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Abstract

This paper shows that there exists a basic difficulty for us to deal with multiple
public goods in the theory of private provision of public goods. We can deal with
two situations, i.e., either the situation where one individual contributes multiple
public goods or that where many individuals contribute one kind of public good.
This implies that the present state of theory does not describe a phenomenon where
more than two number of individuals contribute multiple public goods, which is
usually seen in real life.
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1 Introduction

In this paper, we will establish the fundamental fact that the number of public goods
contributed by many individuals must be unity in almost all the models on the private
provision of public goods. Here, the individual is said to contribute a public good when
he supplies the public good by the positive amount.

It may appear easy for the economists in the theory of private provision of public
goods to expand the model containing one public good to that containing multiple public
goods. Kemp (1984) constructs a model where every individual contributes multiple
public goods in the equilibrium. The situation is scrutinized by Bergstrom-Blume-Varian
(1986) where multiple individuals contribute multiple public goods. Our result, on the
other hand, shows that those economies are almost vacuous. That is, let H and D be
a group consisting of two or more individuals and an arbitrary set of multiple public
goods respectively. Then we can not deal with the economies where each individual in H
contributes every public good in D. This result is established by a simple fact that the

number of equations is strictly greater than the number of unknowns. We must note that
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the result does not imply that Nash equilibria do not exist but that the the number of
contributors to public goods is limited in Nash equilibria. Warr (1983) suggests that the
number of equations exceed that of unknowns when all the individuals were contributors
to every public good. Our result is a generalization of his in two respects. One is that non-
contributors to the public goods can exist in our setting. The other is that no operations
concerning the differentiability of functions are exploited.

On the other hand, we daily encounter the situations where many persons contribute
many public goods at the same time. This fact may be interpreted as the models on

private provision of public goods still have a big problem to be solved.

2 The Number of Public Goods

Consider an economy which contains one private good and m kinds of public goods.

Denote the index set of individuals and the set of public goods by N aof {1,2,...,n}

and M {1,2,...,m} respectively!. An individual 4’s utility function is represented
by u; : (z;,Gy,...,Gp) € RTH — u;(z;, Gy, ...,Gp) € R, where z; and Gy, k € M
are the amount of private good and that of the k-th public good respectively?. Let
- (I1,...,1I,) € R%, be a given income distribution. A list (N, (u;, [;)ien) is an
economy. Producing one unit of each public good requires one unit of private good. The

price of the private good is unity.

We assume:

'The symbol wdef implies that the left hand side is defined by the right hand side.

2The sets R, Rﬂ and Rﬂ 4 are the set of real numbers, ¢ dimensional non-negative vectors and £

dimensional strictly positive vectors, respectively.



Assumption 1 The utility function u;(x;, G1,...,Gy) is continuous, increasing, quasi-

concave in RTH, strictly increasing and strictly quasi-concave in R’fjfl, forie N.

Denote the amount of contribution to the k-th public good by individual j as gi.
Suppose that vectors of all the individuals’ contributions to public goods gy, dof (gt gD,

k € M are given. We consider a maximization problem for each ¢ € N:
mMaX,, i .5, u (i, Zj;ﬁj g1+ gia S Zj;éi giﬁ + !7371)
sub. to . (1)
T+ g+ +g, =0 g.20,ke M
Denote the solution to (1) by (z;(g1,- -, gm), (Wi(g1,- -, 9m))kers), @ € N. 2:(g1,- -, Gm)
is the amount of private good of individual ¢ and w,i(gl, ..., gm) is that of k-th public

good.

Let us consider the following maximization problem for each i:

Jnax, ui(z;, G1,...,Gp) sub. tox; + G1 + -+ -+ G, = Y5, (2)
Ti,G1,...,Gm

where Y; is a positive real. The problem is auxiliary or artificial but turns out to be very
useful later for us to know the characteristics of solution to (1). The solution to problem
(2) is denoted by (£1(Y;), ¢4.(Y3)), k € M,i € N, where the values of ¢’ and ¢} correspond

to the amount of private good and the amount of k-th public good respectively.

Definition 1 [Nash Equilibrium)]

An allocation ((x})ien, (95)1) is a Nash equilibrium in an economy (N, (u;, I;)ien) when

Velgs, ... gn) =g, VieN, ke M (3)

x; = 2i(g1, -1 g), Vi€ N. (4)



2.1 Multiple Public Goods Economy

Consider simultaneous equations with respect to unknowns Y;,7 € N:

& (Y:) = oL(Y;), Vi, j €N, ke M (5)
YD)+ o () = D (L= €1() (6)

Then we can establish the equivalence theorem which is stated as follows:

Theorem 1 Suppose that Assumption 1 holds. A necessary and sufficient condition for a
Nash equilibrium ((x})ien, (g5 )kenr) satisfying z7 > 0 and gi* > 0,k € M,i € N to exist,
is that there exists a positive solution (Y;*)ien satisfying I; — 1Y) > 0 and £(Y}) > 0,

2

i € N to the system (5) and (6).

Proof. [Necessity] Let ((z})ien, (97 )kenr) € RYTT™ be the Nash equilibrium satisfying

z; > 0and g > 0, k € M, i € N. Define Y/ oo Ii+zzn:12j#gi*, ¢t € N and

(2

Gs dof ZjeNgi*, k€ M. We have Y;* = o} + G} + -+ + Gy, since [; = xf + >, 95"

Let (z¥,G¥,...,G#) be a solution to problem (2) when Y; = Y;*. Then the inequal-
ity wi(xr, GY,...,G%) < w(a?,G¥,...,G#) holds. Suppose that u;(zF, GT,...,G%) <

wi(z¥,GF, ..., G#). Define z;(\) and Gj(\) for X satisfying 0 < A < 1 as

2;(A\) €Azt 4 (1 - N)at

79

def

Ge(N\) ENGT + (1 - NG, ke M.

We have z;(\) > 0 and G,(\) > > i g > 0,k € M for a sufficiently small \, since
z; > 0and Gy, > 2., g > 0,k € M. Therefore both points (z},G%,...,G%,) and

(2;(N), G1(N), ..., Gm(N)) are interior points of the domain of utility function. Due to



strict quasi-concavity of utility functions, we have

Moreover, since z;(A) + G1(A) 4 - - - + G (A) = Y;*, we have for sufficiently small A

BEGAN =Y gr>0keM
J#
xz(jx)—FZ(ij\ Zg )—IZ,
k=1 Jj#i

wi(@i(A), G1(A), -, G(N) = wilai(A), Y gl + 38 > gir + ).
JF#i JF#i

This contradicts the fact that ((z})", (g;)kerr) is the Nash equilibrium. Therefore the
m + 1-tuple (zf, G5, ..., G}) is a solution to the problem (2) when Y; = Y;*. This is true

for any ¢. Therefore, (Y;*);cn is the solution to the simultaneous equations (5) and (6).

[Sufficiency] Let (Y;*);en,7 € N be the positive solution to (5) and (6) satisfying I; —

(2

fZ(YZ*) > (0,7 € N. Note that

(7)Y - 07 = k) >0

i=1 k=1
Define for each i € N and k € M

ix def 1 7 * * *def *
I, :T(Ii—f(yé))¢ii(y1)>0a z; (Y;) > 0.

By definition, we have

B g g = 6O+ S (1 — E(Y)) GhYT)

I
m
—
fine

*
~—
_|_
S~
|
An3

(YF)=1;, i € N,

e j % 1 & j * * 7 * .
Gi =Yoo = (L= €07) 0l07) = 4(¥)), i € N. b € M.



This implies that (z, gi*, ..., g%) satisfies the budget constraint in (1). Let (27, g%, ..

)

g#) be a solution to the following problem:
maxv; (z;,G7™" +q},....,G," +g.,) sub. to x; +g}+-+g., =1,

where G, ™ aof > i g, k € M. Tt is obvious that w;(z¥, GT™ + ¢%,. .., G;* + gi#)
> wi(zf, Gy 4 g%, ..., G- + g¥). Suppose that the strict inequality were true, i.e.

ui(xf,Gfi* + gi#, .. .,G;j* + gﬁ#) > u,(xf, Gl_i* + g, .. .,G;j* + gﬁ;:) Define z;()\) dof

e+ (1= Nzt G\ o G + Mg + (1 — N)gi*, k € M for any X satisfying 0 <
A < 1. Tt is obvious that z;(A) > 0 and G(A\) > 0 since zf > 0 and gi* > 0, k € M.

By the strict quasi-concavity in the interior of the domain of utility function, we have

ui(z;(A), G1(A), ..., Gi(N)) > wi(z}, Gy, ..., G5,). On the other hand, we obtain:

rN)+ Y G = A+ (1= N2+ Y <G,j* + A+ (1 - A)g;':)
k=1 k=1
=N +) g+ =N+ g+ G
k=1 k=1 k=1
k=1 k=1 j=1
This is a contradiction. And thus, (z},¢%*,...,¢%) is the solution to (1) when a list
(91,---,95,) is given. Therefore, ((x})ien, (g5)7-;) is a Nash equilibrium. y

The above theorem implies that the Nash equilibrium where all the individuals con-
tribute all the public goods can be fully described by the system (5) and (6). There are n
kinds of unknowns: Yi,...,Y,, in the simultaneous equations (5) and (6). On the other
hand, there are m(n —1) + 1 equations in (5) and (6). The number of equations coincides

with that of unknowns if and only if m = 1. In the general case containing multiple



public goods, the number of unknowns is strictly less than that of equations. There are
no solutions to the system (5) and (6) but exceptional cases.
We are to show the essence of the above theorem by way of an example. Let n = m = 2

and let utility functions of individuals be of Cobb-Douglas type:

wi(zs, Gr, Ga) = (2:)” (G1)” (G2)™",

d+3 4+ =1,a">00>0+>0,i=12
The equations (5) and (6) are represented by:

B'Y: = Y,
’Ylyl = ’72Y2

B, +4Y =1 + I, — a'Y; — a?Ys.

Clearly, there exist no solutions unless 5'/3? = !/~

The above theorem leads us to the conclusion that the standard models in the theory
of private provision of public goods cannot describe the situation that all the households
contribute all the public goods. Next question we want to ask is whether the multiple
households can contribute multiple public goods or not.

Let ((zf)ien, (g5)ker) be a Nash equilibrium in the economy (N, (u;, I;)ien). Let
N’" and M’ be arbitrary subsets of N and M, respectively. We assume without loss of
generality that N' = {1,....n'}, 2 < n' < nand M = {1,....m'}, 1 £ m' < m.

We can define a subeconomy containing n’ persons and m’ public goods of the economy



(N, (u, I;)ien). Define utility functions and incomes as:
def j% j% j% i
Ui(xiaGla . '7Gm’> = ui(xiaGl + Z g{ y . '7Gm’ + Z gqj—n/azgqj—nq_la - 7291%1)7

JEN J¢N'  jeN JEN

y S L— Y gif, Q€N
k¢M’

The economy (N’, (v;, yi)ien’) thus derived is an economy containing n’ number of individ-
uals and m’ number of public goods, the Nash equilibrium of which is ((2})ien’, (95)kenrr)-
Applying Theorem 1 to the economy (N’ (v;, y;)ien'), we have the equations correspond-
ing to (5) and (6), which contain m’(n’—1)+1 unknown variables in the system consisting
of n’ number of equations. We must say that we cannot always solve the system when
m’ > 1. This discussion does not depend on the choice of the sets M’ and N'.

Summarizing above, we can state:

Theorem 2 Suppose that Assumption 1 holds. Any plural individuals cannot contribute

any multiple public goods at Nash equilibria in almost all the economies.
We can restate the above theorems in the most extreme form as:

We cannot necessarily depict an economy with n individuals and m
public goods where two individuals contribute two public goods in

Nash equilibrium0

2.2 Two Public Goods Economy

In this section we scrutinize further the problem on the number of public goods. Our re-

maining problem is to answer whether one individual can contribute many public goods or



not. We study the problem by introducing two public goods subeconomy of (N, (u;, I;)ien)
such as in the previous subsection.

Let ((2})ien, (95)kem) be a Nash equilibrium in an economy (N, (u;, I;)ien). We re-
strict the economy (N, (u;, I;);en) containing m kinds of public goods into the one con-

taining two public goods. Define:
wi(xia G17 G2) déf Uy <xi7 G17 G27 ngjﬂ*7 ceey Zg%;k> ) (&S N
j=1

j=1
def »
yi = I — Z Ik
k#1,2

The economy (N, (w;, y;)ien) thus derived is an economy with two public goods, where
((z})ien, (g5)i_,) is a Nash equilibrium.

Define three types of the contributors to public goods as:

J Y {ieN|gr>0g" >0}

def . i% ik
Ji={i€N|g>0g5 =0}

¥ {ie N | gir=0,gi >0}

The key problem (2) can be rewritten according to the sets of contributors.

max, wi(x;, G1,Gs) sub. tox; + G1 + Gy =Y, i € J, (7)
m%sz‘(%,GhG;) sub. to z; + G1 =Y}, i € Jy, (8)
m%xwi(xi,G*{,Gg) sub. to z; + Go =Y, i € J,. 9)

Denote the solutions to these problems by £/(Y;), ¢%(Y;) and ¢4(Y;). Consider simultaneous



equations with respect to unknowns Y;,i € J U J; U J; as follows:

$1(Y;) = ¢l(Y)), Vi,j € JUJ, (10)
¢5(Y;) = ¢5(Y5), Vi, j € JU (11)
)+ = Y (n-g05), vies (12)
oY) =D (=€) —ab) + D (v , Vi€ Jy (13)

¢ (Vi) = (y;— &Y, )+ (s L Vi€ s (14)

jed j€J2

We establish a theorem which is stated as follows:

Theorem 3 Suppose that Assumption 1 holds. If there exist a Nash equilibrium (x}, i),
k= 1,2, i € N in the economy (N, (w;,y:)ien), then there exists a solution Y i €

J U J1 U Jy to the simultaneous equations (10), (11), (12), (13) and (14).

Proof. Let ((z})ien, (g5)i_,) be a Nash equilibrium. Define

YIS g+ ) (o 4+, ied
J#

Y;* défyz—FZgi*, 1 E Jk,]{]: 1,2
J#i

Since G’,;défzze(]wk g, k=1,2, it is clear that
Y = a4 Gi+ Gy, ifie ]
=i + G, ifie Jy
=a; + G5, if i € Jp.

We can repeat the same argument as in the proof of Theorem 1 to show that (x}, GF, G3)

is a solution to the maximization problem (7) for the individual i € J when Y; = Y;*. By

10



the similar procedure, for the individual i € Jy, (z}, G}) is a solution to the maximization
problem (8) when Y; = Y;*. Similarly for the individuals i € J5, (z},G5) is a solution to
the problem (9) when Y; = Y;*. The above discussion implies that Y;*, i € JU J; U Jy

form a solution to the simultaneous equations (10), (11), (12), (13), and(14). y

By Theorem 3, a Nash equilibrium is characterized by the equations (10), (11), (12),
(13) and (14). The equations depend on the sets .J,J; and J which is determined by
the Nash equilibrium. Therefore, they may be impractical when we are to find a Nash
equilibrium. However they are pertinent to our present objective, i.e. for us to make it
clear whether one individual can contribute many public goods.

The numbers of equations in (10) and (11) are #J + #J; — 1 and #J + #J, — 1
respectively®. The number of equations in (12), (13) and (14) is three. In short, the
number of unknowns Y;,i € J U J; U Jy is #J + #J; + #Jo whereas the number of
equations is 2 X #J + #J; + #Jo + 1.

Let us examine whether the numbers of these equations and unknowns are identical.

We distinguish three cases (i) #J = 0, (ii) #J = 1 and (iii) #J = 2.

[Case 1: #J = 0] In this case the equation (12) is null. Therefore the total number of the
equations is equal to #J; + #J> which is the number of the unknowns. In other words,

Nash equilibria can exist when all the individuals contribute to a single public good.

[Case 2: #J = 1] If either J; # () or Jy # 0 holds, the number of equations in (10), (11)
and (12) is equal to (1 +#J1 — 1)+ (1 +#Jy — 1) + 1 = #J + #J, + #Jo. Therefore at
least one of the equations (13) and (14) is redundant. In other words, there exist no Nash

equilibria when J; # @) or Jy # (). The remaining case is J; = () and J, = (). In this case,

3Let A be a set. The symbol “#A” represents the cardinality of the set A.

11



the equations (10) and (11) are null. In addition to this, the two equations (13) and (14)

are equivalent to (12). Hence the number of unknowns coincides with that of equations.

[Case 3: #J = 2] The total number of equations in (10), (11) and (12) is 2 x #J +#J; +
#.Jo — 1 which is strictly greater than #.J + #J; + #J5. Therefore the equations (13) and

(14) are redundant. Thus there do not necessarily exist Nash equilibria.

In the above discussion, the choice of public goods 1 and 2 is arbitrary in defining the
subeconomy (N, (w;, y;)ien). Above inference applies to a subeconomy containing any

pair of two public goods. Therefore, we can conclude as follows.

Three kinds of equilibria exist possibly in the models of private pro-
vision of public goods. One is the equilibrium where one individual
contributes to multiple public goods. Another is that where many
individuals contribute to one particular public good in equilibrium.

The other is that where the former two situations can coexist.
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