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Abstract

In discrete choice models, whether the model makes a unique prediction or not is
often tied to important features of the underlying model such as the interdependence
of agents’ preferences in models of social interaction or the endogeneity of treatment
assignments in triangular systems of binary outcome and treatment variables. We
provide a novel test of model incompleteness using a score-based statistic. Our test
statistic remains computationally tractable even with a moderate number of nuisance
parameters because they have to be estimated only in the restricted complete model. A
Monte Carlo experiment shows the proposed test outperforms existing tests in terms
of local power. An empirical application to a model of entry in the airline industry
illustrates the computational feasibility of the method.
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1 Introduction

Models of discrete choice are used widely. Commonly used models combine a theory of
choice (e.g. utility maximization) that predicts a unique outcome value with distributional
assumptions on latent variables to describe the conditional distribution of the outcome given
observable covariates. When the researcher is willing to work only with weak assumptions or
has limited knowledge of the data generating process, however, these models often end up
predicting multiple outcome values, which we call an incomplete prediction. We consider a
form of incompleteness summarized as follows; an observable discrete outcome variable Y is
known to satisfy

Y € G(u|X;0), (1.1)

where G collects all outcome values that are compatible with the model given the unobserved
and observed variables (u, X) and a structural parameter 6. This type of incompleteness
arises in a variety of contexts. In single-agent discrete choice models, multiple outcomes are
predicted when the agent’s choice set is unobservable and consistent with a wide range of
choice set formation processes (Barseghyan et al., 2021). In discrete games such as firms’
market entry or household’s labor supply decisions, multiple equilibria may exist but one may
not know how an equilibrium outcome gets selected (Bresnahan and Reiss, 1991a; Ciliberto
and Tamer, 2009). In panel dynamic discrete choice models, one’s theory may be silent about
how an initial observation is generated (Heckman, 1978; Honoré and Tamer, 2006). Recent
empirical studies have fruitfully applied econometric methods for such incomplete models
in different areas; they include English auctions (Haile and Tamer, 2003), strategic voting
(Kawai and Watanabe, 2013), product offerings (Eizenberg, 2014; Wollmann, 2018), network
formation (de Paula et al., 2018; Sheng, 2020), school choice (Fack et al., 2019), and major
choice (Henry et al., 2020).

Whether a model needs to allow incompleteness to be consistent with data is a natural
and important empirical question. Furthermore, whether a model is complete or not is often
tied to key features of the underlying structural model. In a commonly used model of market
entry, multiple equilibria exist only when the players interact strategically. Testing the
presence of the strategic interaction effects and making inference on their signs can provide
important information for policymaking (de Paula and Tang, 2012). In a binary choice model
with a binary treatment assignment, taking a control function approach yields an incomplete
model only if the treatment assignment is endogenous. When instrumental variables are
available, one can test the potential endogeneity of the treatment assignment through the
test of the model incompleteness.

This paper’s goal is to develop a procedure for testing the model completeness against
incompleteness. In leading examples, the null hypothesis of model completeness can be
formulated as restrictions on a subvector of structural parameters. We, therefore, consider
testing the presence of incompleteness by testing a hypothesis on a subvector. Inference on



subvectors of parameters has attracted considerable attention in the recent econometrics
literature on incomplete models (see Bugni et al., 2017; Kaido et al., 2019, and references
therein). A key challenge surrounding subvector inference is the computational cost for
implementing existing methods (Molinari, 2020, sec. 6). As we discuss below, progress
has been made recently within a class of models having a particular structure. However,
computational challenges remain for models outside such a class especially when there are
multiple nuisance components, which is common in applications.

This paper develops a test that can be implemented easily even in the presence of nuisance
parameters. We achieve this by focusing on a class of models that are complete when the
subvector (called ) of interest is set to its null value. We then propose a novel score-based
test statistic. Advantages of this approach are (i) the score statistic only requires estimation of
nuisance parameters in the restricted model, which is complete; (ii) the nuisance parameters
can be estimated by standard point estimators (e.g. restricted MLE) using package software;
and (iii) the statistic’s null distribution can be simulated easily.

The basic idea behind our tests is as follows. The model incompleteness, in general,
implies multiple (typically infinitely many) likelihood functions, which makes challenging to
apply standard likelihood-based tests. However, the class of models we consider has properties
that make score-based inference tractable. First, under any value of structural parameter
0o + h violating the null hypothesis locally, there is a “least favorable” data generating density
Jo,+n that is most difficult to distinguish from the density gy, under the null hypothesis. We
may then view the mapping 6 — ¢y as a “least favorable parametric model”, along which
detecting the deviation from 6, is most difficult. Second, one may consider a test that
maximizes a measure of local discrimination (between 6y and 6y + h) based on the least
favorable parametric model. This leads to a robust test based on our score function. The
test is designed to detect any local deviation from the null hypothesis no matter what the
unknown selection mechanism is.

The score function typically depends on the nuisance components § of the parameter
vector. Exploiting the property that the model is complete under the null hypothesis, we show
that a \/n-consistent point estimator of § can be constructed and plugged into the score. This
procedure avoids evaluating the test statistic over a grid of nuisance parameters and makes
our procedure computationally tractable. When the restricted maximum likelihood estimator
of ¢ is used, the score-based statistic has a limiting distribution that can be easily simulated.
When other estimators are used, we construct our test statistic using an orthogonalized
version of the score following the insights of Neyman’s C'(«)-test (Neyman, 1959, 1979). This
makes the distribution of the statistic insensitive to the effects of the estimated nuisance
parameters.

In sum, we address key issues surrounding tests of incompleteness and subvector inference
by combining (i) the score function associated with the least favorable parametric model
and (ii) a point estimator of the nuisance components. To our knowledge, this type of test



for incomplete models is new. The key structure we exploit is that the model is complete
under the null hypothesis, which can be restrictive in some settings. However, there are more
general tests that can be applied to settings outside the scope of our paper with a higher
computational cost (Bugni et al., 2017; Kaido et al., 2019). Our test hence complements
them in a particular class of testing problems.

While this paper focuses on testing the model completeness, estimating some or all
components of § may be the ultimate goal of the researcher in some applications. In such a
case, our restricted maximum likelihood estimator provides a consistent estimator of ¢§ if the
null hypothesis is true, whereas robust inference methods for subcomponents of the structural
parameter in the literature can be used in case the alternative hypothesis is true. Our test,
therefore, can be viewed as a specification test, which naturally raises a question regarding
its impact on any post-model selection inference. While we defer a formal analysis to another
work, we propose a hybrid procedure that aims at controlling the potential distortion of
the model selection step using a shrinkage method borrowing the insights from the moment
selection literature (Andrews and Soares, 2010; Romano et al., 2014).

1.1 Relation to the literature

Our paper belongs to the literature on identification and inference in incomplete models. The
seminal work of Tamer (2003) showed an incomplete model induces multiple distributions and
implies partially identifying restrictions on parameters. Recent developments in the literature
(Galichon and Henry, 2011; Beresteanu et al., 2011; Chesher and Rosen, 2017) provided tools
to systematically derive so-called sharp identifying restrictions (SIRs), which convert all model
information into a set of equality and inequality restrictions on the conditional moments of
the observables. Inference methods based on the sample analogs of such moment restrictions
are extensively studied (see Canay and Shaikh, 2017, and references therein). Instead of using
the sample moment restrictions, we use the original sharp identifying restrictions to derive
the least favorable parametric model. Our test statistics are then constructed using the score
function associated with the least favorable parametric model. This is akin to deriving a
score function using a parametric specification in a complete model.

Hypothesis testing in incomplete models is studied extensively. As discussed earlier, many
of them are based on the sample analogs of conditional or unconditional moment restrictions.
There are attempts to improve the computational tractability of the moment-based inference
methods within a special class of models. They include Andrews et al. (2019); Cox and
Shi (2020) who assume that moment inequality restrictions implied by the model are linear
conditional on some observable variables. This paper focuses on another special class, in
which the model becomes complete under the null hypothesis. There are recent developments
on inference methods based on likelihood-ratios (Chen et al., 2018; Kaido and Zhang, 2019)
as well. Our approach builds on Kaido and Zhang (2019) (KZ19, henceforth) who used the



least favorable pairs (LFPs) of distributions studied in the robust statistics literature to
conduct likelihood-ratio (LR) tests in incomplete models. We use score functions derived
from the LFPs and construct a statistic tailored to our testing problem.

This paper’s framework can be used to test the presence of strategic interaction effects
and of multiple equilibria in complete information games. Related problems are studied
in other classes of models. For incomplete information games, de Paula and Tang (2012)
introduced a semiparametric inference procedure on the signs of strategic interaction effects.
For finite-state Markov games, Otsu et al. (2016) provide procedures to test whether the
conditional choice probabilities, state transition and other features of games are homogeneous
across cross-sectional units. Rejection of their null hypothesis could occur when multiple
equilibria are present. In the context of network formation with a large number of agents,
Pelican and Graham (2021) develop a procedure to test whether agents’ preferences over
networks are interdependent. Using a Logit specification, they propose conditional tests and
introduce an MCMC algorithm to implement their test.

Finally, our framework can be applied to triangular systems involving a binary outcome
and a binary endogenous variable. We show that taking a control function approach in such
a setting leads to a model with an incomplete prediction. Namely, the model involves a
set-valued control function. Our framework can be used to conduct a test of the endogeneity
of the treatment assignment with weak assumptions. To our knowledge, this test is new to
the literature and provides an alternative to the existing proposal by Wooldridge (2014) who
makes additional high-level assumptions.

2 Set-up

Let Y be a discrete outcome taking values in a finite set V. Let X € X C R4 be a vector
of observable covariates and let u € U C R% be a vector of unobservable variables. Let
6 € © C R% be a finite dimensional parameter.

The prediction of a structural model is summarized by a weakly measurable set-valued
map G : U x X x © ~» ). We assume that Y takes one of the values in G(u|X;0) with
probability 1. The map G describes how the observable and unobservable characteristics of
individuals and/or economic environments translate into a set of possible outcome values. It
reflects restrictions imposed by theory such as the functional form of utility /profit functions,
forms of strategic interaction, and any equilibrium or optimality concepts. It is important to
note that GG can be set-valued. This allows encoding the researcher’s lack of understanding
of some part of the structural model. Specifically, it does not require the knowledge of the
selection mechanism according to which the observed outcome s is selected from G(u|z;6).
This formulation nests the classic setting in which the model is characterized by a reduced



form equation:
Y = g(ulX;0), (2.1)

for a function g : U x X x © — ). This corresponds to the setting in which G is almost
surely singleton-valued, i.e. G(ulz;0) = {g(u|z;0)}, a.s. If this is the case, we say the model
makes a complete prediction.

Throughout, we assume that u’s law belongs to a parametric family F = {F,,0 € O},
where, for each 6, Fy is a probability distribution on U. To keep notation concise, we use the
same 6 for parameters that show up in G and that index Fy. Also, we focus on settings in
which w is independent of X. However, the framework can be easily extended to settings
where u is correlated with X, and the researcher specifies its conditional distribution Fy(u|x).
Furthermore, we note that our framework does accommodate settings in which some of the
observable covariates are endogenous but one can construct a set-valued control function (See
Example 3 below).

2.1 Motivating examples

Below, we illustrate the objects introduced above with examples studied in the literature.
Our first two examples are discrete games of complete information (Bresnahan and Reiss,
1991a; Ciliberto and Tamer, 2009).

Example 1 (Discrete Games of Strategic Substitution). There are two players (e.g. firms).
Each player may either choose y/) = 0 or y) = 1. The payoff of player j is

70) = ) (g@1g0) 4 fUYD) 4 @), (2.2)

where 377 € {0, 1} denotes the other player’s action, 2) is player j’s observable character-
istics of player j, and ) is an unobservable payoff shifter. The payoff is summarized below
and is assumed to belong to the players’ common knowledge.

Player 2
y® =0 y@ =1
y(l) e O O’ O 07 x(z)/(S(Q) + u(2)
y(l) f— 1 x(l)/a(l) _|_ u(l)’ O x(l)/é(l) _|_ /3(1) + u(l)’ x(2),5(2) + ﬁ(2) _|_ u(2)

Player 1

The key parameter is the strategic interaction effect fU) which captures the impact of
the opponent’s taking y(=?) = 1 on player j’s payoff. Suppose that 5 < 0 for both players.
For example, if the outcome represents each firm’s market entry, 59) measures the effect of
the other firm’s entry on firm j’s profit. Let 6 = (/,6). Suppose that the players play a



pure strategy Nash equilibrium (PSNE). Then, the set of PSNEs predicted by this model is
summarized by the following map:

{(0,0)} uV < —pW7§M) ) < 22152
{(0,1)} u € Uy,
G(ulz;0) = < {(1,0)} uelh, (2.3)
{(1,1)} w > — 5(1 @) > —x@75@) — @),
| {(1,0),(0,1)} —x(j)’5( < uJ) D156 — g j=1,2.
where U; = {u) > —zM'§1) - 31 @) <« @753 — g2V y{—xW/§() < 1) < —z1)7§M)

BW u? < — @752 and Uz = {u < —g(W75M) u(2 —z@§@Y U {—2M'6M) < 41 <
W75 — g 42 > 2(2753) — 3@,
Figure 1 shows the level sets of u + G(u|x,#) for a given (z,6). When 8 < 0 for both
players, the model admits multiple equilibria {(0, 1), (1,0)} when each u) is between the
two thresholds 20§ and 2060 — 3U) (the blue region in Figure 1). When %) = 0 for

either of the players, the model predicts a unique equilibrium for any value of u = (u"), u(2)’
(see left panel of Figure 1, in which %) = 0,5 = 1,2).

Figure 1: Level sets of u — G(ulx;0)

Ug Uz _
{(0,1)}! {(L1)} {(0.1)} {(1,1)}
i S R
s  {@L0). ..
A A (0, 1)}
________ .T_________________ ________.?_________I
{(0,0)} {(1,0)} {(0,0)} {(1,0)}
Note: A = (— x(l)/(;(l) ,—2@76®@)); B = (—z(W7§1) — 1) (152 _ 32)).

Left Panel: gV 6(2) = 0 and the model is complete. Right panel: ) < 0 and
B < 0 and the model is incomplete. U; in (2.3) corresponds to the region in green,
and similarly Us is the region in red. Multiple equiribria {(1,0), (0,1)} are predicted in
the blue region.

Example 2 (Discrete Games of Strategic Complementarity). Consider the payoff functions
in (2.2) again but assume that 4) > 0. This setting can be used to analyze households’
labor supply or retirement decisions, in which household members’ labor force participation

can be strategically complementary (Bresnahan and Reiss, 1991a).
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For each (z,u), the predicted set of PSNE’s is given by

{(07 0)} (S Ulv
{(O’ 1)} u(l) < _x(l)ld(l) — B(l)’u(Z) Z _x(2)/5(2)
G(ulz:0) = { {(1,0)} u® > g5 4@ « _ @152 _ ge) (2.4)
{(17 1)} u e U27
{(0,0),(1,1)} =200 — ) < u0) < —2UV§W) | §j =12,

where Uy = {u® < —z0/6M) — g0 4@ < _z@152} U {—pW50) — g0 < 0 <
a6 4@ < @Y and Uy = {u® > —gM6M) — g0 4@ > _z@150) U {0 >
—a Mg, @152 _ gR) < @) < _ 1§D,

When 8U) = 0 for one of the players, the model makes a complete prediction for almost
all w. In contrast, if 39) > 0 for both members, both (0, 0) and (1,1) can arise as equilibrium
outcomes for some value of .

Figure 2: Level sets of u +— G(ulx;0)
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Note: A = (_x(l)/(;(l) — BV, —z(2)75(2) — 3(2)); B = (_x(l)/5(1)7 _33(2)/5(2)).

Left Panel: 8V = ) = 0 and the model is complete. Right panel: ) > 0 and
B3 > 0 and the model is incomplete. U; in (2.4) corresponds to the region in green,
and similarly U, is the region in red. Multiple equiribria {(0,0), (1,1)} are predicted in
the blue region.

The next example is a parametric version of the triangular system of nonseparable equations
(Chesher, 2003; Shaikh and Vytlacil, 2011). We consider a control function approach to this
model.

Example 3 (Triangular model with an incomplete control function). Consider a triangular
model, in which a binary outcome y; is determined by a binary treatment d;, a vector w of
exogenous covariates, and an unobserved variable ¢;; the treatment indicator d; is determined



by a vector of instrumental variables z; and an unobserved variable v;:

y; = Had; + win + ¢ > 0},

Suppose that (w;, z;) is independent of (¢;,v;). The unobserved characteristics ¢; and v; may
be dependent, making d; potentially endogenous.

If one could recover the unobservable characteristic v; from the observables (which would
be possible with a continuous d;), conditioning on v; would make ¢; independent of d;. This
control function approach would allow us to recover key model parameters (Imbens and
Newey, 2009; Wooldridge, 2015). In the current setting, we may not uniquely recover v;
due to the discreteness of d;, which makes it difficult to apply the control function approach
without further assumptions.! However, the model restricts v; to the following set:

H(d;, zi;7v) = {v e R:d; = 1{zjy +v > 0}}

_ {[—zh, o0) ifd; =1

(2.7)
(—o0,—zly) ifd; =0.

Suppose that ¢;’s conditional distribution given v; belongs to a location family and the
location parameter is Sv;. Then, one may write ¢; = Sv; + u; for some u; independent of d;.
Substituting this expression into (2.5) and noting that v; € H(d;, z;;7y), the set of outcome
values compatible with the model is

G(u;|x;; 0) = {yz €{0,1} : y; = Had; +win + Bv; +u; > 0}, for some v; € H(d;, 21;7)}7
(2.8)

where z; = (d;, w}, 2})" and 6 = (5,¢") with 6 = (a,7,7’)". One of the benefits of the control

function approach that one can test the endogeneity of d; (Wooldridge, 2015). As we show
below, this is also the case even if the control function cannot be uniquely recovered.?

The next example is a panel dynamic discrete choice model (Heckman, 1978; Hyslop,
1999).

"'Wooldridge (2014) uses the generalized residual 7; = d;A(2}7y) — (1 — d;)A(—2}y) from the first stage MLE,
where X is the inverse Mills ratio. He makes additional high-level assumptions so that r; serves as a sufficient
statistic for capturing the endogeneity of d; and proposes an estimator of the average structural function.
Instead of taking this approach, we explore what can be learned from the set-valued control function.

2We take a control function approach that conditions on v;, which only requires specification of the
conditional distribution of €; given v;. Alternatively, one could specify the joint distribution of (¢;, v;). This
alternative but stronger assumption would imply a complete model; there is a unique value of (y;, d;) for a
given (€;,v;) and exogenous covariates due to the triangular structure (Lewbel, 2007).



Example 4 (Panel Dynamic Discrete Choice Models). An individual makes binary decisions
across multiple periods according to

Yit = 1{x;t)\+yit—15+ai+€it 20}, 7 = 1,...,71, t = 1,...,T, (29)

where y;; is a binary outcome for individual 7 in period ¢, x;; is a vector of observable covariates,
«; is an unobservable individual specific effect, and €; is an unobserved idiosyncratic error.
If 8 is nonzero, the individual’s choice in period ¢ depends on her past choice, rendering the
decision state dependent.

Suppose the researcher observes (v, x;) for i = 1,...,n and t = 1,...,T. Since y;
is not observable, this leaves the value of ¥;1, ..., y;r not fully determined and makes the
model incomplete (Heckman, 1978, 1987; Honoré¢ and Tamer, 2006).> For example, consider
T = 2. Suppose for the moment ;0 = 0. For a given (x;, o, €;1, €;2), the observed outcome

yi = (yi1, yiz) must satisfy

Similarly, if y;0 = 1, the outcome must satisfy
yin = H{al, + B+ a; + €1 > 0} (2.12)

Without further assumptions, the model permits both possibilities. Letting u; = (w1, us)’
with u; = «; + €4, the model prediction can therefore be summarized by the following
correspondence
G(uilz; 0) = {yi = (Yi1, yiz) € {0,1}* : y; satisfies either (2.10)-(2.11) or (2.12)—(2.13)}.
(2.14)

If B > 0, this map can be expressed as follows:*

({(0,0)} Uip < =T A — B, Uip < =iy,
{(0,1)} U < =T — B, Ug > =Ty,
{(1,0)} U > =T A, wp < =T\ — B,
Gluilzi;0) = ¢ {(1,1)} Ui > =T A, g > —TipA — B,
{(0,0),(1,0)} —aA =B <wupy < =2\, up < —xi\ — f,
{(0,0), (1,1)} =2 A =B <wupy < =2\, — T — < < =Ty,
L{(0,1),(1,1)} =2 A =B <up < —xp A, wip > —TipA.

(2.15)

3As an alternative, one could work with the likelihood function conditional on the initial observation.
However, this approach can be problematic if one wants to be internally consistent across a different number
of periods (Honoré and Tamer, 2006; Wooldridge, 2005).

4 Appendix B.3 provides details and a graphical illustration of G.
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Similar to the previous examples, the model makes a complete prediction when § = 0 (see
Figure 6 in the Appendix).

3 Testing Hypotheses

Let 8 € ©5 C R% denote the subvector of § whose value determines whether the model is
complete or not. Let § € ©5 C R% collect the remaining components of 6. Given a sample of
data (Y;, X;),i = 1,...,n, consider testing a hypothesis on 3. Let the null and alternative
hypotheses be

HO : ﬂ = 50, V.S. H1 : B € Bla (31)

where B; C ©g is a set not containing fy. For instance, in entry games (i.e. Example 1),
the presence of strategic substitution effects can be tested by letting 5y = 0 and B; = {f :
B3Y < 0,5 =1,2}. Similarly, we may test the potential endogeneity of treatment assignments
(Example 3) and the presence of state dependence (Example 4) by setting Sy = 0 and choosing
suitable alternative hypotheses. In what follows, we let ©g = {fy} x ©s and ©1 = B; x O
denote the sets of null and alternative parameter values respectively.

Let Ay|x denote the set of conditional distributions (or probability kernels) of ¥ given
X = x. For each 6 = (f/,0")’, an incomplete model admits the following set of conditional
distributions:

Qp = {Q € Ayix : Q(Alx) = / p(Alzx, u)dFp(u), VA C Y,

U
for some p € Ay x,, such that p(G(u|x;0)|z,u) =1, a.s.}. (3.2)

Here, the conditional distribution p(-|z,u) represents the unknown selection mechanism
according to which an outcome gets selected from the set of predicted outcome values. Since
the model is silent about its specification, we allow any law supported on G(u|z;6). This
means that the model can admit (infinitely) many likelihood functions for a given 6. Let p
be the counting measure on ). For each 6, define

do = {ayjz * @yl = dQ(|2)/dp, Q € Qp}. (3.3)

This set collects all (conditional) densities that are compatible with a given 6. In the case of
discrete games (Examples 1 and 2), this set collects all densities of equilibrium outcomes that
are compatible with the description of the game. Similarly, in the context of panel discrete
choice (Example 4), this set collects all densities of individual choices compatible with arbitrary
specifications of the initial condition. The multiplicity of the densities is due to the model
incompleteness that admits any selection mechanism p(-|u, x). In this sense, we may think of
elements in gy being implicitly indexed by the unknown selection mechanisms. Observe that
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go reduces to a singleton set {gy} if the model is complete, i.e. G(u|x;0) = {g(u|z;0)} for
some function g, in which case gy = dQg/dp with Qp(Alz) = [ 1{g(u|z;0) € A}dFy(u).

While the multiplicity of likelihood functions may appear challenging, gy can be simplified,
and this property enables us to conduct robust tests in a tractable manner. By Artstein’s
inequality (see e.g. Galichon and Henry, 2011; Molinari, 2020), q¢ can be written as the
following set of densities satisfying a finite number of linear inequalities :

o = {Qy\x : qua&(mx) > V@(Alx)7 A C y}; (34)
yeA
where
vo(-|x) = Fol(Glulz;0) C o) (3.5)

is the conditional containment functional (or belief function) associated with the random set
G(ul|x;0). This functional gives the sharp lower bound for the conditional probability Q(A|x)
across all Q’s belonging to Qy.> Theoretical properties of v4(-|z) and numerical methods for
computing it are well studied in the literature (Ciliberto and Tamer, 2009; Galichon and
Henry, 2011).% For us, the fact that qy is characterized by a system of linear inequalities is
important. Together with an extended Neyman-Pearson lemma reviewed below, this allows
us to construct a computationally tractable score-based test. In the next subsection, we
briefly review the existing results we will rely on.

3.1 Preliminaries

Let po(y|x) denote the true conditional distribution of the outcome given the covariates. Let
us start with a problem of distinguishing 6 = 6, from another value 8 = 6; with 6, # 6;. In a
parametrically specified complete model {pg, § € ©}, this amounts to testing py = pyg, against
Po = po,- It is well known that the most powerful test for such a problem is a likelihood-
ratio test, which is the consequence of the Neyman-Pearson lemma. In incomplete models,
corresponding null and alternative hypotheses would be py € q¢, and py € qp, rendering
both hypotheses composite. KZ19 show that it is possible to extend the Neyman-Pearson
lemma to such settings, building on a general result established by Huber and Strassen (1973).
Their key observation is that there is a least favorable pair (LFP) (qo,, qo,) € da, X qo, of
densities. This pair is such that gp, is consistent with 6, and is least favorable for controlling
the size of a test among all densities belonging to q4,, whereas gy, is consistent with ¢; and
is least favorable for maximizing a measure of power among the densities belonging to qg,.”

°The upper bound for Q(A|z) is given by the capacity functional v*(A|X) = Fp(G(u|z;0) N A # 2|z)
(Molinari, 2020). It is sufficient to use either of the lower or upper bounds in (3.4) because the bounds are
related to each other through the conjugate relationship v(A|x) =1 — v*(A°|x).

6We provide a brief review on these in Appendix A.

"They consider the lower envelope of power over Q.
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Furthermore, they show that an LR-test based on this pair constitutes a minmax test, which
maximizes a robust measure of power among a class of level-a tests (see KZ19 Section 3).

There is a simple way to compute the LFP through a convex program. For each z € X,
the LFP (qg,, g, ) is characterized as

. 90 (yl7) + a1 (ylz)
(46 06,) = afif;fi“yezym ( o) ) (@(l2) + ai(yle)) (3.6)
st qolylr) > vg,(Alz), ACY (3.7)
> qiylz) > vy, (Alz), AC Y. (3.8)

The constraints in (3.7) and (3.8) are the sharp identifying restrictions.® In view of (3.4),
they are equivalent to saying that gy belongs to qg, and ¢; belongs to qg, respectively. For us,
these restrictions are useful for computing the LFP because they are linear in (qo, ¢1). The
convex problem can be solved numerically in general. In some of the leading examples, it is
also possible to compute it analytically.

To illustrate, let us consider Example 1. Suppose that the latent payoff shifters (v, u(?)
follow a bivariate standard normal distribution. We may then compute vy(A|z) for each
event. Let us take A = {(1,0)} as an example. Using (2.3) and (3.5), we obtain

vo({(1,0)}xz) = Fy(G(ulz;0) € {(1,0)}|z)
= Fy(u € Uy) = (1 — ®y)®; + (V"6 4 W) [dy — d(2P'6P + g@)]. (3.9)

This corresponds to the probability assigned to the green region in Figure 1 (right panel) and
is the sharp lower bound for the probability of A = {(1,0)}.

Now consider two parameter values 6y = (05,6')" and 6, = (5',6'), where g = (31, 32
with ) < 0 for j =1,2. As we discuss in more detail below, the model is complete when
B = 0. One can show that the restrictions in (3.7) reduce to the following equality restrictions:

60((0,0)[z) = (1 — @(z'6W))(1 — @ (z®"51))) (3.10)
go((0, 1)|z) = (1 = @(zV"d1)) (2?51 (3.11)
g((1,0)[) = @(zD'§D)(1 - d(2?'6@)) (3.12)
q((1,1)]z) = ®(zW'6W)P(2?6(3)). (3.13)

8 A common way to use them for identification analysis is to define the sharp identified set as O = {0 :
P(Alz) > vg(A|z),a.s.}. That is, given the conditional probability P(-|z) identified from data, one collects
all values of 0 satisfying the sharp identifying restrictions. For hypothesis testing, we instead fix § and ask
what would be a distribution among all distributions satisfying the sharp identifying restrictions that is least
favorable for controlling the size or maximizing the power.
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These restrictions uniquely determine the least-favorable null density gy,. Hence, we may
write

Goo (y12) = [(1 = @1)(1 — )] =ONH(1 — @) P,) =D}
X [ (1 — @) =0}, P, y=(D) 1 (3.14)

where, to ease notation, we use ®; and ®, to denote ®(z1’6™M) and ®(z(?5?).

When U < 0,5 = 1,2, there are multiple densities satisfying (3.8). The least favorable
alternative density gy, can be found by minimizing (3.6) with respect to ¢; subject to (3.8).
The solution can be expressed analytically. For example, when player 1’s strategic interaction
effect on player 2 is relatively high, it is given by the following form:*

o, (yl) = [(1 = @) (1 = SO (1 — D750 4 50))py] =01
X [(1 — ®y) Py + q)(x(l)’(g(l) + 5(1))@)2 — <I>(:17(2)’5(2) + 5(2)))]1@:(170)}
X [q)(x(l)/(;(l) + 5(1))@@(2)/5(2) + 5(2))]1{y=(1,1)}' (3.15)

Comparing (3.14) and (3.15), one can see that gy, tends to gy, as 8 approaches its null
value (i.e. 0). Hence, one may view 6 — gy a “parametric” model, and we will indeed take
this view below. Here is a way to interpret this parametric model. For each 6, the density
gs, corresponds to the data generating process that is least favorable in terms of detecting
[’s deviation from its null value among all densities compatible with 6;. Behind g¢y,, there is
a selection mechanism that induced the least favorable DGP. For our purposes, however, we
do not need to know the precise form of this selection mechanism. When we solve the convex
program, we are “profiling out” the selection mechanism and directly obtaining the induced
density qp,. This is why gy, no longer involves any selection mechanism.

By varying #,, we may trace out a family of such densities and form a parametric model.
We therefore call the map 0 — gy the least favorable (LF) parametric model. Equation (3.15)
suggests that we may pretend as if data were generated by a parametric discrete choice
model with the given density. This is indeed the case if one is interested in maximizing a
measure of discrimination between 0, and #; based on gy. Thanks to this property, most of
our analysis below will resemble that of standard discrete choice models, which helps us keep
our framework tractable.

3.2 Model completeness under the null

The following assumption imposes a key structure on the model.

Assumption 1. (i) For any null parameter value 6y = (/3},0')" with 6 € Oy, the set of
conditional densities of outcome is a singleton qg, = {qo, }; (1) For any pair of parameters
0o = (5},0") and 6, = (B',8") with B € By and 6 € Oy, we have qqp, N qg, = .

9See Appendix B.1 for details.
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By Assumption 1 (i), we require the model is complete under the null hypothesis in
the sense that qg, contains a unique density when 5 = . As discussed earlier, this holds
whenever the model makes a complete prediction under the null hypothesis and is satisfied in
the examples discussed in Section 2.1.

The model can be complete or incomplete under the alternative hypothesis. Assumption
1 (ii) requires that the sets qq, and qg, are disjoint. If this is the case, it is possible to detect
0,’s local deviation from 6, regardless of the unknown selection mechanism. In K719, such
an alternative hypothesis is called robustly testable, and we focus on settings in which this
assumption is satisfied.'®

Let us now revisit the examples.

Example 1 (Binary Response Game of Complete Information). Consider testing the presence
of strategic substitution effects by testing Hy : B = 3 = 0 against Hy : pM < 0, 8@ < 0.
Under the null hypothesis, there is no strategic interaction between the players, which leads
to the following complete prediction:

{(0,00} u® < —zM76MW 42 < 52752
1,1 ) > /5 ) > ’6(2)
G(u|z;6y) = (LD} u y ! y ’ (3.16)
{(1,0)} w® D75 2152
{00, D)} u® < —zxW5M 42 > —@)753),

Hence, for any value of the observed and unobserved variables, G(u|z;6y) contains a unique
equilibrium outcome. This corresponds to the left panel of Figure 1. A similar analysis
applies to Example 2

Example 3 (Triangular Model with an Incomplete Control Function). Consider testing the
endogeneity of the treatment by testing the hypothesis that the coefficient 5 on the control
function v is 0. When the null hypothesis is true, the model’s prediction reduces to

Hence, for a given (z;,u;), the value of y; is uniquely determined regardless of the value of
the control function. Indeed, there is no need to control for v; because u; is independent of
(d;,w;). Hence, this is a model of binary choice with exogenous covariates whose analysis is
standard.

Example 4 (Panel Dynamic Discrete Choice Models). Consider testing the presence of state
dependence. This can be done by testing whether the coefficient 5 on the lagged dependent

10K719 analyze a general case in which this assumption may fail to hold by extending the notion of local
alternatives. We conjecture that we may extend our framework similarly. Since our leading examples satisfy
Assumption 1 (ii) (see Appendix B), we leave this extension elsewhere.
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variable y;; 1 is 0 or not. When 5 = 0 in (2.9), the model reduces to the static panel binary
choice model

v =l A+, +e; >0}, i=1,....n, t=1,...,T, (3.18)

which makes (2.10)-(2.11) and (2.12)-(2.13) equivalent. Hence, under the null hypothesis,
G(u;|x;;00) contains the unique outcome satisfying (3.18).

3.3 Score-based Tests

Score based tests such as Rao’s score (or Lagrange multiplier) test and Neyman’s C(«)
test are widely used. These tests require estimation of the restricted model only, which is
attractive in our setting. The restricted model is complete and hence typically admits point
estimation of nuisance parameters under fairly weak conditions. We take advantage of this
property to carry out a score-based test. Below, we briefly review key ideas behind the
classic score tests and discuss extensions to handle potential model incompleteness under the
alternative. For expositional purposes, we assume that gy is differentiable with respect to 6
for now and will weaken this assumption later.

Consider testing the null parameter value 6y = (/3),9’)" against a local alternative hy-
pothesis 0, = (8, + h’,d')’, where h € R%. The most powerful test for this problem is the
likelihood-ratio test, which compares g, to gy, and rejects Hy when the ratio of the two is high
(KZ19). The test is also robust in the sense that, under Assumption 1 (ii), the log-likelihood
ratio can detect any deviation from the null hypothesis with non-trivial power no matter
what the selection mechanism is. The log-likelihood ratio can be locally approximated by
Yor o Wsp(Yi|Xi; Bo, 0), where sg(y|z; 8,0) = a—%lnq@(y|x)|9:(575) is the score function. Let
Y, = Var(>_ | sp(Yi|Xi; 5o, 0)). For a fixed h, the normalized quantity

(Z?:l h,Sﬂ(E‘XﬁBO,(S))z’ (319)
h¥sh
serves as a measure of discrimination between [, and Sy + h. This is a robust measure of
local discrimination between 3y and [y 4+ h because it approximates how the log-likelihood
In gy, changes from In gg,, which is shown to be the robust and optimal way to detect the
local deviation from the null hypothesis (KZ19).

For i.i.d. data, ¥, = nlg, where I5, = E[sg(Yi|Xi; Bo,0)s5(Yi|Xi; Bo, 9)]. If one seeks for
a direction h that maximizes (3.19), it is given by h* = I;' 3= 3" s5(Yi|X;; o, §), which

Bo Vn
motivates Rao’s score statistic:!!
> i1 Wsp(Yil Xis B0, 6))*
Tn - = Y XZ; 5 Y XZ) )
hzll{gﬁ nh'lg,h Z s (il Xs; Bo, 8 BO \/_ Z 5o (il Xs; Bo, 9)

(3.20)

HSee Bera and Bilias (2001) for a more detailed argument for complete models. The same argument can
be applied to incomplete models by replacing the standard likelihood function with the LF density gp.
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This statistic depends on the unknown nuisance parameter §. Suppose that the nuisance
parameter 0 can be estimated by a point estimator J,,. Evaluating the sample mean of the
score at & = ¢, and imposing the null hypothesis yields

1 & R
gn(BO) = ﬁ ;SB(Yi|Xi;5O,5n)- (321)

A feasible version of (3.20) is

Tn = gn(ﬁO)/Vn_lgn(ﬁo)7 (322)

where V,, = n= ' S s5(Yi| Xy; Bo, 0n)s5(Yi| Xi; Bo, 6,)' is a consistent estimator of the asymp-
totic variance V, = Ig,. The sampling distribution of the score generally depends on Oy.
However, if one uses the restricted MLE (discussed in the next section) to estimate §, which
we recommend, T, converges in distribution to a x2-distribution with ds degrees of freedom
under the null hypothesis. It is also possible to use point estimators other than the restricted
MLE, in which case we recommend using an orthogonalized version of the score in the spirit
of Neyman’s C'(«) test (see Remark 1 below).

The analysis so far presumed that gy was differentiable and h € R% was unrestricted.
These assumptions may be too restrictive in some settings. For example, in discrete games
of complete information, the least favorable parametric model h — gy, and its score take
different functional forms depending on whether the alternative hypothesis admits strategic
substitution (i.e. h < 0 as in Example 1) or strategic complementarity (i.e. h > 0 as in
Example 2). It is then natural to analyze these two cases separately. Below, we, therefore,
weaken differentiability requirements to accommodate these features and also allow restrictions
on the alternative hypothesis.

Let C(0,¢€) denote an open cube centered at the origin with edges of length 2¢. A set
I' C R? is said to be locally equal to set T C R? if [ N C(0,¢) = T NC(0,¢) for some € > 0
(Andrews, 1999).

Assumption 2 (L?-directional differentiability). (i) By — By is locally equal to a convex
cone Vi; (i) For any ¢ € Vi x R% | there exists a square integrable function sy = (85, 85)" :
Y x X = R such that

1
i e = 03, (L 57C 5000 60,)|

= o(7), (3.23)

m

as 7} 0.

Assumption 2 (i) requires the set of deviations from 3y can be locally approximated by a
convex cone. In Example 1, consider testing Hy : 8 = (0,0) against H, : V) < 0,3® < 0.
Then, By — f is locally equal to

Vi ={h =Y 2 : 0 <0,n® <0}. (3.24)
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Assumption 2 (ii) is a version of the differentiability in quadratic mean commonly used in
the literature (see e.g van der Vaart, 2000). It only requires that a unique score, in the
sense of the L2-derivative of the square-root density, exists for the set V; of local deviations
from the null hypothesis, but it does not restrict the likelihood function otherwise. This
weaker assumption is appropriate for incomplete models, and sy can be derived from the
least favorable parametric model similar to the standard parametric models.?

Following Silvapulle and Silvapulle (1995), we now define a test statistic for Hy : = [y
v.s. Hy: 8 € By by

S = 9a(50)' Vs gn(Bo) (90(80) = h)'V"H(9u(Bo) — ). (3.25)

This test statistic is a slight modification of (3.22). It requires the same functions of data

— inf
heVvy

as T,, but it is designed to direct power against the local alternatives in V;. While the
asymptotic distribution of the statistic is no longer a x? distribution, its critical value is easy
to compute using simulations. Let

o =inf{xr e R: Pr(S<z)>1-a}, (3.26)
where

S=2'VytZ — Jnf (Z —h)'VyH(Z —h), Z~ N(0,Vp), (3.27)
1

which can be simulated by drawing Z repeatedly from a zero mean multivariate normal
distribution with estimated variance V,,.

Remark 1. If one uses &, other than the restricted MLE, Gn(Bo)’s limiting distribution may
depend on that of b, in general. Neyman’s C'(«) statistic addresses this issue by making the
statistic insensitive to the estimation error associated with 4,. This is achieved by projecting
sp to ss and replacing g, with the “orthogonalized” (or “residualized”) score:

1 < : a1 :
gn(Bo) = % Z s5(Y:|Xi; Bo, ) — L5l lﬁ Z s6(Y3] X33 Bo, 0n), (3.28)
i=1 1=1

where I35 and I; are submatrices of

Iy I
Iy = { p 57‘51 = By, [s0(Yi|X:)s0(Vi] Xi)], (3.29)
Isg Is

which can be estimated by their sample analogs. The orthogonalized score g, () constructed
this way is robust to the estimation error of 4, and its asymptotic distribution coincides with
a version of the statistic which replaces 5, with the true value do. The asymptotic variance
of g, (Bo) is Vo = Ig — 1575]5_115,5. The test statistic in (3.25) can be constructed in the same
way using ¢, in (3.28) and a consistent estimator V,, of Vy. The way to calculate the critical

value remains the same.!?

12 Appendix B derives sg for some of the examples.

BWhen 4,, is the restricted maximum likelihood estimator, the second term on the right hand side of (3.28)
becomes asymptotically negligible making S, asymptotically equivalent to the version without the Neyman
orthogonalization (Kocherlakota and Kocherlakota, 1991).
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3.4 Estimation of nuisance parameters

Our tests require an estimator 5, of the nuisance parameter. A natural estimator of ¢ is the
restricted maximum likelihood estimator (MLE) ¢,,, which is a maximizer of

1 n
M., (6) = — > Ings, 5(YilX3), (3.30)
=1

where gg, 5 is the conditional density of ¥; when 8 = 3y. Under our assumptions, this density
also coincides with the least favorable parametric model evaluated at § = ;. We therefore
call the map 0 — Inqg, s the restricted log-likelihood function. The complete model (under
Hy) is often a standard discrete choice problem. As such, existing package software can be
used to compute On.

Example 1 (Binary Response Game (continued)). Under Hy : 3V = ) = 0, the model
has a unique likelihood function as discussed in Section 3.1. The (restricted) maximum
likelihood estimator Sn maximizes

n

M,(5) = 37 (101 = (0,001 = ®)(1— B) + In 1y = (0, 1)}(1 — @),

=1

Flnl{y = (1,010, (1 — @) + In1{y; = (1, 1)}@1%),

where ®; = ®&(x0)’§0)) j = 1,2. Alternatively, one can estimate § by only using features of
the model that are uniquely predicted. This strategy used earlier in the literature would
maximize a likelihood function based on the empirical frequency of no entry (y; = (0,0)),
monopoly (y; = (0,1) or (1,0)), and duopoly (y; = (1,1)) (Bresnahan and Reiss, 1991b;
Berry, 1992).'* If this estimator is used, we recommend using the orthogonalized score to
construct the test statistic.

Example 3 (Triangular Model with an Incomplete Control Function). Recall that, when
B =0, the model reduces to a binary choice model with exogenous covariates. If we assume
u; ~ N(0,1), the conditional probability of y; = 1 is

qoo (1|d;, wi, 2;) = ®(ad; + win), (3.31)

which can be used to estimate § = («,n) by the restricted MLE. This can be done by any
software that may estimate probit models.

Example 4. A random effects probit model assumes «; is independent of x; and follows
N(0,~%), and €1, . .., €;7 are independent standard normal random variables. This yields the
following conditional density function for each :

%NW@Z/H¢WM—UMM+WM@M, (3.32)

141f this alternative estimator is used, 7}, is not asymptotically equivalent to Rao’s score statistic in general.
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which can be used to estimate § = (), ) using, for example, a simulated maximum likelihood
estimator (Train, 2009).

3.5 Asymptotic Properties

We collect results on the asymptotic properties of our test. Throughout, we assume that

u™ = (uy,...,u,) is an independent and identically distributed (i.i.d.) sample drawn from
Fy, and X" = (Xy,...,X,) is also an i.i.d. sample drawn from a distribution ¢%. The joint
distribution of the outcome sequence Y™ = (Y,...,Y,) € V" conditional on 2™ = (z1,...,x,)

belongs to the following set:

i ={Q: Q) = / p(Alu”, z")dFy (u), YA C V",

n

for some p € Ayn|xn,» such that p(G"(u"|2";0)u", 2™) = 1, a.s.}, (3.33)

where F}' denotes the joint law of u”, and G™(u"|x™;0) = [, G(w;|x;; 0) is the Cartesian
product of the set-valued predictions.’® We then let Pj collect joint laws of (Y, X™); each
element P" of Py is such that the conditional law of Y™ given X" belongs to Qf, and the
law of X™ is ¢'.

We start with conditions that ensure the \/n-consistency of On. They are mainly regularity
conditions on the restricted log-likelihood function. Fixing 3 to its null value, one can view
¢8,,5 as the conditional density of y in a regular parametric model, in which ¢ is the only
unknown parameter. As such, the conditions below parallel the ones in the literature.

Below, let 9y € ©s denote the true value of the nuisance component vector. For each
J € Oy, let M(0) = E|lngg, 5], where expectation is taken with respect to the conditional
density gg, s, and the distribution of X. Let M,,(6) = n~'>_" | Ingg, s(s;) be the sample
counterpart of M and let G, () = /n(M,,(0) — M(§)) be an empirical process indexed by 9.

Assumption 3. (i-a) There is a continuous function M : ©5 — R, such that

sup | Ingg, s(ylz)| < M(6);
(y,x)EY XX

(i-b) 6 — Inqg, s(y|z) is Lipschitz continuous uniformly in (y,x). That is,

sup | Ingg,s(ylz) — Inggs(ylz)| S |16 — || V6,8 € O. (3.34)
(y,x)eYxX

15 Assuming u™ and X" are i.i.d. does not imply Y™ is i.i.d. The set Q} in general contains dependent and
heterogeneous laws because the behavior of the selection mechanism across experiments is unrestricted (see
Epstein et al., 2016). This does not create an issue for size properties of our test because Qj reduces to a
single i.i.d. law under the null hypothesis.
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(i-c) 0 # S0 = qp,.6(y|T) # qpy.5,(y|T) with positive probability;

(ii) O is a nonempty compact set; (iii) b, is such that M, (5,) > infsco, My (8) +
where, for any h and € > 0, SUpprepp P™(|r,| >¢€) — 0.
We also assume Fy belongs a smooth parametric family in the following sense.

Assumption 4. For each 0 € O, Fy is absolutely continuous with respect to a o-finite
measure ¢ on U. The Radon-Nikodym density fo = dFy/d( satisfies

o — follu < Cllo —#']. vo.0' € ©, (3.35)

for some C' > 0.

Finally, the following condition requires that the population objective function is locally
well behaved so that its value is informative about dy, and the supremum of an empirical
log-likelihood process can be controlled over a neighborhood of §y (see van der Vaart and
Wellner, 1996, Sec. 3.2.2).

Assumption 5. For every 0 in a neighborhood of dg,

M(3) — M(do) < — 16 — o> (3.36)
Furthermore,
sup  Epn sup |G,(0) — G,(d)| S ¢, (3.37)
PrEPy wh) v 6€B¢ (o)

where Be(dg) = {0 : ||0 — do|| < (}.

Under thse assumptions, the restricted MLE o, is \/n-consistent.
Proposition 3.1. Suppose Assumptions 1-5 hold. Then,

Vb, = doll = Opn (1), (3.38)

n

uniformly in P" € bt/ i

Below, let F§' € P be the unique joint law of (Y™, X™) under the null hypothesis. Let
s ; be the j-th component of sy. Define

== {5 Y x X = R|E(y, x) = s0,i(y|x; Bo, 0)sex(ylz; Bo,0), 1 < j,k<d,de @5}. (3.39)

We assume the elements of = obey a uniform law of large numbers, i.e. = is a Glivenko-Cantelli
class.
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Assumption 6.

sup |~ S €V X0) = By €0V X0l = o5 (1), (340

{eE

Suppose S, as defined in (3.25) or it is constructed from the orthogonalized score using
an y/n-consistent estimator that is not necessarily the restricted MLE. The following theorem
shows that the test controls its size.

Theorem 3.1. Suppose Assumptions 1-6 hold. Let ¢, be defined by (3.26). Then, for any
ae(0,1),

lim (S, > ¢,) = a. (3.41)

n—oo

3.6 Inference on parameters

In some applications, the ultimate goal may be to make inference on the underlying parameter,
for example, to construct confidence intervals for components of §. While this is not our
focus, we discuss a possible way to achieve this and leave its formal analysis to future work.

Consider constructing confidence intervals for a component or linear combination p'dy of
80.1¢ According to Proposition 3.1, Sn is a y/n-consistent estimator of dy as long as the true
value of 3 is in a neighborhood of 3, whose radius is of order n=*/2. It would be natural to use
such an estimator to construct a confidence interval for d if the complete model is selected.
A well-known challenge for such post-model selection inference is that a naive asymptotic
approximation that disregards the model selection step may not be valid uniformly over a
large class of data generating processes. Given this, we consider the following hybrid method.

Step 1: Compute S, and ¢, = (k, A 1)c,, where K, is a sequence that tends to 0 slowly, e.g.

Kn = (Inn)~12

Step 2:

e Reject Hy: = [y if S, > ¢,. Construct a robust confidence interval by Kaido et al.
(2019) for p'é;

e Do not reject Hy : B = [y if S, < ¢,. Construct the Wald confidence interval
[0'0n — 2028 E(p'6n), P'0n + 2a/2SE(p'0,)], where SE(-) is the (estimated) standard
error of its argument, and z, is the 1 — a quantile of the standard normal distribution.

16Since 3’s value is pinned down by the null hypothesis, it is natural to consider inference on the parameters
that are estimated under both hypotheses.
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The heuristic behind this procedure is as follows. First, we compare S,, to a critical value
¢, that tends to 0 slowly. For DGPs with g well separated from its null value’s neighborhood,
we cannot ensure the asymptotic validity of the Wald confidence interval. In such a case,
the pre-test that rejects Hy with a high probability should prescribe a robust confidence
interval, which controls the asymptotic coverage probability regardless of 3’s value. Since the
critical value ¢, is shrunk toward 0, we use the Wald confidence interval only if 3 is in a small
local neighborhood of 3y against which the score test has little power. The shrinkage factor
kn, therefore, introduces a conservative distortion, which is expected to make the resulting
confidence interval’s coverage probability above its nominal over a wide range of § values
and other features of the DGP.

4 An Empirical Illustration

To show that our inference approach can handle a moderate number of nuisance parameters,
we consider an application to the two-player entry game as in Kline and Tamer (2016).

The data come from the second quarter of the 2010 Airline Origin and Destination Survey
(DB1B)!7 and contain 7882 markets, formally defined as trips between airports regardless of
intermediate stops. There are two types of firms in each market: LC'C' (low cost carriers) and
OA (other airlines). The binary variable y,; takes value 1 if airline ¢ € {LCC, OA} serves
the market 7. Airline i’s payoff in market i equals

yf,i((sgons + 5;izeXi,size + 5§T65X67i,p7‘es + ﬂﬁy—ﬂ,i + 6€,i)7

where [, captures the impact of competitor’s entry decision, y_;;. The empirical question of
interest is “whether the LCCs and other airlines compete in a strategic way”’, which can be
considered as a one-sided testing question. The null hypothesis is Sr.cc = foa = 0 and the
alternative is existence of substitution effects, i.e., 5, < 0.

Regarding observable covariates, in addition to airline-specific intercepts, there are two
explanatory variables: market size X; si.. and market presence Xy; pres. The market-specific
variable X .. is defined as the population at the endpoints of each trip. The second
explanatory variable Xy ; ,res is airline- and market-specific, and it is defined as the average
of the ratios between the number of markets that airline ¢ serves from a given airport and
the total number of markets served from that airport by any airline from the two endpoints.
It is an excluded variable because presence for airline ¢ only enters ¢’s payoff. In one of our
specifications, we treat X, size and X; ,;, pres @s continuous variables normalized to the unit
interval.'® In another specification, we let X size and X, res take value 1 if they are above
their respective medians and 0 otherwise following the discretization approach in Kline and

1"The data are available on Brendan Kline’s website.
18The scale of the two variables without discretization differ significantly, and thus we rescale each variable
to be between 0 and 1.
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Tamer (2016). The coefficients on the covariates and intercepts are nuisance parameters. In
total, we have 6 such parameters.

The results of the analysis are reported in Table 1. When the covariates are discretized,
the test rejects the null hypothesis at the 5% level, which is consistent with the finding of
Kline and Tamer (2016) whose credible sets for 8, ¢ = 1,2 do not contain the origin. For
comparison, we also consider a specification without discretization since the robust score test
can accommodate continuous regressors as well. Under this specification, the result changes
drastically; we do not reject the presence of strategic substitution even at the 10% level. This
suggests that a model without any strategic interaction effects can potentially explain the
observed pattern of market entry once we properly take into account the variation of the
continuous covariates.

p-value
Discretized 0.0002
Not discretized | 0.6262

Table 1: p-values of the score test

oo Oide o Oby ok dpw
Discretized 1.643 0.795 -2.084 0.388 0.440 0.338

Not discretized | 7.102 0.453 -4.111 4.690 1.224 -2.656

Table 2: Estimated values of § under H

Note: Xy gize and Xy ; pres are treated as continuous variables on the unit interval when they are not
discretized; Xy size and Xy ; pres are binary indicators of whether the original variables are above their median
or not when they are discretized.

5 Monte Carlo Experiments

5.1 Size and Power of the Score Test

We examine the size and power properties of the score test through simulations. The data

generating process is based on Example 1 and is motivated by the empirical illustration in

the previous section. There are player-specific covariates x; = (xz(l), ;1:1(»2))’ , each of which is

generated as an independent Rademacher random variable taking values on {—1,1}. We

then generate u; = (ugl), u?)

and z;, we determine the predicted set of outcomes G(u;|z;;0) based on the payoff functions
with dg = (5(()1), (5(()2)) = (2,1.5)". We then test

Hy: W =@ =0, vs. H :pY<0,5%<o0. (5.1)

) from the bivariate standard normal distribution. For each u;
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As discussed earlier, the model is complete under Hy. We estimate §y using the restricted
MLE. The sample size is set to 2500, 5000, or 7500. This choice is motivated by the sample
size used in the empirical application.

The size of the score test is reported in Table 3. The size of the test is controlled properly
with n = 7500, but there are small size distortions when the sample size is smaller possibly
due to estimation errors associated with components of the estimated information matrix.

Sample size | 2500 5000 7500
Size 0.065 0.057 0.048

Table 3: Size of the score test

Under alternative hypotheses, multiple equilibria may be predicted. If this is the case, we
select an outcome according to one of the following selection mechanisms. The first design
uses a selection mechanism, which selects (1,0) out of G(u;|z;;0) = {(1,0),(0,1)} if an i.i.d.
Bernoulli random variable v; takes 1. In the second design, we generate data from the least
favorable distribution, which draws an independent outcome sequence from the least favorable
distribution Qg, € Qp,.

The power of the score test is calculated against local alternatives with ij )= _p /v/n, h >
0 for j = 1,2. For this exercise, we introduce a grid of values for h and generate data
described as above. We then compare the rejection frequency of our test to that of the
moment-based testing procedure by Bugni et al. (2017). Their test checks if a hypothesized
value (B, B = (0,0) is compatible with a set of moment restrictions. Their statistic
and bootstrap critical value are calculated using a sample analog of the following moment
inequality and equality restrictions

P(Y = (1,0)|X = 2) > (1 — &3) @y + ®(zV'6) + f1))[By — B(2D'6, + 5O))]
P(Y = (1,0)|X = z) < (1 - ®(z®'5, + 7))@,

PY = (0,0)]X =2) = (1 - 1)1~ D)

P(Y = (L)X =x) = o"'6, + 80)0 (225, + 52,

which are the sharp identifying restrictions that characterize qo in (3.4).Y

Figure 3 shows the rejection frequency of our test under the i.i.d. selection mechanism. It
shows that our test outperforms that of the moment-based test by a large margin.

19Gince the example resembles the specification used in their Monte Carlo experiments, we added minimal
changes to their replication code posted on the repository of Quantitative Economics to implement their
procedure.
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Figure 3: Power of the Score and BCS Tests (Design 1)
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6 Concluding remarks

This paper proposes a novel score-based test of model completeness against incompleteness.
Our test is attractive in settings where the model involves nuisance parameters, which is
common in applications. The score test only requires estimation of nuisance parameters
within the restricted model, which is complete. We utilize a point estimator of the nuisance
parameters whereby avoiding evaluations of the test statistic over a large number of parameter
values. The results of Monte Carlo experiments suggest the score test has an advantage in
terms of power over an existing method. An avenue for future research includes a unified
theory for the uniform validity of inference for post-model selection procedures that are based
on our score test.
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A Notation and Preliminaries

For ease of reference, the following list includes notation and definitions that will be used throughout
the Appendices:

a<b a< Mb for some constant M.

| - llop the operator norm for linear mappings.

|- | the supremum norm over F.

|| -]|) covering number of size € for F under norm || - ||.
Ny(e, .| -||) bracketing number of size € for F under norm || - ||.

X, ~ X X, weakly converges to X under {P"}

Table 4: Notation and definitions

Let © be a compact metric space and let X denote its Borel o-algebra. Let I(£2) be the set
of compact subsets of € endowed with the Hausdorff metric. Let C(€2) be the set of continuous
functions on Q. Let A(Q2) be the set of Borel probability measures on €2 endowed with the weak
topology.

A set function v* is said to be a capacity if v* satisfies the following conditions:

(i) v*(@) =0,v"(Q2) =1,
(i) AC B=v*(A) <v*(B), forall A, B € 3q.
(iii) A, T A= v*(4,) T v*(A), for all {A,,n > 1} C 3q and A € Xq.
(iv) F, | F, F, closed = v*(F,) | v*(F).
One may define integral operations with respect to capacities as follows. Let f : Q@ — R be a
measurable function. The Choquet integral of f with respect to v is defined by
0 o0
[tir= [ 0l s@ =) v+ [ uwss@ zha (A
oo 0
where the integrals on the right hand side are Riemann integrals. A capacity v is said to be monotone
of order k or, for short, k-monotone if for any A; C S,i=1--- ,k,

v(Ub, 4;) > S CDIH Y (ner Ay). (A.2)
IC{1, k},I#2

Conjugate v*(A) =1 — v(A°) is then called a k-alternating capacity. A capacity that satisfies (A.2)
is called an infinitely monotone capacity or a belief function. Capacities are used in various areas of
statistics (Dempster, 1967; Shafer, 1976; Wasserman, 1990) and economics (Gilboa and Schmeidler,
1989).

The following result, known as Choquet’s theorem, states that a random closed set K following a
distribution M induces a belief function, and it follows from Theorems 1-3 in Philippe et al. (1999).

Lemma A.1. Let Q be a Polish space. Let M be a probability measure on K(Q2). Let P = {P €
A(Q): P= [ PkdM(K),Pg € A(K)}. Then, v(-) = infpep P(:) is a belief function and satisfies

v(A) = M({K C A}). (A.3)

33



In our setting, we apply the lemma above with a random subset of ) x X. Namely, we take
K =G(ulX;0) x {X}, and M is the law of K induced by u’s conditional distribution Fy and X'’s
marginal distribution g,. We then denote the induced belief function by v and its conjugate v (see

(C.6)-(C.7) below).

B Details on the Examples

B.1 Discrete Games of Complete Information

We focus on Example 1 below, but the analysis of Example 2 is similar.

Model restrictions and Assumption 1

The upper and lower probabilities of all singleton events are tabulated in Table 5. In this example,
they constitute the sharp identifying restrictions (Galichon and Henry, 2011).

Table 5: Upper and Lower Probability Bounds in Game with Nuisance Parameters

Event A vg(A) = min P(A) vy (A) = max P(A)

{(0,0)} (1 —@q)(1 - 02) (1 —®1)(1— D)

{1, 1)} (2150 +B (@5 + @) e (21’6 + W > (261 + @)
{10} (1—22)®1 + &(Vg +ﬁu)@2— ®(aP'5() + )] (1 @@@ +5 )@

{0, D)} (1= @1)P2 + (6?4 ) [@) — @(2D)'5(1) + )] (1= 2@z 4 51)))D,

As argued in Section 3.2, the model’s prediction reduces to (3.16) when AL = B2 = 0, which
implies a unique density in (3.14). Therefore, Assumption 1 (i) holds. For Assumption 1 (ii), it
suffices to show that Qg, and Qp, are disjoint. For this, consider the event {(1,1)}. Table 5 suggests

vo, ({(1, D}z) = d(aM'6) @ (2)'6¢)), (B.1)

whereas
vg, ({(1, D}a) = ®(2V'60) + ) (262 + ), (B.2)
This means v, ({(1,1)}|z) < vg,({(1,1)}|) whenever 8U) < 0,j = 1,2. Hence, Qy, and Qp, are

disjoint.

Computing the LFP

The LF density gy is given by

36(0,0]z) = (1 — ®1)(1 — @) (B.3)
ao(1, 1]z) = (V50 4 5)@(226@ + ) (B4)
_o(xW7s(D) L g H(2£(2)75(2) L 3(2)
Oy(1 — Do) + 1% —( ¢61+;26_24)fé2 Oo+E) 0 € O(x)
q0(1,0[z) = € &1 (1 — By) + &(z(V'5; + BD)[ @y — &(2P'5y + BP)] 0 € Oy(x) (B.5)
D1 (1 — &6 4 gR)y) 0 € O3(x)
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where ©;(x),j = 1,2,3 are given by

z129 — Po(1 — @)z
Py + P — 20Dy

O1(z) = {0:01(1 — &(z?'s@ 4 p2))) >

Z1%9 — ‘132(1 — <I>1)zl
Dy + D1 — 201Dy
2122 — Po(1 — D)2y

(B.6)

> ®y(1 — o) + <I>(1:(1)/5(1) + 5(1))[‘I>2 — O(x @75(2) B )]}

Oa(z) = {0 5.5 0 —ob0, < P10+ o(2M'6M + W) [0y — &(2P'6™ 4 3@}
(B.7)
Oula) = {6 :01(1 - (a5 4 p)) < 22— 2all- By (B5)

where

zZ1 = (I>1(1 — (1)2)

29 = Bo(l — By) 4 D1 + Dy — DDy — B(x(V'6WM) + gOYB(2P52) 4 gy,
Below, we outline how to obtain this density from the convex program in (3.6)-(3.8).

As discussed in the text, gg, is determined by the four equality restrictions (3.10)-(3.13). Therefore,
it remains to solve the convex program in (3.6)-(3.8) for ¢;. For this, we can reduce the number of
control variables. First, Table 5 implies

40, (0,0]z) = (1 — <1>1)(1 — @) (B.9)
go, (1,1]z) = &(@V'6) 4 p1)@(2'6®) + 53). (B.10)

Hence, the remaining free components of g; are ¢;(1,0|x) and ¢1(0,1|x). Let w = ¢1(1,0]x). We may
then express the other component as

@1(0,1]z) = 1—q1(0,0|z) —q1 (1, 1]2) —w = By + Py — BBy — (2161 1 g P (1252 4 g2y —

Hence, to solve(3.6)-(3.8), it suffices to choose w = ¢ (1, 0|z) optimally in the following problem:

o i (G20
wlél[%)fll} In (21 n w)(zl +w)—1In ( W )(22 w) (B.11)
stw—(1—&?'62 4 g@)d, <0 (B.12)
(1 — ®2)®; + ®(xV'6V) 4 )@y — (2263 4 2] —w < 0. (B.13)
Let the Lagrangian be
_ (1 —01)P @752) 1 A@)
L(w,\)=—1In (Z1 +w)(z1 +w)—In (szw)(z2 —w) = M ((1 = 3(x@'6? 4 )3, — w)

= Xa(w — (1= )@y — (a6 + g [0y — 0(2'6?) 4 g@)))).
The Karush-Kuhn-Tucker (KKT) conditions are

“In (zﬁw> +1In (W) F A —do=0 (B.14)
)\1<<I>1(1 ~ (275 4 g@y) —w) >0 (B.15)
No(w = (1= @)y — (a6 + 5V) (@, — B('6 1 52))]) > 0 (B.16)
A1, Ao > 0. (B.17)
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Below, we consider three subcases depending on the value of the Lagrange multipliers.
Case 1 (A\; = A2 = 0) The FOC in (B.14) with A\; = Ay = 0 identifies the solution gy, (1,0|z) as
follows:
2129 — (I)g(l — @1)21
= 1 =
w =0, (1,00z) Dy + Py — 201D,
. q)l(l — @2)[@1 + Py — PPy — (.’E(l 6 + ﬂ ) (1‘(2)I5 + B )]

B.1
Dy + D1 — 201Dy ( 8)
This implies
00, (0,1|z) = By + By — BBy — B(zD'6M) 4 5(1)) ( 2>'5<2> + 5(2)) —w (B.19)
Dy + (I)l — Q‘I)lq)g . '
Substituting the value of w into its bounds, we obtain the following restrictions:
By(1 — B(a@5@ 4 gy _ A2 =)z (B.21)

dy + Py — 291Dy

2z = P =% g gy - @D 4 50) @y — B(@6 £ FP) >0, (B.22)

Dy + P — 201Dy

We let ©1(x) denote the set of parameter values that satisfy (B.21)-(B.22).
Case 2 (A =0, Ay > 0). By A2 > 0 and (B.16), we obtain

w =g, (1,0[2) = (1 = 22)&1 + @(zV'6W 4 51)[@2 — (55 + 5],
and gy, (0,1]z) = (1 — &(zM’6(M) 4+ ))D,. Note that Ay > 0 iff

Z1 < (I)Q(l—q)l)
21 +w 29 — W

which is equivalent to

Z1R9 — (1)2(1 — @1)21
Dy + D1 — 201Dy '

(1 — ®)®1 + ®(zV'6M + D) [Dy — B(2P'5, + )] > (B.23)

We let O2(x) denote the set of parameter values that satisfy (B.23).
Case 3 (A >0, A2 =0). By A; > 0 and (B.15), we obtain
w = gp, (1,0]2) = (1 — (@6, + 8?)) @,
and hence g, (0, 1|z) = (1 — ®1)®y + &(x?)'5y + 5P)[®; — (216, + BM)]. Note that Ay > 0 iff

Z1 > (I)Q(l—‘I)l)
21 +w 29 — W

which is equivalent to

Z1%29 — (I)Q(l — (131)2’1

1— @z @) e .
( (.%' 52+B )) 1< Py + &) — 20Dy

(B.24)

We let O3(x) denote the set of parameter values that satisfy (B.24).
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Score:

We let sp = (s501), S52), 55105 S5»)"- Each component will be of the form
so(yle) = Uy =glee(gle), 0 € {8V W62, (B.25)
yey

where zy(y|z) is the partial derivative of Inpy(g|x) with respect to 1), which is well-defined if 6 is in
O2(x), ©3(x), or in the interior of ©1(x). Let

rn(y,2) = (Vaorn(ylz) — Vao(ylz) — %hlse(ypc) g0 (y|x))*. (B.26)

Suppose 0 € Os(x). By (B.7), 8 + h € Oy(x) for HhH small enough. Then, pointwise, r,(y,x) =

o(||h?||) because sy(y|r) = m q(y|z) = 89 In gp(y|x). The same argument applies when

0 € O3(x) or § € int(O1(x)). The only case this argument does not apply is when 6 is on the
boundary between ©2(x) and ©1(x) (or between O3(z) and ©1(x)). For example, suppose 6 is on
the boundary between ©2(x) and ©1(z). Then, we may have 6 + h € ©y(z) for all h with ||| > 0
but 6 € ©;. Then, the pointwise argument above does not apply. However, 8 being on the boundary
between the two sets means

Z1R9 — (1)2(1 — (131)2:1
Py + D) — 20Dy

— &1 (1 — By) + B(a + B[y — ®(2)5) 4 pP))].

If x contains a continuous component (e.g. distance from headquarters/distribution center), the set
of x’s satisfying above has measure 0, 7,(y, z) is bounded on the set, and hence it does not affect
the integral in Assumption 2. Hence, Assumption 2 holds.

For completeness the functional form of zy(y|x) is derived below for each y € ) and ¥ €

{BM, B2 51§21 Across all subcases analyzed in the previous section, the form of g¢(0,0|z) and
q0(1, 1]z) remams the same. We calculate score functions first by taking the pointwise derivative of
Ingp(0,0]z) and Ingg(1, 1]x). This yields

250 (0,0]z) = 0, zﬁ(2>(o 0|ac) =0, z;0(0,0)z) = =1V /(1 = @1), 252 (0,0[x) = —poz®’/(1 — By)
B (b(w ) B ¢(x(2)/5(2) +5(2))

zg (1, 1]z) = Bz +5 M)’ zﬁ("’)(l’l‘x) T o(276@ + p@)
B ¢($(1>15(1) +5<1))  Pa®@75@ +5(2)) 2)

26(1)(17 1|JI) = <I>($ + 6 ) , 25(2)(1, 1|$) - (x(Q)/(S +ﬂ ) )

where ¢; = ¢(2)50)), j = 1,2.
Next, we derive zy(1,0|z) and zy(0, 1|z).

37



Case 1: Suppose 6 € O1(z). By taking the pointwise derivative of In gy in (B.5), one can obtain

gV ¢19€ — 19D — ¢(aM'6W) 4+ D (H'6) + gz 612D (1 — 20y)

1,0|z) =
Z&(l)( s |$) o, By + Py — DDy — (x(l)/(s + ﬁ )(I)(x@)/(s + B ) ¢‘1 + dy — 20,

— ¢ mﬂm—@¢w@—¢(<wm+ﬂ”)<”®W+B“> D 90z (1 - 20y)

25(2>(1,0’$) = 1— o, + By + Dy — DDy — ( (1)r5(1) +/3(1)) ( 2)15(2) +B(2)) ‘Pl + &y — 20Dy
— 33(1)’5 )1§5(2) 1 B(2)
20 (1,0)2) = R
—¢(2?'6) +5 ) (a! +ﬁ )
1,0|z) =
2,8(2)( > ]m) by + Dy — DDy — ( (1) _|_ﬁ(1)) ( 2)15(2) +ﬂ(2))
Similarly,

—przV) n P12V — g1 Pox) — G(aV'6) 4 P26 4 )z 121 (1 — 28,)
1—-9 Dy + Dy — BP9 — D (M6 + ) P(2(2)/5(2) + B(2)) By 4 By — 20,y

z5) (0, 1|z) =

oz <b2x — o®12?) — p(z@'6@) 4 OB (25D 4 gz hoz)(1 — 2y)
Py D1+ Py — PPy — (.Z‘(l)/(s 5 )(I)($(2)/(S B ) CI)1 + &y — 291Dy

Z5(2) (0 1|£L')

— (x5 4 )P (2(75(2) 6 ))

0,1
25 (0, 1]z) = D1 + By — 1Dy — D260 + B0 D(2D76@ + 5O))

— (2?5 +6) (W5 4 gy
D) + Dy — 1Py — B(2(V'6(D) + D226 4 g2))

Case 2: Suppose 6 € Oy(x). Similarly to the analysis in Case 1, we may obtain

1D (1 = @)1 + 2Ny (s %m+ﬂu—x><ﬂW&m+mw< D150 1 ;)
(1 — @2)@1 + (I)( 1)rs1) 6(1 )[@2 _ q)(x(Q 152 4+ 5 )}

25(2) (O) 1|$) =

250 (1,0lz) =

@D + 22 o®(2M'6(M) + 51) — 2@ (zM'5M) + 31)@25(30(2)'5(2) + 52)

—X
252 (1,0]z) = (1 — @2)®; + @(z1/6() 4+ 1) [ By — B(x26(?) + 52)]

(@2 — (@3 + 8®))g (x5 + 50))

1,0
25 (1, 0]z) = (1= 00)1 + B0 + 31Dy — B(2D6® + 5@)]
2 (1,0)) = Bla e +ﬁ(1))¢(x 0450
s L (1 — ®g)®; + ®(xM)/6(1) + ) [Dy — B(2(275(2) 4 5(2)))
and
o :C(l)(b( / +/8 ) . x(2)¢2
25(1)(0,1|$) = (.213(1 /5 —I-ﬁ ), 25(2)(0,1|x) = (1)2

(;S(x(l)'é(l 5(1 )
@730 4 50’

25 (0, 1]x) = 252 (0, 1]z) = 0.
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Case 3: Suppose 6 € O3(x). Similarly to the previous two cases, we may obtain

(2)¢([B(2 5 (2) +52 )

25(1)(1,0|33):$(1)¢1/<I>1, 25(2)(170|$): 1— &6 + g?)

—¢(a ’6 ) + B2)

Z,B<1)(170|‘T) = O, 25(2)(1,0‘.%) =

1= @50 + 5’
and
_ 20y +<I><w(2”+ )2 (¢ — ¢< /5 4 5))
25 (0, 1|z) = (1 —B1)®s + B(z@6@ + D) By — B(z(D6M) + f)]
25 (0, 1|7) = :C(Q)(l —®p)po + x(2)((I)l — (I)(x(l)/(gl + 61))¢($(2)/52 + B2)
@Y, (1= )Py 4 B(2@76@) 4 @)D — (26 4 )]
_ (x 2>/5 +/3 >¢<x<l>'5 +59)
z (1)(0;1‘1') - (1 — @1)@2 +‘I)( +B 2))[ ( (1 /5(1 +6(1))]
(1)75(1) (2)r
252 (0, 1|z) = (21— @('o0 +51 ))¢(x2 6 + )

(1— )Py + D(z@762) + @) @) — d(xD76(D) + gM)]’

B.2 Triangular Model with an Incomplete Control Function
We derive an explicit form of G below. Suppose d; = 1 first. By (2.5)-(2.6), y; = 0 if
u; < —a —win — Pv;, for some v; € [—2}7y, 00). (B.27)

Suppose 8 > 0. Then, this event is equivalent to u; € (—oo, —a — win + Bz}7).
On the other hand, y; = 1 if

u; > —a — win — Pv;, for some v; € [—2}7y, 00). (B.28)

Again assuming 5 > 0, this means that y; = 0 is consistent with the model whenever u; > —oco. Let
x; = (dj, w;, z;). These predictions can be summarized as

G(ui|1, w;, 25 0) = {1} u; 2 —o—win + Bz (B.29)
1 I 1y ~1y {07 1} UZ < —a— w;’,”—’—/@z;’y' .

Now suppose d; = 0 implying v; € (—oo, —z}7). Repeating a similar analysis yields the following
correspondence

{0} w < —win+ Bziy
G (1|0, w;, z;;0) = ! ? B.30
(4]0, w3, 243 ) {{O, 1} wy > —win+ Bzly. ( )

These predictions are summarized in Figure 5.
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{01} —win + Bafy p----m e

—o—wn+ By {0}

d; =0 di=1

Figure 5: The set of predicted outcomes G(u|z;6) of the model when 5 > 0

Model restrictions and Assumption 1

Assumption 1 (i) holds because, as argued in Section 3.2, the model’s prediction under the null
hypothesis becomes

g(wild;, wi, 25 0) = H{ad; + win +u; > 0}, (B.31)

which induces a unique conditional density for y;. Suppose u; ~ N(0,1).29 Assumption 1 (ii) holds as
long as z;’s support is rich enough so that z/y < 0 with positive probability. For this, we demonstrate
that there exists an event A such that vy, (A|z) > v (Alz) for some value of x = (d,w, z). For this,
take A = {1} and suppose d; = 0. Under the null hypothesis, the conditional probability of y; = 1 is
uniquely determined as vj (1|d; = 0,w;, z;) = ®(wjn). When 8 > 0, (B.29) implies

ve, {1}d;i = 0,w;, 2;) = ®(win — Bzj7), (B.32)
which is greater than v (1|d; = 0,w;, 2;) for values of 2; such that zjy < 0. Hence, qq, and qg, are
disjoint.

Computing LFP and score

For any 6 = (3,d) with 8 > 0, the set gy of densities compatible with # is then characterized by the
following inequalities

4(0)d = 0,w, ) > B(—wly + B2}) (B.33)
q(1|d = 0,w, z) > 0, (B.34)
and
q0ld=1,w,2) >0 (B.35)
a(1ld = 1,,2) > 1 — B(—a —wln + B2/n). (B.36)

20Here, we normalize the scale by setting the variance of u; to 1. Other choices of normalization are also
possible.
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Suppose d = 0. Let z = ¢1(0|d = 0, w, z). Then, the convex program in (3.6)-(3.8) can be written

: q0(0]z) + 2 1—q0)z)+1—2z
[nin In (W) (90(0]z) + 2) + ( T 0(0]2) )(qo(llx) +1-2) (B.37)
st qo(y|lr) =1 — ®(w'n) (B.38)
2 > ®(—w'n+ B2y) (B.39)
1-220, (B.40)

where (B.38) is due to the completeness of the model under the null hypothesis (see (3.31)) and
d = 0. Note that (B.40) is redundant since ¢; being in the probability simplex is implicitly assumed.
The KKT conditions associated with the program is therefore

q0(0]z) + =z 3 2 —qo(0lx) — 2

N 7 B B (775 B (B4)
MN®(—w'n+ Bz'y) — 2) (B.42)
A>0 (B.43)

where go(y|x) =1 — ®(w'n). There are two cases to consider.

Case 1 (A = 0): When X\ = 0, (B.41) implies z = qo(y|z) = 1 — ®(w'n). This holds when
z=1-o(uw'n) > &(—w'n+ B2'7).

Case 2 (A > 0): When A >0, z = ®(—w'n + z'v) by (B.39). This occurs when
q0(0]z) +2 In 2 —qo(0]z) — =z

A=1In >0, B.44
q0(0]z) 1 — qo(0]z) (B44)
which is equivalent to
O(—w'n+ fz'7) > qo(yle) =1 — ®(w'n). (B.45)
In sum, we have
1—®(w'n) if ®(—w'n+ B2'y) <1—d(w'n)
0ld=0 = - ’ B.46
@, 0) 1 2) {‘I’(—w’n +B2y) if ®(—w'n+ B2'y) > 11— ®(w'n), (B.46)

and gg, (1|d = 0,w,2) = 1 — g, (0]d = 0, w, 2).

Repeating a similar analysis for d = 1 yields

P (o + w'n) if 1 — ®(—a—w'n+ B2'y) < (a+w'n),
q91(1’d:17w7'z): / / : / / /
1-®(—a—wn+p2'y) ifl1—d(—a—wn+p2v) > P(a+ w'n),
(B.47)
and gg, (0|/d =1, w,2) =1 —qp, (1|d = 1, w, 2).
Recalling 5 > 0 and @ is strictly increasing, we may summarize (B.46)-(B.47) as follows
O (—w'n) if 2’y <0,
0ld=0 = - B.48
QG1( | 7wvz> {q)(_w/n —l-,BZ/"}/) if ZI,Y >0, ( )
1—®(—w'n) if 2'v <0,
1ld=0 = - B.49
%1( | 7w72> {1 - <I>(—w’77 + BZ/,Y) if Z/,Y >0, ( )
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and

O(—a —w'n) if 2’y >0,

0ld = ]-7 ) = 1
q01( ’ w Z) {‘I’(—Oé _w/77+ﬁz/'y) if Z”)/ <0,

qo,(1ld =1, w, z) = {

The corresponding score function with respect to 3 is

Old=0 ) 0 if 2/v <0,
58 =YW, 2) = ¢(—w'ntB2'v) :
WZI7 if Z/’)/ > 0,
0 if 2/v <0,
sp(1ld = 0,w,2) = ¢ g(—w/ntpz'y) £ o o
—WZ/’Y lf ZI")/ > 0,
and
if 2/v >0,

0
s(0ld = 1,w,2) = g(—a—w'n+B2'~) .
1—<I>(gaig’n+2;7) 2y if 2y <0,

if 2/v >0,
2y if 2y < 0.

0
sg(lld =1,w,z) = __¢(—a—w'n+Bz')
1-@(—a—w'n+B2'y)

B.3 Panel Dynamic Discrete Choice Models

For each t, let u;; = a; +€;t. We explicitly derive a form of G below. Note that, y;

occurs if
Ui < —.x;l)\, U0 < —.1‘;2)\,
which follows from (2.10)-(2.11) or

/ /

1—®(—a—w'n) if 2’y >0,
1—-®(—a—wn+p2'y) if2/y<0.

(B.50)

(B.51)

(B.52)

(B.53)

(B.54)

(B.55)

(i1, vi2) = (0,0)

(B.56)

(B.57)

which follows from (2.12)-(2.13). When /5 > 0, the union of the two events reduces to (B.56).

Similarly, y = (0, 1) occurs if
Ui < =T\, Up > —Tho A,
or
U < —:17;1>\ — B, up > —$;2A.

When § > 0, the union of the two events reduces (B.58).

The outcome y = (1,0) occurs if
uit > —ap A, uig < —TpA = f,
or

un > =T\ — B, wip < i — B,
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When 5 > 0, the union of the two events reduces to (B.61).
The outcome y = (1, 1) occurs if
Uil > —Th N, up > —Tio\ — B, (B.62)
or
uil > =T N — B, uin > —Tigh — B, (B.63)

When $ > 0, the union of the two events reduces to (B.63). These predictions are summarized in
Figure 6.

Figure 6: Level sets of u — G(u|z;0) when § >0

{(0,0)}

.-————————————————.’.———————.
1
1
1
1
1
1
1
T
1
1
1
1
1
:
F
]
]
]
I
1
1
1
1

{(1,0)} {<o,o>}§ 10,0,

> U1

Note: The level sets of G when § = 0 (left) and f > 0 (right). A =
(—zit' A= B, —x2' A = B); B=(—zi' A\, —x2' N).

Multiple outcome values are predicted in each of the red, blue, and green
regions.

The correspondence can therefore be written as

{(0,0)} Uil < =T A — B, wip < —TlyA,
{(0,1)} Uil < =T A — B, wig > —TlyA,
{(1,0)} uip > —Ti A, Up < —Tigh — B,

G(UZ|.IZ,(9) = {(1, 1)} Uil Z —.CC;I)\, U2 Z —$;2/\ — ﬁ, (B.64)
{(0,0),(1,0)} =2l X = B <win < =2\, wig < =X — [,
{(0,0),(1,1)} —2lX = B <win < —2q A, — oA — B < wip < —alyA,
{(0,1),(1,1)} =2l X — B <win < —2q A, wig > —xiy A

A similar analysis can be done for the setting with 5 < 0, which we omit for brevity.

Model restrictions and Assumption 1
Assumption 1 (i) holds because, as argued in (3.18), the model makes a complete prediction with

the following reduced-form function when g = 0:

{2l A+« + €1 > 0}
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Assumption 1 (ii) holds if u follows a distribution F' that is absolutely continuous with respect
to the Lebesgue measure on R?. We show below, when 3 > 0, there exists an event A such that
vg, (A) > v (A) for all §; € ©1. For example, take A = {(1,1)}. As shown on the left panel of

Figure 6, the probability of {(1,1)} is uniquely determined when g = 0. Therefore, the upper bound
on the probability of {(1,1)} is

Vo, {(1, 1) }x) = Fluin > =z A, wip > —xip)). (B.66)
When 8 > 0, the lower bound on the probability of the same event is
vo, {(1, D}z) = Fluin > =i\, wia > —ai0) = f), (B.67)

which exceeds v ({(1,1)}|z) as long as F' is absolutely continuous. This means qq, and qq, are
disjoint.

The analysis of the LFP and score is similar to that of discrete games. For brevity, we omit
details.

C Lemmas and Proofs

This section is organized as follows. In Section C.1, we show y/n-consistency of on by extending
standard arguments for extremum estimators to locally incomplete models. In Section C.2, we use
the results in C.1 to show results on the asymptotic size of our score test.

C.1 /n-consistency of 4,

Lemma C.1. Suppose Assumption 4 holds. Then for any bounded function g: Y x X — R,

’/gdl/; —/gdygl
‘/gdug—/gdl/gf

<C'o—0|, V0,0 € o, (C.1)

and

<C'o—0), vo,0 €O, (C.2)

for some C' > 0.

Proof. Note that

dvy = )dF,
= /Q(U)fe(U)du, (C.3)

where g(u) = max(y 2)ec(ule:0)x{z} 9(¥,T). This, boundedness of g, and Assumption 4 imply
| [odvi — [ advi| = | [ gtu)(satu) ~ fotu))a

S ||f9_f9/||Lé S H9—9'H- (C.4)
This ensures (C.1). Showing (C.2) is analogous and is omitted. O
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The following proposition shows that the sample log-likelihood converges to its population
counterpart uniformly over a set of distributions that are consistent with the null or local alternative
hypotheses.

Proposition C.1 (ULLN). Suppose Assumptions 1-3 hold. Let h € V. Then, for any 0y € Oy and
€ > 0, there exists N. € N that does not depend on § such that

sup P"( sup |n~ ! Zlano 5(si) — Eqge[Ingg,6]| > e) <€, Vn > Ne. (C.5)
PreQp L o N6€6;

Proof. Below, let vy and v be a belief function and its conjugate induced by the correspondence
(u,z) — G(ulz;0) x {x} on Y x X. That is, they are set functions such that

A) = /X /u {G(ulz:0)) x {z} C AYdFp(u)dgs(z), A C Y x X (C.6)
_ /X /u H{G(ulz:0)) x {2} N A # &}dFy(u)dga(z). A C Y x X. (.7)
A key observation is that, for any 6y € Oy,

/ Inqg,,5dve, = Eq,, [Inqg,,5] = / Ingg,,s(y|x)dvg, - (C.8)

This is because the model is complete under Hy by Assumption 1 and the fact that the Choquet
integrals with respect to vy, and v, coincide with each other in such a setting.

Note that one may write the event (i.e. the argument of P™) in (C.5) as the union of the following
two events:

Ag = {5” . 5861162 (nil Zln 480.6(8i) — /ln qBO’ng;(]) > e} (C.9)
Al = { n. 6len(£5 ( -1 Zlnqﬁo 5(si) — /lnqﬁm(gdugo) < —e}. (C.10)

Let K™ =[], K; be a random set whose distribution follows the law induced by Mg, 1/ /n- Below,
we simply write K" ~ myg, 1,/ ;. Note that

sup  P"(AY ALy = Feﬁh/ﬁ(m N (AY U ALy 2 @> (C.11)
pregp R/

< Fponyym (K" 0 AL # @) + Feo+h/\f(K" NAy # ©) (C.12)

= V;O+h/\/ﬁ<65»6119p Zln 48o,6(s /ln q5075dugo] > e) (C.13)

+ V;oJrh/\/ﬁ((gien@fa [n_l Zlnqﬁo,5(si) — /1nq5075d1/90] < —6).
i=1
(C.14)
By Assumption 3 and Lemma C.1,

N N C'|h
‘/IHQBO,édV90+h/\/ﬁ_/111%0,5d1/90 < |

T

(C.15)
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implying there exists 77 > 0 and Nj such that \/nsupscg, (fln qgo,gdugﬁh/\/ﬁ — [In qgo,(;dy(%) <7
for all n > Nj. Hence, for all n > Nj, (C.13) is bounded by

* 1O * _
V00+h/\/ﬁ<6seu®p5 NG ; [Ingg,s(si) — /ln qgo,adygﬁh/\/ﬁ] > \/ne — n). (C.16)

As we show below, we may apply Lemma C.2 to this quantity. Similarly, by Assumption 3 and
Lemma C.1, (C.14) is bounded by

\ R R _
V90+h/\/ﬁ(5len(§5 % Z [lnq5075(5i) — /lnq5075d1/90+h/\/ﬁ] < —+v/ne+ 77). (C.17)
i=1

Now, let G = {9 =1Ingg, 5,0 € Os5}. Then, by Lemma C.3, the induced family of functions Fg
defined in (C.20) consists of uniformly bounded and Lipschitz functions. By Theorem 2.7.11 in
van der Vaart and Wellner (1996), it follows that

Ny (ellFgll 2y, Fo. L*(M)) < N(e/2,05,|| - ) < (2diam(5) /). (C.18)

Therefore, Fg satisfies the condition of Lemma C.2. Applying the lemma ensures that (C.16) is
bounded by

Ve = \% o)
(Cdiam((%(;) \/gd > € ) (019)
which tends to 0 as n — oo. (C.17) can be handled similarly. This completes the proof. O

Let S be a Euclidean space. Given a family G of measurable functions on S and a random set
K : Q— K(S), define a family of measurable functions on IC(S) by

Fg = {f:f(K)Zggg(S), 969}- (C.20)

We denote the envelope function of Fg by Fg. A class F of uniformly bounded functions is covered
by at most (%)” brackets if for positive constants v and D,

D\v
Ny(ellFll 2 ar), Fr L2 (M) < (?) , 0<e<D, (C.21)

The following lemma gives concentration inequalities for the suprema (and infima) of empirical
processes under plausibility functions.

Lemma C.2. Let v™ be a belief function such that v™(B) = M™(K™ C A) for any A € K(S™). Let
G be a family of uniformly bounded measurable functions on S such that Fg in (C.20) is covered by

at most (%)” brackets. Then, for allt >0

V*’n(iug \}ﬁ Zn: [9(si) — /ng*] > t) < (CD\%)UGQta (C.22)
€ i=1

*,M . 1 = N _ t v —2t2
v (;Ielg 7 ;:1 [9(s:) /gdu] < t) < <C’D—ﬁ) e . (C.23)
for some Cp that depends on D only.
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Proof. Define the following events

1 n
B,[L] =<s" :sup — 8;) — /gdl/* >t C.24
{ 9€g \/ﬁ ; [ ] } ( )
1 n
L — n T _ < —
B, {s ;Ielg n; [9(s:) /gdu} < t}. (C.25)
Observe that
K'nBY 42 & sup sup— ! Z /gdl/*] >t (C.26)
snekn geg VN
& sup sup ¢g(s; —/ dv*| >t C.27
sup fz [SiEKig( ) — [ gdv'] (C.27)
& sup — Z[ sup g(s;) — /supg(s)dM(K)] >t (C.28)
geg \/> si€K; seK
& sup — Z En[f(K)]] >t (C.29)
geg =1
Therefore,
1 . / * U
sup — gdv*| >t)=M"(K"NB, #0 C.30
<g€g \/ﬁ Z ) ) ( ) ( )
sup — MmIf(K)]| >t), (C.31
(geg v Z (B = t), (C31)
By Theorem 1.3 (ii) in Talagrand (1994), for all ¢ > 0,
n t\Y —2t2
> < > < — . .
(31615 fo () 2 t) < M (|Gofll5 2 t) < (cpﬁ) e (C.32)
A similar argument can be applied to Bﬁ as well. O

Let K be a subset of S = J)x X' The following lemma shows that f5(K) = max(, ;e In gg,,s(y|7)
is uniformly bounded and Lipschitz, which provides a control of the covering number.

Lemma C.3. Suppose Assumption 3 holds. Then, (i) fs is uniformly bounded; and (ii) for any
5,0" € O,

|[f5(K) = for (KO S 1|6 = ')l (C.33)

Proof. (i) follows from the map 6 — M (§) being continuous by Assumption 3 and hence achieving a
finite maximum on the compact set ©;.

(ii) Let s = (y,z) and let g(d, s) = Ingg, s(y|z). By Assumption 3,

fi(K) = mas (9(0,5) = 9(0,5) + 9(0.5)) < mas (6 =8|+ 9(6.5)) = Fs(K) + 15 = 5.
(C.34)
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Similarly,
J(K) = max (g(5",5) = g(6,5) +9(6.5)) = max (=[5 = 5| + 9(6,5)) = fs(K) = 3= .
(C.35)

Combining the two inequalities above yields (C.33). O

Below, we write X,, = Opn(ay,) uniformly in P™ € F,, if for any € > 0, there exist finite M > 0
and N > 0 such that suppncz, P"(| Xy /an| > M) < e for all n > N.

Theorem C.1. Suppose Assumptions 1-3 hold. Then, for any n > 0,

lim  inf Pn(usn — 6]l < n) ~1 (C.36)
n—o00 P"egg(ﬁ_h/ﬁ

and M, (6,) > M,,(60) — Opn(r;2) uniformly in P" € Qgﬁ_h/\/ﬁ.

Proof. The proof is based on the standard argument for the consistency of extremum estimators (see
e.g. Newey and McFadden, 1994). A slight difference is that one needs a uniform law of large numbers
under any sequence P" € QZO hy which is established by Proposition C.1. For each § € O, recall
that M(0) = Eg,[Ingg, s] and let M,,(6) =n~ 1> | Ingg, s(si). Given any neighborhood V' of &y,
we want to show that &, € V', wp— 1 uniformly over ng+h/ﬁ' For this, it suffices to show that
infpreon oy P™(M(b,,) < infsconye M(6)) = 1. Let € = infseonye M(8) — M(&y). This constant
0 n

is well-defined since infgnye M(0) = M(6*) > M(dg) for some 6* € © NV by Assumption 3 and the
compactness of Oy.

Let Ay, = {w : M(6,) < My, (6,) + €/3}, Aop = {w : M, (6,) < M, (o) + €/3}, Az = {w :
M, (00) < M(dp) + €/3}. For any w € Ay, N Aoy, N Az,

M(6,) < M,,(8,) + €/3
< M, (do) + 2¢/3

< M(ég) + €.
Therefore,
inf  P"(M(,) < M(6) +€) >  inf  P"(Aj, N Ay, N Asy) (C.37)
P"Engh/x/ﬁ " PneQZOJrh/\/H " ! "
> ot (1= P4, - P(45,) - P(A5,)) (C38)
P eQQoJrh/\/ﬁ
3
>1- Z sup P"(A5,). (C.39)
=1 €% nvm
Note that, for any h, SUPpnegn P™(AS,) — 0and SUppnegn P™(AS,) — 0 by Proposition
o+ n ot+h n
C.1. Also note that SUppnegn P"(AS,) — 0 by the construction of dy,. O
o+h/vn

Proof of Proposition 3.1. The result follows immediately from Theorem 3.2.5 in van der Vaart and
Wellner (1996) with ¢,,(¢) = ¢, r, = +/n, and applying their argument uniformly over P" €

20+h/\/ﬁ' =
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C.2 Size control

Proof of Theorem 3.1. We show the result for the general setting, in which the orthogonalized score
is used to construct . To simplify the exposition below, we assume Iy, is known for now. Let

95 (Bo) = Chyn — 13515 Ci s (C.40)
where
= S sy (Vi Xet o) G = —= 3 s5(¥i1 X o o) (C.41)
Bo,n — \/ﬁi:1 SplLi|AisP0,00), sn = \/ﬁ - Ss\¥i|Aq; 00,00)- .

By Assumption 1, P = ng x ¢y for some unique product measure. By Assumption 2 and arguing as
in Theorem 7.2 in van der Vaart (2000), we have E[sg(Y;|X; Bo, 00)] = E[ss(Yi|Xs; Bo, d0)] = 0, where
expectation is with respect to . By the square integrability of sg and s; ensured by Assumption 2,
the central limit theorem for i.i.d. sequences ensures

« |Ch .| Py
C = [Cﬁfﬂ ~% N(0, I,)- (C.42)

Observing that v/ng;(6o) = [las, —1, 5615 1]C;; and applying the continuous mapping theorem, we
obtain

Vg (o) & N (0, Vp), (C.43)
where Vo = I3 — I 515 'I5 5. Define
Si =g, (B0)' Vo' 90(B0) = inf n(g7,(Bo) — h)'Vy™" (97,(Bo) — ). (C.44)
By (C.43), it then follows that
s &g (C.45)

where S is as in (3.27).
For the desired result, it remains to show S, is asymptotically equivalent to S} under Fj. For
each 6, let G,s5(6) = L S0 | s5(Y;|Xi; Bo, 8) — Elsp(Yi| Xi; Bo, §)]. We may then write

Vgn(Bo) — vVng;(Bo) = Gnss(6n) — Gnsa(do)
— Vn(E[sp(Y;|Xi; Bo, 6n)] — E[sp(Yi|Xi; Bo, 0)])
— Ig5I5 Co + Ip 515 ' Cs
= Gn3p(0n) — Gnss(0o) — Igsly *Cip + 0pn(1)
— 15,515‘105@ + 15,515_10(;”
= opn(1), (C.46)

where the last equality follows from the stochastic equicontinuity of G,sg, \/n-consistency of Sn,
and Csp, = ﬁ Yoy s5(YilXs; Bo, 0n) = opn(1) by the first-order condition for the RMLE.

Let p(2) = 2'Vy to — infyey, (x — h)'Vy H(x — h). Note that =+ infyey, (x — h)'Vy H(z — h) is

continuous due to Berge’s maximum theorem (Aliprantis and Border, 2006, Theorem 17.31). Hence,
¢ is continuous. By (C.46) and the continuous mapping theorem,

Sn = Sy = o(Vnga(B0)) — w(V/ng; (o)) = opn(1). (C.47)
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By (C.45) and (C.47),

lim PM(S, > ca) = a. (C.48)
n—o0
This establishes the claim of the theorem.
Note that we assumed Iy, was known. In general, it can be consistently estimated by I, =

n-1 S SQ(YZ-\Xi;Bo,gn)se(YﬂXi;ﬁo,gn)’. To see this, let sg; be the j-th component of sg. For
each j and k, define

&k (Yi, Xi5 0) = s9,5(Yi| Xis Bo, 6)s0,,(Yi] X33 Bo, 9). (C.49)
For the (j, k)-th component, of I,,, we then have
. 1 & .
Unljge = Hoolin = D &r(Yi, Xi50n) — Egq [65.5(Yi, Xi60)]
i=1
1 < . .
= (; Z &ik(Yi, Xi50n) — By [61(Yi, Xi50n))
i=1
+ (Bgy, 161 (Yi, Xi; on) — Egy, [6j.%(Yi, Xi380)) = opn(1),
where the last equality follows because of sups |2 3" | & (i, X;;6) — B, [&5.6(Yi, Xi50)| = opn (1)

due to Assumption 6, d,’s consistency by Theorem C.1, and the continuity of & — E&1(Y:, X435 6)).

Given this, showing the claim of the theorem with the estimated Iy, is straightforward by applying
Slutsky’s theorem.

O
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