go(L- P}
(U - R (P8 + P'PGG — (P - DG P(E + G0}
+H{A-y =y - u)(-P’8'GCy + P'eiGy)}
+a®[(p’y" + p'y? + PPN Guc, ~ Gycu)
(U = (P -DG, P - (-p’g + P PG + Gy
+(1-y'=y? - u)(-P’G,Ey + p’8'Gy)] = 0

Rewriting this, we get

Cl

(v + Py + PP G [cp + Go(L- pHD +a*(Gy GE + <)}
+(ut - o (-pg + p'P’Gy)c - (P - DG, (e + P’Gi)}
+a?{(p' - DGLp’cy - (-p*g' + P'P°G Xy + Gp)}]
+(A-y'~ 77 - W' (P’8'G] + P'ci Gy)+ a®(-P°GEy + p*g'Gy)} = 0.
By E, =c¢, + pGy and ¢, =-pG,, we have
PPy + Py + PP uGLH{Q'E} - ’E +a'Gy(1- p' = p*)} +
+(u' - W) {(-p*8" + P'P°Gy)e; - (p' = DG, p (e + PG}
+a*{(p - DG P’ — (=P8 + P'P’G, ) + G}
(-y' =y* - u)pP’g'(a'G; +a’Gy) +a'p'e;G, - a’p*GLEy } = 0

4.1.1 A case of identical regions
First, consider the optimal subsidy rate in identical regions. Then the first order condition
becomes

py + ppu)G,(1-2p) + (1 -2y - w)(2pg - G,pp) = 0. (15)

13



10:08 96/08/22 Sub9

p

Defining the compensated price elasticityon G as ¢ (= - >(0) and noting 2g =G,

the above equation can be rewritten as

(7 + puX2p=1)+ PA=2y ~ W) +D) =0

From this equation, we can have the following result about the optimal effective price. If

1-2y — u =0 in the equilibrium, then p =< % ,thatis, = —;— . Intuition is as follows. Note

that, under the assumption of identical regions, whether the central public good is less
efficient than the locally provided public good or not corresponds to 1—~2y — x>0 or not.

If 1-2y — u>0, then the central public good is inefficient. Therefore the supply of the
locally provided public good should be stimulated by the subsidizing scheme, compared
with the case where the central public good is as efficient as the locally provided public

good. Now we have the following proposition;

Proposition 4

1
If each region is identical, the optimal subsidy rate becomes higher than > as long as

the central public good is less efficient. Especially if the central public good is as

efficient as the locally provided public good, then it becomes %

If 1-2y - u=0 in the equilibrium where the income tax rate has been set optimally, then
d i
the optimal income tax rate becomes the minimum one such that H=0, because ————Z <0
from equations (12-1) and (12-2). Therefore, in the case where the optimal subsidy rate
becomes higher than 1/2, the supply of the central public good is zero, that is, the locally
provided public good has been only supplicd.
We can derive the optimal effective price from equation (15) exactly, but it is

complicated and hard to understand. Therefore we consider the special case.

(a) The case with the utility function of U’ =u(c,G + A(H))
Then we get y' = 0. Therefore the optimal effective price can be exactly solved as

_1_d-p(+e)
P=3 2eu '

This equation represents that if u =1, the optimal effective price becomes > which

14
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. . . 1 .
means that the optimal subsidy rate is also 5 Also, under the assumption that <1, the

optimal subsidy rate becomes higher than —;— . This is because, under this type of the utility

function, whether <1 or not represents whether the central public good is less efficient
than the locally provided public good or not since y’ =0 is by the assumption associated
with the relationship between G and H in the utility function.

Next, we consider a comparative static under the case of <1 and the assumption that
u, v and ¢ are almost unchanged after changes of other variables. It gives effects on
the optimal effective price and the optimal subsidy rate of changes in u and &. By
calculations, followings are derived. First, the larger the compensated value on G of H,
that is, the efficiency parameter of the central public good, &, is, the larger the optimal
effective price is and the smaller the optimal subsidy rate is. Second, the larger the
compensated price elasticity on G, &, is, the larger the optimal effective price is and the
smaller the optimal subsidy rate is. These intuitions are as follows. First, we consider a
change in u. An increase of u means that the central public good becomes more
efficient, compared with the locally provided public good. Then it is not as necessary to
stimulate the provision by the local government, as the one before u increases. Therefore
the optimal subsidy rate decreases and approaches to 1/2. Next, we consider a change in
¢. An increase of £ means that the subsidy becomes more effective for the provision of
G. Then by the smaller subsidy rate, the optimal level of the provision of G is achieved.
Therefore the optimal subsidy rate becomes small.

(b) The case with the utility function of U’ = u(c' + A'(H),G)
Then we get u' = 0. Now the optimal effective price can be solved as

1
| G
pm—inl-Zy +e(1+2y)

From this optimal effective price, we get the similar result. If y < > the effective price is

1 . . . 1 .. . . .
smaller than > that is the subsidy rate is larger than 3 Similar to the above discussions,

under this type of the utility function, whether the central public good is inefficient or not

1 .
corresponds to whether y <3 or not. Also in the case of y <%, we have the same

comparative static results in the efficiency of the central public good, y, and the
compensated price clasticity, ¢, as the former special case. The intuition is also similar to

the one of the former special case. Summarizing comparative static results on the optimal

15



10:08 96/08/22 Sub9

subsidy rate in two special cases, we have the following.

Proposition S

Under the utility function of U’ =u(c,G + A(H)) or U’ =u(c+A(H),G), the optimal

subsidy rate has following characteristics.

1. The larger the compensated value on G or c of H, that is, the efficiency of the
central public good, w or vy, is, the smaller the optimal subsidy rate is.

2. The larger the compensated price elasticity on G, &, Is, the smaller the optimal
subsidy rate is.

4.1.2 A case of the same efficient central public good as the locally provided public
good

Suppose the efficiency parameter of the central public good is the same as the one of the
locally provided public good in all regions. Then we get y'+y”+ u' =1. This derives
u' = u?. By using these conditions, the optimality condition (14-1) reduces to

a'E} - o’Ey

a'Gl

p+p-1=
Similarly, from equation (14-2), we have
2E1 _ alEZ
e p?_ 1% v "%y
p p aZGIIJ

If there exist solutions, the optimal subsidy rate has to satisfy the following two

equations:

p+ p? =1, (which represents '+ > =1.) (16-1)
and

E, E;

o (16-2)

Equation (16-1) means that the sum of the subsidy rates of all regions must be equal to
one, which corresponds to the Lindahl equilibrium. In addition, the optimal subsidy rates
have to satisfy another condition, (16-2), which means that the monetary value of the
marginal utility, adjusted by the social weight of each region, must be equal in all regions.
Also since 0= B <1, the optimal subsidy rate in each region cannot become zero. If the
subsidy rate in one region is zero, the subsidy rate in other region must be one. However
the subsidy rate cannot be one by the assumption. Therefore, if the subsidy rates are
optimally set, the central government subsidizes to all regions to provide public goods in
the economy.

Now we have got the following proposition.
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Proposition 6
If vy +y2+ ' =1 and there exist the optimal subsidy rates, they must be set such as to

satisfy the following conditions.

1: The sum of the optimal subsidy rates of all regions is unity.

2: The monetary value of the marginal utility, adjusted by the social weight of each
region, is equal in all regions.

4.1.3 A general case where the central public good is less efficient
In the case where y'+y?%+ u’ <1 and each region is different, it is necessary to consider

how the other scheme has been set. In other words, when y'+y?+u’ <l or u'= u’,

the income tax rate affects the utility in each region. The optimal subsidy rate will depend
on whether each scheme is set optimally or not. Suppose that other schemes have been
optimally set. The optimal scheme associated with the income tax rate is to minimize it

since %‘;{ <0 aslongas y'+y>+u’ <l and u'=p® from equations (12-1) and (12-
2). Since y’ and u’ are endogenous variables, these variables change, depending on the

level of the income tax rate. However as long as y'+y”+u' <1 and ul =, it is

optimal that the income tax rate is set such that H=0 ,that is, the revenue from the income
tax rate is used only for the subsidy. This means that if the optimal income tax rate is set
optimally, then the level of the central public good is always zero and hence is fixed. Then

the optimal subsidy ratc becomes equal to the same condition as in the next section. On
the other hand, if y’ and u' increase seriously as the increase of the income tax rate,

there may exist inner solutions. Then it is optimal to select the income tax rate such that
y'+y®+ ' =1. The optimal subsidy rate under y'+ y?+u' =1 has been already

derived in this subsection (see Proposition 6). From equation (15), in a case of identical

. . . 1. .
regions, the optimal subsidy rate becomes > in the economy where the central public

good has been supplied, that is, H>0.
4.2 Case 2: Endogenous Income Tax Rate

In this case, the first order condition (16-1) simply becomes
a{Gy[c + Gy (1~ PHI}+ &*{(Gyc, + Goap)} =0
Rewriting this, we get
G Hd'Ej) - o’E} + &'G(1- p' - p*)} =0,

which means
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a'E} - a’Ey,
142 :
a Gy

p+p-1=

This equation is equal to the optimality condition in the case 1.
Similarly, from equation (16-2), we have
o’E} - a'E}
a’Gy
Therefore we get the same optimality conditions, (16-1) and (16-2), that is, the sum of
the subsidy rates in all regions must be one, f'+p%=1.

p+p-1=

Finally let us consider the first order condition of H. (Equation (14-4)). This
implication is quite similar to the one of the income tax rate examined in 4.1.3 If
y'+y2+u <land u' = u® for any H, then there does not exist an inner solution of H.

Then the optimal provision of the central public good becomes zero. On the other hand, if
for some H, y'+y2+ u' =1, then there exists an inner solution, that is, the positive

provision of H is optimal.

5. Conclusions

This paper has considered optimal tax expenditures by the central government when the
local government contributes to a public good which has a perfect spillover effect over
each jurisdiction and the central government can supply another public good. We have
investigated the optimal discriminated subsidy rates on the locally provided public good.
The optimality conditions depend on the efficiency parameter between the central public
good and the locally provided public good. In the case with the same efficiency, a change
of the subsidy rate produces the strong paradoxical result. Also it is proved that as long as
the other scheme is optimally set, the sum of the optimal subsidy rates must be equal to
one, which corresponds to the Lindahl equilibrium. Then the central government should
subsidize to the provision of the locally provided public good of all regions. This result
also holds when the central public good is predetermined. The efficiency criterion of the

central public good is an important factor to determine the optimal scheme.
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