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Theory and Applications of Economic and Government Statistics 2018

Abstract

This report is a summary of the unpublished talks and papers presented at the
third conference held on December 8, 2017 under the title "Theory and Applications
of Economic Statistics and Government Statistics". The topics of the talks are on (i)
recent issues of official and economic statistics, (ii) applications of economic statistics,
and (iii) statistical methodologies for economic statistics. The papers presented at the

third conference have been written in Japanese or English.
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ICP-PPPs as a basis for
International Comparisons of Productivity

PPP based value added per hour
worked: Japan/US, 2005

* Previous studies report lower
service sector productivity in
Japan compared to the US.

(Inklaar and Timmer 2008, Ministry
of Economy, Trade and Industries
2013, Jorgenson, Nomura and
Samuels 2016)

* These studies heavily rely on PPPs
from the International
Comparison Program (ICP) to
compare sectoral gross output and
input between Japan and the US.
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Gross value added share in GDP Man-hour input share in the total economy

US (2010) | UK (2010) | Japan (2012) | US(2010) | UK (2009) | Japan (2012)
Construction 3.6% 7.0% 6.1% 5.9% 8.2% 9.0%
Wholesale and retail 9.7% 10.8% 13.4% 13.5% 14.4% 14.4%
Education 5.9% 6.8% 3.5% 8.2% 6.9% 3.2%
Health care and social work 12.6% 8.1% 6.0% 17.9% 10.9% 10.6%
Public administration and defense, compulsory social security] 4.2% 5.3% 9.3% 3.4% 5.7% 5.5%
Total 36.0% 37.9% 38.2% 43.9% 46.1% 42.7%

Source: Fukao, et al. (2016)
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ICP-PPPs as a basis for
International Comparisons of Productivity - continued

* As part of the ICP, the OECD requests governments of the
participating countries to conduct price surveys to collect prices of
specified items (specifications for each good and service are
prescribed). Based on these reports, the OECD compiles the PPP
data of the ICP.

For example, in the case of railway transportation in urban areas, the
item for pricing is specified as

“an area ticket that allows changing to another mode of transport
(such as a bus or tram) with a validity of 60 to 120 minutes for one
ride, weekdays at 5pm”

* As this example shows, specifications of items are mainly based on
European experience. Moreover, quality differences in the provison
of services, such as the frequency of trains, delays, crimes, accidents,
the cleanliness of trains, etc., are not taken into account (Tsukada
2017).
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How can we account for quality differences in
price comparisons?

* There can be many factors that determine “quality”.
* Such factors are usually very hard to identify and measure.
* Service is a package of various unobservable factors.

Ask consumers directly

Conduct surveys on consumer preferences

Objective of the paper

* We would like to quantify the welfare differences between
US and Japan caused by differences in quality of services in
US and Japan using quality adjusted quantity index
numbers

Quality,, .,
X————
Quality,

QY. =Q |
US ,Japan US,Japan Iquality _unadjusted

* The quality un-adjusted quantity index is derivied
using PPP from ICP

_Zi’\il piJapanquapan /PPPUS,Japan

QUS,Japan ‘qualityiunadjusted - N
ZH Pius Gius

The objective is to estimate the quality adjustment factor
using consumer surveys




|dentification Procedure (1)

Suppose services of the average Japanese quality were
offered in the US in English.

If the Japanese service was better in quality than the

corresponding US service, how much more would you be
willing to pay for the Japanese service?

-

Relative MWP (or MRS) for Japanese Service Evaluated at the
US Price by the US (price premium for higher quality of

Japanese Services) -

Relative MWP for JPN service by the US people = (1 + byg)

17
@ Suppose services of average Japanese quality were offered in the US in English.
If the Japanese service was better in quality than the corresponding US service, how much more would you
be willing to pay for the Japanese service?
Conversely, if the Japanese service was worse in quality, how much cheaper would it have to be for you to
choose it over the corresponding US service?
* Please note that the numbers in the list below do not necessarily match the numbers in the explanation of
service categories.
*
Japanese quality is «—How much cheaper Japanese gquality
worse and so I feel a would it have to be for you is better and so
discount is necessary choose the Japanese service? I would be willing
How much more takpEy S maTe
would you be willing to pay for the
Japanese service? —*
G0% or even —50% —40% —30% —20% —10% 0 0% +20% +30% +40% +50% Would
maore of a be
discount is willing
necessany will to pay
absolutely not G0%
use or
evEN
more
1. Taxi
Response to previous guestion: — i O O O (@) @) ) 5 O O O &) (@)
([oes1 @ ZRFE]D
2. Rental car
Response to previous guestion: —* O O O O O O O O O O O O O
(G220 RRFAIFD)
3. Automohile repair
Response to previous guestion: — ) O O O )] (@] @)} (@) © O D) O (D)
([ozsad ZRFE]D
4 Subway/urban commuter train
Response to previous question: —* ) O O O O 9] L E ] O O O O O
(o254 ERAE]D
5. Long—distance train
Response to previous guestion: —* O O O O O O O O O O O O O
([a2sE@ RIRFIE])
6. Alr travel
Response to previous question: — & O O O O ) & & O O O O O 18
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US-Japan Survey: Quality differences and
willingness to pay

 Survey was supported by funding from Japan Productivity Center

Internet surveys were conducted both in Japan and the United States

in February-April, 2017.

Sampling 20-60s, reflecting the age-gender distribution in the census.

Japanese Sample: From individuals who stayed in the United States at

least for a period of three months since April, 2012.

Sample size: 519 (480 valid responses — eliminated extreme answers)

* US Sample: Individuals who stayed in Japan for at least one month
since April, 2012. (initially imposing staying for three months or longer,
but it was very hard to collect enough sample size)

Sample size: 528 (412 valid responses)

Service Industry

1|Taxi 15[Hotel (mid-range)
2|Rental car 16{Hotel (economy)
3|Automobile repair 17[{ATM, money wiring service
4|Subway 18|Real-estate agent
5[Long-distance train 19(Hospital
6|Air travel 20(Postal mail
7|Parcel delivery service 21|Provider with a mobile phone line
8|Convenience store 22|TV reception service using cable, satellite, Wi-Fi, etc.
9|General merchandise store 23|Hair dressing/beauty services (including beauty salons)
10|Department store 24|Laundry
11|Coffee shop 25| Travel services
12|Hamburger restaurant 26 Electricity, gas, heat supply, sewerage and water
distribution/pipe repairs & management
13|Casual dining restaurant 27(Museum/art gallery
14|Hotel (luxury) 28|University education




Estimation of Quality Difference and
Willingness to Pay

Two Issues:

1) Questionnaire has responses in intervals —
converting them to single values

* Use average of the intervals but poses problems with
the final open-ended interval

2) Differences between population and sample
characteristics indicates that self-selection could
induce biases into estimates

We deal with both of these econometrically.

Curve Fitting to Interval and Open
Ended Data

Fitted distribution (density) function by the MGBE

.

Frequency of the responses

\

Taking average for each bin.

T I T I | | \ I I T T I
0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6

Relative WTP for Japan to US service




Sample versus Population characteristics

us Japan
Survey Nationwide Survey Nationwide
household income $107,902 $53,889 ¥9,772,578  ¥5,458,000
age 35.522 37.6 44.315 46.4
female 0.473 0.508 0.500 0.514
famsize 3.145 2.64 3.042 2.38
univ graduate 0.553 0.205 0.702 0.299
marriage 0.326 0.524 0.704 0.589
Total Population 321419 127110
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Service Utilization
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B The humber of US people in sample who utilized
Japanese Service

B The Number of Japanese people in sample who utilized US
Service 24




Mean Income Differences (US)
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The Average Income of US people who experienced

Japanese services.
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Selection Biases

* The sample averages of income and other
variables are different from those in the census
and other survey.

* Two types of selection biases might exist
1) Selection to visiting US or Japan
2) Selection to utilizing particular service
* Unfortunately, 1) is very hard to deal with because
of very tiny fraction of US people visit and stay in
Japan for more than one month.

* We control for the second bias using Heckman’s
selection model.
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1)
2)

3)

Estimation of Quality Difference and
Willingness to Pay

Estimate both OLS and Heckman for each country and sector

Use the national average values for the covariates, construct the
predicted values

If the inverse Mills ratio is significantly different from zero, use
the predicted values from Heckman’s model, otherwise, use
estimates of OLS.

|dentification Procedure (2)

From our survey, we can obtain two estimates of the relative price
premium for Japanese Service

Relative MWP for Japanese services by US people = (1 + bys)

Relative MWP for US services by Japanese people = (1 + b]PN)

Relative MWP for Japanese services by Japanese people =
1

(1+b]pN)
. . . . 1
If preferences in both countries are identical, ———— = (1 + byg)
(1+b]pN)

* As the quality adjustment ratio, we take the Geometric Mean of
the two estimates:

(1+a]pN) _ (1+b]PN)
(1+ays) (1+bys)




Predicted National Average MWP service sectors -
Japan/US
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University  ——

Implication for Japan-US Labor Productivity Gap

Quality Adjusted Labor productivity gap between Japan and the
United States and value added share (2010-2012)

Labor productivity, Japan/US (US=100) Value added share in Japan's total GDP
0 20 40 Total = 55.5%
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We did not make quality adjustment of intermediate inputs.




Conclusions

* PPPs from ICP are used to convert service sector expenditures as
well as outputs for international comparisons.

* While ICP uses Structured Product Descriptions to specify items for
price surveys, these surveys do not adequately account for quality
differences.

* To the extent quality differences are not captured, PPPs reflect both
price as well as quality differences in the items priced.

* Quality differences are likely to be significant in service sector
products (transport etc.) — at least anecdotal evidence suggests this.

* This paper represents first ever attempt to estimate PPPs for the
services sector after adjustment for quality differences.

Conclusions

* Conducted a special survey of consumers in Japan and USA who
have spent a reasonable length of time in visitor countries

* The survey is facilitated by funding from Japan Productivity Center.

Based on the analysis of data on differences in quality as
perceived by consumers, a quality adjusted PPP is constructed.

Econometric analysis is used for correcting sample selection bias.

We make use of Sato-Vartia index as it allows for a simple
multiplicative decomposition of quality effects.

* Our estimated effect of quality difference is about 10%.

* We are currently in the process of estimating the effect of quality
differences in services sector on overall Household Consumption
PPP.
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Estimating the Impacts of Program Benefits:

Using Instrumental Variables with Underreported and Imputed Data

Abstract

Survey non-response has risen in recent years which has increased the share of imputed and un-
derreported values found on commonly used datasets. While this trend has been well-documented
for earnings, the growth in non-response to government transfers questions has received far less at-
tention. We demonstrate analytically that the underreporting and imputation of transfer benefits
can lead to program impact estimates that are substantially overstated when using instrumental
variables methods to correct for endogeneity and/or measurement error in benefit amounts. We

document the importance of failing to account for these issues using two empirical examples.



1 Introduction

Vast economic literatures estimate the impacts of government benefits, typically using instrumen-
tal variables (IV) methods that treat benefit amounts as an endogenous regressor since program
participation is often a choice (e.g., see surveys by Krueger and Meyer 2002; Currie 2004). Benefits
reported on household surveys are typically measured with error and these errors are not likely to
be classical as it is quite common for benefit amounts to be underreported (understated) or contain
imputed values. We demonstrate analytically and via two empirical examples that IV estimation
in such cases tends to overstate, sometimes substantially, the causal effect of program benefits.

Benefits are routinely imputed when households acknowledge receiving a benefit but do not
recall the amount.! The top left corner of Figure ?? shows the well-known substantial increase in
earnings imputations in the CPS (Lillard, Smith, and Welch 1986; Hirsch and Schumacher 2004;
Bollinger and Hirsch 2006; Heckman and LaFontaine 2006).2 The Figure also shows the far less
appreciated fact that benefit imputations have increased just as dramatically over this period.3

A related issue is the underreporting of benefits in surveys. For example, the Consumer Ex-
penditure Survey requires a single valid non-zero report from a major income source to deem a
household as a “complete income reporter,” potentially ignoring many other income sources (Paulin
and Ferraro 1994). Meyer, Mok, and Sullivan (2009) find that total benefits received, computed
by aggregating and appropriately weighting survey responses, fall short of administrative records
of total benefit disbursements even when including imputations.

These types of measurement error yield important inconsistencies in empirical analysis. E.g.,

!Many researchers fail to acknowledge imputed data. Surveying articles that use the Current Population Survey
(CPS) as the primary data source and were published in 2004 and 2013, inclusive, we find only 19 percent (16 out of
86 articles) mention imputed values. Even when acknowledged, some studies still treat imputed values as actual data.
The eight journals surveyed are the American Economic Review (except Papers and Proceedings issues), Industrial
and Labor Relations Review, the Journal of Human Resources, the Journal of Labor Economics, the Journal of Public
Economics, Labour Economics, the Quarterly Journal of Economics, and the Review of Economics and Statistics.

2A sharp rise in earnings imputations is also found in the 1990s in the CPS Outgoing Rotation Group (Bollinger
and Hirsch 2006). Determining which earnings values are imputed in the March CPS becomes less transparent
beginning in 1988. See http://www.psc.isr.umich.edu/dis/data/kb/answer/1349.

3Meyer, Mok, and Sullivan (2009) present a related set of results in terms of dollars imputed rather than individuals.
Prior to 1988, unemployment insurance and worker’s compensation benefits are combined with other benefits. Prior
to 1982, the CPS imputation codes for AFDC/TANF do not match the codebook values. Figure ?? imputation
rates account for item non-response and whole supplement non-response, the roughly 10% of households that do not
provide sufficient data for the March supplement. The variable FL-665, a flag for whole supplement non-response,
does not appear on the public-use CPS data until 1991 although it does appear on the Unicon CPS files beginning
in 1988. We thank Jay Stewart of the Bureau of Labor Statistics for directing us to these pre-1991 data.



since CPS earnings imputations do not account for union status, imputed earnings are uncorrelated
with union status. As a result, Hirsch and Schumacher (2004) and Bollinger and Hirsch (2006)
find that OLS estimates of the union wage gap are substantially understated (attenuated) when
including imputed earnings as compared to only using non-imputed earnings observations.

We show that underreporting and imputation can lead IV estimates to dramatically overstate
the impacts of transfer programs. For example, if the instrument is based on program rules that
vary across states and over time, imputed benefit values are not correlated with the instrumental
variable if the imputation procedure does not condition on state of residence. The first stage
estimated impact of the instrument on benefit amounts generally will be attenuated when using
imputed benefits and, since the IV estimate is the ratio of the reduced form to the first stage
coefficients on the instrument, the IV estimate will exceed is true value. When the instrument is
uncorrelated with the imputed values and missing observations are randomly assigned, we show
that the probability limit of the IV estimator exceeds the true IV parameter by a factor of 1/p
where p is the fraction of households correctly reporting benefits. Since only two-thirds of recent
CPS households correctly report benefits, IV estimates generated using imputed benefits are biased
upwards by 50 percent. Benefit underreporting has a similar impact on the IV estimator.

If the non-reporting is randomly assigned, a straightforward empirical solution is to only use the
non-imputed sub-sample. If values instead are missing at random (i.e., random after conditioning
on covariates), methods which account for selection on observable characteristics such as inverse
propensity score weighting can be applied. With selection on unobservables, estimates using the
non-imputed sample are also inconsistent. We briefly discuss possible solutions in such instances.

We present two examples to demonstrate the empirical importance of these estimation issues.
The first example uses the U.S. Social Security “notch” which Englehardt, Gruber, and Perry
(2005) exploit to examine the impact of Social Security income on the propensity of the elderly to
live independently. Since Social Security benefit imputations in the CPS use broad age categories
rather than exact age, we find that the IV estimates are biased upwards by 20 to 30 percent. Our
second example is a test for “excess sensitivity” among Japanese households in which monthly
consumption changes are regressed on monthly income changes using the predictable pattern of

child benefit payments as an instrument. Since only one quarter of eligible households report



receiving these payments, the IV estimate is overstated by more than a factor of three.

The measurement error induced by underreporting and imputation is akin to “mean reverting”
measurement error (Bound and Krueger 1991; Bound, Brown, Duncan, and Rodgers 1994).% Berger,
Black, and Scott (2000) analyze the inconsistency of the IV estimator when using a noisy measure to
instrument for another noisy measure when both suffer from mean reverting measurement error.’
In our analysis, this inconsistency arises even when the instrument is correctly measured as is

typical when benefit rules vary by well-measured characteristics such as age and state of residence.

Our results easily extend to situations where the outcome of interest is underreported or imputed.

2 Econometric Framework

2.1 Model Setup

We focus on the population regression model for a continuous outcome ¥y

y=PBo+ iz +u (1)

where x is an endogenous, continuous regressor such that Cov(z,u) # 0.5
Suppose that z is a valid, continuous instrumental variable for z such that Cov(z,z) # 0 and

Cov(z,u) = 0. The first stage and reduced form equations are, respectively,

T =my+mz+e (2)

y=00+01z+¢ (3)

Since z is assumed to be exogenous and free from measurement error, the OLS estimators for the
coefficients on z in equations (2) and (3) are consistent as long the left-hand side variables in each
equation are free of measurement error or suffer from classical measurement error. In addition,

under these conditions, the IV estimator for §;, which can be written as 51 /71, is also consistent.

4Gibson and Kim (2010) discuss a related issue for errors from using long-term retrospective recall data.
®See Card (1996) and Kane, Rouse, and Staiger (1999) for related analyses.
STt is straightforward to extend our analysis to include exogenous covariates and to account for binary variables.



Suppose the data contain an indicator, s;, for whether the endogenous regressor, x, is an actual
report, s; = 1, or an underreport/imputed value, s; = 0.7 Writing #; as a weighted average of the

OLS estimators for each sub-group defined by s; yields

. ZE-E@-D)
T S (a2

ZSi(Zi—z)($i—j?)—FZ(l—Si)(Zi—Z)(ﬂfi—f)

= 4
PR (4)

)

Ysi(zi—2)? Tsilz—2)(@i—7) L(-s)(z—-2)°" L(1—s)(z—2) (w - 7)

_ [ . + 7 . 7
> (2 —2)° > si (2 — 2)° > (2 —2)° > (1—s) (2 —2)°
SS,Z S= ~ SSZ S= ~
= Tl s T,s=1 TO * T1,5=0

Thus, the OLS estimator for the first stage slope coefficient, 71, is a weighted average of the
corresponding estimators when the model is estimated separately for each group, 71 s—1 and 71 s—o,

where the weights are the share of the variation in the instrument, S5, belonging to each group.®

2.2 Interpreting the IV estimator

Suppose that s; is randomly assigned and p = P [s = 1] is the probability of providing an actual

report. The first stage slope estimator using the sample of actual reporters, 71 s—1, is a consistent

Ssz,szl a d SSz,s:O

S S5, are consistent
z z

estimator of 1. In addition, the weights in the final line of (4),
estimators of p and 1—p, respectively. However, the corresponding estimator for the under/imputed
reporters, 71 s—o, depends upon the corresponding underreporting or imputation process.

One common imputation procedure, the “hot deck,” selects a replacement amount from a

“donor” with the same values for a small set of characteristics. Hirsch and Schumacher (2004) and

Bollinger and Hirsch (2006) note that this procedure does not preserve the covariance between the

"Most datasets contain flags to indicate which observations are imputed and which are not. This set-up is also
useful for understanding the impact of underreporting even though this behavior typically is not explicitly flagged.

8The analysis focuses on imputed/underreported values of = but can be extended to either y or z. Typically, the
instruments for benefits depend on well-measured demographic characteristics. E.g., Medicaid eligibility may depend
on a child’s age and the earned income tax credit (EITC) depends upon the family’s number of children. Thus, it is
likely that the endogenous regressor will be underreported or imputed while the instrumental variable is not.



allocated variable and the characteristics in the data that are left out of the imputation procedure.
If the imputed value of z does not depend upon z, the correlation between xz and z among the
imputed observations will be quite small, if not zero.? Thus, T1,s=0 ~ 0 and, per equation (4), the
probability limit of 71 will equal pmy + (1 —p) - 0 = pmy.10

For underreporting, suppose that observed = is a constant fraction, #, of actual x. It is
straightforward to show that plim (71) for underreporters is 6 - m; and, thus, for the full sam-
ple plim (711) = pm + (1 — p) Om < 7. Alternatively, when failing to report benefits (i.e., § = 0),
perhaps when payments are small or received infrequently, the probability limit of &, falls to pm.

The impact of underreported or imputed values of z on the IV estimator can be seen by

substituting (4) and an analogous expression for the reduced form estimator into the IV estimator

S SS s=1 N SS ,s=0 I
srv 01 g Ous=1+ g - 01,s=0 .
1 = A~ = S8, s=1 S8, s=0 =~ ( )

SS, 7%1,8:1 + 55,  TM,5=0

As discussed above, the denominator converges to values smaller than 71 when the endogenous
regressor is underreported or imputed. The reduced form slope estimates, 513521 and 5175:0, for
the actual and under/imputed reporters, respectively, are consistent if y is neither imputed nor
underreported. Thus, the probability limit of the IV estimator exceeds 51 and equals 1 /p > (1 if
underreporters all report no benefits or if the imputations are uncorrelated with the instrument.!!

If the non-reporting of values is randomly assigned across observations (i.e., missing completely
at random), then a practical solution to generate consistent IV estimates is to simply restrict the
analysis to only non-imputed/non-underreported observations.!'? Alternatively, the availability of

administrative data can provide a straightforward re-scaling of the first stage estimate when non-

“Bollinger and Hirsch (2006) note that some correlation between the imputed x’s and z will occur if the covariates
used in the imputation process for x are correlated with instrumental variable.

10T general, whether or not the probability limit of 7 exceeds m depends upon the imputation procedure. Bollinger
and Hirsch (2006) and Heckman and LaFontaine (2006) show that CPS earnings imputations pool GED recipients with
high school graduates and those attending, but not graduating from, a post secondary institution. Regressions yield
larger GED returns among those with imputed wages relative to those who provide wage information (plim (71) > 71.)

"Extending the analysis to include exogenous regressors, w, is straightforward using the Frisch-Waugh-Lovell
Theorem. The OLS estimate for the coefficient on  when regressing y on x plus a vector of covariates w is numerically
equivalent to first separately regressing y and z on w and then using the resulting residuals in a simple regression. As
analogous procedure is available for 2SLS, we can again apply (5) but must compute the weights using the shares of the
variation in the residualized values of the instrument z between the actual and underreported/imputed sub-samples.

12As a referee noted, Two Sample TV (Angrist and Krueger 1992) using the full sample for the reduced form and
the non-imputed sample for the first stage may provide an efficiency gain over 2SLS with only non-imputed data.



reporting is random. If the non-reporting of values follows the selection on observables assumption,
a number of straightforward methods are applicable: apply inverse propensity score weighting to
the non-imputed sample (Bollinger and Hirsch 2006), construct imputations using the instruments
in the imputation process (Hirsch and Schumacher 2004; Heckman and Lafontaine 2006), and
implement the “general correction” formula of Bollinger and Hirsch (2006) to adjust the estimates
for observable differences between the groups defined by s;. When implementing these methods,
the studies listed above do not find substantively different results between using the non-imputed
sample only and correcting for selection on observables.

Additional methods may prove useful when confronted with non-random non-response. Recent
estimation methods have focused on providing consistent point estimates when data are missing
as a function of the outcomes only (Tang, Little, and Raghunathan 2003; Ramalho and Smith
2013) rather than as a function of the regressors as with the selection on observables assumption.!3
Another option is to construct bounds for m; which, since using the full sample yields consistent
estimates of d1, will help produce bounds on ;. Since most government benefits have a natural set
of bounds due to programmatic rules, it may be possible to adapt methods developed by Manski
(1997) and Kline and Santos (2013) to generate bounds on m; or use the approach of Manski and

Pepper (2000) to derive bounds on 3;.!* We do not pursue these approaches in the current paper.

3 Empirical Examples

3.1 The Impact of the Social Security Notch Using Imputed Benefits

The U.S. Social Security “notch” generated a sizable change in Social Security (hereafter S.S.)
benefits for the affected birth cohorts (Krueger and Pischke 1992).!5 Englehardt, Gruber, and
Perry (2005) (hereafter EGP), using data from the 1980-1999 March CPS supplements, investigate
the impact of S.S. income on the probability that elderly-headed families live independently.'6

As OLS estimates of this relationship are likely inconsistent because S.S. benefits are a function

13These methods are related to those used in the literature on choice based sampling.

14Gee Kreider et al (2012) for a recent application of bounding when SNAP (food stamp) benefits are mis-reported.

5The Social Security Administration provides details of the notch at http://www.ssa.gov/history/pdf/notch.pdf

SEGP limit their analysis to families containing a S.S. recipient who is a male or never married female age 65 and
up or is a widowed or divorced female age 62 and up. Their paper provides details of sample construction.



of lifetime earnings (e.g., wealthier individuals have higher benefits and are more likely to live
independently), EGP use the variation across birth cohorts driven by the notch to instrument for
S.S. benefits. Our analysis is likely important in this case since the share of S.S. benefit recipients
with imputed benefits in the CPS rises from 20% to nearly 30% during this period.

To create their instrument, EGP construct a lifetime earnings profile based on the median male
earner in the 1916 birth cohort. They use this profile to compute the S.S. benefit for every birth
cohort from 1900-1933, using the Consumer Price Index (CPI) to deflate earnings across time. By
fixing the earnings profile, the instrumental variable only reflects changes in the programmatic rules
across birth cohorts. The solid line in Figure ?? shows the instrument by birth cohort.!”

Imputations in the March CPS arise from two types of non-response. Item non-response arises
when the respondent reports receiving a benefit but does not provide an amount. Whole supplement
non-response occurs when households finish the basic CPS interview but do not participate in the
March Supplement. As whole supplement non-response has remained constant at roughly ten
percent, the recent increase in non-reporting is driven by item non-response.'®

The CPS uses the hot deck imputation method to allocate missing values by taking a value from
a donor observation with the same values for a subset of observable characteristics. For the March
CPS supplement, all donors are drawn from the same year. To broaden the scope of potential
matches, continuous match characteristics are collapsed into categorical values (e.g., age) while
some values of a single categorical characteristic are combined (e.g., race/ethnicity).'?

Age is used in the hot deck procedure to impute missing S.S. benefits. For item non-response,
the imputation procedure uses seven age categories for selecting a donor: less than 35, 35 to 54, 55
to 61, 62 to 64, 65 to 69, 70 to 74, and 75+. For whole supplement non-response, the procedure
always groups those ages 65 and up. The long and short dashed lines in Figure 7?7 show average
S.S. income by birth cohort for non-imputed and imputed values, respectively. Actual S.S. income

reports exhibit strong evidence of the notch while the imputed values do not.

1"We thank Gary Englehardt for sharing the values of the instrument by birth cohort.

18Prior to 1988, information on whole supplement imputation was contained in the data allocation flag for each
income measure. In subsequent years, there is a single flag indicating whole supplement non-response.

19We thank Ed Welniak for providing us with the internal Census Bureau documents detailing the hot deck
procedure beginning with the March 1989 CPS and retroactively applied to the March 1988 CPS. These documents
are available from the authors. We have not been able to determine the imputation procedures used in earlier years.



EGP estimate the equation

Py = 0S5SIncome;; + BX;p +v; + o + d; + iy (6)

where P;; is an indicator for having a shared living arrangement; SSIncome;; is family S.S. income
in thousands of dollars; X;; includes indicators the head’s and spouse’s (if present) education,
spouse’s age (if present), marital status (married, widowed, and divorced), white, and female; ~;,
is a full set of indicators for the age (age+3 for widowed and divorced women) from ages 65 to 90;

oy is a set of survey year indicators, and ¢, is a set of indicators for the nine Census divisions.?’

Table 1 presents our results.?!

Applying OLS to equation (6) shows that the probability of
living in a shared arrangement falls as S.S. income increases. The impact is over twice as large in
the non-imputed sample (column (2)) than in the imputed sample (column (3)), consistent with
an attenuation bias due to including those with allocated benefits.

The first stage estimates vary as predicted by our analytical results. The estimated effect of the
instrument on S.S. income is nearly 20% larger in the non-imputed sample than in the full sample,
consistent with the share of S.S. benefit imputations during this period. Relatedly, the first stage
relationship is more than three times larger for the non-imputed sample than the imputed sample.

As the shared living arrangements measure is based on the household roster, there is no reason
to expect the reduced form estimate to depend upon whether S.S. income is imputed. While the
reduced form estimate in the imputed sample is larger than the non-imputed sample estimate, the
standard errors are sufficiently large that these differences are not statistically meaningful.

The final row of Table 1 presents the 2SLS estimates. The 2SLS estimate of -0.023 when using
the full sample is over 25% larger than the estimate of -0.018 using the non-imputed sample only.
Assuming that S.S. benefits are missing at random, the results from the full sample substantially

overstate the efficacy of S.S. benefits in reducing shared living arrangements.??

290ur analysis differs from EGP’s in two ways. First, we use the 1900-1930 birth cohorts rather than the 1900-1933
cohorts. Second, whereas EGP use age-by-year of birth cells, we use individual-level data to match our analytical
results. Cell-level results are quite similar to our findings shown here (see Stephens and Unayama 2015a).

210ur estimates are weighted by the individual sampling weight for the S.S. recipient. The standard errors are
clustered at the year of birth level. As equation (6) includes a number of exogenous covariates, we apply the Frisch-
Waugh-Lovell theorem as described earlier and use the resulting residuals to estimate the first stage and reduced
form models in order to be consistent with the decomposition shown in equation (5).

22When converted to elasticities, following EGP, we find a full sample elasticity of -0.53 which is 25% larger than our



Finally, we use inverse propensity score weighting (IPW) to correct for selection on observable
characteristics (Bollinger and Hirsch 2006). We estimate a probit using an indicator for reporting
an actual S.S. value as the outcome and use the same regressors as in equation (6). The IPW

estimates (column (4)) are nearly identical to the non-imputed sample only estimates (column (2)).

3.2 Excess Sensitivity and the Underreporting of Japan’s Child Benefit

A number of developed countries provide transfers based the age and number of children in a family
(OECD 2011). In Japan, child benefits are paid three times a year, in equal amounts, in February,
June, and October. While the Life-Cycle/Permanent Income Hypothesis (LCPIH) predicts that
households will smooth consumption in response to predictable changes in income, a number of
papers find that consumption is sensitive to the timing of income receipt including various types
of government transfer payments (Stephens 2003; Shapiro 2005; Mastrobouni and Weinberg 2009;
Stephens and Unayama 2011) and paychecks (Stephens 2006).

Japan introduced its child benefit system in 1972 by providing benefits to households with three
or more children, extending to two child families in 1986, and to one child families in 1992.23 Child
benefits were means tested until 2009. Benefits initially continued until the child was fifteen but
this age limit was lowered to three in 1986 before being incrementally raised over multiple years
and again reached age fifteen in 2009. Benefits were relatively stable in real terms in the 1970s
and 1980s, increased in 1992 and again in the mid and late 2000s, before subsequently decreasing.
These benefits constitute over three percent of family income (Stephens and Unayama 2015b).

We test whether consumption exhibits “excess sensitivity” using monthly panel data from the
Japanese Family Income and Expenditure Survey (JFIES) during 1992-2009 when all families with
children are eligible for benefits and benefits are means tested. Families are surveyed in the JFIES
for six consecutive months and are instructed to enter all expenditures and income into a daily
diary. Our data contains detailed expenditure and income categories at a monthly frequency.?*

Child benefits are recorded as part of an “other social security” variable which contains all

social welfare benefits except public pension payments. In benefit distribution months, only 24% of

elasticity of -0.41 for the non-imputed sample. Stephens and Unayama (2015a) provide details of these calculations.
23Stephens and Unayama (2015b) provide a more detailed discussion of Japan’s child benefit system.
24 Additional details regarding the JFIES are given in Stephens and Unayama (2011).



eligible households report positive benefits amounts with 70% of positive reports exactly matching
the child benefit value predicted by programmatic rules (i.e., based on age and number of children)
and 20% of positive reports being too high, likely due to receiving additional transfer benefits. Only
4% of households report benefit receipt in non-benefit distribution months.

We regress monthly non-durable consumption changes on monthly income changes and, since
income changes may reflect unexpected information (e.g., job loss), instrument for income changes

using the monthly child benefit disbursement pattern.?> Specifically, we estimate the equation

AC;; = o + aAHHincome; s + Xt + Uiy (7)

where AC; ; is the change in non-durable consumption from month ¢ —1 to month ¢, AH Hincome; ;
is the change in household income between adjacent months, and X;; are additional controls
for monthly consumption growth including calendar year and month indicators, survey month
indicators, the change in the number of household members, and the age of the household head
and its square. The substantial amount of child benefit underreporting reduces the endogenous
variable, AH Hincome;;, which makes our analytical results relevant for this analysis. 20

Table 2 reports the tests of excess sensitivity.?” Using our full sample (column (1)), the OLS
estimate of the marginal propensity of consume out of income is 0.086. After instrumenting for
income changes, we find a relatively large and significant estimate of 0.171. A finding of this
magnitude typically is considered to be evidence of a substantial violation of the LCPIH.

The full sample first stage estimate is 0.283 although, in the absence of underreporting, we
would expect this coefficient to equal one, i.e., income increasing one for one with benefits.?® Thus,

the large degree of underreporting severely attenuates the first stage estimate. Furthermore, since

the IV estimate is the ratio of the reduced form estimate to the first stage estimate, in this example

2’Non-durable expenditure is the outcome commonly used in the literature (e.g., Stephens and Unayama 2011).
Upon entry into the JFIES, households report total household income for the twelve months prior to the survey
period. We use this measure to determine whether households are above or below the means test threshold.

26 H Hincome; ; includes all monthly household income sources except bonus income. Bonuses are typically received
in June (a child benefit month) and/or December. The first stage estimates are sensitive to including bonuses although
they remain substantially less than one and the corresponding IV estimates are still biased upwards.

2"The standard errors are clustered at the household level.

280ne possibility is that child benefits crowd out other sources of income, e.g., earnings are reduced as a behavioral
response to child benefits. Even if benefits lead households to work less, it seems very unlikely that these work effort
reductions would exactly coincide with the months of benefit receipt rather than be spread throughout the year.

10



we would expect the IV estimate to simply equal the reduced form estimate in the absence of
underreporting. A comparison of the IV and reduced form estimates indicates that underreporting
inflates the causal estimate by more than a factor of three and yields a quite different substantive
interpretation of the deviation of behavior from the standard model.?

One theoretical mechanism for excess sensitivity is that liquidity constrained households respond
to anticipated income changes. Following Zeldes (1989), we split the sample based upon whether
the household is above (unconstrained) or below (constrained) current year median sample income.
For both types of households we find evidence of excess sensitivity in the reduced form estimates
in Table 2. However, we find similar attenuated first stage estimates and dramatically overstated
2SLS estimates for both groups due to benefit underreporting.

Assuming that underreporting occurs randomly, we examine a “correct reports” sample defined
as observations where the “other social security” amount matches the amount computed for the
instrument. We only lose roughly one-third of the sample as benefit changes are zero for the
majority of months. The OLS estimate for the correct reports sample (column (4)) is similar to
the full sample estimate. Moreover, consistent with the prediction that one yen of child benefits
raises family income by one yen, we cannot reject the null that the first stage estimate is one.

However, the remaining estimates in column (4) suggest that the correct reports sample es-
timates are subject to selection on unobservables. The reduced form estimate for this sample is
twice as large as the corresponding full sample estimate. Adjusting for selection on observables
(column (5)) yields similar results. One possibility is households that are most likely to report child
benefits are more likely to change their spending due to benefits. Clearly, only using non-missing

observations is not a universal panacea for addressing underreported and imputed data.

4 Discussion

The continuing rise in survey non-response has increased the share of observations with imputed and

underreported values for government benefits. We demonstrate analytically that the underreporting

290ne concern is that we may misclassify ineligible households as being eligible due to mis-measured household
income. However, we split the sample between high and low income households below in order to examine whether
the response can be attributed to liquidity constraints, we find nearly identical first stage estimates for both samples.

11



and imputation of government transfers can lead to a substantial overstatement of the causal
effect of government transfers when applying instrumental variables methods to correct for the
endogeneity and/or measurement error. Our empirical findings confirm these concerns.

We conclude with some observations for empirical research. First, researchers should pay close
attention to the magnitude of the first stage estimates in addition to the strength of the instruments.
Second, when non-reporting is not random, caution needs to be used when dropping non-responders
as illustrated by our child benefit example. Third, researchers should take care to construct correct
variance estimates when using imputed data, possibly through adjusted variance formulas (Abadie
and Imbens 2012) or bootstrap methods (Shao and Sitter 1996). Finally, it is important to under-
stand the imputation procedures a data provider uses. For example, for the four benefit items in
the March CPS that use state of residence for imputations, this information is collapsed into five
broad groupings which do not reflect geographic location, are constant over time and, thus, are

unlikely to be correlated with the state-year variation used in many IV applications.
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Table 1 - Social Security Notch Regressions

Sample: Pooled Non-Imputed Imputed Non-Imputed
S.S. Income  S.S. Income S.S. Income
IPW
(1) (2) (3) (4)
OLS -0.010 -0.012 -0.005 -0.011
(0.0005) (0.0005) (0.0008) (0.0005)
First Stage 0.227 0.267 0.070 0.270
(Residuals) (0.050) (0.056) (0.040) (0.059)
Reduced Form -0.0052 -0.0048 -0.0071 -0.0049
(Residuals) (0.0026) (0.0023) (0.0045) (0.0022)
2SLS -0.023 -0.018 -0.097 -0.018
(0.014) (0.010) (0.068) (0.010)
N 256,710 203,983 52,727 203,983

Notes: Each estimate in the Table is from a separate regression. The dependent variable is an indicator whether the
family is living in a shared arrangement. The OLS and 2SLS estimates are the coefficients on family S.S. income
and also include controls listed in the text. The first stage and reduced form estimates are the coefficient on the S.S.

instrument based on the Frisch-Waugh-Lovell decomposition. Standard errors are clustered at the year of birth.

Table 2 - Excess Sensitivity Regressions

Sample: Full Below  Above  Correct Correct
Median Median Reports Reports
Income Income IPW
(1) (2) (3) (4) (5)
OLS 0.086 0.079 0.090 0.087 0.090

(0.009) (0.010) (0.013) (0.011)  (0.011)

2SLS 0171  0.135 0220  0.08  0.094
(0.083) (0.080) (0.144)  (0.038)  (0.039)

First Stage 0.283 0312  0.253 1.07 1.10
(0.032)  (0.047) (0.043) (0.045)  (0.046)

Reduced Form  0.048  0.042  0.056  0.093  0.103
(0.024)  (0.025) (0.037)  (0.041)  (0.044)

N 186,383 93,063 93,320 122,217 122,217

Notes: Each estimate in the Table is from a separate regression. The dependent variable is the change in in non-durable
consumption from month ¢ — 1 to ¢. The OLS and 2SLS estimates are the coefficients on the change in reported other
social security income from month ¢t — 1 to ¢t. The first stage and reduced form estimates are the coefficient on the

programmatic child benefit change from month ¢t — 1 to t. Additional controls are listed in the text.



Figure 1: March CPS Share Imputed Among Those With Positive Amounts 1988-2013
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Figure 2: CPS Social Security Income and the Instrument by Year of Birth
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£, Ghosh, Kubokawa and Kawakubo(2015)
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L ANIVETIV:i=1,....m y=V1,....¥Ym)"
Vil 6~ N(6;,0%), 6~ N(xB,o%5)

Se% o DEEET B, nS?/o? ~ x5

B VNS WEE, S2R—HMEDN RV, FREIC-BENRW,
FRRER 1 02,..., 02, ICHINE AN D,

(a) FSHIH GBVEIK) : 02 = . =05 =07

(b) ZESBET IV : 07 ~ Gamma(a, b), (a,b) : KA

EPANA THEE - FHHE D 2 Effg/\HEE Tamae and Kubokawa
(2015)

~2

v (vi — x; B)

éAB =% +
| Pt 52 (ns?+2/b)/(n+ a/2)

/

(c) D EREIELE 7 )L : Sugasawa and Kubokawa (2017)
of =9(z]y)

B : 9(z]y) = (2[7)? 9(z]y) = exp{z] ¥}
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4) B = HFHOBFWESET I

TH, WACEEEREHUNT —YIIEDEAEDZ EDEVL, DI
B, WHZEHBLEZEDICKREEAET I ELTIIDHZ I NN —FICHRS
NTWBD, FHEHESBHT LEMEIGLWE XRS5 AW,

(1) ZHEEE: y>04DT, h() : (0,00) > (=00, 0)
(1) Box-Cox Z#

Bo, | (Yt=1)/4, 2#0,
e ={ e, TS

THNSA—4 1D MLE F—Bt% £ 740,
(2) WMMZ#E (Dual Power Transformation)

hDP(y) _ (y/l - y_/l)/2/la A> O,
A log y, 1=0.

Rt

Ho/XZ A —% 2D MLE F—HE%Z D,
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(IETIVDEY G - y,....ym yi>0
(1) Fay-Herriot €7 )L 1 i=1,...,m
yi =bi +¢i, &~ N(0,D),
0 =x/B+ Vv, vi~N(0,02)

2

0= xTB+VvDFRE : 05 = xTB+ D,+“2( x7B)
yi > 078D THEILL < 7L,

Q)EBRETIL: yi>0DEE, y B h(y, )
h(yi)=6i+ei, i=1,...,m

(@) 0 DFAEZHEEHLLIZED

A2
N o O- —_—
08(h)) = x/ B+ - +v&2 (ha(yi) - x7 B)
I v

i3t LT hy'(05(h)) & A %, Sugasawa and Kubokawa (2015)
BRI ZFRLTWE I &I BEDD,
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(b) 6, = WHEH L 7=H DD FPIE : Sugasawa and Kubokawa (2017)

(oe]

Elhy (6)lyi] = E[hy (X[ B+ vi)lyi] = f ' (8)e(t; 67 (), oF) ot

772U 02 = 02D;/(02 + D)), ¢(t; 0, 02) ~ N(6;,0?)

(3) BET— 49 BITD-HDEMRMET IV : BIREER DA
Y,j>0, | = 1,....m, j: 1,...,N,‘

BERTH T/i = NI._1 ZIN:'1 Y,'j T L7=UY,

B4 () : (0,00) = (—eo,00) hu(Yy) = XIB+Vi+ g
BEEFOEE : vi ~ N(0,02), 65 ~ N(0,03)

Yi= Vitso s Yin) s HHINEZT—%

Yi=(Yin+1,--, Yin) T s S NADST—F
Yi=N'ZH Y OFRE

21,11}/”_'_21 ni+-1 ELYilyi ﬂy--FZj ni+1 E[Y;lyil
Ni N; N; : N;
ZZTE[Yly] = E[h' (x[B+vi+ e)ly] 25ET 2BEL D .

26/29




E A Hhig Bl D B 352X (poverty indices) DHETE A D it

(4)Unmatched Sampling Linking Model : Sugasawa, Kubokawa and Rao
(2017)

yi=6i+e¢ei, & ~N(0,D),
h(@,‘) :X;rﬂ +vVv, Vi~ N(O, 0'6)

0; > 0, h(-) : (0,00) — (=00, 00
Bl Z 1, h(@,‘) = log 6;, h(@,‘) = Iog{H,-/(1 — 9,‘)}
6, = h™' (X;rﬁ +v;) DF A=

N—"

E[6ily] = E[h™ (x] B+ vi)lyi] = f i (6ily;)de;,

(1) — () &xP=(yi = 0)%/2D; — (h(6) — X[ f)"/27)
T T @) expl=(y - 07120, = ((6) - x; B 20510,
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(5) BERNT — & BEMNT

i B DRFE, BT, LB EDEHT —9 OFEITICDOWT, it
B EENREEALATTILAAWVWSZ EICL > THEEDSE L g5
WEEASEZDZENTEDE, RPYY - HYITETI, 2IH-R—4F
TILRE, BEELHEOR TOHMNEED 2 REBTRIETETWS
PHEBRICODVWTIIHEZAEZTRNDGAZAVTRRRMI XHEEEZ KD B Z
ENTE, BELAMBRIHEEEZSEZ DI ENTED, F-EHEY
BHEOFEHEIC) v IERERELZZICENNHRE LTCERYHRAEE
TERETINIE—RILBEESET /L (GLMM) &\ 3,

(6) /NXILT—4 R

Higpl T — 9 BAERIVICHSNTWE EE, Wh BRI TF—F
DOWICHIERABAANTETITZ2ETILBRESINTWVWS, B
DRI ETEEMECHEE HIE N HEIRBRICR 5,

(7) ZEBUERFHE
BIRESETIVOEFRIRICOWVWTIE, BEDAIC, BIC &IFERY, &
EVRICEDVWATFAREDOHREZZERT HHEE L THRHEME AICH
TR N, Kawakubo and Kubokawa (2014) 72 & TERERZEBHEAMN R INT
W5,
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(8) FRIFRZE D

EBLUP D & D B/ MEEEISHEREZEOH I HICEASINTWVWSED
T, EBRFABRENEDERERZINTVWIDOI 2 BELINELH D,
% Z TEBLUP M¥¥ 2 FT2ZE (MSE) D m —» o DH & TORNHERER &,
FD2 R ENRIHEEEDEH %17,

FRREAZFAET 2D LT FRAEHEREEZESEIET, M ooDH
& T2 RENERICERRE 1 -y IC—B T 2 EHERBOEREI1T D,
CDEIBR2RIPRBEDFEEZEHT 5ICIE, T—F—REAICEDW
TR EE T — MR NSy FICEDWIZAEN—BRHTH S,
TR AEICLD L, 2RI REEEZHATHICKDZ ZEHNTE S
D, BEAETIVICDWTIIETEN TETCHEEMALTETIVICAD &R
DEDEFEI’RE#ICAR S, ChzbEdT2—D207 70—FITHUERM D
ZAWSHDT, 2 X MREZEHMR EREL D DOREBD OEMHLREGEZT
ZERSEEMONZEBY TRKDBIENTE B,
T—rANSYTRZELL LIENRSARN) Y Y - T—=rRAKNZY THIFR
GICEHETEBZDTEANTH BN, MLAEDIBYRLEIEEVEL TS
WEFENEEFNTWE L, HYLSHEREIMD»>TLEIEWVDIR
mhH B,
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AT T - RETEE SRR

o IERAFEHEBERAEIHRIELT —XDERKIZOWT CEK2 THELTH29H) ] 76
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— BRI GBS 54 5. k25 4FE9 H 27 HEH) 12815 T5ZOFE] ~DOX)G
« [FrEZEOWNRIEROREM] RFHETIX, EEOHFRIZOWT, REHIZDOWT
DANY TaA=FT 4 V7 LUTHRMETBEZEELTWS, ZHUIX LT, rfEED
WERIEHR S ARSI o by Ta—F 1 V7 EDEZLLER U Tt
T 5 EPMET I N, KREHE NEROERIZEEELTN W &, ELMWEDL
TR T D Z N TELRWI ERHO NI R o7z, ZTD & D BMET DGR,
FrSEIIREE DO AZ by Ta—FT 4 VI L TRIETEZ 2 & L. ZTONRIBEIRD
REIZDOWTIE, 5%, X 0EBREACTEICET D HEERML - e 2 B2
ThHI Lo, 5lEHE, &k 13 SBROFE] CTRULZAATHRNT S8
WD 5,
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«  [FAEZORNRIBEROIEME] RFFEIZEWTIE, IBEIZEENSHHRIZONWT
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M DR, SBE DR E OEGIZBRE U CRtT 2222 LTWa, LA
Uahis, AE, fE{RECHEEEFICET AMEOEEERELTCE D, *
DI IEFGE IZBE T 2 NERIERO LB AR I v Tnws, —hH, EXRNZE
T HERR U 72 NERIER D 7 — X B Gk X, LS TE ST, LV EBRE
PALFIRICE T 2 EERIZE - MEDPBE L R>TW5, Z07=H, 5. iife
FONREROIRMLIZmIT, B EHEOHWADE SRS, hy Ta—T+4
VI UANDEAE EO CTEA B Z R T 2 HERH B,
o (BEMIZIIERAEEEMAZICRST) BELT —XDEKICBWT, BEAMZHER
U 7z S5 NERIE SR OER DB E L TN T W5,
_ UL UAEIZOWTHIRAETH 5,

Fnﬁ%EODIE%ﬂ:?%EI

o HEAEREHAETEOREE (BELT—X)
~KREHDOAE Ny T a—F 1 V7 UTHRME
1. #8FTE 1 2200 T LA B, 1 5P A
2. WHEAHET (Bie++E2RMED @ 400 HHBA R, 1 FHEAL
3. #& (BRFER - EAESEFHS) : 8o JHM B 1 FHEAL

o [AIFHEZE (H29)
— PR DOWER : JE A, HEE. Bt - JEME. KANTERE. MERE. A
PRS- B, BERAR, BREFYE, ZOMOESEER S, Mk, AL
& - HAFERE, T OMORE
— FrfRIE 2T 1 THHAL, 5 M 4 M,
— WX ENT S 1 T-HEAL, 5 #T,
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o HEHFIGHE IZHNI OB LNARWVWDT GRINZHZ ) F—2%0E L,
o F—ZHTHRITH VYT« TERTHS S,
o F—LHLOIEIIZ Y, LUV T 4 TEBITHIEE T2 HEIZRVD, FHEIXL
NI DB,
2. fifit by Fa—54 79
o HEDMEURIZHNILERTWVWDT, F— LTI LV,
o fEREN DI WIS Z £ & 5 & iBI A REZRMEREILIK D T,
3. by 7 a—FT 4 VIRONREEGEEZ ED X DIZHE R B0,
o WiRIZEE (0.1%HALTE S D) R SEELSM, HAOIZ LB IEENRED,
- by TaA=FT 4 VT INBWMERENFRELTE R 2 L HBEMTES T,

NiRZLLTEA S I DR

1. NERD LTI R S FEEADFID 720 2

o MMEAMM N w T a—F 4 V7 INTWBEE., WiRDEENLD 1672\,

o MY T I—FT 4 VI TRITNXYY DI E 5256 (L) LarknweEbhs,
2. MR DR R BRI 4 7

o HERLEIZF =2 TIEAR W EE S D, O DK CLREI RN L D 5,

o FERLL 2 BEEL I X TREER R I £V 5,
3. NERDRHIN 100%IZ72 SR\ 2 2T 2

o FELLD T 1 MDA UFEFLAZZ EHAFINE 112705 L IER 5 7\,

o ¥AF 1 A AT S CHARMEN E DR LLIZ 7 5 & 5 iR R 2 M)V % FH\W 5 “random
rounding” 2 A ¥ — b,

e random rounding | & EL D —F,




(Naive) Random Rounding I

o BRERILD THMNIE % 1071 2 B< (d=0,1,2,...

o HOH j I m; DI, m; Z 10794 THIo 2RV Z r; 2EL (G =1,2,...,J)

o RODEME r. =37 r; &#L 1 E107 40D EBSH, BT o TRWET S,
— PRI I 10 EIRIC 22D 2 BTN, r B0 RS R VEEENRD,
;>0 RBHEAETIZOWT 1y > 0 L RDERZERRE,

« ;=0 LR PHHZRET 5ITIXEAZ AND LR,

o MERZLI T N Xy = (Xl,XQ,...,XJ) =N %j ﬁ)bﬁﬁgﬁﬁs"ly/r. =!p; T 10 Z=Hid
% ZIH 3 A Multi(10, p) 126D &9 5,

o m; % 1074 THIS 722 1077 22T X; x 1079 2R %, A S NTE j i
KL Y; £ 5,

o HOMIZEY)) =m DY Y =1,%5,

7

— AL : BEEE DIBEL

e Random Rounding 72 & N 1 MDA T v X LTZM, 1 M TH HHEIT RN,

o HiDNR—YT X7 ~Milti(10,p) D& I A% Multi(10%,p) & LTY; ZiHEITNILT
ckMiz I VU RALIZHFEKSD c=0,1,2,...)

o —MRTALRL DKM - BRI T
J
E(Y;) =7, ZYj =1
j=1

iz TIEE DR E T v X AT AT RE,
~ BEELE Y, 13 BRMT 7R O THERZ L
o ZDTHEDLZEMIIZLHELHGDT v XL AMEKET 5,




BELDEEMH I

o BILDLZEMIZOWTDEZHI#HHD DD, T I TIIARKIE x 5 Eff p 2 HEHIT
TLBELEZD,

o HHREANMLTIE, ED e lZDWT V(z, p)

PIX =x;p+ A)
P(X =z;p)

 le— BPTI74R=F OP)] EFER, 72720 A IZEME p O 1 A2 LZ KT,
o ()ARDHEAELDL |A|=172DT

logP(X =x;p+ A) —logP(X = z;p) <. 2
A -

¢ ENTIANY—1Fb b T —EZR—AD—IKDEALZEZTWDDT p HEEEK
PNz 20T 5,

o HixIT 2 XTIA| =0 LT, NWBLEHBOMEN c MTNROLZREEZ LD,

< exp(€) (1)

9

%IO)?FDZ\IEI

e P(X =x;p) B 012745 (x,p) WEIELZSEN T T4 R— K TIEAEW,

- ZIHMMEIFZERIL (p;=0) TP(X; >0)=0RDTHEDSTTA4X—FTIERW,
o ETDYVIVIERNIEIZRD XD ICLTHEN O ERE : p; =p; + 0,
o A D p; ODWUNELE ATRT -

(logP(X =x;p+ A) —logP(X = x;p))/|A|
= (zj(log(pj +d; + A) —log(p; + 6;)))/|Al = x;/p;
o Mo TENTTAR=LTHBHIZIE, V(z,p;)
xj/Pj < €

e DED p; BWERUNLZRD jIZDWT a; = 10° TH > TH ERDRNL % ER,

— BTREOBRMD 1 2 \WS 2 ANTIEIET 5,
o fER. p; H—BEDD c AN WVIFE RS,
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%Eﬁﬁ@—%%'

o ML DIEELTIX X ; ~ Multi(10%,p) & LGSR, E(Y;) = WJ,Z] Y, =1 %zl
TIEADHERILLD T ¥ X LITERE Nz,

o ZDBILDZEVEIZZ I DHERBIBUTMKAF U TR S iz, DR EDNIX L2
MHeLLEb 5,

o ZIHMG L AEIANE U CRADIFHEDS R U2 AmIZ X, AMES 6. [ Uil 2 it 7z
j— Y ﬁ)ﬁ‘:{}ﬁjﬁbo

o LNTRAIGD miZ2WT, Fyre F,:={f;:f;€No,jelJ],> fj=n}»D
E(F;) =nm; LRD50MEZRKL T DOHEZRT,

11

ﬁﬁ)&w%ﬁﬁl

e (Total) Bell polynomial:

where
S = 1{s:5; € Ny,i € N,Zisi =n}.
i=1
® BO() = 1.

e Partial Bell polynomial:

DS I

SES|nk'L 1

where

o0 oo
Sinie =18 :5€Np,i € N,Zisi = n,Zsi =k}.
i=1 i=1
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e Simple fact: B, (w) = >} _ By x(w).

o We write \w = (Awy, Awa, Aws, ...). = B,(Aw) = > A\ B, 1 (w).
o = dB,(Aw)/d\=>]_ kAN 1B,, i (w)

e ifw; > 0,i € [n], then B, (w) > 0= dB,(Aw)/d\ > 0if A > 0.

13

Bell Polynomial Distribution I

e Define, forn € N, J € N, \; > 0,5 € [J],w; > 0, € [n], the J dimensional Bell polynomial

distribution with parameters (12, A1, A2, ..., Ay, w) by

n 1 J
p(f;) = (f) mEBh(Ajw)a Fi € Fnu (3)

e Denote this distribution by Be11P ; (1, A1, A2, ..., Aj, w).

e Whenw = (1,0,0,0,...), it reduces to the .J dimensional multinomial distribution with cell
probabilities \; /., j € [J].

e When Zfil wz/z' < 00, it reduces to the Conditional Compound Poisson (CCP) distributions (H,
2009).

14




Marginal Moments I

Write 7m; 1= Aj /..

Theorem 1 Suppose that F'; ~ BellP;(n, A1, Ao, ..., Ay, w). Then
E(F}) =nm;, jelJ] (4)
V(F;) =nm;(1 —m)p(n, A\, w), je€lJ], (5)
where ,
A(n—1)! & Bi(Aw)w,_;
dp(n, A, w) = 1+W; i!(fl—i)— Ik
Cov(F;, Fj|N =n) = —nmmjp(n, A, w), i€ [J],je[]],i#]. (6)

Remark 1 ¢(n, A.,w) = lifand only if w; = 0 fori > 2.

Corollary 1 For all w the correlation matrix of Be11P j(n, A1, Ag, ..., Ay, w) is that of
Multi(n,m, T2, .., 7).

15

ex) Negative Hypergeometric Distribution
w; = (-1, B,(Aw)=AXA+1)---(A+n-—1).
BellP;(n, a1, ag,...,ay, (01, 11,21 ...))'s pmf:

[ n ['(a.) / (e + ff)
w0 = (7)o =5 o€ i

Write 7m; = o /cv..
When F'; ~ BellP;(n,aq, o, ..., ap, (0! 11,21 ...)), itis known that
E(Fj) = nm;.
V(F;)=nmj(1—m;))(1+ (n—1)/(a. +1)).
Hence ¢(n, a., (01, 11,21 .. .)) mustbe 1 + (n — 1) /(. + 1).

Proposition 1
n—z—l (o +i) n—1
+1) Ca A+ 1

M |

16




Direct Proof of Proposition 1

e Llemmal
“T(a+i) T'(l+n+a)
; (1+i)  al(l+mn)
e Thus we have
B (n— 1)l 3 (n—i—-1a +1
d(n,a, (01,11,21..)) = 1+ T(a. + 1) ; L(i+1)
B (n—1)la. =D +i)  w=T( +2
- 1+F(a.+n){(n_1)§ I'(i+1) 2:: }
el i) Heore
= 1+F<a_+n) {(” 1) al(n—1) (e +1)I'(n—2)
B (n— 1)l I'(n+a.)
= 1 F(a.+n){ (o -|-1)F(n—1)}

ex) Quasi-Multinomial

QJ/)‘7 (107217327 .

BellPJ(n, 91//\, 92/)\, ceey
Mittal, 1977):

P(F;=f,)= (J:LJ) 0.(6. +1nA)

Reparameterize (7) as 5 := \/0. > 0,7, = 0;/0.,j € [J].

Consul and Mittal (1977) derive

Theorem 1 tells us that 7’s can be separated in (8).

18

J
n—1 Hej(ej_'_fj)‘)fj_l? fJ EJ_-'ln,J'
j=1

.)) is “Quasi-Multinomial (type 2)” (Consul and

(7)

(8)




Proposition 2 For 8 > 0 eq. (8) can be rewritten as
V(Fj) :nﬂ'j(l_ﬂ-j)gb(naﬁ_la(107217327'”))7 9)

where

(n—1)! 2

(BT + )"

BB 4 4)i~ Y (n — q)n—i=1
il(n —i—2)!

o(n, 71, (19,2132 ..) =1+
1=0

Proposition 3 When F'j ~ BellP (n, 01 /X, 02/X,...,0;/X, (1°,21,32,..))),

Cov(E;, Fj|N = n) = —nmmp(n, 871, (19,21, 3%..)).

19

NIVZIRADHIRICE 2BEALOZE M I

o fEELIZ BellPs(n, A1, Ao, ..., Ay, w) 25 & ULTED T T4 NY —%25Hlis 5,
o WHLEZ N\, THHTHL

B (\jw) B! (Aw)
| B r_ fi\" . n
(log By, (Ajw) =log BaAw)) = 55 00y ™ Bu(how) )

o THHRETO (f,(\,..., ) IEOVT e AR RS #H T T4 X—h,

o (10) RDLWHE IHIX f DT OVWTER LD THE - HOAEFE T
Bl (\w) ST kAT By (w)
By; (Ajw) Egjzo A?ijvk(w)

o NN FRIKT DL b/ MREWIZE EXITHEINT 5,
o oT N BIRE/NST W ITn Z2R2TEDLZHEIZ 10 RiFmAILE NS,
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Theorem 2 Suppose thatn € N, J € N, A\; > 0,w; > 0,5 € [J]. Write A = min; A;. Then
BellP;(n, A1, A2,..., Ay, w) is €-DP if and only if

BL(w)  Bi(\w) _ -
B,(Qw) B,(Aw) ~

Corollary 2 Suppose thatn € N, J € N, p; > 0, € [J], Z‘j]:lpj = 1. Then Multi(n, p) is €-DP
if and only if, V7,

n(l/p; — 1) <e. (12)
e NB: B,()\,0,0,...) = \".

e When cell probabilites are uniform, i.e., least unsafe, (12) reduces to n(] — 1) <e.

— € can never be small!

21

Corollary 3 Suppose thatn € N, J € N, o; > 0,5 € [J]. Then NegHyp(n, @) is €-DP if and only if

”il( ! — 1 ><e (13)
— a+k o +k)

e When a./g is fixed at ¢, (13) reduces to

> (@ fm_(cli k)) =

k=0

— LHS— OQasa — oo: Multi

Proposition 4 Suppose thatn € N, J € N, a; > 0, j € [J]. Then for any positive €, NegHyp(n, @) is
€-DP as «. — o0 where cell probabilites are fixed.

22




o BOMRM (=ZHT 1+ VI VIRE) BHEVRERTITAR—PML VSR €y T+
v 7 H3iE S 73 Machanavajjhala et al. (2008) & #2 &1,

o ZIHM IR % deterministic IZIBEL L TH —MRIZED T T4 RX— MZHSEZR W,
— BDOMBAT DI IH D DR % IR E U stochastic (Z#2EL L T\ 5,
— deterministic 72 & EL D ANHEFEMEIE L IZ H7Z2 W,

23

ERT AN =DM

e LHS of (11) is further written as

> b0 FA T Bo g (w) Bu(Aw) — 350 kAT B, g (w) By (Aw)
By, (Aw) B, (Aw)

ZZ:O an,k('w){Ak_an()‘-'w) - Af‘:_an(Aw)}
B, (Aw)B, (A w)

> r—o kB, k(w){N* 1B, (Aw) — \F1B, (A\w)}
B, (Aw) B, (\.w)

S o nBn g (W) {NTIB, (A w) — A IB, (Aw)}

IA

IN

B, (Aw)B,(A\.w)
0 BuOw){BOw) — BuQw)} 0 {Bu(\w) - B,(w))
A. B, (Aw) B, (A w) A. B, (Aw) '
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Proposition 5 Suppose that the conditions of Theorem 2 hold. Then Be11P ; (1, A1, A2, ..., Ay, w) is

€-DP if B ()

e When \./\ s fixed at c,

B (. A)"Bn o'

i Zrw) g (A" Bua(w) + @4)—1:«W—D
Theorem 3 Suppose thatn € N, J € N, A\, > 0,w; > 0,5 € [J]. Then for any positive €,
BellP;(n, A1, A2,..., Aj,w)is €-DP as A\. — 0o where cell probabilites are fixed.

e When cell probabilites are fixed, Multi is unchanged as A\. — oc.

Proposition 6 Let p; = 0. /\. Then QM(n is e-DP as p. — o0 where cell probabilities are fixed.
Pj J ) P P

o Bn(p<10721, .. )) = p(p_|_ n)n—l
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Figure 1 : Likelihood Function of 8y (n = 1,000)

Figure 2 : Likelihood Function of 8, (n = 1,000)




Figure 3 : Likelihood Function of p (n = 1,000)

Figure 4 : Wrong Likelihood Function of p (n = 1,000)
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Theorem 4.2 (KAK 2017)) : Assume that v; (i =1,--- ,n) are
a squence of i.i.d. random vectors and |X,| # 0. Then under the
assumption of Gaussian distributions the maximum likelihood
estimator of 3 is consistent as n — <.

Theorem 4.3 (KS 2017) : Assume the non-stationary
errors-in-variables model and |X, | # 0. Then under the
assumption of existence of fourth order moments the SIML
estimator of 3 is consistent as n —» oc.

726 SIML HEE & OWnE ERME € R85 1A T 5 (KS(2017).)
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Theorem 5.1 : In the new setting with N, s, n (= Ns) (positive
integers), we assume the moment conditions on the seasonal
components as E[Wg)zl] < 0.

For }A:X, we have

(i) For mpy=[n*land 0 < a < 1,as n —

) VD LY o

(i) For m, = [n®] and 0 < & < 0.8, as n — o0
2
\/ﬁ[ 5 aéh)} — N (O aég)af,h) + [aéh)} ) .

The covariance of the limiting distributions of \/min[(,)\'g;) — ag;)]

and /m [6,(( — ak,)] is given by

ng?ai(ﬂ) —|—a( )ahk) (g, h,k,1=1,---p).
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Theorem 5.2 : In the new setting assume the moment conditions
on the seasonal components as E[Wg)zl] < 00. For X5 with Ig‘? or

1)
(i) for m, =[n“]and 0 < a < 1, as n — ¢

.-y, 2 o0.

(i) For m, = [n“] and 0 < @ < 0.8, as n — o0
~(s s L s) (s 5)]2
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The covariance of the limiting distributions of \/min[(%;) — ag}]

and \/mn[(%,(j) — a,(j)] is given by
Jé(;()aﬁ) + 05)0,(53 (g, h,k,1=1,---p).
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