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Abstract

This paper develops a general method of solving rational expectations models with
higher order beliefs. Higher order beliefs are crucial in an environment with dispersed
information and strategic complementarity, and the equilibrium policy depends on in-
finite higher order beliefs. It is generally believed that solving this type of equilibrium
policy requires an infinite number of state variables (Townsend, 1983). This paper proves
that the equilibrium policy rule can always be represented by a finite number of state
variables if the signals observed by agents follow an ARMA process, in which case we
obtain a general solution formula. We also prove that when the signals contain endoge-
nous variables, a finite-state-variable representation of the equilibrium may not exist.
The key innovation in our method is to use the factorization identity and Wiener filter
to solve signal extraction problems conditional on infinite signals. This method can be

used in a wide range of applications.
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1 Introduction

In many economic models with information frictions, an agent’s payoff depends on her own
actions, the actions of others, and some unknown economic fundamentals. Rational behaviors
not only depend on an agent’s beliefs on economic fundamentals, but also depend on higher
order beliefs, that is, agents’ beliefs of others’ beliefs, agents’ beliefs of others’ beliefs of others’
beliefs, and so on. If the economic fundamentals are persistent over time and hence the past
information is worth keeping track of, forecasting all the higher order beliefs would require an
infinite number of priors of them, which would amount to an infinite number of state variables.
This type of problem is known as the infinite regress problem, and has been explored by a

large number of works.'

The difficulty of solving models with higher order beliefs lies in the fact that inferring others’
action requires the functional form of the policy rule in the first place, but the policy rule is
the solution to the inference problem. As argued in Townsend (1983), if an agent assumes
that other agents keep track of n state variables, he in turn needs to keep track of n +
1 state variables (the prior of the economic fundamental and the n priors of others’ state
variables). Therefore, the equilibrium policy rule does not permit a finite-state representation.
In terms of higher order beliefs, to predict k—th order belief requires at least k state variables,
and to predict all the higher order beliefs requires infinite state variables. In light of these
considerations, it is generally believed that an infinite number of state variables are needed

to solve this type of model.

In this paper, we pursue the following question. With higher order beliefs, is it really impos-
sible to find a small set of state variables that are sufficient statistics for agents to make the
optimal inference? If possible, how do we find these state variables and what are the laws of
motion for these variables? If it does require an infinite number of state variables, how do we

approximate the true solution with a finite number of state variables?

Our first main result is that given a linear rational expectations model, when observed signals
follow ARMA processes, the equilibrium policy rule always allows a finite-state representation.
In applications with exogenous information, the ARMA signal structure is a common spec-

ification. Like in standard problems with common information, solving for the equilibrium

LA partial list of these works includes Chari (1979), Townsend (1983), Singleton (1987), Sargent (1991),
Kasa (2000), Woodford (2003), Lorenzoni (2009), Angeletos and La’O (2010), Hellwig and Venkateswaran
(2009), Rondina and Walker (2017), and so on.



requires finding the fixed point in a functional space. Unlike in standard models, when higher
order beliefs are involved, it is difficult to determine the sufficient state variables in the first
place. Given this difficulty, we start from the state space that is spanned by the entire history
of signals. This implies that solving for the equilibrium requires solving for a lag polynomial
with an infinite number of coefficients. Our work is based on Whiteman (1983) and Kasa
(2000). The idea is to transform the problem which solves for a lag polynomial into a simpler
problem which solves for an analytic function. When signals follow an ARMA process, we
prove that the equilibrium policy rule, the lag polynomial, is also of the ARMA form. There-
fore, there exists finite-state representation for the equilibrium policy rule. The intuition for
the finite-state representation is that agents do not directly care about each of the higher
order beliefs, but they only care about a specific linear combination of all the higher order

beliefs. The latter requires less information and admits a finite-state representation.

We extend the work of Kasa (2000) and others in two important ways. First, we do not
restrict the number of signals to being equal to the number of shocks. A necessary step in
the inference problem with infinite sample is to find the Wold (fundamental) representation
for the signal process. Previous works rely on the Blaschke matrices to find the fundamental
representation, which require that the number of signals equals the number of shocks.? We
adopt a different approach for finding the Wold representation. We show that one can first
convert the signal process into its state-space, and then use the innovation representation
and factorization identity to solve for the Wold representation conveniently. This procedure
works for any information structure that follows an ARMA process: it is not restricted by
the number of signals or the number of shocks. In general signal extraction problems, there
are more shocks than signals, as discussed in Nimark (2017). This restriction that there has
to be the same number of signals as shocks is indeed violated in many applications, such as
Woodford (2003), Angeletos and La’O (2010) and Angeletos and La’O (2013). When this
restriction is actually satisfied, agents often learn ‘too much’, in the sense that the prediction
error is not long-lasting, because there are insufficient numbers of noisy shocks to really confuse
them, unless assuming a confounding shock process in the first place.® In both Kasa (2000)
and Acharya (2013), agents can learn the true state of the economy after one period. When
there are more shocks than signals, agents never fully learn the true state of the economy

and the prediction error is typically persistent. As a result, the model economy features more

2See Rondina and Walker (2017), Kasa, Walker, and Whiteman (2014) and Acharya (2013) for example.
Walker (2007) solved a special signal process with more shocks than signals.
3In Rondina and Walker (2017), they assume a non-invertible shock process.



relevant and richer dynamics.

Secondly, we allow agents to solve a general signal extraction problem. The majority of
existing literature that applies the frequency-domain technique only studies a pure forecasting
problem. That is, only future values of signals are pay-off relevant. To forecast future signals,
one can simply use the Hansen-Sargent formula. In the examples presented in this paper,
agents need to solve a generic signal extraction problem conditional on infinite observables.
The Hansen-Sargent formula does not apply in these environments. Instead, we apply the
Wiener-Hopf prediction formula, which is well suited for these types of problems and includes
Hansen-Sargent formula as a special case. Applying the Wiener-Hopf prediction formula in the
univariate case has been discussed in Sargent (1987) and applied in Rondina (2008). In this
paper, we extend the application to multivariate case, and establish a number of its general

properties under ARMA signal structure.

We illustrate our method in various applications where economic fundamentals or noises are
persistent. In the first application, we explore the classcial static beauty contest model as in
Morris and Shin (2002), where asymmetric information and strategic complementarity make
higher order beliefs relevant. We obtain a sharp analytical solution, agents to show the inertia
induced by higher order uncertainty, which was analyzed numerically by Woodford (2003) and
Angeletos and La’O (2010). In the second application, we compare the static beauty contest
model with dynamic beauty contest models, in which the best reponse features forward-
looking or backward-looking behavior. These models are common when agents need to make
intratemporal decisions, and we show how the the persistence of agents’ action depends on the
horizon of their strategic motive. In the third application, we extend the model in Angeletos
and La’O (2013) with persistent shocks. Different from the last two applications, each agent
cares about their idiosyncratic fundamental and interacts with a random agent every period.
These features complicate the inference problem, but our method delivers the result and can
be compared with the solution based on the heterogeneous-prior assumption in Angeletos
and La’0O (2013). In the first three applications, agents share the same best response and
the equilibrium is symmetric. In the last application, we consider the case where agents
differ in their best responses, and therefore have different policy rules. Even thought these
applications provide a number of novel results, they have not taken full advantage of our
method. In Huo and Takayama (2017), we show that the method can be applied to more

complicated quantitative models.

The result on finite-state representation can be applied for cases where agents solve their

4



inference problem given an exogenous ARMA signal process. We also explore cases when
agents observe signals that contain information which is endogenously determined in the
equilibrium. We label them as problems with endogenous information. The equilibrium with
endogenous information imposes an additional cross-equation restriction, in the sense that the
perceived law of motion has to be consistent with the realized law of motion. The endogenous

variable that appears in the signal has an information role as well.

Our second main result is that we provide examples with endogenous information, in which the
equilibrium cannot be represented by finite state variables.* In the model, agents can observe
the past aggregate action with noises, and the aggregate action actually follows an infinite
order process. This result is somewhat surprising given that the exogenous driving force of
the economy is very simple. It should be clear that it is not because of the infinite higher
order beleifs that agents have to keep track of infinite state variables. For each individual,
they still take the signal process as exogenously given, even though the signals contain an
equilibrium object. From our first main result, once the endogenous variable follows a finite
ARMA process, the individual policy rule has a finite-state representation. If the endogenous
variable does not follow a finite ARMA process, the signal received by agents cannot follow a
finite ARMA process. Note that in Kasa (2000) and other papers where the number of signals
is the same as the number of shocks, the equilibrium permits a finite-state representation even
with endogenous information. When we allow for a more general information process, this

result does not hold any more.

This finding is interesting from a theoretical point of view, but it also implies that finding
the exact solution is no longer possible. To solve the problem with endogenous information,
we approximate the law of motion of the endogenous variable that shows up in signals by
an ARMA process. Note that this ARMA approximation method is different from Sargent
(1991) and others in an important way. Even though we approximate the law of motion of
the endogenous variable, each individual still faces the infinite regress problem. Using our

method, each individual’s policy rule is solved exactly.

Related literature Our paper is closely related to the literature that attempts to solve the
infinite regress problem. Broadly speaking, there are two approaches to solving the infinite
regress problem. The first approach is to short-circuit the infinite regress problem by modifying

the original problems. For example, by assuming that information becomes public after certain

4Chari (1979) proved a similar impossibility theory.



periods, the relevant state space is finite and one can use the Kalman filter. A partial list of
literature that employs this method includes Townsend (1983), Hellwig and Venkateswaran
(2009), Lorenzoni (2009), Bacchetta and Wincoop (2006), Perez and Drenik (2015). This
assumption is unsatisfying from a modeling perspective, and it is proved by Walker (2007),
Kasa (2000) and Pearlman and Sargent (2005) that the approximate solution can be very
different from the true solution. Another type of approximation is developed by Nimark
(2008) and Nimark (2017). The idea is that quantitatively only a finite order of higher order
beliefs matter for the equilibrium, based on the observation that the effects of higher order
beliefs diminish as the order increases. This method provides important insights into the
nature of the higher order beliefs, but this method can be difficult to implement when the
degree of strategic complementarity is strong, or when the model is complicated to express the
policy rule in terms of higher order beliefs. Sargent (1991) approximated the equilibrium via
the ARMA process. The forecasting problem is transformed into fitting vector ARMA models,

which is particularly useful when agents do not need to solve a pure forecasting problem.

The second approach is to solve the infinite regress problem exactly without approximation.
Kasa (2000) first uses the frequency-domain method to solve the Townsend (1983) original
problem and found that agents actually share the same belief and there is no infinite regress
problem. Walker (2007), Rondina and Walker (2017), and Kasa, Walker, and Whiteman
(2014) apply the frequency-domain method to study various asset pricing models proposed by
Futia (1981) and Singleton (1987). Acharya (2013) applies this method to study the effects
of noises on business cycles. These papers assume that the number of shocks equals the
number of signals in order to obtain a closed form solution when there exists endogenous
information. Huo and Pedroni (2017) obtains a simple solution to static beauty contest
models with general information structure. Our paper complements this line of literature.

For exogenous information, a much broader class of models can be solved by our method.

Our applications in this paper complement the literature on macroeconomics with higher order
beliefs. We obtain analytical solutions for models closely related to Woodford (2003), Angele-
tos and La’O (2010), Nimark (2017), and Angeletos and La’O (2013). We believe our method
is also useful in solving models similar to Lorenzoni (2009), Hellwig and Venkateswaran (2009),
Graham and Wright (2010) and others. In our companion paper (Huo and Takayama, 2017),
we study a business cycle model driven by confidence shocks. We characterize how information
frictions affect the persistence and variance of output, and show that the confidence shock

could be an important factor in explaining business cycles.



The rest of the paper is organized as follows. Section 2 sets up a two-player model to in-
troduce higher order beliefs and the infinite regress problem. Section 3 presents the main
results. We first show how to jointly use the Kalman filter and the Wiener-Hopf prediction
formula to form the optimal expectation with entire history of signals. This enable us to
obtain a finite-state representation for a rational expectations model with higher order beliefs.
Section 4 presents several applications with persistent information where analytical solutions
are available. Section 5 explores the case in which the signals contain an endogenous variable.
We prove that the equilibrium policy rule does not have a finite-state representation in this

environment. Section 6 concludes.

2 A Two-Player Model

In this section, we present a simple two-player model with the infinite regress problem. This
model naturally assigns an important role to infinite higher order beliefs, and numerous vari-
ations of it have been used in the literature. We use this model to define some concepts that

will become useful in Section 3.
2.1 Model setup

Consider a game between two agents ¢ and j. Time is discrete and lasts forever. In period
t, agents’ payoff depends on a common persistent economic fundamental &. In addition,
the payoff features strategic complementarity or substitutability, and it also depends on the
action of the other agent. Information frictions prevent agents from perfectly observing &; or

the action of the other agent.

We assume that the best response of agent ¢, denoted by y;;, has to satisfy
Yir = B[] Q] + aEly; Q] (2.1)

where a € (0,1) determines the strength of strategic complementarity and €2;; denotes the
information set of agent ¢ at time . We consider a symmetric scenario in which agent j uses
the same best response and has the same information structure as agent i. Note that agents
make a purely static decision every period, and the link across different periods is only through
the information set. There are various micro-foundations that lead to this specification, such
as Woodford (2003) and Angeletos and La’O (2010). For now we only focus on this abstract

form and discuss its general properties. The information structure of the model is specified



as follows.

Signal process We assume that & follows a covariance stationary ARMA (p, q) process

P q
& = Z Pr&i—k + Z Otk
k=1 k=0

where 1, ~ N(0,0,). As opposed to observing & directly, agents receive n signals that are

related to &. These signals are simply the sum of & and some idiosyncratic noises

Ty & + €
Xp=|: | = : ) (2.2)
iy & + €5
where €, ~ N(0,02) for 7 € {1,...,n}. The information set of agent 7 at time ¢ contains all

the signals he has received up to time ¢

Q= {Xit,Xit—1,Xit—2, . } (2'3)

T
Jt

these two agents do not share the same information set. To simplify notation, we will use

Agent j receives signals of & that are corrupted by her idiosyncratic noises €7,. As a result,

E;] - ] to denote the conditional expectation operator E| - | ;] from now on.

The information structure and the best response we have specified above are very special. We

will relax these assumptions in the next section.

2.2 Higher order beliefs

The best response of agent i is given by equation (2.1), and the same rule applies to agent j,
yje = Bjul&] + ajefyal. (2.4)

We can repeatedly substitute equation (2.4) into equation (2.1), and vice versa, which leads

to

Yir = Ea[&] + aEi[y;]
= Ey[&] + aEy [Eji[&] + aEjifyal]



Ei[&] + aEyEj[&] + OéQEitEjt[yit]
Eit[&] + aEyEj[&] + OéQEztEthit (&) + agEitEthit [yjt]

= Z o BTG, (2.5)
k=0

where EE [¢,] stands for k-th order belief. These higher order beliefs are defined recursively as
follows

]E’zlt [&e] = Eit[&]

B [€] = ol 6]

Ejl&] = EoEiEy 6], for k=3,5,7,...

B¢ = BalyRl, *(¢], for k= 4,6,8, ..

Crucially, agents have heterogeneous information sets, and the law of iterated expectations
does not apply. Hence, the optimal action y;; depends on all the higher order beliefs. Mathe-
matically, the means of all these higher order beliefs can be calculated by the standard Kalman
filter, but there are an infinite number of such objects to be calculated. One may think that
if a certain pattern of these higher order beliefs is found, these beliefs may be summarized in
a compact way. This approach works for a static system, such as in Morris and Shin (2002).
However, it does not work in general, due to a growing complexity with the order of beliefs.
Forecasting all of these higher order beliefs requires an infinite number of priors of these be-
liefs, and these priors are functions of the entire history of agents’ signals. As a result, it
is generally believed that the policy rule has to include the entire history of signals as state

variables.

It should be clear that higher order beliefs is a particular representation of agents’ optimal
action. Agents do not have to use all higher order beliefs to determine their optimal action.
If the laws of motion of other agents’ actions are known, then a first order belief about the
fundamental and others’ actions will be sufficient. In fact, this is the approach we will take
in this paper. Still, higher order beliefs are very helpful in understanding some properties of

the effects of dispersed information.



2.3 Equilibrium

By the higher order belief representation of the best response, it is clear that the optimal
policy is linear in the signals as it is ultimately a result of optimal forecasting. The linear
policy rule of agent ¢ belongs to the space spanned by square-summable linear combinations
of current and past realizations of x;;. We use H} to denote this space. The optimal action is

a linear combination of current and past signals

Yit = Z hipty, , + Z hor®y_j + ... Z Py, (2.6)
k=0 k=0 k=0

and it is obvious that y;; € Hy. In standard models without higher order beliefs, the policy
rule still depends on the entire history of signals, but a finite number of state variables can
be easily found to effectively summarize the past information. In contrast, due to the infinite
higher order beliefs, it is very difficult to figure out whether there exists a finite number of
state variables in the first place (even though later on we prove that this is indeed the case)
and the laws of motion of these state variables given they exist. In principle, agents have to

keep track of the entire history of signals.

To fix the language, we fist define the casual and noncasual stationary lag polynomials.

Definition 2.1. ¢(L) is a non-casual stationary lag polynomial if
S(L)= > et (2.7)
k=—o0

and {pp}32 . € 2. ¢(L) is a casual-stationary lag polynomial if it does not contain L with

negative powers

S(L) = onl". (2.8)
k=0
More compactly, we can use lag polynomials to describe the policy rule
Yir = hi(L)zj, + ho(L)x, + ... + hy(L)z}, = h(L)xg. (2.9)

In equilibrium, agents cannot use signals realized in the future, and hence the policy rule h(L)
should be casual-stationary lag polynomials. The definition of the equilibrium is straightfor-

ward.
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Definition 2.2. Given the signal process (2.2), the equilibrium of model (2.1) is a causal-
stationary policy rule h(L) = [hl(L) ho(L) ... hy(L)|, such that

Yir = Eu[&] + a Eilyl,
where

Yit = h(L)Xita Yjt = h(L)th-

To solve for the equilibrium policy rules h(L), the difficulty lies in how to solve the inference

problem
Eit [yje] = Ei [0 (L)x;4]

in which the variable to be predicted is with infinite states. The Kalman filter requires the
predicted variable to have finite states, and therefore it is inapplicable for this type of the
problem. In contrast, the Wiener filter can solve the inference problem that is conditional
on infinite observables, and it allows the predicted variable to have infinite states (the details
of these two filters are discussed in the next section). The next section will show, after
solving E;[y;], it turns out that h(L) are of finite ARMA type, and it allows a finite-state

representation.

3 Methodology: General Linear Rational Expectations Models

In this section, we develop the method that solves the general rational expectations models
with higher order beliefs. We first lay out the structure of the model and the signal process.
We then show how to prove our main results in steps. In this section, we focus on symmetric
equilibrium in which all agents share the same information an payoff structure, and therefore
use the same policy rule. However, the method and the finite-state representation result
extends to models where agents have heterogeneous payoff or information structures (see

subsection 4.4 for an example).
3.1 Rational expectations models

We focus our attention on Gaussian-linear models in which all the variables depend on the

underlying Gaussian shocks in a linear way. The input of a rational expectations model

11



includes two parts: the signal process and a system of equations describing the conditions
which all the variables need to satisfy. There are three kinds of variables involved here:
an individual agent’s own choice variables, the choice variables chosen by other agents, and

exogenous variables.
Signal process Assume that the signals observed by an individual agent follows

SL’% MH(L) e Mlm(L) S1t
xy M (L) ... Mp(L)| | Sme

where the signal x; is a stochastic n x 1 vector and the shock s; is a stochastic m x 1 vector.
We normalize the co-variance matrix of s; to be an identity matrix. The natural requirement

is that M;;(L) is causal stationary. The information set is €, = x' = {x¢,X¢—1,X¢—2,...}.

Choice variable We assume that each individual agent has r choice variables, which are

functions of their signals:

Y1t h11<L) hln(L> L1t
yve= |1 | = SR o | =h(L)x;. (3.2)

Yrt hrl(L> hrn<L> Tt

Here, h(L) is the matrix of equilibrium policy rules we need to solve. We only require that
each element in h(L) is causal stationary, but do not impose that h(L) admits a finite ARMA

representation in the first place (even though we prove this is indeed the case later).

Endogenous variables related to other agents’ actions The optimal policy may depend
on other agents’ actions or depend on some aggregate endogenous variables. With information
frictions, these variables may not be observed perfectly, but matter for agents’ payoff. Let y;
denote the vector of endogenous variables which are chosen by other agents. In this section,
we focus on symmetric equilibrium in which all agents use the same policy rule. They are

related to the choice variable y,; in the following way

¥: = h(L)M(L)As, (3.3)

12



If A is an identity matrix, then others’ action will be the same as the action of the particular
individual, y;. However, the actions of others may only depend on a subset of s; and depend
on shocks other than s;. The matrix A selects the shocks that also affect other agents, which
are common shocks in the economy. For the shocks that are uncorrelated with s;, the best

forecasts of those shocks conditional on {x;} are simply zero.

Model Assume the optimal action y; needs to satisfy the following linear system in equilib-
rium

E|P(L)y: + Q(L)y: + R(L)s;

xﬂ_a (3.4)

These matrices P(L),x,, Q(L),x, and R(L),x,, depend on structural parameters that result
from optimal conditions and resource constraints, and they are not related to agents’ en-
dogenous choices. These matrices are allowed to be non-casual stationary. This system of
equations incorporates the possibilities that the choice variables y; depend on the past, the
current and the future values of the endogenous variables of others, the exogenous variables,
and her own actions. This specification includes the majority of applications that one may

encounter.

Special case with Common Information Model (3.4) includes two special cases in which
all agents share the same information and there is no need to infer others’ action. Even though

agents share the same information, they may not necessarily observe the underlying states.

1. Perfect information.

E |P(L)y; + Q(L)y: + R(L)s;

ﬂ:& (3.5)

In standard real business cycle models and New Keynesian models without information
frictions, the underlying shocks {s;} are observed directly by agents. That is, the space
spanned by shocks is the same as the space spanned by signals, H; = H;. Meanwhile,
because all the shocks are observed directly, the actions of other agents are also known

perfectly. As a result, the expectations can be calculated easily.

13



2. Imperfect information, but no need to compute higher order beliefs °

E |P(L)y: + Q(L)y: + R(L)s;

xt] =0. (3.6)

This is the case in which information frictions still exist, i.e., HY C H;, but there is no
need to infer others’ choices. Agents only need to infer the exogenous variables R(L)s;,

and standard Kalman filter will be sufficient in solving the problem.

In both of these two cases, all agents’ signals are driven by the same shocks, and therefore,
A = 1. This property is important in determining the persistence of the policy rule which will

be discussed in subsection 3.4.

The solution to model (3.4) is defined as follows

Definition 3.1. Given the signal process (3.1), an equilibrium is a matriz of causal stationary

lag polynomials h(L) such that
1. The policy rule h(L) solves

E |P(L)h(L)x, + Q(L)F: + R(L)s,

Xt:| =0

2. Others’ action'y; is consistent with h(L)

yt = h(L)M(L)ASt
In this section, we aim to answer the following questions:

1. Under what conditions does a unique solution to this model exist?

2. Supposing there indeed exists a solution h(L) that solves the model, how to find the
formula of h(L)?

3. Does the solution admit a finite-state representation that allows agents to summarize

the past information using a small set of sufficient statistics?

This case is also discussed in Baxter, Graham, and Wright (2011).

14



To answer these questions, we further make the following assumptions.

Assumption 3.1. The signal x; follows a finite ARMA process, i.e., each element of M(L)

1s a rational function of the lag operator L

ai(L) _ 3pZo cinL®
bi(L) 32y ik

M;;(L) = (3.7)

and all the roots of b;;(L) is within the unit circle.

Assumption 3.2. The elements in matrices P(L), Q(L), and R(L) are rational functions of

the lag operator L. Furthermore,

R(L)

o O RV R)

P(L)= ———+—, —_—
Hk:1(L - ﬁk) Hk:l (L - 5k>

R(L) (3.8)

where x| < 1 and the expansions of P(L), Q(L), R(L) are casual lag polynomials.

Assumption 3.1 and 3.2 essentially assume that M(L), P(L), Q(L), and R(L) are all of a finite
ARMA structure. The potential inside poles {5} capture the possibility that agents’ best
response depend on their own future actions, others’ future actions, or future fundamentals.®
Under these assumptions, Theorem 1 answers the first two questions, and Proposition 3.3
gives a positive answer to the third question. In short, these results imply that higher order
beliefs do not necessarily create infinite state variables. It is always possible to use a small
set of variables to summarize past information, given that the signals follow finite ARMA

processes.

The proofs of our main results are quite lengthy and involve a number of building blocks. The

main steps that lead to Theorem 1 and Proposition 3.3 are listed below

Step 1: Under Assumption 3.1, find the state-space and Wold representation of the signal

process.
Step 2: Use Wiener filter to solve the inference problem in model (3.4).

Step 3: Transform the infinite-dimension problem of solving the sequences of coefficients in

the lag polynomials into the finite-dimension problem of solving a system of analytic functions.

6Note that it is not necessary the case that P(L), Q(L), and R(L) share the same inside poles. One can
always set P(L), Q(L), and R(L) to remove the poles.
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Step 4: Find the finite-state representation of the equilibrium policy rule.
3.2 State-space representation, Factorization Identity, and Wold representation

We need the Wold representation of the signal process for the following reason. All the predic-
tion is conditional on the observed signals, but ultimately, the linear projection is on the space
spanned by shocks. The original underlying shocks {s’} contain more information than the
signals {x'}, and the prediction conditional on {s'} is different from the prediction conditional
on {x'}. The Wold representation provides a new sequence of shocks {w'}. Different from
the underlying shocks {s’}, the space spanned by the signals {x'} is equivalent to the space
spanned by {w'}, and we can conduct the linear projection on {w'}. Given a finite ARMA
signal process, we present how to find its state-space representation and Wold representation

using the factorization identity.

Lemma 3.1. Under Assumption 3.1, the signal process admits at least one state-space repre-

sentation, in which the state equation is
2, =F7Z, | + Ps;,
and the observation equation s
x; = HZ;,
In addition, the eigenvalues of F all lie inside the unit circle.

Proof. See Appendix A.2 for proof. O

This lemma states that any finite ARMA process has at least one state-space representation.
However, it is often the case that there are many different state-state representations for the

same ARMA process. More generally, the state equation can be written as
Z,=F7Z, | + ®s,,
and the observation equation can be written as

Xy = HZt =+ \IlSt.
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Lemma 3.1 only provides one of the state-space representation with the feature that there
is no shock in the observation equation. Even though the state space representation is not

unique, all different representations lead to the same forecast eventually.

Suppose that there exits B(L) and {w;} such that
Xt = M(L)St = B(L)Wt, (39)

where B(L) is invertible,” and wy is serially uncorrelated shocks with co-variance matrix V,
then we say x; = B(L)w; is a fundamental representation of x;. The Wold representation
is a particular fundamental representation. Since B(L) is invertible, x' contains the same
information as w', i.e., Hf = HY. Further, equation (3.9) implies that the auto-correlation

generating function can be obtained using both representations
P2e(2) = M(2)M'(z71) = B(2)VB/(z 7). (3.10)

Therefore, find the fundamental representation is equivalent to find the canonical factorization
of the auto-correlation generating function . The following theorem provides the canonical
factorization for the state-space representation of the signal process x;, which uses the factor-

ization identity.

Theorem (Canonical Factorization). Let F denote an matriz whose eigenvalues are all inside
the unit circle; let Q'Q be positive definite matriz; let H denote an arbitrary matriz. Let P
satisfy

P = F[P - PH' (HPH' + ¥¥') 'HP|F' + &%’

and K be defined as
K = PH'(HPH' + ¢¥')!

Then

1. The eigenvalues of F — FKH are all inside the unit circle.

2. The canonical factorization is

Poa(2) = HI - F2] '@/ [I - F2 |7 'H

"This is equivalent to that the determinant of B(z) does not contain any roots (zeros) within the unit
circle.
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— I+ H(I - F2) 'FKz|[HPH + U0'|[I + K'F'(I - F> 1) 'H ]
=B(2)VB'(z7 ).

3. B(z) is
B(z) =1+ H[I - F2] 'FKz,
the inverse of B(z) is
B(z)"' =1-H[I - (F - FKH)z| 'FKz,
and the co-variance matriz 'V is
V = HPH' + ¢¥'

Proof. The proof is in Hamilton (1994). O

The proof utilizes the forecasting formula in the steady-state Kalman filter. The requirement
that all the eigenvalues of F lie inside the unit circle guarantees I —Fz is invertible. The eigen-
values of F — FKH are related to the Kalman gains and are very important in understanding

the prediction problem, which essentially determines the persistence of the forecasts.
3.3 Wiener-Hopf prediction formula

Now we turn to the inference problems incorporated in equation (3.4). The following theorem
states the Wiener-Hopf prediction formula. Note that this prediction formula does not hinge

on whether the signal follows a finite ARMA process or not.

Theorem (Wiener-Hopf). Suppose the multivariate co-variance stationary signal process fol-
lows
Xy = M(L)St,

and f; is a univariate co-variance stationary process

where (L) = S°° i L* is a non-casual stationary lag polynomial. Then the optimal
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linear prediction of f; conditional on {x;} is
E[fi|x'] = [(L)M'(LHB(L~H)™"| V'B(L) %y, (3.11)
+

where B(L) and V are given by the Canonical Factorization Theorem.
Proof. See Appendix A.3 for proof. m

If we further assume that the signal follows a finite ARMA process, we can obtain a sharper

and more specific prediction formula.

Proposition 3.1. Under Assumption 3.1,

1

M/(L—l)B/(L—l)—l — Hz_l(L — )\k)

G(L) (3.12)
where G(L) is a polynomial matriz in L, and {\;}}_, are non-zero eigenvalues of F — FKH
which all lie inside the unit circle. Suppose the univariate random variable f; follows

a(L)

where a(L) is a casual stationary polynomial. The prediction formula for f; is®

Bl Ie] = M D (3.13)

S a(A\)G(\) VTIB(L) ™! < 514

; (L - )‘k> HT;ék()‘k - )‘T) Hi:l()‘k - B‘r) ( )

Y a(3)GAVIBL) i 15

; (L - Bk) Hf:l(ﬁk - )\T) Hi;ﬁk(ﬁk - ﬁr) ( )

Proof. See Appendix A.4 for proof. m

The key in applying the Wiener-Hopf prediction formula is to find the Wold representation

for x; or the canonical factorization for M(L). When the number of signals equals the number

8Here, we do not consider the case with repeated roots. It is straightforward to add those but make the
expression cumbersome.
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of shocks, M(L) is a square matrix. Suppose M(L) is invertible, then M(L) itself is a funda-
mental representation and the Wiener-Hopf prediction formula can be applied directly. This
corresponds to the case when the signals fully reveal the underlying states. If M(L) is a square
but not an invertible matrix, then there exists at least one inside root of the determinant of
M(L). In this case, the fundamental representation can be found by multiplying the Blaschke
matrices to flip the inside roots outside the unit circle. Kasa (2000), Rondina and Walker
(2017), Kasa, Walker, and Whiteman (2014) and Acharya (2013) all use this method to find
the Wold representation.

In most signal extraction problems, the number of shocks is larger than the number of signals.
In this case, M(L) is a non-square matrix and is not invertible. To find the canonical factor-
ization of M(L) is more involved, but can be achieved by using the Canonical Factorization

Theorem.

It is common in the existing literature to restrict the number of signals to being the same as
the number of shocks so that the Blaschke matrix is applicable in finding the Wold represen-
tation. This is mainly because a square system can be helpful to obtain analytic results when
information is endogenous. However, this restriction often leaves some informative variables
to be observed without noise. As a result, the true state of the economy is revealed too quickly.
For example, Kasa (2000), Sargent (1991) and Pearlman and Sargent (2005) all show that in
Townsend (1983), agents share the same belief about the common demand shock and there is
no forecast the forecasts of others problem. Also, the forecast error only exists for one period,
and agents figure out the demand shock fairly quickly. The one period delay is due to the fact
that output is predetermined. Similarly, in Acharya (2013), agents observe the last period’s
aggregate output perfectly, and effects of aggregate noise only last for one period because
agents can infer the underlying shock accurately by observing aggregate output. Rondina and
Walker (2017) and Kasa, Walker, and Whiteman (2014) both have square observation matrix.
To prevent the price from fully revealing the information, they need to abandon the standard

AR(1) process and assume a non-invertible process for the fundamental.

A lot of interesting models naturally require that there are more shocks than signals, such as
Singleton (1987), Woodford (2003), Lorenzoni (2009), Angeletos and La’O (2010), Angeletos
and La’0O (2013) and so on. In this paper, we show that by using the factorization identity, the
Wold representation is readily available for any finite ARMA process. Joint with the Wiener

filter, we can solve the signal extraction problem.
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3.4 System of analytic functions and a finite-state representation
To write it more compactly for future derivation, define
¢(L) = vec(h(L)). (3.16)

¢(L) effectively collapse all the lag polynomials to be solved into a rn x 1 vector.

After we apply the Wiener filter, solving for ¢(L) in model (3.4) still requires solving sequences
of infinite coefficients in the lag polynomials, which is an infinite dimension problem. By the
Riesz-Fisher Theorem, instead of solving the sequences of infinite coefficients, we can solve for

a finite number of analytic functions instead, as shown in the following proposition.

Proposition 3.2. Under Assumption 3.1 and 3.2, there exists a solution ¢(L) to model (3./)

if and only if there exists a vector analytic function ¢(z) that solves

T(20(2) = D |2 (BOWHor 1003 (317
where T(2)rmxrn @S given by

T(z) = P(2) ® (M(27)M'(2)) + Q(2) ® (M(27)AM'(2)) (3.18)

ond D |5 (SO M (S0} 15 given by

rnx1

D [ (O}, {¢<ﬂk>}zzl} — vee(M(= )R/())
O vee(B)@ (WR(A) L vee(B(- )G (B)R(B)
+;; (2 = M) Tl e = A Ty O — 7) kz: — B TTE- 1(5k A) [0 (Br — r)
L Q) © GVAM/(A) \
) M A te A T v =3

T (2 -
+(L ®B(z"")) Z P(B) ® G'(B)M'(Be) + Q(Br) ® G'(Be) AM (5
r k=1 (Z N ﬁk) HT:l (/Bk B T) Hr#k(ﬁk’ - 6’7‘)

+(I, @ B(2~

& (Pr) (3.19)

Proof. See Appendix A.5 for proof. O

To solve for ¢(z), we utilize the Cramer’s rule. Different from solving a system of linear
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equations, one needs to make sure ¢(z) represents a stationary process. To proceed, we first
determine the set of constants {{d(\x) }i_,, {@d(Bk)}¢_,} that are generated when applying the
Wiener-Hopf prediction formula. As discussed in Whiteman (1983), these constants should be
set to remove the poles of ¢(z) that are inside the unit circle, which makes sure that ¢(z) is
an analytic function. The number of free constants that can be used to eliminate the poles of
¢(z) may be smaller than the cardinality of {{@d(M\x)}¢_,, {@(Br)}¢_,}, because some of these
constants enter equation (3.17) in a linearly dependent way. The following lemma gives the

actual number of free constants.

Lemma 3.2. Define N; as

Zrank( Q(Me)®G' (Ax) AM(Ag) )+Z rank( (6k)®G/(Bk)M,(ﬁk)+Q(/Bk)®G,(/6k)AM,<ﬂk))'

k=1

There exists a N1 x 1 constant vector ¥ such that

D2 ()i, ($(AH| = Di(e)w + Da). (3.20)
where Dy (2) is with full column rank and 4 is a linear combination of ({d(M.) }i_i, {d(Be) }i_,).
Proof. See Appendix A.6 for proof and the construction of D;(z), Dy(2), and . O
The roots of T(z) are crucial in obtaining the solution and in understanding its property.

1. Denote {(1,...,(n,} as the Ny roots of det[T(z)] that lie inside the unit circle.

2. Denote {07",..., U} as the N3 roots of det[T(z)] that lic outside the unit circle.

The existence of a solution hinges on whether there are enough free constants to eliminate
all the inside roots of det[T(z)]. The persistence of ¢(z) depends on the outside roots of

det[T(2)].

Theorem 1 (General solution formula). Assume Assumption 3.1 and 3.2 hold. Uy and U,
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are constructed such that

det {Dl(gl)qp +Do(¢)  ToG) - Tm(clﬂ
Ul’l./) + UQ = : : :

det [Dl(CNQ)tp +Do(Cn,) To(Cn,) - -- Trn<l9N2):|

1. If N1 < Ny, there is no solution.

2. If Ny = Ny = rank(U,), there exists a unique solution ¢(z). Fori € {1,...,rn}

¢i(2) =

Y

det {T(z)]
and
Y = —U;'Uy,
3. If Ny > Ny or Ny = Ny > rank(Uy), there exists an infinite number of solutions.
Proof. See Appendix A.7 for proof. n

Theorem 1 gives the existence and uniqueness condition for the solution. It also delivers the
exact formula of the solution. The following proposition further shows that the solution can

always be represented in a recursive way.

Proposition 3.3 (Finite-state representation). Under Assumption 3.1 and 3.2, if there exists
a solution ¢(L) to model (3.4), then ¢(L) is a rational function of lag operator L

o(L)

Y0 = e - o)

(3.21)

where $(L) is a lag polynomial matriz with finite degree.

Given a particular signal realization {x,},2 ., there exists a finite set of state variables z,,

23



such that the choice variables y; have a finite-state representation
Yy = .z, + I‘xxta (322)

where the law of motion of z; and the initial state are given by

Zy = TZZt,1 + Txxt, (323)
z_1 =T —",L) " Y,x_;. (3.24)
Proof. See Appendix A.8 for proof. O

This result implies that when signals follow finite ARMA processes, higher order beliefs do not
create infinite state variables. It is always possible to use a small set of variables to summarize
the necessary information in the past. An important property is that the persistence of the
policy rule is completely characterizes by the roots of the determinant of T(z), and these roots
are determined by the interaction between the model primitives (P(L) and Q(L)) and the

signal process (M(L)). This is in contrast with common information models.

Comparison with Common Information Case The special cases discussed in subsec-
tion 3.1 have the feature that all agents’ signals are driven by the same shocks, and it follows
that A =I. The matrix T(z) in equation (3.18) turns out to be

T(z) = (P(2) + Q(2)) @ (M(z~)M'(2)), (3.25)

and its determinant is
det[T(2)] = det[P(2) + Q(2)] det[M(z~1)M’(2)] (3.26)
The roots {9; !, ... ,19]_\,;} that determines the persistence of the policy rule either come from

the primitive part of the model P(2)+Q(z) or from the signal process M(z~*)M/(z). Crucially,
there is no interaction between the model and the signal in determining {J;}. In contrast,
when A # I, the determinant of T(z) is jointly determined by P(z), Q(z), and M(z), which

is what separates the dispersed information model from the representative agent model.
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Innovation form and signal form The solution we discussed in Section 3.4 is in terms of

signals, and it can also be represented in terms of the underlying shocks {s;}

We label the solution in terms of signals as signal form and the solution in terms of underlying
shocks as innovation form. On one hand, the signal form is typically easier to solve, because
the dimension of the problem in signal form is smaller than the dimension of the problem in
innovation form. On the other hand, it is more straightforward to characterize the equilibrium
using the innovation form. The following proposition shows that one can work with either of
them.

Proposition 3.4. Under Assumption 3.1 and 3.2, there exists a solution in signal form,

y: = h(L)xy, (3.28)
if and only if there exists a solution in innovation form

y: = d(L)s;, (3.29)

where h(L) and d(L) satisfy

“~ vec(B/(L)"'VIG/ (\p)d' (A1)
2 (LM T O )

vec(h(L)) = vec(p,, (L) ""M(L d'(L)) —

Proof. See Appendix A.9 for proof. m

If M(L) is not invertible, the space spanned by signals is a subset of the space spanned by
shocks. It should be clear that whether we use the innovation form or the signal form, {y;}
always lies in the space spanned by current and past signals because agents can only condition
their choice on their observables, that is, {y:} C HY C H;.
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4 Application

In this section, we use the method developed in Section 3 to solve some stylized problems.
These problems are commonly adopted in the literature, and are useful in illustrating how to

use our method.
4.1 Application I: Static Beauty Contest Model

We first consider the static beauty contest model. A continuum of agents choose their actions

according to the following best response function

Yir = Eu[&] + aEy [y, (4.1)

and the aggregate action y, is given by

Yt = /yit' (4.2)

This type of best response can be derived directly from a quadratic utility function as in
Morris and Shin (2002), and can be the result of linearized macro models as in Woodford
(2003) or Angeletos and La’O (2010). We label this type of best response as a static beauty
contest model for the reason that past or future actions do not enter agents’ best response
function. In equation (3.4), this model structure implies that P(L) and Q(L) are constant

matrices instead of lag polynomial matrices.

Now we introduce the shocks and signals. Suppose that the economic fundamental &; follows

an AR(1) process
& = pSi—1 + oyt (4.3)

Agents do not observe the fundamental perfectly. They receive two signals about the fun-
damental. The first signal is a public signal observed by all agents, and the second signal is

private that can only be observed by agent 1.

1 2 __
Ty = £t + Oc€t, Ty = ét + Oy Wit
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More compactly, the signal structure can be represented as

o g
n . 0
Xit = M(L)Sit = ll_pL 7 ] €t |, Sig~ N(Oa I) (4‘4)

In
1=pL oo Uit

For the inference problem, the corresponding state-space representation is

Ui Uz
1 0 oo O
zg=&= p &Gatloy, 0 0| |ex], Xit = Zit + €t | - (4.5)
~— 1 0 0 o,
F Y Ut Ut
P (2 \I_f./ T/ 7

Besides the best response function, this information structure also resembles those in Morris
and Shin (2002), Woodford (2003), and Angeletos and La’O (2010). Morris and Shin (2002)
study how the precision of the public signal o, affects the social welfare, while Angeletos
and La’O (2010) interpret ¢; as animal spirits and study how these shocks shape aggregate
fluctuations. In Woodford (2003), agents only receive a private signal about the fundamental,
which is equivalent to set o, to infinity. Woodford (2003) and Angeletos and La’O (2010)
use a guess-and-verify approach to solve the model, and we provide the analytic solution in a

systematic way.

Given the equilibrium policy rule y;; = h(L)x;, the aggregate action is
g = / h(L)M(L)s; — h(L)M(L)Asq, (4.6)

where the matrix that selects the common shocks 7, and ¢, is given by

(4.7)

>

I
[ e
S = O
o O O

In the static beauty contest model, P(L) = 1, Q(L) = —a and R(L) = [SZL 0 0]. By
Proposition 3.3, the inverse of the persistence of the policy rule ¢, is the outside root of

det[T(2)], where T(2) is given by

T(z) = M(2)(I — aA)M'(z71). (4.8)



So far, all the elements to be used in Proposition 3.2 are at hand. The following proposition

specifies the finite-state representation of the equilibrium policy rule

Proposition 4.1. Given the signal process (4./) and o € (0, 1), the equilibrium policy rule in
model (/.1) is given by

1 ¥ 1
hi(L) = 4.9
(L) 1—apo2(l—pd)1—9L (4.9)
Y 1
ho(L) = 4.1
(L) po2(1—p¥) 1 —9L’ (4.10)
where
1 1 1_ 2 2 1 1_ 2 2 2
9 == _+p+( OZ)O’E +O-u _ _+p+( a)ae +0-u —4 (411>
2|15 po2o? p P00

The finite-state representation is

9 , 9

i = Dy N S— 4.12

vit = O T e (= po) " po2(T = ) (4.12)
¥ (1—a)o? + o2 1 v

— Sy, e T % ) 413

WSt S ) e a4

Proof. See Appendix A.10 for proof. m

The individual policy rule follows an AR(1) process, which inherits the property of the under-
lying fundamental. As expected, the weights assigned to the signals are adjusted according to
their relative informativeness. In addition, the first signal affects all agents in the economy;,

each individual agent will respond to it more strongly. As the strength of the strategic comple-

1 4

mentarity increases (« increases), the instantaneous response to the first signal, Ta 20 p0)
€

also becomes larger.

Crucially, the persistence of agents’ endogenous action is governed by the endogenous variable
9, and it is the key to understand the nature of the equilibrium. Woodford (2003) emphasizes
that higher order beliefs generate inertia of agents’ action, which displays a hump-shaped
response to the fundamental shock. In equation (4.11), given p, as ¥ increases, the peak of the
impulse response of ¥, shifts to the right. If ¢ is small enough, then hump-shaped response

may disappear. The following proposition characterizes 9.
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Proposition 4.2. Assume that o € (0,1),p € (0,1),0, > 0, and o, > 0. Then ¥ satisfies

1. 0 < XA <9 < p, where X is given by

1 1 o2+ o2 1 o2 + 02\ 2
A= — — < 4| — — € “ —4 414
2 (p e poioy ) \/(p o pola? (4.14)

2. 19 s increasing in o and

3. v is increasing in o, 0y, and p.

Here, 9 is bounded from above by the persistence of &;, and it is also bounded from below by
A, where 1 — X is the Kalman gain when using the Kalman filter to predict &. Note that ¢ is
increasing in «. This is because higher order beliefs become more important in shaping the

behavior of y,. With a large «, it is more likely for y; to have a hump-shaped response.
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(A) Response to 1, shock (B) Response to 7, and €; shock

FIGURE 1: Impulse Response of Aggregate Action

Parameters: a = 0.5,p =0.95,0, = 1,0, = 4.

We use a numerical example to illustrate the properties of the model when varying the degree
information frictions. We choose different values for the variance of the idiosyncratic shock
02. As shown in Figure la, the hump-shaped response of ; to 1; shock is more pronounced

when information frictions becomes larger. Figure 1b compare the responses of y; to the
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fundamental shock and the common noise shock. The response to the common noise shock
follows an AR(1) process, and the persistence is determined by 1. These patterns are in line
with the findings in Woodford (2003) and Angeletos and La’O (2010).

4.2 Application II: Dynamic Beauty Contest Model

In this section, we explore the beauty contest modes with dynamic consideration in their payoff
structure. For example, when consumers making a saving-consumption decision, or when firms
setting their prices subject to nominal rigidities, they need to look forwards or backwards to

solve their optimization problems. Particularly, we compare three types of models.

1. Forward-looking model, with Q(L) = —aL™*

Yir = Eil&] + oBi[ye ] (4.15)
2. Static model, with Q(L) = —«
Yir = Eal&] + i [ye]. (4.16)
3. Backward-looking model, with Q(L) = —aL

Yir = Eut[&] + aEiyi—1]. (4.17)

As in subsection 4.1, we still assume that the fundamental follow an AR(1) process (4.3). In
order to highlight how the persistence of the policy rule varies in these models, we assume

that agents only observe one private signal about the fundamental
Tip = & + Oyt (4.18)

The following proposition gives the analytical solution to these models

Proposition 4.3. Given the signal process (4.18) and assume that o € (0,1), the equilibrium

policy rules are

30



1. Forward-looking model

o2 Y
Yir = Vi1 + — ! o2
Tu p (1 —p0s — ao—gﬂf>

1 1 o2 1 o2\ 2 o2 o
w st (o D B
2(1+52) [\ po p po? o2 p

2. Static model

o
Yit = Vsyir—1 + o2

1]/1 1 —a)o? 1 1— a)o2\2
with Y, = = _+p+g — _+p+g —4
2 [\p po, p pos,

3. Backward-looking model

19(,0'2
n ) 4.21
poi+ac? — pQggﬁbx ! (421)

Yit = UplYir—1 +

040'2

o L+ 20 | (o2 +ou(1+p?) o2+ oZ(1+ p?) 2 A po?
wi = — 4| ———
’ 2 poi+ ao? poi+ao? poi+ aoc?

Furthermore, the ranking of the persistence is

19(, > 295 > ’lgf. (422)
Proof. See Appendix A.11. O]

This proposition first confirms that the finite-state property of the equilibrium policy rule still
holds with dynamic beauty contest models, and the complexity of the required state variables
is similar to the static model. In terms of the persistence of the policy rule, they all depend
on the degree of complementarity «, but different models are affected by « in different ways.
The backward-looking model exhibits the highest persistence and the forward-looking model
exhibits the lowest persistence. Intuitively, when agents care more about the past aggregate

action, they will naturally assign a higher weight on past signals.
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The aggregate action in all the three models can be represented as

Yy = VY1 + K&

Figure 2 shows that how the persistence ¢ and the instantaneous response x change as the
degree of complementarity « changes. In all three models, the persistence 1 is increasing in
a, and the backward-looking model always has the highest persistence. The instantaneous
response also increases with «, but the ranking across the three models changes with different

values of .
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0.92

09
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(A) Persistence

045

= =Forward-looking
Static
== == Backward-looking

(B) Instantaneous Response

FIGURE 2: Effects of a on Aggregate Action

Parameters: p = 0.95,0, = 1,0, = 4.

4.3 Application III: Independent Value Model with Random Matching

Applicaiton I and II consider the case where each agent interacts with the average of a con-
tinuum of other agents. In this section, we adopt the model environment in Angeletos and
La’O (2013) in which an agent meets a different player every period. In the baseline model of
Angeletos and La’O (2013), it is assumed that there is no persistent shock. This assumption
does not affect their qualitative prediction, and it helps to avoid the infinite regress problem.
However, this assumption prevents the model from exploring more relevant learning problems.

Here, we extend Angeletos and La’O (2013) to allow persistent shocks in the model.

Assume that there is a continuum of agents in the economy. An individual agent i is endowed
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with a permanent fundamental a;, drawn from a normal distribution N'(0,2). At the begin-
ning of each period, an agent i is randomly matched with another agent indexed by m(i,t).

Agent i’s optimal response is given by

Yir = @i + O Big[Ym(i,0e] (4.23)

where o controls the degree of strategic complementarity, and ¥, is the action of agent
i’s match in period ¢. Angeletos and La’O (2013) provides the micro-foundation for this best

response in a decentralized trading and production setting.

Besides her own fundamental, agent ¢ receives two signals every period

Ty = Am(ip) T Ocit, (4.24)
Tig = ‘r}n(i,t)t + & + outtir, (4.25)

where €; and u;; are both idiosyncratic noises, and &; is a common noise. The fundamental of
i’s match is @y, and from i’s perspective, it is also an i.i.d shock that follows N (0, 02). As
emphasized by Angeletos and La’O (2013), agent i’s forecast about a4 is pinned downed
by 4’s first signal alone, and not affected by the second signal. However, agent i’s forecast of
x}n(i,t)t and all the higher order beliefs are affected by the common noise &. In aggregate, &
can generate aggregate flucutations, and can be interopreted as sentiments. In Angeletos and

La’O (2013), & is an i.i.d shock, but we instead assume that & follows a persistent process.

& = pSi—1 + oy (4.26)

In equilibrium, agent ¢’s action is given by
Yir = haa; + hy(L)z}, + ho(L)z3,. (4.27)

For this particular application, we need to solve for a constant h, and two lag polynomials
hi(L) and hy(L). Note that a; is included for two reasons: first, it enters agent i’s best response

directly; second, a; enters agent m(i, t)’s signal, and it also helps to predict i’s match’s action

Ym(i,t)t-

Different from the applications discussed in subsection 4.1 and 4.2, agent ¢ has to form higher

order beliefs about a random player m(i,t) every period. Our method developed in section 3
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can still be applied to solve this model.

Proposition 4.4. Assume that o € (0,1). The finite-state representation of the equilibrium
policy rule in model (}.23) is given by

2 2
apl 0.0y 2

Yit = VYir—1 + ha(l — D)a; + W(x}t - 7933;%1) + p 0%t o2 (x5 — px?tfl) (4.28)
where
1|1 (1—a)o? 1 (1—a)o2\>
V== |=4p+—LL [ =+p+——L) —4], 4.29
2o P e VG T e e 429
o2 Y olo] -
_ 1?12t 4.30
pmafi-ae 2 (1S )) 30
adp oloy 1—p
hy =1 — 1 4.31
oy p o:+o021-7 (4:31)
The aggregate y; 1s given by
adyp ol
= 1=y + —— U 4.32
Yo = (0 + p)ye—1 — pOys—o + P 0_62+0_377t (4.32)
Proof. See Appendix A.13 for proof. O]

Comparing with heterogeneous prior In the literature, a convenient device to avoid the
infinite regress problem is to assume that agents have heterogeneous prior. The heterogeneous
prior assumption works as follows. Agent i observes both & and @) perfectly. However,

agent i believes her match m(i,t) observes a; with bias &. Given that agent i’s policy rule is

Yir = f1a; + fotm@) + f3&,

then agent ¢ believes that the action of her match is

Ym(tit = J10mp) + fa(a; + &) + f3&:.

In the heterogeneous prior equilibrium, the aggregate action is

()é2

Yr = =) (i=a) &i- (4.33)
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Quantitatively, by assuming heterogeneous prior, y; is perfectly correlated with &, while in our
model with common prior, the persistence of aggregate action is endogenously determined by
the structural parameter o and the information related parameters, and it is always different

from the the persistence of &. A numerical example is shown in Figure 3. The solution

0.7

\ s COmmon prior: o, = 1
06F N s Common prior: o, = 4 A
\ Common prior: o, =7
05k S = =Heterogeneous prior
\
A S
04r N

031

021

01r

0 5‘ 1‘0 1‘5 2‘0 2‘5 30
Period ¢
FIGURE 3: Effects of 0. on Aggregate Action

Parameters: p = 0.95,0,, = 1,0, =3, 0, =1, a = 0.5.

under heterogeneous prior assumption is independent of the degree of information frictions by
construction. The method we provide to solve the infinite regress problem retains the notion
of rationality. Interestingly, by varying o., the aggregate action changes in a non-monotonic

way. The size of the response maximizes when o, takes an intermediate value.
4.4 Application IV: Heterogeneous Payoff Structure

Previous applications share a common feature which is all agents adopt the same best response
and only differ from each other in terms of information sets. More generally, agents who
interact with each other may be asymmetric in their payoff functions, and may depend on
others’ action to a different extend. A notable example is an economy with a network structure,
where agents may care more about other agents who are closer to themselves. There has been
a growing interest in these types of applications, and we show that our method is flexible

enough to deal with them in this subsection.

Consider an economy with two agents. These two agents care about each other’s action, but
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the degree of complimentary may not be the same. The best responses for agent 1 and 2 are

Yie = (1 — wi)E[&] + wilEre[ya, (4.34)
Yor = (1 — wa)Eg[&] + walLor Y] (4.35)

This structure can be extended to a N-player economy in a straightforward way. In previous
applications, a single parameter « is sufficient to summarize the dependence on others’ action,
while in the current setting with asymmetric players, it is necessary to use the matrix w to

summarize the cross-dependence among different players

w = [0 wl] . (4.36)

(09)) 0

If we interpret the the model economy as a network, this matrix w can also be thought as a

weighted adjacency matrix.

For the information structure, we assume that each player i observes a noisy signal about the
fundamental
Tip = &§ + Oullis- (4.37)

and the fundamental follows an AR(1) process (4.3). In equilibrium, agent ¢’s action is y; =
hi(L)x;. Due to the fact that the two agents’ best responses differ from each other, their
equilibrium policy rules hq(L) and hyo(L) will not be the same. For the special case in which
w1 = wo, the two agents become symmetric and the solution is the same as the static beauty

contest game in subsection 4.2.

The interaction between the adjacency matrix and the information frictions is our focus in

this model economy. The following proposition characterizes this interaction.

Proposition 4.5. Given the signal process (4.37) and assume that |wiwe| € (0, 1), the equi-

librium policy rules are

1 — (1_“}1‘-"’2) _’?] _ _ (1—(«)1&}2)191192 0'_»,%)
h (L) _ 0-_7% 191792 P <(1 wl) T (1=pd1)(1—pV2) 2) <(1 wl) + (1=pV1)(1—p92) 02 L
! o2 p(1 — 910,) (1= 01L)(1 — 95L)
1 (1—wiw2) o2 (1—wiw2)¥19s 02
(L) = Z1 2 (L) + it et) = (- + i35t ) L
’ o p(1 —010s) (1 —9,L)(1 —Y5L)
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where

1 1 1 — Jww 1 1 — /wiws)o? 2
PR w2)on) (L, )7 (4.38)
2 [\p po p po,
1| /1 1+ /s 1 1+ /s 2]
Uy = = —+p+< 22)oy) —+p+( 1) 4 (4.39)
2 [\p pos p po
Proof. See Appendix A.12 for the proof. O]

This proposition shows that the policy rules of both agents take an ARMA (2,1) form. Notably,
the parameters 97 and 1), that determine the persistence of the actions are the same, which
indicates that the actions of the two agents synchronize in the long run. Meanwhile, w; and
wy do not enter ¥, and )5 separately, and they affect ¥y and 95 only through the product
wiwy which is propositional to the eigenvalues of w. If w; # ws, the responses of the actions

in the short run will be different, captured by the MA part in the policy rules.
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FIGURE 4: Effects of 7, on Aggregate Action

Parameters: p = 0.95,0, = 1,04, =4. w; = 0.1,wy = 0.9 in panel A, w; = 0.5 in panel B

Figure 4 provides a numerical example. With w; = 0.1 and ws = 0.9, agent 1 wants to be
close to the fundamental &, while agent 2 wants to be close to agent 1’s action. As shown
in panel A, after a shock to the fundamental, both agents have the same forecasts about the

fundamental. Agent 1’s action yy; is close to the forecast about the fundamental, while agent
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2’s action is much more dampened due to the uncertainty about agent 1’s action, and agent
1’s belief about her own action, and so on. The difference in best response functions translates
into the difference in actions, but the two agents’ action synchronizes as time goes on. Panel
B in Figure 4 shows how the actions vary with the degree of complementarities. We fix w; to
0.5 and set wy to different values. First, the volatilities of both agents’ action decrease with
wiws. This is simply due to that higher order beliefs play a more important role when the
degree of complementarity is large. Second, the correlation between the two agents’ action

peaks when w; = ws, and decreases as the distance between w; and wy becomes larger.

5 Endogenous Information

So far we have only discussed the cases where the signal process is exogenously determined
and independent of agents’ actions. This section we consider the case where an observed signal

contains endogenous information.

An important theme of the literature on dispersed information is the role of the endogenous
signal in coordinating beliefs and revealing information. Kasa (2000) and Pearlman and
Sargent (2005) show that by observing prices in other industries, agents share the same beliefs.
Walker (2007) and Rondina and Walker (2017) show that whether the price in the asset
market reveals the state of the economy depends on whether the underlying shock follows
a confounding process or not. However, most of the studies with endogenous information
restrict their attention to the case in which the number of signals equals the number of shocks
and agents observe the endogenous variable without noise to obtain analytic solution. In this
section, we will analyse the role of endogenous information when there are more shocks than

signals, and the endogenous variable cannot be observed perfectly.
5.1 Infinite state variables

In this subsection, we will provide an example to show that the finite-state representation result
developed in previous sections will not hold when the signals contain endogenous variables.
The model we use is a modification of the one used in Angeletos and La’O (2010). Assume
that there is a continuum of agents and each agent uses the following independent value best

response
Yir = it + B[y (5.1)
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Agents observe their own fundamental &; perfectly, which depends on both an aggregate

component & and an idiosyncratic component €;
§it = & + o€t (5.2)

As usual, we assume that the aggregate component &, follows an AR(1) process

& = p&—1 + Onte.- (5-3)

In terms of the information set, agents receive two signals each period, x;; = [let xft] . Their
own idiosyncratic fundamental &;; is an exogenous signal about the aggregate fundamental &;.
We denote z;, = ;. In addition, agents also observe a second signal, which is the aggregate

action y; with an idiosyncratic noise u;,
T = Yo+ O, (5.4)

The aggregate action y; is endogenously determined by all the individual agents’ choices, while
at the same time, it enters agents’ information set and affects the optimal choice of agents.

In this case, we find it is more convenient to define the equilibrium with the innovation form.

Definition 5.1. The equilibrium is a causal-stationary policy rule (L) = {¢(L), pu(L), ¢,(L)},
and the law of motion (L) for aggregate y;, such that

1. Agent i’s information set Qi = {x}t, x4, Tk o, 2k, ... } is determined by
Ty = &+ ocen, (5.5)
vl = o(L)n + outi, (5.6)

2. Individual rationality
Yit = & + aBu[ye] = de(L)es + u(L)wiy + ¢y (L)1, (5.7)

3. Aggregate consistency

ye = (L) = /yit = Oy(L)ne. (5.8)
The equilibrium with endogenous information involves two fixed points, the individual ratio-
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nality and the consistency in terms of the signal process. Our preferred interpretation of the
equilibrium conditions is the following. Whether or not the information set contains endoge-
nous aggregate variables, each individual agent will behave competitively and take the signal
process as exogenously given. For any ¢(L) in the signal process (5.6), one can solve the
exogenous information equilibrium that satisfies conditional 1 and 2. If ¢(L) follows a finite
ARMA process, the exogenous information equilibrium permits a finite-state representation.
Condition 3 further selects a particular process ¢(L) that is simultaneously consistent with
agents’ choices. It requires that agents perceived law of motion of the aggregate ¥, is the same
as the actual law of motion of the aggregate y,. This can be viewed as an additional cross-
equation restriction in the sense that agents perception is in line with the reality generated

by their own action.

The following proposition guarantees that there exists an equilibrium with endogenous infor-

mation.

Proposition 5.1. If a € (0,1), then there exists an equilibrium of the model in Definition

5.1.
Proof. See Appendix A.14 for proof. O]

This proposition only proves the existence of the equilibrium, but it is silent on whether
the agents need to keep track of infinite number of state variables or not. With exogenous
information, we have shown that the equilibrium always permits a finite-state representation
provided that the signals follow a finite ARMA process. In contrast, the following theorem
shows that with endogenous information, the aggregate y; does not follow a finite ARMA

process. As a result, the equilibrium cannot have a finite-state representation.
Theorem 2. If o € (0,1), the equilibrium of the model in Definition 5.1 does not have a
finite-state representation.

Proof. See Appendix A.15 for proof. O]

The proof of this theorem shows that if assuming the perceived aggregate y; follows a finite
ARMA process, the implied actual aggregate y; cannot be the same as the perceived aggregate
y:. With endogenous information, if we assume the perceived y; follows an AR(1) process, the

implied actual y; follows an ARMA (2, 1) process. If we assume perceived y; follows ARMA
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(2,1), the actual y; will follow an ARMA (4, 2) process. Iterating this process, the aggregate
y; follows an infinite ARMA process in the limit.

This is a somewhat surprising result. Kasa (2000) and Pearlman and Sargent (2005) show
that in the Townsend (1983) model, there is actually no infinite regress problem and the
equilibrium permits a finite-state representation. Similarly, in Rondina and Walker (2017) and
Acharya (2013), the equilibrium policy rule has a finite-state representation as well. Pearlman
and Sargent (2005) suspects that to resuscitate the infinite regress problem, there should be
more shocks than signals. Theorem 2 proves that in our model with endogenous information,
agents need to keep track of infinite state variables in equilibrium. Chari (1979) proved a
similar impossibility theorem for a particular univariate case, and we prove this theorem in a

multivariate system.

The reason for the infinite state variables, however, is not only due to the infinite higher order
beliefs. When the signals follow an exogenous ARMA process, the infinite regress problem
does exist but the equilibrium rule always has a finite-state representation. With endogenous
information, each individual still treats the signal process as exogenous. If the perceived law
of motion for y; is a finite ARMA process, we return to the case covered by Theorem 1: each
individual needs to solve the infinite regress problem, but the number of state variables is
finite. With endogenous information, what complicates the issue is that the signal process
itself cannot be represented as a finite ARMA process, but this is independent of the infinite

regress problem faced by each individual.

Compared with the literature, the equilibrium policy rule in Kasa (2000), Rondina and Walker
(2017) and Acharya (2013) all follows an ARMA process, even though the signals contain
endogenous information. The key difference is that they assume the number of signals equals
the number shocks, i.e., the signals x;, = M(L)s; with M(L) being a square matrix. In this
case, one can use the Blaschke matrix to obtain the Wold representation without knowing
the exact signal process. The cost of this assumption is that the signal process cannot be
too complicated. In Acharya (2013) or Kasa (2000), the endogenous variable that has an
information role is observed without noise, and the forecast error is transitory. In our model,
because there are more shocks than signals, agents can never infer the shocks perfectly, and

the forecast error is persistent.
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5.2 Computation

The infinite-state result is theoretically interesting, but it excludes the possibility of obtaining
the exact solution. Here we provide a tractable algorithm that can approximate the true
solution. The idea is to use a low order ARMA process to approximate endogenous aggregate
actions that enter the information set. This will enable us to use the Winer-Hopf prediction

formula.

1. Assume that the information process is given by

1
Ty = &+ 0c€y,

vy = (L) + ouua
where ¢(©(L) follows a finite ARMA process

Y_ (L — 6)
O(L) = o k=0 k
P =y )

2. Given the signal process, we can use the method in Section 3 to solve for the policy
rule ¢ = {¢(L), ¢ (L), ¢,(L)} in the exogenous information equilibrium. The implied

actual aggregate y; follows
Yo = Gy(L)1e-

3. Compute the difference between the perceived law of motion and actual law of motion,
@ — @, ||°. If [ — ¢, || is larger than the tolerance level, set the new law of motion

that enters the signal process as p)(L) = ¢, (L) and repeat 1 to 3.

Crucially, in step 2, agents’ perceived law of motion of y; is ¢, (L) rather than @ (L). ¢ (L)
only specifies the law of motion of the signal process. In this step, we still solve a fixed point
problem with exogenous information, and agents’ perceived law of motion and the actual law
of motion of y; are the same. Alternatively, one can assume that the perceived law of motion
of y; is simply »(®(L). In this case, the perceived law of motion and the actual law of motion
of y; are different. We call this alternative strategy as naive strategy. We show that our

procedure is much more efficient than this alternative strategy.

9t is natural to use the ¢2 norm.
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Sargent (1991) also uses an ARMA process to approximate the signal process, but our method
differs from his in an important way. In Sargent (1991), only the forecasts of future signals are
pay-off relevant. Once the law of motion of the signal is specified, agents do not need to solve
the signal extraction problem and there is no need to forecast the forecasts of others. In our
case, although the signal process is given, agents still face the infinite regress problem. Step

2 in the algorithm makes sure that each individual always performs their optimal prediction.

Compared with Nimark (2017), our method has the following advantages. The first advantage
is that our method requires fewer state variables. Nirmark’s method needs to keep track of
a relatively large number of higher order beliefs to accurately approximate the policy rule.
In our numerical example, it requires to keep track of the higher order beliefs up to order
30 to achieve the same accuracy as our ARMA (4,2) approximation. The second advantage
is that our method is applicable in more general environments. Nirmark’s method relies
on the assumption that the best response of agents’ action or aggregate law of motion can
be represented by a weighted average of higher order beliefs. This representation can be
difficult to obtain when the best reponse is complicated (see the quantitative model in Huo
and Takayama (2017) for example). Our method does not rely on this assumption. The
benefit of using Nirmark’s method is that one can apply the Kalman filter for the inference
problem and stay in the time domain without switching to the Wiener filter. In addition,

Nirmark’s method has a natural behavioral interpretation with bounded rationality.

Example We solved the example in section 5.1 numerically. We assume the initial guess of
©O(L) = ﬁﬁ, which is consistent with the perfect information solution. The left panel
in Figure 5 shows the iterations using the procedure discussed in this section. As can be seen,
after two iterations, the law of motion of y; almost converges. In contrast, as shown in the
right panel of Figure 5, if one uses the alternative naive strategy by assuming y, = ¢© (L)n;, it
takes more than 15 iterations to achieve the similar accuracy. Our preferred strategy requires
a much smaller number of state variables and is more efficient. Given the existence of the
equilibrium, this method can easily extend to other more complicated environments when

there does not exist a finite-state representation.
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6 Conclusion

In this paper, we have shown how to solve general rational expectations models with higher
order beliefs. When the signal follows an ARMA process, we prove that the policy rule always
admits a finite-state representation. It turns out the infinite regress problem does not require
infinite state variables, because the total effects of the higher order beliefs can be summarized
by a small set of variables. We provide a procedure that gives an explicit solution formula.
The key of our method is to apply the Kalman filter to obtain the Wold representation of
the signal process, and then use the Wiener filter to solve the inference problems. We also
prove that when the signal process contains endogenous information, the equilibrium policy
rule may not have a finite-state representation, which is in some sense the ‘true’ infinite
regress problem. This is due to the fact that cross-equation restriction imposes an additional
equilibrium condition that the perceive law of motion of an endogenous variable has to be
the same as the law of motion that is generated by agents’ actions. We provide a tractable
algorithm that can approximate the true solution accurately with a small number of state
variables. Various applications are easily solved by our method. We expect that the method
we develop in this paper can be applied in a much broader class of models, especially in the

areas of macroeconomics and financial economics with dispersed information.

44



References

ACHARYA, S. (2013): “Dispersed Beliefs and Aggregate Demand Management,” Working paper.

ANGELETOS, G.-M., AND J. LA’O (2010): “Noisy Business Cycles,” in NBER Macroeconomics Annual 2009,
Volume 24, pp. 319-378. University of Chicago Press.

(2013): “Sentiments,” Econometrica, 81(2), 739-779.

BACCHETTA, P., AND E. V. WiNcOOP (2006): “Can Information Heterogeneity Explain the Exchange Rate

Determination Puzzle?,” American Economic Review, 96(3), 552-576.

BAXTER, B., L. GRAHAM, AND S. WRIGHT (2011): “Invertible and Non-invertible Information Sets in Linear
Rational Expectations Models,” Journal of Economic Dynamics and Control, 35(3), 295-311.

CHARI, V. (1979): “Linear Stochastic Models with Decentralized Information,” Discussion Papers 458, North-

western University.
Futia, C. A. (1981): “Rational Expectations in Stationary Linear Models,” Econometrica, 49(1), 171-92.

GRAHAM, L., AND S. WRIGHT (2010): “Information, Heterogeneity and Market Incompleteness,” Journal of
Monetary Economics, 57(2), 164-174.

HawmiLTON, J. D. (1994): Time Series Analysis. Princeton University Press, Princeton, 2 edn.

HeLLwIG, C., AND V. VENKATESWARAN (2009): “Setting the right prices for the wrong reasons,” Journal of
Monetary Economics, 56, Sb7-ST7.

Huo, Z., AND M. PEDRONI (2017): “Infinite Higher Order Beliefs and First Order Beliefs: An Equivalence
Result,” Working paper, Yale University.

Huo, Z., AND N. TAKAYAMA (2017): “Higher Order Beliefs, Confidence and Business Cycles,” Manuscript,
Yale University.

Kasa, K. (2000): “Forecasting the Forecasts of Others in the Frequency Domain,” Review of Economic
Dynamics, 3(4), 726-756.

Kasa, K., T. B. WALKER, AND C. H. WHITEMAN (2014): “Heterogeneous Beliefs and Tests of Present

Value Models,” Forthcoming, The Review of Economic Studies.
LORENZONI, G. (2009): “A Theory of Demand Shocks,” American Economic Review, 99(5), 2050-84.

MORRIS, S., AND H. S. SHIN (2002): “Social Value of Public Information,” American Economic Review,
92(5), 1521-1534.

NiMARK, K. (2008): “Monetary policy with signal extraction from the bond market,” Journal of Monetary
Economics, 55(8), 1389-1400.

45



(2017): “Dynamic higher order expectations,” Economics Working Papers 1118.

PEARLMAN, J. G., AND T. J. SARGENT (2005): “Knowing the Forecasts of Others,” Review of Economic
Dynamics, 8(2), 480—-497.

PEREZ, D., AND A. DRENIK (2015): “Price Setting Under Uncertainty About Inflation,” Discussion paper.

RONDINA, G. (2008): “Incomplete Information and Informative Pricing: Theory and Application,” Discussion

paper.
RONDINA, G., AND T. B. WALKER (2017): “Confounding Dynamics,” Working paper.
SARGENT, T. J. (1987): Macroeconomic Theory. Academic Press, New York, 2 edn.

SARGENT, T. J. (1991): “Equilibrium with signal extraction from endogenous variables,” Journal of Economic
Dynamics and Control, 15(2), 245-273.

SINGLETON, K. J. (1987): Asset Prices in a Time-Series Model with Disparately Informed, Competitive
Traders. New Approaches to Monetary Economics, Eds. WA Burnett and KJ Singleton, Cambridge Uni-

versity Press.
TowNSEND, R. M. (1983): “Forecasting the Forecasts of Others,” Journal of Political Economy, 91(4), 546-88.

WALKER, T. B. (2007): “How equilibrium prices reveal information in a time series model with disparately

informed, competitive traders,” Journal of Economic Theory, 137(1), 512-537.

WHITEMAN, C. H. (1983): Linear Rational Expectations Models: A User’s Guide. University of Minnesota

Press.

WOODFORD, M. (2003): “Imperfect Common Knowledge and the Effects of Monetary Policy,” Knowledge,

Information, and Expectations in Modern Macroeconomics: In Honor of Edmund S. Phelps, p. 25.

46



Appendix
A Proof of Theorems and Propositions

A.1 Riesz-Fisher Theorem

Theorem (Riesz-Fisher). Let {c;} be a square-summable sequence of complex numbers for which > 20 |e,|? <
o0o. Then there exists a complex-valued function g(z), defined at least on the unit circle in the complex plane
such that -

g(z) = Z ezl

T=—00

where the infinite series converges in the mean square sense that

2

where the integral is a contour integral on the unit circle. The function g(z) is square-integrable

1 9dz
o § P <oo

The function g(z) is called the z transform of the sequence {c;}.

Conversely, given a square-integrable g(z), there exists a square- summable sequence {c;} where

1 N
=5 g(2)z7 " dz.

Furthermore, suppose {c;} be a one-side square-summable sequence for which Y > ;|c-|* < oo. Then there exists

an analytic function g(z) on the open unit disk such that

o0
g(z) = Z 2.
7=0

Conversely, given an analytic function on the unit disk, there exists a one-side square-summable sequence {c;}

where .
_ —7—1
r =5 9(2)z dz.
Proof. The proof of this theorem is referred to Sargent (1987) and Kasa (2000). O
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A.2 Proof of Lemma 3.1

Proof. There can be many different state-space representations and we only give one of them here, which is

sufficient to prove the claim. Hamilton (1994) shows how to represent a univariate ARMA process in state space,

and what we construct below is a natural extension to the multivariate case.

Without loss of generality, we normalize §;j0 = 1. Let u;; = max{p;j,q;; + 1}, and u = > ZT:I Uij. Fuxy is

constructed in the following way

Fii1 O
0 Fipo
F=1]0
0 0
0 0

The element F;; in F is a u;; X u;; matrix

[6i51
1
F;j = 0

0

Q is a u x m matrix with the following form

Flm

0ijo
0

Qijui;—1  Oijuy

Qu
Q12

le

Qnm—l
Qnm
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and each element Q;; in Q is a u;; X m matrix

0O ... 0 ... 0
Qij = |. : ' (A.3)
0 0 0
where 1 is at the j-th column.
H is a n x u matrix with the following form
(H,, H,, 0 .. 0 .. 0 .. 0]
o ... 0 Hy ... Hy, ... 0 ... O
H = . - (A4)
0 . 0
0 0 0 0 Hnl Hnm
The element H;; in H is a 1 X u;; matrix
H;; = |:04ij0 Qi1 oo Qjuy;i g

Let Z; follows
Z; =FZi 1+ Qsy.

We have
Xt = M(L)St = HZt

To show that the eigenvalues of F lie inside the unit circle, we can iterate the Z; to obtain

Z; =Y FIIQs;=(I-FL) Qs
=0

If the eigenvalues of F lies outside the unit circle, then Z; is not co-variance stationary, which contradicts the

assumption that x; is co-variance stationary. O

A.3 Proof of Wiener-Hopf Theorem

Proof. A formal proof can be found in Whittle (1983). Here we provide a sketch of the proof.

Suppose the prediction is based on all the realization of the signals x> instead of x’. The optimal linear prediction
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of f; is

E[ftlxoo] = pfﬂi(L)pxx(L)ilxt'

This formula is the same as that in OLS regression. py, measures the correlation between f; and x;, adjusted

by pgz. Given the fundamental representation
Xt = B(L)Wt,
the prediction is equivalent to the prediction conditional on w* and the prediction formula can be written as

E[fe[x>] =E[f|w™>]

=pfz(L)Pzs (L)_lxh
—pr(DB/(LY) 'V IB(L) B(L)w,
(DB )V

Now imagine the prediction is conditional on only current and past signals x’, which is equivalent to conditional

on w'. Since w; is serially uncorrelated, the best forecast of wy, for k > ¢ is zero. Note that ps,(L)B/(L~1)~!

contains negative powers of L and the best forecast of wy, for k > t is zero, the optimal prediction for f; is simply

E[ft]xt] :E[ft|wt]
=[pr(L)B' (LY 4V wy,
=[pr(L)B (L) . VIB(L) .

Recall that B(L) is invertible, so B(L)~! contains only positive powers of L. O

A.4 Proof of Proposition 3.1

Proof. From Canonical Factorization Theorem, we have that
B(L)"!=1-H[I- (F-FKH) L]_1 FKL,
and from Lemma 3.1 it follows that
Z,=I—-FL)'Qs;, and, x, = HZ,,

which implies
xy=H(I—-FL)™ Qs,.
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By definition, it follows that

Hence,

B(L)"'M(L) = (I _H[I- (F - FKH) L] FKL) H(I-FL)'Q
~H (I _[I-(F—-FKH) L™ FKHL) (I1-FL)"'Q
- H <I I (F-FKH)L ™ ((I-FL) + FKHL — (I - FL))) (1-FL)™Q
—H (I—I+ I- (F - FKH) L] (I—FL)> (1-FL)"'Q

=H[I-(F-FKH)L] '0I-FL)I-FL)'Q
_ HAdj(I- (F-FKH)L)Q

~ det(I—- (F—-FKH)L)

_ HAdj(I- (F-FKH)L)Q

a [Tie (1= L) ’

where {\};_, are the non-zero eigenvalues of F — FKH. The last equality follows from the fact that

det (I— (F — FKH) L) = L det (IL™' — (F - FKH)) = L'L~ " [ (L =[] -xD),
k=1

where v is the dimension of F. It follows that,

QAdj(I- (FF-HKF)L ) H
HZ:l (1= L71)

_ QAdj(IL— (F'—H'K'F/))H'L

N Lv=uTTh_y (L — ) ’

_ G(L)

e (=)

Ml (L—l) BI(L—I)—I —

By the Wiener-Hopf Theorem, the prediction formula is

E[f | x'] = |(@L)M L HB'@L )| VIBL) 'x

_l’_
and by assumption and previous derivation,
_ 1 G(L)
M/LlB/(Ll)lz - ,
) I (L )
V(L) = L.
H?—:l (L - 57)
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The following result is useful for analysing the plus operator. Suppose g(z) is a rational function of z that does

not contains negative powers of z in expansion and || < 1, then

9(2) - 9(2) - 9(&)
{(Z —&1)- (2 —&)Lr (&) (&) z:l (2 = &) TLrp (& — &5)

Based on this result, we have

IYMY(L-YZB/(L-1H! _ a(L) M(L-YB' (-1
oM TR L
RS a(Ae)G(Ax)
=0 (L= 2 T e = Ar) TT7—s (i = )
- zd: a(Bi) G (Br)
= (L= Bi) TTo=y (Br = Ar) TTE 20 (Br — B7)
Note that
pee(2) = M(2)M'(z71) = B(2)VB/(z71).
The result then follows straightforwardly. O

A.5 Proof of Proposition 3.2

Proof. By Proposition 3.1, the forecast about E,[P(L)y;] can be written as

Y1t d(L) A M(L)s; > i1 Pu(L)o(L) A;M(L)s
EP(L)y:] =E; |P(L) | : =E; |P(L) : = [E; :

Yrt @(L) ArM(L)st 21 Pri(L)@(L) AiM(L)s;

By Proposition 3.1, it follows that the forecast about Pj;(L)y; is given by

E4[Pji(L)p(L) A;M(L)si] =Pji(L)(L) AM(L)M' (L) pua(L) '
- Bl @(On) AiM(A)G (A V' B(L) !
= (L= M) T O = A T2y (A = B5)
_ 3~ PulB) (5 AMBI GBIV B!
k=1 (L— ﬂk)HT 1 (Be — A )Hi;ﬁk(ﬁk_ﬂ’r)

Xt
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The forecast about Q(L)y; and R(L)s; can be obtained in a similar way. Collecting all terms and using the fact
that M(L)M'(L™') = pu.(L), the system of equations becomes

.| o(L) Ai(PLi(L)L, + Qui(L)M(L)AM' (L) pre (L))

Z : Xt =

T ALY Ai(Pra (D)L + Qs LYM(L)AM (LY pyp (1))

[ . 1(—1 -1 u Ri (A\)GOw)V 1B(Z Rl(Ak)G(ﬁk)V_lB(Z)_l |
( B (M=) e (2) 2 kmt TR O A T oo S TR 1 (B3 TT7 (B —5)
(PLs)@' () A MO0 ()¢’ () A MOAGOLV B
+Zz IZ

(L— /\k)l_[#k(/\k AT)HT_1(>\k Br)
r d (Pl,i(ﬁk)(ﬁ,(ﬂk)AiM(ﬁk)+©1,i(5k)¢,(5k)AiM(ﬁk)A)G(Bk)vilB(Z)il
T2t 2 (L—B) Ty (B =) T1 21 (Bi— ) >Xt

_ (=1 r()\k)G()\k)V_lB(z)_l T R, (\)G(B)V_IB(2) !
< R (M (z")pea(2)” 2t T s A T Our) T 281 () T (Ao T )

PriQk) @' (M) AiM(Ap)+@ri Ak)d M) AiM(AR)A)G (M) V1 B(2)
Y Yy (L=Ne) TL 2 O —A0) T2y (e —B-)
rod (Pri(B)¢ (Br) AiM(Br) +Qri (Br) ¢ () AM(Br) A)G(5r) V' B(2) !
+ 2 im1 2kt (L—Br) TTe =y (Br—=Ar) TT% 4k (Br—Br) >Xt

This has to be true for all the possible realizations of {x;}. Note that

=~ (@(LY Ay(Pri(L)T, + Qui(L)M(L)AM! (L™ Y pu (L)1)

2

UL (@LY AP (DL, + @m-(L)M(L)AM/(L—wpm<L>—1>)’
=S (PdL) O T )+ 30 (1) MUEDAM (D)(Q(E) O o) (e 9 1)1
—Z ) & L)G(L) + (I © ply (L) M(L™)AM'(L <Z Qi(L)e, @ In> (L)

=(P(L) ©1,)¢(L) + (Q(L) @ poe (L)™' M(L™)AM'(L))$(L)
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([ 1—1 -1 u R1 ()G VIB(2) ! Ri(\)G(B)V'B(2) !
< R (2)MI(27)paa(2) ™" + 2k (72 M T 2 Ok =Ae) TI (=B + 2k 55, VT, (Bo—Ar) 1221 (Bo—Br)

(Pri M) ) AiM(A\)+Q1,i M) 9’ (M) AiM (M) A)G (A, )V B(2) !
20 Dk (LM T e, Ok —2) T2 (= r) /
+ET Zd (Pl,i(Bk)d’/(ﬂk)AiM(ﬂk)‘i'Ql,i(/Bk)d)/(IBk)AiM(Bk)A)G(IBk)V71B(Z)71
=1 k=l (L—B1) TTe (B =Ar) T1% 21, (B —Br)

_ r0—1 r(/\k)G()\k)V_lB(z)_l T R, (\)G(B) VT IB(2) !
< R ()M (27 pea(2) ™) +Zk =) TL o Qe =An) I O —Br) P (L—B) TTe—q (Br—=Ar) TT% 2k (Br—Br)

rz /\k)(f) (/\k)A M()\k)+Qr z()‘k)d)l()\k)A M(/\k)A)G()\k)V_IB(Z)_l
+ 1Zk— (LA T2 kA0 T2y (A=) /
+Z Z Pri(Be) @ (Bi) AiM(B1) +Qr.i (Bi) @' (Bk) AiM(B1)A) G (8) V' B(2) !
LY (L—B1) TTe (B —=Ar) TT% 21, (B —Br)

—(I, ® Pl (L) 'M(L ™)) vec(R/(L))
Z“: (I, ® B'(L)"'V~1G/(\))vec(R/(\y) . i »@B/(L)~ lV_lG’(ﬁk))dvec(ﬁ’(ﬂk)
1 (L= ) T (A — A DT O\ =B (L= ) TIEZ Bk — Ar) [ 172 (Be — B-)
 (P() @ B'(L) VTG ()M (M) p (M) Zd: (Br) ® B'(L)"'V'G(8)M'(Br)) ¢ (B)
k=1 (L= Ax) Hq—;ék()‘k — A7) HT 1()‘k - Br) k= (L — Brk) HT—1(ﬁk = A7) Hi;ﬁk(ﬂk - Br)
LN~ QW @BI(L) V- G AAM Q))E() i () © B(L)"'V7IG/(5) AM(54) ()
i (L= ) Tl A = Ar) TIrmy (M — BT = (L= B T (Br — A TS 2 (Br — Br)

1

_l’_

Multiplying I, ® p!. (L) to both sides yields

(P(L) ® po(D) + Q) @ M(L*)AM’(L)) (L)

u

—1\/ vec(B(L™1)G'(\)R/(A d vec(B(L™1)G/(Bp)R/(3
= — vec(M(L 1)R(L))+Z( (B(L)G (M) R () +§L ; B(L™Y)G'(Br)R!(Br))

(L= 2e) [Tz (A — A7) Hi:l()\kz -B) o k) HT 1(Br — A7) Hi;&k(ﬁk - fr)

u

+ (L @ B(L™Y))
k

P(\) ® G'(A)M () + QM) © G/(A) AM/(\g)
1 (L - )‘k) Hr;ﬁk()‘k - )‘T) Hi:l()‘k - ﬁT)

P(61,) @ G'(B)M'(Bx) + Q(Br) © G () AM' (51,
=1 (L= B1) [Tooi (B = Ar) Hi#(ﬁk — Br)

b (M)

|l

+ (L ®B(L™)) #(Br)

By Riesz-Fischer Theorem, it is equivalent to the following system of functional equations
T(2)$(2) = D |z {d(M) }izr: {B(51) }izo

By the Riesz-Fisher Theorem, there exists ¢(L) that solves model (3.4) if and only if there exists a vector analytic
function ¢(z) that solves equations (3.17). O
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A.6 Proof of Lemma 3.2
Proof. Consider the part related to ¢(\g) for example. There exist matrices ®j 1 and ®j o such that

P(M) ® G/ WM () + Q) © G OAM ) 1 o o
L—X\. 7 '

(L= M) TLze O = A) T2 O = Br)

where ®;, 1 is with full column rank and ®, is with full row rank. The rank of ®;; and ®; o are the same as

the rank of P(A\;) ® G'(Ae)M' (Ar) + Q(A\r) ® G’ (Ag) AM! (A1)
Similarly, for the part related to ¢(fk), there exist matrices Wy 1 and ¥y 5 such that

P(80) © G'(BIM' () + Q) © G(BIAM (B) _ 1@ o
L—p3 ™ "

(L = Br) TTE—1 (B — Ar) T (Br — Br)

where ¥, 1 is with full column rank and Wy o is with full row rank
Now we can rewrite D [z, {d(\e) iy, {¢(5k)}k0:| as

[z (DO, {¢<5k>}z:o] — Dy ()4 + Da2)

where
_ w o
Di(z) = (L @B [ 24 . 2y 2 Za |
= vec(B(L™)G'(\)R/(A\r))

Ds(z) = —vec(M(L Y)R/(L
»(2) (MUEORED 2 T e A Ty O — 0

LG (Bu)R (Br))
) 18 4B = Br)

vec(B(L

d
2 T e 0

7 (
KB 2¢()\1)

. (I'u,2¢()\u)
v = Wi 20(51)

| W i20(84) |

Note that the dimension v is N1 x 1, where
Zrank< Q(\r) ® G'(A)AM' (\y,) > Zrank( (Br) ® G’ (B)M (i) + Q(Br) ® G (By) AM/ (gk)>
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Furthermore, D;(z) is with full column rank. O

A.7 Proof of Theorem 1

Proof. By Cramer’s rule, the i-th element of ¢(z) that solves equation (3.17) is given by

det Tl(z) ce Tifl(z) Dl(z)’l,b -+ DQ(Z) Tl (Z) e e Tm(z)

9i(z) = et [T (2)]

By Assumption 3.2 and Proposition 3.1, the functions in T(z), D;(z), and D2 (2) are all rational functions with
finite degree. As a result, whether ¢;(z) is an analytic function or not is equivalent to whether ¢;(z) has poles

within the unit circle or not.

The inside poles of ¢;(z) are either the inside roots of det[T(z)], i.e., {C1,...,(n,}, or the inside poles of
az(z) =det |T1(2) ... Ti—1(2) Di(2)Yp + Da(2) Tiyi(z)... ... Tn(z)].

By construction, the only poles of ¢;(z) are {\e}e_, and {Bi}¢_,. However, {\¢}¥_, and {B;}¢_, cannot be
poles of ¢;(z) because these poles are generated from the Wiener-Hopf prediction formula, and by Proposition
3.1, these poles are already eliminated by {{¢p(\x)}i_,, {0 (Bk) zzl}. Therefore, we only need to consider the
inside roots of det[T(z)].

For any (;, we have det[T(¢;)] = 0 and there exits ¢; such that

Te(G) = Y ¢k Th(G)

k£0;
Suppose that

det [Tl(@) oo Tg1(G) Di(C)Y +D2(G) Toga(G) - Tm<g)]=o. (A.5)
For any j # ¢;, we have

det [T1(G) .. Di¥+Da(¢) - TolG) o TralG)]
j-th column £;-th column
= 3 det [Tl(g) DG Do) .. GhTR(G) ... Tm(g“i)]
i 787552 J-th column £;-th column
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This implies that if equation (A.5) holds, then for all j € {1,...,rn}, ¢; is the root of the determinant

det [Tl(g) . Di(C) +Da(C) . Tm(g)] ~0.

j-th column

Consequently, ¢; cannot be a pole of ¢(z).

Without loss of generality, assume that ¢; = 1. To choose 9 to remove all poles of ¢(z), consider the following

problem, ] ]
det DG + Do) Talc)) o Tl
Uy + Uy = : : :
et [ DG+ Dafons) Tal) oo Trnls)]
If there exists 1 such that
Ui + Uy = 0, (A.6)

then {Q}fvjl are not poles of ¢(z).

1. If N7 < Ns, then there are more equations than unknowns. There does not exist @ such that equation
(A.6) holds. As a result, there is no solution to (3.17).

2. If Ny = Ny = rank(Uy), then there exists a unique t that solves (A.6). Therefore, {¢;}2? are not poles
of ¢(z).
3. If Ny > Ny or Ny = Ny > rank(U,), there are infinite solutions to (A.6). As a result, there are infinite

number of analytic functions ¢(z) that solves (3.17).

A.8 Proof of Proposition 3.3

Proof. By Assumption 3.2 and Proposition 3.1, the functions in T(z), D;(z), and D2(z) are all rational functions
with finite degree. If there exists a solution to (3.4), ¢(2) is a rational function with finite degree. The inside
poles of ¢(z) are removed by proper choices of {{d(Ag)}¢_;, {#(Bk)}¢_,}, and the remaining poles can only be
the outside roots of det[T(z)], which are {d]7,... ,ﬂj\é .

Denote M(L) = h(L), Xy =y, and S; = x;. By Lemma 3.1, there exists a state space representation of yy,

which is given by

z; = E‘Zt_l—FQXt (A?)
y. = Hz (A.8)
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where F, Q and H can be constructed according to (A.1) to (A.4) respectively. Define

r,=Q, I,=F, (A.9)
Y,=Q, Y.=F, (A.10)

and we obtain the finite-state representation. Note that the eigenvalues of I', all lie inside the unit circle. The

law of motion of z; can be written as

Zy — (I — TZL)_ITth (All)

Therefore, given {xt}t;l_oo,
z_1=O-".L) '"T,x4 (A.12)
O

A.9 Proof of Theorem 3.4

Proof. Suppose there exists a solution in signal form
vt = h(L)x;.
By the definition of the signal process (3.1), it follows that
vyt = h(L)M(L)s;.

Because y; = h(L)x; is a solution to model (3.4), y; = h(L)M(L)s; represents the same process and is also a
solution model (3.4).

Reversely, suppose there exists a solution in innovation form
ye = d(L)s;.
Since y; always lies in the space spanned by current and past signals, it follows that
d(L)s; = E/[d(L)s¢] = h(L)x.
By Proposition 3.1,

 vee(B/(L)'VIG (A ()
k=1 (L= M) [T 26 (A = A7)

vec(h(L)) = vee(pl, (L)' M(L™H)d'(L)) —
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A.10 Proof of Proposition 4.1

Proof. By the Canonical Factorization Theorem, the prior variance of the state & and the Kalman gain matrix

satisfies

P = F[P — PH'(HPH' + ¢¥') 'HP]F + &'
K = PH'(HPH' + ¢¥/)!

Using the state-space representation in equation (4.5), P will be a scalar. Denote x = P~! as the prior precision

about &, it is easy to verify that

2

202k2 = [(1 — p?)o20? — 0202 — O’?U%]KJ + (02 + 062)0,7

o wOn

— 2(.2 2 2 2\—1 2(.2 2 2 2\—1
K= O'H(O'UO'GIQ—FO'U—FO'&) O'e(O'uUEH—}—O'u—}—O'E)

The forecast about the fundamental & is given by

Eil&] = ouotn(oyoln + oy + o)~ pRi1[§e] + (ouoln + oy + 08) T (o, + ola)

3

Define 7, = <

o u“e

1 1 T+ T 1 n+7\2
A= <+p+ ! 2)—\/<+p+ ! 2) —4
2 (\p PTIT2 p PTIT2

The Wold representation is

2
, T = Z—%‘, and A = 0202k(0202k + 02 + 02)"!p, and it follows that

SN

+A (A=
B(z)_l _ 1 1= TZTT-&-TleZ T1T1+T§)Z
1—\z Mz 1 _ TiptAT2 |0
1+72 T1+7T2
T1 P+ AT
v-lo L |75 Ay
p(7'1 + TQ) A\ — p % ’

Assuming y;; = hy(L)x}, + ho(L)x2, it follows that
Yt = (hl (L) + hQ(L))gt + hl (L)Et.

By Proposition 3.1, we have

/!
1 A l’l
Eit [gt] = ll_f\L (1P;\)PT1] [ ;t] )

1=AL (1—pA)pT2 Tig
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and

A L A2 1
Ealy] = o Ty En ML) = G o AL S NED
v - A L A2
Lpre (1—=AL)(L—2X) hl(L) pr2 1 1p>\ (1- )\L )hl()\) _xz2t_
[ A L A2 1 1 717
L | (1—)\L)(L—/\)h2(L) 1 1—pX (1— )\L L /\)hQ()‘) g
_pi\'z a AL%(L—)\)hQ(L) ,5\721 lp)\ - ,\L h2( ) xz2t
T 2(L—p)(1-pL) 2(A—p)(1—pL) !
+ 7'1+17'2h (L) + (n+72)(1 AL)(L— ,\)h (L) = (n+r2)(1 AL)(L— ,\)h (/\)] [let]
2(L—p)(1-pL) 715 (A—p)(1—pL) 2
—mim (L) + (n+72)(1 )\L)(L y(L) — ey (] L

The model requires that
Yit = Bit[&e] + o[y,

which leads to the following system of analytic functions

where h(A) = ha()), and

i A
A z T 725 (2—p)(1—pz) A\ ;
- e ~ @ <ﬂ+1¢2 T (T1+iz)(1—Az)(Z—A)) O T N
Cz) =
A z 2(z=p)(1-p2) A\ ;

_7051?72m -« < 'r1+7'2 + (7’1+’T2)(1 Az)(z— >\)> 1- O‘Em
_ , )

d( b)) = dl(z’h(m] - [A”AA) NG 1m<1izf<z»h(”]

) 1 2 .
_d2(za h()‘)) 1_1)\2m — Oép)‘TQ I lp)\mh()\)
Note that
det C(2) (1—a)\(z—9)(1—92)

(1 —Az)(z—A)
The inside root of the determinant of C'(z) is

1 (1—a)T1 4T (1—a)T14+72
(b Spm) - (3o =)

2

Y =
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Using Cramer’s rule,

A z
di(2)  —orraEey
det
A z
h(z) = d2(2) 1- a0 ey
! B det C(z)
The numerator is
A z
d(2)  —e ey

det
da(2) 1= g ey
B 1 Az=2) X1
=)z =) | (

a— 1—pz)h(N) ;.
1 —pA)pn pﬁl—p)\( pz)h( )}

To make sure hq(z) does not have poles in the unit circle, we need to choose h(\) to remove the pole at ¥}, which

requires

9 —A
hN) = ———.
() a1l — pv)

Therefore,

0, 1

h =
1(2) pri(1—a)(1—pId) 1 —92’

and similarly,

0 1

ha(z)

- pri(l—pd)1 -9z

A.11 Proof of Proposition 4.3

Proof. The signal process is

v = M(L)si = 1227 o] [m]

Uit

The corresponding fundamental representation is

where A is




which satisfy

It is straightforward to verify that

Forward-looking Model We start with the forward-looking model in which

10
_ _ -1 _ g _
PL)=1, QL)=-aL™, R(L)=[Z 0], A—[ ]
The system of equation is

2 (.2 1, %91 o}
I G VR TR R D I e e

(=) = 1= p2)(z—p) =T
D) = — TN wh
ST AN )z —p) AN p)

To have a unique solution, it has to be that |(1| < 1 and |(2| > 1. Note that when o < 1,

1 o021 ol
z2—<+”+p>z+1+ g

o (p+ 1) - )—U% <0
Tn 9 N,
p o oap 03P lmn "7 pos

u

which guarantees there exists a unique solution. Multiply (1 — pz)(z — p) to both sides and set h(X) such that

2 2
o,(z—A) op M1 — pz)

1—pr T a—pn

h(\) =0

2=

This leads to that

Defining ¥ = C{l, it follows that

(A.13)

where

1 1 o2 1 o2 \? o2 o
V= —F—F— || -+r+—5 —\/<+p+’72> —4<1+’27)
2 (1 + ﬁﬂ) p po? p po? o2 p

a2 p
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Static Model The static model is the same as Application I. The result is that

o2 9 1
h(z) = 2 ———=
) oi p(1—pds) 1 — sz
where
1] /(1 (1—a)o2 1 (1—a)o2\?
Vs = = *+P+72n — *+,0+7277 —4
2 1\p POy P POy

Backward-looking Model In the backward-looking model,

P(L)=1, Q(L)=—al, R(L):[I% 0}, Azll 0]

The system of equation is

T(z) = —(pog + ao}) (;;2 _ o ;;S;QPQ)Z + pa?fj—ia%) —(po? + ao?)(z — (1) (z — C)
B (1= pz)(z —p) a (1= pz)(z —p)
D(,h(V)) = =N M 0
- (1— pA)(l —pz)( T NG =)

To have a unique solution, it has to be that (1] < 1 and |[(2| > 1. Note that when « € (0,1),

2 2 1
2 —|—U(1+p)z+ po? __(1—a)an+pau(p+p—2)<0
poi+ ao? pol 4+ ao2| _, poi + ao?

which guarantees there exists a unique solution. Multiply (1 — pz)(z — p) to both sides and set h(\) such that

o2(z — \ o2)\2(1 — pz
HemX) | ob0op),
1—pA (1= pA) =G
This leads to that
o2 1 1

") = e T G

Defining ¥ = Cz , it follows that
Ipo> 1
poz + aod — p?oady 1 — Opz

CMO'Q
19—1+ﬁ o7 +on(l1+p%) N o2 +02(1+ p?) 2 A po?
T poi+ ao? po2 4 ao? po 4 ao?
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h(z) = (A.14)

where




Comparison Recall that 19]71 is a root of

while 9! is a root of

Note that , , ,

1 o, 1 o O- o
P-|=+F=+p|z+1+5— = 2-(1-9;1 <0

p Uup up 220;1 Uup

Therefore, ¥, < ¥s.

To compare 95 and ¥y, recall that 19;1 is a root of

2, 2 2 2 2
or+oa(1+ 2 2 o 1 o051

2T ul P)Z+ POy _ POy, 1+ 1) L2 _ A P
poz + aoc? pos +aok  pol4ao? o2 p p oip

Note that

Therefore, ¥5 < ¥y.

A.12 Proof of Proposition 4.5

Proof. For agent ¢, the signal process is

xit = M(L)si = [i;L O'u] [ﬁt]

Ut

Similar to the Proof A.11, the corresponding fundamental representation is

where ) is

which satisfy



It is straightforward to verify that

Now consider agent ¢’s forecast problem. Let j be the index of the other agent, and the forecasts are given by

02 B 1
Eit[&] = a _np)\)V 11 — 7 it

Eit[yﬁ]:<v%hj<L>L a%w)A(l—pL)) a1

L—x (10— —N 1AL

The best response requires that

o2(z— A ozhi(MA(1 = pz
V(z =21 = A)hi(2) — wiogzhy(z) = (1 — w;) (1(_ p») aan j<(1 )— (pl» =

For agent j, a similar equilibrium equation can be derived. Combining the two agents’ best response leads to

hi(z
() | Dby (e ha(0)
hQ(Z)
where
T(Z) _ V(Z - )‘)(12* )\Z) fwla%z
i —Ww20,2 Viz=XM)(1-Az2)
_U%(Z—A) — Wy 0,2]h2()\)>\(1—pz)
D(z,h1(A), ha(N)) = U(gl(;pj‘)?) U%hl((l)\;\/oa)ipz)
[T 92T TN

The determinant of T(z) is given by

det[T(2)] = VZ(z = A)(1 = Az2)(z = N (1 — \z) — wlwgoé‘zz
= 0up’(z = 01)(2 = 07) (2 = ¥a)(2 = 03 1)

N

~ 010y

(Z — 791)(1 — 1912:)(2 — 792)(1 — 1922:)

We can characterize 91 and 95 in the following way. First notice that
1 1 1

9+ — Yo+ — ) =21+ =

(25 )+ () =2 (2+5)
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1 1 1\2 WIWQO'%
(e 5) () = (043) s

then we have

1 1 \/w1w202 1 1 \/w1w202
Y Sl I NI [P S/ 9 S 5 N yooreTn
LT <+)\> ol T, <+/\)+ pos,
and
1 i 1 1— Jwiw)o 1 1 — Jwiws)o2
b= <+p+( ‘/;2)">—\/<+p+( \/;2)71) 4
po2 p po?
1 [ 1 14 /wiws)o 1 1+ /wiws)o2 ]
b=t <+p+< Vi) n)_\/<+p+< V) > \
poy, P POy,

To determine hj(A) and hgo(X), we need to set

a2(z—N) a2ha (M)A (1—p2) 2
det | Lo~ @1 TI—p) TemE
o2(z—A) o2h1 (M)A (1—pz2)

TN — 927 T

when evaluated at z = 191 and z = ¥5. After some algebra, we have

1—wiw: 072 l—wiws)910y 02
ha(L) = o2 9 s (@) + stiton ) — (- wn) + (el 5 L
BT 52 p(1 = 9109) (1= L)(1 - 95L)
1(_ _ (—wiws) 9 (I—wiw2)dhd2 o5
ho(L) = Oiy V12 p <(1 w2) + [T pa ) (1) og) <(1 w2) + (1 pi1)(1—p0) Ug) L
05 p(l — 191’(92) (1 — 791L)(1 — 192L)

A.13 Proof of Proposition 4.4

Proof. Note that xin@ e = @i T Em e the signal process can be equivalently rewritten as

Ty = Qmit) T OcCit
~2 2 - X .
Tit = Tyt — W= §t + Oc€m(ity T Tullit,

& = p&—1+m.
Denote the policy rule using this transformed signals as

Yit = GaQi + gl(L)%‘lt + 92(L)@2t
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In the end, the policy rule using the original signals can be found by

ha = ga — g2(1)
hi(L) = g1(L)
ho(L) = ga(L).

Note that the two signals are independent of each other, and we can find the Wold representation for each of

them separately. The canonical representation for 7% is

1-—A
B(Z) = Z?
1—pz

Vo 0(034-20'3)7
Ao

where

1 1 o2 1 o2 2
A=< p++”—\/<+p+”> —4
2 p  ploZ+o}) p p(og +03)

The prediction of Yy, ) is

Eit[Ym(inye) = Eit[ga@mie) + 91(L) (@mim(ie),0) T Te€m(ine) + 92(L)(0utlm(iye) + TcCmimi),e) T &)l

where
2
T4 1
Eitlamin] = o2 4 o2 Ty
Eit[@m(m(i,r),r)] = ai if 7=t, otherwise 0
Molo? 1-pL
Eilocemiiryr] = o+ 7;5) . ;)Lfn\?t if 7 = ¢, otherwise 0
Eit[um@d = 0
Eq| ] = %L it otherwise 0
it|Oe€m(m(i,r),r)] = o2+ o2 r; U7 =1, otherwise
Lga(L)  A1—-pL)g2(N)) V7'
Eylgo(L _ >
tlo2(L)&] (L)\ TN Y AV AL

The best response requires that

9a@; + g1(L)z}, + g2(L)T%

9 A 2 2 _
— (o 1 0—60-77 ! pLAQ
=a; + [Qa o2} o2 iy + 91(0)a; + 91(0)[)(02 +o03)1— AL
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L-Xx (1-pN(L—N

Lga(L) A1 —=pL)ga(\)\ V' ol
+ ( 1— )\L‘T’Lt +92(0)O_g +0_62xit >

which leads to

9ga = 1+ agi(0)
2 2

g g,
0) = ags——2— + ag2(0 £

AoZor 11— pz N (zhg(z) A1 — pz)hg()\))> e

p(o2+02)1— Az z=XA  (I=pN(z—=XN) /) 1-Az

92(2) = ag1(0)

The third equation can be written as

1 oto, V1= p2)g2(N)
ORI U _ _ 9% 4 _ -
= 0) (2 5 ) 2 = an(0) T (1 )= ) —at TP
where
11 (1—a)o? <1 (1—a)o2\?
== |=4p+—-—T1L /(= + +”> —4]. A.15
o PR \/ AR A
Use g2(\) to removes the inside root 9, we have
«
91(2) = 91(0) = 9 o2 99 0203
10?4 % (1- 22 20 )

9o =1+ agl(o)
_ aﬁgl(O)azag 1—pz
 p(02+02) 1-92

A.14 Proof of Proposition 5.1

Proof. Let ¢ = {¢1, o, d3} € £2 x £2 x £? denote an arbitrary policy rule. The norm of ¢ can de defined as

oo oo o0
I8 = |02 D 6% + 02D 83+ o2y 63
k=0 k=0 k=0
The individual action is then given by

Yit = e(L)e€it + Gu(L)uir + (L)1
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Given ¢, define the signal process as

1
Ty = &+ o€,

¢n(L)77t + oy Uit,

2
Lit

where we have already used the equilibrium condition that y; = ¢, (L)n;. The optimal linear forecast conditional
on the signals is denoted as
Eit[y] = ¢e(L)e€it + du(L)uit + &y (L)1t

Note that the individual optimality requires that

be(L)eit + du(L)uir + ¢n(L)ne = & + o€ + allit[ys].

Define the operator T : €2 x £2 x 2 — 0% x (? x (? as

T(d’) = {Us + a(/b\E) 04¢A>u7 0'77(;56 + O‘Q/gn}

where ¢¢ = {1,p, p?,...} denotes the coefficients of the lag polynomial of &. The equilibrium is a fixed point
of the operator 7. For the existence of the fixed point, we will rely on the Schauder’s fixed point theorem. To
apply this theorem, we need to show that ¢ always belongs to a compact space. It turns out a higher order belief

representation of individual’s action is sufficient to prove it. By consecutive iteration, we have

yit = &it + it [yy]

=&t +aEi [/ yjt]

=&t + alEy [&] + 042Eit [/ Ejt[yjt]]

=&t + Z o Ef[&]

k=1

By the law of total variance, the variance of Eft [&:] is less than the variance of &. Therefore, no matter what
the signal process is, the variance of y;; is bounded. Therefore, the policy rule has to belong to a compact space

bounded by the norm of &, and the operator T is a bounded continuous operator. This completes the proof.

O
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A.15 Proof of Theorem 2
Proof. We first layout the structure of the proof, then we enter the details of each step.

1. Assume the law of aggregate y; has a finite ARMA representation in condition 1 of definition 5.1.

)
L)= Al
o) = 53, (A16)
where a(L) and b(L) are finite polynomials in L.

2. Solve agents optimal policy ¢ = {¢1,¢2,¢3} in a partial equilibrium with exogenous information. The
partial equilibrium consists of two conditions

e Fach individual makes inference conditional on the following signal process
Ty = &+ oecit

vy = @(L)ne + ouuit

e The policy rule ¢ satisfies that

yit = &t + o Eit [ye]

where

Yit = Ge(L)€ir + du(L)uis + ¢p(L)ny,
Yt = (L)

Note that in this partial equilibrium, agents reply on exogenous information, but their optimal policy rule

does depend on others’ action. Also note that we do not require ¢,(L) = ¢(L).

Solving this partial
equilibrium is similar to the problem in Section 3.

3. Show (L) cannot be the same as ¢,(L). That is, condition 3 of definition 5.1 cannot be satisfied.

Now we move to the details of each step.

Step 1 Under the finite ARMA representation assumption, the signal process is given by

Ust

o 0 —- cit
Xt = M(L)Szt — [06 1951

Ui
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The state-space and fundamental representation are

xi = HI-FL)'Q
M(L)M'(L™Y) =B(L)V'B/(L™)

Step 2 By Proposition 3.1, the forecast about y; = ¢, (L)n; is given by
ity (L)n] = Ho 0 @,(L)] 1\/1’(L—1)B’(L—1)—1]+ VIB(L) ' M(L)sq.

As shown in the proof A.4, there exists finite degree polynomial matrices G(L) and K(L) such that

M/ (LHB/(L7H ! = —( ) A17
( ) ( ) ngl(L >‘i) ( )
VIB(L)"*M(L —( ) A.18

where {/\i}gzl are non-zero eigenvalues of F — FKH in the associated steady-state Kalman filter problem.

The forecast about the aggregate action in the partial equilibrium is

Eit[ye] = Eit[dn(L)ne] = HO 0 ¢n(L)} M/(L_l)B/(L_l)_l] V'B(L)'M(L)sy

N
00 swje) k@
(L = M) [Tz Ok = M) T, (1 — ML) Sit

d
= 0n(L) [0 0 1] ML pwa(D)M(L)si — Z
1

The partial equilibrium condition for ¢,(z) is

[0 0 ¢y(A )} G(Ar) K(z)

0
on(2) [ 1=al0 0 1 MEHMEME)ME) [o
1
0
T1-pz az‘; = ) [ e = A0) TTE_, (1 = Niz) (1)

d
k
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Step 3 First note that'’

[0 0 1] M’(z—l):[

z—p

z

and

(M(z)M'(z~ 1)~

(1 —p2) (2 — p)b(2)b(="")
(1= p2)(z = p)b(2)b(z71) + a(z)a(z7")(z — p)(1 — p2) + 2b(2)b(z71)

It is then straightforward to show that

1 4 o)

_a(z7!
QI T |
E e B e ey

1=afo 0 1 MEHMEM () M)

= o O

(1= p2)(z = p)b(2)b(z™") + a(z)a(z"")(z = p)(1 = pz) + 2b(2)b(z"") — a(a(z)a(z"")(z = p)(1 = p2) + zb(2)b(z"1))
p(2)

(1= p2)(z — pb()b(z"D) + a(2)alz"1)(z — p)(1 — p2) + 2b(=)b(= ")
I AES S I

where p(z) = (1—pz)(2 = p)b(2)b(2 1) +a(2)a(z"")(z — p) (1 — pz) + 2b(2)b(271) — a(a(z)a(z ™) (2 — p)(1 — p2) +
2b(2)b(27 1)) and the denominator follows from equation (A.17) and (A.18).
Now we can derive ¢, (z) as

Py(2) = cITh_ (1= Xi2)(z — \)

; 1
p(2)

5 00 6,0w)] GOW)

- K(z)
L—pz = (2= M) [rae (M = Ar) TTL, (1 — Ni2)
1-p

1
Note that neither \; or A\;' can be the poles of ¢,(z). The poles of ¢,(z) can only be the roots of p(z) or p~
2) =
that when o =1,

1
from ;1. In order to have ¢,(z) = 1)(z), it must be the case that the roots of b(z) are the poles of ¢,(z). Note

1OM(Z)M/(Z71) —

p(z) = (1 = pz)(z = p)b(2)b(=7")).

z a(z"")
- Gopi=r)  T=peiT]
G—p)b(z)

a(2a(z"1) | -
L+ 300
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Therefore, if o # 1, it cannot be the case that ¢,(z) = ¢(2).
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