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Abstract

Inspired by non-linear pricing in finance, this paper presents a mathematical validity of an
asymptotic expansion scheme for a system of forward-backward stochastic differential equations
(FBSDEs) in terms of a perturbed driver in the BSDE and a small diffusion in the FSDE. In
particular, we represent the coefficients of the expansion of the FBSDE up to an arbitrary order,
and obtain the error estimate of the expansion with respect to the driver and the small noise
perturbation.
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1 Introduction

This paper investigates the mathematical foundation of an asymptotic expansion scheme for
a multiscale system of forward-backward SDEs (FBSDEs). In particular, we concentrate on to
provide a mathematical validity for the decoupled case of the scheme, which is mainly addressed
in their paper.

The FBSDEs has become quite popular in finance community since El Karoui et al. [§],
especially after the recent financial crises and the subsequent quite volatile markets, which leads
us to recognize the importance of counter party risk management, particularly the credit value
adjustments (CVA).

However, an explicit solution for a FBSDE has been known only for a simple linear or quadratic
example. Although several techniques have been proposed in the last decade, they seem very
limited in practical applications since they rely on numerical methods for non-linear PDEs or
regression based Monte Carlo simulations, which are generally very difficult to implement or quite
time-consuming especially for high-dimensional and long-horizon problems.

Recently, Fujii and Takahashi [11] has developed a simple analytical approximation scheme for
the nonlinear FBSDEs. They have introduced a perturbation parameter to the driver of a BSDE
to expand recursively the non-linear terms around a relevant linear FBSDE. In the computation
of each order, we explicitly represent the backward elements as the functions of the forward
components and take those expectations. Hence, except the cases that the distributions of the
forward process are explicitly known, we apply some approximations of the distributions such as
an asymptotic expansion technique, which is widely applied to the analytical approximations for
pricing European contingent claims and computing optimal portfolios. (For example, see Fujii
and Takahashi [11] [12], Takahashi and Yamada [24] [26] and references therein for the details.)

“forthcoming in International Journal of Financial Engineering
" University of Tokyo,
' Hitotsubashi University



They also provided two numerical examples, where the second-order analytic approximations
work quite well compared to numerical techniques such as the finite difference method and the
regression-based Monte Carlo simulation.

Moreover, their subsequent work [12] has applied this scheme to the optimal portfolio problem
in an incomplete market with stochastic volatility, and demonstrated the accurate approximations
even for long maturities such as 10 years, as opposed to the regression based Monte Carlo simula-
tion that works well only up to short maturities such as one year. We also note that the method
has the great advantage of deriving explicit expressions of the optimal portfolios and hedging
strategies, that is very important in practice. Further, we can use the method for the general
multi-dimensional cases, which is not true of the well-known Cole-Hopf transformation. As for
the recent development of this scheme with interacting particle method, see Fujii and Takahashi
[13] and Fujii, Sato and Takahashi [10].

In a different stream, Takahashi and Yamada [25] has proposed a new closed-form approxima-
tion for the solutions of FBSDESs. In particular, applying Malliavin calculus approach of Kusuoka
[16] and [24] [26] to the forward SDEs with the Picard-iteration scheme for the BSDEs, they
have obtained an error estimate for the approximation. Moreover, they have demonstrated the
effectiveness of the method through numerical examples for pricing options with counter party
risk under the local and stochastic volatility models, where the credit value adjustment (CVA) is
taken into account.

This paper provides a mathematical foundation for the original scheme for a multiscale FBSDE.
(The justification for the coupled case will be one of our next research topics.) It mainly consists
of two parts. That is, for the BSDE expansion with a perturbed driver we obtain the coefficients
up to an arbitrary order as the solution to a system of the associated BSDEs with the base FSDE,
and present the error estimate of the expansion. Accordingly, we show a concrete representation
for each expansion coefficient of the volatility component, that is the martingale integrand in the
BSDE. For the FSDE expansion, we derive an expansion formula with its sharp error estimate for
the expectation of the solution to the base FSDE in terms of a small diffusion. Then, we combine
the both results, particularly applying our FSDE expansion formula to the BSDE expansion
coefficients to obtain our main result, that is an asymptotic expansion of FBSDEs with a perturbed
driver. In the proofs, we effectively apply the representation results in Ma and Zhang [19] for
the BSDE expansion and the properties of the Kusuoka-Stroock functions in [16] for the FSDE
expansion.

The organization of the paper is as follows: after the next section describes the basic setup,
Section 3 provides the result for the expansion of the BSDE with respect to a perturbation
parameter in the driver. Section 4 shows an expansion for the FSDE in terms of a small diffusion,
which is combined with the asymptotic expansion for the BSDE in Section 3 to present our main
result in Section 5.

2 Multiscale FBSDE

Let (Q, F, P) be a complete probability space on which a d-dimensional Brownian motion W
is defined. Let F = {F;} be the natural filtration generated by W, augmented by the P-null sets
of F. We first consider the following d-dimensional forward stochastic differential equation with
parameter ¢, (X{), with X7 = (X&', -+, X5%):

d
dX;' = V(t,X[)dt+e Y ol(t, X[)dW], i=1,--- d, (2.1)
j=1
X' = zheR,i=1,---,d,
where b: [0,7] x R — R%, ¢ : [0,7] x R? — R¥? and ¢ € (0,1].
Next, given FSDE (2.1), we introduce (Y, Z“) with a perturbation parameter a € [0, 1],



which is the solution of the following BSDE:

T
YO = gXp)ba [ fs X5 YRS 289
t

T
—/ Z35° - dW, (2.2)
t
or equivalently, as the differential form:
dYS " = —a f(t, X5, Y5, 2% dt + Z,F - dW, (2.3)
YZ(“X’E = g(X%),
d
where z - y denotes the inner product of z,y € R%, that is = -y = Z:z:’yZ for (z',---,z%) and
i=1

1 d
y=, .y
In the following we state the assumptions for the forward-backward SDE in this paper.
Assumption 2.1.

1. The coefficients of the forward process, b, o are bounded Borel functions. Moreover, b(t,x)
and o(t,x) are continuous in (t,x) and smooth in x with bounded derivatives of all orders.

2. There exist constants a; > 0, i = 1,2 such that for any vector & in R% and any (t,z) €
[0,T] x R,

d

arl¢f® < Z [o0™];.5(t, 2)&:5 < agl€]?.

i,j=1
3. The driver f :[0,T] X R? x R x R? — R is continuous and bounded. Moreover, flit,z,y, 2)

18 smooth in x,y, z with bounded derivatives of all orders.

4. g:R¥— R is smooth with bounded derivatives of all orders, and |g(0)| < K for a positive
constant K.

Under the assumption above, there exists the unique solution (Y*¢, Z%¢) such that for any

p>1,E [ sup |Y.°
0

<s<T

T p/2
p} +FE (/ |Z§’8|2ds> < 00. (e.g. See Theorem 5.1 in [8].)
0

Then, it also holds that

T
Y = BYAIR] = BloXRIF) +aB | [ 1 X5,Y0, 209517
t

We note that when o = 0, Y,” is the solution to the linear BSDE with o = 0 in (2.2):
YV = Blg(X7)|1 7.
We consider the FBSDEs (2.1) and (2.3) on the subinterval [t,7] C [0,T] as follows: for
s € [t,T],

S d S
Xteet = gl 4 / b (r, XE")dr +¢ / ol (r, XE™)dW (2.4)
t =1t

Yt,a:,a,e
S

T
JXE) o [ g X v,z
S

T
f/ ZL0E AW, (2.5)
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where the subscript -"** shows the dependence on the initial data (¢,z), and Xtt’w’a’i = z'. Here-
7] 0
ol o)
Then, we recall the following well-known result (for instance, see Corollary 4.1 in [8] or Theorem
3.1in [19] ): Define u™*(t, z) as

after, we use the notation 0, = %0 and 9, = (
o

T
uo"s(t,x) = Y;t,x,(l,s - B g(X;x,E) + Oé/ f(,,,’ X:,m,s’yvrt,a:,a,s’ Zﬁ,m,a,s)dr
t

Then, we have
O u®(t,x)o(t,x) = Zf’x’a’s. (2.6)

We also define d,u®0 : [0,T] x RY 3 (t,2) = dpu™e(t, x)o(t, ).

3 Expansion of BSDE

This section shows our main result for the expansion of (Y%, Z%*) around a = 0. Generally
speaking, as above BSDE is nonlinear, solving it analytically seems not possible. In fact, for
computation of u™*(t,z) and d,u"*(t,z)o(t, x), there is an unavoidable complexity mainly due
to the "non-linearity” of the driver f in the BSDE. To overcome the difficulty, we expand the
BSDE with respect to a driver parameter o around a linear BSDE with o« = 0, which is able to
take the "non-linearity” effects into account as the expansion coefficients. Hence, we pursue to
obtain an approximate solution by an asymptotic expansion around a linear BSDE.

Firstly, in the case of & = 0 with s = ¢ in (2.5), (Y»®%¢, Z%%0:¢) becomes the solution to the
following linear BSDE:

T
Y;t,z,O,a _ g(X,;,:r,s) _ / Zz,z,O,E . dWS
t

Then, we also have
WO (1) = Y08 = Blg(Xm))
and
0o’ (t,)o(t,x) = 2y = {0, Blg(Xz")}o(t,2).

In the mathematical finance, u**(t, 2) may be regarded as a value of a European derivative with
the payoff g(X%") and 9,u’*(t, ) as its Delta, that is the sensitivity of the value with respect to
the change in the initial value of the underlying variable 2. Then, it is well known that u®< (¢, z)
and 9,u’¢(t,z)o(t,z) can not be obtained as closed forms, due to a generally unknown density
function of X5

Although the Monte Carlo simulation may be applied to computing those quantities, applying
the simulation method becomes infeasible for computation of the higher order expansions around
the linear BSDE with reasonable accuracy and computational time. Hence, it is a key element for
analytical approximations of BSDE to obtain a closed form approximation of the density function
of Xb®= s € (t,T).

One tractable and powerful approach is an asymptotic expansion by Watanabe [28] because
the density of X" is expanded with respect to the small volatility parameter ¢ in a unified
manner and its concrete and automatic computational scheme has been developed. (e.g. Li [18],
Takahashi et al. [23])

Consequently, this paper considers an expansion of the FBSDE with respect to both parameters
« and ¢ and provides a concrete approximation method of the FBSDE and its error estimate.



3.1 Notations and Basic Result
For the preparation, we list up the notations and a lemma following [19], which will be fre-
quently used in the next subsection. Firstly, let E (or E1) be a generic Euclidean space.
e C(F,[0,T]XE;E1): the space of all Ej-valued, continuous random fields, ¢ : Q@ x [0, T] xE —
E1, such that for fixed e € E, (-, -, e) is an F-adapted process.

e WH(E;E1): the space of all measurable functions ¢ : E — E1, such that for some constant
K > 0 it holds that

[¥(2) = ¢ W)lle, < Kllz—yle, Yo,y €E. (3.1)

o LO([t, T); W > (E;E1)) : for t € [0,T], the space of all measurable functions ¢ : [t,T]
W17OO(E;E1)~

e LP(G;E): for any sub-o-field G C Fr and 1 < p < oo, the space of all E-valued, G- measurable
random variables £ such that F[|£|P] < oo.

L°°(G;E): for any sub-o-field G C Fr, the space of all E-valued, G- measurable and bounded
random variables.

e Cy°(E;E1): the space of all infinitely differentiable functions ¢ : E — E; such that the all
of its derivatives are bounded. We write C;°(E) for Cy°(E; R).

We also prepare the basic notations and definitions of Malliavin calculus.
e H: the Cameron-Martin space of all absolutely continuous functions A : [0, 7] — R? with a
square integrable derivative, i.e., b’ € L*([0,T];R%), h'(t) (t). Here, L*([0,T]; R?) is
- 1/2
the space of all R%-measurable functions ¢ on [0, 7] such that (/0 |<p(s)|2ds> < 0.

e L?*(Q; H): the space of all random variables F : Q — H such that |F||3 := E[|F|*] < cc.

e S: the set of random variables F' of the form

F:¢</0Tha<s>-dwsv--~ ,/OTh;@)-dWs)

where ¢ € C5°(R?), hy,--- ,hg € H.

o Malliavin derivative D: If F € S is of the above form, we define its derivative as follows

8@ T T
DF = _ /h’l(s)-dWS,-~-,/ Ho(s) - dW, ) s,
— 5:81 0 0

The derivative DF will be a stochastic process (D;F').¢[o,7] as follows;

d Ay T T
D.F = (/ hy(s) - dWs, - - - ,/ Ry (s) ~dWs> R(T), T€l0,7T).
0 0

£ Ozt
=1

e DFP: the closure of S with respect to the norm

1/p
k
IFllkp = | EIFIPI+ > ElID F%q,] , 1<p, keN.
j=1

o D®: D*® = ﬂpzl ﬂkzl Dk’p.



o Skorohod integral 6: We define § as the adjoint operator of the derivative operator D,
that is an unbounded operator from L*(Q; H) into L*(Q2) such that the domain of §, de-
noted by Dom(d), is the set of H-valued square integrable random variables u such that

T
E / DTFquT] ’ < C||F||2, for all F € D2 where C is some constant depending on w.
0

For w € Dom(d), §(u) is characterized by the duality relationship:
T
/ D, Fu.dr
0

d(u) is called Skorohod integral of the process w.

E[Fé(u) =FE , for any F € D2

The next lemma is taken from Lemma 2.2. in [19] and a slight modification of Proposition 5.1 in
[8], which is frequently used in the proof of Theorem 3.1.

Lemma 3.1. 1. Suppose thatb € C(F, [0, T]xR%; RY)NLO ([0, T); WH= (R4 RY)), 6 € C(F, [0, T]x
R%; xR 0 LO([0, T); Whe° (R, RY*)), with a common Lipschitz constant K > 0. Sup-
pose also that b(t,0) = 0 and (t,0) = 0 P-a.s. For any h° € L*(F,[0,T];R%) and
h' € L*(F,[0,T]; R™?), let X be the solution of the following SDE:

t t
X, =z +/ [b(s,Xs) + hg} ds + / [6(s, X.) + ht] dW..
0 0
Then, for any p > 2, there exists a constant C' > 0 depending only on p, T and K, such that

/OT (IR + B2 P] dt] } ,

E[1x[17] < c{w +E

where | X

g = sup [ X[
t<s<T

2. Assume that f € C(F, [0, 7] xRxR%:R)NLO([0, T]; W (R xR?)) with a uniform Lipschitz
constant K > 0, and f(w,s,0,0) =0 P-a.e. w € Q. For any § € LP(Fr;R), p > 1 and a

T p/2

R-valued, F-adapted process h such that E (/ |ht|2dt> < oo forp>1. let (Y,Z) be
0

the adapted solution to the BSDE:

T T
Yt=£+/ [f<s,m,zs>+hs]ds—/ Z,-aw,.
t t

Then there exists a constant C' > 0 depending only on T, p and the Lipschitz constant of f,
such that

T p/2 T p/2
Bvip] + B (/ zt|2dt) <CE |«s|p+</0 |ht|2dt) ,

where |Y |7 == sup Al
787

Also, in order to estimate the expansion error we define a space as in [25]. For any 3, u > 0,
let Hg 7 be the space of functions v : [0,7] x R? — R™ such that

T
Hv||%,51“j = /0 /Rd eﬂs|v(s,x)|2e*u|x\d:pds < 00.



3.2 Asymptotic Expansion for BSDE and its Representation

Hereafter, we often suppress the subscript € for the notational simplicity. Also we frequently
use abbreviated notations such as Y;*, Z&, u® and d,u®0 in stead of Y,"**¢ Z/"*% 4 and
O u™% o, respectively.

Moreover, we use the following notations and the abbreviations especially in the next theorem:

(n)

D VD DD DI *

ng,d® B=1ng€L,pdBe{l, - d+1}8
(n) n 1
SIS SID SENND SRR
ng,d(®, =2 B=2ng€L, gd®B {1, ,d+1}P
B
Ln,ﬂ = {nlg(nl,..~’n5); an:n; (n,nk,ﬂGN)},
k=1

Ztwae _ (Zt,x,oz,a,l’ o 7Zt,ac,a,a,ol) 7

0,7% = aaZt,x,a,s _ (aaZt,x,a,e,l, . ’8aZt,z,oz,€,d) 7

o — ghaae (Yt,gc,a,e7 Zt,x,a,e) € R x RY,

EN =20t e {1, d+ 1},

OF = OLT = (p, XEo Bhoee) = (p, Xboe yhooe gtoos) ¢ [0,T] x RE x R x R,

__ 9 (e Bl = o°
gy -+ 08a," VT 9, - -+ O&ay

(AP = (dr, - dg) € {1, d+ 1}, 52 1),

ad(ﬁ)f(@:}) : f ('7 ) Yrt,z,a,a’ Zt’i’aﬁ) )

0
8yf(@;}) = %f ('7 ) Y;t,La’Ea ) )

ay . f (e, Zﬁw,a,e) af(- -, Zﬁ,w,a,e)
V(00 = < 0z ) ) 0zg .

Section 2.4 of [8] discuss the first-order differentiation of the function a — (Y%, Z<). In the fol-
o" o" .

nY'St,x,a and agzﬁ,x,a — aan ;&,Jf,a

for any n € N and derive an asymptotic expansion of (Y%, Z<) with respect to the parameter «

around a = 0.
Theorem 3.1. Given the forward SDE (2.4) and Y**0 in (3.1), for s € [t,T), the derivatives

o"
nyt,r,oo __ t,xr,x n r7t,r,o0 __ t,x,« . .
oY, o = —aaan’ and 0L Zo"% = Z 3% satisfy:

when n =1,

lowing theorem, we provide a representation of 97 Y :=

oa™

T
DY = / [F(O7) + ady f(O7)(0aY,") + aV. f(OF) - (9aZ;)] dr

T
*/ (0aZ;') - AW, (3.2)
when n > 2,
T
oyl e = / [H"(r,t,z, o) + a {0, [(OMOLY,* + V., f(O) - 0L Z2} dr
° T
- / onze . AW, (3.3)



where

(n=1)
H"(rt,z,a) := Z Oq8) f(O H ('9"’“”‘““
ng,d® =1
(n) B

1
tan! Y %(mf(@?)Hn—k'@ngo"dk.

ng,d(8) =2 k=1

Moreover, for any M € N, there exists a constant C(M,T) > 0 such that

M 2
uE — {UO,E + Zai u?,s}
=1 Hﬁ,u,T
M 2
+ |0z u%f0 — {&Cuo’ea + Zo/ azu?’ea}
i=1 Hg 1
< 2MHDC(M,T),
where
’LLO’E(t,.T) — th,o,a - E [g(X;lw’E)] ’
duco(t,r) = Zp5" =B [g(XE")NE™) ot x),
and
1
t — n+1yt ,L,0LE o
n+1( LU) (n+1)| @ | =0
= FE / F i, Xﬁ’ﬁ’a)dr] , forn=0,1,---
t
(%EUO’E O'(t x) _ 1 n+1Zt T, E|a70
n+1 9 (n+ 1)| e =
T
= B[ (P XNl ofta),
t

forn=0,1,---,
where N}™¢ stands for the Malliavin Delta weight:

t,x,e __
N =

1 r
D / o(Xbme) T XETEdW,.
r—= t

Here, F" ™ n >0, is recursively given by

F'(t,z) = f (t,z,u"(t,z),0,u” 0 (t,z)), for n=0,

Frri(t, z)
(n) B 1
- Z 6d(ﬁ)f (t,x,uo’a(t,:r)78xu0’€a'(t,z)) H nmankﬁo e
n57d<ﬁ> k=1
form>1,

where
Bxuo’ao(t,x) = (axuo’ea(t,x))l, e ,(8zu0’aa(t,x))d) ,
20 =2hm0e = (402 (8, 2), 0,u"c o (t, x))

= (u”*(t,2), (Qpu<o(t,2))t, -+, (Ou™%0(t,2))?),

=0,dx, — =t,,0,6,dg

(3.9)



Remark 3.1. In the case of d =1, (8.2) and (3.3) is reduced to the following equations:

d(0.Y,") = —[f(O7) +ad, f(67)(0aY,") + ad. f(O7)(0aZ)] dr
+0o Z2dW,., for n=1,
d(05Y;") = —[H"(rt,x,0) +a{d, f(O7)Y" + 0. f(O7)05 Z Y dr
+ONZ3dW,, for n > 2,
RYr = 0,

where
n—1 k 1
Hn(,rat;x7a) = n!z Z Zm
k=1 B1+-+Br=n—1,8;>1i=0
k—1 k
k— 3 Y]
oloLf(O) Hﬁ,ajya 11 ﬁ,f‘?o/Z?
j=k—i+1 77"

REOEDS Zl.

k=2 B1+-+Br=n,B;>1 i=0
k—i

1
k—i i « Bjy o B 7o
aE11 F(O) ||75'aayr || 5,%&,
j=k—i+1 "7

i
andHEI when ¢ < j.
J
In addition, F™', n > 1, is recursively given by

F't,z) = f(t,z,u"(t2),0, uo’sa(t x)), for n=0, (3.10)

Frii(te) = Z > le k—4)

k=1 B1+-+pr=n,4;>1 i=0
85 OLf (t,x,uo’e( ,x),@wuo’sa(t,a:))
; k

k—1i

1 1
11 Wu%’f(t,x) 11 W<9Iugvja(t,x), forn > 1. (3.11)
g=1"7" j

j=k—i+1 "

Proof.
We only prove the case of d = 1 for the notational simplicity.
Firstly, as in the beginning of this section, (YO, ZO) is the solution to linear BSDE:

T
ve = gxp) - [ 20w
t
We have
uO(t,z) = Y0
and by Theorem 4.2 of [19] with null driver,
0,ul(t, Yo (t,2) = Z0™°

has the representation (3.6).

Next, we will apply an induction argument to the number of the times of the differentiation of
(Y*, Z%) with respect to «, and then will prove the expansion (3.4). We also remark that we will
use a generic constant C' > 0, which is allowed to vary, depending on some constants associated
with Assumption 2.1, Lemma 3.1, the time horizon, the number of the times of the differentiation
and so on.



e n=1(0.Y")
In the first place, let us show the case of the first order differentiation with respect to a. For
an arbitrary initial condition (t,z) € [0,T] x R%, let (Yﬁ’:’a, Zf:i’a)tgng be the solution to
the BSDE, which is obtained by the formal differentiation of (2.5) with respect to «:

T
i = / [F(O7%) + ady f(Or" )Y + ad. f(O):7*) 217" dr
‘ T
7/ Zy7dw,. (3.12)

Applying Proposition 2.4 with its remark in p.29 of [8] or the similar argument as in the
proof of Theorem 3.1 in [19], we can see (Y{'5"%, Zp7%),< < satisfies:

Yt,ac,oz+h _ Yt,a:,a . 2 ; 9

. s s , T, t,z,a+h __ t,x,x _

;lbli,%E sup . =Y + sup ‘YS Y, ’ =0,
t<s<T t<s<T
and
T t,x,a+h t.x, o 2 T

) zte, _ gt . 9

lim E 2 S— — 2y ds+ | |Zbmeth = Zme T ds| = 0.
h—0 t h 7 t

ot t
Hence, hereafter we often write Y,"2'® for 9,Y™* and Z; 2 for 0,257,
Next, define

uf(t,z) :=F

T
/ [f(OLT) + aayf(@i’m)Yf;f’“ + ozazf(@';’x’“)Zf:f’a]dr] , (3.13)
t

and

v (t, )

1
= —-F
€

T
/ [£(O77%) + ady f(O17)Y{ 7 + aazf(@i’m"*)foﬁ’“]N;""”dr] ,
t
(3.14)

t,z . . . . . . . e} _
t<r ). ) ’ -
where (N®);<,<7 is the Malliavin delta weight given by (3.7). First, it holds that u$ (¢, z)

T

6aYtt,x,o¢'
Second, since f, 9, f and 0, f are bounded by Assumption 2-1-3, and Lemma 3.1-2 is applied
to (3.12), there exists C such that for all p > 1,

T p/2
E |y 0+ (/ |ijf’“l2dr> <a, (3.15)
’ t

which is applied to (3.13) to obtain |uf(t,z)| < C for some constant C' for all (¢,x).
Next we consider the solution to the variational equation of the BSDE (3.12):

VY&
T
= / [B'(r,t,z,a) + aayf(@i@’a)vyltf’“ + oz@zf(@fim’o‘)VZf’,f’a] dr

T
— [ VZprtdw,, (3.16)

S
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where

Bl(r, t,x,a)
= 0. f(OL" VX" 40, f(OLT)VY,™ + 0, f(OL"*)VZE™™
+0‘8myf(@?z)vxﬁ’ryf,’rx’a + O‘ayZf(@i’m)vxf’m’ayf,’f’a
+0dy f(OF )V ZE"Y T + aly f(OFF) VX 277
+ad,. f(@ivf)vntvf’azf;jf’“ + al,2 f(@ivf)vzﬁvzzﬁfva. (3.17)

First, note that due to Lemma 3.1, we have for all p > 0,

*p

UVXt @

} < C» for some constant Cs. (3.18)

By Theorem 3.1-(iii) in [19] we also know that:
Z8" = Opu(s, X2 o (s, X)), Vs € [t,T], P — a.s.
Thus, we have
VoZl® = Oou(s, XP")VXLTo(s, X5")
+0pu(s, X5%) 00 (s, XS )VXL",
Vs e [t,T], P—a.s.

Moreover, by Lemma 3.4 of Crisan and Delarue [5], d,u and 9u are bounded. Hence with
Assumption 2.1.1 and (3.18) we obtain for all p > 0,

*P

E UVZm } < Cj for some constant Cs. (3.19)

Then, applying Assumption 2.1-.3, (3.15), (3.18) and (3.19), we obtain

E

T
/ |B1(r, t, ;U,a)|2 dr] < C4y. for some constant Cy (3.20)
¢

Here, for instance, we use the following estimate: as for the last term in Bl(r,t,x,a) in
(3.17), by the boundedness of 9.2 f(_@i””) and the Holder inequality with (3.15) and (3.19),

we have for some constants C' and C:
T
| vz 2o
t

T
B| [ ladas@i vz Zizop | < CE
t

vz [z dr]
071/2 )
<C {(|VZ“”| )] E (/ |zf”)|2dr> <C.

Thus, applying Lemma 3.1 and the similar argument as in the proof of Theorem 3.1 in Ma
and Zhang [19] to (3.16), we have

1t’sx+h’a B Yltf’a t, t,z+h, t 2
lim E | sup ’ - VY% + sup ’Y JThe_yrr =0,
h—0  |i<s<T h t<s<T '
T Zt,w+h,a Zt e 2 2
: 1, 1, t,z, t,z+h, t,x,
lim E : s vzbee| ds+ ‘Z atho _ ghoal® gl
), 7 : :
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and

E

T T
|VY1t’m’a|:’;—|—/ |VZf’f,’a|2d7'] S/ |Bl(r,t,x,a)|2dr < Cy. (3.21)
’ t ' t
Next, let
' (t, )

T
- F / [BL(r,t,2,0) + B, f(OL=) VY] + ad. f(O15)V 207 dr |
t

(3.22)

Then, by Assumption 2-1-3, (3.20) and (3.21), we obtain |7(t,x)| < C.
Moreover, let us show v{' = v = d,uf in the following way.
Firstly, using basic results of Malliavin calculus, we calculate the Malliavin derivatives of

F(r,0,), {0, f(OL")Y{"} and {0. f(©L")Zy7 ™ }:
D A{f(r,©,)} = {6zf(®?§’””’a)VXﬁ’r

0, /(O4 ) VY e
0[O )V 2T (VX)o7 XE7),

D9, f(O1")Y{;}
= (D8, f(OL" )} YD 4 0, f(OL"){ D, Y5}
= [Ouy f(OFT VXY 4 0, f(OFT)VY Y0
+0,- f(OL" )V ZETY T + 0, f(OL") VY| (VXLT) e (T, XbT),

D{0-(0;") 27"}
= (D0 (O 2L + 0 F(OL)D, 2177
= [0 (OLT)VXIT 2T + 0, {04 VY w2
+0.2 f(OLT)VZET 25 4 9, f(OL)V 25| (VX L") ea(r, XL7).
Then, by applying the integration by parts on the Wiener space, we have

E[B'(r,t,z,a) + ad, f(OL"*) VYD + ad. f(OL"*)V ZT ]

1 T
E D t,x,a t,x Yt7iE70£
S [ DS g, p(@y
a0, (1) 215 Yo 7, XE) (VXL )dr

1 i T, r,x y T, T,
= SE[{f(01%) + a0, f (OL")Y}1 + ad. f(OL" ) 27 INE]

where N/%¢ is given by (3.7). Thus, we have v{ = o7, that is (3.14) = (3.22).
Further, as 0,uf(t,x) = VYf,’f’a = 0{'(t,z), we obtain that v{ = v = 9,u{. Therefore, we
conclude that for all (¢,z) € [0,T] x R,

O (t,2)] < C. (3.23)
Moreover, following the similar argument of Theorem 3.1-(iii) of [19], we know that

Z’Li = Oyui (s, X0")o (s, XE") Vs € [t,T], P—a.s.

12



Thus, with (3.23) and Assumption 2.1-1., we also have for all p > 0,

t,x | *P
El|zi77] <c.

Induction
Based on the inductive argument, for an arbitrary fixed n € N we assume that (Y, 2%, Z/%) <<
is the solution to the following BSDE:

T
ylee = / 7 (11, 2,0) + ad, f(OL7) VI | ad), f(OL5) Z6w:dyr
° T
—/ ZfonadW (3.24)

where

Hn(rvtvxa a)
k

n—1
1
- ”‘Z Z Zz’!(k—i)!
k=1 p1+-+Br=n—1,8>1i=0
k—i

k
i 9 QCO( T, 1
oF1oL (el Hﬂ' Yy H 5—
XD ZZ. 7

k=2 1+ +5k n,B1>11=0

k
1
k—1i i t,x, (x t T,a
oo i 11 4
Here, for some constants C,, and C,,,

T
E [/ |H™(r,t, 2z, a,w)|? dr
¢

and we also suppose that for all p > 0,

T p/2
< Cn, E||[Vame] 7+ (/t |Zﬁ;;€»a|2dr> < Cp, (3.25)

E [’VYifia‘:’; + ‘VZfola’tﬂ < C,,, for some constant C,,. (3.26)
a 1 ny t,T t,x,o :
Consequently, we assume that ug (t, #) = —05Y; ™ and Z;"* satisfy
n!

S (¢, 2)| < C, |8,u’(t,z)| < C, E []Z;xwva]jﬂ <C, vp>0. (3.27)

Let (Y(tn”j_ % o Zznwﬁ) )it<s<T be the solution to the following BSDE which corresponds to

the formal differentiation of the BSDE (3.24) with respect to a:

T
Y(t”’j_f), - / [H”H(r,t,m,oz) + ac’?yf(@i’z’o‘)Y(ilf_? + f(eL* O‘)@"“Zéfﬁ) dr
t,x,a
_/S Zins dw, (3.28)
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where
HnJrl(T, t7 z, a)
= 0LH"(r,1,2,0) + 0, f(OLT )V EEC + 0, f(Om ) Zime
+0{0a0y F(OF" )}V + a{a 0. f(etvw)}zz:”i"“

DYDY Z
h=1 By + BB >1 i=0 '
k—1 1 k 1
k—i 0 ta:a taca tm,a
6@! 8 @ Hﬁi /817T H 57 ﬁjv"'
n+1 k

+a (n+1)'z Z Z

k= 2/31+ +Br= n+161>1 =
k—1i 9 ta:a tma tra
6 9. f(©y Hﬁl Bjr H ﬂm'
j=k— 2+1

Then, as in the case of n = 1, following the similar argument as in the proof of Proposition
2.4 with its remark in p.29 of [8] or in the proof of Theorem 3.1 of [19], we are able to show

Yt,x,aJrh o Yt,a:,a 2 9
. n,s n,s t,x,« t,x,a+h t,x,o _
}ILIL%E sup L - Yr(n+1),3 + Sup }/n s Yn,s - 07
t<s<T t<s
and
T Zt,a:,aJrh _ Zt,;v,a 2 T 9
lim E / n,s n,s Zt NiNeY ds + / |Zt,m,a+h o Zt,z,a ds| =0
n+1 n,s n,s .
h—0 ] h (n+1),s t
Next, let

H™ (2, 0,0) + 0, FOF)Y(E

« = ! '
un+1(t,$) = mE [/;

+ad. f(Or7) 21 ] dr] :

Then, by using Assumption 2.1-3, (3.25) and (3.27) to apply Lemma 3-2 to (3.28), we have
for some constants Cp41 and Cj 1,

E S C’n—&-h

2
>d7‘

T
/ |H"+1(T t z,a,w)|2dr

r t
Z <’Z(7’H7-1),7"

‘Yt o |[©P < Cpt1, forall p > 1, (3.29)

(n+1)

and hence |uy,_(t,z)] < C.

Moreover, let

11 r v
'Ug_‘_l(t, SU) 7E [/t [Hn+1(ra ta x, a) + O‘ayf(@?w)yr(tqprl)

(n+1)le
+a8zf(@f:1’a)z(t;f+’°f)m] Nﬁﬂ”dr] :
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where (N/*);<,<7 is the Malliavin Delta weight given by (3.7), again.

Then, as in the case n = 1, O, u, (t,x) = VY(tﬁi’?),t? and applying integration by parts on
the Wiener space, we have vy (t,x) = Oyuy 1 (t, ) and [Oyuy, 4 (t,x)| < C.

e Asymptotic expansion (3.4):
By the Taylor expansion, we have the following formulas:

M- i g
t t,x,0 } :O‘ 0 t,x,
}/f,m,a _ th z, + = Y; zal(x:O
’ t il Dot
i

+aMH1 /1 (1— “)M oM+ ytav
0

UL it lv=audu

M 1
= Wt z)+ Zaiu?(t,x) + oM / (1 —wMagy, | (t, z)du,
i=1 0

M i
tx,oo ,t,x,0 ot 0 t,x,a
20 = A ) G B e
i=1
1 M M+1
M+1 (1_u) oMt Zt,w,u| d
ta M g ét | lv=audu
0 .
M

= Ouuo(t,x) = d,ulo(t,x) + Z @' 0ulo(t, )

i=1
1
+aM+1/ (1 —w)Mo, gt o (t, x)du,
0
where @y, (t,x) := (M + L)ug, 4 (t, ) and 0,05, ,0(t, ) := (M + 1)0,ufy;,0(t, x).

On the other hand, by the previous result, we have |a§;, (¢, z)| < C and |0y}, (t, )| < C
for all (t,z) € [0,T] x R%. Therefore, we finally obtain:

M M
u® — {uo + Z aiug} O u%o — {aa;uoa + Z aiawuga}
i=1

i=1
< 2MHD (M, T).

2 2

+

Hﬁ,u,T Hﬁ,u,T

Then, we have the assertion. [J

4 Expansion of FSDE

Before providing our main result, we state an asymptotic expansion of E[p(X%"®)] in terms
of a small diffusion parameter ¢, which is a slight modification of [25] [26]. Here, ¢ € C°(RY),
Xfp’w’g = (le,lx’a’l, . ,Xi}"”’g’d), and le,lx’a’i, i = 1,---,d is the solution to the forward SDE
(2.4) with s = T. We remark that there exist related or other works on expansions in theoretical
and practical aspects such as Baudoin [1], Bayer and Laurence [2], Ben Arous and Laurence [3],
Bismut [4], Fouque et. al. [9], Gatheral et al. [15], Li [18], Siopacha and Teichmann [22], Violante
[27].

Firstly, let us present the Kusuoka-Stroock Functions, which is useful to clarify the order of a
Wiener functional with respect to the time parameter ¢ in a unified manner, and thus to evaluate
the error terms in asymptotic expansions.

4.1 The Kusuoka-Stroock Functions

This subsection introduces the space of Wiener functionals K developed by [16] and its
properties. The element of K is called the Kusuoka-Stroock function. See Nee [21], [5] and
Crisan et al. [6] for more details of the notations and the proofs.
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Let E be a separable Hilbert space and D™ (E) = N1<p<c0oD™P(E) be the space of E-valued
functionals that admit the Malliavin derivatives up to the n-th order. The following definition
and lemma correspond to Definition 2.1 and Lemma 2.2 of [5].

Definition 4.1. Given r € R and n € N, we denote by K?(E,TL) the set of functions G :
(0,T] x R — D™ (E) satisfying the following:
1. G(t,-) is n-times continuously differentiable and [0“G/0x] is continuous in (t,z) € (0,T] x
RY a.s. for any multi-index o of the elements of {1,--- ,d} with length |a| < n.
2. Forallk<n-—|af, p€[l,00),

sup /2 %(t, x)

te(0,T],zeR?

< 0.
Dk.p

We write KX (n) for KX(R,n) and KX for KF'(R, 00).

The properties of the Kusuoka-Stroock functions are the following. (See Lemma 75 of [6] for
the proof.)

Lemma 4.1. [Properties of Kusuoka-Stroock functions]
1. The function (s,z) € (0,T] x R X5%¢ belongs to K7 .
2. Suppose G € /C?(n) where r > 0. Then, fori=1,--- ,d,

(a) /0. G(s,2)dW! e KL, 1 (n), and (b) /OV G(s,x)ds € KT o(n). (4.1)

3. IfGie Kl(n;), i=1,---,N, then

N N
(a) H Gi €Kl vy (miin n;), and (b) ZGi € Kl v, (miin n;). (4.2)
i i=1
Next, we summarize the Malliavin’s integration by parts formula using Kusuoka-Stroock func-
tions. For any multi-index a(® := (o, o) € {1,---,d}*, k > 1, we denote by 9, the
ak

partial derivative

0o, Oy,

Proposition 4.1. Let G : (0,T] x R? = D>® = D*°°(R) be an element of KX and let f be a
function that belongs to the space C3°(RY). Then for any multi-index a®) e {1,---,d}*, k>1,
there exists H, ) (X0™°,G(s, 7)) € ICTT,_‘u(k)‘ = KT, such that

E [0y f(XP79)G(s,2)] = E [f(X07%) Hyu (X207, G(s,2))]
with

sup [ Haom (X0%%,G(s,2))||r < Cs — )M/,
zeRd

where H,u) (X5 G (s, 1)) is recursively given by

d
Hep (X0, Gs,2)) = 6| DGy DXLoed

j=1
How (X079, G(s,2)) = Hay (X0, Hoen) (X35, G(5,2)),

t,x,e

and a positive constant C. Here, § is the Skorohod integral and (’yi)j»s’ )Ji<ij<d 1s the inverse
matriz of the Malliavin covariance of X5*.

Proof. Apply Corollary 3.7 of Kusuoka and Stroock [17] and Lemma 8-(3) of [16] with
Proposition 2.1.4 of Nualart [20]. O
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4.2 Asymptotic Expansions for the Expectation of the Solution to FSDE

This subsection derives the asymptotic expansions for the expectations of the composite func-
tionals of smooth test functions ¢ € C5°(R?) and the solution to the forward SDE (2.1). Hereafter,

1o ‘ . .
let us define X,'7° as i3 Z,X%I’E, i € N. In the first place, we characterize the expansion of the
’ il Oe

solution to the SDE (2.1) as a Kusuoka-Stroock function.

Lemma 4.2. For s € (t,T],
X;ifekl, ieN.
Proof. See Lemma 5.1 of [25]. O

(4)
We denote Z by

lk,Oé(k>
(1) 1
> oYY Z 0
I, (k) k=113€L; 1k a® {1, ,d}*
with
k
Lig ==, ) > 1 =7; (i,1;,k €N)
Jj=1

The next proposition presents precise evaluation of the asymptotic expansions for the expectations
of E [p(X3:")] and E [p(X3"°)Ny™¢] o(t, z) for a given smooth function ¢.

Proposition 4.2.
1. For ¢ € C°(R%), there exists a constant C(N) depending on N such that

E[QD(X;JI7E)]{ tmO +Z€E ta:O ta:}}|

N+1
<NHO(N) Y (T — N2,

=1

ot t, t
where XT’m’O =Xz 0 4 eXy ;O and

(%) 0.
t,x t,2,0, .
T = E H, o ( 1T ’HXZ +1TJ ,i1=1,---,N

)
Here, we use the following notations:

0
t,z,0 t,xz,
Xboo %X :

T
= Z / VXFPOUVXL0) T o (u, XET0)dW,
i1 t

=0

16 tmsa7|
il Bt =0
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2. For ¢ € C;°(RY), there exists C' depending on N, T and  such that

‘E[so(XW)N%“]o(t,x)

N
- {E[<P(X%””’O)N$j?]0(t, @)+ Y e Blp(X" )N 7lo(t, w)}’

i=1

N+1

<eNFIO(N) Y (T — )N HI /2,

i=1
where )_(;w’o = X;«’x’o —I—EXf ;O, Né? = (Néj;’l, e 7N(§:;7d) and Nztzgi = (Nz'tfjgf’la e ,Nf,’;f’d),
i1=1,--- N are given respectwely by

d .
Noz* = Hi (X" o Xp™™), 1<k <d,
j=1

and

tzk ZH trOaXtrO,] tT)+ak7TZT7 lgkgd

Remark 4.1. The result 1 has some similarity as in Lipschitz case. That is, for a Lipschitz
function ¢ on R?, there exists a constant C(N) depending on N such that

N
Elp(X5")) ~ {E[w()_(:tp’x’o)} +> EiE[sO(X?””O)Wf,’?]H

i=1

S 5N+IC(N)(T7t)(N+2)/2

However, in Lipschitz case, the expansion error for E[w(Xélw’E)N;’m’E]o(t,x) s given by

‘E[so(X%’”’E)N%”’E]a(t,x)

N
- {E[w(X%w’O)NSj?r]a(t, z)+ Y e Elp(Xp" )N} flo(t, m)}‘
=1

< NFIQ(N)(T — H)N+D/2,
(4.3)

We also remark that when ¢ is a bounded Borel function (even if it is non-smooth), we have

E[@(X;lx’s)]—{ thcO Z‘gE XtacO tw]}'

< €N+1C(N)(Tf )(N+1)/2’

Elp(Xz")Ng"Jo(t, )

N
- {E[so(X%””’O)NSj%]o(t, 2) + Y e Elp(X3"")N, 7o, x)}‘
i=1
< eNTIO(N)(T - t)N/2.

See [25] for the details.
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Proof. We use the similar argument as in the proof of Proposition 5.1 and 5.2 in [25].
1. X5"° degenerates when ¢ | 0. Then, we define Fiz** as follows:
VT ,,0
Ft7m7€ _ X;z e _ X’;:c
T

Ep™° € D* is a non-degenerate Wiener functional under Assumption 2.1. Then, the
expectation E[p(Fiy"%)] is calculated by the integration by parts;

E[@(F;Jf’s)] — t ,T 0 _|_ Z e E t,’E70 t ’E]
L (N+1) k
—|—€N+1/ (=N (N+1) Y Edawe(Fr™) [T X505 du,
0 =
L () Jj=1

Then, by the transform X% = X5"0 4 e Fi™°, we have

N
Elp(Xz"%)] = Blp(Xz"")] + Y _ ' Elp(X"" ;7]
=1
(N+1)
Tl EIA LRSI DICCRNE foiis«
0
lk Ot(k>

where X5 = X550 4 ¢ FL5" for u € [0,1]. Therefore, by using Lemma 4.1 and 4.2, we
are able to see

(N+1) N+1

\T, u t,x, 7047 i i
S By e(FEm HXl T SO IVielleo(T = )N (4.4)
Ik, alk) j=1 =1

Then, we obtain the assertion.
2. Differentiating E[p(X5")] with respect to 2, we have

Elp(X}" ) NG

N

= Elp(XF"")Ng7l+ Y e Elp(X3"°)N; 7]
=1
N+2

re [y B[l S

k=2 a() {1, d}*

where §t B e ICN+k, 2 < k < N + 2. Then, we obtain the assertion. [J

5 Main result: Asymptotic Expansion of Multiscale FB-
SDE

This section finally derives our main result which is asymptotic expansions of u®¢(t, z) in (2.6)
and 0,u®*(t,x)o(t,z) in (2.6).
First, applying the Malliavin weights ﬂfx and Nfg, s € (t, T] 1 <i < N in Proposition 4.2,

we define an approximation sequence for (u%¢, d,u"o). Let p°(t, s, z,y) be the density of X0
given by

po(t’ S? x’ y)
1 _w=xtHm0Ts— 12(, ) (y—x5"0) (5.1)
— 2e .
(2me2)d/2 det(E(t,s))l/26 ’
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with the covariance matrix (¢, s)

E(t’ S)i,j

d s
> [ wxiowxgo)
k=171

= (3(t, 8)i,j)1<i,j<d-

o, Xy 70))i (VX (VX)L oy (u, X 0)) jlu,

1<4,5<d.
and (u®=Y,9,u%Ns), N € N be

N
u®= N (L, ) :—/dg(y){HZEiE e
R i=1

= y} }po(t, T,2,y)dy,
(0,u"=N o) (t, ) := (0,u"=N (¢, 2))o(t, 2)

| s E [NEFIXE = o] 51, 7. )y,
Rd

N

+Z€i/d9(y)E Ng | X =y} P, Tz, y)dyo(t, ).
i=1 JRY

Also, for n € N we define (u2*",9,u%*" o), N € N as

u?f’N(t x)

(5.2)

E

T
/ F"(r,t, 2,0, X520 dr | +
t

ZEE

/ F"™(r,t, 2,0, X2 ”dr]
i=1

/ /dF”rta:Oy{l—l—ZsE “”X”O y]}po(t,rxy)dyds
R

and

Dpul =N o (t, )

E

T

/ [F"(r,t,x,O,Xﬁ’”’o)]Né:fdrl o(t, )

t

+Z€lE / "(r,t,x OX“”O)]NtIdr] o(t, )

/ / F™(r,t,,0, )
t Rd

{E [Né:ﬂf(ﬁ’w’o ]+ Zs E [N, NPEIXbm0 =y }po(t r,x,y)dydso(t, )

where F" is defined as (

3.8) and (3.9) in Theorem 3.1.

Then, setting each g and F" as ¢ in Proposition 4.2 , we obtain the following result
Corollary 5.1. It holds that:

IN

2
T
Hawu&so. _ 6wu0,s,N

and that for each n, N € N,

2WNFDO(N, T),

2(N+1
"HHﬁ,,L,T < 2WNTVC(N,T),

0, 0,5,NH2
||un un Hﬂy,T

H(’?zug’sa — 8zug’5’N

IA

82(N+1)C(N, T),

O—HHﬁ,,u,T =< 52(N+1)C(N7 T)v
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where C(N,T) stands for a generic constant depending on N, T.

Finally, combining Theorem 3.1. and Corollary 5.1 above, we state our main theorem, which
shows expansions of u®°(t,z) and d,u™*(¢,x)o(t,z) in terms of the perturbation parameters of
the driver o and the forward SDE e.

Theorem 5.1. For any M, N € N, there exist generic constants C(M,T') depending on M, T
and C(M,N,T) depending on M, N, T such that

M

2: i 0,e,N
uE — uO,e,N+ azui,&

i=1

2

HﬂmwT
2

M
+ |0 u*co — {aa:uO’E’Na + Z aiawu?’E’NU}
i=1 Hg .
< MM, T) + 2NV C(M, N, T).
Proof. We have the following inequality:
M 2
uc — {UO,E,N + Zaiu?,s,N}
=1 Hg .t
M 2
+ ||0zu%F0 — {&puo’e’NU + Z azaxu?’a’Na}
=1 Hg o1
Y 2
< 2 u®t — {UO,E + Zaiu?,s}
=1 Hﬂ,u,T
M M 2
49 {UO’E + Zazu?ﬁ} _ {UO’E’N + Zazug@,N}
i=1 i=1 Hp iz

2

i=1

M
+2||0;u*c0 — {&Cuo’sa + Z o/@xu?’eo}

Hg p,r
2

M M
) {axuo,ea_ + ZOéiaIU?’EU} o {azUO,E,NO_ + Zaiamu?,a,NO_}

i=1 i=1 Hp pr

By Theorem 3.1 and Corollary 5.1 we have the statement. [J
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