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Abstract

In this paper, we study a dynamic Gaussian financial market model in which the traders

form higher-order expectations about the fundamental value of a single risky asset. Rational

uninformed traders are introduced into an otherwise standard differential information economy

to investigate the impact of asymmetric information. In a two-period economy, there is a

unique linear equilibrium; beauty contests under asymmetric information do not introduce

excess volatility driven by self-fulfilling multiple equilibria. Under certain conditions, there is a

nonmonotonic relationship between price volatility and the proportion of uninformed traders.
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1 Introduction

Current and previous financial turmoil stimulates lively debates about the efficiency of financial

markets in aggregating information and the “correct” pricing of assets. Before the recent subprime

crisis, the dominant view among economists was that financial markets are largely efficient, and this

view is summarized as the efficient markets hypothesis.1 On the other hand, recently, researchers

have explored the possibility of the persistent and systematic mispricing of assets. The efficient

markets hypothesis, in part, explained why macroeconomists and central bankers could safely

ignore the financial markets when designing policies.2 Thus, the issue of market efficiency is more

important than ever because its relevance extends to related fields of study.

In his General Theory, Keynes (1936) pointed out that higher-order expectations (HOE) are

the key to understanding the stock market, and this view is often referred to as the beauty contests

view of the stock market. Despite its popularity, there has been little progress in modeling beauty

contests until recently. This is because analyzing the HOE of traders is difficult.

Building on the standard noisy rational expectations model of financial markets, Allen, Morris,

and Shin (2006, hereafter AMS) developed a model of the stock market with overlapping generations

(OLG) in which risky assets change hands as time passes.3 The final group of traders is only

concerned with the fundamental value of the risky asset. However, in the period just before the

final round of trade, traders need to form expectations about the expectations held by the traders

of the next generation about fundamentals. This is because traders must sell their assets to the

traders of the next generation. Thus, the OLG structure naturally gives rise to a framework for

studying HOE in financial markets.4 AMS established that in such an environment, the law of

iterated expectations fails, thereby giving rise to systematic mispricing.
1See LeRoy (1989) for a brief overview of this extensive literature.
2See, for example, “The other-worldly philosophers” and “Efficiency and beyond” The Economist, July 18th 2009.
3Early contributions to noisy rational expectations models include those of Grossman (1976), Grossman and

Stiglitz (1980), Hellwig (1980), and Diamond and Verrecchia (1981). Extremely useful surveys are available in

Brunnermeier (2001), Chamley (2004), and Vives (2008).
4The OLG structure is often employed in the theory of fiat money precisely because of the property that money

changes hands. See Samuelson (1958) on this point.
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Keynes (1936, p. 154) observed, “A conventional valuation which is established as the outcome

of the mass psychology of a large number of ignorant individuals is liable to change violently as the

result of a sudden fluctuation of opinion due to factors which do not really make much difference

to the prospective yield; since there will be no strong roots of conviction to hold it steady.” In

modern terminology, he argued that a large number of uninformed traders can induce self-fulfilling

multiple equilibria. Thus, it is reasonable to ask whether beauty contests are destabilizing when

there is a large number of “ignorant” individuals. In the AMS model, information is differential

but symmetric in the sense that each rational trader receives a signal with the same precision. In

this paper, we introduce rational uninformed traders into the AMS economy to investigate whether

asymmetric information introduces self-fulfilling multiple equilibria.

The structure of our model is similar to the AMS model. There is a single risky asset, whose

fundamental value (or, the liquidation value) is revealed only after the final trading round, after

which all traders liquidate the asset. The presence of the final trading round suggests that, under

complete information, backward induction dictates and there cannot be any systematic mispricing,

or bubble, as shown by Tirole (1982).5 The importance of the finite-horizon assumption is that it

makes bubbles impossible under complete information; thus, this assumption clarifies the role of

incomplete information.6 Of related interest, an advantage of a model with a finite horizon is that

the fundamental value of the risky asset is easily defined, which in turn implies that it is much

easier to define the bias of the asset price.

Following AMS, we consider a dynamic stock market economy in which there are overlapping

generations of two-period-lived traders so that beauty contests arise naturally.7 In each generation,

there are informed traders, uninformed traders, and noise traders. Noise traders prevent prices

from fully revealing (Grossman and Stiglitz, 1980). Thus, we seek a noisy rational expectations
5For this reason, the macroeconomics literature employs infinite-horizon models to study bubbles (Tirole, 1985).
6Early contributions to modeling bubbles in a finite-horizon economy include Allen and Gorton (1993) and Allen

et al. (1993).
7According to Keynes (1936, pp. 154—155), professional investors and speculators “are concerned, not with what

an investment is really worth to a man who buys it “for keeps”, but with what the market will value it at, under the

influence of mass psychology, three months or a year hence.”
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equilibrium (NREE) under limit orders, in which all rational traders submit their asset demand

functions to the market. To rule out strategic interactions among traders (Kyle, 1989), we assume

that traders are atomless.

Recently, a literature exploring the issue of multiple equilibria in noisy rational expectations

model of the stock market has developed. Cespa (2002), for example, found that short horizon

combined with serially correlated noise trading leads to multiple linear equilibria. Cespa and

Vives (2007) generalized the model of Cespa (2002) to clarify the relationship between the serial

correlation of noise trading and the likelihood of equilibrium multiplicity. Our framework is a

special case of those of Cespa (2002) and Cespa and Vives (2007) in the sense that there is no

serial correlation in noise trading, as assumed by AMS.

Under symmetric (but differential) information, the absence of serial correlation leads to a

unique equilibrium, as shown in other studies. However, under asymmetric information, the unique-

ness of equilibrium is not trivial. Notable examples are Gennotte and Leland (1990), and more

recently, Barlevy and Veronesi (2003), who showed in their static models that there are multi-

ple NREE under asymmetric information. This occurs because uninformed traders (i.e., market

makers) are not certain whether they are trading against noise traders or informed traders.

We show that there is a unique linear NREE in our two-period economy. According to our

results, beauty contests under asymmetric information do not introduce self-fulfilling multiple

equilibria. This suggests that for equilibrium multiplicity, one needs to introduce either serial

correlation in noise trading or nonlinear behavior among noise traders. Given our uniqueness

result, we obtain an exact solution. Since the linear price equations have coefficients that are

extremely complicated, we present a number of numerical results.

We replicate one of the main results of AMS that the information content of the asset price

increases over time (see also He and Wang, 1995). We also verify that the information content of

the price increases with the proportion of informed traders. Interestingly, the price’s reliance on

the current public belief decreases with the proportion of informed traders. The price’s reliance on

the public belief decreases over time unless the information content of the price in the first period
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is sufficiently high. This occurs when the private signals are highly informative and the proportion

of informed traders is sufficiently high.

In the spirit of Wang (1993), we study the impact of asymmetric information on asset price

volatility. We proceed by studying two measures, market liquidity and the variance of the difference

between two consecutive prices. Market liquidity captures the response of the asset price to a supply

shock driven by noise trading. Price volatility depends on market liquidity and on the variation in

private information.

In the benchmark economy, in which the private signals have the same precision as do prior pub-

lic information and noise trading, market liquidity increases both with the proportion of informed

traders, and over time. In this case, price volatility decreases with the proportion of informed

traders. In other words, “ignorant” traders are destabilizing.

However, we find examples in which “ignorant” traders are stabilizing. This occurs when market

liquidity decreases over time. An increase in the variance of the price in the next period lowers

market liquidity. We find that market liquidity decreases over time if either the private signals are

noisy or there is a small proportion of informed traders with precise information. We also find an

example in which there is a nonmonotonic relationship between price volatility and the proportion

of uninformed traders.

The results described above are derived under the assumption of limit orders, under which

all rational traders submit their demand functions to the market. How robust are the results to

changes in market microstructure?8 To address this issue we develop a model with market orders

in which the informed traders submit quantities of assets demanded, rather than functions, to the

market. By using the same set of parameters as the model with limit orders, we establish that

there is a unique NREE for each level of the proportion of informed traders. As expected, the

information content of the price is generally lower under market orders than under limit orders.

Interestingly, for many parameter values, asset price volatility is lower under market orders than

under limit orders.

The rest of the paper is organized as follows. In Section 2, we develop the model and derive
8For a review of market microstructure, see O’Hara (1995), Brunnermeier (2001), and Vives (2008), among others.
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the asset pricing formula. In Section 3, to provide a benchmark, we solve the static version of the

model. Since the analysis of the general multiperiod economy is quite complicated, in Section 4,

we focus on a model with two trading periods. In Section 5, we obtain results under market orders.

Section 6 concludes the paper. The Appendix includes proofs of propositions.
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2 The Model

2.1 Environment

Time is discrete. There is a single risky asset with the liquidation value θ, which is normally

distributed with mean y and variance 1/α. There is also a risk-free asset with zero net return.

Following AMS, we assume that the risky asset is traded at dates t = 1, ..., T . The realization of

the liquidation value θ is determined at t = 0, but can be liquidated only at date T + 1.

Traders are a sequence of two-period-lived overlapping generations. At each date, a new gen-

eration with a unit measure is born. Two immediate implications are worth emphasizing: one is

that the order of play is sequential and fixed by date of birth, which rules out the issues of delay

(Chamley and Gale, 1994) and herding as a result of the clustering of decisions (Chari and Kehoe,

2004); the other is that traders, except for those from the final generation, must sell their assets

to other traders, which forces them to form HOE.

Following AMS, we introduce noise traders to prevent the current price to be fully revealing

(Grossman and Stiglitz, 1980). In any period, there are four types of traders: young traders, old

traders, young noise traders, and old noise traders. Since traders live for only two trading rounds,

all traders unwind their entire positions when old with certainty. In other words, the only source

of uncertainty is the young noise traders. The behavior of the young noise traders, who are not

utility maximizers, is summarized by a noisy net supply of the risky asset, st, which is normally

distributed with mean 0 and precision γ.

Each generation consists of a unit mass of traders, each of whom is indexed by i. The distrib-

ution of traders is uniform on the support [0, 1]. The key innovation of this paper is to introduce

rational uninformed traders into the AMS framework. The measure of informed traders in each

period is φ (0 ≤ φ ≤ 1) and the measure of uninformed traders is 1 − φ. Trader i ∈ [0,φ] of gen-
eration t knows the full history of past and current prices as well as the realization of the private

signal,

xit = θ + εit,

where εit is normally distributed with mean 0 and variance 1/β. For convenience, we define trader
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i’s information set in period t as Ωit = {y, p1, p2, · · ·, pt, xit}. We assume that all uncertainty is
resolved in T + 1, so we must have pT+1 = θ.

To simplify matters, we follow the literature in assuming that traders consume only when old.

In principle, the model belongs to a class of multiperiod noisy rational expectations model (Brown

and Jennings, 1990; Grundy and McNichols, 1990; He and Wang, 1995; Vives, 1995; Cespa, 2002;

AMS, 2006; Cespa and Vives, 2007; Bacchetta and Wincoop, 2008). To be specific, each trader’s

problem is to maximize E[U(wi)|Ωit] subject to ptXit +Mit = wi0 and wi =Mit + pt+1Xit, where

wi is the level of consumption, which amounts to wealth at date t+ 1, pt is the price of the asset,

Xit is the asset demand of trader i at date t, Mit is the amount of money, which yields zero net

return, and wi0 is trader i’s initial wealth. Since the asset demand is known to be independent

of initial wealth in a CARA—Gaussian setup, we simplify the exposition by setting wi0 = 0. The

timing of events is summarized in Figure 1.

We can rewrite the trader’s problem as

max
Xit

E [U((pt+1 − pt)Xit)|Ωit] .

We follow Grossman and Stiglitz (1980) and AMS by assuming that U(wi) = − exp{−wi/τ}, where
τ is the risk-tolerance parameter. This amounts to maximizing the following:

E [wi|Ωit]− 1

2τ
Var [wi|Ωit] ,

where E[wi|Ωit] = [E[pt+1|Ωit]−pt]Xit and Var[wi|Ωit] = X2
itVar[pt+1|Ωit]. It is then easy to obtain

the following asset demand function:

Xit =
E [pt+1|Ωit]− pt
τ−1Var [pt+1|Ωit] . (1)

According to (1), the trader’s asset demand is increasing in the expected selling price, decreasing

in risk aversion, and decreasing in the variance of the selling price.

The stock market equilibrium condition in period t should be written as
R 1
0 Xitdi =

R 1
0 Xit−1di+

st − st−1. This reflects the fact that all traders unwind their position when old. We follow AMS
in assuming that the noise traders live for two periods, and unwind their positions when old. This
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implies that in the first period (t = 1), we have
R 1
0 Xi1di = s1. It follows that the stock market

equilibrium in any period t can be written as
R 1
0 Xitdi = st. Substituting (1) into this equation

yields

Z φ

0

E[pt+1|Ωit]− pt
τ−1Var[pt+1|Ωit] di+ (1− φ)

E[pt+1|Ωt]− pt
τ−1Var[pt+1|Ωt] = st, (2)

where pT+1 = θ. This represents stock market equilibrium under asymmetric information.

Cespa (2002) and Cespa and Vives (2007) consider the case in which noise traders are not

OLG traders so that the equilibrium condition is
R 1
0 Xitdi =

R 1
0 Xit−1di + st or, equivalently,R 1

0 Xitdi = st + st−1. Cespa and Vives (2007) investigate how this translate into multiplicity of

equilibria.

2.2 Asset Pricing Formula

Consider the model with T = 2. In period T = 2, stock market equilibrium implies

φ
Ē [θ|Ωi2]− p2
τ−1Var [θ|Ωi2] + (1− φ)

E [θ|Ω2]− p2
τ−1Var [θ|Ω2] = s2,

where Ē [θ|Ωi2] ≡ φ−1
R φ
0 E [θ|Ωi2] di is the informed traders’ average expectations. Note that

Var [θ|Ωi2] depends on β but is independent of i. By solving the equilibrium condition for pT , we

obtain

p2 =
φτκ2

Var [θ|Ωi2]Ē [θ|Ωi2] +
(1− φ) τκ2
Var [θ|Ω2] E [θ|Ω2]− κ2s2, (3)

where κ−12 = φτ/Var[θ|Ωi2] + (1− φ)τ/Var[θ|Ω2] is referred to as market liquidity (Kyle, 1985; He
and Wang, 1995) or market depth (Vives, 2008), which equals the average of all the coefficients in

the demand functions. It is easy to show that the sum of the coefficients on Ē[θ|Ωi2] and E[θ|Ω2]
is unity. It is interesting to observe that even with φ = 1/2, the weight on average expectations is

greater because the private belief is more precise than the public belief (i.e., Var[θ|Ωi2] < Var[θ|Ω2]).
In other words, the price equation tends to put more weight on the belief that is more precise.

Under symmetric information (φ = 1), (3) reduces to the AMS economy, in which p2 = Ē [θ|Ωi2]−
τ−1Var[θ|Ωi2]s2.

9



Consider the equilibrium in period 1. In this trading round, traders care about the asset price

in the next period p2 rather than the fundamental value θ. Stock market equilibrium in this period

is given by

φ
Ē [p2|Ωi1]− p1
τ−1Var [p2|Ωi1] + (1− φ)

E [p2|Ω1]− p1
τ−1Var [p2|Ω1] = s1.

Solving this for p1 yields

p1 =
φτκ1

Var [p2|Ωi1]Ē [p2|Ωi1] +
(1− φ) τκ1
Var [p2|Ω1]E [p2|Ω1]− κ1s1, (4)

where κ−11 = φτ/Var[p2|Ωi1] + (1− φ)τ/Var[p2|Ω1] is market liquidity in period 1. Note that the
price equation for period 1 puts more weight on average expectations about the price in the next

period Ē[p2|Ωi1] than on public expectations E[p2|Ω1]. This is because private beliefs are more
precise than is the public belief (i.e., Var[p2|Ωi1] < Var[p2|Ω1]).

We substitute (3) into (4) to obtain

p1 =
φτκ1

Var [p2|Ωi1]
φτκ2

Var [θ|Ωi2]Ē
£
Ē [θ|Ωi2] |Ωi1

¤
+

φτκ1
Var [p2|Ωi1]

(1− φ) τκ2
Var [θ|Ω2] Ē [E [θ|Ω2] |Ωi1]

+
(1− φ) τκ1
Var [p2|Ω1]

φτκ2
Var [θ|Ωi2]E

£
Ē [θ|Ωi2] |Ω1

¤
+
(1− φ) τκ1
Var [p2|Ω1]

(1− φ) τκ2
Var [θ|Ω2] E [E [θ|Ω2] |Ω1]− κ1s1.

Note that the period-2 price is influenced by: (i) average expectations about average expectations

(about the fundamentals); (ii) average expectations about the public belief; (iii) the public belief

about average expectations; and (iv) the public belief about the public belief. Thus, the higher-

order terms in our formulation are more complex than those in previous studies. In particular, the

case of φ = 1 corresponds to the AMS economy, which does not include the terms (ii)—(iv).

In each period, the price equation puts more weight on average expectations because the pri-

vate belief is more precise than the public belief. This implies that as one moves away from the

liquidation date, more weight is put on higher-order average expectations (such as the first term

of (4)).

The asset pricing formula for the general T -period economy is much more complicated. We

start with the equilibrium condition (2). To economize on notation, below we denote Var[·| Ωit]
and Var[·| Ωt] by Varit(·) and Vart(·), respectively. Then, we solve (2) for pt as

pt =
1

νt

½
Vart(pt+1)Ēt(pt+1) +

1− φ

φ
Varit(pt+1)Et(pt+1)− Vart(pt+1)Varit(pt+1)

φτ
st

¾
, (5)
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where νt ≡ Vart(pt+1) + ((1− φ)/φ)Varit(pt+1), Ēt(·) ≡ φ−1
R φ
0 E[·|Ωit]di, and Et(·) ≡ E[·|Ωt].

To proceed, we define the set of sequences of information sets as follows: S(t, k) ≡ {{Ω∗n}Tn=t
| {Ω∗n}Tn=t contains k public information sets}, where Ω∗t is either a private information set
Ωit or a public information set Ωt. That is, S(t, k) is a collection of all sequences of infor-
mation sets starting from t to T , identified by k, the number of public information sets. For

a given sequence s̃ ≡ {Ω∗n}Tn=t ∈ S(t, k), we define Es̃(θ) ≡ E∗tE∗t+1 · · ·E∗T (θ) and Vars̃ ≡
Var(pt+1| Ω∗t)Var(pt+2| Ω∗t+1) · · ·Var(θ| Ω∗T ), where E∗t is either the expectations operator con-
ditional on Ωt from the sequence or the average expectations operator conditional on Ωit from the

sequence.

Proposition 1 The asset price in period t ≤ T is

pt =
T−t+1X
k=0

X
s̃∈S(T−t+1,k)

³
1−φ
φ

´k
Vars̃Es̃(θ)

νtνt+1 · · · νT − κtst, (6)

where κ−1t ≡ φτ/Varit(pt+1) + (1− φ)τ/Vart(pt+1) is market liquidity in period t.

Proof. See Appendix A.

The above asset pricing formula extends that of AMS to the case under asymmetric information.

As in AMS, the price equation incorporates higher-order expectations about the liquidation value θ.

What differentiates our formulation from AMS’s is the presence of the public expectations operator

Et(·). Under symmetric information, the price equation is relatively simple because it involves
only the average expectations operator Ēt(·). Under asymmetric information, the price equation
contains the expectations operators of both types. Unfortunately, the complexity of the asset

pricing formula (6) prevents us from analyzing the properties of the asset price. In what follows,

we proceed by limiting our analysis to the cases with T = 1 and T = 2.

3 Static Equilibrium

As a benchmark, we consider the static equilibrium in which there is only one trading round

(i.e., T = 1). For brevity, in what follows, we drop all time subscripts. An informed trader of type
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i ∈ [0,φ] purchases the asset and receives the fundamental value of the asset (such as a dividend) in
the next period. Thus, the demand for the asset of type-i trader is given by Xi = τ [E[θ|y, p, xi]−
p]/Var[θ|y, p, xi]. Uninformed traders, on the other hand, receive no private signal. Thus, the
information set for an uninformed trader is Ω = {y, p}, which is simply public information. Thus,
an uninformed trader’s asset demand is given by XU = τ [E[θ|y, p] − p]/Var[θ|y, p]. Stock market
equilibrium is therefore given byZ φ

0

E [θ|y, p, xi]− p
τ−1Var [θ|y, p, xi]di+ (1− φ)

E [θ|y, p]− p
τ−1Var [θ|y, p] = s. (7)

The equilibrium asset price p is the solution to (7).

Proposition 2 In the static economy, p = K(φ)y + (1 − K(φ))θ − κs, where K(φ) ≡ α/[φβ +

α+ (φτβ)2γ] and κ = (1 + τ2φβγ)[φτβ + τα+ τ(φτβ)2γ]−1; The asset demands of informed and

uninformed traders are

Xi =
τα

1 + φτ2βγ
(y − p) + τβ (xi − p) , (8)

XU =
τα

1 + φτ2βγ
(y − p) . (9)

Proof. See Appendix B.

Since K(φ) is decreasing, the asset price reflects the fundamental value more precisely the

higher is the proportion of informed traders. In other words, the information content of the price

increases as the proportion of informed traders increases.

The demand function (8) is interpreted as follows. The first term represents the trader’s mar-

ket making position. The coefficient is increasing in the risk-adjusted public information quality,

τα, and is increasing in the volume of noise trading.9 The second term represents the speculative

position of the informed trader; he or she reacts to the difference between his or her private infor-

mation (or judgment) and the price. The coefficient τβ represents the risk-adjusted informational

advantage of the informed trader (Vives, 2008).

As is evident from (9), the uninformed trader’s asset demand has only one component: the

market making position. The market making position is decreasing in φ because of the adverse
9The expected volume of noise trading E[|s|] is proportional to its variance γ−1. See Vives (2008).
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selection problem. If φ is small, then uninformed traders feel safe in the sense that they are less

likely to be trading against the informed.

The price equation p = K(φ)y+(1−K(φ))θ−κs implies that the volatility of the price is given
by Var[p] = (1−K(φ))2/α+κ2/γ. The first term increases as the information content of the price

increases. This comes from the diversity of information. The second term comes from the random

supply shock. In the existing literature, κ−1 is market liquidity, which increases as the slope of the

aggregate asset demand curve decreases. From κ = (1+ τ2φβγ)[φτβ+ τα+ τ(φτβ)2γ]−1, it is easy

to verify that ∂κ/∂φ < 0⇔ −(τ2βγ)2φ2− 2(τ2βγ)φ− 1+ τ2αγ = τ2αγ− (τ2βγφ+1)2 < 0. Thus,

Proposition 3 Market liquidity is increasing in φ if and only if

φ > φ̄ ≡
p
τ2αγ − 1
τ2βγ

.

There are two forces behind the result. One is that, as φ increases, the market making demand

for the asset becomes less elastic, which reduces market liquidity. The other force is that, as φ

increases, the speculative demand for the asset increases because the proportion of informed traders

increases. This effect increases market liquidity. For parameter values that satisfy τ2αγ < 1, φ̄ is

negative. In this case, an increase in the proportion of informed traders unambiguously increases

market liquidity because the first effect is weak. Interestingly, for τ2αγ > 1, the first effect is

sufficiently strong, so an increase in φ decreases market liquidity for small values of φ.

4 Equilibrium with Two Trading Rounds

4.1 Uniqueness of the NREE

In this section, we solve the two-period version of the model.10 The solution algorithm consists

of four steps: description of learning in period 1; description of learning in period 2; solving

for the period-2 price; and solving for the period-1 price. Suppose that agents form a common

conjecture about the period 1 price such that p1 = κ1(λ1y + µ1θ − s1), from which we have
10The case with φ = 1 is studied in Appendix B of AMS.
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z1 ≡ (p1 − κ1λ1y)/κ1µ1 = θ − 1
µ1
s1. The price signal z1 is normal with mean θ and precision

µ21γ. In period 1, after observing p1, public beliefs about θ are updated to the normal distribution

with E[θ|y, p1] = (α + µ21γ)−1[(α − µ1γλ1)y + (µ1γ/κ1)p1] ≡ y2 and Var[θ|y, p1] = (α + µ21γ)−1 ≡
1/α2. Informed traders, in addition, observe private signals. Their posterior beliefs follow the

normal distribution with E[θ|y, p1, xi1] = (α+ β + µ21γ)
−1[(α− µ1γλ1)y + (µ1γ/κ1)p1 + βxi1] and

Var[θ|y, p1, xi1] = (α+ β + µ21γ)
−1.

Similarly, suppose that agents form a common price conjecture about the period-2 price such

that p2 = κ2(λ2y2 + µ2θ − s2), where y2 represents public expectations about the fundamentals
in this period. The public signal in this period is z2 ≡ (p2 − κ2λ2y2)/κ2µ2 = θ − 1

µ2
s2. The

random variable z2 is normal with mean θ and precision µ22γ, and is informationally equivalent

to the price. Thus, in period 2, after observing the price, public beliefs about θ are updated

to the normal distribution with E[θ|y, p1, p2] = (α2 + µ
2
2γ)

−1[(α2 − µ2γλ2)y2 + (µ2γ/κ2)p2] and
Var[θ|y, p1, p2] = (α2 + µ

2
2γ)

−1. The posterior beliefs of informed traders follow the normal dis-

tribution with E[θ|y, p1, p2, xi2] = (α2 + β + µ22γ)
−1[(α2 − µ2γλ2)y2 + (µ2γ/κ2)p2 + βxi2] and

Var[θ|y, p1, p2, xi2] = (α2 + β + µ22γ)
−1.

Since we assume OLG noise traders, the market equilibrium condition for period 2 is given byZ φ

0

E [θ|y, p1, p2, xi2]− p2
τ−1Var [θ|y, p1, p2, xi2]di+ (1− φ)

E [θ|y, p1, p2]− p2
τ−1Var [θ|y, p1, p2] = s2. (10)

We solve this equation for p2 as follows:

p2 =
φτβθ + τ(α2 − µ2γλ2)y2 − s2
φτβ + τα2 + τµ22γ − τ µ2γκ2

.

Rational expectations require that κ−12 = φτβ − τµ2γ/κ2 + τ(α2 + µ
2
2γ), λ2 = τ(α2 − µ2γλ2),

µ2 = φτβ, from which we obtain

κ2 =
1 + τ2φβγ

φτβ + τ(α2 + (φτβ)2γ)
=

1 + τ2φβγ

φτβ + τ(α+ µ21γ + (φτβ)
2γ)
, (11)

λ2 =
τα2

1 + τ2φβγ
=

τ [α+ µ21γ]

1 + τ2φβγ
, (12)

µ2 = φτβ. (13)

Thus, κ2µ2 = [φβ + (φτβ)
2 γ]/[φβ + α2 + (φτβ)

2γ], and it is easy to verify that κ2µ2 = 1− κ2λ2.
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Consider the stock market equilibrium in period 1. With the price conjecture, the public belief

about p2 is normally distributed with E[p2|y, p1] = κ2λ2E[E[θ|y, p1]|y, p1]+κ2µ2E[θ|y, p1] = y2 and
Var[p2|y, p1] = (κ2µ2)2Var[θ|y, p1] + κ22/γ = (κ

2
2/γ)(α+ µ

2
1γ + µ

2
2γ)(α+ µ

2
1γ)

−1. Similarly, private

beliefs of informed traders follow the normal distribution with E [p2|y, p1, xi1] = κ2λ2E[θ|y, p1] +
κ2µ2E[θ|y, p1, xi1] and Var[p2|y, p1, xi1] = (κ2µ2)2Var [θ|y, p1, xi1] + κ22/γ = (κ

2
2/γ)(α + β + µ21γ +

µ22γ)(α + β + µ21γ)
−1. Substituting these expressions into the market equilibrium condition for

period 1 yields Z φ

0

E [p2|y, p1, xi1]− p1
τ−1Var [p2|y, p1, xi1]di+ (1− φ)

E [p2|y, p1]− p1
τ−1Var [p2|y, p1] = s1. (14)

By solving for p1, we obtain

p1 =

φτ
κ2λ2(α−µ1γλ1)y

α+β+µ21γ

α+µ21γ
+κ2µ2[(α−µ1γλ1)y+βθ]

κ22
γ (α+β+µ

2
1γ+µ

2
2γ)

+ (1− φ) τ (α−µ1γλ1)y
κ22
γ (α+µ

2
1γ+µ

2
2γ)
− s1

φτ
−κ2λ2 α+β+µ

2
1γ

α+µ21γ

µ1γ
κ1
−κ2µ2 µ1γκ1

+α+β+µ21γ

κ22
γ (α+β+µ

2
1γ+µ

2
2γ)

+ (1− φ) τ
−µ1γ

κ1
+α+µ21γ

κ22
γ (α+µ

2
1γ+µ

2
2γ)

.

By matching coefficients with p1 = κ1λ1y + κ1µ1θ − κ1s1, we get

1

κ1
= φτ

−κ2λ2 α+β+µ
2
1γ

α+µ21γ
µ1γ
κ1
− κ2µ2

µ1γ
κ1
+ α+ β + µ21γ

κ22
γ

¡
α+ β + µ21γ + µ

2
2γ
¢ + (1− φ) τ

−µ1γκ1
+ α+ µ21γ

κ22
γ

¡
α+ µ21γ + µ

2
2γ
¢ , (15)

λ1 = φτ
κ2λ2 [α− µ1γλ1] α+β+µ

2
1γ

α+µ21γ
+ κ2µ2 [α− µ1γλ1]

κ22
γ

¡
α+ β + µ21γ + µ

2
2γ
¢ + (1− φ) τ

(α− µ1γλ1)
κ22
γ

¡
α+ µ21γ + µ

2
2γ
¢ , (16)

µ1 =
φτκ2µ2β

κ22
γ

¡
α+ β + µ21γ + µ

2
2γ
¢ . (17)

It is evident that a linear NREE is determined by solving the system of equations for the

(endogenous) coefficients (11)—(17). It is important to observe that equations (11)—(13) alone

cannot pin down the values of κ2, λ2, and µ2 because (12) contains the unknown µ1. Thus, our

first task is to determine µ1. Equation (17) implies µ1κ2(α + β + µ21γ + µ
2
2γ) = φτµ2βγ, which

reduces to

γµ31 − γAµ21 + (β +B)µ1 −A (B + φβ) = 0, (18)

where A ≡ [1 + τ2φβγ]−1τ(φτβ)2γ and B ≡ α+ (φτβ)2γ. Thus, there are potentially three linear

equilibria, each of which is characterized by a distinct value of µ1. Given µ1, the values of κ2 and
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λ2 are determined by (11) and (12). Given these values, (15) determines κ1 and (16) determines

λ1. In other words, the number of NREE is determined by the number of solutions to (18).

Proposition 4 There is a unique linear NREE.

Proof. Let f(µ1) ≡ γµ31−γAµ21+(B + β)µ1−AB−Aφβ, so f 0(µ1) = 3γµ21−2γAµ1+B+β.

Equation f 0(µ1) = 0 has two distinct roots if and only if its determinant is positive: (2γA)2 −
4(3γ)(B + β) > 0, or, γ[(φτβ)2τγ]2 > 3[α+ (φτβ)2γ + β][1 + (τφβ)τγ]2, which further reduces to

0 > 3[α+ β][1 + (τφβ)τγ]2 + 3(φτβ)2γ[1 + 2(τφβ)τγ] + 2γ[(φτβ)2τγ]2.

Clearly, this condition is violated. This establishes that f(µ1) is monotonic, which implies that

there is only one µ1 that solves f(µ1) = 0.

This result is important. Recent literature has explored the issue of multiple equilibria in noisy

rational expectations models of the stock market. Cespa (2002), for example, found that combining

a short horizon with serially correlated noise trading leads to multiple linear equilibria. Cespa and

Vives (2007) generalized Cespa (2002) to clarify the relationship between the serial correlation of

noise trading and the likelihood of equilibrium multiplicity. Our framework is a special case of

Cespa (2002) and Cespa and Vives (2007) in the sense that noise trading is not serially correlated,

as is the case in AMS.

Under symmetric (but differential) information, the absence of serial correlation leads to a

unique equilibrium, as has been shown in the literature. However, under asymmetric information,

whether uniqueness is obtained is not trivial. In this context, notable studies are those of Gennotte

and Leland (1990), and more recently, Barlevy and Veronesi (2003), who showed in their static

models that there are multiple NREE under asymmetric information. This occurs because unin-

formed traders (i.e., market makers) are not certain whether they are trading against noise traders

or informed traders, which constitutes the adverse selection problem in financial markets. The

importance of Proposition 4 is that beauty contests under asymmetric information in a dynamic

setting do not generate equilibrium multiplicity.
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4.2 Information and Volatility

In this section, we present numerical examples. The benchmark parameter values are given in

Table 1 below:

Table 1: Example 1

y = 1 τ = 1 α = 1 β = 1 γ = 1

To highlight the information content of the asset prices, we write the price equations in terms of y

and θ in addition to y2 and θ. To do this, we substitute y2 and the price conjecture about p1 into

the price conjecture about p2 to obtain

p2 =
κ2λ2α

α+ µ21γ
y +

µ
κ2λ2µ

2
1γ

α+ µ21γ
+ κ2µ2

¶
θ − κ2λ2µ1γ

α+ µ21γ
s1 − κ2s2. (19)

From this equation, we obtain the following measure of asset price volatility:

Var [p2 − p1] =
µ
κ2λ2µ

2
1γ

α+ µ21γ
+ κ2µ2 − κ1µ1

¶2
α+

µ
κ2λ2µ1γ

α+ µ21γ
− κ1

¶2
γ + κ22γ.

We start with the benchmark economy, in which φ = 1. This case corresponds to the AMS

model. In this case, we obtain the following the equilibrium price equations:

p1 = 0.5812| {z } y
Reliance on public information

+ 0.4188| {z } θ
Information content

− 0.8376| {z } s1
1/Market liquidity

,

p2 = 0.3846| {z } y2
Reliance on public information

+ 0.6154θ − 0.6154| {z } s2
1/Market liquidity

,

= 0.3077y + 0.6923| {z } θ
Information content

− 0.1538s1 − 0.6154s2.

Two results are worth mentioning. First, this example replicates AMS’s main result that, as

time passes, asset prices contain more information about fundamentals in the sense that the price

equation for period 2 puts more weight on θ.11 This can easily be verified by comparing 0.6923 with

0.4188. Second, the period-2 price has a smaller weight on the public belief about the fundamental,

y2: it decreases from 0.5812 to 0.3846.

Now we consider the impact of asymmetric information. Figure 2 shows the information content

of the price (panel a), the price’s reliance on public information (panel b), market liquidity (panel
11This result was also obtained in He and Wang (1995), who considered a multiperiod noisy rational expectations

model with long-horizon investors.
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c), and price volatility (panel d) for each level of φ. In this example, the information content is

monotonically increasing in φ, and it is increasing over time for each φ > 0. The price’s reliance on

public information is monotonically decreasing in φ because the information content is increasing.

For each φ > 0, the price’s reliance on public information decreases over time because the price

reflects more information over time.

Market liquidity is monotonically increasing in φ in each period, and increases over time for

each φ > 0. This suggests that, on average, traders have demand curves that are flatter in period

2 than in period 1 because the adverse selection problem diminishes over time. As a result, price

volatility Var[p2 − p1] decreases as φ increases.
Consider another example. The parameter values are given in Table 2 below:

Table 2: Example 2

y = 1 τ = 1 α = 2 β = 3 γ = 1

In this example, private information is more informative than public information (β > α), and

noise trading is more volatile than public information (α > γ).

The results are shown in Figure 3. In this example, the information content (panel a) is

monotonically increasing in φ, and increases over time for each φ > 0. The price’s reliance on

public information (panel b) is monotonically decreasing in φ because the information content is

increasing. However, this reliance increases over time for large values of φ. The signals in Example

2 are more informative than those in Example 1, whereas the variance of noise trading is the same

in both examples. For small values of φ, the price’s reliance on public information decreases over

time because the price reflects more information over time. However, for large values of φ, as φ

increases, the information content of p1 increases, which increases the precision of the public belief

in period 2. Since the public belief in period 2 is sufficiently informative, the price’s reliance on

public information increases over time, as does the information content of the price.

Market liquidity (panel c) is nonmonotonic in φ in each period, as the static model suggests

(Proposition 3). As a result, there exists a threshold level of φ such that market liquidity de-

creases over time for any φ below the threshold. In other words, κ−11 = φτ/Var[p2|Ωi1] + (1 −
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φ)τ/Var[p2|Ω1] > φτ/Var[θ|Ωi2] + (1− φ)τ/Var[θ|Ω2] = κ−12 holds.

A possible interpretation is as follows. For small values of φ, the asset demand curves in

period 2 have, on average, steeper slopes than the demand curves in period 1. Remember that

the informed traders have a greater advantage in this example (β > α). This makes the adverse

selection problem more serious, and it stimulates the speculative demand of informed traders. For

small values of φ, little information is integrated into the price in period 1. Thus, in period 2, the

economy is similar to the static economy because the public belief is similar to the prior belief. Less

information in p2 implies that p2 is not strongly influenced by variations in private information.

This implies a low variance of p2. This induces an increase in market making positions in period

1. As a result, the adverse selection problem is less severe in period 1 than in period 2.

Interestingly, price volatility Var[p2 − p1] is nonmonotonic in φ in this example. In Example 1,

price volatility monotonically increases as the proportion of uninformed traders increases. This is

because the adverse selection problem deteriorates and fewer market making positions are taken.

In Example 2, when the proportion of uninformed traders exceeds a threshold level, any further

increase in the proportion of uninformed traders stabilizes the market.

Consider the next parameter values given in Table 3 below:

Table 3: Example 3

y = 1 τ = 1 α = 2 β = 0.5 γ = 1

In this example, private information is noisy. As shown in Figure 4, information content (panel a)

is increasing in φ, and increases over time. The price’s reliance on public information is decreasing

in φ, and decreases over time. Interestingly, market liquidity (panel c) decreases over time, and

price volatility (panel d) increases as φ increases because of the noisy private information. That

is, imprecise information is destabilizing.
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4.3 Equilibrium Behavior of Traders

Let us now consider the equilibrium behavior of each trader. Given the equilibrium coefficients,

we can derive (after tedious calculations) the asset demand function for each trader as follows:

Xi1 =

h
1 + (1−κ2µ2)β

α+µ21γ

i
τα (y − p1) +

h
1 + (1−κ2µ2)β

α+µ21γ

i
τµ21γ (z1 − p1) + κ2µ2τβ (xi1 − p1)

κ22
γ

¡
α+ β + µ21γ + µ

2
2γ
¢ ,(20)

XU
1 =

τα (y − p1) + τµ21γ (z1 − p1)
κ22
γ

¡
α+ µ21γ + µ

2
2γ
¢ ,

Xi2 = τα2 (y2 − p2) + τµ22γ (z2 − p2) + τβ (xi2 − p2) , (21)

XU
2 = τα2 (y2 − p2) + τµ22γ (z2 − p2) .

According to these demand functions, the uninformed trader’s demand is decomposed into two

terms. The first term captures the intensity of trade that responds to variations in public expec-

tations just prior to trade (i.e., prior to receiving the price signal). Since the coefficient is positive,

the trader’s position is positive if and only if the price is below public expectations about the

fundamentals. The second term captures the intensity of trade that responds to the difference

between the public signal about the fundamental (z2) and the price. It is interesting to observe

that, since z2− p2 = (λ2/µ2)(p2− y2), the effect is such that if the price is above the public belief,
the position must be positive, because higher prices are likely to imply strong fundamentals.

Consider the parameter values given in Table 2. For φ = 0.9, we have

Xi1 = 2.6848 (y − p1) + 5.0179 (z1 − p1) + 2.1482 (xi1 − p1) ,

XU
1 = 2.7739 (y − p1) + 5.1845 (z1 − p1) ,

Xi2 = 5.7380 (y2 − p2) + 7.2900 (z2 − p2) + 3.0000 (xi2 − p2) ,

XU
2 = 5.7380 (y2 − p2) + 2.2900 (z2 − p2) .

To study the impact of asymmetric information, consider the case with φ = 0.2. The asset demand
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functions are:

Xi1 = 2.5841 (y − p1) + 0.0200 (z1 − p1) + 0.6227 (xi1 − p1) ,

XU
1 = 2.9118 (y − p1) + 0.0226 (z1 − p1) ,

Xi2 = 2.0155 (y2 − p2) + 0.3600 (z2 − p2) + 3.0000 (xi2 − p2) ,

XU
2 = 2.0155 (y2 − p2) + 0.36 (z2 − p2) .

Since there is only a small proportion of informed traders, the price signal is not very informa-

tive, so traders do not react strongly to the price signal zt in any period. This can be verified by

comparing the coefficients on (z1 − p1) or those on (z2 − p2). For example, the uninformed trader’s
coefficient on (z1 − p1) is 5.1845 under φ = 0.9, and is 0.0226 under φ = 0.2.

In addition, traders in period 2 react less to the public belief under φ = 0.2 because the public

belief contains less information. In fact, the coefficient on (y2−p2) is 5.7380 under φ = 0.9, whereas
it is 2.0155 under φ = 0.2. Even more interesting is the reaction to the public belief over time. It

is easy to see that the coefficient on (yt− pt) increases over time under φ = 0.9, but decreases over
time under φ = 0.2. This implies that, over time, more market making positions are taken under

φ = 0.9, whereas fewer are taken under φ = 0.2. As a result, market liquidity increases over time

under φ = 0.9 but decreases over time under φ = 0.2, as shown in panel c of Figure 3.

Interestingly, informed traders in period 1 do not react strongly to their private information

under asymmetric information. In fact, the coefficient on (xi1 − p1) is 2.1482 under φ = 0.9,

whereas it is 0.6227 under φ = 0.2. In period 2, both coefficients are 3.0000. In other words, under

asymmetric information, fewer speculative positions are taken by informed traders only in period

1.

This may seem couterintuitive because speculative demand should depend primarily on risk

tolerance and the precision of private information. In fact, (21) indicates that the coefficient on

(xi2−p2) is τβ and is independent of φ. However, (20) indicates that in period 1, the extent of the
speculation is influenced by κ2µ2, the information content of the price in period 2. This reflects

the fact that, because of beauty contests, informed traders’ decisions necessarily involve dynamic

reasoning. In particular, even though the informed trader receives precise private information in
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period 1, he or she cannot take a bold speculative position if the information content of the price in

the next period is low. This is because his or her information advantage shrinks when the adverse

selection problem is severe.

5 Market Orders

In the preceding sections, we maintained the assumption that all rational traders submit their

demand schedules to the market. This type of market microstructure is referred to as (generalized)

limit orders. Another major market microstructure often studied in the literature is market orders,

under which traders submit quantities of assets demanded. The purpose of this section is to briefly

study market orders to highlight the role of market microstructure.

The key assumption in this section is that the informed agents and noise traders move first

(Chamley, 2004; Vives, 2008). There are two important implications. One is that the informed

agents cannot observe the current asset price: there is no learning from the current price. The other

is that uninformed traders necessarily act as market makers. Thus, information is revealed more

slowly under market orders than under limit orders. The key question in this section is whether

the results obtained under limit orders are maintained.

Suppose that agents form a common conjecture about the period 1 price such that p1 = κ1(λ1y+

µ1θ−s1), from which we obtain z1 ≡ (p1−κ1λ1y)/κ1µ1 = θ−s1/µ1. The price signal z1 is normally
distributed with mean θ and precision µ21γ. In period 1, after observing p1, uninformed agents’

beliefs about θ are updated to the normal distribution with E[θ|y, p1] = (α+µ21γ)−1[(α−µ1γλ1)y+
(µ1γ/κ1)p1] ≡ y2 and Var[θ|y, p1] = (α+µ21γ)−1 ≡ 1/α2. Informed traders observe private signals.
Their posterior beliefs follow the normal distribution with E[θ|y, xi1] = (α+ β)−1(αy + βxi1) and

Var[θ|y, xi1] = (α+ β)−1.

Similarly, suppose that agents form a common price conjecture about the period-2 price such

that p2 = κ2(λ2y2 + µ2θ − s2), from which we get z2 ≡ (p2 − κ2λ2y2)/κ2µ2 = θ − s2/µ2. The
random variable z2 is normally distributed with mean θ and precision µ22γ, and is informationally

equivalent to the price. Thus, in period 2, after observing the price, uninformed agents’ beliefs
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about θ are updated to the normal distribution with E[θ|y, p1, p2] = (α2+µ22γ)−1[(α2−µ2γλ2)y2+
(µ2γ/κ2)p2] and Var[θ|y, p1, p2] = (α2 + µ

2
2γ)

−1. The posterior beliefs of informed traders, who

cannot observe p2, follow the normal distribution with E[θ|y, p1, xi2] = (α2 + β)−1(α2y2 + βxi2)

and Var[θ|y, p1, xi2] = (α2 + β)−1.

Now consider the determination of equilibrium in period 2. Market equilibrium requiresZ φ

0

E [θ|y, p1, xi2]− p2
τ−1Var [θ|y, p1, xi2]di+ (1− φ)

E [θ|y, p1, p2]− p2
τ−1Var [θ|y, p1, p2] = s2.

We solve this for p2 to obtain

p2 =
[τα2 − (1− φ2) τµ2γλ2] y2 + φτβθ − s2
τα2 + φτβ + (1− φ) τµ2γ [µ2 − 1/κ2]

.

Rational expectations require that κ−12 = τα2 + φτβ2 + (1− φ)τµ2γ[µ2 − 1/κ2], λ2 = τα2 − (1−
φ)τµ2γλ2, µ2 = φτβ, from which we obtain

κ2 =
1 + (1− φ)τ (φτβ) γ

τ
¡
α+ µ21γ

¢
+ [1 + (1− φ)τ (φτβ) γ]φτβ

, λ2 =
τ
¡
α+ µ21γ

¢
1 + (1− φ)τ (φτβ) γ

, µ2 = φτβ. (22)

It is evident that κ2λ2 + κ2µ2 = 1.

Consider stock market equilibrium in period 1. With the price conjecture, uninformed agents’

beliefs about p2 follow the normal distribution withE[p2|y, p1] = y2 andVar[p2|y, p1] = (κ2µ2)2Var[θ|y, p1]+
κ22/γ = (κ2µ2)

2/(α+µ21γ)+ κ22/γ. The computation of E[p2|y, xi1] and Var[p2|y, xi1] is more com-
plicated because informed traders cannot observe p1. Substituting y2 and the price conjecture

about p1 into the price conjecture about p2 yields (19), from which it is easy to show that the

private beliefs of informed traders are the normal with

E [p2|y, xi1] =
κ2λ2α

α+ µ21γ
y +

µ
κ2λ2µ

2
1γ

α+ µ21γ
+ κ2µ2

¶
E [θ|y, xi1] ,

Var [p2|y, xi1] =

µ
κ2λ2µ

2
1γ

α+ µ21γ
+ κ2µ2

¶2
Var [θ|y, xi1] +

µ
κ2λ2µ1γ

α+ µ21γ

¶2 1
γ
+ κ22

1

γ
.

Thus, the market equilibrium condition for period 1 isZ φ

0

E [p2|y, xi1]− p1
τ−1Var [p2|y, xi1]di+ (1− φ)

E [p2|y, p1]− p1
τ−1Var [p2|y, p1] = s1.
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Solving this for p1 yields

p1 =

φτ

κ2λ2α

α+µ21γ
y+

µ
κ2λ2µ

2
1γ

α+µ21γ
+κ2µ2

¶
αy+βθ
α+βµ

κ2λ2µ
2
1γ

α+µ21γ
+κ2µ2

¶2
(α+β)−1+

µ
κ2λ2µ1γ

α+µ21γ

¶2
1
γ
+

κ22
γ

+ (1−φ)τ(α−µ1γλ1)y
(κ2µ2)

2+(α+µ21γ)
κ22
γ

− s1

φτµ
κ2λ2µ

2
1γ

α+µ21γ
+κ2µ2

¶2
(α+β)−1+

µ
κ2λ2µ1γ

α+µ21γ

¶2
1
γ
+

κ22
γ

+
(1−φ)τ

h
1−µ1

κ1
γ(α+µ21γ)

−1i
(κ2µ2)

2

α+µ21γ
+

κ22
γ

.

By matching coefficients with p1 = κ1(λ1y + µ1θ − s1), we obtain

κ−11 =
φτ³

κ2λ2µ21γ

α+µ21γ
+ κ2µ2

´2
(α+ β)−1 +

³
κ2λ2µ1γ
α+µ21γ

´2
1
γ +

κ22
γ

+

(1− φ) τ

·
1−

µ1
κ1

γ

α+µ21γ

¸
(κ2µ2)

2

α+µ21γ
+

κ22
γ

, (23)

λ1 = φτ

κ2λ2α
α+µ21γ

h
1 +

µ21γ
α+β

i
+ κ2µ2

α
α+β³

κ2λ2µ21γ

α+µ21γ
+ κ2µ2

´2
(α+ β)−1 +

³
κ2λ2µ1γ
α+µ21γ

´2
1
γ +

κ22
γ

+
(1− φ) τ(α− µ1γλ1)
(κ2µ2)

2 +
¡
α+ µ21γ

¢ κ22
γ

, (24)

µ1 =
φτ
³
κ2λ2µ21γ

α+µ21γ
+ κ2µ2

´
β

α+β³
κ2λ2µ21γ

α+µ21γ
+ κ2µ2

´2
(α+ β)−1 +

³
κ2λ2µ1γ
α+µ21γ

´2
1
γ +

κ22
γ

. (25)

The solution to this system of undetermined coefficients determines a linear NREE.

Notice that substituting (22) into (25) yields a single nonlinear equation in terms of µ1. It is

then easy, though tedious, to show that the equilibrium value of µ1 is determined as the solution

to:

µ1 =
φτβ

£
α+ µ21γ +Φφβ

¤ £
µ21γ +Φφβ

¤¡
µ21γ +Φφβ

¢2
+ α+β

γ

h
(µ1γ)

2 +Φ2/τ2
i , (26)

where Φ ≡ 1 + (1 − φ)τ (φτβ) γ. Once the value of µ1 is given, the other coefficients are easily

derived from (22)—(25).

Equation (26) has at most five roots. Instead of trying to obtain a general result about unique-

ness, we present some numerical examples to highlight the properties of the model. We use the

parameter values in Tables 1 and 2. The results are summarized in Figures 5 and 6. The dashed

lines represent the results under limit orders. It is then easy to verify that the information content

of the price under market orders is generally below that under limit orders. However, for many

parameter values, price volatility under market orders is below that under limit orders.
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6 Conclusion

In this paper, we analyzed the role of asymmetric information in a dynamic financial market in

which higher-order expectations matter. In a two-period economy, we have established that there is

a unique linear equilibrium; beauty contests under asymmetric information do not introduce excess

volatility driven by equilibrium multiplicity. This result contrasts with the findings of Cespa (2002)

and Cespa and Vives (2007), who found multiple linear equilibria under symmetric information.

Keynes observed that “ignorance” in the stock market can be destabilizing. The analysis in

this paper suggests that ignorance is not always destabilizing. In particular, it is possible for price

volatility to decrease with the proportion of uninformed traders. Such a result occurs when the

adverse selection problem is severe: uninformed traders feel safer as the proportion of informed

traders decreases.

Abreu and Brunnermeier (2003) introduced the concept of an “awareness window” to compute

the timing of a crash. In their model, a crash occurs when a sufficiently large number of traders are

sure that enough traders are aware of mispricing. In their model, the time path of the asset price

is exogenous. An important future research is to investigate the relationship between higher-order

expectations and stock market crashes (as a unique equilibrium) by using a model in which asset

prices, which convey information, are determined endogenously.

Using a static model, Romer (1993) showed that crashes are possible when traders are uncertain

about the quality of other traders’ information. Similarly, Avery and Zemsky (1998) showed

that financial herding associated with mispricing is possible when there is uncertainty about the

quality of traders’ information. Extending our model to include uncertainty about the quality of

information could shed light on the incidence of stock market crashes.
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Appendix

A Proof of Proposition 1

This proposition is proved by induction from T . Given (5) and noting that pT+1 = θ, we solve the

period-T price equation for pT to obtain

pT =
1

νT

½
VarT (θ)ĒT (θ) +MVariT (θ)ET (θ)− VarT (θ)VariT (θ)

φτ
sT

¾
=

1X
k=0

X
s̃∈S(1,k)

Mk Vars̃Es̃(θ)

νT
− VarT (pT+1)VariT (pT+1)

νT

sT
φτ
,

where M ≡ (1− φ)/φ. Suppose that (6) is satisfied in period t = h+ 1 ≤ T :

ph+1 =
T−hX
k=0

X
s̃∈S(T−h,k)

Mk Vars̃Es̃(θ)

νh+1νh+2 · · · νT −
Varh+1(ph+2)Varih+1(ph+2)

νh+1

sh+1
φτ

.

Then, by (5), it follows that in period h,

ph =
1

νh

Varh(ph+1)Ēh
T−hX
k=0

X
s̃∈S(T−h,k)

Mk Vars̃Es̃(θ)

νh+1νh+2 · · · νT −
Varh+1(ph+2)Varih+1(ph+2)

νh+1

sh+1
φτ


+ M Varih(ph+1)Eh

T−hX
k=0

X
s̃∈S(T−h,k)

Mk Vars̃Es̃(θ)

νh+1νh+2 · · · νT −
Varh+1(ph+2)Varih+1(ph+2)

νh+1

sh+1
φτ


−Varh(ph+1)Varih(ph+1)

φτ
st

¾
=

T−h+1X
k=0

X
s̃∈S(T−h+1,k)

Mk Vars̃Es̃(θ)

νhνh+1 · · · νT −
Varh(ph+1)Varih(ph+1)

νt

sh
φτ
,

where we have used Ēh(sh+1) = Eh(sh+1) = 0.

B Proof of Proposition 2

Remember that public prior beliefs about the fundamentals are θ ∼ N(y, 1/α), and that private
information is xi = θ+εi, where εi ∼ N(0, 1/β), and εi is independently and identically distributed
across individuals. Suppose that agents form a common price conjecture such that p = κ(λy +

µθ − s), where κ, λ, and µ are parameters to be determined. We rewrite the equation as z ≡
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(p− κλy)/κµ = θ− 1
µs. The random variable z is normally distributed with mean θ and precision

µ2γ. Thus, z is a signal about θ.

Thus, after observing the price, which is equivalent to observing z, public beliefs about θ are

updated to the normal distribution with E[θ|y, p] = (α + µ2γ)−1(αy + µ2γz) = (α + µ2γ)−1[(α−
µγλ)y + (µγ/κ)p] and Var[θ|y, p] = (α + µ2γ)−1. Informed traders in addition observe private

signals. After observing a private signal, informed trader i updates his or her beliefs. The posterior

beliefs follow the normal distribution with E[θ|y, p, xi] = (α+β+µ2γ)−1[(α−µγλ)y+(µγ/κ)p+βxi]
and Var[θ|y, p, xi] = (α+β+µ2γ)−1. Thus, the asset demands of informed and uninformed traders

are τ [(α−µγλ)y+ µγ
κ p+βxi− (α+β+µ2γ)p] and τ [(α−µγλ)y+ µγ

κ p− (α+µ2γ)p], respectively.
Market equilibrium requires

φτ
h
(α− µγλ)y + µγ

κ
p+ βθ − (α+ β + µ2γ)p

i
+ (1− φ)τ

h
(α− µγλ)y + µγ

κ
p− (α+ µ2γ)p

i
= s.

Solving this for p gives

p =
φτβθ + τ(α− µγλ)y − s
φτβ − τ µγκ + τ(α+ µ2γ)

.

Since the conjecture is p = κ(λy+µθ− s), rational expectations imply that κ−1 = φτβ− τµγ/κ+

τ(α+µ2γ), λ = τ(α−µγλ), and µ = φτβ. Thus, we obtain κ = (1+τ2φβγ)[φτβ+τα+τ(φτβ)2γ]−1,

λ = τα/(1+τ2φβγ), and µ = φτβ. Therefore, it is easy to verify that κλ = α/[φβ+α+(φτβ)2γ] ≡
K(φ) and κµ = 1−K(φ) so p = K(φ)y + (1−K(φ))θ − κs, where K(φ) is decreasing. It is now

easy to verify that the asset demands by informed and uninformed traders are

Xi = τβ (xi − p) + τα

1 + φτ2βγ
(y − p) , X =

τα

1 + φτ2βγ
(y − p) ,

respectively.
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Figure 2: 1,1,1,1,1 ===== γβατy  
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Figure 3: 1,3,2,1,1 ===== γβατy  
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Figure 4: 1,5.0,2,1,1 ===== γβατy  
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Figure 5: Market Orders ( 1,1,1,1,1 ===== γβατy ) 
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Figure 6: Market Orders ( 1,3,2,1,1 ===== γβατy ) 
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