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1 Introduction

Economic transactions are often threatened by moral hazard. Historically, many devices are
made to mitigate moral hazard, from face-to-face transactions to legal enforcement of contracts
and rights. As the transactions have become global and the age of Internet has come, such
traditional systems of moral enforcements may become less effective, because of the anonymity
of trade partners and the ease of entry to and exit from transactions. We believe, however, that
such social change does not destroy beneficial transactions but simply requires other forms of
moral enforcement. In this paper we analyze an evolutionary model of endogenous long-term
relationships with no information flow beyond the current partner and show a hitherto not
analyzed way to discipline players to cooperate.

We consider the following model. There is a large society of homogeneous players, who are
randomly matched to play a component game if they have no partner at the beginning of a
period. The component game is a repeated Prisoner’s Dilemma until either partner wants to
break up. We call this component game as “Voluntarily Separable Repeated Prisoner’s Dilemma
(VSRPD)”. If break-up occurs, each player finds a new partner by random match and starts
another VSRPD. When a pair of players start a new relationship, it is assumed that neither
player knows the past actions of the other. Therefore, a strategy is how to play a VSRPD,
starting from a null history each time with a new partner. Many transactional relationships
fit our model. Workers can shirk, quit, and find a new employer without telling the past, and
borrowers can move to another city after defaulting and find a new lender without telling the
true credit history.

In order to make a cooperative relationship, it is necessary to reduce the continuation payoff
of a defector. Ordinary trigger strategies do not work because the punishment cannot be applied
to a defector who can run away and restart with a new partner with no information flow. After a
break-up, the lifetime payoff starting from a new partnership is the continuation payoff, and thus
it must not be too large to deter defection. In the literature, matching friction (unemployment)
and gradual cooperation (trust building) have been introduced to lower the life-time payoff and
analyzed extensively.! These mechanisms impose low payoff after a break-up or reduce initial
payoff of new matches and sustain symmetric (monomorphic) cooperative equilibria.

We show that there is a third disciplining device: co-existence of diverse strategies. If there
are different types of strategies in the population and if it is beneficial to match with the same
type but not with a different type, such polymorphic distribution sustains cooperation among

partnerships with the same type, because defection and break-up lead to a possible bad match.

!See Shapiro and Stiglitz (1984), and Okuno-Fujiwara (1987) for unemployment as a disciplining device and
Carmichael and MacLeod (1997), Datta (1996), Ghosh and Ray (1996), Kranton (1996a) and Watson (2002) for
gradual cooperation.
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Moreover, a polymorphic equilibrium is more efficient than any monomorphic equilibrium, since
the latter requires that everyone must build trust initially, while the former can include strategies
that start cooperating earlier. This is a substantially different conclusion compared to those of
the random matching games.

The existence and payoff superiority of a stable polymorphic equilibrium are thanks to the
nonlinearity of payoffs under endogenous length of the VSRPD. In the usual random matching
games, the component game’s length is exogenously fixed, and therefore the payoff of a strategy
is linear in the strategy-share distribution. Consider, for example, a random matching game
of a one-shot 2 by 2 coordination game. Let a and b be strategies and « be the fraction of
a-strategy in the population. The expected payoff of z-strategy (x = a,b) is linear in « such
that u(z; @) = au(z,a) + (1 — a)u(z,b). A numerical example? is displayed in Figure 1a, and we
see that the mixed-strategy equilibrium is unstable and less efficient than (at least one) efficient
pure equilibrium.

In our model, however, the duration of VSRPD is endogenous. If there are different strategies
in the population and only a match with the same strategy would last, then the lifetime average
payoff becomes nonlinear, which can be intuitively explained as follows. Let ¢y and ¢; be
strategies and « be the fraction of cy-strategy in the population. Assume that if the same
strategies are matched, the partnership continues as long as they both live (with probability 62
in each period), and a cop-pair earns higher payoff within the match than a c;-pair. However,
if different strategies are matched, ci-strategy exploits co-strategy and the partnership ends
immediately. Let the per period average payoff of ¢; strategy within a match with cy-strategy
be v(ct, cp).

The lifetime average payoff of each strategy before knowing the new partner is the total

*Based on u(a,a) = 60 > u(b,b) = 40, u(a,b) = 30, and u(b,a) = 50.



expected payoff divided by the total expected duration of matches;

(co; ) atpu(eo,co) + (1 — @) - 1-v(c, 1)
v(co; ) =
’ armt+(1-a)-l

)

a-1-v(er,c0)+ (11— a)ﬁv(cl, c1)
v(C1;a): oe'l—i—(l—oz)ﬁ .
Therefore they are non-linear in . A numerical example is depicted in Figure 1b.

Moreover, we can show that the “victim” cy-strategy has a concave lifetime average payoff
and the exploiter c;-strategy has a convex lifetime average payoff as follows. Consider the effect
of decrease of « from 1 to 0 on the average payoff of cg-strategy. As the share of ci-strategy
increases, co-strategy gets exploited more often, and thus its payoff decreases. Moreover, this
payoff decrease accelerates as o decreases, because (i) partnership dissolutions due to mismatch
occur more often, (ii) thus co-strategy goes into the matching pool more often, and (iii) hence
co-strategy meets ci-strategy more often. Therefore the average payoff of cy-strategy is concave
in o, as in Figure 1b.

Similarly, as « increases from 0 to 1, the average payoff of cq-strategy increases because
the share of victims increases. Moreover, the payoff is convex in «, since the matching rate with
the victims in its lifetime increases more as « increases, thanks to more frequent dissolution
of partnerships. In this way, the endogenous duration of partnerships implies convex/concave
payoff functions, which was not the case in ordinary random matching games.

The nonlinear payoff structure gives rise to a substantially different stability of strategy
distributions from the ordinary random matching games. In Figure 1b, there are two stable
equilibria; the monomorphic equilibrium of ¢; (o = 0) and the bimorphic equilibrium where
a = 0.88. The middle Nash equilibrium where @ /=~ 0.5 is not stable. Furthermore, since both
payoff functions are increasing in the share of cy-strategy, the bimorphic equilibrium with a
large share of cyp-strategy is more efficient than the most efficient monomorphic equilibrium,
consisting only of ¢;-strategy. (The monomorphic distribution of co-strategy where o = 1 does
not constitute even a Nash equilibrium.)

This evolutionary stability of polymorphic distributions in a homogeneous population pro-
vides a foundation of incomplete information models such as Ghosh and Ray (1997) and Rob
and Yang (2005), because it illustrates that different “types” of strategies may appear sponta-
neously through evolutionary processes even if all players have the same characteristics (stage
game payoff function, information structure, and matching probabilities). In a bargaining con-
text, Abreu and Sethi (2003) have a similar motivation to ours to endogenize multiple behavior
rules through evolution. Their focus is to derive co-existence of rational and behavioral players,

while we give co-existence of different strategies among homogeneous players.

3See Section 2.2 for details.
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Table 1: Payoff of Prisoner’s Dilemma

This paper is organized as follows. In Section 2, we introduce the formal model and stability
concepts. In Section 3, we show various neutrally stable strategy distributions and that more
diversity implies higher equilibrium payoff. In Section 4 we discuss extensions, and in Section 5

we give concluding remarks.

2 Model and Stability Concepts
2.1 Model

Consider a society with a continuum of players. Each player may die in each period 1,2,...
with probability 0 < (1 — ) < 1. When players die, they are replaced by newborn players,
keeping the total population constant. Newborn players and players who do not have a partner
enter into the matching pool where players are randomly paired to play the following Voluntarily
Separable Repeated Prisoner’s Dilemma (VSRPD).

In each period, matched players play ordinary two-person, two-action Prisoner’s Dilemma,
whose actions are denoted as Cooperate and Defect. After observing the play action profile of
the period, they choose simultaneously whether or not they want to keep the match into the
next period (action k) or bring it to an end (action e). Unless both choose k, the match is
dissolved and players will have to start the next period in the matching pool. In addition, even
if they both choose k, one’s partner may die with probability 1 — § which forces the surviving
player to go back to the matching pool next period. If both choose k£ and survive to the next
period, then the match continues, and the partners play Prisoner’s Dilemma again.

Assume that there is limited information available to play VSRPD. In each period, players
know the history of their current match but have no knowledge about the history of other
matches in the society.

In each match, a profile of play actions by the partners determines their one-shot payoffs.
We denote the payoffs associated with each play action profile as*: u(C,C) = ¢, u(C, D) = ¢,
u(D,C) = g, u(D, D) = d with the ordering g > ¢ > d > ¢ and® 2c = g + ¢. (See Table 1.)

We assume that the innate discount rate is zero except for the possibility of death, hence

4The first coordinate is your own action.

®The assumption 2¢ > g + £ is to simplify the analysis by making the symmetric action profile (C, C') most
efficient. It is possible to construct equilibria to play (C, D) and (D, C) alternatingly when 2¢ < g+¢. See Section
4.2.



each player finds the relevant discount factor to be § € (0,1). With this, lifetime payoff for each
player is well-defined given his own strategy (for VSRPD) and the strategy distribution in the
matching pool population over time.

Let t =1,2,... indicate the periods in a match, not the calendar time in the game. Under
the no-information-flow assumption, we focus on match-independent strategies that only depend
on t and the private history of actions in the Prisoner’s Dilemma within a match.® Let H; :=

{C, D}~V be the set of partnership histories at the beginning of t = 2 and let Hy := {}.

Definition: A pure strategy s of VSRPD consists of (x¢, )52, where:

xy « H — {C,D} specifies an action choice x;(hy) € {C, D} given the partnership history
h: € Hy, and

v« Hy x {C,D}? — {k, e} specifies whether to keep or end the partnership, depending on the
partnership history h; € H; and the current period action profile.

The set of pure strategies of VSRPD is denoted as S and the set of all strategy distributions
in the population is denoted as P(S). We assume that each player uses a pure strategy, which
is natural in an evolutionary game and simplifies the analysis.

We investigate the evolutionary stability of stationary strategy distributions in the match-
ing pool. Although the strategy distribution in the matching pool may be different from the
distribution in the entire society, if the former is stationary, the distribution of various states of
matches is also stationary, thanks to the stationary death process.”

In addition to the stability of social states, stationarity in the matching pool allows us

to compute the lifetime payoff of each strategy explicitly, because it becomes recursive. (See

equation (1) in the next subsection.)

2.2 Lifetime and Average Payoff

When a strategy s € S is matched with another strategy s’ € S, the expected length of the

match is denoted as L(s, s’) and is computed as follows. Notice that even if s and s’ intend to

5The continuation decision is observable, but strategies cannot vary depending on combinations of {k, e} since
only (k,k) will lead to the future choice of actions. It is also possible to allow strategies to depend on a player’s
personal history, like Kandori (1992) and Ellison (1994). However, the cooperation using “contagion of defection”
in their models does not hold in our model of continuum of players.

"To explain, let a social state be the distribution of strategy pairs in the society classified according to the
“planned length” of the pair, i.e., when the pair intends to end the partnership if no death occurs, in a VSRPD.
A social state is determined by in-flows from matching pool and out-flows by the random death and the time
that passes. If the strategy distribution in the matching pool is stationary, the distribution of newly formed
strategy pairs are stationary. Each newly formed pair has a planned length of the partnership (possibly infinite)
determined by their strategies. Let n = 1,2,3,...,00 be all possible planned lengths of strategy pairs. Since the
random death applies to all pairs with the same probability in each period and the planned length of a partnership
becomes one period less for each pair after each period (except for n = o0), the outflow from each group of pairs
with the same n is stationary, and newly formed pairs will join group n’s in a stationary manner. Therefore the
distribution of groups of pairs with the same n is stationary as well.



maintain the match, it will only continue with probability 62. Suppose that the planned length
of the partnership of s and s’ is T'(s, s’) periods, if no death occurs. Then
/ 1 _ §2T(s.8)
Ls,8) = 14 6% 4+ 64 4 - 4 62T)=1} e
The ezpected total discounted value of the payoff stream of s within the match with s’ is
denoted as V (s, s’). The average per period payoff that s expects to receive within the match
with s is denoted as v(s, s’). Clearly,
Vi(s,s")
L(s,s")

Next we show the structure of the lifetime and average payoff of a player endowed with

v(s, ') = ,or V(s,s') = L(s,s)v(s,s).

strategy s € S in the matching pool, waiting to be matched randomly with a partner. When a
strategy distribution in the matching pool is p € P(S) and is stationary, we write the expected
total discounted value of payoff streams s expects to receive during his lifetime as V(s;p) and

the average per period payoff s expects to receive during his lifetime as

V(s;
v(s;p) = (L P _ (1 =9)V(s;p),
where L=1+6+6%+--- = 1%6 is the expected lifetime of s.

Thanks to the stationary distribution in the matching pool, we can write V (s; p) as a recursive

equation. If p has a finite/countable support, then we can write

Visp) = Y #(s)|Viss)

s'€supp(p)

+[0(1 = 8){1 4 6% + - 4 62T D=2y 4 sHT D161y (s p) |, (1)

where supp(p) is the support of the distribution p, the sum §(1 — §){1 + 62 4 - - - 4 21T (5:s)=2}1y
is the probability that s loses the partner s’ before T(s, s'), and §2{7(55)=1}§ is the probability
that the match continued until T'(s,s’) and s survives at the end of T'(s,s’) and goes back to
the matching pool. Note that the stationarity of p implies that the continuation payoff is always
V (s;p) after a match ends for any reason.

Let L(s;p) == > gecsupp(p) P(8')L(s,s"). By computation, (1) becomes

Visp) = Y o[V +{1- (1= 9)Lis, )}V (sip)

s'€supp(p)

= Y p(sVis,s)+{1-

s'€supp(p)

HED)y (5 p), )

Hence the average payoff is a nonlinear function of the strategy share distribution p:

o) = TG T T s, )

s'€supp(p)



where the ratio L(s, s’)/L(s; p) is the relative length of periods that s expects to spend in a match
with s’. As noted in the Introduction, this nonlinearity is due to the endogenous duration of
partnerships. Note also that, if p is a strategy distribution consisting of a single strategy s/,

then v(s;p) = v(s, ).

2.3 Nash Equilibrium

Definition: Given a stationary strategy distribution in the matching pool p € P(S), s € S is
a best reply against p if for all s’ € S,

v(s;p) 2 v(s'sp),

and is denoted as s € BR(p).

Definition: A stationary strategy distribution in the matching pool p € P(S) is a Nash equi-
librium if, for all s € supp(p), s € BR(p).

Lemma 1. Any strategy distribution p € P(S) such that all strategies in the support start with

C int=1 is not a Nash equilibrium.

Proof: Consider a myopic strategy d which plays D at t = 1 and ends the partnership for any
observation at t = 1. For ¢ > 2, which is off-path, specify arbitrary actions. Then any d-strategy
earns g as the average payoff under p, which is the maximal possible payoff. IL.e., de BR(p) and
s € BR(p) for all s € supp(p). O

Therefore, the C-trigger and C-tit-for-tat strategy of ordinary repeated Prisoner’s Dilemma
cannot constitute even a Nash equilibrium. Some fraction of players must play D in the first
period of a partnership, in any equilibrium.

By contrast, p; consisting only of a “hit-and-run” J—strategy is a Nash equilibrium. Against
a J—strategy, any strategy must play one-shot Prisoner’s Dilemma. Hence, any strategy that
starts with C' in ¢ = 1 earns strictly lower average payoff than that of a J—strategy, and any

strategy that starts with D in ¢ = 1 earns the same average payoff as that of a J—strategy.

2.4 Neutral Stability

Recall that in an ordinary 2-person symmetric normal-form game G = (S, u), a (mixed) strategy
p € P(S) is a Neutrally Stable Strategy if for any ¢ € P(S), there exists 0 < €, < 1 such that
for any € € (0,€,), Eu(p, (1 —€)p+€q) = Eu(q, (1 — €)p+ €q). (Maynard Smith, 1982.)

An extension of this concept to our extensive form game is to require a strategy distribution
not to be invaded by a small fraction of a mutant strategy who enters the matching pool in a

stationary manner.



Definition: A stationary strategy distribution p € P(S) in the matching pool is a Neutrally
Stable Distribution (NSD) if, for any s’ € S, there exists € € (0, 1) such that for any s € supp(p)
and any € € (0, €),

v(si (1= e)p+epy) 2 v(s's (1 — €)p + epy), (4)

where py is the strategy distribution consisting only of s’.

If a monomorphic distribution consisting of a single strategy constitutes a NSD, the strategy
is called a Neutrally Stable Strategy (NSS). It can be easily seen that any NSD is a Nash
equilibrium.

A stronger notion of stability that requires strict inequality (which is used in the notion
of Evolutionary Stable Strategy) is too strong in our extensive-form model since any strategy
that is different in the off-path actions from the incumbent strategies can earn the same average
payoff as the incumbents’.

Similar to the ordinary “static” notion of evolutionary stability, our definition is based on the
assumption that mutation takes place rarely so that only single mutation occurs within the time
span in which a stationary strategy distribution is formed. However, unlike the ordinary notion
of neutral stability (or ESS) of one-shot games, we need to assume the expected length of the
lifetime of a mutant strategy in order to calculate its average payoff. In ordinary evolutionary
games, the length of the component game is exogenously fixed, and so is the length of the
lifetime of a mutant. In our model, by contrast, the length of the partnership is endogenous,
and thus there is no obvious way to define the lifetime of a mutant. Since the partnership can
potentially continue forever, we required that a stationary distribution of a mutant strategy to
be deterred. This is the strongest notion of stability, because any shorter-lived mutants can be
deterred. While we do not insist that the above definition is the best imaginable, it is tractable
and justifiable.

We show that any myopic d-strategy is not a NSS, even though it constitutes a monomorphic

Nash equilibrium.® Hence NSD concept selects among Nash equilibria in our model.
Lemma 2. Any myopic d-strategy is not a NSS.

Proof: Consider the following c;-strategy.

t = 1: Play D and keep the partnership if and only if (D, D) is observed in the current period.
t = 2: Play C' and keep the partnership if and only if (C,C) is observed in the current period.

8Note that repeated Defection itself can be sustained by some NSS, as later analysis shows. For example, a
strategy that always defects but keeps the partnership if and only if (D, D) is observed is a NSS.



For any € € (0,1), let p:= (1 — €)pj + €pc1. From (3),

v(d;p) = d;
. _ L(Clvd) e L(Clvcl)
vleip) = (=age pylend T g viena) >4
since v(ey,d) = d, and v(cr, ¢1) = (1 — 62)d + 6%¢ > d. O

2.5 Trust-building Strategies

The successful invader ci-strategy generates the most efficient symmetric outcome among those
that play D at least once. However, it may not constitute a symmetric Nash equilibrium if
the deviation payoff ¢ is too large and the survival rate § is too small. We thus focus on its

generalized versions called trust-building strategies, defined below.

Definition: For any T'=0,1,2, ..., let a trust-building strategy with T' periods of trust-building

(written as cp-strategy hereafter) be a strategy as follows:

t £ T: Play D and keep the partnership if and only if (D, D) is observed in the current period.
t 2 T + 1: Play C and keep the partnership if and only if (C,C) is observed in the current
period.

The first T periods of cp-strategy are called trust-building periods and the periods afterwards
are called cooperation periods. A trust-building strategy continues the partnership if and only
if “acceptable” action profiles are played, and the acceptable action profile during the trust-
building periods is (D, D) only and during the cooperation periods is (C, C') only.

In this paper we are not trying to establish a folk theorem but instead we investigate how
much efficiency can be attained. Playing C' forever after some point is desirable for efficiency.
Since a player can unilaterally end the partnership, ending the partnership is the maximal
punishment. Thus, the trust-building strategies are sufficient to look for the second best.

Needless to say, Nash equilibrium and NSD are proved by checking all other strategies in S

(not just among trust-building strategies).

3 Neutrally Stable Distributions
3.1 Monomorphic NSS

We first consider monomorphic strategy distributions, consisting of a single cp-strategy, as
a benchmark. The literature of endogenous partnerships has focused on symmetric strategy
distributions. In the literature, multiple-action Prisoner’s Dilemma was often used and thus
gradual increase of cooperation level was feasible. In our model, there are only two actions and

thus cp-strategy can be interpreted as a “gradual cooperation” strategy.



Let pr be the strategy distribution consisting only of cp-strategy. We first derive a condition
on T to warrant that pr is a Nash equilibrium. By the usual logic of dynamic programming,
it suffices to prove that the average payoff generated by one-shot deviation is not higher than
that of cp-strategy (i.e., use of a strategy that differ from cp in one-step in a VSRPD, followed
by cr-strategy from the next VSRPD on, do not fare better than cp-strategy). Note that in
our model, there are two phases that one can deviate, in the Prisoner’s Dilemma and in the
continuation decision phase.

It is straightforward to show that one-shot deviations to end the partnership after observing
on-path actions and one-shot deviations to play C' during the trust-building periods do not
earn higher payoff than cr does. Therefore it is sufficient to deter one-shot deviation strategies
that play D when ¢ =2 T + 1. During the cooperation periods, a one-shot deviation strategy
earns g immediately but then goes back to the matching pool if he survives. Therefore, the

(non-averaged) continuation payoff is
g+ V(erspr) =g+ (L — Lv(er;pr).

By contrast, cr receives one-shot payoff ¢ as long as the partners survive but goes back to the

matching pool if he outlives the partner. From (2), the continuation payoff is

c L(ep, cr)
1_7
R L

& 1
Wierspr) = ;5 +1L — g tvlerspr).

Hence one-shot deviations during the cooperation periods of a partnership is deterred if

¢
1—42

s vlerpr) < 5%[0— (1= 52)g] =: vPE. 5

g+ (L= Dolerspr) S —— +{L = ——— hulerspr)

~—

We call (5) the Best Reply Condition for monomorphic distributions.

BR

Since v”** is independent of the length T of trust-building periods and v(ep; pr) = v(er, er) =

(1 —6?T)d + 6?Tc is a decreasing function of 7T, there is a lower bound to T above which (5)

is satisfied. To compute the lower bound explicitly, for any T, define §(7") as the solution to

v(eripr) = UBR, or

g—c 0%(1—-46%T)

c—d  1-682
Then (5) is satisfied if and only if § = (7). It is easy to see that

o g_c e = g_c
(1) = T > d(00) g—d

Although (1) may exceed 1, §(00) < 1. Hence for any § > §(c0), there exists the minimum
length of trust building periods that warrants (5). For every § > §(o0), let

7(8) := argmingcr, {(7) [ 2 4(7)}-

10



Then the Best Reply Condition (5) for monomorphic distributions is satisfied if and only if

T 2 7(6). The above argument is summarized as follows.

Proposition 1. For any § € (d(c0),1), the monomorphic strategy distribution pr consisting

only of cp-strategy is a Nash equilibrium if and only if T = 7(0).

Two remarks are in order. First, T is a decreasing function of §, since § is decreasing in T
Second, in the ordinary infinitely repeated Prisoner’s Dilemma, the lower bound to the discount

factor (as 6%) that sustains the trigger-strategy equilibrium is 1/3:2 = J(00). This means that

cooperation in VSRPD requires more patience.
Next we investigate when a Nash equilibrium pr is neutrally stable, i.e., cp-strategy is a

NSS. If a mutant s’ can invade a distribution p, for any € > 0, there exists € € (0,€) such that
v(s;(1—€)p+epy) <v(s's (1 —€)p+ epyr)-

By letting ¢ — 0, it must be an alternative best reply to p.

There are only two kinds of strategies that are possibly alternative best replies to pr. The
obvious ones are those that differ from cp-strategy off the play path. These will give the same
payoff as cp-strategy and therefore cannot invade py. The other kind is the strategies that play
D at some point when the partner is in the cooperation periods. When T' > 7(9), however, such
strategies are not alternative best replies. Therefore cp-strategy is a NSS for this case.

When 7(6) is an integer, the Nash equilibrium p,(5) has alternative best replies (all one-shot
deviations during the cooperation periods), among which ¢, (51 earns the highest payoff when
meeting itself. It suffices to check if ¢, (g)41-strategy cannot invade p;(s).

For any T, let p?“(a) = apr + (1 — a)pr41 be a two-strategy distribution of ¢y and
cr4+1- As we explained in the Introduction, the average payoff of cp strategy, v(cr; p?“(a)),

is strictly increasing and concave in « for any 7', while the average payoff of cr,i-strategy,

v(eri1;prt(a)), is strictly increasing and convex when T < 7(9).

Lemma 3. For any § € (8(c0),1) and any T =0,1,2..., U(CT;p%:—H(Oz)) s a strictly increasing

and concave function of a.

Proof: By differentiation. See Appendix.

Lemma 4. For any 6 € (§(c0),1) and any T = 0,1,2... such that T < 7(5), v(cpi1;pnt ()

s a strictly increasing and convex function of a.

Proof: By differentiation. See Appendix.

By the definition of 7(d), the average payoff of c.(5) and c,(5)41-strategy coincide at o =

1. Thus, the convexity/concavity of the average payoff functions implies that c.(5)41-strategy
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Figure 2: Average payoff functions of cp-strategy and cpyi-strategy when 7' = 7(0)

(9=60,c=32,d=0,0=-10,0 = Y22 and T = 7(6) = 1.)

cannot invade p,(s) if and only if the slope of v(c,(s); pfgggﬂ(a)) is strictly smaller than the slope

of v(cl((g)ﬂ;pfgggﬂ(a)) at o = 1. (See Figure 2.) This relationship of the slopes is warranted if
7(0) is not too large, because as T' becomes larger, the merit of starting cooperation one period

earlier becomes smaller.

Lemma 5. Take any § € (6(c0),1). Let T = 7(5). Then

Ov(cr;ppt (@) Ov(cria;ppt'(a)) 2(T+1)
90 O[:1< 90 - = {1—5 }(g—€)<c—d. (6)
Proof: By computation. See Appendix.
Define 7(d) implicitly as the solution to
{1 —52(T+1)}(g—€) =c—d. (7)

Then c;(5)41-strategy cannot invade p,(s) if and only if 7(§) < 7(d). To interpret (6), notice
that L(cp,cr) = 14+ 624 -+ and L(cryr,er) = 14+ 62+ --- 4+ 6% so that 1 — §2(T+1) —

L(cry1,er)/L(er, er). Hence the condition (6) is equivalent to
(9 =€) L(cri1,cr) < (¢ —d)L(er, er) (8)

at T' = 7(9). The RHS of (8) can be interpreted as the relative merit of cp-strategy against
cr41-strategy (to start cooperating one period early when meeting itself) and the LHS is the
relative merit of ¢y i-strategy when meeting cp-strategy.

As § increases, T' must increase to keep the equality (7). Thus 7 is a monotone increasing

function of 0. Recall that 7 is a monotone decreasing function of §. It is easy to show (see

12



Figure 3 in subsection 3.2) that there is a unique §* € (§(o0), 1) such that

§Z 6 <= 7(9)

AV

7(9).

This §* is the critical survival rate such that (6) is satisfied at T'= 7(¢) if and only if § > §*. In
summary, most of the monomorphic Nash equilibrium strategies are NSS except at boundary

values when § < 6*.
Proposition 2. (a) For any § € (0*,1), cp-strategy is a NSS if and only if T = 7(6).
(b) For any § € (0(c0),0%], cr-strategy is a NSS if and only if T > 7(9).

It is possible to select among the monomorphic NSS’s by cheap talk, under a slightly stronger
definition of stability. The idea is that entrants can use a neologism at the beginning of a match
to distinguish themselves from incumbents, imitate incumbents if the partner was an incumbent,
and shorten trust-building periods if the partner was an entrant. If we require that entrants
must be self-sustaining, i.e., the post-entry distribution must satisfy the Best Reply Condition,

then the most efficient NSS is the unique strategy that is robust against self-sustaining entrants.

3.2 Bimorphic NSD

The nonlinearity of average payoff functions indicates that they may intersect when both strate-
gies are present in the population, showing the potential for a bimorphic NSD consisting of two
trust-building strategies.

Most literature on voluntarily separable repeated games has concentrated on monomorphic
equilibria so that no voluntary break-up occurs, except for sorting out inherent defectors under
incomplete information case. (See Section 5.) In this subsection we go beyond monomorphic
equilibria and show the existence of bimorphic NSD. Since our model is of complete information
and with homogeneous players, the following analysis can be interpreted as an evolutionary
foundation of incomplete information models of diverse types of behaviors.

We focus on bimorphic distributions of the form p=™ (a) := apr+(1—a)pri1 and T < 7(9).
In order to compare efficiency with monomorphic NSDs, it is sufficient to investigate whether c¢p-
strategy with 7' < 7(J) can be played by a positive measure of players. Against a cp-strategy,
cryk-strategies with k& = 1 behave the same way and, among those, cyyi-strategy earns the
highest payoff when meeting itself. Therefore for efficiency analysis (which is done in the next
subsection 3.3), this class of bimorphic distributions are sufficient to consider.

For a bimorphic distribution to be a NSD), it needs to satisfy the following three conditions.

e All strategies in the support must earn the same average payoff.
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e If the share of an incumbent strategy increases a little, its average payoff should be worse

than the other strategy’s and vice versa.

Then the strategy distribution cannot be invaded by strategies that have the same play
path as that of the incumbents.

e No strategy which differ in one step (on the play path) from some incumbent strategy can

invade the distribution for sufficiently small e.

The first two conditions can be jointly formulated as follows:

Stable Payoff Equalization: there exists a?ﬂ € (0,1) and a neighborhood U of a%}l such that
for any a € U

aZar™ <= v(eraipp (@) 2 vieripr (@), (9)

To deter invasion of mutants with one-step different strategy on the play path, we divide the
mutants into two classes: those that play differently in the Prisoner’s Dilemma and those that
choose a different continuation decision.

First, consider mutants who play differently in Prisoner’s Dilemma on the play path. At
t < T, the incumbents will play D. If a mutant plays C, it receives ¢ and goes back to the
matching pool, while any incumbent receives d(> ¢) and has less periods to build trust. Thus
any incumbent has strictly larger continuation payoff than the mutant. At 7'+ 1, any action
profile can occur on the play path, so we do not have to consider mutants. At ¢t = T + 2, the
incumbents will play C. If a mutant plays D and follows cpyg-strategy (k = 0,1) afterwards,
its continuation payoff is g + (L — 1)v(czir; pr (e 1)), while cpy itself has the continuation

payoff of
¢ 1 T4+1,, T+1
T & W)U(Cﬂk;pf (a7 ™).

Combining with Stable Payoff Equalization, we can warrant that this type of mutants do strictly

worse than the incumbents if

c 1
g9+ (L=Do(eriripy ™ (op™) < =55 + (L= ;=g vlerswspp T (ap™)) VE=0,1,
= (e ) = oeripE FH)) < oBR (10)

Note that if incumbents have strictly higher average payoff than a mutant, even if mutants enter
with a positive measure, for sufficiently small measure, they cannot earn higher average payoff
than any of the incumbents in the post-entry distribution.

Second, consider mutants who choose a different continuation decision on the play path.
When a symmetric action profile is observed, incumbents would choose k. If a mutant ends the

partnership, it goes back to the matching pool, and thus the continuation payoff is the payoff
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starting from a null history, while the incumbents have at least one period less to build trust or
they are already in the cooperation periods, thus their continuation payoff is strictly larger.

When an asymmetric action profile is observed, incumbents would choose e. Even if a mutant
wants to keep the partnership, the outcome cannot be changed in a match with an incumbent.
In a match with another mutant, they do not observe an asymmetric action profile, thus their
play path do not differ from the incumbents’.

In sum, a bimorphic NSD exists if there exists a/-™* € (0,1) and its neighborhood such that
(9) is satisfied and at that a’n ™| the average payoff is less than v5%. For § such that 7(8) < 7(J)

T+1 :
T exists.

and T sufficiently close to but less than 7(0), such «

The idea of the proof is essentially that as T decreases slightly below 7(¢), the situation
changes from Figure 2 to Figure 1b. Figure 2 shows that at 7" = 7(J) < 7(d), the average
payoff functions of ¢y and c¢pyq intersect at @« = 1 and at some « € (0,1) thanks to the
convexity /concavity. As T decreases from 7(0), cpy1-strategy has higher average payoff than cp
at a = 1. However, since T < 7(4) is warranted under § > §*, the slope of v(cri1;p-T1(1)) is
steeper than the slope of v(cy; pgﬂ (1)), and hence by continuity of the average payoff functions
with respect to T, there are two intersections in (0, 1), and the larger intersection satisfies Stable
Payoff Equalization condition (9), as depicted in Figure 1b.

The strict Best Reply Condition (10) holds for any « which satisfies (9). If one-step deviation
after T'4+1 is better than following the incumbents, then it is better to deviate at T'+1. However,
such strategy earns exactly the same payoff as that of ¢y, which is also the same as that of
cr under the payoff equalization. Therefore no one-step deviation during cooperation periods

of ey or cr4q earns higher payoff.

Proposition 3. For any 6 > 0*, there exists 72(8) < 7(8) such that for any T € (12(68),7(3))? ,
there exists a bimorphic NSD with the support {cT,cr41}-

Proof: See Appendix.

Figure 3 illustrates the regions of (7', §) where a monomorphic or a bimorphic NSD exist. To
warrant an integer 7', we need to restrict the payoff parameters G so that (72(9),7(J)) contains
an integer. Figure 1b is based on a numerical example!'? of such G that warrants a bimorphic

NSD with the support {co, c1}, even though cy-strategy is never a NSS.

3.3 Higher Efficiency of Bimorphic NSD

For a given § > 0%, the shortest trust-building periods in the support of a bimorphic NSD is

at least one period less than any of monomorphic NSS. Let the shortest trust-building periods

9As T decreases further, the intersection becomes unique. The unique intersection does not satisfy (9). Thus
the sufficient range of 7" is an open interval.
Namely, g = 60,¢ = 55,d = 0,¢/ = —1, and § = 0.95.
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Figure 3: Parametric summary of monomorphic NSS and bimorphic NSD

of NSS be T'+ 1 and consider a bimorphic NSD with the support {cr,cri1}. Let a%ﬂ be the
fraction of cp-strategy of the bimorphic NSD. The average payoff of cry; strategy as a NSS is

v(ers;pre1) = ’U(CT+13P5+1(0))-

Since v(cri1;pnt(a)) is an increasing function of «,

U(CT+1QP§+1(O)) < U(CT+1§p§+1(O‘§+1)),

because a?“ > 0. (See Figure 1b.) Hence bimorphic NSDs, if they exist, are more efficient
than any monomorphic NSS under the same parameters, thanks to earlier cooperation, even
though equilibrium break-up occurs.

The intuition is as follows. Diverse strategies in the society make it valuable to maintain
a relationship with the same-type partner, and if it is an equilibrium, the earliest cooperators
(the “victims”) must have enough share in the population to help each other. Thus a significant
fraction of players can start cooperation early, which is more efficient than a monomorphic
distribution under which all players must build trust initially.

Eeckhout (2006) shows that there exists a correlated strategy profile which Pareto domi-
nates the best symmetric equilibrium, in a similar model to ours. His idea was to introduce a
correlation device, such as skin color, to selectively start cooperation after a random match. By

contrast, we have shown that correlation is not necessary to improve efficiency.

16



3.4 Polymorphic NSD

We can extend the analysis of the bimorphic NSDs to general polymorphic NSDs with more than
two trust-building strategies in the support. However, finite-support NSDs are quite complex
to analyze, while infinite-support NSDs are simpler. Let us explain this first and then focus on
infinite-support NSDs.

Let us consider a trimorphic distribution with the support {c¢r, ¢ry1, erye}. There are two

ways to parameterize a trimorphic distribution. One parameterization is

apr + Bpry1 + (1 — a — B)prye, (11)

while another way is

apr + (1 —a)ypra + (1 —a)(1 = y)proe, (12)

where v is the relative share of c¢ry1 as compared to that of c¢rio, given the fraction a of cp-
strategy. The parameterization (12) is easier to use, since we can decompose the Stable Payoff
Equalization condition of three strategies into pairs, as follows. Given «, compare the payoffs
of ¢py1 and epig. If these are equated and stability similar to (9) is satisfied, we can compare
the payoffs of c¢p and cpyq (since cpyo earns the same payoff as that of c¢pyq against ¢p). The
stability similar to (9) for the payoff-equalizing (a%ﬁ, ’y%:_ﬁ ) is formulated as follows. (The Best
Reply Condition is derived in the same way as bimorphic NSD.)

In a neighborhood of (a§+2, ’yg:if), for any «,,

aZap™ = vleryipr (o)) 2 vleripp e ur i) (13)
Y2l = vlersapr (0 ) Z vieriaipg Pl 7), (14)

where

prt (e, y) = apr + (1 — a)ypra1 + (1 — @) (1 — 7)prso.

Note that change in o does not affect the relative share of cry1 and cpyo-strategies, and thus
we require (13). Change in the share of cp4y (k € {1,2}) affects the relative share «y, and thus
we require (14).

It is probably not impossible to find a sufficient condition on 7T to warrant the existence
of such (a%”,y%if) for the trimorphic case, but it is also easy to see that as the number of
strategies in the support increases, the existence problem worsens because of more inequality
conditions to satisfy. Therefore we do not pursue it here. (However, in Figure 4 we give a
numerical example of a trimorphic NSD.)

A notable feature of trimorphic distributions is that the average payoff of cpi-strategy
under a trimorphic distribution with the support {cr,cry1,erio} is strictly less than that of

¢r4+1 under a bimorphic distribution with the support {cr,cpri1}, since there is an exploiter
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T+2
T

cryo-strategy. (See Figure 4.) This implies that if equilibrium o exists, then it is larger than

;H. Thus, if exists, a trimorphic NSD is more efficient than

the bimorphic equilibrium share «
the bimorphic NSD with the same shortest trust-building periods T

It turns out that strategy distributions with infinitely many trust-building strategies {c¢p, cr41,
...} in the support are easier to analyze, since they require only one parameter to equalize the
payoffs. We first prove that the distribution must be “geometric” to equalize the payoffs of all

strategies in {cp, cry1, ...}

Lemma 6. For any T < oo, let p be a stationary strategy distribution with the support {cr, cri1,
3 Ifv(er;p) = v(ersr; p) for allk = 1,2, ..., then there exists a € (0,1) such that the fraction
of crp-strategy is of the form a(l — a)* for each k =0,1,2,....

Proof: See Appendix.

Denote the geometric distribution of {cr,cry1,...} as pF (). We show that if pi°(a) is
the stationary strategy distribution in the matching pool, for any «, the average payoff of cp-
strategy is greater than/equal to/less than that of cp;-strategy if and only if the average payoff
of cpyy-strategy is greater than/equal to/less than that of ¢y ky1-strategy, for any k =1,2,.. ..
The intuition is as follows. The behavioral outcomes for cyyi-strategy after the second period
is essentially the same as those for cp-strategy from the first period, i.e., T periods of trust-
building followed by permanent cooperation if the partner had the same strategy, while followed
by dissolution if the partner had a longer trust-building strategy. Similarly, the behavioral
outcomes for crio-strategy after the second period is essentially the same as those for cry-
strategy from the first period.... Therefore, if ¢ has higher/the same/lower average payoff than

cr+1-strategy does, so does ¢y against cr4o and so on.

Lemma 7. For any T < oo and any o € (0,1), v(cr; pP(e)) z v(ers1; pF (@) if and only if

v(eryr; pT () z v(ersrs1; 7T (@) for allk =1,2,. ...
Proof: See Appendix.

A sufficient condition for one-step deviant mutants to be deterred is again the strict Best
Reply Condition, which is derived in the same way as the bimorphic case. Notice that for any
period after T, playing D (after the history consisting only of (D, D)) is an on-path action.
Hence the meaningful deviations are those that play D after the cooperation periods started
(that is, play D and keep the partnership for first T+ k periods, play C' at least once, and then
play D if the partnership continued). Such one-shot deviation during the cooperation periods

cannot invade the distribution if the continuation value at T+ k + 2 satisfies

g+ (L — Do(ern; pF(a) < ﬁ +(L - ﬁ)U(CT—&-kEP%O(O‘))

= v(erir; pF (@) < 0P (15)
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Figure 4: Bimorphic, Trimorphic, and Infinite-support NSD
(g=60,c=55,d=0,{=—-1,0 =0.95, and T'=0.)

It is also straightforward to see that mutants who choose different continuation decision from
the incumbents cannot invade the distribution.

Finally, mutants with the same play path as one of the cpyg-strategies should be considered.
However, stability under a geometric distribution is difficult to formulate, because change in the
fraction of one strategy affects the relative share of many strategies. To simplify, we postulate
that if the distribution changes from a geometric one, there will be evolutionary pressure to
restore the distribution to another payoff-equalizing geometric distribution in a rather short
time. Under this assumption, we show that there is a geometric distribution with a3 € (0,1)
which is robust against small changes to another geometric distribution in the sense that there

is a neighborhood U of o such that for any o € U and any k =1,2,.. .,

aZaf = v(eripf (@) 2 vier;pF(a)). (16)
The idea is that if mutants with the same play path as that of ¢ g-strategy enter, the distri-
bution shifts to p7®(«) with o < a3® and (16) warrants that they will do worse than the earliest
cooperator cr-strategy, and vice versa.

By a slight abuse of our terminology, we call an infinite-support distribution p a NSD if it
satisfies (15) and (16). Note that if there is a3 € (0,1) that satisfies (16) for £ = 1, then Lemma
7 warrants (16) for any k =1,2,....

Similar to the trimorphic case, the payoff of cr41-strategy is lower under an infinite-support
distribution than that under a bimorphic distribution, since there are exploiters of ¢y 1- strategy
(namely, cp4g-strategies with k = 2). See Figure 4. Therefore the infinite-support NSD is more
efficient than the bimorphic NSD with the same shortest trust-building period T'.
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Proposition 4. For any § > §* there exists Too(0) < 7(8) such that for any T € (To0(0),7(9)),

there is a NSD of the form p3F(a3°) for some af € (0,1). Moreover,
v(ersppt(ap ™)) < wvler;pF(af)),

i.e., the infinite-support NSD is more efficient than the bimorphic NSD with the same shortest

trust-building periods.
Proof: See Appendix.

In summary, diverse strategies in the support improves the equilibrium average payoff. This
is because the share of cp-strategy (the earliest cooperators) must increase to restore the balance,

when there are more exploiters in the distribution.

4 Extensions
4.1 Efficiency Wage and Matching Mechanism

Our model describes a society where players meet a stranger to play a Voluntarily Separable
Repeated Prisoner’s Dilemma. We analyzed how continuous cooperation becomes an equilibrium
behavior when deviation from cooperation induces appropriate social sanctions.

Sanctions consist of two parts. First, a player’s defection invokes the partner’s severance
decision, forcing him to start a new partnership with a stranger. Second, the payoff level he
expects with a stranger is less than what he expects in a continued partnership with the current
partner.

In the main text, we have identified two ways by which the payoff difference is generated;
positive trust-building periods and exploitation by strategies with longer trust-building periods.

There is an additional mechanism that reduces payoff after a break-up if we allow the match-
ing probability to be less than one: Even if cooperation can be established with a new partner
immediately, with a positive probability a player fails to find a partner in the matching pool
(i.e., the player may become “unemployed”). This is the logic which provides a work incentive in
the efficiency wage theory since the possibility of unemployment works as a disciplinary device
(see, e.g., Shapiro and Stiglitz, 1984). For completeness of the paper we briefly discuss how our
model can be extended to derive co-strategy as a NSS when there is a positive unemployment
probability.

Suppose, in the matching pool, only with probability 1 — « € (0,1) one can find a new
partner and with probability u € (0, 1) he spends the next period without a partner and receives
a normalized payoff of 0. With this possibility of “unemployment”, the average payoff that

cr-strategy player expects to receive in the matching pool (but before he finds a partner) is:
v(er; pryu) = (1 — w)v(er; pr),
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where v(ep; pr) is now interpreted as “the average payoff that cp expects to receive when a new
partnership is formed” (i.e., at the beginning of period 1 of a partnership).

By the same logic as in subsection 3.1, the Best Reply Condition is v°(cp;pr,u) < vBE,
Clearly, if (5) is satisfied, this Best Reply Condition is also satisfied. Moreover, it can be satisfied
even for ¢y for sufficiently large u, and cooperation without trust-building period becomes a self-
sustaining state.!!

As noted in Shapiro and Stiglitz (1984) and Okuno-Fujiwara (1989), unemployment works
as a disciplinary device that deters moral hazard behavior. This observation suggests that the
matching mechanism is an important element in creating cooperative partnerships.

There are two ways to consider the details of matching mechanisms. One way is to distinguish
the reasons to be in the matching pool. In our setup, there are four reasons: new birth, death of
the partner, separation due to the partner’s deviation, and separation due to own deviation. In
this paper we analyzed the case where no distinction can be made among these due to the lack
of information. Higher efficiency is achieved if players can distinguish at least some reasons why
the newly matched partner came into the matching pool. (See Okuno-Fujiwara et al., 2007.)
Moreover, if players can find matches via their social network, before going to the random
matching pool, further efficiency gain is expected since the deviation incentive is smaller within
one’s social network.

The other way is to find mechanisms that generate sufficient matching friction as assumed in
the efficiency wage literature. Eeckhout (2006) shows that using personal characteristics (such
as skin color) as a correlation device is a way to generate the sufficient matching friction in a

monomorphic distribution.

4.2 Alternating-Action Equilibrium

If 2¢ < g + ¢, then repeating (C,C) is not the most efficient outcome. Among pure strat-
egy distributions, it is most efficient to alternate (C, D) and (D, (). By a similar logic to the
monomorphic equilibrium, the following two-strategy distribution constitutes a NSD for suffi-

ciently long trust-building periods.

Definition: For any T'=1,2,..., ar-strategy is defined as follows.

t=1,2,...,7: Play D and keep the partnership if and only if (D, D) is observed.

t =T + 1. Play C, keep the partnership regardless of the current observation, and move to
Alternating-action regime if the partner played D. Move to C-trigger regime if the partner
played C.

e Alternating-action regime: In periods t =T + k (k = 2) such that & is even, play D and keep
the partnership if and only if the partner played C' in the current period. When k is odd, play

" Carmichael and MacLeod (1997) have essentially the same idea by gift-giving instead of unemployment.
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C and keep the partnership if and only if the partner played D.
o (C-trigger regime: Play C' and keep the partnership if and only if the partner played C in the

current period.

Definition: For any T = 1,2, ..., bp-strategy is defined as follows.

t=1,2,...,7: Play D and keep the partnership if and only if (D, D) is observed.

t =T + 1: Play D, keep the partnership regardless of the current observation, and move to
Alternating-action regime if the partner played C. Move to C-trigger regime if the partner
played D.

e Alternating-action regime: In periods t = T + k (k = 2) such that k is even, play C' and
keep the partnership if and only if the partner played D. When k is odd, play D and keep the
partnership if and only if the partner played C.

e C-trigger regime: Play C' and keep the partnership if and only if the partner played C in the

current period.

If ar met ap, the play path is the same as ¢p meeting cp. If ap met by, the play path
after T' periods of trust-building alternates action profiles (C, D) and (D, C). If by met by, the
play path is the same as cyy1 meeting cryq. Therefore if a stationary distribution of ar and
br is stable, then a constant fraction of the population play the alternating action profiles after
certain periods of trust building.

There is no voluntary separation on the play path even though there are multiple strategies
in the society. Therefore the essential logic is the same as that of a monomorphic NSD. This
type of equilibrium can be interpreted as a “single-norm” equilibrium with coordinated action
profiles. The analysis will be useful for asymmetric stage games such as Hawk-Dove game, where

the efficient outcome is a coordinated action profile.

5 Conclusion and Related Literature

Several papers have previously analyzed voluntarily separable repeated games, though not as
fully as this paper does. We discuss two main points of our paper in relation to the literature:
the function of trust-building periods and the meaning of polymorphic equilibria.

First, the trust-building periods in our equilibria serve as a mechanism for sanction against
defection because they make the initial value of a new partnership small. In the literature,
the gift exchange of Carmichael and MacLeod (1997) and the gradual cooperation in Datta
(1996) and Kranton (1996a) have the same function. By contrast, the gradual cooperation
under incomplete information (Ghosh and Ray, 1996, and Kranton, 1996a) is to sort types out

and thus has a different meaning.!?

12Repeated games with a quitting option (Watson, 2002, Blonski and Probst, 2001, and Furusawa and
Kawakami, 2006) also display gradual cooperation to sort types.
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Our model is based on more basic primitives than these previous works: the game is of
complete information, the stage game is an ordinary prisoner’s dilemma with two actions, and
there is no gift exchange prior to the partnership. We show that it is still possible to construct
a punishment mechanism. Furthermore, we consider evolution of behaviors within a society
as a whole, rather than restricting attention to behaviors within a single partnership given a
(monomorphic) strategy distribution in the society. We are also able to provide fuller charac-
terizations of monomorphic trust-building strategy NSDs, such as identifying the condition (in
terms of the survival rate and payoffs of stage game) for the existence of a NSD with a particular
length of trust-building periods.

Eeckhout (2006) analyzes a very similar model to ours, except that his does not have a ran-
dom death and he does not consider evolutionary stability. Since the most efficient monomorphic
equilibrium does not generically attain the constrained optimal payoff v2%, Eeckhout (2006) in-
troduced a public randomization to improve the payoffs. By contrast, we noticed the nonlinearity
of payoffs under asymmetric strategy distributions and thus did not have to resort to correlated
strategies to improve the payoffs. In general, allowing correlated strategies requires the existence
of a public randomization device, which is an extra assumption to the model.

Second, the existence and higher efficiency of polymorphic equilibria than monomorphic
equilibria is a totally new result. The logic that early start of long-term cooperation is sustained
because of possible exploitation in a future partnership is similar to the equilibrium of Rob and
Yang (2005), written independently from our paper. In their model, there are three types of
players; a bad type who always plays D, a good type who always plays C, and the rational
type who tries to maximize their payoff. Existence of bad type players makes it valuable to (1)
keep and cooperate with either good or rational type partners, and (2) to find out bad type
partners as soon as possible. Thus, a rational player should cooperate from the beginning to be
distinguished from the bad-type.

Our result is much starker than Rob and Yang’s. Our model does not rely on heterogeneous
“type” and incomplete information. Instead, bad (longer trust-building) strategy emerges en-
dogenously as a polymorphic NSD. We also show that there are equilibria with a variety of (even
infinitely many) heterogeneous strategies.

The higher efficiency of polymorphic equilibria is an interesting result. One might think
that late cooperators create unstable partnerships and thus reduce social welfare. However, in
equilibrium there should be enough early cooperators to help each other, and the benefit of

partially early cooperation is greater than uniformly delayed cooperation.
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6 Appendix: Proofs

Proof of Lemma 3: Let us rearrange v(cr; pr." ' () to highlight the effect of a.

v(erspp (@)
aL(cp,er)v(er, er) + (1 — a)L(er, erq1)v(er, erit)
aL(cp,er)+ (1 —a)L(er, ersr)
= pr(a)v(er,er) + {1 — pr(e)to(er, erya),

where
aL(er,er)

aL(cp,er) + (1 —a)L(er, ery1)’
This is the only part that « is involved in v(er; ph "' (a)). Thus

pr(a) =

v(er;pp () = v(er, eryr) + pr(e){v(er, er) — v(er, eryr)}- (17)

By differentiation,

Opr(a) _ L(cr,cr)L(cr, cry1) >0
da [L(cr, cri1) + a{L(cr,er) — L(er,ery) 2~ 7
and, since L(cep, er)— L(er, cry1) = 1_152 — 1_152_(52“) > 0, the derivative is decreasing in a.. Note
also that
'U(CT; CT) —v(er,ery)
_ 27 or  (1=0*")d+ 6 (1-6*)1
= (1—=0“")d+0"c— IeEsY
o (1=0"D){1 = 82T — 1} 4 §2T{(1 = 2T T)e — (1 — 620}
- 1 — §2(T+1)
B 2T{(1 - 6% (c— )+ 6%(1 — 6*T)(c — d)} 0
o 1 — §2(T+1) =0
Hence v(cr, pr ! (a)) is strictly increasing and concave in a. O

Proof of Lemma 4: By the same logic as Lemma 3, let

OZL(CT_H, CT)
aL(cryi,er) + (1 —a)Llcryr, eryn)

prii(a) =
Then
v(ery;ppt (@) = v(erin, erin) + pry(@){v(eria, er) — v(ersa, erpn)}. (18)

Note that by computation

v(ery1, cr) — v(er, er)

= % [(1 — 6"+ 62T (1 = 6%)g — (1 — 2TH))(1 = 62Tyd — (1 — §2T+D) 2T ¢
52T 2 2 2T
= s (1) -0 - 8- d) 20, (19)
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if T'< 7(5). (This fact will be useful in Proposition 3 as well.) Hence

v(cry,er) — v(ertt, erin)
= {v(ersa,er) —v(er,er)} + {v(er,er) —v(ersr, eri1)} >0, (20)

since cr starts cooperation earlier than c¢pyq (thus the second bracket is positive).

By differentiation,

Opria(e) L(crir, er)Lieryr, eria) >0
da [L(er+1, er+1) + o L(era, er) — L(ert, er1) H?
However, notice that L(cri1,cr) — L(ers1, erq1) = 1_fi(§2+1) — 1_152 < 0 so that the derivative
is increasing in «.. Therefore v(cr41;pn '+ (a)) is strictly increasing but convex in a. O

Proof of Lemma 5: From (17) in the proof of Lemma 3 and (18) in the proof of Lemma 4,

v(er; prtt(a)

= wr(a){v(er,er) —v(er,eri1)},

oo
ov(eryr; pht i («
( THE)ZT @) _ piry 1 (@) {v(eria, er) —vleryr, eren)}-
Asa — 1,
) L(cr, er)Lier, ery) L(cr,ert1) 2(T+1)
— =1 §2THD),
Hr(e) [aL(er,er) + (1 —a)L(er, crs1))? - L(cp, er)
1o (@) L(ery1,er)L(cr, cry1)
[aL(ers1,er) + (1 — a)L(ertr, ers1))?
Leryr,ern) - Ller,er) 1
L(cry1,cr) L(cr,eryr) 1 — 62T+
At 6 =4(T),
v(er;pp (1)) = v(er, er) = vlers1;pr (1)) = v(ers1, or).

Therefore, at § = 0(7),

aU(CT;ng(a)) . 6U(CT+1;]9§+1(04))
Oa a=1 da a=1
= B ufen,er) — vfer.cran)} - T fufersn,er) — vlersiser)h
= (1- 62(T“))52T(11__5i2(+91)_ 9 1— 5;(T+1) §* (1 = 8%)(c — d)
zaﬂu—ﬁﬁ@—a—lcgin} O

Proof of Proposition 3: We introduce a useful notation first. For any 7,7’ € N, define
T(cp, err) := L(er, ep){v(er, err) — vPF}.
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Then for any T,7" € N such that T,7" 2> 1,
F(CT, CT’) = ‘/(CT7 CT/) — L(CT, CT/>’UBR
= d+ 52V(CT,1, err—1) — {1+ (52L(CT,1, CT/_l)}UBR
= d—'UBR—i-(52F(CT_1,CT/,1). (21)
Lemma 8. For any T, T € N, I'(ep,cr) = T'(epy1, er).

Proof of Lemma 8: We prove this by induction. The definition of v% is equivalent to

1 c
BR| -~ - -
! [1—52 1] 1-02 ¥

Hence we have that
[L(co, co) — L(cy, )BT = L(co, co)v(co, co) — v(er, o) Lict, o).

That is,
['(co,co) = T'(e, o).
Next suppose that I'(er—1,cr—1) = I'(er, ep—1) holds. From (21),
T(ep,er) = d— vBE 4 L(ep—1,¢7-1)
= d-— UBR + F(CT, CT_1)

= I(crq1,cr).
O

Lemma 9. For any § > 6%, there exists m2(5) < 7(8) such that for any T € (12(6),7(9)), there

are two solutions in (0,1) to

v(ersppt (@) = vieriaspp (@),

Proof of Lemma 9: By the definition, at 7' = 7(d),
verspr (1) = vlersspr (1),
Note also that for any T,

v(er;pp 1 (0)) = vier, eri1) < wvleryr,eryn) = v(ery;pp (0).

Recall that the average payoff of ¢p is concave in « (Lemma 3), that of ¢pyq is convex in «
(Lemma 4), and § > §* warrants that the slope of the average payoff of cpiq is steeper than
that of cp-strategy at a = 1. Hence there are two intersections of the average payoff functions

when 7' = 7(J); one at @ = 1 and one within (0,1). (See Figure 2.)
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From (19) we have that, for T' < 7(9),

v(er;pp (1)) = v(er, er) < vlersi, er) = v(ersr; prt (1)),

but the slope of the average payoff of cpyq is still steeper than that of cp-strategy at oo = 1.
Therefore, by the continuity of the average payoff functions with respect to T, for T sufficiently

close to 7(9), there are two intersections of the average payoff functions in (0, 1). O
Let the larger solution be a%“. At agﬂ, the average value of ¢4 intersects with that of
cr from below. (See Figure 1b.) Hence there exists a neighborhood of ngrl in which

aZoptt = vlerppr (@) Z vlerspr (@)

To complete the proof of Proposition, we show that The Best Reply Condition is satisfied
with strict inequality at a?“.
Let o (vBf) and o, | (vPF) be the fractions of cp-strategy which solve v(er;pht(a)) =

vBE and v(crgq; p?”(a)) = vBE respectively. By the continuity of the average payoff functions

with respect to T, it suffices to prove!3

BR BR
a1 (077) < ap(v™h).
Notice that v(ep; ph™(a)) = vBF is equivalent to

L(er; pr (@) {vlerspp () — 0P} =0
V(er;prtt(a)) — Licr; pr T (@)oPF =0

aL(cr,cr)v(er,er) + (1 — o) Ler, erq1)v(er, Cry1) — L(CT;p%ﬁH(a))vBR =0

[N

al'(er,er) + (1 — a)(er, crs1) = 0.
Therefore, o’k (vPE) is the solution to
Hi(a) := al'(ep,er) + (1 — a)T(er, ery1) = 0. (22)
Similarly, o, ; (vPF) is the solution to
H7 i (a) :==al(erq1,er) + (1 — a)(erg1, eryr) = 0. (23)

By Lemma 8, H(1) = I'(cr,cr) = [(ery1,cr) = Hi (1), Let us compare the slope of these

linear functions:

OH*

8aT = ID(er,er) —T(er,eri1)
OH*

82“ = T(er,er) —T(eryr, eren)-

Bag 1 (vPR) < a5 (vPR) also holds when the smaller solution « to v(cr;ph™(a)) = v(eri1; pnt () has the

BR However, when T = 7(6), v(cr;pr' ' (a)) < vP%. Therefore for T sufficiently
BR

average payoff greater than v
close to 7(3), it cannot be that v(cr; pht(a)) > v

27



In parameters,

L(ers, ery) 1_7152{(1 — 6T ) d 4 52T e — UBR}
1— 52T 1— 52(T+1)
F(CT, CT+1) 1_ 52 d—+ (52T£ — W’UBR

Hence,

{F(CT+1, cry1) — Dler, CT+1)}(1 - &)
(1 =02 (d—0)+ 62T+ (e — BBy = 2T (1 =62 (d— L+ g—c) >0.  (24)

Therefore the slope of H7 is steeper than that of H7. | for any . This implies that H7(a) <
Hf () for all a < 1, and thus

BR BR
ap (v7T) < ap(e”h).
This completes the proof of the proposition. O

Proof of Lemma 6: Consider ¢;-strategy for an arbitrary ¢t € {T,T + 1,7 + 2,...} and the
beginning of period t + 1 in a match, when ¢;-strategy is about to start cooperation. (That is,
the partnership has continued up to ¢ + 1-th period so that the possibility that the partner has
a shorter trust-building than ¢ is excluded.)

Let a4 be the conditional probability that the partner is the same strategy. The conditional
probability is 1 — oy that the partner has a longer trust-building period. The (non-averaged)
continuation payoff of ¢;-strategy at the beginning of ¢t + 1 is
52 5?— 5(25)

On the other hand, the continuation payoff of ¢, -strategy is

Ve p,t+1) = af 1 _c V(e p)t+ (1 —a){€+ 6V (e p)} (25)

V(eerrsp,t+1) = ai{g+0V(eer15p)}
+(1 —a){d+6(1 = 6V (cey1;p) + 2V (copr;pt +2) ). (26)

Notice that the payoff structure for c¢;11-strategy at the beginning of period ¢ + 2 when it
just finished the trust building is the same as that of ¢;-strategy at ¢t + 1, i.e.,

V(eis1;p,t+2) = Ve p,t +1).

Therefore (26) becomes

Viewisp,t+1) = afg +0V(cra;p)}
+(1 = a){d+6(1 = 8V (ces1;p) + 62V (e p, t +1)}
= V(ggspt+1) = 1—(11—at)52 lae{g + 0V (crv15p)}
+(1—a){d+ (1 = )V (crs1;p)}]- (27)
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From the assumption that the average payoffs of ¢; and ¢; 11 are the same,
V(e p) = Ve p)- (28)
Then, since the payoff until ¢ is the same for both ¢; and ¢;y1, we also have
Viep,t +1) = Vicgar;p t +1). (29)

(29) implies that the RHS of (25) and (27) must be the same. Using (28) and letting V*(p) =
V(et;p) = V(cey1;p), o must satisfy

ol + D)) 4 (- e+ oV ()
g VIR + (1 a){d+ 801 - V()
1-— (1 — Oft)(52 ’

Since this equation does not depend on ¢, we have established that oy = a forallt =T,T+1,.. .,

i.e., the fraction of ¢y p-strategy is of the form (1 — a)F. O
Proof of Lemma 7: For any 7,7’ < oo, a € [0,1] and v € R, define

f(CT,CT/,U) = L(CT,CT/){U<CT,CT/)—’U};

U(er,p7(a),v) = Ller; pr (@)){v(er; pT(a)) — v}
Then, by (3),
L(er; p7 (e)){v(er; pT (@) — v}

= aL(cr,cr)v(er,er) + (1 — a)L(ep, ery1)v(er, ery1) — {aL(er,cr) + (1 — @) L(cp, eryr) b

= af(CT, er,v) + (1 — a)f‘(cT, CT4+1,0). (30)
Similarly,

L(cria;pr (@) {v(ersa; p7 () — v}

= al'(cry1, er,v) + (1 = a){al (ery1, erg1,0) + (1 — )l (eryn, ergo,0)}; - (31)
and  L(cryo; p7 (o)) {v(ersr; p7 () — v}

= ol (cryo, e, v) + (1 — @)[al(crpo, ery1,v)

+(1 = a){al (crya, erp2,v) + (1 — )T (crya, ey, v)}, (32)
and so on. Note that by a generalization of (21), for any 7,7’ and v € R,

f‘(cTH, erry1,v) =d—v+ 62f’(cT, ey, ).
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Hence (31) becomes

L(ert1;p7 (@) {v(eria; p7 () — v}
= al(epqr,er,v) + (1 —a)[d — v+ 6*{al(er, er,v) + (1 — @)D(er, ergr,v)}]
= al(erqr,er,v) + (1 — a)[d — v + 62T (er, p,v)]. (33)

Since ¢py1 and epio behave the same way against e, f‘(cT+2, er,v) = f‘(cT+1, cr,v). Thus (32)

becomes
L(eri2; p7 (@) {v(eria; p7 () — v}
= al(cry1,er,v) + (1 —a) [(d—v)+ 8T (erpr, pF (), v)]. (34)
Subtracting (33) from (34), we get
D(ersa, pFP (@), 0) = Dlersn, pF (), v) = (1 = a)8*{T(ers1, 07 (@), v) = D(er, pF (@), v) }. (35)
Let v = v(eri1;pF(a)). Then T(cryr, p3P(a),v) = 0 so that (35) is equivalent to

L(cryo; pF () {v(ers2; p7 () — v(ers1; pF (@)}

= (1= )0’ Lcrs pF (a){v(er; pF¥ () — v(er41;p7 (@)}

Therefore, for any a € (0,1),

v(er; pF(a)) Z viers1:pT (o))

v
—  v(ery1;pT(a)) E v(cry2; pT (@)

This argument can be continued for any cry-strategy. O
Proof of Proposition 4: We first prove the Stable Payoff Equalization and local stability of

cr and cr4q-strategy, which also implies that all strategies in the support have the same average

payoff and satisfy the stability by Lemma 7.

Lemma 10. For any § > 6%, there exists T (§) < 7(8) such that for any T € (t£(6),7(6)),
there exists o (6) € (0,1) such that

>

aZaf < v(eripF(a)) Z vier;pF(a)). (36)

Proof of Lemma 10: We use a similar logic to the one for the existence of bimorphic NSD,

although the average payoff of c7y1-strategy is no longer convex. First, notice that for any T, «,

v(er; pp () = v(er; pF ().
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The average payoff of c¢ry1 can be decomposed as follows.

v(eripr (@) = po(@)v(ersr, er) + pr()v(ersr, eryr) + {1 — po(e) — par(a) po(ery, erye)
= v(erq1, ert2) + po(a){v(eri, er) — vers1, ery2)}

+p (@) {v(ersr, er1) — v(ert1, ere2)},

where
pio(a) = allers1, or) ;
L(cria;pF ()
() = a _a)OéL(CTj%CTH);
L(er+1;pF (@)
L(er1;pF (@) = aL(erya,er) + (1 —a)aL(erii, er) + (1 — @)’ Lcrya, erya).

By computation

0 L(cri,c

. ( T'HOO 2 2 [QQ{L(CT“’ cr1) — Ller+1, ery2)} + Lierta, CT+2)} > 0,

Do L(CTJrl)pT (a))

Ip1 L(cryi,ery1) [ oo
- - 1—2a)L .

da L(eri1;pF(a))? [a {L{er41, er42) = Llersa, er)} + (1 = 2a) (CT—HyCT-&-Z)}

Therefore, for any T,
Qvlerciipp(@)) _ Llerer) du(eriripE ()

{'U(CTJrly CT) - /U(CTJrl’ CT+1)} = O ‘a:l.

oo a=1 N L(CT+1,CT)

Recall that by Lemma 5, for any T' < 7(4),

dv(eri1;pr (@)

v(er; prtt ()
>
Oa

a=1 Oo

a=1"
For any 6 > §*, we have that () < 7(6). Hence for any T' < 7(6),

dv(er; pT (a))
> - L 77
a=1 Oa

ov(cr41; p7 ()
oo

a=1
Moreover, at T' = 7(9),
v(ery1;p7 (1)) = ver; pr (1)),

and for any T < 7(9),
v(er41;p7 (1)) = v(ersa, er) > vier, er) = v(er; p7 (1)).

Thus, by continuity of the average payoff with respect to T', for T sufficiently close to 7(d),
v(ery1;pF () crosses with v(er; p7°(a)) from below, i.e., (36) holds. O

Next, we show the Best Reply condition with strict inequality.
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Lemma 11. For any d > §* there exists Too(8) € [T2(8),7(5)) such that for any T € (75(9), 7(5)),

o0
v(er; P (aF(8))) < vPR.
Proof of Lemma 11: Recall that o’(vB%) is defined by
ver;prt (@) = oF,
Define a§’9+1(vBR) implicitly by v(cri1;p5 () = vBE. Then it is sufficient to prove
01 (7)< ap(vR).
Recall that o (vPE) is the (unique) solution to
Hi(a) :==al'(ep,er) + (1 — )l(er, ery1) = 0. (37)

By the same logic, a2, (v5) is a solution to
F(a) := ol (cpy1,er) + (1 — a)al (ersn, eryn) + (1 — a)?T(ery, erpo) = 0. (38)

By computation,

F(1) = T(crsa,er) =T(er,er), from Lemma 8,
F'(a) = T(er,er) +Tergr, eryr) = 20(erya, eryz) — 2a{T(ery1, ery1) — Dlerqa, erya)},
F/(O) = F(CT, CT> + F(CT_H, CT+1) — QF(CT_H, CT+2) > 0,

(since I'(cr,cr) > T(ersr, crg1) > Iersr, erye))

F/(l) = F(CT, CT) — F(CT_H, CT+1) > 0.

Hence F is a strictly increasing, concave function for o € [0,1] and F(«) = 0 has a unique
solution in [0, 1]. Note also that H7(0) = I'(cr, cr41) and H}(1) = [(ep, er) = F(1).

Since H7p is linear in o and F' is concave, if the slope of H} at o = 1 is steeper than the
slope of F' at & = 1, then for T close to but less than 7(J), H}. intersects with the horizontal
axis at a larger o than F does.!* (See Figure 5.)

In fact, F'(1) = T(er, er)—T(ers1,ere1) < Tlep,er)—T(er, ery1) = H},(l) since I'(epy1, er41) >
I'(cr,cry1) from (24). Therefore, for T sufficiently close to 7(8) (and not less than 72 (§) so

o0

that a5°(0) exists), agf,; (vPF) < ok (PH). O

Lemma 12. The average payoff of crii-strategy under pF (o) is lower than the one under

py (@) when v(ery; p () < B

YFor 6 > 6, H7(0) = T(er, cri1) > D(ert1, ery2) = F(0). Thus Hj is not uniformly below F.
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Figure 5: Proof of a3%,, (vPf) < af.(vPF) for T sufficiently close to 7(0)

Proof of Lemma 12: For any T € N and any («,v) € (0,1) x R, define

U(ersr,ph(a),v) == Licrinpn (@) {v(ersi;pp(a)) — v}
= al'(epq1,er) + (1 —a)(ers1, ere)

{aL(cria,er) + (1 — o) L(epga, erar) Y (0P

—v).
Recall also

L(ersn,p¥(a),v) = L(crs; pF(@){v(ersr; pF (@) — v}
= aF(cT+1, CT) + (1 — Oé)CkF(CT_H, CT+1) + (1 — a)ZF(CT+1, CT+2)
+{O{L(CT+1, cr) + (1 —a)aL(cryt, ergq)
(1= a)2Lierya, cT+2)}(vBR — o). (39)
By computation, for any T,
{T(cra1, eryr) — T(ergr, erp) Y1 — 62) = 62TTDL62(c — vBB) + (1 = 6%)(c — 0)} > 0.

Then for any o € (0,1) and any v < vB%,

f‘(CTJrlngJrl(a)v v) — f(CTH,P%O(OZ), v) = (1- 01)2[F(CT+1, cry1) — D(eryr, erya)

HL(ery1s eri1) = Lieryr, eria) (0P = 0)] > 0.
Now, consider

L(CT+1;10£+1(a))[{U(CTH;p;H(Oé)) —v} —{v(ery1; pT (o) — v}]
= D(ery,pp (), 0) = Terr, pF(a),v)

(
—{L(er13p7 M (@) = Ller+15 0% (@) Ho(er+13 pF () — v}
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Note also L(cri1;pmt (@) — L{ers1; 0¥ () = (1—a)?{L(cr, er) — L{crt1, ersa)} > 0. There-

fore,
v(ers1;pF (@) S0P = v(eriaspr (@) > vlern; pF ().
O

Lemma 12 implies that the infinite-support NSD is more efficient than the bimorphic NSD.
This completes the proof of Proposition 4. O
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