94-F-36

Asymptotic Comparison of Variances of OLS and
Feasible GLS Estimators in Heteroscedastic Regression Model

under Contiguous Heteroscedasticity
by

Arinobu Nakao and Akimichi Takemura
University of Tokyo

December 1994

Discussion Papers are a series of manuscripts in their draft form. They are not

intended for eirculation or distribution except as indicated by the author. For

that reason Discussion Papers may not be reproduced or distributed without the
written consent of the author.



Asymptotic Comparison of Variances of OLS and
Feasible GLS Estimators in Heteroscedastic
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Abstract

This paper compares asymptotic variances of OLS and feasible GLS estimators
in heteroscedastic regression model under the condition that heteroscedasticity ap-
proaches 0 asymptotically. Based on asymptotic expansion of variances we will con-
firm that OLS performs better than feasible GLS when heteroscedasticity is small
and feasible GLS performs better when heteroscedasticity is large. Our simulation
study shows that the finite sample behavior of the estimators is largely consistent
with our asymptotic results.

Keywords: OLS estimator, feasible generalized least estimator, contiguous het-
eroscedasticity

1 Introduction
Consider the heteroscedastic regression model
Yij = Po + Tij1 b1 + Tijafa + - + Tijplp + €ij (1.1)

i=1,...k j=1,....n,
81'_7' ~ N(0,0?) y
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where ¢;;’s are mutually independently distributed according to normal distribution N (0, 0?),
1=1,...,k. Letting

Yil 1z ... Tigp
Yio 1 T .0 Tigy
}/i = : ’ Xi = . . . 9

yi'n,' ]. .’I/’inzl PP Iinlp
Bo €il
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ﬂ = . B & = : )
6}7 Ein;

(1.1) can be written in matrix form as

Y X €1
1?2 _ X:2 i 6:2 | (1.2)
Y.}c Xk E'k
€ o?l,
. ~N |0, ot | 0 , (1.3)
5.;@ O . o2l,,

where Y; is an n; x 1 vector of random observations, X; is an n; X (p + 1) matrix of fixed

regressors, 3 is a (p + 1) x 1 vector of common regression coefficients, and ¢; is an n; X 1
vector of disturbances.

If o%’s are known, the best linear unbiased estimator of § is

. Exx\ T & XY,
BGLS:<Z‘"LT> > (1.4)

=1 Ui i=1 O3

However if ¢7’s are unknown we can not use the generalized least square estimator
Bars. In this case we may use

...lk

k
Bors = (Z Xin) » XY, (1.5)
i=1 i=1

or “feasible generalized least square estimator”

. Eoxrx\ Tt (kL XY
mmz(zi‘é‘j—{—l) (}:5:;) (L6)
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where VMY
62 =1L M=1-X/(XIX)"X],
m—-di
d; = rank X; . (1.7)

The obvious question here is when ﬁom performs better than EFGLS and vice versa.
The purpose of our paper is to derive meaningful results on the relative performances of
ﬂo s and 6FGL3 based on asymptotic expansion of their variances.

Throughout this paper we use the following notation.

k X/X

n; <X
tyi = —, N:En,v, Ay = ——. 1.8
N N = N n; (18)

Furthermore we assume that ty;, Ax; approach a finite limit as N — o0.

Assumption 1
lim ¢ Ni = t; s
N—oco

k
0<t; <1, Zt,‘:]_, (19)
1\]flm ANi:A,', ’izl,...,k, (110)

where A; ,i=1,...,k, are positive semidefinite.
If 02, ..., 0% are fixed and not equal to each other, then it is well known (see e.g. Theil

(1971) Chapter 6, Judge et al. (1982) Chapter 10 Amemiya (1985) Chapter 6, Rothenberg
(1984)) that Var(ﬂpg,;g) = Var(ﬁGLg) + o(N~!) and Brars is first order efficient under
some reasonable conditions, whereas Bors is not first order efficient by Gauss-Markov
theorem. Hence Brars performs better than Bors for this 5 type of asymptotic framework.
However for small sample ﬂo s may perform better than ﬂpG Ls because ﬂ raLs has added

variability due to estimation errorsin 5%, ..., 5% (see Taylor (1977,1978)). At first it seems
difficult to treat this problem by an a,symptotlc argument. However by considering the
“contiguous heteroscedasticity” where o? = 0%, ...,0% = 0%; approach a common value

as N — oo and comparing the terms of order N2 in the variances we can make mean-
ingful comparison of /30 s and ﬁ rcLs. More specifically we assume

Assumption 2
1
p)

1
= i =C 1+""'"""Ti N 7;:1,...,]9, 1.11
Ui ( N ) ( )
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where ¢, T; are constants satisfying

k
Y tm=0, (1.12)
=1

k
c=) tii. (1.13)

=1

Note that ¢! is the limiting common value of 0? and o? approaches ¢~ with order
O(N 2) Intuitively this is the correct order of convergence, because to obtain non-trivial

comparison of ﬂo s and Brars, o2 — ¢! has to be of the same order as the estimation

error in &2.

2 Asymptotic expansion of variances of the estima-
tors of the coefficient vector

It is well known that

k Iy -1
Var(fars) = (Z ' 2 - =N <Zth77N1ANz) ) (2.1)

Var(Bors) = <ZX;X")_1§_E: (ZX’ )—1

-1

1 k k A ;
= 3 (Dwan) 3t (thAM) @)
1=1 1=1 NN i=1
Since 52,...,02, X1Y1,..., XYk, are mutually independent, BFGLS is an unbiased estima-
tor and its variance can be expressed as
Var(Brows) (2.3)




Note that
g’i n; — dz
63 XQ(TL,‘ e dl)’ ;
where x?(n; — d;) denotes x? distribution with n; — d; degrees of freedom. The right-hand
side of (2.4) has the following asymptotic expansion.

d; = rank X;, (2.5)

Lemma 1 Under Assumptions 1 and 2, as N — 00

1

Var(Brors) = NB,T,%,BNOB;,})
2 : u 2 1 1
+N.§BI-‘}%) {Z nNiANi - ZtNinNiANiB]_\:’OANi} BI-\}O
i==] i=1
+0(N_2) , (2.6)

where

3
Byo = Y tninisniAni,

==
k
2
Byy = Zth’nNibNiANia
g=1

n; — d;
s o e T 27
SNi n; — dz —9 ( )

Note that we assume nonsingularity of Byg. Proof of Lemma 1 and Theorem 1 below
are given in Section 5. Combining (2.1), (2.2) and Lemma 1 we have the following main
theorem.

Theorem 1 Under Assumption 1 and 2,
dim NZe {Var(BFGLS) — Var(Bors) }

k k
= B61 {2 (Z A,‘ — Z t,A,Bo—lAl)
Y i=1

¢=1

k k k
- (Z tiTl?Ai - Zt,‘TiAiBo_l ZtiTiAi) } B(_).l y (28)
=1 =1 =1

\s

where



In section 5 we also prove the validity of the asymptotic expansions in Lemma 1 and
Theorem 1, namely the remainder terms are finite and actually of the order o(/N: —2).

Theorem 1 shows that the limiting relative performances of Spgrs and fBors de-
pend on the difference of two matrices C = 2 (E A — 2t ABy 1A,-), D = Y t;72A; —
St A; Bo‘ s t;m;A;. C and D are both nonnegative definite. If 71 = = 73, = 0, then
C — D = C which is nonnegative definite. If |r1], ..., |7/ are large, then C D is usually
nonpositive definite. Therefore asymptotically ﬁOLs performs better than Brcrs when
I71], ..., || are small and vice versa. However C' — D may not be of definite sign for
intermediate values of |r|,...,|7| as shown in Example 2 of the following section.

Nonnegative-definiteness of C can be shown as follows. Let By' = T'T where T is a
nonsingular matrix. Let TA; 7" = F;. Then

k k
0 (Z A - ZtéAiBO‘lAz) Byt
i=1 i=1

k
=T S (Fi - t;F})T
i=1
LA |
=Ty 7 (LF: - (t:F)) T, (2.10)

)

1

which is non-negative definite because Y%, ¢;F; = I implies that all the eigenvalue of t; F;
are in [0,1] and hence t;F; — t2F? is non- negatwe definite.
Also D is non-negative definite, because

k k k
7! (Z tiTiQAi - ZtiTiAgBo_l ZtiTiAi) B!
i=1 i=1 i=1
k k 2
=T (Zti’]'z?Fi — (ZtiTiFi> ) T, (211)
i=1 =1

and this can be written as
k k k
T’ Z(\/ET,G, - \/‘Z;Gl 2 thij),(\/t_iT@'Gi - \/EG, Z thjF])T
i=1 =1 j=1
where
F, = G\G;.
3 Examples

In this section we specialize Theorem 1 to two simple cases. The first example is the
problem of estimating a common mean.



Example 1

We will estimate the “common mean” u in the situation
XijNN(/‘L7az2)? anl,...sk', j::]-v"'vni’

where each X;; is independent. In this case the estimators are

Xl XQ Xlg
nl——-2-+n2——2—+' ~+nk—2
-~ . 1 0y 0% (3 1)
Hars = o Mo Tk , .
P R e B
0 2 k
. 1 &
bors = “NZ ni X, (3.2)
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- < _
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The variances of estimators are
-1
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Ve - | INL e 2K , 34
ar(fgrs) N (o% + p + et a,%) (3.4)
_ 1 &
Var(,uOLS) = :7-\7 _JtNiO'iz R (35)
i=1
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Var(firgrs) = ~F : . 7 (3.6)
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From Theorem 1 it follows that
k
Jim N%c(Var(fipars) — Var(fiors)) = 2(k — 1) = >_t;7? (3.7)
et i=1

This result shows that when the magnitude of the heteroscedasticity is expressed in
terms of the weighted sum of 72, then Jirgrs is better than fiops if this weighted sum
exceeds 2(k — 1) and vice versa.



Example 2

Here we specialize our model (1.1) to simple regression model with equal sample sizes
ny =...=T"g.

yij=a+xijﬂ+51;j, i:1,2,...,k, j=1,2,...,n. (38)

Without loss of generality let o5, Y1 % = 0 and assume ¢ = 1.
Then from (2.8)

) a a
lim n2k2 [ var [ SFCLS ) —var | 508
n—00 FGLS BoLs

1 0
x| o K|, (3.9)
2w
where
E‘/B? Z’wizz
en = k—1—2—, C1g = —- ,
11 > w 12 S w
2 1
zr Tul
Cop = o —— —
22 zi:w L sz
E
(E Tzlz) (E Tii'i) (E Tiwi)
d — z2 [ : d — éZ-Tz _ i 1 ,
! ;T 2 W 12 >,:T 2 Wi
2
YT (}: Tiwi)
doy = S 71w — 2 Y ’
22 %; 7w I > w;
(3.10)
with 9
2 i 2T
I; = ! , W; = !
n n
We are interested in the sign of the right hand side of (3.9). Let us consider a very
simple case z;; = ¢; , k =3, 21 = —1,72 = 0,73 = 1, Note that 7, = (1 + 73). (3.9)
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becomes

lim N2 [ var ( QFGLS ) - Var( dors ))
n—o0 ( ( BraLs BoLs

2 __ 42
2— -1‘(7'1 + ’7'3)2 -——~——-——-<Tl )
= 4 (3.11)
(7'12 - ’7'32) 3 1 2
1 (5 —5(n—m) )
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(3.11) shows that the region where &ors performs better than apgrs and the region
where ﬁo 1s performs better than ﬁFGLS are different. In Figure 1, region A is the region
where both dprs and ﬁo 1s perform better than @rgirs and BrgLs a,symptomcally Region
D is the region where both apgrs and BFGLS performs better than Goprs and ﬁo rs. On
regions B or C relative performance of OLS and FGLS depends on the component of the
estimated regression vector.



4 Numerical results
Example 1
We conducted a Monte Carlo simulation to investigate finite sample behavior of the

estimators for the common mean problem with equal sample sizes n; = ... = ng = n.
The entries of the tables below are as follows.

T values of 7;

Var(OLS)
Var(FGLS)
simulate value
theoretical value
sd(simulated value)

Var(ﬂom):a
Var(fipgrs)=b
N2(b—a)

equation (3.7)

std. dev. of sim. val.

Variance of FGLS is evaluated by Monte Carlo simulation of replication size 100000 in
cach case. We take ¢ = 1 without loss of generality. N = nk and Var(GLS) = Var(figrs)
= N1

From these tables we see that our theoretical value of equation (3.7) largely agrees with
simulated finite sample value. These values tend to differ for large k and asymmetrically
distributed 71, ..., 7%.

Case 1: n = 10, k = 2, Var(GLS) = 0.050000

T1 0.0000 1.0000 1.2000 1.3300
T2 0.0000 -1.0000 -1.2000 -1.3300
Var(OLS) 0.050000 0.052632 0.053879 0.054851
Var(FGLS) 0.054988 0.054918 0.054885 0.054860
simulated value 1.995105 0.914428 0.402355 0.003442
theoretical value 2.000000 1.000000 0.560000 0.231100
sd(simulated value) 0.000388 0.000414 0.000425 0.000432
T 1.4200 1.6000 1.8000 2.0000
P -1.4200 -1.6000 -1.8000 -2.0000
Var(OLS) 0.055606 0.057339 0.059666 0.062500
Var(FGLS) 0.054840 0.054795 0.054735 0.054663
simulated value -0.306361  -1.017642  -1.972266  -3.134989
theoretical value -0.016400  -0.560000  -1.240000  -2.000000
sd(simulated value) 0.000438 0.000451 0.000465 0.000480
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Case 2: n = 50, k = 2, Var(GLS) = 0.010000

T 0.0000 1.0000 1.2000 1.3300
Ty 0.0000 -1.0000 -1.2000 -1.3300
Var(OLS) 0.010000 0.010101 0.010146 0.010180
Var(FGLS) 0.010201 0.010199 0.010199 0.010198
simulated value 2.011040 0.984673 0.526464 0.181299
theoretical value 2.000000 1.000000 0.560000 0.231100
sd(simulated value) 0.000087 0.000087 0.000087 0.000086
T 1.4200 1.6000 1.8000 2.0000
Ty -1.4200 -1.6000 -1.8000 -2.0000
Var(OLS) 0.010206 0.010263 0.010335 0.010417
Var(FGLS) 0.010198 0.010197 0.010196 0.010194
simulated value -0.079951 -0.658359 -1.390941 -2.221844
theoretical value -0.016400 -0.560000 -1.240000 -2.000000
sd(simulated value) 0.000086 0.000086 0.000086 0.000086
Case 3: n = 100, k = 2, Var(GLS) = 0.005000

T1 0.0000 1.0000 1.2000 1.3300
To 0.0000 -1.0000 -1.2000 -1.3300
Var(OLS) 0.005000 0.005025 0.005036 0.005045
Var(FGLS) 0.005050 0.005050 0.005050 0.005050
simulated value 2.003528 0.989561 0.540158 0.202932
theoretical value 2.000000 1.000000 0.560000 0.231100
sd(simulated value) 0.000044 0.000044 0.000044 0.000044
Ti 1.4200 1.6000 1.8000 2.0000
Ty -1.4200 -1.6000 -1.8000 -2.0000
VaréOLS) 0.005051 0.005065 0.005082 0.005102
Var(FGLS) 0.005050 0.005050 0.005049 0.005049
simulated value -0.051567 -0.612765 -1.319116 -2.114324
theoretical value -0.016400 -0.560000 -1.240000 -2.000000
sd(simulated value) 0.000044 0.000044 0.000043 0.000043
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Case 4: n = 10, k = 3, Var(GLS) = 0.033333

T 0.0000 1.5500 1.3300 2.8200
Ty 0.0000 0.9000 1.3300 -1.4100
T3 0.0000 -2.4500 -2.6600 -1.4100
Var(OLS) 0.033333 0.038307 0.039483 0.037261
Var(FGLS) 0.038480 0.038308 0.038274 0.038328
simulated value 4.632279 0.001258 -1.088096 0.960768
theoretical value 4.000000 0.928333 0.462200 0.023800
sd(simulated value) 0.000522 0.000539 0.000540 0.000555
T 2.4500 2.9600 3.0000 3.1800
Ty 0.0000 -1.5300 -1.5000 -1.5900
T3 -2.4500 -1.4300 -1.5000 -1.5900
Var(OLS) 0.038892 0.037668 0.037782 0.038342
Var(FGLS) 0.038283 0.038313 0.038309 0.038288
simulated value -0.547499 0.580732 0.474080 -0.047786
theoretical value -0.001667 -0.382467 -0.500000 -1.056200
sd(simulated value) 0.000548 0.000558 0.000559 0.000563
Case 5: n = 50, k = 3, Var(GLS) = 0.006667

T 0.0000 1.5500 1.3300 2.8200
Ty 0.0000 0.9000 1.3300 -1.4100
T3 0.0000 -2.4500 -2.6600 -1.4100
Var(OLS) 0.006667 0.006821 0.006848 0.006829
Var(FGLS) 0.006851 0.006850 0.006849 0.006849
simulated value 4.156257 0.651558 0.032134 0.452625
theoretical value 4.000000 0.928333 0.462200 0.023800
sd(simulated value) 0.000090 0.000090 0.000090 0.000090
Ti 2.4500 2.9600 3.0000 3.1800
Ty 0.0000 -1.5300 -1.5000 -1.5900
T3 -2.4500 -1.4300 -1.5000 -1.5900
Var(OLS) 0.006852 0.006845 0.006850 0.006872
Var(FGLS) 0.006849 0.006849 0.006849 0.006849
simulated value -0.064922 0.084488 -0.020589 -0.521382
theoretical value -0.001667 -0.382467 -0.500000 -1.056200
sd(simulated value) 0.000090 0.000090 0.000090 0.000089
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Case 6: n = 100, k = 3, Var(GLS) = 0.003333

T 0.0000 1.5500 1.3300 2.8200
To 0.0000 0.9000 1.3300 -1.4100
T3 0.0000 -2.4500 -2.6600 -1.4100
Var(OLS) 0.003333 0.003370 0.003376 0.003375
Var(FGLS) 0.003379 0.003378 0.003378 0.003378
simulated value 4.068143 0.725555 0.163010 0.319591
theoretical value 4.000000 0.928333 0.462200 0.023800
sd(simulated value) 0.000044 0.000043 0.000043 0.000043
T 2.4500 2.9600 3.0000 3.1800
Ty 0.0000 -1.5300 -1.5000 -1.5900
T3 -2.4500 -1.4300 -1.5000 -1.5900
Var(OLS) 0.003379 0.003379 0.003379 0.003386
VarEFGLS) 0.003378 0.003378 0.003378 0.003378
simulated value -0.041655 -0.053710 -0.160644 -0.668639
theoretical value -0.001667 -0.382467 -0.500000 -1.056200
sd(simulated value) 0.000043 0.000043 0.000043 0.000043
Case 7: n = 10, k = 4, Var(GLS) = 0.025000

T 0.0000 2.3000 1.4200 2.0000
Ty 0.0000 1.0000 1.3200 2.3700
T3 0.0000 0.0000 1.2200 -2.3700
T4 0.0000 -3.3500 -3.9600 -2.5000
Var(GLS) 0.025000 0.025000 0.025000 0.025000
Var(OLS) 0.025000 0.029492 0.032231 0.029357
Var(FGLS) 0.029719 0.029557 0.029497 0.029534
simulated value 7.550794 0.102672 -4.375059 0.283693
theoretical value 6.000000 1.563750 0.767800 0.066550
sd(simulated value) 0.000597 0.000599 0.000591 0.000607
T 3.5000 4.6000 2.4900 5.3700
To 0.0000 -1.3000 2.4800 -1.7900
T3 -0.0500 -1.5000 -2.4800 -1.7900
T4 -3.4500 -1.8000 -2.4900 -1.7900
Var(GLS) 0.025000 0.025000 0.025000 0.025000
Var(OLS) 0.030324 0.028415 0.029564 0.029532
Var(FGLS) 0.029522 0.029558 0.029526 0.029507
simulated value -1.284075 1.828577 -0.060883 -0.039001
theoretical value -0.038750 -1.085000 -0.175250 -3.612300
sd(simulated value) 0.000605 0.000622 0.000608 0.000632
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Case 8: n = 50, k = 4, Var(GLS) = 0.005000

e 0.0000 2.3500 1.4200 2.5000
Ty 0.0000 1.0000 1.3200 2.3700
T3 0.0000 0.0000 1.2200 -2.3700
Ts 0.0000 -3.3500 -3.9600 -2.5000
Var(GLS) 0.005000 0.005000 0.005000 0.005000
Var(OLS) 0.005000 0.005127 0.005166 0.005153
Var(FGLS) 0.005158 0.005157 0.005157 0.005157
simulated value 6.320094 1.183119 -0.376598 0.145962
theoretical value 6.000000 1.563750 0.767800 0.066550
sd(simulated value) 0.000087 0.000087 0.000087 0.000087
Tt 3.5000 4.6000 2.4900 5.3700
Ty 0.0000 -1.3000 2.4800 -1.7900
T3 -0.0500 -1.5000 -2.4800 -1.7900
T4 -3.4500 -1.8000 -2.4900 -1.7900
VaréGLS) 0.005000 0.005000 0.005000 0.005000
Var(OLS) 0.005160 0.005150 0.005159 0.005199
Var(FGLS) 0.005157 0.005156 0.005156 0.005156
simulated value -0.129651 0.238117 -0.113194 -1.749000
theoretical value -0.038750 -1.085000 -0.175250 -3.612300
sd(simulated value) 0.000087 0.000087 0.000087 0.000087
Case 9: n = 100, k = 4, Var(GLS) = 0.002500

Ty 0.0000 2.3500 1.4200 2.5000
Ty 0.0000 1.0000 1.3200 2.3700
T3 0.0000 0.0000 1.2200 -2.3700
T4 0.0000 -3.3500 -3.9600 -2.5000
Var(OLS) 0.002500 0.002530 0.002538 0.002538
Var(FGLS) 0.002539 0.002538 0.002538 0.002538
simulated value 6.162396 1.294817 0.016341 0.107146
theoretical value 6.000000 1.563750 0.767800 0.066550
sd(simulated value) 0.000041 0.000041 0.000041 0.000041
Ty 3.5000 4.6000 2.4900 5.3700
T 0.0000 -1.3000 2.4800 -1.7900
T3 -0.0500 -1.5000 -2.4800 -1.7900
T4 -3.4500 -1.8000 -2.4900 -1.7900
Var(OLS) 0.002539 0.002539 0.002539 0.002552
Var(FGLS) 0.002538 (0.002538 0.002538 0.002538
simulated value -0.072745 -0.126023 -0.143164 -2.210645
theoretical value -0.038750 -1.085000 -0.175230 -3.612300
sd(simulated value) 0.000041 0.000041 0.000041 0.000041
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Example 2

Here we evaluate accuracy of (3.11) by Monte Carlo simulation. The replication size
of Monte Carlo simulation is again 100000 in each case. The entries of the tables below
are as follows.

Var(GLS) Var(@grs) Var(fars)
Var(OLS) Var(Gors)=¢€ Var(Bors)=f
Var(FGLS) Var(aFGLg):g Var(Brgrs)=h
simulated value N%(g —e) N*(h — f)
theoretical value (1,1) element of (3.11) | (2,2) element of (3.11)
sd(simulated value) | std. dev. of sim. val. | std. dev. of sim. val.

where k=3, N = nk = 3n. We again see that our asymptotic theoretical values largely
agree with simulated finite sample values.

Case 1: region A, 7 = 0.0000, o = 0.0000, 73 = 0.0000

n=>50 n=100
Var(GLS) 0.00666667 0.01000000 | 0.00333333 0.00500000
Var(OLS) 0.00666667 0.01000000 | 0.00333333 0.00500000
Var(FGLS) 0.00675942 0.01007077 | 0.00335597 0.00501712
simulated value 2.08704296 1.59233009 | 2.03736621 1.54122873
theoretical value 2.00000000 1.50000000 | 2.00000000 1.50000000
sd(simulated value) 0.00000559 0.00002590 | 0.00001411 0.00001542
Case 2: region A, 7 = 2.7200,75 = —1.9900, 73 = —0.7300

n=50 n=100
Var(GLS) 0.00674922 0.00936315 | 0.00335431 0.00475813
Var(OLS) 0.00683480 0.00940827 | 0.00337565 0.00477069
Var&FGLS) 0.00683667 0.00942107 | 0.00337588 0.00477284
simulated value 0.04208046 0.28800368 | 0.02125421 0.19390237
theoretical value 0.01995000 0.01218750 | 0.01995000 0.01218750
sd(simulated value) 0.00000390 0.00001719 | 0.00001331 0.00001208
Case 3: region A, 7 = 1.7300, 7 = 0.0000, 73 = —1.7300

n=30 n=100
Var{GLS) 0.00675654 0.01013481 | 0.00335565 0.00503348
Var(OLS) 0.00675715 0.01020359 | 0.00335573 0.00505038
Var(FGLS) 0.00685164 (.01020873 | 0.00337858 0.00505099
simulated value 2.12593985 0.11572405 | 2.05697351 0.05477480
theoretical value 2.00000000 0.00355000 | 2.00000000 0.00355000
sd(simulated value) 0.00000218 0.00002139 | 0.00001502 0.00001432
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Case 4: region B,

7 = —1.0900, 7 = 2.1800, 73 = —1.0900

n=ol n=100
Var(GLS) 0.00666667 0.01097693 | 0.00333333 0.00533579
Var(OLS) 0.00676508 0.01097693 | 0.00335836 0.00533579
Var(FGLS) 0.00676480 0.01106741 | 0.00335709 0.00535628
simulated value -0.00632759 2.03590043 | -0.11418712 1.84431133
theoretical value -0.37620000 1.50000000 | -0.37620000 1.50000000
sd(simulated value) 0.00000416 0.00003272 | 0.00001572 0.00001843

Case 5: region B,

7 = 1.0100, 72 = —2.0200, 75 = 1.0100

n=50 n=100
Var(GLS) 0.00666667 0.00923816 | 0.00333333 0.00472450
Var(OLS) 0.00676698 0.00923816 | 0.00335758 0.00472450
Var(FGLS) 0.00675193 0.00929340 | 0.00335462 0.00473885
simulated value -0.33858490 1.24291344 | -0.26659246 1.29166127
theoretical value -0.04020000 1.50000000 | -0.04020000 1.50000000
sd(simulated value)  0.00000660 0.00002044 0.00001250 0.00001294

Case 6: region C,

7 = —1.8000, 75 = 0.0000, 73 = 1.8000

n=>50 n=100
Var(GLS) 0.00676407 0.01014610 | 0.00335751  0.00503626
Var(OLS) 0.00676479  0.01022077 | 0.00335760  0.00505459
Var(FGLS) 0.00685934  0.01022030 | 0.00338046  0.00505381
simulated value 2.12752990 -0.01056520 | 2.05799261 -0.07034169
theoretical value 2.00000000 -0.12000000 | 2.00000000 -0.12000000
sd(simulated value) 0.00000947  0.00003168 | 0.00001342 0.00001656
Case 7: region C, 7 = 1.8000, 72 = 0.0000,73 = —1.8000

n=50 n=100
Var(GLS) 0.00676407 0.01014610 | 0.00335751  0.00503626
Var(OLS) 0.00676479  0.01022077 | 0.00335760  0.00505459
Var(FGLS) 0.00685936  0.01022029 | 0.00338046 0.00505381
simulated value 2.12793963 -0.01076962 | 2.05799542 -0.07020994
theoretical value 2.00000000 -0.12000000 | 2.00000000 -0.12000000
sd(simulated value) 0.00000204 0.00002122 | 0.00001506 0.00001428
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Case 8: region D,

71 = 3.1400, 7 = —2.3000, 13 = —0.8400

n=90 n=100
Var(GLS) 0.00677569 0.00929112 | 0.00336107 0.00472771
Var(OLS) 0.00689064 0.00934787 | 0.00338959 0.00474376
Var(FGLS) 0.00686240  0.00934755 | 0.00338249 0.00474212
simulated value -0.63546419 -0.00720852 | -0.63821766 -0.14711869
theoretical value -0.64500000 -0.48005000 | -0.64500000 -0.48005000
sd(simulated value) 0.00000374  0.00001613 | 0.00001317 0.00001162
Case 9: region D, 7 = 0.0000, 7, = 3.4700, 73 = —3.4700
n=9o0 n=100
Var(GLS) 0.00677222 0.01183489 | 0.00335830  0.00559822
Var(OLS) 0.00705457 0.01197666 | 0.00342625 0.00562633
Var(FGLS) 0.00687500  0.01194347 | 0.00338289 0.00562144
simulated value -4.04039015 -0.74675757 | -3.90314305 -0.43995882
theoretical value -4.02045000 -0.00511250 | -4.02045000 -0.00511250
sd(simulated value)  0.00000158  0.00003001 | 0.00001774 0.00001886
5 Proofs
Let )
g _ Y = —d
T; 5—? s vi=n; —d; .

(5.1)

Note that r; are distributed as v;/x*(v;) — v;/(v; —2) and of the order O,,(N"%). We
work with the reciprocal of the x? random variable rather than x? random variable itself
because validity of the asymptotic expansion is more easily established. The moments of

r; are easily computed as
E(r;) =
Var(r;) =
E(rh) =

(5.1) can be expressed as

?

1 1(
62 o? \y; -2

0,
22

1

(vi = 2)%(vs — 4)
h>3.

O(N7%),

v;

+ Ti) = nni(sni + i),

where sy; = v;/(v; — 2) which converges to 1 as N — 0.

Proof of the Lemma 1
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In this paper we evaluate variances to the order O(N~2). The variance of Brars is

Var(BraLs)

1 t i.A 3 - t iO'iQ.A i t zA /i -1
:-..N_E ((Z N62N> z N = N (Z NA?N> )

o g

=N"'E { (Z tyinni(sni + Ti)ANi)*l S twinwi(sni + 1i) A
X (Z tvinni(sni + Ti)ANi)“l} . (5.4)

We expand the right hand side of (5.4) in Taylor series as in Zellner (1962). The first
term can be expressed as

(Z tnvinni(Sni + Ti)ANi) -

= (Z tnvinvisniAn: + ZtNmNiTiANi) -
= (Byo + By1)™"

= Byt — ByoBwi By + ByoBuiBroBriByo + Ry, (5.5)
where
Byo =Y tninvisviAni, Bm = D twiniriAni - (5.6)
R, = —Byi(ByiBy) (I + BviByg) ™, (5.7)
and the second term can be expressed
> tninni(sni + ri)? Ani = Byo + By, (5.8)
where 5
Byo = S tninvisyiAni,  Bya =D tninwi(2swiri + r?)Ani - (5.9)

Note that By, ENO are constant matrices and By, Byo are random matrices.
The complicated part is (I + By1Byg)™!. However we can show that

E(Bys(BmBye)*(I + BmiBrg)™') = O(N-%) : (5.10)

Validity of (5.10) is proved below in a rigorous manner. Therefore for large IV it suffices
to calculate

N~ E{(By - ByyBwi By + Byt By BB Big)(Byo + Byz)

x (Byb — BybB1 By + ByyByiBytBm Byt - (5.11)
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Expanding (5.11) and taking expectation term by term we obtain

Var (Braws) (5.12)
= N™'E(BybBroByh — Byg By BigBroByg — By BrvoBroByi Brg

+ By BBy + ByoBviBroByviBroBrnoBrg
+ ByLBwn1BysByoBys By Bys + ByoBrvoBriBrviByoByvi By
— ByiBni1ByoBn2Byb — BybBneByiBniBig) +o(N7?%)

1 tninniv? -1 -1
BByoBit +2 ByoAn:B
N { No&NOLNo Z( i ) ( v; 4) NO NO
2
+6) N’"Nf L Byt AniBriAniBro

(v; — 2)%(v; — 4)

~8Y% i Nanz i )B}“V})AMBE%)AMBE%)} +0o(N7?)

_ _ ENITING _

=N (BNOBNOBNO +23 A:N BroAniByg
_ B . :
-2 'BR}%)AMBRI%)AMBE’O) +0o(N7?%)

1 5 .
- (B iBroBi +2 3 B Vi p-1 A i By

t 7 : — — _— .
-23 N]:,’N BN})AN,-BN},AN,-BN})) +0o(N7?). " (5.13)

In the above derivation we used the following lemma.

Lemma 2

E(BNlB;\}(l}BNQBZ_\}%)BNl) = E(BNlB&éBNlBJ_\}(l)BNo)
= E(BNOB%BMBEG})BM)
Nanz 7 n-1 .
22 2 02, ~4)ANZBN0AN1
+O(N ), (5.14)
E(BniByyBy2) = E(BN2B;7%)BN1)

il

Nanz
= ,B A i
4 E Z/ _2 )AN NO‘iNi

Proof of the Lemma 2
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We prove only one case of (5.13) and (5.15). Other cases are similarly proved. From (5.6)

Bno— Brno = Y twimwi(sii — sni)Ani

2y, _
Zthan 2)2A = O(N 1) :

Therefore
E(BNl BI—\-I](-)BNOB;\}(I)BNl)
= (Z tvinniTiAniByoBnoBro D tNmNz‘TiANi)
= 3 t2 % E(r? Ay BybAni)
+ > kBl 2AN¢'BKI(1)(BN0 — Byo)ByoAni)

Nanz i -1 -1
= E AniBroAn; N ,
2 I/ _2 2 >y NiDpngAN + of )

E(BniBytBy2) = E (Y tninviriAniByg 2 tvinwi( 28wt + r?)Ani)
= > thnniE 23Ni FANiBypAN) +o(N )

Nanz -1 -1
4§ I/ — 2 I/ __4)ANzBN0 Ni 0( )

Now we give a proof of Theorem 1

Proof of the Theorem 1
From (1.11) and (5.6) By can be expressed as

-1
: 1 1
By = p (ZtNiSNiANi + TN ZtNiTiSNiANi)
1 -1 3
= - (Zth‘SNiANi) +o(N71)
1 -1 -
== 'C“ (Z tNiAN,‘) + O(N ) .
Denote Byg = ¥ twinniAni. Then
Var(Brars) — Var(fars)

= (B BwoByy — Bi)

2 _ - _ _ _
t s {3 mwiBrbAniBry — S twinkBrbAviBrAniBg }
+o(N7?)
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(5.17)



= *N%-c-g {Z NN (Z tNiANi)-l An; (ZtNiANi)—l
— Z th.sz (Z tNiANi)"fANi (Z tN]‘ANj) «iflm (Z tNiANi) ‘-1}
+0o(N7?%)

- N%E > t,-Ai)_1 (Z A=Y t4 (Y tjAj>_1 Ai) (X ta)
+ O(N——2) . (5.18)

The second equality holds because ByiBnoBys — Byg = O(N~2), which follows di-
rectly from the following relations.

1

- — 1
Brno = Bpno+ QLtNmNrV — 2AN5 )
)
_ B} 1 _ ~
Byy = Byp~ 2By 3 tnvinwi—AniByg + O(N7?),
~ — 125 -1
Byo = Bpno+ 4ZtNi77NiZ'V"—_—§)'§ANi : (5.19)

On the other hand Byj is expanded as
. -1
. (z tniAn: + TN ) tNiTiANi)
-1 1 -1 -1
= - (Z tNiANi) T oI (ZtNiANi> D tniTiAn (Z tNiANz')
1 -1 1 -1
+ - (Z tNiANi> 7—N~ ZtNiTiANi (Z tNiANz')

1 —
X m\/m’:ﬁ EtNmAm (Z tNiANi) ' + Ry,

51
13N0 -

[ e I

(@

(5.20)

where

Ry, =

o M

(St AM)“(% S twimiAni (¥ tM%N,-)"l)g

-1
1 -1
X (I = Wztzvmflm (Z tNiANi.) )
= O(N"l) . (521)
Hence

Var(fows) — Var(Bars)
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-1

> (tljvf;;) (ZW&W) - Bﬁ‘é}

=1 {(Z t,\,,-Am)~1 3 (1 -~ —-\/2 N) trviAni (3 twiAwi) 1
— (Dtwidni) + (}:thAN,) S twiriAw: (3 twidni)
- (S twidn)” ZtN,nANz (X twidns)”
x ﬁ S twimiAn (CZtNiANi) } +o(N72)
= —-1-» (Zt-A)“1 {EtiTEA,. ~ St (D hA)” Zth,}
(Lt A; ) +o(N72). (5.22)
Substituting (5.22) from (5.18) we obtain
Var(BroLs) — Var(BOLS)
= ~N%; (S ta)” {2 (Z A=Y 64 (D 44)” Ai)
~ (Z tir A — 3o timA (3 tiAi) oy thO} (> t4)

+o(N72). ' (5.23)

1

-1

Finally we establish the validity of the asymptotic expansions.

Proof of the validity.

The argument above can be made rigorous, by proving the validity of the asymptotic
expansion. Here we prove the validity of an essential step (5.10). The validity of other
terms can be shown similarly. We need to show

E|Bih(BmBxb) (I + BviByb)™| = O(N79), (5.24)

where

Al = ZZ!%‘! :

From (5.4), (5.6), (Byxo+ By1) ™t = (T tniAni [07)” ! From Cramer formula the elements
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of (Byo + By1)7! can be expressed as

(Z M>_l = J (5.25)
ot ). tni A ’
l ij 2
o}

where Adj denotes the cofactor of a matrix. The numerator is a polynomial of degree p
in (52)~"s and the denominator is a polynomial of degree p + 1 in (57)~"’s. Hence there
exists a constant cy;; > 0 such that

tNiAN
Adj( > ~2p+2 .
1 0'12 ij m?x Ol 6:121)‘1"2 5 26
S eNii—=3 < enig Y - (5.26)
5 IniAN min &l I Om
o7

Furthermore limy .o ¢nij = ¢ij where ¢;; is a positive constant. Denoting (BK,})B N1)ij =
(bi;) it suffices to show that

~2p+2
0 3
E (Ibiljlllbizjzubisjsl CNigia D —2—2;—) = O(N7Z). (5.27)
lm m
for any i, ...,%4,J1,. .., 4. But (5.27) follows easily from Cauchy-Schwarz inequality. a
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