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Abstract

We propose an extended framework of social choice, which incorporates the common morality
of the society. The purpose of this paper is to investigate the role of common morality in so-
cial decision situations. Common morality includes non-welfaristic considerations such as rights,
procedures, and historical considerations. Each individual has a comprehensive preference based
on welfare and common morality. First, we consider the society, where there exists at least one
common-sense moralist who always gives unequivocal priority to common morality. The exis-
tence of a common-sense moralist is indispensable to satisfy the desirable requirements in a social
decision. A (comprehensive) social preference is amalgamation of individual comprehensive prefer-
ences of the members in the society. We impose three well-known Arrovian conditions, namely, the
Pareto principle, independence of irrelevant alternatives, and non-dictatorship, on a social ordering
function. Under such conditions, social preference ordering gives unequivocal priority to common
morality. In other words, we characterize a social preference ordering which has a non-welfaristic
feature. Our result implies that common-sense morality in the society plays a crucial role for the
evaluation of social decision situations. Furthermore, we consider the general domain of common
morality, which is the largest domain consistent with the existence of common morality, and im-
pose modified versions of the Arrovian conditions. Under the general domain of common morality,
there exists no common-sense moralist. We show that under these conditions, social preference
ordering gives unequivocal priority to common morality.
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1 Introduction

The standard economic theories, including the social choice theory, have judged the desirability
of action based on the welfaristic assessment of consequential states.! This doctrine is called
welfarism, and it is dominant in modern moral theories. One of the central features of utilitarianism
is welfarism, and many critique for utilitarianism is for its welfarism.? Welfarism is “the principle
that the goodness of a state of affairs depends ultimately on the set of individual utilities in that
state” (Sen, 1979). The extremal form of welfarism is as follows: “individual utility is the only
good or value which has basic moral significance.” On the other hand, opponents of welfarism
such as Rawls (1971), Dworkin (1977) and other political philosophers insist on the importance of
non-welfaristic aspects of the human well-being. According to them, in order to evaluate human
or social acts, there exists many important considerations such as rights, friendships, procedural
justice, and freedom of choice, which cannot be considered by welfarism.?

Consider the following example. Suppose that a civil war breaks out in a neighboring country,
leading to the influx of many refugees. Should our country accept them? Should we judge such a
situation based only on welfaristic information as our ultimate aim? We should evaluate this choice
situation depending on considerations such as human rights, duty, and reciprocal relationships
based on historical consideration. Such non-welfaristic concepts have a closed relationship with
morality of common sense (common morality) in the society.*

In this paper, we study an extended framework of the social choice theory, which incorporates
not only welfare from social outcomes but also common morality of the society. The main purpose
of this paper is the characterization of social preference that gives unequivocal priority to common
morality. We term such preference as common morality priori (CM-priori) social ordering. CM-
priori social ordering requires that common morality of the society, which is a non-welfaristic
desirability, to play a crucial role for the evaluation of social decision situations. We give two
characterizations of the C'M-priori social ordering. Our first characterization has five features as
follows:

(F.1) Each individual has an extended preference over the extended alternatives.
(F.2) The society consists of welfarists and common-sense moralists.

(F.3) There exists at least one common-sense moralist.
(F.4)

A social (extended) preference over the extended alternatives is the image of social ordering
function whose domain is the set of individual preferences.

(F.5) A social ordering function satisfies the conditions of the Pareto principle, independence of
irrelevant alternatives (IIA), and non-dictatorship.

Under (F.1)-(F.5), the social preference ordering gives unequivocal priority to common morality.

(F.1) is the fundamental feature of this paper. The standard economics theories consider only the
individual’s welfaristic evaluation over consequences. However, in general, a choice situation is
described as follows: an agent (or society) chooses outcome z under circumstance 6. A circum-
stance includes a non-welfaristic information about the choice situation. I refer to a pair (z, ) as

!Campbell and Kelly (2002) and Sen (1986) are excellent surveys on Arrovian social choice theory.

20Other important features of utilitarianism are consequentialism and sum-ranking.

3In Suzumura (1999), the importance of nonconsequential aspect is emphasized, and he gives persuasive examples.

4In his great book, Sidgwick (1874) gave valuable arguments on common morality. He distinguished the difference
between common morality (common sense of morality) and common sense.



an extended alternative. Each individual has his welfaristic ordering over the set of social con-
sequences. Welfaristic preferences over the consequences vary according to individuals. On the
other hand, based on common morality, each individual has a common ordering over the set of
circumstances. Furthermore, each individual has an ordering over the set of extended alternatives
based on welfaristic preference and common morality. We call it an extended preference.

(F.2) and (F.3) state the types of extended preferences tha individuals can have.> As mentioned
in (F.2), we focus on the society where every individual is either a welfarist or a common-sense
moralist. A welfarist gives unequivocal priority to welfare over common morality. He/she considers
common morality (over circumstance) if and only if welfares from two choice situations are indif-
ferent. On the other hand, common-sense moralists give unequivocal priority to common morality.
It is only when the circumstances are same between two choice situations that they are ranked by
welfaristic ordering. Moreover, we assume that the ranking of common morality is homogeneous
among the individuals in the society.®

At this point, we remark on the differences between Suzumura and Xu (2004) and our analysis
in the framework structure and assumptions. An important difference is the assumption in the
domain condition of a social ordering function (Suzumura and Xu (2004) call it an extended social
welfare function). They focus on the freedom of choice in the choice situation, and non-welfaristic
(or non-consequential) morality is the cardinality of the opportunity set. Thus, common-sense
morality is a permanent feature in their study. On the other hand, in our framework, common-
sense morality is not a permanent feature. As long as the orderings of common morality is common
among all individuals in the society, all common morality is available: that is, the admissible set
of orderings over the circumstances is all logically possible linear orderings.

The third feature (F.3) is the existence of a common-sense moralist. If there exists no common-
sense moralist, then the CM-priori social preference and the Pareto principle are inconsistent
(Lemma 1). Moreover, if there exists at least one common-sense moralist, then there exists a
social welfare function that satisfies the Pareto principle, IIA, and non-dictatorship.” That is, if
there exists at least one common-sense moralist, then we obtain a possibility result. Furthermore,
if all individuals are welfarists, then there exists no social welfare function that satisfies all three
Arrovian axioms. Proposition 1 states that the existence of a common-sense moralist is a necessary
and sufficient condition for the existence of a social ordering function satisfying our conditions.
These results imply that the existence of individuals with common morality priori preference has
a critical role in the extended Arrovian framework.

By (F.4), an extended social preference is the amalgamation of individual preference ordering
of the members in the society. In other words, a social ordering function is a mapping such that
given the lists of individual extended preferences, the image is the social (extended) preference.
(F.5) states three conditions that a social ordering function satisfies. We impose three well-known
Arrovian axioms: the Pareto principle, IIA, and non-dictatorship.

Our second characterization of C'M-priori social ordering has five features; they are as follows:

(F’.1) Each individual has an extended preference over the extended alternatives.

(F’.2) Every individual in the society has common morality in the weak sense.

5That is, these conditions state the restriction for domain of social ordering function. The issue of domain restriction
is summarized in Gaertner (2002).

6Tn the context of extended sympathy, many authors require that each individual’s sympathy for another individual
is identical. See Hammond (1976).

"This result is essentially based on the study of Suzumura and Xu (2004). They show that if there exists at least
one individual who has nonconsequential preference, then there exists a social welfare function that satisfies the Pareto
principle, ITA, and non-dictatorship. As noted before, our formulation is different for their formulation. This implies that
we obtain a similar result.



(F’.3) There exists no common-sense moralist and welfarist.

(F’.4) A social (extended) preference over the extended alternatives is the image of social ordering
function whose domain is the set of individual preferences.

(F’.5) A social ordering function satisfies the conditional Pareto principle, conditional IIA and non
consequential-dictatorship.

Under (F’.1)—(F’.5), the social preference ordering gives unequivocal priority to common morality.

(F’.1), (F’.2), and (F’.4) are the same as the first characterization result. On the other hand,
(F’.3) and (F’.5) are different features; we explain these features below. In the previous character-
ization, the requirement of every individual to be a welfarist or common-sense moralist is strong.
According to (F’.3), we do not require the existence of welfarists or common-sense moralists in the
second characterization, and consider the general domain of common morality, which is the largest
domain consistent with the existence of common morality.

(E’.5) states three conditions that a social ordering function satisfies. Under the general domain
of common morality, we impose three modified versions of Arrovian axioms: conditional Pareto
principle, conditional ITA, and non consequential-dictatorship. The conditional Pareto principle is
a weak version of the Pareto principle, and requires that the principle of unanimity functions when
consequences or circumstances of two alternatives are the same. The conditional ITA is a weak
version of the ITA. It is noteworthy that under the general domain of common morality, there exists
no non-dictatorial social ordering function, which satisfies the Pareto principle and ITA, but there
exits a non-dictatorial social ordering function, which satisfies the conditional Pareto principle
and conditional IIA. Non consequential dictatorship is stronger than the standard definition of
non-dictatorship.

This paper is organized as follows. In Section 2, we present our extended Arrovian framework.
Furthermore, we introduce W-priori ordering and CM-priori ordering. Section 3 considers the
society where contains of welfarists and common-sense moralists. In Section 4, we extend the
preference domain and find that a similar result holds. We conclude the paper in Section 5. The
Appendix includes the proof of Proposition 1.

2 Notation and Definitions

Let X with |X| > 3 be a set of social consequences. Each member of X is a (social) option
by (social) act. Let © with |©] > 3 be a set of circumstances. An element of © describes the
non-welfaristic aspect of choice situation, witch is related to common morality of the society. A
set of social extended alternatives is X x O: (z,0) € X x © means that the social consequence z
is chosen in the circumstance 6. Let N := {1,2,...,n} with n > 2 be a finite set of individuals on
the society.

R is reflexive, complete, and transitive binary relations on X x ©. The symmetric and the
asymmetric part of R are denoted by I and P, respectively. Let p be the set of all logically
possible ordering over X x ©. Each individual 7 € N has a (extended) preference ordering R; € o
over the set of social alternatives X x ©. Then a profile R = (R, Rg,--- , Ry,) € ©" is an n—tuple
of individual preference orderings on X x ©. The restriction of preference profile R on X x © to
the subset I" of X x O is denoted RIT".

An admissible preference domain is a subset D of p". A social ordering function (SOF) is a
mapping f : D — p associating a unique preference f(R) € p with each profile R € D. For
simplicity, f(R) is denoted as R.



2.1 Restriction on Preference Domain: Common Morality

Let 7—; be complete ordering over X. For all z,y € X, x 7; y holds if and only if individual ¢
weakly prefers consequence z to consequence y. Then —; represents welfaristic aspect of individual
i. Let J be the asymmetric part of complete, transitive and antisymmetric binary relation over
O, i.e., forall 0,0’ € ©, 0J0" or 8'J0 or § = ¢'. For all 0,0’ € ©, 0J0' means that circumstance
6 is more desirable in the view of common morality than circumstance 6. We assume that the
evaluation for circumstance is homogeneous among individuals in the society. Binaly relation J
represents common morality in the society. We can also interpret that J represents social identity
or social norms in community. The admissible set of orderings over circumstances O is all logically
possible linear orderings. Hence, we allow the possibility of various morality.

Each individual ¢ has extended preference R; based on his welfaristic preference 7—; and common
morality J.8 Let D; C " be a preference domain which contains all logically possible profiles
satisfying the following two conditions: for alli € N, (a) Va,y € X,V0 € O, (z,0)R;(y,0) < = = v,
and (b) V(z,0), (y,0') € X x O,z ~; y = [(x,0)R;(x,0") < 0.J0']. We call this the general domain
of common morality. In the rest of this paper, we investigate a domain D which is subset of Dj.

Now we define welfare-priori ( W-priori) preference ordering and common morality-priori (CM-
priori) preference ordering.

Definition 1. R is
(i) W-priori if and only if = y = (x,0)P(y, ') for all (x,0), (y,0") € X x ©.
(ii) CM-priori if and only if .J6" = (z,0)P(y,0") for all (z,0), (y,0) € X x ©.

According to these definitions, W-priori preference is an ordering which gives unquavocal
priority to welfaristic evaluation, and C'M-priori preference is an ordering which gives unquavocal
priority to common morality, which represents non-welfarictic evaluation in society.

By using concepts of W-priori and C'M-priori preference ordering, we define welfarist and
common-sense moralist, respectively.

Definition 2. An individual i € N is
(i) Welfarist if for all R € D, R; is W-priori preference ordering.
(ii) Common-sense Moralist if for all R € D, R; is C'M-priori preference ordering,.

In other words, a welfarist is an individual who uniformly has W-priori preference ordering in
admissible preference domain, and a common-sense moralist is an individual who uniformly has
W -priori preference ordering in admissible preference domain.

2.2 Axioms

We now introduce three axioms on the social ordering function f, which are called as Arrovian
conditions.

Axiom 1. Pareto Principle (PP)
For all (z,0), (y,0') € X x ©, and for all R € D, if (z,0)P;(y,0) holds for all i € N, then we have
(z,0)P(y,0").

Axiom 2. Independence of Irrelevant Alternatives (1IA)
For all R = (Ry,Re, -+ ,R,), R = (R}, R, -+ ,R]) € D, and for all (z,0),(y,0') € X x O, if

80ur approach on the formulation of extended preference is close to Gravel (1994) rather than Suzumura and Xu
(2001). Gravel (1994)’s extended alternatives is a pair of outcome and opportunity set. He consider two binary relation,
ordering over the set of outcomes and ordering over the set of extended alternatives.



[(z,0)Ri(y,0') < (z,0)R(y,0)] for all i € N, then [(z,0)R(y,0") < (x,0)R'(y,0’)] holds, where
R=f(R) and R' = f(R/).

Axiom 3. Non-Dictatorship (ND)
There exists no ¢ € N such that (z,0)P;(y,0") = (z,0)P(y,0) for all (z,0), (y,0") € X x ©.

These conditions are well-known. Thus, we have nothing to explain them.

3 Welfarist and Common-sense Moralist

In this section, we consider the society where every individual is either a welfarist or a common-
sense moralist. Obviously, such domain is propser subset of the general domain of common morality
Dj. For a characterization of C'M-priori social ordering, we require that there exists at least one
common-sense moralist in the society. The following result implies that a characterization of CM-
priori social ordering is impossible if all individual are welfarists and a social ordering function
satisfies PP.

Remark 1. Suppose that every individual is a welfarist. If a social preference ordering R where
R = f(R) is C' M-priori, a social ordering function does not satisfy PP.

Proof. Suppose that a social ordering R where R = f(R) is C'M-priori and social ordering func-
tion satisfies PP. Consider the following situation: 6#J#" and x =; y for all i € N. CM-priori
social preference ordering imposes that 6.J6 = (y,0)P(x,0'). Since all individuals are welfarists,
(z,0")P;(y,0) for all i € N. By PP, we have (z,0)P(y,0). This would result a contradic-
tion. Q.E.D.

In order to emphasize the importance of the existence of a common-sense moralist, we present
the following result.

Proposition 1. Suppose that every individual is either a welfarist or a common-sense moralist.
There exists a social ordering function satisfying PP, IIA and ND if and only if there exists at
least one common-sense moralist.

Proof of this proposition is in the Appendix. This result is essentially based on the study
of Suzumura and Xu (2004). However, note that the framework of ours is different on several
points from one of Suzumura and Xu (2004). In Suzumura and Xu (2004), the ordering over
opportunity sets have a similar role to common morality in our paper. However, the ordering
over opportunity sets is fix in Suzumura and Xu (2004), while we allow various orderings over
circumstances and all logically possible linear orderings are possible. Essentially, the preference
domain of our framework is superdomain of Suzumura and Xu (2004)’s domain. This difference is
essential for a characterization result.

In the rest of this paper, we focus the society which include at least one common-sense moralist.
Now we begin our task of the characterization of CM-priori social ordering. First we consider the
polar case such that all individual are common-sense moralists. As we show as follows, if all
individual in society are common-sense moralists, we obtain CM-priori social ordering by Pareto
Principle.

Lemma 1. Suppose that every individuals is a common-sense moralist. If a social ordering function
satisfies PP, then a social preference ordering is CM-priori.



Proof. For each i € N, for all z,y € X and all 0,0’ € ©,
0‘]9/ = (JJ, 0)3(3/7 9/) and 0 = 0/ = [(I, Q)Rz(y,el) T i:z y]

Therefore, 6.J0" implies (x,0)P;(y,0’) for all i € N. Since a social ordering function satisfies PP,
(x,0)Pi(y,0") for all i € N implies (x,0)P(y,0"). Then, for all (x,0),(y,0') € X x ©, 6J0" =
(z,0)P(y,0"). Q.E.D.

In general, there may exist not only a common-sense moralist and but also a welfarist. For such
a situation, even if a social ordering function satisfies PP, it is not necessary that social preference
is CM-priori. In order to characterize CM-priori social ordering, we need to impose ITA and ND
for social ordering function.

We now present our main result in this section.

Theorem 1. Suppose that every individual is either a welfarist or a common-sense moralist. If
there exists at least one common-sense moralist, then a social preference ordering is CM-priori if
a social ordering function satisfies PP, IIA and ND.

In order to show this theorem, we divide this proof into several steps. Let WV denote the set
of welfarists, and C/M denote the set of common-sense moralists. By assumptions, W UCM = N
and CM # (). For each i € W, for all z,y € X and all 0,60' € O,

=i y= (2,0)P(y,0) and & ~; y = [(x,0)P;i(y,0") < 0J0" and (x,0)1;(y,0') < 0 = ¢'].
For each i € CM, for all z,y € X and all 6,6 € ©,
0J0" = (2,0)P;(y,0') and 0 = 0’ = [(x,0)R;(y,0') & x = y].

Since a social ordering function satisfies PP, if there exists no welfarist, lemma 2 implies that
social preference ordering is CM-priori. Therefore, until the end of this proof, we assume that
there exists a welfarist, i.e., W # ().

To begin with, we show that there exists a local dictator over {(x,0)|z € X}.

Step 1. For each 6 € O, there exists dp € N such that (z,0)P;(y,0) = (z,0)P(y,6) for all
z,y € X.

Proof. Take any 6 € ©. Consider preference profile R = (Ry, Ra, - - - , Ry,) restricted on {(z,0)|z €
X}. In assumption of preference domain, each individual preference ordering R; corresponds to
7i under the restricted space {(z,0)|z € X}. Since Z; is not restricted and |{(z,0)|z € X}| > 3,
we can apply Arrow’s impossibility theorem to this subset of X x © : there exists dy € N such
that (z,0)P;(y,0) = (x,0)P(y,0) for all z,y € X. Q.E.D.

We call individual dy the dictator under circumstance 6.
We want to show that a social preference ordering is CM-priori. According to Definition 1,
formally, a social preference ordering is C'M-priori if and only if

for all (z,0), (y,0') € X x ©, 0J0" = (x,0)P(y,d).
Next, we show the following result.

Step 2. If for some profiles R € D, there exists (z,6),(y,0') € X x © such that #J6" and
(y,0')R(x,0) where R = f(R), the dictator under circumstance 6 is the same individual as the
dictator under circumstance 0, i.e., dg = dy .



Proof. Suppose that dy # dg:. We consider the following preference profile:

RH(‘T? 0), (v, 0/)} = Rl|{(m7 0), (v, 9/)}

(z,0) Py, (z,0) for a profile R’

(2,0') Py, (y,0') for a profile R’
Note that since dy and dy are distinct, the above profile is admissible. Since R|{(z,6), (y,0")} =
R'|{(z,0), (y,0")}, by IIA, we have (y,0')R'(x,0) where R' = f(R’). Since dy is local dictator
for the circumstance 0, (x,@)Pée (z,60) implies that (x,0)P’(z,6). By the similar argument, we
have that (z,60)P'(y,0’). By transitivity of R, combining with (y,0")R(x,0), (x,0)P'(z,0) and
(2,0")P'(y,0") imply that (z,60")P'(z,0) where R’ = f(R'). However, since R’ € D, then we have

that:

Vi€ N :(z,0)P/(z,0). (1)
By PP, this implies (z,0)P’(z,6"). This would result a contradiction. Therefore dg = dpr. Q.E.D.

Step 3. If there exist distinct 0,60 € © such that dy # dy/, then a social preference ordering is
CM -priori.

Proof. We use the reduction to absurdity to proof. Suppose that for R € D, there exists
(x,61),(y,02) € X x © such that 6,J6, and (y,02)R(z,6;) where R = f(R). To begin with,
by the implication of Step.1, there exist a local dictator for each circumstance 8 € ©. Further-
more, by Step. 2 and the assumption in Step. 3, dp, = dp, holds.

Next we consider the following preference profile:

R{(z,61), (y,02)} = R"[{(z,61), (y.62)}

01J"6* for a profile R”

0*J"0, for a profile R”

(,0") Py, (y,0") for a profile R”.
JO,J"0* A 0*.J"05 is admissible. Moreover, by the implication of Step 2, since there exists 6* € ©
such that dg- # dg/, then the above profile is admissible.” If dp, = dg, = dy~, we can take a profile

such that (z,0%) Py (y, 6*).10
Since R|{($, 01)7 (yv 92)} = RHH(x’ 91)7 (ya ‘92)}7 by IIA, we have

(y,02)R" (x, 61) (2)

where R” = f(R”).} Since R’ € Dy, then we have that; for all i € N, (z,60;)P/(z,0*). By
PP, this implies (z,61)P"(z,6*). By the similar argument, we have (y, 0*)P"(y,02). On the other
hand, dp- € N is decisive over the pair {(z,6"), (y,0%)}, then (z,0%) P (y,0%) = (x,0")P"(y,0").
Then we summarize as follows.

(x,01)P"(x,0") where R" = f(R")

(x,0°)P"(y,0") where R" = f(R")

(y,0%)P"(y,02) where R" = f(R").

By the transitivity of P, we have (z,61)P"(y,02) where R” = f(R”). This is incompatible with
(2). This would result a contradiction. Thus, a social preference ordering is CM-priori. Q.E.D.

9The reason is that since d; = ds, there exist another individual dg- # d;.
10T hese cases are considered in Step.4 and Step.5.
H“Suppose that for R € D, there exists (x,0;), (y,02) € X x © such that 61J05 and (y, 62)R(z,6;) where R = f(R)”



Suppose that d := dy = dg for all 6,0 € ©. In other words, there exists an individual d € N
such that for all 8 € ©, (z,0)Py(y,0) = (x,0)P(y,0) for all z,y € X. There exists the two case:
(i) d € C, and (ii) d € NC. We first consider case (i).

Step 4. If there exists an individual d € W such that for all § € O, (z,6)P,(y,0) = (x,0)P(y,0)
for all x,y € X, then a social preference ordering is CM -priori.

Proof. We now assume that for some profiles R € D, there exists (x,0), (y,6') € X x © such that
0J0" and (y,0")R(x,0) where R = f(R). Take any z € X. We want to show that (z,0")Py(z,0) =
(2,0")P(x,6). Now, we consider a profile R’ € D such that:

R|{(z,0),(y.0")} = R'|{(z,0), (y,0)}
(2,0")Pi(x,0) and (z,0")P;(y,0") for a profile R'.

Note that since individual d is a welfarist, this profile R’ is possible. By the implication of IIA,
we have that (y, 0')R'(x,0) where R’ = f(R’). Since individual d is the dictator under circumstance
¢', we have that (z,0")P)(y,0') = (z,0")P'(y,0"). By the transitivity, (z,60)P'(y, 0 ) A(y,¢')R'(x,0)
implies that (z,0")P'(z,0). And this with only (z,60")P;(x, ), without anything being specified
about the preference of the other individuals between (z,6) and (z,6"). Hence, by IIA, individual
d is decisive for (z,0') against (x,0).

Take any w € X. Next, we want to show that (z,0")Py(w,0) = (z,0")P(w,0). We consider a
profile R” € D such that:

(2,0 )Py (x,0), (x,0) P (w,0), and (z,0")P](w,0) for a profile R”

By above argument, (z,6)P)(z,0) = (2,0')P"(z,0). Furthermore, since individual d is
the dictator under circumstance 6, (z,0)P;(w,6) = (z,0)P"(w,0). By the transitivity of R,
(2,0")P"(x,0) A (x,0)P"(w,0) implies (z,0")P"(w,d). And this with only (z,6")P](w,8), without
anything being specified about the preference of the other individuals between (z,6') and (w,8).
Hence, by ITA, individual d is decisive for (z,6") against (w, 6).

By this argument, if for some profiles R € D, there exists (z,0), (y,0") € X x © such that
0J0" and (y,0")R(z,0) where R = f(R), then for 6 and ¢’, (z,0")Ps(w,0) = (z,0")P(w,0) for all
z,w e X.

Now, we show that welfarist d is the global dictator, i.e., (a,0)Py(b, é) = (a,é)P(b,é) for all
(a,0), (b,0) € X x ©. We consider a profile R” € D such that:

(a,0)P) (b,0),0.J"0, and 6.J"¢" for a profile R".

Since R” € Dy for all i € N, we have that (a,8) P! (a,8') and (b,6)P!"(b,8) for all i € N. PP im-
plies that (a,d)P"(a, ) and (b,0)P" (b, ). Furthermore, since then for  and ¢, (z,0')Py(y,0) =
(x,80)P(y,0) for all z,y € X, (a,0" )P} (b,0) = (a,0")P"(b,6). By the transitivity, we have that
(a,0)P" (b,0). Then d € C is the global dictator. This would result a contradiction. Therefore, in
this case, for all (z,6), (y,0") € X x ©, 0J8' = (x,0)P(y,0") where R = f(R). Q.E.D.

Subsequent to this, we consider case (ii).

Step 5. If there exists an individual d € CM such that for all § € O, (z,0)P;(y,0) = (x,0)P(y,0)
for all x,y € X, then there exists no social ordering function satisfying PP, ITA and ND.



Proof. 1t 6J¢" = (z,0)R(y,0") for all (z,0),(y,0") € X x ©, individual d € CM is the global
dictator. This is inconsistent with ND. Then, for some profiles R € D, there exists (z,0), (y,0') €
X x © such that J60" and (y,0')R(x,6) where R = f(R). We consider a profile R’ € D such that:

R’{(l’, 0)7 (y> 9/)} = Rl|{($v 0)7 (ya 0/>}
(x,0)Pi(y,0), (x,0)Py(y,0), and J'0" for a profile R’.

Note that since individual d is a common-sense moralist, this profile R’ is possible. By the
implication of ITA, we have (y,8)R'(x,0) where R’ = f(R'). Moreover, since individual d is the
dictator over circumstance ¢', (x,0")P)(y,0') = (z,0")P'(y,0’). By the transitivity, (z,6")P’(y,0")A
(y,0")R'(x,0) implies that (x,8)P'(x,0). Since (x,0)P/(x,¢) for all i € N, by PP, (z,0)P'(x,0").
This would result a contradiction. Q.E.D.

4 Genaral Common Morality Domain

In the analysis of previous section, individuals in the society is either a welfarist or a common-
sense moralist. In this section, we assume that the preference domain of social odering function
is the general domain of common morality. Under this domain, individuals in the society esteeme
common morality in some sense.

Before we introduce axioms, we discuss the implication of the standard Arrovian axioms in
this domain. Under the general domain of common morality, PP and ITA implies dictatorial social
ordering function.

Remark 2. Suppose that preference domain is common morality domain, i.e., D = Dj;. There
exists no social ordering function that satisfies PP, ITA and ND.

One possible interplitation of this fact is that in the general domain of common morality, ITA
and PP is too strong. Hnece, we introduce the modified virsion of Arrovian axioms. The following
axiom is a weaker virsion of PP.

Axiom 4. Conditoinal Pareto Principle (CP)

(i) For all (x,0),(z,0") € X x O, and for all R € D, if (z,0)P;(x,0) holds for all i € N, then we
have (z,8)P(z,¢).

(ii) For all (z,0), (y,0) € X x O, and for all R € D, if (z,0)P;(y,0) holds for all i € N, then we
have (z,0)P(y,0).

Accoding to CP, (i) when consequences of two alternatves are same, circomestance 6 is socially
moe desireble than circumstance ¢’ if every individual prefer circumestance 6 to circumestance 6,
and (ii) when circumstances of two alternatves are same, consequence z is socially moe desireble
than consequence y if every individual prefer consequence x to consequence y.

The following axiom is a weaker virsion of I1A.

Axiom 5. Conditoinal Independence of Irrelevant Alternatives (CIIA)

For all R = (Ry,R2, - ,Ry), R' = (R|,RS,--- ,R])) € D, and for all (z,0),(y,0) € X x
O, if [(z,0)Ri(y,0") < (x,0)R.(y,0")] A [(x,0)Ri(z,0) < (x,0)R.(z,0)] AN [(z,0)Ri(y,0) <
(x,0)R(y,0)] for all i € N, then [(x,0)R(y,0') < (z,0)R'(y,0)] holds, where R = f(R) and
R = f(R)).
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Consider the following two profile R, R:

R|{($,91), (y762)} = Rl’{(xv 91)7 (9702)}
R|{(:U> 91)> (x792)} = Rl|{($>91)7 (x792>}
R|{(l‘,91), (yﬂgl)} 7& Rl|{(x> 91)7 (yvel)}

For this two profiles, ITA requires that (x,61)R(y,02) < (z,01)R(y,02) where R = f(R) and
R' = f(R’). On the other hand, CIIA does not require this.

The following axiom require that there exists no individual who has decisive power over con-
sequences under all circumstance. The spirit of this axiom is same as ND, but the requirement is
stronger than ND. The formal statement is as follows.

Axiom 6. Non Consequential Dictatorship (NCD)
There exists no i« € N such that for all 0, (z,0)P;(y,0) = (z,0)P(y,0) for all (x,0), (y,0) € X xO.

The main result in this section is as follows.

Theorem 2. Suppose that preference domain is common morality domain, i.e., D = Dj. A social
preference ordering is CM-priori if a social ordering function satisfies CP, CIIA and NCD.

Step 1. For each § € O, there exists dg € N such that (z,0)P;(y,0) = (z,0)P(y,0) for all
z,y € X.

Proof. Take any 6 € ©. To begin with, note that CIIA implies the following: for all R =
(Ri,Ra, -+ ,Ry), R = (R|,R},--- ,R]) € Dy, and for all (z,0), (y,0) € X x 0O, if [(x,0)R;(y,0)
< (x,0)Ri(y,0)] for all i € N, then [(z,0)R(y,0) < (x,0)R/(y,0)] holds, where R = f(R) and
R’ = f(R'). This is the standard definition of ITA. That is, IIA holds over a restricted alternatives
{(z,0) € X x ©|0 € O}.

Therefore, similar to Step 1 of the proof of Theorem 1, we can apply the Arrow’s impposibility
theorem to this subset {(z,0) € X x0|0 € ©} of X xO. Hence, we prove above statement. Q.E.D.

Step 2. If for some profiles R € Dy, there exists (z,0),(y,0") € X x © such that 6J0" and
(y,0")R(x,0) where R = f(R), the dictator under circumstance 6 is the same individual as the
dictator under circumstance 0, i.e., dg = dg .

Proof. Suppose that dy # dg:. We consider the following preference profile:

R|{(2,0), (y,0)} = R'{(2.9), (y,0')}
R|{(z,0), (z,0")} = R|{(,0), (z,0')}
R|{(z,0),(y,0)} = R'[{(2,0), (y,0)}
(x,H)P(’ig (2,0) for a profile R’/

(2, 9’)P6'19, (y,8") for a profile R’.

where x,y, z are distinct. Note that since dy and dg: are distinct, the above profile is admissible.
Since RH(xv 0), (v, 9,)} = R,H(:IZ, 0), (v, 6,)}7 RH(‘T? 0), (x, 0/)} = Rl|{(‘r7 0), (z, 9,)}7 R‘{(CE, 0), (v, 9)} =
R'[{(z,0), (y,0)}, we have (y,0)R'(z,0) where R’ = f(R').

By similar argument of Step 2 in the proof of Theorem 1, we have a contradiction, and dy =
dg: . Q.E.D.
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Proof of Theorem. Suppose that for R € D, there exists (x,61), (y,62) € X x © such that 61.J6
and (y,602)R(x,0;) where R = f(R). To begin with, by the implication of Step.1, there exist a
local dictator for each circumstance § € ©. Furthermore, by Step. 2 and the assumption in Step.
3, dg, = dg, holds. By NCD, there exists distinct 6,6 € © where dy # dpr. Now, we consider the

following preference profile:

R|{(z,61), (y,02)} = R"[{(z, 1), (y.62)}
R|{(:L’, 91)7 (l’, 92)} = RHH(ZE?el)a (:L‘, 02)}
R|{(z,61), (y,601)} = R"[{(z,61), (y.61)}
61J"6* for a profile R”

6*.J"0, for a profile R”

(z,0") Py, (y,0") for a profile R”.

JO1J"6* N 6*J"6, is admissible. Since R|{(z,0), (y,0")} = R'|{(x,0), (v,0)},R|{(x, 61), (x,02)}
R'|{(z,01), (z,02)}, RI{(2,61), (y,01)} = R'[{(2,61), (y,01)}, we have (y,02)R'(z,01) where R =

fR).
By similar argument of Step 3 in the proof of Theorem 1, we have a contradiction, and this
complete the proof. Q.E.D.

5 Concluding Remarks

In this paper, we attempt to found non-welfaristic social ordering based on an extended Arrovian
framework. Non-welfaristic social preference ordering gives unequivocal priority to non-welfaristic
information, such as procedure, freedom of choice, historical consideration. Important features
of our foundation are; the existence of a common-sense moralist, who is non-welfarist, and the
three Arrovian axioms, i.e., Pareto Principle, Independence of Irrelevant Alternatives, and Non-
Dictatorship. Similar to the study of Suzumura and Xu (2004), the existence of a common-sense
moralist has the important role of the “existence” of a social ordering function. Our analysis is
different from the framework of Suzumura and Xu (2004) in a important point. In our framework,
the admissible set of orderings over the set of circumstances is all logically possible linear orderings.
On the other hand, in Suzumura and Xu (2004), the admissible set of orderings over opportunity
sets is unique: the cardinality of opportunity set. This difference of formulation is crucial to
obtain our characterization result. In our framework, the three Arrovian conditions deliver CM-
priori social preference ordering.

Appendix

In this section, we give the proof of proposition 1. As noted before, this proposition is essentially
based on Suzumura and Xu (2004).
Suppose that all individual preference domains are W-priori or C' M-priori.

Lemma 2. If there exists at least one common-sense moralist, then there exists a social ordering
function satisfying PP, IIA and ND.

Proof. In order to show the existence of an SOF which satisfies three conditions, we divide this
proof into two steps. In step 1, we construct an SOF f. Further, in step 2, we show that the SOF
f satisfies the requirements.
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Step.1 By assumption, there exists ¢ € N who is a common-sense moralist. Consider the following
SOF: For all (z,0), (y,0') € X x O,

0J0" = (x,0)P(y,0)
0=0=06"=[(z,0)Ri(y,0) & (z,0)R(y,0")]
0 =0 #06"= [(x,0)R(y,0') < (z,0)R(y,0")]

where k,l € N and k # .

Step.2 By constriction, this SOF satisfies PP, IIA, and ND. A social preference R by this SOF
is clearly reflexive and complete. Thus, we have only to show that R is transitive, i.e.,
V(z,0),(y,0),(2,0") € X x ©,(z,0)R(y,0') A (y,0)R(2,0") = (x,0)R(z,0"). This SWF
imposes that xRy < (a)zg N? ys N xRy or (b)xg >? ys. Then, to check transitivity, we
consider the four possibilities that are mutually exclusive and exhaustive.

(1) 6J6 and ¢'J6".
By transitivity of J, we have 6.J6"”. This imply (z,0)R(z,0").
(2) 0J0" and 6’ = 6".
By transitivity of J, we have 0.J6". This imply (z,0)R(z,0").
(3) 9 =6 and 0'J6".
By transitivity of J, we have 6.J60"”. This imply (z,0)R(z,0").
(4) 6=0"and 6/ =06".
(4-a) 0 =6 =0" = 6.
In this case, (x,0)R(y,0") A (y,0")R(z,0") implies that (z,0)R;(y,0") A (y,0")R(z,0").
By transitivity of R, we have (z, §)R;(z,6"). By the feature of the SOF, (z,0)R(z,0").
(4-b) 6 =0"=0" +# 6*.
In this case, (x,0)R(y,0") A (y,0")R(z,0") implies that (z,0)Ri(y,0") A (y,0")Ri(z,0").
By transitivity of R, we have (x,0)R(z,0").

Therefore, R is transitive.

Q.E.D.

Lemma 3. If there exists no common-sense moralist, then there exists no social ordering function
satisfying PP, IIA and ND.

Proof. Since every individual in the society is welfarist, for all ¢ € N,
V(x,0),(y,0) € X xO x> y= (2,0)P(y,0) and = ~; y = [(z,0)R;i(y,0') < 0J0'] (3)

First we prove the following claim:

(Claim) There exists d € N such that (z,0)P;(y,0") = (x,0)P(y,0")
for all (z,0),(y,0') € X x O such as x and y are distinct.

Consider a triple (z,6), (y,0'),(z,0") € X x O such as z,y, z are all distinct. Since every in-
dividual is a , then each individual’s extended preference is not restricted over this triple. Since
{(z,0),(y,0),(z,0")}| = 3 and ; is not restricted, Arrow’s impossibility theorem is applied
this triple: there exists a local dictator d over {(z,0), (y,0"),(z,6")}. Now, take any extended
alternatives (a,7) and (b,7') such as a # b and a,b € X \ {x,y,2}. Now we show that a lo-
cal dictator over {(z,6),(y,0),(z,0")} is also a local dictator over {(a,7v),(b,~")}. Consider a
triple (a,7), (y,0'), (2,0”) € X x ©. For this triple, we can apply the Arrow’s impossibility the-
orem: there exists a local dictator over {(a,7), (y,¢'), (z,0”)}. Obviously, the local dictator over
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{(a,7), (y,0"),(z,6")} is individual d. Moreover, consider a triple (a,~), (b,7),(z,0") € X x ©.
Similar arguments show that individual d is a local dictator over {(a,~), (b,7'), (z,0")}. Therefore,
individual d is a dictator over pair {(a,~), (b,7")}. Thus, our claim is proved.

Next we show that for all (z,6), (y,0') € X x ©, if x =y, then (z,0)Py(y,0') = (z,0)P(y,0").
Take any (z,0), (y,0") € X x © such that z = y. Since Dy € Dy, (z,0)P;(y,¢') holds if and only
if 6.J6'. Since all individual are consequentialist, then z = y and 6.J6" implies (z,6)P;(y, ") for all
i € N. By PP, we have (z,0)P(y,0'). Therefore, (z,0)Py(y,0") = (x,0)P(y,0').

Combining with our first claim, this implies that there exists a universal dictator over X x ©.
Then since for all 8 € O, (x,0)Py(y,0) = (x,0)P(y,0) for all z,y € X, a social ordering function
satisfies NDC. Q.E.D.

Proof of Proposition 1 The sufficiency is proved by lemma 4. The Necessity follows from
lemma 5. Hence the proof is complete.
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