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Abstract

In this paper, we propose instrumental variables (IV) and generalized method of moments
(GMM) estimators for panel data models with weakly exogenous variables. The model
is allowed to include heterogeneous time trends besides the standard fixed effects. The
proposed IV and GMM estimators are obtained by applying a forward filter to the model
and a backward filter to the instruments in order to remove fixed effects, thereby called the
double filter IV and GMM estimators. We derive the asymptotic properties of the proposed
estimators under fixed T and large N, and large T and large N asymptotics where N and
T denote the dimensions of cross section and time series, respectively. It is shown that
the proposed IV estimator has the same asymptotic distribution as the bias corrected fixed
effects estimator when both N and T are large. Monte Carlo simulation results reveal that
the proposed estimator performs well in finite samples and outperforms the conventional
IV/GMM estimators using instruments in levels in many cases.
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1 Introduction

Using panel data in empirical studies has become much more popular than before since many
panel data sets are available in these days. Accordingly, many types of panel data models
and estimation procedures have been proposed. Among them, the most basic approach is the
fixed effects (FE) regression model where unobserved individual specific effects are allowed to
be correlated with regressors. However, consistency of the fixed effects estimator relies on the
strict exogeneity assumption, i.e., the regressors and idiosyncratic errors are uncorrelated for all
periods when the time series dimension, denoted by 7T, is small. Unfortunately, there are many
cases in which the strict exogeneity assumption is violated. A leading example is a dynamic
panel model. Regardless of whether the regressors besides the lagged dependent variables are
strictly or weakly exogenous, or endogenous, the lagged dependent variable is correlated with the
idiosyncratic errors by construction, and hence the fixed effect estimator is inconsistent when T’
is small (cf. Nickell, 1981). To address this problem, estimation procedures using instrumental
variables (IV) have been extensively considered since the work of Anderson and Hsiao (1981).
These include, among others, Holtz-Eakin, Newey and Rosen (1988), Arellano and Bond (1991),
Arellano and Bover (1995), Ahn and Schmidt (1995) and Blundell and Bond (1998) etc. While
most of these studies focus on short panels, there are cases where long panel data are available,
typically in macro panels. Inspired by the availability of long panel data, several papers study
large N and large T asymptotic properties of aforementioned estimators where N is the number
of cross-sectional units. Earlier papers that considered large N and large T" dynamic panels are
Hahn and Kuersteiner (2002) and Alvarez and Arellano (2003). Hahn and Kuersteiner (2002)
and Alvarez and Arellano (2003) demonstrate that, when 7' and N are large, the fixed effect
estimator is consistent but its asymptotic distribution is not centered around the true value in
the context of (vector) autoregressive models. To correct for the bias, Hahn and Kuersteiner
(2002) also proposes a bias-corrected fixed effects estimator.

More recently, an alternative IV estimator has been proposed in the literature, where a for-
ward demeaning (detrending) is applied to the model while backward demeaning (detrending)
is applied to the instruments. We call that IV estimator the double filter IV (DFIV) estimator
since unobserved heterogeneity is filtered out forward and backward. Perhaps, the first paper
that considers the DFIV estimator is Moon and Phillips (2000) where a near integrated au-
toregressive panel data model is studied. However, they did not provide theoretical discussion
on the DFIV estimator. Hayakawa (2009) considers the DFIV estimator in a stationary panel
autoregressive model and derives the asymptotic properties when both N and T are large. A
novel feature of the DFIV estimator is that it has the same asymptotic distribution as the bias-
corrected FE estimator when T" and NV are large. Since the DFIV estimator simply uses variables
derived from past means as instruments, as opposed to the commonly used level variables, it

1. From the theoretical point of view, the DFIV estimator has

is quite easy to use in practice
addressed the trade-off problem of using many instruments. Although many instruments are
required to improve efficiency, the DFIV estimator becomes efficient despite the same number
of instruments as the parameters is used. Hence, the DFIV estimator becomes efficient with the
minimal number of instruments. This property has the advantage that it does not cause a large
finite sample bias induced by using many instruments. Thereby, the trade-off between bias and
efficiency of the generalized method of moments (GMM) estimator is addressed: both the bias

and variance of the DFIV estimator become small simultaneously.

'In the Stata command xtabond2 by David Roodman, which is routinely used in empirical studies, we can
estimate dynamic panel data models by that instruments.



The DFIV estimator is also extended to a panel VAR model(Hayakawa, 2016), dynamic
panel simultaneous equation model (Akashi and Kunitomo, 2015) and an infinite order panel
autoregressive model (Lee, Okui and Shintani, 2016). However, while there are several nice fea-
tures as above, unfortunately, the asymptotic equivalence between the DFIV and bias-corrected
FE estimators are only proved in the context of (V)AR models, which are somewhat restrictive
in practice. One of the purposes of this paper is to demonstrate that this equivalence result
holds for more general case with additional regressors. Specifically, we demonstrate that the
asymptotic distributions of the DFIV and bias-corrected fixed effect estimator with large N and
T are identical for linear panel data models including dynamic models as well as static panel
data models with weakly exogenous regressors. Moreover, we demonstrate that this equivalence
result holds even when the errors are heteroskedastic and heterogeneous time trends are included
in the model, which are not allowed in Hayakawa (2009, 2016). We also investigate the efficiency
property of the DFIV and related GMM estimators when 7" is small and N is large. We conduct
Monte Carlo simulation to investigate the finite sample behavior of estimators. Consequently,
we find that the DFIV/DFGMM estimators tend to outperform the fixed effects estimator and
IV/GMM estimators using instruments in levels.

The rest of this paper is organized as follows. In Section 2, we introduce the models and
estimators. In Section 3, the large N and T asymptotic properties of estimators introduced in
Section 2 are derived. In Section 4, we carry out Monte Carlo simulation to investigate the finite
sample behavior of estimators, and in Section 5, we conclude.

With regard to the notation, we define T; = T — j. For a matrix A = {a;;}, a;; denotes the
(i,7) element of A. |A|* = tr (A’A) = " az; denotes the Euclidean norm of a matrix A.

2 Model and estimators

In this section, we introduce models and estimators. We first consider a model with fixed effects
and then consider a model with heterogeneous time trends.

2.1 Fixed effects model
Consider a panel data model with fixed effects, given by
Vit = Wiy 0 + 1; + vy, (i=1,...,N; t=1,..,T) (1)

where w;; and § are k x 1 vectors. We assume that the error term v; is serially and cross-
sectionally uncorrelated. The fixed effect n; may be correlated with the regressor w;;. Also, we
assume that the regressor is weakly exogenous in the sense that F(wjv;s) = 0 for t < s and
E(wjvis) # 0 for t > s.

This model includes several models as special cases:

Static model:  y;; = x,0+ 7 + vt
where w;; = x4, d = 3, and x;; and 3 are ¢ x 1 vectors with k = q.
AR(p) model:  y;; = aryii—1 + -+ pYi—p + 10 + Vit
where Wit = (yit—1, ...,yiﬂt_p)’, 0= (o, ...,ozp)/, and w;; and § are p x 1 vectors with k = p.

ARX(p) model:  yi = a1yis—1+ -+ Yii—p + X8+ 0 + vi



!/
where Wit = (Yit—1y - Yidps Xig) » 0 = (al, ...,ap,,B') , and w;; and § are (p + q) X 1 vectors

with k =p+q.
In a matrix form, the model (1) can be written as

yi = W30 + ity + vy,

(2)

where y; = (yi1, .-, yir)'s Wi = (Wi, ..., wir), ey = (1,...,1) and v; = (v;1, ..., ;7). Define the

following matrix that can be used to remove fixed effects:

[ =L =1 -1 1| =L ]
T-1 T-1 T-1 T—1 | T-1
0 1 =1 =1 =1 | =L
T2 T-2 T-2 | T2
T-3 T-3 | T-3
F. = diag(cf,ch,....ch) i : .
(Ty xT) ’
: : -1 | -1
. . 1 7 7
0| o 0 1 | -1 |
0 its>t
=y ={ a=1+0(5) ifs=t
7% =0 (7)) ifs<t

Fiy
07y %1

L

F12
L

F22

L

F13
L

F23

where ¢, = /(T —t)/(T —t + 1), F¥, and F}; are scalars, F{, is 1 x Ty, F, is Ty x Ty, and Fj;,

is To x 1.
Multiplying (2) by F% , the model to be estimated becomes

Vi =Wid +vi,

where y¢ = Fhy,; = (9, ., Uir ) s Wy = FE W, = (Wi, ..., Wiy, ) and vi = Fyv;
ct Wit — Wigrr + - Fuyr) /(T —t)], Wi = cf Wit — (W1 + - +wyr) /(T —t)]
Note that the fixed effects n;

with g, =
and 0}, = c¢f[vit — (Vi1 + - Fvr) /(T —1t)] for t = 1,...,T7.

is removed by taking a deviation from future means. The tth row of (4) can be written as

Uh = Wi + 0f, (t=1,...,T1;i=1,..,N)

This is the model in forward orthogonal deviations (FOD).

(4)

(1')217---7%1)'

()

Next, we introduce an instrumental variable. In empirical studies, (a subset of) lagged

level variables w;i, ..., w;; are commonly used as instruments.

Instead of using variables in

levels, Hayakawa (2009, 2016) suggest to use variables deviated from past means. To introduce

variables deviated from past means, let us define

-1 1 0 0
7 7 1 0
B} =di ( Lo, L L) : t. .
T = dlag CT17 yC9, C1 -1 -1 -1 1
(TLxT) T—3 T-3 T-3 0 0
=1 =1 =1 =1 1 0
T—2 T-2 T—2 T-2
=1 =1 =1 =1 =1 7
L T-1 T—-1 T-1 T-1 T-1

- {bgt}'

(6)

B, is obtained by rotating F7». The mathematical relationship between F7 and B% is given

in (70) in the appendix. Using this, we define an instrumental variable W, = B4W,; =

S




(Wty, ..., Wayp) where?

Wit—1+ -+ Wy
t—1

L o
Wit = Cr—¢41 [Wit

] . (i=1,.,N; t=2,..T). (7)

Note that the first period is lost due to the difference property of the transformation matrix
(6). The transformation that induces W}, is called the backward orthogonal deviation (BOD)
transformation as opposed to FOD transformation.

Since E(wivl) = 0 for 2 < s <t < T holds, we can construct moment conditions from

this. Specifically, we consider the moment conditions E <Z£2 WZ&”&) = 0. The corresponding
instrumental variable estimator is given by

N T LN T

St .. . . .

b= (i) (X w). ®
i=1 t=2 i=1 t=2

We call S;V the double filter instrumental variable (DFIV) estimator since it is based on forward

and backward filtering.

How are the moment conditions derived?

In Hayakawa (2009), it is shown in the context of AR(p) models that w;, has the same structure
as the infeasible optimal instruments which leads to efficient estimation. Here, we provide an
alternative explanation how the moment conditions E (W;j,0},) = 0 are derived. For this, let
us define two variables Ti?t and rf; for some 7; such that rft =1y — (rig—1+ - +ria)/(t—1)
and 7"1{5 =1y — (rig41 + - +riv) /(T —t). Note that rft is a variable deviated from backward
means while r{i is a variable deviated from forward means. Hence, when r; = v, rf; and vy,
are related such that 7j, = v},/c;. We demonstrate that the moment conditions E (Wj;0},) = 0

can be obtained from the fixed effects model:
(yir — Ui) = (Wit — W;)'8 + (vie — 0y), (i=1,..,N; t=1,...T) 9)

where 7; = T71 Zthl Yit, Wi = T71 Zthl w;; and 9; = T~} ZtT:l vit. Note that, after some
algebra, (w;; — w;) and (v;; — U;) can be written as

Wit — W; = Twit + Twztu
_ t—1 T—1
Vig — Vi = vat T ”5&'
Hence, the covariance between the regressors and error term in (9) becomes
~ ) (t—1)2 (T —t)(t—1)
E(wi —wi)(vie —0;)] = TE(W%U%) + TE(W{W%)
(T—-t)(t—1) (T —t)?
TE(W%%@) + WE(WZ;UZJ;) # 0.
This non-zero correlation is the reason why the fixed effect estimator is inconsistent when 7T is

small. However, among the four terms, the third term has zero mean E(Wé’tvf;) = 0, which can

be used to consistently estimate § even when T is small. Multiplying ¢%_,,,¢; to this moment
condition in order to account for time series heteroskedasticity, we obtain ¢ _; i E (W?tvg;) =
E (w,0%) = 0. This indicates that the proposed moment conditions are derived from the valid
part (i.e., no correlation) of the moment conditions of the fixed effects estimator.

2Compared with the form given in Hayakawa (2009), the coefficient c¢p_;41 is slightly different. However, this
is inconsequential and does not affect the main result of this paper. Also, although it is possible to remove cf_; 4
from w,, we keep it to simplify the mathematical relashionship between F%. and B4 (see (70)).



2.2 Trend model

Next, we consider a panel data model with usual fixed effects and heterogeneous time trends,
given by?

Yit = W0 +n; + Nt + v, (i=1,.,N;t=1,..,T). (10)

In this model, since both 7; and A; can be correlated with w;, the FE estimator augmented
with time trend is inconsistent when 71" is small. In a matrix form, this model can be written as

(11)

To remove both 7; and A;, we need to multiply a matrix that is

yz:Wi6+niLT+)‘iTT+Via (Zzlva)

where 7p = (1,2,...,7)".
orthogonal to both ¢p and 7p. While there are several matrices that achieves this (e.g. the
second differences), we consider the following matrix:

2(—2Tp) | 2(—2To+3)  2(-2T2+6) o 2(—2T243T3)  2(—2T2+3T2) ]
TS T Ty 175 T
0 1 2(—2T3) 2(—2T3+5) ( 2T3+3T4) 2(—2T3+5T3)
ToTs ToTs ToT5 T T3
0 0 1 2(72T4) 2(72T4+3T5) 2(*2T4+3T4)
T FTl T3T4 T3T4 T3T4
T = Fr . . . .
(ToxT) : : 0 :
2(—4) 2(—4+3) 2(—4+6)
: ‘ : 32 32 32
0 0 0 1 2(2 12) w ]
_ n Fio Fi3 (12)
Oryx2 Fiy Fiy
0 if s>t
= {fI}= c; =1+0 (7 t) ifs=t (13)
2eT[—2(T—s—1)+3(t—s—1)] _ 1 r .
T Ts-1 O(T $)+0 () s <
where F7! = diag (cf,¢5, ..., ¢}, ), ¢f = VT -t)(T—-t-1)/(T—t+1)(T—t+2), F; and

F1; are 2 x 2, F{, is 2 x Ty, F3, is Ty x Ty, and F33 is Ty x 2. The matrix F7 is obtained as a
GLS transformation of second differences. The formal derivation of F7 is provided in appendix.
Multiplying (12) to (11), we have the following transformed model

=W,d+ ], (i=1,..,N) (14)
. - . . - T - . . o ’

where y; = Fry;, = (97, ¥i)s W, = FiW; = (Wj,..., W), and v] = Fpv; =
(0fy5 -, ¥fp,)". The tth row of (14) can be written as

gL =Wwle+oh,  (t=1,..Thi=1,.,N) (15)
where

Un = [ayi + fleaYierr + o+ fipyir, Wi = faWae + flaa Wit + -+ fipwar,

Oy = fhvie + flivie + o+ fipvir,

and f7, is defined in (13).

3Panel data models with heterogeneous time trends are studied by, say, Wansbeek and Knaap (1999), and
Phillips and Sul (2007) etc..



Next, to introduce an instrumental variables, we define

2(—2+3) 2(—2)
2( 241+6) 2 2211+3) 2(14) ) 0 - N 0
3.2 3.2 - 1 0 . .. 0
BT _ BTl
r T o(—omy+3Ty)  2(—2T4+3T5) 2(—2Ty)
(ToxT) .. .. 1 :
T3T4 T3T4 T3T4
2(72T3+3T3) 2(72T3+3T4) . . 2(72T3+3) 2(72T3) 1 0
ToT5 ToT5 ToT5 ToT5
A2Mh+8Ty)  2A=2ToksTy) | A=2Dt6)  2A=2Dp43)  2A-2Ty)
| TWT» 1> P P W15 i
= {bu (16)

where B7! = diag (cT,,--- 3, ¢]). Note that B} can be obtai.p(id by rotating F7. (see (70) in the
appendix). Using this, we define an instrumental variable W; = BL.W; = (27, ..., z];,)" where
its tth row is given by

Wi, = th—z,th‘t + bZ—Q,t—lwi,t—l + -+ b;tr—2,lwi1> (Z =1,..,.N;t=3,..., T) (17)

with b7, being defined in (16). Note that the first two periods are lost due to the difference
property of the transformation matrix B7..

Since E (Wi0],) = 0, (3 < s <t < T)) holds, we can construct moment conditions from
them. Specifically, we consider the moment conditions £ (Z?ig WthUth) = 0. The corresponding
instrumental variable estimator is given by

- N Ty -1/ N T
awz(zzvvm) (zzwaya). (1s)

i=1 t=3 =1 t=3

This is the DFIV estimator for the model with fixed effects and time trend given by (10).

2.3 Unified model

To derive the asymptotic properties of the proposed IV estimators (8) and (18) in the next
section, we formulate the above two models (1) and (11) in a unified framework. For this, let us
define a variable d such that d = 1 corresponds to the FE model while d = 2 corresponds to the
trend model. Also, let us define Cr and Fr such that C7 = ¢7 and Fr = F/;, for the FE model,
and Cr = (¢, 77) and Fpr = F7, for the trend model. Thereby, the case (d,Ty,Fr,Cr) =
(1,71, ¥4, 1) corresponds to the FE model while (d, Ty, Fr, Cr) = (2,1, FF, (vr, T1)) corre-
sponds to the trend model. Note that F7 has the properties such that FrCr = 0, FTF’T =1Ir,
and

'Fr = Qr =Ip—Cr(CrCr) ' Cp =1y — Ry, (19)
R %LTL,T FE model
T = 2(2T+1 * .
IS(Tj_l)) Lty + WTTT} - ﬁ (erThe + Trelp)  trend model
(20)
Using these, the models (1) and (11) can be written as
yi = Wid +Crn; +vi, (i=1,..,N). (21)
Multiplying (21) by Fp we obtain the following transformed model:
y; = W;d+ v (22)



where yi = Fry, = (v, yr,). Wi = FrW; = (wj,...,wip ) and vi = Frv; =
(vfy, -, vip,)'. The tth row of (22) can be written as

yh =wid+uv, (i=1,.. . N;t=1,..,T) (23)

Note that the models (5) and (15) are the special cases of (23).

Similarly, let w}, (i=1,...,N; t=d+1,...,T) denote W}, for FE model given by (7), and
w1}, for the trend model given by (17), respectively. Since E <Z£ a1 w;‘t*v;‘t> = 0, we have the
following instrumental variable estimator

5 N Ty LN 1y

o (3 wiwi) (320 wia). )
i=1 t=d+1 i=1 t=d+1

This is the DFIV estimator for the unified model given by (23). Note that the previous two

estimators (8) and (18) are the special case of (24).

Alternatively, we can consider the GMM estimators that are more efficient than IV estimators
especially when T is small. Since the first and last d periods are lost due to difference properties
of Fr and By, the middle T5; periods are used in estimation. Hence, the model in a matrix
form becomes

yi=WYs+v*, (i=1,..,N) (25)

/A / /
Sk * * * * * Sk * * :
where y; = (yi7d+1,...,yde> , Wi = (wi7d+1,...,wde) and v; = (vi7d+1,...,vde> . For this

model, we consider the moment conditions given by E(ZP'¥v}) = 0 where ZP = diag(z?&g 1o zg’,d),

zh = (Wit s Wit ), (1 <€ < t—=d) and vi = (v} 4 1 1s - vi7,)"- The corresponding one-step
GMM estimator is given by*

5 N . N -1 /N .
5 = (zwi Z?) (ZZ?’Z?) (ZZ?’W@)
=1 =1 =1
N N -1 /N
; (zw:’zf) (ZZ?’Z?) (zzf'yz)
=1 =1 =1

-1

Ty Ty
| S wizp ) ws || S wizp (@) 2 o
t=dp+1 t=dp+1

~B
where W} = (Wi, .., wh,)s Zf = (z5,...,28,)" and y; = (v5;, ..., yk;). We call 8¢y, the

double filter GMM (DFGMM) estimator by the same reason as the DFIV estimator.

In order to compare the IV estimator with the FE estimator in the next section, we further
reformulate (25) in terms of y,, W; and v;. For this, let us define Ly = (07,xq,I7,). Then,
by noting that Lry; = (¥id+1, o yir) and LyW,; = (Wi dt1s ..., w;r)’, the model (25) can be
written as

FTdLTyi = FTdLTWié + FTdLTVi7 (Z =1,.., N) (27)

4The two-step GMM estimator is not considered in this paper since it requires a computation of large dimen-
sional weighting matrix. Indeed, if the number of moment conditions m = ngoﬂ m; exceeds the sample size
where m; denotes the number of instruments used at period ¢, the optimal weighting matrix cannot be computed.
However, the one-step GMM estimator (26) can be computed as long as m; < N for all ¢ even when m > N.



Similarly, by using K = (Ir,, 01,xq) and KrW; = (w1, ..., wir,)’, we have W;* = (Wf’zﬂ, - W;‘:ﬁd)/ =
B1,K7W; where By denotes B, for the FE model and B for trend model. Using these, the
moment conditions E (Z;‘Fi a1 wft*vft) = 0 can be written as E(W;K7B7 Fr,Lrv;) = 0, and

the IV estimator (24) can be written as

-1 N

N -1 /N N
AB kok * ok *
o1y = (Z W’ ,Wi> <Z W’ 'yi> _ [ZW; B, Fr,LrW,| > WIK;Br,Fr,Lry;.(28)
i=1 =1

i=1 i=1
In the next section, we compare the asymptotic properties of this IV estimator and the FE
estimator given by

N -1 N
opp = [Z WgQTWi] > WiQryi (29)

i=1 i=1

where Qrp is defined in (19).
Also, for later use, we define IV and GMM estimators using instrument in levels. The IV
estimator for model (23) using instruments wy; is given by

L N Ty -1/ N 1
Oy = (Zzwitwft/) (Zzwityft> : (30)

i=1 t=1 i=1 t=1

The GMM estimator based on the moment condition E(ZX'v*) = 0 where ZF = diag(zX, ..., ziLT/d),
zh = (Wit p1s-Wi)'s (1 < €< 1) is given by

-1

Ta Ty

~L _ _

Soan = [5 ‘W'zl (zV'Z)) lth’Wz‘] [§ Wi'ZF (ZF'ZF) "zl (31)
t=1 t=1

L_ (,L L v/
where Z;' = (21}, ..., 25)’.

3 Asymptotic properties

In this section, we derive the asymptotic properties of the IV and GMM estimators introduced
in the previous section. Specifically, we consider two asymptotic schemes: fixed T" and large N
asymptotics and large N and large T asymptotics.

We first consider the case with small T and large IV, and then consider large NV and large T
case.

3.1 Fixed T and large N case

Fixed T and large N asymptotic properties of IV and GMM estimators are well established in the
literature. Under suitable conditions, the IV and GMM estimators are consistent and asymp-
totically normally distributed. Moreover, since the GMM estimators exploits more moment
conditions than the IV estimator, the GMM estimator is more efficient than the IV estima-
tor. To investigate the efficiency associated with different form of instruments in detail, let us
consider the simple AR(1) model with fixed effects:

Yit = QYi¢—1 + 1N + Vig, (t=1,...,T; i=1,..,N). (32)

We make the following assumption



Assumption 1. We assume that (a) |a] < 1, (b) the idiosyncratic error term vy is iid with
E(vy) =0 and Var(vy) = 02, (¢) the unobserved individual effects n; is iid with E(n;) = 0 and
Var(n;) = ?7’ (d) the initial condztwns follow the stationary distribution:

Yio = % + €io (33)

where e;y ~ 1id(0,02 /(1 — a?)).

Most of these assumptions are made just to simplify the theoretical consideration. Indeed,
for consistency of IV and GMM estimator, the idiosyncratic term can be heteroskedastic and
initial conditions do not need to follow the stationary distribution.

In practice, researchers do not use all past variables as instruments since it causes many
instruments problem and resulting GMM estimator is biased. Instead, they used only a few
lagged variable in each period. Okui (2009) proposed a statistical procedure to select the number
of instruments so that mean-squared error of the GMM estimator is minimized under large T’
and large N framework. Here, we investigate the effect of lag length of instruments used in
each period in terms of efficiency. Since one of the main reasons to use many instruments is to
improve efficiency, it would be of interest how efficiency changes depending on the lag length of
instruments. To the best of authors’ knowledge, such an analysis has not been conducted in the
literature even in the simple AR(1) model.

The model after the FOD transformation is given by

y;kt:ay;t_l—kv;‘t, (t=1,...T—1;i=1,..,N).

B()

L(¢
Let Zit() = (Yit—t, - Yir—1)" and z;; = (yi% 4 .., yi3_1) be an m¥ x 1 and m¥P x 1 vectors

of instruments, respectively, where ¢ denotes the maximum length of instruments used in each
period and y'% ;= ¢y [Yit—k — Wig—k—1+ -+ vi0)/(t — k)], (1 < k < £). Note that
mf,mP =t for t < £ and mf, mP = ¢ for t > .

Specifically, the GMM estimator with ziLt(K) and zg(é) as instruments are respectively given

as
L = L <
AG(M)M = <Z Yfllpt()y:1> (ZYt 1 )7 (34)
1
B¢ = - Bé
Gon = ( yii P, ()YZ‘_1> (Zy © ) (35)
t—2
« . . N . . L(t L&) (L1 LO\ L L2
where y; ; = (yl,t—la--'ayN7t_1)/7 i = Wi Une)s Pt() = Zt()(zt()lzt()) Zt()la
B(¢ B (ry BB\ L B L L L\’ B¢ B(¢ B\’
p — 7P (zt 01zt )) zP 7 — <z1t( ’,...,zN(t)> and Z") = <z1t( ),...,zN§>) .

The asymptotic variances of &é(]@ a and &g%}M with fixed T" and large N are given by

rr—1 -1
~L( L(¢ L), L\t L
wvar (80) = 02|50 B (shnh®) [B (£0aH)] i (o >y;¢t1)] 3
Lt=1
B(¢ = B(0) Bty B\ 1 B(¢) -
~ % / / *
Avar (O‘GEVI)M) = o, E (yi,t—lzit ) [E (Zit Zj )} E (Zit yi,t—l)] - (37)
L t=1
Note that the asymptotic variance Avar (@é(]f/[) M) is a function of o and the variance ratio

B(0)

_ 2 2 ~ . . . . . . .
r = o;/0; whereas Avar (aGM M) is a function of o only since a covariance-stationarity is

10



imposed in Assumption 1 (see Theorem 1). Figure 1 shows the asymptotic variances of &é(]\? M

and agg?M based on (36) and (37) with various lag length of instruments for the cases with
a = 0.3,0.6,0.9, r = 0.2,1,5 and T" = 10. For the detail of computation of (36) and (37),
see appendix. From the figure, it is found that when r = 0.2, the asymptotic variances of the
two GMM estimators are very similar regardless of lag length of instruments ¢. This implies
that many lags are not required to improve efficiency. Also it is found that &é ws tends to be
more efficient than &g war- This is because one estimation period is lost in ag vy compared to
aéMM. However, when » = 1 and r = 5, the result dramatically changes. From the figure, it
is found that @g w18 little affected by lag length ¢ and hence, we do not need to use many
lags; in view of the figure, one lagged instrument is sufficient to obtain nearly efficient estimator.
However, this is not the case for (’)Zé wr- When r =1 and r = 5, the lag length of instruments
substantially affects the asymptotic variance. When r is large, aé M With one or two lagged
instruments are far less efficient than ag as despite the same number of instruments is used.
But as the lag length increases, efficiency improve. What is striking is that efficiency gain when
lag length ¢ is increased from one to two or two from three is substantial. If lag length is more
than four, the asymptotic variances of @éM a and &gMM are very similar. This implies that
although many instruments leads to efficiency gain, in the current case, three or four lags are
sufficient to obtain reasonably efficient &é m - In other words, using higher order lags does not
contribute to efficiency gain so much. Thus, this result supports the use of a few lagged variable
as instruments. Based on this results, in the following, we mainly consider &é vy With £ = 3 and
ag amar With £ = 1. From the figure, we also find an interesting relationship between the variance
ratio r and instruments lag length ¢. For example, consider the case with (a,r) = (0.6,0.2) and
(a,7) = (0.6,5). Comparing these two cases, we find that a%,,,, becomes substantially less
efficient when ¢ is small if r is increased from 0.2 to 5, while efficiency loss is not so evident when
¢ is large. For instance, the variance of aéMM with r = 5 is about 11.7 times larger than that
with 7 = 0.2 when ¢ = 1. However, when ¢ = 5, the variance of a%,,,, with » = 5 is only 1.8
times larger than that with » = 0.2. This indicates that the variance inflation of a%,,,, caused
by a large r is more evident when the instruments lag length is small compared with a large ¢;
in other words, the extent of reactivity of the variance of &é m to alarge r can be reduced by
using many instruments, i.e., a large £.

Next, we investigate the effect of time length T" on the efficiency of IV and GMM estimators
with level and BOD instruments. In addition to the GMM estimators (34) and (35), we consider
IV estimators given by

N T-1 -1 /N 71
afy <Z > yi,t—lth—1> <Z > Z/i,t—lyft> 7

i=1 t=1 i=1 t=1
N T-1 -1 /N 121
~B _ *% * *% %
ary = E E Yit—1Yit—1 YitYit | -
i=1 t=2 i=1 t=2

Theorem 1. Asymptotic variances of IV and GMM estimators with fived T and large N asymp-
totics are given by

rr—1 e B
_L(t) _ )
Avar (aGMM) = (1-a% _; Ve (1 1+ 7“{(170}) (t— 1)}>] | >

rT_1 (Lta -1
Avar (agf’}M) = (1-a?) ) ¢} <1 — 1+r{(§1+;(;)+ mL}>] , (39)
Li=1

11



—_ -1
A ~L(1) — (1—o2 2 1 , 40
or @) = 00 [508 (r5e)| o
i T-1 1~
Avar (@) = (1-a?) 1+7“<1—_FZ>] [ ¢t] ; (41)
a =1
_B(1) [ 2 ap1\ 1|
Avar (aGMM) = (1-a°) Zl/)t (1— . 1> A, ) (42)
L1=2
~B o [ 2 - Qg1 h
Avar (afy) = (1—0a) <; Cﬁp_t+1At> gu}tca“—t-i—l (1 T > ] (43)
where
o aPr—
o= 1= 57, (44)
¢; = 11__0;]:1+a+---+aj‘1, (45)
_ 2011 1 t-1)1+a) 2a(1-a"
O e = e ey e | 1o

Figure 2 depicts Avar (&é(]\:i[)M), Avar (&ILV), Avar (agg\})f‘/f) and Avar (&?V) for @ =
0.3,0.6,0.9, » = 0.2,1,5 and T = 5,6,...,20 based on Theorem 1°. From the figure, it is
found that the efficiency of a%v is substantially affected by the variance ratio r. When r is
large, a%v is much less efficient than other estimators. Also, it is found that the variances of
agg})M and aﬁ, are almost identical in all cases. With regard to the effect of T, we find that
the difference in efficiency between GMM estimators using instruments in levels and new in-
struments are not small when T is less than 10 and r = 0.2. However, that difference becomes
smaller as r increases. Indeed, when r is larger than 1 and T is larger than 10, &é(]i,)M, &gg\?M
and a?v have a very similar efficiency property. However, it should be noted that &g ]&[ v and

~B . ~L(3)
apy, use less instruments than Qi

Also, from Theorem 1, we heuristically find that 7~ Avar (&é(ﬁ M), T Avar (&gg\?M) and
T Avar (&JIBV) tend to (1 — a?), which coincides with the asymptotic variance under large T

and large N, whereas it is not the case for Avar &é(]\?M>, Avar (&é(Ml)M> and Avar (&fv). A
formal discussion under large N and large T asymptotics is given next.

3.2 Large T and large N case

In order to derive the asymptotic property for large N and large T', we first make the following
assumptions.

Assumption 2. The error term vy are serially and cross-sectionally uncorrelated and satisfy

E(vit|wit, ..., wir, m;) = 0. (47)

®Since Avar (aé%ﬁ\i)) and Avar (aé%f]\f])), and Avar (aé%;é)) and Avar (@fy) are very similar,

Avar (@égﬁ?) and Avar (&é%ﬁ&)) are excluded in the figure.

12



Assumption 3. The regressor w; follows the process:

- . FE del

Wi = B + Ezt mode (48)
w; + kit +&; trend model

where E(€;) =0, E (& 15) = Tis and >7°_ Tyl < oo for all i. Also, for all i, assume
that E(&;vis) = 0 fort < s and E(§;vis) = ¢; 4 # 0 fort > s where Yo @l < o0o. p; and
K; are uncorrelated with vy for all i and t, but can be correlated with n; and A\; in an unrestricted

manner.

Assumption 4. As N, T — oo,

1 N Ty
NT Z Z Sitsgt 5 T, (49)
i=1 t=d+1
1 N Ty J
—> ) &uua SN (0,9) (50)
NT =1 t=d+1

where Ty = limpy_yoo N1 ZZ]\LI Tip, @ =limy_oo N1 ZZ]\LI E(v?t.fitégt) and both T'g and Q2 are
positive definite.

Assumption 2 indicates that the regressor w;; is weakly exogenous. The correlation structure
between regressors and errors are specified in Assumption 3. Assumption 4 is a high-level
assumption that can be used to derive the large N and 7" asymptotic properties. More primitive
assumptions can be found in Phillips and Moon (1999).

-~ ~B
The following Lemma 1 is useful to understand the relationship between d g and d;y .

Lemma 1. Let Assumptions 2 and 8 hold. Then,

N N
1 1 logT
(a) WZW;K’TB'TdFTdLTWi - WZW;QTWZ- +op( & ) , (51)
=1 =1

T
1 N 1 N Ia N

i=1 t=d+1
(c) ! ZN:W’K'TB’T Fp,Lpv; = 1 i i &ivit + 0p (1) (53)
— i W LTV = == Vit T Op (1) -
NT = ‘ NT =

Lemma 1(a) is a result for the denominator of the FE and DFIV estimators, and Lemma
1(b) and (c) are the results fore the numerator of the FE and DFIV estimators, respectively.

Lemma 1(a) indicates that the denominators of drp and va are asymptotically equivalent when
T is large. Also, comparing (b) and (c), we find that the second term of the right-hand side
makes a significant difference in FE and DFIV estimators. When N/T' converges to a non-zero
constant, the second term in (b) becomes O (1), and because of this, the asymptotic distribution
of EFE is not centered around the true value as shown in Theorem 2 below. This bias is due the
incidental parameter problem. Contrary to the FE estimator, the second term of (¢) vanishes
asymptotically. Hence, as shown in Theorem 4 below, the asymptotic distribution of SIBV is
centered around the true value. R 5

Specifically, the asymptotic distributions of d p and &y, are given in the following theorems.
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Theorem 2. Let Assumptions 2, 8 and 4 hold. Also assume that N/T — k,(0 < kK < 0).
Then the asymptotic distribution of dpg as N,T — oo is given by

VNT @i —8) %N (b, Ty Qr; )
where b = \/k['y'h and h = plimy 7, N~} SN E(W.Qrvi).

This result implies that the asymptotic distribution of the FE estimator is not centered
around the true value due to the bias caused by the incidental parameter problem. To correct
for this bias, we consider a bias-corrected FE estimator:

~ ~ 1 ~—12
0BcFE = OFE — TFO h (54)

where f‘o = ﬁ Zf\il W!QrW,; and ﬁ is a consistent estimator of h. Note that this bias cor-
rection is not always possible in practice and feasibility depends on the model specification. For
instance, if the model is assumed to be AR(1), then, it is possible to correct the bias as proposed
in Hahn and Kuersteiner (2002). However, for other cases, say, for a model with weakly exoge-
nous regressors, bias-correction is infeasible unless a specific form is assumed for the regressors,
which is undesirable in practice, since the form of bias depends on the correlation structure
between the regressors and errors. Apart from the feasibility, the asymptotic distribution of
bias-corrected FE estimator is given in the following theorem.

Theorem 3. Let Assumptions 2, 3 and 4 hold. Then the asymptotic distribution of SBCFE as
N, T — oo s given by

~ d _ _
VNT(dpcre — 0) = N(O, r 1QI‘O 1).
Finally, the asymptotic distribution of the DFIV estimator is given in the following theorem.

~B
Theorem 4. Let Assumptions 2, 3 and 4 hold. Then, the asymptotic distribution of éry, as
N, T — oo is given by

VNT (8], — 8) 3 N(0,T7i0r: ).

~B —~
This theorem implies that d;y, and d porr have the same asymptotic distribution when both N

and T are large. This is because SIV does not suffer from the incidental parameter problem nor
many instruments problem.

For the GMM estimator, since it is quite involved to derive the large T and large N asymp-
totic properties for the general model (21), we instead consider a simple AR(1) model given
by (32). The asymptotic distributions of IV/GMM estimators for the AR(1) model (32) under
large N and large T asymptotics is given in the following theorem.

Theorem 5. The asymptotic distributions of the FE, IV and GMM estimators under large N
and large T are given as follows:

(a) \/ﬁ[&p,@—<a—;(1+a)>}i>./\/'(0,1—oz2), if T3/N — 0,

) VAT 6ty (a- pa+a))] Sa01-a2)
if logT)?/N — o0 and T/N — ¢, (0 < ¢ < 1),

(c) \/ﬁ(angDM —a) iN(o, (1—a?) (1+7“(11_+§)>) : if T/N = ¢,(0<e<1),
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(d) \/ﬁ(a%v—a)iuv(o,u—a?) <1+T(1+0‘)>)’
() VNT (GG —a) SNO,1-0%),  fT/N e (0<e<),
(f) VNT (@8, —a) SN (0,1—a?).

These results are already derived in the literature. (a) is due to Hahn and Kuersteiner (2002)
and Alvarez and Arellano (2003), and (b) is due to Alvarez and Arellano (2003), (c) is derived
by Hayakawa (2006) and Hsiao and Zhou (2015), (d) is derived by Hsiao and Zhou (2015), (e)
is derived by Hayakawa (2006), and (f) is derived by Hayakawa (2009).

Note that while the GMM estimators require conditions on the relative speed of N and T,
such a condition is not required for the IV estimators @%V and @va- From Theorem 5, we find
that the GMM estimator using instruments in levels becomes efficient (Hahn and Kuersteiner,
2002) if all past variables are used as instruments in each period. However, if only one lagged
variable is used as an instrument, the GMM estimator is not efficient and also it has the same
asymptotic distribution as IV estimator a%v. However, for IV and GMM estimators using BOD
filtered instruments, both &gg&,)M and @, become efficient, which implies that we do not need
to use many instruments to enhance efficiency.

In the AR(1) model given by (32), Hahn and Kuersteiner (2002) demonstrate that A'(0,1 —
a?) is the minimal asymptotic distribution under the normality assumption on v;;. Hence, the
bias-corrected FE estimator given by apcrr = [(T + 1)/T)are + (1/T'), the GMM estimators
using all instruments in levels and using one lagged new instrument, and the IV estimator using
new instruments are asymptotically efficient. Given this, it is conjectured that SBCFE and & v
are asymptotically efficient under certain conditions. However, a formal discussion is beyond
the scope of the present paper and left as a future topic.

4 Monte Carlo simulation

In this section, we investigate the finite sample properties of the proposed estimators in the
context of dynamic panel data models with/without time trends.

4.1 Design

The data are generated as

Vit = oYit—1 + Bt + 1 + Nt + Vi,
Tit = PTig—1+ TN + ETANT + v 41 + e

Note that the case with ¢ = 0 corresponds to the FE model while that with ¢ = 1 corresponds
to the trend model. In a matrix form, this can be written as

Yie | _ [ © Bp Yit—1 n (1+ pmy) — (14 Bry) A+ Vit + BOv; -1 + Pest
Tit 0 »p Tit—1 T X Ovip—1 + e

or

Pit = PP, 11+ Cyni + per it + €4t (55)
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where p;; = (yit,fﬁit)/a Cp = (14‘57'7777'77)’7 C\ = (14-57')\,7')\)/7 Eit = (Uz‘t+ﬁ9%,t71 + Beit, 0vi -1 +
eir) and

[« Bp
<I>_<0 p). (56)

Alternatively, p;; can be written as in a component form:

Py = a;+ bt +{y, (57)
Cit = PCip1teu

where
a, = I-®) 'em—I-®) '@ 1-d) 'y,
b = (1-8) o,
202\ -2 2 2 2 2 2
Var (eqx) = (1+8°0%) o7 + B¢ p6°07 + Bog

B0%02 + Bo? 0202 + o2

Data for y;; and x;; are generated from (57). For the sample size, we consider T = 10, 25, 50, 100
and N = 50,100, 250. For parameter values, we consider o = 0.4,0.8, =1, p=0.5, 0 = —0.2,
T, = 0.5, 7a = 0.5. vy, ey, 1 and \; are independently generated as vy ~ N(O,ag), et ~
N(0,02), i ~ N(0,07) and A\; ~ N(0,0%) with o7 =1 02 = 0.16, 07 = 1,5 and 03 = 1°. We
report the median bias, interquartile range (IQR), median absolute error (MAE) and empirical
size with 5% significance level based on 2,000 replications.

4.2 Estimators to be compared

We consider seven estimators. The first is the FE estimator épg given in (29).” The second
is the IV estimator gfv given in (30) where instruments in levels are used. The third and
fourth are the GMM estimator SG M given in (31) where instruments in levels are used. For
the choice of lag length of instruments, we consider ¢ = 1 and 3. The corresponding GMM
estimators are denoted as “LEV1” and “LEV3”, respectively. The fifth estimator is the DFIV
estimator SIBV defined in (24). The last two estimators are the GMM estimator Sg m defined in
(26) where backward filtered instruments are used. For the choice of lag length of instruments,
we consider £ = 1 and 3. The corresponding GMM estimators are denoted as “BOD1” and
“BOD3”, respectively. For the computation of standard errors, we use those obtained under
large N and fixed T since they are more accurate than those obtained under large N and large
T'(see Hayakawa, 2015).

4.3 Results

Simulation results are provided in Tables 1-4. We first consider the model with fixed effects
only. From Tables 1 and 2, we find that the FE estimator for « is severely biased when T' = 10.
However, as T gets larger, the bias becomes smaller as expected since the FE estimator is
consistent when T is large. However, in terms of accuracy of inference, the sizes are severely

®Although we tried the cases with (07,0%) = (1,5), (5,5), the results are very similar to those with (o7, 03%) =
(5,1). Hence the results of these cases are not reported to save space.

A bias corrected FE estimator is not compared since it is not available in the current case where the regressors
is weakly exogenous.
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distorted even when T is large, say, T' = 100. This is because the asymptotic distribution of the
FE estimator is not centered around the true value due to the incidental parameter problem.
Also, note that increase in N does not reduce the bias since the bias of FE estimator does not
depend on N. With regard to the FE estimator of 5, the performance is better than those
of a. However, it still shows some bias and size distortions. This result implies that the FE
estimator does not work even when 7' is large. Also, note that a widely acceptable bias-correction
method is not available since the regressor is weakly exogenous®. With regard to the IV and
GMM estimators, in terms of MAE, the IV estimators using instruments in levels perform worst
among the four estimators mainly due to the large dispersions. With regard to the remaining
three estimators, they perform very similarly in terms of MAE when T = 10. However, as T'
gets larger, IV and GMM estimators using new instruments outperform the GMM estimator
using instruments in levels. With regard to the choice of IV or GMM estimators using new
instruments, it is observed that the GMM estimator tends to have slightly smaller MAEs than
IV estimator. In terms of accuracy of inference, IV and GMM estimators using new instruments
have almost correct empirical sizes in all cases while the GMM estimator using instruments
in levels have large size distortions especially when T = 10 and o = 0.8. We find that the
efficiency of GMM estimator using instruments in levels depends substantially on the lag length
£. Comparing the IQRs with £ = 1 and 3, the reduction of dispersion with ¢ = 3 is substantial
though it induces many instruments. Contrary to IV/GMM with instruments in levels, the
effects of ¢ on the performance of the GMM with new instruments are minor and the IQRs are
relatively smaller than those of GMM with instruments in levels. This result is consistent with
the theoretical implication that using new instruments leads to efficient estimation. Considering
overall performance, we may conclude that the IV or GMM estimator using new instruments
with £ = 1 tend to perform best in many cases.

Next, we consider the models with both fixed effects and heterogeneous time trends. The
results are provided in Tables 3 and 4. Compared with the models with fixed effects only, the
FE estimator is severely biased when T is small in this model too, and the magnitude of bias is
larger. This also can be seen in the substantial size distortions even for a large T" = 100. This
implies that the FE estimator deteriorates further if time trends are included in the model. With
regard to the IV and GMM estimators, the IV estimator using instruments in levels perform
poorly compared with other estimators. However, contrary to the previous model, the other
three IV and GMM estimators perform poorly when 7' = 10. Compared with the previous
model with fixed effects, the dispersion is much larger when 7" = 10. However, the performance
of these estimators improves as T' gets larger. When T" = 25 or larger, three estimators perform
reasonably well when o« = 0.4 while more than 7' = 50 is required when o« = 0.8. For the relative
performance among the three estimators, we find that the GMM estimator using instruments in
levels perform best when 1" = 10. However, for all other cases, the GMM estimator using new
instruments perform best.

5 Conclusion

In this paper, we have proposed a new instrumental variable estimator for panel data models
including static and dynamic models with weakly exogenous variables and with fixed effects
and/or heterogeneous time trends. We showed that the new IV estimator called the DFIV

8If the regressors are strictly exogenous, bias-corrected FE estimators such as Bun and Carree (2005) can be
used.
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estimator is consistent and has the same asymptotic distribution as the bias-corrected fixed
effects estimator, which is sometimes infeasible, when both N and T are large. This implies that
the DFIV estimator is as efficient as the fixed effects estimator. Monte Carlo simulation results
revealed that the DFIV and DFGMM estimators tend to perform better than the conventional
IV/GMM estimators using instruments in levels in almost all cases.

Appendix

Derivation of Fr

We derive the form of F4 and F7.. Although a brief derivation of F# is given in Arellano (2003),
a complete derivation is not provided. Hence, we fill that gap. Let us define the following 77 x T
matrix that takes the first difference:

-1 1 0 0
0 -1 1
Dr =
0 11
Multiplying D7 by (1) and noting that Drer = 0, we have
Dry; = DrW;+ Drv;

where it is simply assumed that Var(v;) = o2I7. Since Var(Drv;) = 02DrD/, the trans-
formed error is serially correlated. To correct for the serial correlation, we use the following
transformation matrix, which is a GLS transformation:

—-1/2

Fi = (DrD7) Dr,

where (DTDL[)fl/ % is the upper triangular Cholesky factorization of (DTDﬁf)f1 with?

2 -1 0 0
-1 2 -1
0o -1 2 -1
DyD7 = .
(T1><T1) . T T 0
-1 2 -1
L0 0 -1 2 |

To compute (DTD%)_I/Q, we need to derive the inverse matrix H* = (DpD4) " = {ht,}.1°
Using the results by El-Mikkawy and Karawia (2006), we have

z(lTiﬂltlsz) ?Es:t:;ors:t:Tl
Y= i oy

N PES ifs<t

M) i s >t

Next, we need to compute the Cholesky factorization to H*. For a K x K matrix A = {a;;} ,
its Cholesky factorization is given by
A=LL

9A matrix with this structure is called tridiagonal matrix.
10 Arellano (2003) does not provide the details how the upper triangular Cholesky factorization can be computed.
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where L = (4;;) is the lower triangular matrix. Then using ¢;;, we can write the elements of A

as follows:
ann = 03,
a1 = Loty as = 03, + 03,
azr = {31411, azy = l31021 + {32092, la3 = 03, + (39 + 035,
a1 = Lriln, are = L1l + Lialan, e caxk =i+ 4+ Ok

¢;; can be solved sequentially as follows:

i = Vai,

by = a21/ln, log = \/aze — 034,
l31 = az/ln, U39 = (azp — 31021) /l22, l33 = \[asz — (3, — (3,
k1 = aki/ln, lr2 = (ak2 — li1lar)/ake, - lxkx = \/aKK ey = gy

The explicit form of F% is obtained by letting A = H".

Next, we consider a model with individual effects and heterogeneous time trends given by
(11). To remove both n; and A; from the model, we take second differences. In terms of a model
in matrix, this corresponds to multiplying by D, D7, (T x T'), we have

DTlDTyi = DT1 DrW;é + DTIDTVi-

Since the transformed error is serially correlated, we consider the following GLS-type transfor-

mation matrix:

- ~1/2
F; = (D, DyD;DY, )/’ Dy Dy,

where (DTIDTDi_pDépl)_l/2 is the upper triangular Cholesky factorization of (D7, DD’ i_pl)_l

To compute F7., we need to derive the inverse matrix H™ = (DTIDTD’TDifl)f1 = {h7,} with!!

6 —4 1 0
-4 6 —4
D7, DrD7D7, = b .6 . ! .
(TyxTh) oo 1
—4 6 -4
0 1 -4 6

Using the results by Dow (2003), we have!?

o aws® + ans® + ass, s<t+1
st btosg + bt182 +bos+by, s>t+1

where

ayg = —(3+2t+T2)dt/C, agl = 3t(1+T2)dt/C, A = (3+5t+T2 +3tT2)dt/C,

' A matrix with this structure is called pentadiagonal matrix.
12See also Chen (2013) for an alternative expression.
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byo = (5—2t—|—3T2)6t/C, by = —3(1+T2)(4—t—|—2T2)et/C,
bio = (1+5t4 12Ty 4 3tTy + 1275 4+ 3T3)es/c, bz = (1 —t)es/6,
di = (Tg—t—|—1)(T2—t+2), €t:t(t—|—1), C:6(T2—|—1)(T2—|—2)(T2—|—3)

Using these results and applying the algorithm of Cholesky factorization introduced above where
A = H", after a lengthy calculation, we obtain the explicit expression of F7. as in (12).

Derivation of asymptotic variances (36) and (37)

Let us define y; ; = (%i0, -, ¥ir—1)" and Var(y;, ;) = Vr = O'ZLTL/T + 02®7 where 0'3
o2/(1 —a)? and @7 = {¢ps} = als7t/(1 — a?). Also, let f} be the tth row of F, L. be the
sth to tth rows of It and By, be the sth to tth rows of B7.. Then, we obtain Yig = fgyiﬁl
and

L / B Kok Kk /
zii = (Yit—ts-Yit-1) = Lg—rp1:0)¥i-1, zi; = (Yt ¥it-1) = Bu—es10)¥i-1-

Using this, we have
L) x *
E (Zit( )yz’,tq) = L(tferl:t)VTft? E (Zgyi,tq) = B(t7€+1:t)VTft7
L(¢ B(¢
E (Zit( )Zﬁl) = Lttt VL g4, E (Zit( )Zg) = Btr1:0) VI B{e_p110)-

Hence, (36) and (37) can be written as

-1

-1 1
Avar (@Gan) = o) th/VTL/(t—K-i-lzt) [L(t—ﬁ—i-l:t)VTL/(t_u_l;t)} L1Vt | (58)
Lt=1
rT—1 . -1
Avar @8yn) = 02 | S HVIBl, 1 [B(t,Hl:t)VTB’(t_ZH:t)} B(tHl:t)VTft}Eﬂ)
Lt=2

Figure 1 is described based on (58) and (59) numerically without deriving the explicit form of
expectations such as F (ziLt(é)th_l).

Proof of Theorem 1

We derive the explicit formula for asymptotic variances of IV and GMM estimators. First,

consider Avar (Z)Zé(]\t/} M). Note that under Assumption 1, y;;—1 can be written as

Yig—1 = 1?7104 + &1 (60)

where & 11 = Z;io od Vi t—1—j. Also, from (A43) of Alvarez and Arellano (2003), we have

« _ Uz‘ + P + vi’ _
Yirm1 = Yi&it—1 — ¢t (¢T i T ¢ frvir 1) . (61)
where ¢ is defined in (45). Using (60) and (61), and under Assumption 1, we have
L, & -1 /
E(Zityi,t—l) = %Z)t 1 — a2 (a T ]-) 3 (62)
_ 1 1
B (=) = Vi'= = (V) (Vaw) + @ (63)
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where \ = O‘i /o2 = r/(1 — a)?, ¢, is an ¢ dimensional column vector of ones, and V, is the
upper-left ¢ x ¢ matrix of V. The explicit expression of (63) is obtained as follows. By using
the Sherman-Morrison-Woodbury inversion formula

1

A+bb ] t=A""1— [
[ ] 1+b'A b

] A 'bb'A!
and the decomposition of Vzl 13
v,'=CC

where

|
Q
—_
o
o

we obtain

A

E(zkz!) =62 |lCC- — 2
[ (thZ’Lt )} Oy 1+)\L/€C,CL3

C/CLgL/EC/C] . (64)

By substituting (62) and (64) into (36), we obtain (38). The results (39) and (40) are obtained
from (38). Next, we consider Var(agj\}M). First, note that y;3_; can be written as

Eit—o+ - +£i0:| ‘

r— (65)

Yit—1 = Cr_t41 [fi,tl -
Then, using (61) and (65), we obtain

o x o2 Gt—1
E (?Jz‘;qyi,tq) = (1_22) wtc%—wrl (1 T 1) . (66)

Also, from (60), we obtain

1

2
15—71(&’0 + -+ wi,t—?):|

Bl 1)) = 2.E [sm_l—

2
i [1 - <1 - 2a¢t1> + i 11)2E(fio + - +§i,t—1)2] . (67)

—a? t—1

Using the result of (A8) in Alvarez and Arellano (2003), we have

2 t—1(1+a) 2a(l-a't)
E(o+ - +&4-1) = Ty ( _
(o -+ &) 1—042[ l-«a (1—a)? } (68)
By substituting this into (67), we get
*ok 2 012) L2
E[(yi,t—1> ] = 1— a2 Cr 1At (69)

where A; is defined in (46). The result (42) is obtained by substituting (66) and (69) into (36).

13See Amemiya (1985, p.164), Hamilton (1994, p.120) and Greene (2001, p.822).
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Next, we derive the asymptotic variances of a%, and @B,. Using (60) and (61) and the fact
that v}, is serially uncorrelated, we obtain

1 T-1 0_2 T-1
S Py = (125) T w
t=1

i=1 t=1 =
1 N T-1 T-1 T—-1 04
2 2 2 2
Yit— 1vzt = Var E yi,t—lU;(t = 0Oy E E (yi,t—l) = 0,0, + 1 _va2 .
t=1 t=1

Using these, we obtain the asymptotic variance of @%V as in (41). The asymptotic variance of

aP, can be derived similarly. Using (66) and (69), and under Assumption 1, we obtain

| N1l 52 T—1 o1
N2 P i) = (75) St (1155,
1= =2
N T-1

T—1 T—1
1 ol L
(\F Z Z Yit— 1%) = <Z Yit— lvzt> = U E yzt )7 = <1_Ua2> Z Cig—t—l-lAt-
i t=2

From these, the asymptotic variance of @, is obtained as (43).

Proof of Lemma 1
First, we decompose Ty x T matrix Fr as

Fiu Fio Fi3

Fr =
O1,,xa Foo Foag

] = {fu},(s=1,... Tyt =1,..,T)

where F11 is d x d, F12 is d x ng, F13 is d x d, F22 is ng X ng, and F23 is ng x d. Note that
Br and Fr have the following relationship

Br =Ir,Frir (70)
where
0 1
Ir= )
1 0

and I% = I} Ir=Ir. Furthermore, using (48), W; can be written as
W, = LTN; + TTIQ; + 8, =Cr¥; + E;

where E; = (&)1, ..., &) and ¥; = (p;, k)"

Proof of (a): Note the following decomposition:

N N N
1 1 1
- > WIK;Bp Fr,LeW,; = o7 > WiQrW; + ~T > Wi (KBr,Fr,Lr — Qr) W,
i=1 i=1 =1

(71)
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Using Fr,LyCr = By, K7Cr = QCr = 0 and (19), the second term of (71) can be further
decomposed as

N N
1 1 XL
7 > W, (KB, Fr,Ly — Qr) W; = T > = (KB, Fr,Ly — 1) & + w7 Z 'R7E;.
i=1 i=1
(72)
To consider the first term of right-hand side of (72), we derive the explicit form of Ap =
K/TB,TdFTdLT — IT. Using (70), FTd = LTdFTL/T and
Oaxda Oaxty, L4 Oury  Ogur
K/TITdLT = OngXd Ing OngXd 9 L/TdITQdLTd = [ OT ><><d I; 2d )
Ogxd  Odx7y;  Odxd 2 2
Odxd  Oaxty, Oaxd
/TLT = OTQdXd ITQd OTQdXd )
Oaxda  Oaxyy, I;
we have
Ar = K/TB/TdLTdFTL/TLT —Ir= K/TITdF/TdITQdLTdFTL’/TLT —Ir
— (K4 Lr) By (U, Iy Ly,) Fr (LyLy) — Ip
-1, IdF’ngTzngg IdFIQ:gITQdF%
= 07,,xd IT2dF/22IT2dF22 —In, ITZdF,22IT2dF23 (73)
Odxd 04x1, -1y
= {Aij}, (i, =1,2,3).
Next, we derive the form of each A;;. Using
0 0  fr,m, farir,  faver, - frymy
: P : S
ITQdF22 = ) . > ITZd /22 = . ’
0 favzare - farem, fari,dve  faro,de2 :
fart,dvr farvare 0 farimy Jdr1,ds1 0 e 0
fryr+1 fryr
: : d+1, d+2, Ty T
Tr, Foy — . TRl — Jav1,T favo,r fr,
fd+2,Td+1 fd+2,T fd-i-l,Td-‘rl fd+2,Td+1 t de,Td+1
farirgr1 farir
we have
Ay = ITFyIr, Fo
(dxTzq)
_ J1 7 far1,d41 Iry—11fav2.ave + fryrfaviave e S e e
de,Td+1fd+1 a1 fT1 Tt farodie + oot fasndre o o2 favemy1 S
k—1
k
= {Gju} Z Fro—erim—jirfaveark = 3 Fry—esn7—ja1 fartdsn + Fryk1,7—j+1 Farkdsn
=1 =1
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k—1 Cr_pCoiq o kck+1 Cr_pCotq
Zﬁzl 0T—0—-1) < Ze 1 9T—0-1) for FE model

(J=1Lk=1,..Ts)
k—1 4c] oc_, 1 (3j—0—=3)(2T—3k+0—-3)  2¢] ,cT._, 1 (3j—k—3)
=1 0(+1)(T—€—2)(T—¢-3) o k(k+1)

(J=1,2k=1,...,Ts)
logT
- o),

T T
_ / 228 farer fTy—er1 1 o024 faver fry—es1r
Az = ZLgFy3Tr,,Fa3 = T Th
(dxd) Y028 fare i S ry—er mgrr D028 fare i fTy—ei1 T

for trend model

Taq

_ Jjk | _
= {ald}_E Javer—ji1fr—ev1, 14k

/=1
T—2 C1Cr g (j=1k=1) for FE model

_ (=1 T—I-0)i° '
Toa A% GRH6)(T—58j=0) (j=1,2,k=1,2) for trend model

(=1 " ) (T—=2)(T—=3)

B logT
- o)

LT
a%% a%% agz;d
Ay = I, Folp,Fo —Ip, =
(T2axTaq) : :
0 . 0 a§§d7T2d
0 if j >k
k L
= {a‘%Q} = fgd—j+1,Td—j+1fd+j,d+j -1 ifj=k
Yovet fro—er1 -1 faredarre 5 <k
( 0 if >k
. . 1 1 e
Cr—j%+1 1_0( >+O(T J)> (J2+ T- 3)2> ifj="k for FE model
k—j+1 €hyich o
I J (§1+1£T1£ _ ) lfj < k
\ ]7 T2d)
= 0 if j >k
1 1 . .
c;jlc;+2—1:ogj)+o<(j,_j)) ifj =k
i 4cT cr, (3j—043)(2T—3k+1—3)
Z£:1,£>j,€<k £+2 ET(Z—il)l(T—é—Q)(T—Z—:i) for trend model
2T ot (2T+j—3k=3)  2¢T . ch. . (3j—k+3) s T\ .o .
S - ey =0 (M) i<k
(j? k= 17 "‘7T2d)

T T
Y2 faver fro—erimr D028 faver fr—e

/ . .

Aoz = Ip,,Foylp,,Foz= ) )
(Traxd) Yoot faredrafri—eri i1 Doy farearafr—er

1 1
Yovey favedi fry—eiimyer Yooy favedi1 fry—e1

Tog—j+1
k
= {a§3 Z S0, 1y—j+1 T~ 041,14k
—1
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Taa—J
= Z Javer,—j1fr—ev1, 1k + Jry—jr1,1m— 1 fa i Tk

=1
Toa—j Co41%r—¢ _ CTy—j+1%d+j =1 Tog k=1 for FE del
(=1 T—0-1¢ ~ ~ (Tg—)C (=1 T k=1) or mode
_ Tha—j A oCh oy (3k40—6)(T—3j—0—6) | 27 ych_ . (T—j+3k—9)
=1 0(0+1)(T—1—2)(T——3) (T—j—2)(T—j—3) for trend model

G=1,... Toa k=1,2)

B log T’
- o(*2%).

. — — — — / — . — .
We now assess the first term of (72). Using E; = (214, Eg;, B3;)" where Ey; is d x k, By; is
Tog X k, and Eg; is d X k, we have

—_ —
S; = Z;ArE; = S1; + S2; + S3; + S4; + Ss; + Se:s
where
|—|/ ) o / — P / — o / —
Sii = —EE1u, S =EA1Ey,  S3i = EA13Es;,  Si = B9 A0E;,
=/
Ssi = B5AxEs, Se = —E5s.

We now evaluate each term. We consider the FE model and trend model separately below.

FE model From the definition of Zy; and Assumption 3, we have

E(S1) = -FE (&1521) =-Tip=0(1).
Using a%; =0 <1°§=FT> for all ¢, all = O <1°%T> and Assumption 3, we have
T, T
logT logT
E(Sq) = ai; 'E E(£,&;) =0 ( i ) Zri,t—l =0 < i ) ;
=2 t=2

logT log T
E(S3) = ayFE (5i1§;’T):O( ? )F"?T_lzo< ng >

Similarly, using ab, """ = O(1/(t + 1)) + O(1/(T —t)) and a, """ = O(log T/T) for all s # t,
we have

Ty Ty Ty Tg—1 Ty
E(Su) = Y > asn "B (&) =D an TIE (&) + > D asn T E (€l
s=2 t=2 t=2 s=2 t=s+1
= o) o B¢ ologTledr
= t—i—l T— ztgzt)—i_ Z Z t—s,1
t=2 s=2 t=s+1
= O(logT).

Finally, using aggl’l = O(logT/T) for all ¢, and the definition of E3;, we have

G V(e e L (logT log T
E(Ss) = dys B (&&ir) =) O 7 ) Tir-e=0{——),

t=2 t=2
E(Sei) = —E(&rir) =-Tin=0(1).
Thus, for the FE model, we have S; = 3.0 Sj; = O(log T)) for all i and obtain
N
1 , logT
— E,ATE, = . 4
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Trend model From the definition of Eq;, we have
E(Sli) = —F (511521) ) (512522) =2’ =0 (1)

Lt-1 21 . .
Since ajy ~ , aly  , alk and @25 are O (%) for all ¢ and k, using Assumption 3, we have

Ms

B(Sy) = > |ali B (6n€h) + ol B (€l

Il
)

t

T1 Tl
log T’ log T log T
) T ) ;:2 it—1+ 0 ( T ) ;:2 it—2 =0 ( T )

E(Ss) = i [(%3 + a13> (§1&i) + (afél + afgf) E (Emf;t)}

logT
T )

1
logT
= 0 < g > (Lir1+ 20724+ Ti7-3) =0 <

Similarly, using ab, """ = O(1/(t + 1)) + O(1/(T —t)) and a, """ = O(log T/T) for all s # t,
we have

Ty Ty Ty Ta—1 Ty
E(Sy) = Z as MlE (€zs€zt) = t MlE €zt£1t Z Z S M €zs£zt)
s=3 t=3 t=3 s=3 t=s+1
10g T e~
= |: < ) ( ! t>:|E(£zt£;t)+O<0g > Z Z Ft ER
§=3 t=s+1
= log T).

Finally, using an = O(logT/T') and aggl 2 = O(log T/T) for all ¢, and the definition of Zs;,

we have

Ty
E(S5l) = t b 1 (52t€1T1 + Zat 12 EztﬁzT)
t—2
Ty
= ;O (lo§T> (Lir—t—1+Tir—) = O <IO§,T> ,
E(Sei) = —E(&réir) — E(&méin) = —2Tou=0(1).

Thus, for the trend model, we have S; = El6:1 Si; = O(logT) for all i and obtain

N

1 , logT
— N"=EAE = .
NT & T Op( T ) (75)

Next, we consider the second term of (72). Let us define H; = E/RrE;. Then, for the FE
model, using (20), we have

T T
1 1
E(H;) = fE(E;LTL/TEi) =7 Z Z E (&€
t=1 s=1
[T T
T+ =) >, Tips +T5, ) =0(1) (76)

s=1 t=s+1

26



where we used ||Et se1 Lip—sll = ||Z,ir STl < Z

Tl < 3072 Tyl < oo. For the
trend model, using (20), we have

H = 2 (2T + 1) E;LTL/TEi 1252TTT/TEZ‘ _ 6 (E;LTT,TEZ' + E;TTL,TEZ')
‘ T(T —1) T(T—-1)(T+1) T(T —1)
H,; + Ho; + Hs,.
Using Assumption 3 and (76), we have
T
22T +1) ,
EMHy) = o F & §is || =0(),
T(T —1) (; ! 321
19 T T
E(Hy; E €, 4
T
12T t s
- Z)E(E.E ) = 1
6 T T T T
E(H?n) T (T — 1) Z Z SE(EnE;s) + Z Z tE(&zt&zs))
t=1 s=1 t=1 s=1
6 T s T Lt
= — ) E(E.,¢E — ) E(&.,& =0(1
(T _ 1) <; ; (T) (gltgzs) + ;; (T) (5%&15)) O( )
where we used 0 < ¢/T < 1 and 0 < s/T < 1 for all s and ¢t. Hence, for each i, we have
E(H;) = O(1) for both FE and trend models, and we obtain
1

1
=1

(77)
By combining (74), (75), and (77), we obtain

N7 > WIK;B Fr, Ly W,
i=1

T

ZW’QTW +0, (1°gT)

Proof of (b): Using Qr (¢1, 77) = 0, we have

N N N
1 1
Y WA = S EQivie —— > Evi—- —— S =Ryvs.
/7NT Zz; 7,QT 1 /7NT Z:: zQT K3 /7NT Zz; 171 /7NT ZZ; 1 TVi
The first term converges in distribution to N'(0, Q) by Assumption 4. To assess the second term
let us define h; = —E.R7v;. Then, for the case of FE model, using Assumption 3, we have

By - —lp (Zgﬁ) (Z) AV S e+ 2 Y

s=1 t=s+1

s,t=1,t<s
T-1 T
=3 Y bu=00)

s=1t=s+1

where we used || 32,y sl = 135,57 ill < 205

model, we have

E (gitvis)

(78)

il < 3251 lill < oo. For trend
L — 22T+ 1)E v,
L T(T—-1)

2B TV, N 6 (Eivrthv, + ETrepv;)
T(T—1)(T+1)

T(T —1)
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= —hy; — hy; + hg,.

Using Assumption 3 and (78), we have

“|(3e) ()

12 d
Flhe) = T(T—1><T+1>E<<Zt£“> Z>>

t=1

2@T+1
T(T

@T+U

t=1 s=1 t=1 s=1
T-1 T -1 T
6 S 6 t
= T > (T—l) Gip—s+ -1 > (T) Girs=0(1)
s=1 t=s+1 s=1 s=t+1

where we used 0 < t/T'<1and 0 < s/(T'—1) <1 for all s and ¢. Thus, both for FE and trend
models, E(h;) = O(1) and obtain

N
1 , N N
—— S =ERyv, = /by = -~
VNT &= PRy TN Op( T)

where hy = N1 Zfil h;.

Proof of (c): Noting By, K7Cr = 0, we have the following decomposition:
F Z W KB, Fr,Lrv; = F Z =K, B, Fr,Lrv;

1 - 1

The first term converges in distribution to N (0, £2) by Assumption 4. To derive the order of the
second term, let us define s; = E;Apv,;. Then, using (73), and v; = (v}, iy, Vis) where v;;
and v;3 are d X 1 and v;o is Tog X 1, s; can be decomposed as

S; = S1; + S2; + S3; + S4; + S5; + Se;
where

=1 =/ r—/ p—
Sti —E1;Vii, S = E;;A12va;, 83 = E;A13V3, Sy = E2; AV,

=/ =/
S5i = Bo;A23V3i, S = —Z3;V3;.

To derive the variance of s;, we need to calculate Var(sg;) and Cov(sk;,syi), (k # 1) for k,l =
1,...,6. We consider the FE and trend models separately.

28



FE model Since d =1 in the FE model, we have

Var(sy;)) = Var(&;vi1) = O(1).

Using a%; =0 (k)%T) for all ¢, all = O <IO%T>, we have

Ty Ty 2
logT
Var(sgi) — Var < a%2t 15111%) — Z (a%zt 1) Var (Eil?}z‘t) =0 <( & ) ) )

T
t=2 t=2

2
Var(sa) = Var (alleavir) = (af)?Var (€ur) = 0 (170,

Similarly, using a§21 L — 01/t 4+ 1))+ O(1/(T —t)) and a5y L=t — O(log T/T) for all s # t,
we have

Ta—1 Ty Ty—1 Ty
s 1,t—1 s 1,t— 1
Var(sy) = Var g E &,sVit E g Var (&;5vit)
s=2 t=s s=2 t=s
Ta Ty—1 Ty
t—1,t— 1 s—1,t— 1
(age VC”’ (&irvit) + E E (age *Var (&;5vit)
t=2 s=2 t=s+1

O(1) + O ((log T)?) .
Finally, using a;gl’l = O(logT/T) for all ¢, and the definition of Zs;, we have

Ty Ty 9
logT
Var(ssi) = Var < aggl lﬁltviT> = g (611;31 Y2Var (&;vir) = O ((g)) ,

T
t=2 t=2
Var(se;)) = Var(&qpvr) = 0(1).
For the covariances, we have

Cov(sli, S2i) = COU(SM,S&) =
= CO’U(SQZ', S5i) = COU(SQi)SGi) =

ov(s14,86;) = Cov(sa;,83;)

T, T T;—1 Ty !
1,t—1 t 16— 1 s 1,t—1
Cou(sgi,s84) = FE ayy &qvit a T+ YD) &;vit

t=2 t=2 s=2 t=s+1
Tqa Ty Ty Ty—1 Ty
. 1,t1— ltg 1,t2— 1 1,t1— 15 1,t0—1 . .
- § § (D) (£zI£zt2 Vit vth + E E E a9 E(filgisvltl vth)
t1=21ty=2 t1=2 s=2 to=s+1
T, T—1 Ty
1,t—1 t 1,t— 1 1 t 1 S 1,t— 1
= ayy §z15n”zt E E ay E(§&;5v zt)
t=2 s=2 t=s+1

0o T2
(0] <(1 gTT) > + 0 ((10gT)2) ,

t=11p (log T)2
COU S3Z? S52 Zaié Qg3 zlsztUzT) ) ( T )

log T
Cov(su ) = (€)= O (50 ).
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Ty

Cov(ssi,S6i) = a;31 'E (&tf;T”izT) = O(logT).
t=2

Therefore, for FE model, we have Var(s;) = O ((logT)?), and

R 1 & (log T)?
Var | ——= Y ElArv; | =—= ) Var(s;)) =0 | —"|.
(W;ZT>NT; =0 ("5)

Hence, it follows that \/J{TT SN ElArv; =0, (log T/\/T) = 0p(1).

Trend model

2 2
Var(si;) = Var Z ZE 1Vis) = Var(&;1vi1) + Var(§,vi2) = O(1).
s=1t=1

Using a3y~ =0 (%) s =,2 for all ¢ and a13 =0 <1°%T), we have

2 Tag 2
Var(syi) = Var <Z a]12t 1521%) =0 ((log%T) ) )

s=1t=3

Var(ssi) = Var(

NS
-

st EA (log T)?
4138 ViT+1 :ZZ 013 VC”” (§irvir,+1) = O T2 .

s=1 s=1 t=1

Similarly, using ab, "'t = O(1/(t+ 1)) + O(1/(T —t)) and a5, ""~' = O(log T/T) for all s # t,
we have

Td—l Td Td 1 Td
1,t—1 1,t— 1
Var(sy) = Var a§2 &sVit a§2 Var (&;5vit)

s=3 t=s s=3 t=s

Ty Tq—1 Ty
t—1,i—1 1,i— 1

= Z(%z )VC“” (&irvir) + Z Z 52 *Var (&isvit)
t=3 s=3 t=s+1

Finally, using a;gl’s =0(logT/T),s = 1,2 for all ¢, and the definition of =3;, we have

)
2
Var(ssi) = Var <Z a23’ zthTs-f—l)

s=1 t=3
2
log T)?
- ZZ 2 ")Var (€ ztviTs-l-l)—O((OgT))v
s=1 t=2

2 2
Var(s¢i) = Var <ZZ£thUzTS>: O(1).

s=1t=1
For the covariances of trend model,

ov(s1i,S6i) = Cov(sai, s3;)

ov(84i,86i) = 0,

Cou(si;,82;) = Cou(sis,83i) =
= Cov(sy;,ss;) = Cov(szi,s6i) =



2 Ty Ty Tyi-1 Ty !
s,t—1 t—1,t—1 s 1,t—1
Cov(sgi,sai) = E E ayy &gVt Qo9 &ivit + E E &isVit

s=1 t=2 t=3 s=3 t=s+1

2 Ty Ty
_ 1,t1—1 t2 1,t2— 1 /
- Z Z Z ol (Eissitgvitlvitg)

s=1t1=3t2=3

2 Ty Tg—1 Ty

1,t1—-1 82 1,ta— 1 /

LD ID DD DD DR B (&10,&5, i, Vi)

s1= 1t1 3 s90=3 ta=s2+1

2 2 Ty—-1 Ty

stltltl s,tlsltl r 2
= ZZ gzsgztvzt + Z Z Z 1o 5 5 (gislgisgvit)

s= s1=1 s9=2 t=s2+1

1t
0o T2
= O ((1 gTT) ) + 0 ((logT)z),

1 t-1, (logT)?
ai§32 CLQS 52E(€Z’51£§tvi2T51+1) = O ( ,

T

2 2
c 05152 B _0 logT
ov S3Z,SGZ 13 67,,51 iTso+1 'LT51+1) T )
s1=1s9=1
2 Ty

N 1N log T2
S AR S )
=1 i=1

Hence, it follows that \/7 ZZ LEiATv; =0, (log T/\/T) = o0p(1).

Proof of Theorems 2 and 3

We first provide a proof of Theorem 2. Using (77) and Assumption 4, we have

N
iTX:VVQQTVVi = 72 Z 1€+ Op < )_>F0 (79)
i=1

1=1 t=d+1

Next, we have the following decomposition

N
\/Jl\fiT ; WiQrv; = \/— Z Z §irvit + ﬁhN~

1=1 t=d+1

Hence, using Assumption 4, as N,T — oo with N/T — &, (0 < k < c0), we obtain

N -1 N
. 1 1
VNT@rp—8) = ==Y WiQrWi | — > WiQpv;
(0rE —9) NT & iQr VNT = Qrv
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-1

| N T XL -1
WZ Z §irvie + <NT ;WiQTWz)

=1 t=d+1

N
]‘ !
< (s
4 N(VETy'h, T 'Qr;

where h = plimy 7, hy. Theorem 3 can be proved by noting that T, and h are consistent
estimators of I'y and h with large N and 7.

Proof of Theorem 4

Using Lemma 1(a), (79) and Assumption 4, we have

N N
1 Z 1 Z log T
=1 =1

Also, using Lemma 1(c) and Assumption 4, we have

N N Ty
1 1
=1 i=1 t=d+1

Combining (80) and (81), we obtain the result.
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Table 1: Fixed effects model: a = 0.4, 5 =1.0

N=50, o2 =1
a B
FE IV GMM GMM v GMM GMM FE 1A% GMM GMM 1A% GMM GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.113 0.003 -0.042 -0.036 0.000 -0.013 -0.035 | 0.034 0.004 -0.085 -0.039 0.000 -0.014 -0.025
IQR | 0.054 0254 0.156 0.086 0.100 0.097 0.088 | 0.140 0.579 0.361  0.223  0.302  0.275 0.252
MAE | 0.113 0.126 0.080 0.052 0.050 0.048  0.050 | 0.075 0.285 0.183 0.112 0.150 0.137  0.129
Size | 0.818  0.021  0.057 0.086 0.055 0.061 0.090 | 0.072 0.017 0.041 0.064 0.055  0.056 0.058
T=25
Bias | -0.045 0.001 -0.016 -0.011 0.000 -0.004 -0.009 [ 0.021 0.007 -0.023 -0.008 -0.001 -0.003 -0.001
IQR | 0.031 0.131  0.090 0.045 0.043 0.041 0.039 | 0.084 0.243 0.168 0.111  0.116 0.110  0.105
MAE | 0.045 0.065 0.045 0.024 0.021 0.020  0.020 | 0.044 0.120 0.086  0.056  0.058  0.055 0.052
Size | 0.490 0.045 0.062 0.070 0.063 0.057 0.066 | 0.077 0.035 0.055 0.066 0.064 0.067  0.062
T =50
Bias | -0.022 -0.002 -0.010 -0.004 0.000 -0.001 -0.003 | 0.014 0.000 -0.012 0.001 0.002  0.002 0.002
IQR | 0.022 0.083 0.063 0.031 0.026 0.026  0.025 | 0.054 0.144 0.105 0.068  0.068  0.066 0.064
MAE | 0.022 0.042 0.032 0.016 0.013 0.013 0.013 | 0.029 0.071  0.053 0.034 0.034  0.033 0.033
Size | 0.281  0.045 0.057 0.075 0.066  0.062 0.063 | 0.073 0.044 0.056 0.056 0.062  0.061 0.056
T =100
Bias | -0.011 0.001 -0.004 -0.002 0.001 0.000 -0.001 | 0.006 0.001 -0.003 0.000 0.001  0.002 0.001
IQR | 0.015 0.058 0.043 0.020 0.017 0.017 0.017 | 0.038 0.090 0.072  0.045 0.043  0.043 0.042
MAE | 0.011  0.029 0.022 0.010 0.008 0.008 0.008 | 0.020 0.045 0.035 0.023  0.022  0.021 0.021
Size | 0.167 0.053 0.058 0.060 0.056 0.055 0.059 | 0.070 0.049 0.050 0.056  0.057  0.058 0.055
N =100, o2 =1
a B
FE IV GMM GMM 1A% GMM GMM FE 1A% GMM GMM 1A% GMM GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.114 0.001 -0.027 -0.021 0.001 -0.005 -0.017 | 0.038 0.009 -0.053 -0.021 0.005 0.000 -0.014
IQR | 0.039 0.177 0.130 0.070 0.070 0.069  0.066 | 0.100 0.402 0.302 0.168 0.213  0.207  0.192
MAE | 0.114 0.089 0.066 0.037 0.035 0.035 0.036 | 0.055 0.201  0.157 0.086 0.109 0.104  0.097
Size | 0.987  0.027 0.055 0.073 0.061 0.061 0.073 | 0.094 0.026 0.045 0.062 0.055 0.060  0.058
T=25
Bias | -0.044 0.002 -0.011 -0.005 0.000 -0.001 -0.004 [ 0.022 0.003 -0.018 -0.003 0.001  0.001 0.002
IQR | 0.022 0.090 0.073 0.033 0.030 0.029 0.029 | 0.057 0.169 0.135 0.077 0.079  0.076 0.075
MAE | 0.044 0.045 0.036 0.017 0.015 0.015 0.014 | 0.034 0.085 0.068 0.038 0.039  0.039 0.037
Size | 0.749  0.038 0.058 0.055 0.046 0.049  0.051 | 0.083 0.040 0.055 0.053 0.060 0.060  0.059
T =50
Bias | -0.022 -0.002 -0.006 -0.003 0.000 -0.001 -0.002 | 0.013 -0.001 -0.007 0.000 0.001 0.001 0.002
IQR | 0.016 0.062 0.051 0.024 0.018 0.018 0.018 | 0.037 0.104 0.084 0.049 0.047  0.046 0.045
MAE | 0.022 0.031 0.025 0.012 0.009 0.009 0.009 | 0.021 0.051 0.041  0.025 0.023  0.023 0.023
Size | 0.461  0.050 0.060 0.058 0.063 0.062 0.064 | 0.072 0.045 0.055 0.052 0.049  0.051 0.050
= 100
Bias | -0.011 0.001 -0.003 -0.001 0.000 0.000 -0.001 | 0.006 0.001 -0.002 0.000 0.000 0.000  0.000
IQR | 0.011 0.041 0.034 0.016 0.012 0.012 0.012 | 0.028 0.064 0.056 0.034 0.031  0.031 0.031
MAE | 0.011  0.021  0.017 0.008 0.006 0.006  0.006 | 0.015> 0.032 0.027 0.017 0.016 0.016 0.015
Size | 0.266 0.056  0.054  0.053 0.050 0.051 0.053 | 0.061 0.051 0.049 0.049 0.048 0.051 0.052
N =250, o7 =1
a B
FE IV GMM GMM 1A% GMM GMM FE 1A% GMM GMM 1A% GMM GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.115 0.001 -0.017 -0.009 0.001 -0.003 -0.008 | 0.035 0.003 -0.028 -0.011 0.003 0.000 -0.007
IQR | 0.024 0.111  0.092 0.045 0.046 0.045 0.044 | 0.061 0.249 0.209 0.102 0.130 0.124  0.117
MAE | 0.115 0.055 0.047  0.023 0.023 0.022 0.023 | 0.040 0.124 0.107 0.052  0.065  0.062 0.059
Size 1.000 0.035 0.040 0.058 0.057 0.058  0.060 | 0.106 0.039  0.037 0.047 0.045  0.043 0.047
T=25
Bias | -0.044 0.000 -0.006 -0.003 0.000 -0.001 -0.002 | 0.022 -0.001 -0.008 -0.001 -0.001 -0.001  0.000
IQR | 0.014 0.057 0.048 0.022 0.018 0.018 0.018 | 0.036 0.107 0.092 0.050 0.048  0.048 0.048
MAE | 0.044 0.028 0.025 0.011 0.009 0.009 0.009 | 0.024 0.053 0.047 0.025 0.024 0.024  0.024
Size | 0.982  0.053 0.053  0.055 0.048 0.051 0.055 | 0.129 0.056 0.054 0.054 0.057 0.050  0.047
T =50
Bias | -0.022 -0.001 -0.003 -0.002 0.000 -0.001 -0.001 | 0.012 -0.002 -0.004 -0.001 0.000 0.000  0.001
IQR | 0.010 0.039 0.035 0.015 0.012 0.012 0.012 | 0.025 0.065 0.058 0.032 0.029  0.029 0.029
MAE | 0.022 0.019 0.017 0.008 0.006 0.006 0.006 | 0.015 0.033 0.030 0.016 0.015 0.015 0.014
Size | 0.840 0.046  0.053  0.056 0.060 0.055 0.055 | 0.105 0.050 0.054 0.050 0.052  0.050  0.053
T =100
Bias | -0.011 0.000 -0.001 0.000 0.000 0.000 0.000 | 0.006 0.000 -0.001 0.000 0.000 0.000  0.000
IQR | 0.007 0.025 0.023 0.010 0.008 0.007 0.007 | 0.018 0.042 0.037 0.020 0.019 0.018 0.018
MAE | 0.011  0.012 0.011  0.005 0.004 0.004 0.004 | 0.010 0.021  0.019 0.010 0.009  0.009 0.009
Size | 0.549  0.050 0.050 0.052 0.059 0.063 0.061 | 0.076 0.049 0.046 0.055 0.052  0.051 0.051
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Table 1(cont.): Fixed effects model:

a=04, g=1.0

N=50, o2=5
a B
FE IV GMM GMM v GMM GMM FE vV GMM GMM vV GMM GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.113 0.010 -0.054 -0.036 0.000 -0.013 -0.035 | 0.034 0.039 -0.112 -0.044 0.000 -0.014 -0.025
IQR | 0.054 0.389 0.172 0.089 0.100 0.097  0.088 | 0.140 0.929 0439 0.228 0.302 0.275  0.252
MAE | 0.113 0.197 0.091 0.052 0.050 0.048 0.050 | 0.075 0.467 0.223 0.118 0.150 0.137  0.129
Size | 0.818 0.012 0.054 0.086 0.055 0.061  0.090 | 0.072 0.009 0.044 0.068 0.055 0.056  0.058
T=25
Bias | -0.045 0.007 -0.022 -0.011 0.000 -0.004 -0.009 | 0.021 0.014 -0.032 -0.010 -0.001 -0.003 -0.001
IQR | 0.031 0217 0.103 0.046 0.043 0.041 0.039 | 0.084 0417 0201 0.114 0.116 0.110  0.105
MAE | 0.045 0.108 0.053 0.024 0.021 0.020 0.020 | 0.044 0.205 0.104 0.057 0.058 0.055  0.052
Size | 0.490 0.035 0.066 0.068 0.063 0.057 0.066 | 0.077 0.027 0.061 0.070 0.064 0.067  0.062
T =50
Bias | -0.022 -0.004 -0.014 -0.004 0.000 -0.001 -0.003 | 0.014 -0.003 -0.020 0.000 0.002 0.002  0.002
IQR | 0.022 0.137 0.074 0.031 0.026 0.026  0.025 | 0.054 0.241 0.123 0.068 0.068 0.066  0.064
MAE | 0.022 0.067 0.037 0.016 0.013 0.013 0.013 | 0.029 0.117 0.064 0.034 0.034 0.033 0.033
Size | 0.281 0.039 0.063 0.074 0.066 0.062  0.063 | 0.073 0.037 0.068 0.061 0.062 0.061  0.056
T =100
Bias | -0.011 0.002 -0.004 -0.002 0.001 0.000 -0.001 | 0.006 0.003 -0.005 0.000 0.001 0.002 0.001
IQR | 0.015 0.091 0.050 0.020 0.017 0.017 0.017 | 0.038 0.149 0.084 0.047 0.043 0.043  0.042
MAE | 0.011 0.045 0.024 0.010 0.008 0.008 0.008 | 0.020 0.075 0.042 0.023 0.022 0.021  0.021
Size | 0.167 0.045 0.062 0.060 0.056 0.055  0.059 | 0.070 0.042 0.051 0.057 0.057 0.058  0.055
N =100, o2 =5
o B
FE IV GMM GMM v GMM GMM FE v GMM GMM vV GMM GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.114 0.012 -0.040 -0.022 0.001 -0.005 -0.017 | 0.038 0.030 -0.079 -0.025 0.005 0.000 -0.014
IQR | 0.039 0291 0.164 0.072 0.070 0.069  0.066 | 0.100 0.698 0.391 0.178 0.213  0.207  0.192
MAE | 0.114 0.145 0.082 0.037 0.035 0.035  0.036 | 0.055 0.351 0.199 0.090 0.109 0.104  0.097
Size | 0.987 0.016 0.050 0.073 0.061 0.061  0.073 | 0.094 0.017 0.047 0.068 0.055 0.060  0.058
T =25
Bias | -0.044 0.004 -0.016 -0.005 0.000 -0.001 -0.004 | 0.022 0.013 -0.025 -0.003 0.001 0.001  0.002
IQR | 0.022 0.149 0.091 0.034 0.030 0.029 0.029 | 0.057 0.286 0.177 0.079 0.079 0.076  0.075
MAE | 0.044 0.073 0.045 0.018 0.015 0.015 0.014 | 0.034 0.141 0.090 0.039 0.039 0.039  0.037
Size | 0.749  0.038 0.052 0.056 0.046 0.049  0.051 | 0.083 0.034 0.057 0.052 0.060 0.060  0.059
T =50
Bias | -0.022 -0.002 -0.007 -0.003 0.000 -0.001 -0.002 | 0.013 -0.003 -0.013 0.000 0.001 0.00I  0.002
IQR | 0.016 0.096 0.064 0.024 0.018 0.018 0.018 | 0.037 0.167 0.108 0.051 0.047 0.046  0.045
MAE | 0.022 0.048 0.031 0.012 0.009 0.009 0.009 | 0.021 0.084 0.054 0.025 0.023 0.023  0.023
Size | 0.461 0.048 0.054 0.055 0.063 0.062  0.064 | 0.072 0.044 0.049 0.050 0.049 0.051  0.050
T =100
Bias | -0.011 0.001 -0.003 -0.001 0.000 0.000 -0.001 | 0.006 0.001 -0.006 -0.001 0.000 0.000  0.000
IQR | 0.011 0.066 0.044 0.016 0.012 0.012 0.012 | 0.028 0.107 0.072 0.035 0.031  0.031  0.031
MAE | 0.011 0.033 0.022 0.008 0.006 0.006 0.006 | 0.015 0.052 0.036 0.017 0.016 0.016 0.015
Size | 0.266  0.053 0.061  0.053 0.050 0.051  0.053 | 0.061 0.056 0.053 0.049 0.048 0.051  0.052
N =250, o7 =5
a B
FE IV GMM GMM vV GMM GMM FE IV GMM GMM v GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10
Bias | -0.115  0.006 -0.023 -0.009 0.001 -0.003 -0.008 | 0.035 0.010 -0.048 -0.014 0.003 0.000 -0.007
IQR | 0.024 0.175 0.121  0.046 0.046 0.045 0.044 | 0.061 0436 0288 0.112 0.130 0.124  0.117
MAE | 0.115 0.088 0.061 0.023 0.023 0.022  0.023 | 0.040 0.219 0.147 0.056 0.065 0.062  0.059
Size | 1.000 0.019 0.038 0.057 0.057 0.058  0.060 | 0.106 0.019 0.032 0.047 0.045 0.043  0.047
T =25
Bias | -0.044 0.000 -0.008 -0.003 0.000 -0.001 -0.002 | 0.022 -0.002 -0.014 -0.002 -0.001 -0.001  0.000
IQR | 0.014 0.094 0.066 0.022 0.018 0.018 0.018 | 0.036 0.180 0.131  0.052 0.048  0.048  0.048
MAE | 0.044 0.047 0.034 0.011 0.009 0.009 0.009 | 0.024 0.090 0.065 0.026 0.024 0.024  0.024
Size | 0.982  0.042 0.054 0.054 0.048 0.051  0.055 | 0.129 0.042 0.058 0.057 0.057 0.050  0.047
T =50
Bias | -0.022 -0.001 -0.006 -0.002 0.000 -0.001 -0.001 | 0.012 -0.005 -0.008 -0.001 0.000 0.000 0.001
IQR | 0.010 0.059 0.049 0.015 0.012 0.012 0.012 | 0.025 0.106 0.082 0.033 0.029 0.029  0.029
MAE | 0.022 0.030 0.024 0.008 0.006 0.006 0.006 | 0.015 0.052 0.042 0.016 0.015 0.015 0.014
Size | 0.840 0.042 0.053 0.055 0.060 0.055  0.055 | 0.105 0.039 0.060 0.047 0.052 0.050  0.053
T =100
Bias | -0.011 0.001 -0.002 0.000 0.000 0.000 0.000 | 0.006 0.001 -0.002 0.000 0.000 0.000  0.000
IQR | 0.007 0.040 0.032 0.010 0.008 0.007 0.007 | 0.018 0.066 0.054 0.021 0.019 0.018 0.018
MAE | 0.011 0.020 0.016 0.005 0.004 0.004 0.004 | 0.010 0.033 0.026 0.011 0.009 0.009  0.009
Size | 0.549  0.051 0.058 0.051 0.059 0.063  0.061 | 0.076 0.048 0.050 0.049 0.052 0.051  0.051
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Table 2: Fixed effects model: o = 0.8, 5 =1.0

N=50, o2 =1
a B
FE IV GMM GMM 1A% GMM GMM FE 1A% GMM GMM 1A% GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.150 0.036 -0.189 -0.109 0.004 -0.053 -0.101 | 0.006 0.034 -0.164 -0.111 0.013 -0.074 -0.122
IQR | 0.049 0.641 0243 0.112 0.188 0.143  0.112 | 0.137 0.745 0.407 0.254  0.429  0.335 0.279
MAE | 0.150 0.320 0.191  0.110 0.094 0.079  0.102 | 0.068 0.370 0.224 0.151  0.210  0.168 0.159
Size | 0.995 0.001 0.106 0.243  0.029  0.085 0.215 | 0.062 0.005 0.038 0.097 0.031  0.057  0.094
T=25
Bias | -0.054 0.062 -0.072 -0.032 -0.002 -0.010 -0.022 | 0.021 0.046 -0.030 -0.023 0.000 -0.008 -0.016
IQR | 0.024 0.387 0.115 0.048 0.049  0.045 0.040 | 0.084 0.293 0.184 0.123 0.122  0.116 0.112
MAE | 0.054 0.205 0.075 0.035 0.025 0.024  0.025 | 0.043 0.150 0.095 0.062 0.061  0.058 0.057
Size | 0.908 0.012 0.067 0.142 0.057 0.064 0.124 | 0.081 0.014 0.054 0.068 0.052  0.061 0.064
T =50
Bias | -0.026 0.061 -0.034 -0.012 -0.001 -0.003 -0.007 | 0.017 0.012 -0.004 -0.003 0.002 0.001 0.001
IQR | 0.015 0.289 0.075 0.029  0.023  0.022 0.021 | 0.055 0.156 0.113 0.075 0.066  0.065 0.065
MAE | 0.026 0.157 0.042 0.017 0.012 0.011 0.011 | 0.029 0.078 0.056 0.037  0.033  0.033 0.032
Size | 0.664 0.030 0.059 0.086 0.056 0.063  0.080 | 0.079 0.016 0.060 0.059 0.063  0.061 0.062
T =100
Bias | -0.012 0.044 -0.015 -0.005 0.000 -0.001 -0.002 [ 0.009 -0.001 0.005 0.000 0.001  0.001 0.002
IQR | 0.010 0.207 0.048 0.019 0.013  0.012 0.012 | 0.039 0.089 0.072 0.049 0.042 0.041 0.040
MAE | 0.012 0.113 0.024 0.010 0.006 0.006  0.006 | 0.020 0.045 0.036  0.025 0.021  0.020  0.020
Size | 0.400 0.072 0.063 0.083 0.056 0.059  0.064 | 0.071 0.012 0.044 0.048 0.057  0.059 0.056
N =100, o2 =1
a B
FE 1A% GMM GMM 1A% GMM GMM FE 1A% GMM GMM 1A% GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.150 0.041 -0.174 -0.077 0.001 -0.033 -0.068 | 0.006 0.046 -0.177 -0.097 0.009 -0.041 -0.093
IQR | 0.034 0662 0257 0.097 0.134 0.110  0.093 | 0.098 0.758 0.374 0.210 0.299  0.254  0.222
MAE | 0.150 0.323 0.178 0.078 0.067 0.060  0.072 | 0.050 0.381  0.204 0.126  0.151  0.126 0.126
Size 1.000 0.001 0.088 0.18  0.044 0.068  0.165 | 0.054 0.004 0.036 0.086 0.035  0.060  0.090
T=25
Bias | -0.054 0.057 -0.064 -0.020 -0.002 -0.006 -0.013 | 0.022 0.038 -0.026 -0.011 0.002 -0.001 -0.008
IQR | 0.016 0.342 0.114 0.039 0.033  0.031 0.029 | 0.055 0.235 0.143 0.087 0.089 0.084  0.078
MAE | 0.054 0.178 0.069 0.024 0.017 0.016  0.017 | 0.033 0.124 0.073  0.045 0.044  0.041 0.041
Size | 0.995 0.010 0.062 0.096 0.044  0.051 0.082 | 0.083 0.018 0.041 0.065 0.057  0.056 0.059
T =50
Bias | -0.025 0.040 -0.029 -0.008 0.000 -0.001 -0.004 [ 0.016 0.009 -0.004 -0.002 0.001  0.001 0.000
IQR | 0.011 0.237 0.067 0.023 0.017 0.016 0.016 | 0.038 0.105 0.078  0.053  0.046  0.045 0.045
MAE | 0.025 0.126 0.037 0.013 0.008 0.008 0.008 | 0.022 0.053 0.039 0.026  0.023  0.023 0.022
Size | 0.910 0.033 0.050 0.082 0.060 0.063  0.075 | 0.085 0.021  0.046  0.058  0.052  0.055 0.052
= 100
Bias | -0.012 0.020 -0.015 -0.003 0.000 -0.001 -0.001 | 0.009 0.000 0.002 -0.001 0.000 0.000  0.000
IQR | 0.007 0.163 0.046 0.015 0.009 0.009 0.009 | 0.028 0.058 0.052 0.037 0.031  0.031 0.031
MAE | 0.012 0.083 0.024 0.008 0.004 0.004 0.004 | 0.015> 0.029 0.026 0.018 0.015 0.015 0.015
Size | 0.668 0.060 0.059 0.069 0.050 0.046  0.051 | 0.075 0.021  0.054 0.050 0.051  0.052 0.052
N =250, o7 =1
a B
FE 1A% GMM GMM 1A% GMM GMM FE 1A% GMM GMM 1A% GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.150 0.038 -0.157 -0.044 0.002 -0.016 -0.037 | 0.004 0.047 -0.161 -0.054 0.002 -0.024 -0.054
IQR | 0.022 0.572 0217 0.068 0.084 0.077  0.069 | 0.060 0.654 0271 0.145 0.179  0.168 0.155
MAE | 0.150 0.286 0.166 0.049 0.042 0.040 0.044 | 0.031 0.327 0.176  0.081  0.090  0.086 0.086
Size 1.000 0.001 0.073 0.118 0.056  0.056  0.108 | 0.041 0.003 0.038 0.074 0.050  0.052 0.065
T=25
Bias | -0.054 0.029 -0.051 -0.011 0.000 -0.002 -0.005 | 0.021 0.019 -0.025 -0.009 -0.001 -0.003 -0.005
IQR | 0.011 0.274 0.099 0.028 0.021  0.020  0.020 | 0.035 0.176 0.096 0.058  0.055  0.051 0.050
MAE | 0.054 0.140 0.060 0.015 0.011  0.010  0.010 | 0.024 0.092  0.048 0.030 0.028  0.026 0.026
Size 1.000 0.014 0.043 0.082 0.049 0.048  0.062 | 0.130 0.012 0.038 0.062 0.052  0.049 0.051
T =50
Bias | -0.025 0.014 -0.023 -0.004 0.000 -0.001 -0.002 | 0.015 0.001 -0.005 -0.002 0.000 0.000  0.000
IQR | 0.007 0.182 0.062 0.017 0.011 0.010 0.010 | 0.025 0.067 0.051 0.035 0.030  0.029 0.029
MAE | 0.025 0.089 0.035 0.009 0.005  0.005 0.005 | 0.016 0.034 0.026 0.018 0.015  0.015 0.015
Size 1.000 0.031 0.052 0.060 0.048 0.060  0.057 | 0.140 0.023  0.044 0.051  0.051  0.052 0.052
T =100
Bias | -0.012 0.004 -0.013 -0.002 0.000 0.000 -0.001 [ 0.009 0.001 0.001 0.001 0.000 0.001 0.000
IQR | 0.004 0.112 0.042 0.010 0.006 0.006 0.006 | 0.017 0.036 0.035 0.023 0.019 0.018 0.018
MAE | 0.012 0.053 0.022 0.005 0.003 0.003 0.003 | 0.011 0.018 0.017 0.011  0.009  0.009 0.009
Size | 0.958 0.059 0.059 0.058 0.054 0.048  0.051 | 0.099 0.025 0.044 0.050 0.056  0.055 0.056
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Table 2(cont.): Fixed effects model: « = 0.8, 5 =1.0

N=50, o7=5

a B
FE v GMM GMM I\Y GMM  GMM FE v GMM GMM I\Y GMM  GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10

Bias | -0.150 0.054 -0.199 -0.109 0.004 -0.053 -0.101 | 0.006 0.037 -0.120 -0.115 0.013 -0.074 -0.122
IQR 0.049 0.651  0.260 0.112 0.188 0.143 0.112 | 0.137 1.000  0.597 0.269 0.429 0.335 0.279
MAE | 0.150 0.325  0.202 0.110 0.094 0.079 0.102 | 0.068 0.500  0.299 0.161 0.210 0.168 0.159
Size 0.995 0.000 0.079 0.244 0.029 0.085 0.215 | 0.062 0.005 0.037 0.104 0.031 0.057 0.094

T =25

Bias | -0.054 0.067 -0.077 -0.032 -0.002 -0.010 -0.022 | 0.021 0.045 -0.032 -0.025 0.000 -0.008 -0.016
IQR 0.024 0.380 0.121 0.049 0.049 0.045 0.040 | 0.084 0.459 0.287 0.131 0.122 0.116 0.112
MAE | 0.054 0.199 0.081 0.034 0.025 0.024 0.025 | 0.043 0.237 0.143 0.067 0.061 0.058 0.057
Size 0.908 0.015 0.056 0.140 0.057 0.064 0.124 | 0.081 0.007 0.053 0.075 0.052 0.061 0.064

T =50

Bias | -0.026 0.062 -0.036 -0.012 -0.001 -0.003 -0.007 | 0.017 0.019 -0.003 -0.004 0.002 0.001 0.001
IQR 0.015 0.289  0.075 0.029 0.023 0.022 0.021 | 0.055 0.267 0.184 0.077 0.066 0.065 0.065
MAE | 0.026 0.160 0.044 0.017 0.012 0.011 0.011 | 0.029 0.134 0.093 0.039 0.033 0.033 0.032
Size 0.664 0.030 0.057 0.089 0.056 0.063 0.080 | 0.079 0.012  0.060 0.061 0.063 0.061 0.062

T =100

Bias | -0.012 0.051 -0.015 -0.005 0.000 -0.001 -0.002 | 0.009 0.010 0.004 0.000 0.001 0.001 0.002
IQR 0.010 0.218 0.048 0.019 0.013 0.012 0.012 | 0.039 0.163 0.113 0.053 0.042 0.041 0.040
MAE | 0.012 0.117 0.024 0.010 0.006 0.006 0.006 | 0.020 0.081  0.057 0.026 0.021 0.020 0.020
Size 0.400 0.065  0.058 0.074 0.056 0.059 0.064 | 0.071 0.012  0.047 0.050 0.057 0.059 0.056

N =100, o2 =5
a B
FE IV GMM GMM 1A% GMM GMM FE v GMM GMM 1A% GMM GMM
LEV LEV1 LEV3 BOD BODl BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10

Bias | -0.150 0.031 -0.189 -0.078 0.001 -0.033 -0.068 | 0.006 0.038 -0.169 -0.110 0.009 -0.041 -0.093
IQR 0.034 0.671  0.271 0.097 0.134 0.110 0.093 | 0.098 0.907 0.515 0.229 0.299 0.254 0.222
MAE | 0.150 0.334 0.195 0.080 0.067 0.060 0.072 | 0.050 0.453 0.270 0.140 0.151 0.126 0.126
Size 1.000 0.001  0.085 0.188 0.044 0.068 0.165 | 0.054 0.006  0.034 0.091 0.035 0.060 0.090

T =25

Bias | -0.054 0.063 -0.071 -0.021 -0.002 -0.006 -0.013 | 0.022 0.051 -0.030 -0.017 0.002 -0.001 -0.008
IQR 0.016  0.344 0.122 0.039 0.033 0.031 0.029 | 0.055 0.366  0.237 0.094 0.089 0.084 0.078
MAE | 0.054 0.184 0.075 0.025 0.017 0.016 0.017 | 0.033 0.185 0.119 0.046 0.044 0.041 0.041
Size 0.995 0.012  0.054 0.099 0.044 0.051 0.082 | 0.083 0.013 0.038 0.067 0.057 0.056 0.059

T =50

Bias | -0.025 0.046 -0.034 -0.008 0.000 -0.001 -0.004 | 0.016 0.022 -0.003 -0.004 0.001 0.001 0.000
IQR 0.011  0.245 0.072 0.024 0.017 0.016 0.016 | 0.038 0.187 0.138 0.057 0.046 0.045 0.045
MAE | 0.025 0.133 0.041 0.013 0.008 0.008 0.008 | 0.022 0.097 0.068 0.029 0.023 0.023 0.022
Size 0.910 0.032  0.043 0.080 0.060 0.063 0.075 | 0.085 0.017  0.046 0.053 0.052 0.055 0.052

T =100

Bias | -0.012 0.024 -0.016 -0.003 0.000 -0.001 -0.001 | 0.009 0.006 0.000 -0.001 0.000 0.000 0.000
IQR 0.007  0.177  0.048 0.015 0.009 0.009 0.009 | 0.028 0.111  0.086 0.039 0.031 0.031 0.031
MAE | 0.012 0.091 0.025 0.008 0.004 0.004 0.004 | 0.015 0.056  0.043 0.020 0.015 0.015 0.015
Size 0.668  0.057  0.050 0.069 0.050 0.046 0.051 | 0.075 0.019 0.054 0.056 0.051 0.052 0.052

N =250, o2 =5

a B
FE v GMM GMM I\Y GMM  GMM FE I\Y GMM GMM I\Y GMM  GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10

Bias | -0.150 0.039 -0.192 -0.047 0.002 -0.016 -0.037 | 0.004 0.065 -0.192 -0.064 0.002 -0.024 -0.054
IQR 0.022  0.580  0.248 0.069 0.084 0.077 0.069 | 0.060 0.742  0.395 0.166 0.179 0.168 0.155
MAE | 0.150 0.286  0.197 0.051 0.042 0.040 0.044 | 0.031 0.378 0.230 0.091 0.090 0.086 0.086
Size 1.000 0.001  0.065 0.125 0.056 0.056 0.108 | 0.041 0.006 0.032 0.080 0.050 0.052 0.065

T =25

Bias | -0.054 0.034 -0.068 -0.011  0.000 -0.002 -0.005 | 0.021 0.030 -0.036 -0.010 -0.001 -0.003 -0.005
IQR 0.011  0.286  0.117 0.028 0.021 0.020 0.020 | 0.035 0.253  0.162 0.064 0.055 0.051 0.050
MAE | 0.054 0.151 0.075 0.016 0.011 0.010 0.010 | 0.024 0.133 0.084 0.032 0.028 0.026 0.026
Size 1.000 0.013  0.040 0.086 0.049 0.048 0.062 | 0.130 0.010 0.031 0.063 0.052 0.049 0.051

T =50

Bias | -0.025 0.017 -0.030 -0.004 0.000 -0.001 -0.002 | 0.015 0.006 -0.010 -0.002 0.000 0.000 0.000
IQR 0.007  0.190  0.072 0.017 0.011 0.010 0.010 | 0.025 0.123  0.090 0.039 0.030 0.029 0.029
MAE | 0.025 0.096 0.039 0.009 0.005 0.005 0.005 | 0.016 0.062  0.045 0.020 0.015 0.015 0.015
Size 1.000  0.031  0.045 0.060 0.048 0.060 0.057 | 0.140 0.021  0.035 0.059 0.051 0.052 0.052

T =100

Bias | -0.012 0.006 -0.016 -0.001  0.000 0.000  -0.001 | 0.009 0.004 0.001 0.000 0.000 0.001 0.000
IQR 0.004 0.118 0.045 0.010 0.006 0.006 0.006 | 0.017 0.064 0.061 0.025 0.019 0.018 0.018
MAE | 0.012 0.057 0.025 0.005 0.003 0.003 0.003 | 0.011 0.032  0.031 0.012 0.009 0.009 0.009
Size 0.958  0.057  0.058 0.060 0.054 0.048 0.051 | 0.099 0.026  0.045 0.052 0.056 0.055 0.056
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Table 3: Trend model: a« = 0.4, 5= 1.0,

N=50, op=1, 03 =1

a B
FE v GMM GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10

Bias | -0.247 -0.025 -0.071 -0.113 -0.024 -0.129 -0.231 | 0.009 -0.034 -0.175 -0.178 -0.139 -0.167 -0.170
IQR 0.062 0.636 0.173 0.123 0.510 0.261 0.193 | 0.160  3.425 0.757 0.465 2.720 0.963 0.613
MAE | 0.247 0.321 0.099 0.115 0.259 0.160 0.231 | 0.080 1.724 0.386 0.260 1.389 0.500 0.331
Size 1.000 0.007 0.083 0.242 0.014 0.117 0.369 | 0.063  0.003 0.054 0.079 0.003 0.038 0.066

T =25

Bias | -0.092 0.022 -0.031 -0.035 -0.002 -0.020 -0.041 | 0.034 0.075 -0.079 -0.052 0.010 -0.022 -0.031
IQR 0.032 0.737 0.096 0.057 0.092 0.076 0.063 | 0.089  2.306 0.316 0.182 0.336 0.266 0.201
MAE | 0.092 0.367 0.053 0.039 0.046 0.041 0.045 | 0.049 1.162 0.165 0.096 0.168 0.133 0.102
Size 0.958 0.001 0.067 0.123 0.052 0.073 0.140 | 0.094  0.001 0.051 0.064 0.050 0.056 0.059

T =50

Bias | -0.045 0.046 -0.017 -0.014 0.001 -0.005 -0.012 | 0.024 0.118 -0.035 -0.012 0.001 -0.002 -0.003
IQR 0.022 0.740 0.072 0.037 0.040 0.038 0.035 | 0.057  1.811 0.180 0.094 0.113 0.099 0.091
MAE | 0.045 0.377 0.037 0.020 0.020 0.019 0.019 | 0.033  0.907 0.089 0.047 0.057 0.050 0.046
Size 0.758 0.001 0.078 0.090 0.051 0.055 0.086 | 0.095  0.003 0.065 0.055 0.060 0.056 0.058

T =100

Bias | -0.021  0.077 -0.008 -0.006 0.000 -0.002 -0.005 | 0.012 0.169 -0.016 -0.003 0.001 0.001 0.001
IQR 0.015 0.666 0.052 0.022 0.022 0.021 0.021 | 0.040 1.359 0.112 0.058 0.059 0.056 0.054
MAE | 0.021 0.344 0.026 0.012 0.011 0.010 0.011 | 0.021  0.717 0.057 0.029 0.029 0.028 0.027
Size 0.456 0.007 0.060 0.071 0.055 0.055 0.063 | 0.082  0.007 0.060 0.050 0.056 0.050 0.056

N =100, 02=1, 02 =1

a B
FE v GMM  GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T=10

Bias | -0.245 -0.038 -0.054 -0.077 -0.009 -0.087 -0.168 | 0.013 -0.145 -0.182 -0.190 -0.024 -0.179 -0.198
IQR 0.045 0.605 0.141 0.104 0.373 0.214 0.160 | 0.120  3.100 0.674 0.455 2.103 0.855 0.565
MAE | 0.245 0.303 0.079 0.081 0.186 0.124 0.169 | 0.061  1.551 0.351 0.253 1.056 0.457 0.321
Size 1.000 0.004 0.061 0.165 0.013 0.077 0.275 | 0.056  0.003 0.040 0.079 0.004 0.040 0.070

Bias | -0.090 0.025 -0.026 -0.023 0.001 -0.010 -0.024 | 0.035 0.129 -0.069 -0.040 0.010 -0.008 -0.026
IQR 0.023 0.707 0.085 0.047 0.063 0.056 0.050 | 0.060  2.173 0.284 0.151 0.235 0.195 0.163
MAE | 0.090 0.344 0.047 0.029 0.032 0.029 0.031 | 0.040 1.076 0.154 0.081 0.118 0.099 0.081
Size 0.999 0.002 0.058 0.083 0.051 0.053 0.095 | 0.114  0.001 0.055 0.059 0.044 0.052 0.057

Bias | -0.044 0.061 -0.014 -0.008 0.001 -0.002 -0.006 | 0.023 0.144 -0.033 -0.010 0.000 -0.002 -0.002
IQR 0.016 0.689 0.060 0.029 0.029 0.027 0.026 | 0.038  1.690 0.152 0.075 0.083 0.077 0.073
MAE | 0.044 0.357 0.034 0.016 0.014 0.013 0.014 | 0.026  0.870 0.084 0.038 0.042 0.039 0.036
Size 0.956 0.001 0.050 0.083 0.058 0.060 0.074 | 0.113  0.001 0.046 0.052 0.060 0.052 0.054

Bias | -0.022 0.085 -0.008 -0.003 0.000 -0.001 -0.002 | 0.012 0.187 -0.014 -0.003  0.000 0.000 0.000
IQR 0.011 0.668 0.048 0.018 0.015 0.015 0.014 | 0.029 1.393 0.102 0.043 0.042 0.039 0.039
MAE | 0.022 0.344 0.024 0.009 0.008 0.007 0.007 | 0.017  0.707 0.050 0.021 0.021 0.019 0.019
Size 0.750 0.003 0.059 0.061 0.058 0.055 0.064 | 0.097  0.002 0.054 0.052 0.058 0.055 0.054

N =250, 62=1, 03 =1

a B
FE v GMM GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T=10

Bias | -0.247 -0.019 -0.035 -0.048 -0.002 -0.045 -0.099 | 0.011 -0.059 -0.144 -0.167 -0.060 -0.150 -0.188
IQR 0.027 0.488 0.115 0.084 0.225 0.161 0.134 | 0.073  2.367 0.577 0.417 1.323 0.756 0.531
MAE | 0.247 0.245 0.063 0.055 0.113 0.083 0.104 | 0.037 1.179 0.298 0.237 0.664 0.388 0.296
Size 1.000 0.003 0.040 0.113 0.020 0.065 0.198 | 0.050  0.001 0.035 0.069 0.010 0.025 0.059

Bias | -0.090 0.015 -0.017 -0.013 0.001 -0.004 -0.011 | 0.034 0.073 -0.053 -0.028 0.006 -0.002 -0.014
IQR 0.014 0.571 0.071 0.037 0.039 0.036 0.035 | 0.039 1.775 0.247 0.123 0.149 0.129 0.119
MAE | 0.090 0.288 0.037 0.020 0.020 0.019 0.020 | 0.034  0.896 0.125 0.064 0.075 0.064 0.061
Size 1.000 0.001 0.060 0.091 0.050 0.054 0.077 | 0.221  0.001 0.053 0.066 0.051 0.052 0.053

Bias | -0.044 0.041 -0.010 -0.005 -0.001 -0.002 -0.004 | 0.022 0.106 -0.024 -0.006 0.000 -0.001 -0.002
IQR 0.010 0.645 0.054 0.019 0.018 0.018 0.017 | 0.026  1.544 0.140 0.053 0.052 0.050 0.047
MAE | 0.044 0.322 0.027 0.010 0.009 0.009 0.009 | 0.022  0.789 0.069 0.027 0.026 0.025 0.024
Size 1.000 0.001 0.059 0.058 0.052 0.050 0.063 | 0.217  0.001 0.057 0.051 0.046 0.050 0.049

Bias | -0.021  0.071  -0.007 -0.001  0.000 0.000 -0.001 | 0.012 0.150 -0.013 -0.001  0.001 0.000 0.001
IQR 0.007 0.675 0.040 0.012 0.010 0.009 0.009 | 0.018 1.404 0.085 0.028 0.025 0.024 0.025
MAE | 0.021 0.341 0.021 0.006 0.005 0.005 0.005 | 0.013  0.700 0.045 0.014 0.013 0.012 0.012
Size 0.987 0.003 0.063 0.063 0.052 0.054 0.058 | 0.152  0.003 0.058 0.050 0.051 0.048 0.048




Table 3(cont.): Trend model: « = 0.4, = 1.0,

— 2 _ 2 _
N =50, o5 =5, oy =1

a B
FE v GMM GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10

Bias | -0.247 -0.007 -0.106 -0.115 -0.024 -0.129 -0.231 | 0.009 0.054 -0.196 -0.190 -0.139 -0.167 -0.170
IQR 0.062 0.632 0.207 0.125 0.510 0.261 0.193 | 0.160  3.398 0.782 0.472 2.720 0.963 0.613
MAE | 0.247 0.320 0.124 0.116 0.259 0.160 0.231 | 0.080 1.665 0.417 0.269 1.389 0.500 0.331
Size 1.000 0.005 0.084 0.249 0.014 0.117 0.369 | 0.063  0.002 0.054 0.077 0.003 0.038 0.066

T =25

Bias | -0.092 0.025 -0.033 -0.036 -0.002 -0.020 -0.041 | 0.034 0.084 -0.079 -0.055 0.010 -0.022 -0.031
IQR 0.032 0.717 0.103 0.057 0.092 0.076 0.063 | 0.089  2.242 0.330 0.191 0.336 0.266 0.201
MAE | 0.092 0.362 0.055 0.040 0.046 0.041 0.045 | 0.049 1.120 0.170 0.102 0.168 0.133 0.102
Size 0.958 0.001 0.067 0.120 0.052 0.073 0.140 | 0.094  0.001 0.053 0.067 0.050 0.056 0.059

T =50

Bias | -0.045 0.046 -0.017 -0.014 0.001 -0.005 -0.012 | 0.024 0.128 -0.039 -0.014 0.001 -0.002 -0.003
IQR 0.022 0.733 0.075 0.038 0.040 0.038 0.035 | 0.057 1.801 0.180 0.098 0.113 0.099 0.091
MAE | 0.045 0.372 0.038 0.021 0.020 0.019 0.019 | 0.033 0.910 0.092 0.050 0.057 0.050 0.046
Size 0.758 0.002 0.081 0.094 0.051 0.055 0.086 | 0.095  0.002 0.066 0.055 0.060 0.056 0.058

T =100

Bias | -0.021  0.078 -0.009 -0.006 0.000 -0.002 -0.005 | 0.012 0.168 -0.018 -0.004 0.001 0.001 0.001
IQR 0.015 0.656 0.053 0.023 0.022 0.021 0.021 | 0.040 1.349 0.111 0.058 0.059 0.056 0.054
MAE | 0.021 0.343 0.026 0.012 0.011 0.010 0.011 | 0.021  0.706 0.058 0.030 0.029 0.028 0.027
Size 0.456 0.007 0.058 0.072 0.055 0.055 0.063 | 0.082  0.007 0.062 0.054 0.056 0.050 0.056

N =100, 02 =5, 02 =1

a B
FE v GMM GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10

Bias | -0.245 -0.023 -0.078 -0.081 -0.009 -0.087 -0.168 | 0.013 -0.101 -0.228 -0.195 -0.024 -0.179 -0.198
IQR 0.045 0.632 0.171 0.108 0.373 0.214 0.160 | 0.120  3.055 0.716 0.466 2.103 0.855 0.565
MAE | 0.245 0.320 0.100 0.083 0.186 0.124 0.169 | 0.061  1.500 0.385 0.261 1.056 0.457 0.321
Size 1.000 0.002 0.067 0.173 0.013 0.077 0.275 | 0.056  0.003 0.038 0.090 0.004 0.040 0.070

Bias | -0.090 0.029 -0.030 -0.025 0.001 -0.010 -0.024 | 0.035 0.111 -0.079 -0.050 0.010 -0.008 -0.026
IQR 0.023 0.705 0.095 0.049 0.063 0.056 0.050 | 0.060  2.207 0.295 0.167 0.235 0.195 0.163
MAE | 0.090 0.354 0.052 0.031 0.032 0.029 0.031 | 0.040 1.086 0.164 0.089 0.118 0.099 0.081
Size 0.999 0.002 0.062 0.092 0.051 0.053 0.095 | 0.114  0.001 0.057 0.061 0.044 0.052 0.057

Bias | -0.044 0.060 -0.016 -0.009 0.001 -0.002 -0.006 | 0.023 0.151 -0.035 -0.012 0.000 -0.002 -0.002
IQR 0.016 0.682 0.064 0.031 0.029 0.027 0.026 | 0.038  1.682 0.157 0.082 0.083 0.077 0.073
MAE | 0.044 0.350 0.035 0.016 0.014 0.013 0.014 | 0.026  0.844 0.083 0.041 0.042 0.039 0.036
Size 0.956 0.002 0.050 0.079 0.058 0.060 0.074 | 0.113  0.001 0.045 0.055 0.060 0.052 0.054

Bias | -0.022 0.083 -0.009 -0.003 0.000 -0.001 -0.002 | 0.012 0.182 -0.016 -0.003  0.000 0.000 0.000
IQR 0.011 0.676 0.049 0.018 0.015 0.015 0.014 | 0.029 1.394 0.102 0.044 0.042 0.039 0.039
MAE | 0.022 0.344 0.025 0.009 0.008 0.007 0.007 | 0.017  0.703 0.051 0.022 0.021 0.019 0.019
Size 0.750 0.003 0.062 0.060 0.058 0.055 0.064 | 0.097  0.002 0.052 0.051 0.058 0.055 0.054

N =250, 02 =5, 02 =1

a B
FE v GMM GMM v GMM  GMM FE v GMM GMM v GMM  GMM
LEV LEV1 LEV3 BOD BODl1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T =10

Bias | -0.247 -0.009 -0.057 -0.053 -0.002 -0.045 -0.099 | 0.011 0.012 -0.205 -0.199 -0.060 -0.150 -0.188
IQR 0.027 0.534 0.145 0.090 0.225 0.161 0.134 | 0.073  2.544 0.670 0.423 1.323 0.756 0.531
MAE | 0.247 0.267 0.084 0.059 0.113 0.083 0.104 | 0.037 1.266 0.354 0.261 0.664 0.388 0.296
Size 1.000 0.001 0.048 0.123 0.020 0.065 0.198 | 0.050  0.001 0.035 0.075 0.010 0.025 0.059

Bias | -0.090 0.024 -0.023 -0.015 0.001 -0.004 -0.011 | 0.034 0.094 -0.072 -0.038 0.006 -0.002 -0.014
IQR 0.014 0.572 0.083 0.039 0.039 0.036 0.035 | 0.039 1.775 0.265 0.142 0.149 0.129 0.119
MAE | 0.090 0.288 0.043 0.022 0.020 0.019 0.020 | 0.034  0.889 0.143 0.076 0.075 0.064 0.061
Size 1.000 0.001 0.063 0.096 0.050 0.054 0.077 | 0.221  0.001 0.053 0.067 0.051 0.052 0.053

Bias | -0.044 0.043 -0.012 -0.005 -0.001 -0.002 -0.004 | 0.022 0.112 -0.030 -0.008 0.000 -0.001 -0.002
IQR 0.010 0.643 0.058 0.021 0.018 0.018 0.017 | 0.026  1.536 0.147 0.058 0.052 0.050 0.047
MAE | 0.044 0.320 0.031 0.011 0.009 0.009 0.009 | 0.022  0.778 0.077 0.030 0.026 0.025 0.024
Size 1.000 0.001 0.060 0.061 0.052 0.050 0.063 | 0.217  0.002 0.056 0.058 0.046 0.050 0.049

Bias | -0.021  0.073  -0.008 -0.001  0.000 0.000 -0.001 | 0.012  0.147 -0.016 -0.001  0.001 0.000 0.001
IQR 0.007 0.682 0.043 0.012 0.010 0.009 0.009 | 0.018 1.412 0.091 0.030 0.025 0.024 0.025
MAE | 0.021 0.342 0.022 0.006 0.005 0.005 0.005 | 0.013  0.702 0.047 0.015 0.013 0.012 0.012
Size 0.987 0.003 0.059 0.063 0.052 0.054 0.058 | 0.152  0.003 0.056 0.052 0.051 0.048 0.048




Table 4: Trend model: a = 0.8, 5 = 1.0,

N=50, o7 =1, o5 =1
a B
FE IV GMM GMM 1A% GMM GMM FE I\Y GMM GMM IV GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.365 -0.091 -0.390 -0.301 -0.184 -0.370 -0.4838 [ -0.099 0.125 -0.234 -0.379 -0.559 -0.406 -0.355
IQR | 0.063 1.181 0.322 0.171 1.251  0.369  0.249 | 0.153  3.577 0.805 0.467 3.756  0.885  0.583
MAE | 0.365 0.569 0.390 0.301 0.671  0.373 0488 | 0.109 1.801 0.434 0.386  1.968  0.529  0.405
Size | 1.000 0.004 0275 0.682 0.010 0.303  0.782 | 0.162 0.002 0.050 0.207 0.004 0.067 0.138
T=25
Bias | -0.122 0.008 -0.084 -0.085 0.001 -0.086 -0.106 | 0.013 0.077 -0.131 -0.133 0.028 -0.156 -0.131
IQR | 0.029 0662 0.110 0.065 0.399 0.113  0.077 | 0.086 2.043 0.320 0.191 1.011  0.316  0.222
MAE | 0.122 0330 0.085 0.085 0.198 0.091  0.106 | 0.044 1.024 0.179 0.142 0.507 0.195  0.145
Size | 1.000 0.001  0.120 0.422 0.002 0.168  0.492 | 0.071  0.002 0.064 0.159 0.004 0.107 0.135
T =50
Bias | -0.054 0.022 -0.037 -0.036 0.002 -0.025 -0.036 | 0.024 0.115 -0.070 -0.055 0.002 -0.037 -0.039
IQR | 0.017 0577 0.068 0.039 0.080 0.051  0.039 | 0.057 1.129 0.165 0.108 0.187 0.132  0.106
MAE | 0.054 0.288 0.041 0.036 0.040 0.032  0.037 | 0.032 0582 0.091 0.066 0.094 0.070  0.060
Size | 0.995 0.001 0.111 0.272 0.034 0.093  0.256 | 0.094 0.007 0.079 0.122 0.036 0.065  0.090
T =100
Bias | -0.025 0.059 -0.019 -0.015 0.000 -0.006 -0.011 [ 0.016 0.113 -0.029 -0.018 0.000 -0.004 -0.006
IQR | 0.010 0447 0.044 0.023 0.027 0.023 0.020 | 0.039 0.699 0.090 0.059 0.065 0.057  0.056
MAE | 0.025 0.225 0.025 0.017 0.013 0.012 0.013 | 0.023 0.372 0.048 0.032 0.033 0.029  0.028
Size | 0.918 0.006 0.088 0.157 0.049 0.072  0.138 | 0.092 0.007 0.074 0.075 0.057  0.067  0.067
N =100, o2 =1, o5 =1
a 8
FE IV GMM GMM 1A% GMM GMM FE I\Y GMM GMM IV GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.362 -0.091 -0.352 -0.250 -0.187 -0.315 -0.428 [ -0.098 -0.002 -0.318 -0.446 -0.577 -0.498 -0.435
IQR | 0.046 1.174 0.316 0.166  1.203  0.324  0.227 | 0.118 3.279 0.756  0.444  3.752  0.847  0.570
MAE | 0.362 0567 0.352 0.250 0.623  0.320  0.428 | 0.100 1.640 0.442 0.446  1.928  0.578  0.451
Size | 1.000 0.000 0.236 0.572  0.007 0.254  0.735 | 0.245 0.000 0.052 0.275 0.001 0.086  0.172
T=25
Bias | -0.122 -0.009 -0.073 -0.075 0.003 -0.073 -0.091 [ 0.014 0.109 -0.141 -0.149 0.025 -0.148 -0.156
IQR | 0.020 0.735 0.103 0.060 0.280 0.113  0.074 | 0.060 1923 0.304 0.172 0.755 0.295  0.195
MAE | 0.122 0367 0.076 0.075 0.140 0.079  0.091 | 0.032 0971 0.174 0.151 0.375 0.181  0.159
Size | 1.000 0.000 0.103 0.350 0.004 0.149  0.413 | 0.065 0.003 0.074 0.195 0.004 0.099  0.169
=50
Bias | -0.054 0.042 -0.034 -0.032 0.000 -0.015 -0.028 [ 0.023 0.122 -0.072 -0.059 0.004 -0.022 -0.039
IQR | 0.012 0592 0.060 0.036 0.060 0.043  0.034 | 0.039 1.145 0.145 0.096 0.140 0.108  0.091
MAE | 0.054 0.299 0.039 0.032 0.030 0.024 0.028 | 0.026 0.575 0.090 0.066 0.070  0.056  0.052
Size | 1.000 0.001 0.077 0.231 0.050 0.071  0.210 | 0.116 0.004 0.073 0.137 0.052  0.057  0.101
=100
Bias | -0.025 0.055 -0.016 -0.011 0.000 -0.003 -0.007 [ 0.015 0.104 -0.026 -0.016 -0.001 -0.003 -0.006
IQR | 0.007 0431 0.041 0.020 0.018 0.017 0.015 | 0.029 0.651 0.080 0.046 0.045 0.042  0.040
MAE | 0.025 0.215 0.022 0.013 0.009 0.009 0.009 | 0.018 0.348 0.042 0.026 0.023  0.021  0.020
Size | 0.998 0.003 0.064 0.114 0.051 0.063  0.092 | 0.126 0.009 0.069 0.074 0.062 0.062  0.062
N =250, o2 =1, 03=1
a B
FE IV GMM GMM 1A% GMM GMM FE I\Y GMM GMM IV GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BODl1 BOD3
T =10
Bias | -0.365 -0.070 -0.322 -0.211 -0.159 -0.258 -0.354 | -0.100 -0.032 -0.405 -0.484 -0.504 -0.566 -0.535
IQR | 0.029 0952 0.296 0.154 1.178 0.317  0.212 | 0.070 2496 0.659 0426 3.560 0.817  0.531
MAE | 0.365 0475 0.322 0.211 0.607 0.270 0.354 | 0.100 1.249 0.463 0.484 1.858  0.607  0.536
Size | 1.000 0.002 0.235 0.499 0.007 0.211  0.620 | 0.483 0.002 0.071 0.340 0.002 0.105  0.259
T=25
Bias | -0.121 -0.011 -0.059 -0.062 -0.004 -0.059 -0.076 | 0.013 0.076 -0.144 -0.154 0.001  -0.137 -0.159
IQR | 0.013 0713 0.093 0.059 0.176  0.099 0.066 | 0.038 1.746 0.258 0.176  0.469  0.257  0.174
MAE | 0.121 0.355 0.063 0.062 0.088 0.065 0.076 | 0.021 0.866 0.165 0.155 0.235 0.161  0.160
Size | 1.000 0.001 0.088 0.307 0.015 0.128  0.353 | 0.071  0.003 0.071 0.241 0.015 0.097 0.224
=50
Bias | -0.054 0.034 -0.027 -0.024 -0.001 -0.009 -0.018 [ 0.022 0.095 -0.056 -0.051 -0.001 -0.017 -0.031
IQR | 0.008 0.570 0.055 0.030 0.035 0.030 0.026 | 0.025 1.094 0.129 0.081 0.085 0.074  0.064
MAE | 0.054 0.288 0.033 0.025 0.017 0.016 0.019 | 0.022 0561 0.073  0.056 0.043 0.038  0.038
Size | 1.000 0.001 0.079 0.167 0.043 0.060 0.146 | 0.215 0.005 0.067 0.139  0.046  0.055  0.090
T =100
Bias | -0.025 0.051 -0.014 -0.007 0.000 -0.001 -0.003 [ 0.015 0.096 -0.024 -0.011 0.001 -0.001 -0.003
IQR | 0.005 0458 0.035 0.015 0.012 0.010 0.010 | 0.018 0.735 0.067 0.035 0.029 0.028  0.027
MAE | 0.025 0.240 0.020 0.009 0.006 0.005 0.006 | 0.015 0.388 0.038 0.019 0.015 0.014 0.014
Size | 1.000 0.001  0.064 0.092 0.059 0.050 0.071 | 0.217 0.007 0.060 0.065 0.050 0.048  0.054




Table 4(cont.): Trend model: « = 0.8, = 1.0,

N = 50, 0'727:5, o‘i:l
a B
FE IV GMM GMM IV  GMM GMM | FE IV GMM GMM IV  GMM GMM
LEV LEVI LEV3 BOD BOD1 BOD3 LEV LEVl1 LEV3 BOD BOD1 BOD3
T=10
Bias | -0.365 -0.057 -0.407 -0.302 -0.I84 -0.370 -0.488 [ -0.099 0.106 -0.146 -0.376 -0.559 -0.406 -0.355
IQR | 0.063 1170 0.335 0173 1.251  0.369  0.249 | 0.153 3.291 0.832 0475 3.756  0.885  0.583
MAE | 0.365 0.580 0.408 0.302 0.671 0373 0488 | 0.109 1.639 0421 038 1.968 0529  0.405
Size | 1.000 0.004 0.280 0.683  0.010 0.303  0.782 | 0.162 0.001  0.042 0.198  0.004  0.067  0.138
T=25
Bias [ -0.122 0.006 -0.103 -0.087 0.001 -0.086 -0.106 | 0.013  0.097 -0.100 -0.137 0.028 -0.156 -0.131
IQR | 0.029 0.644 0.122 0065 0399 0113 0077 | 008 1972 0363 0.191 1.011 0316  0.222
MAE | 0.122 0.323 0.103 0.087 0.198  0.091  0.106 | 0.044 0.985 0.192 0.146 0.507  0.195  0.145
Size | 1.000 0.001  0.134 0431 0.002 0.168 0492 | 0071 0.002 0.050 0.165 0.004 0.107 0.135
T =50
Bias | -0.054 0.022 -0.044 -0.037 0.002 -0.025 -0.036 | 0.024 0.112 -0.075 -0.061 0.002 -0.037 -0.039
IQR | 0.017 0.568 0.070 0.040 0.080 0.051  0.039 | 0.057 1165 0.177 0.109 0.187  0.132  0.106
MAE | 0.054 0284 0.046 0037 0.040 0032 0.037 | 0032 0593 0.102 0072 0094 0070  0.060
Size | 0.995 0.001  0.112  0.279  0.034 0.093  0.256 | 0.094 0.006 0.073 0.115 0.036  0.065  0.090
T =100
Bias [ -0.025 0.063 -0.020 -0.015 0.000 -0.006 -0.011 | 0.016 0.115 -0.032 -0.021  0.000 -0.004 -0.006
IQR | 0.010 0.440 0.046 0.023 0.027 0.023 0.020 | 0039 0689 0093 0061 0065 0057 0.056
MAE | 0.025 0.224 0.026 0017 0013 0.012 0.013 | 0.023 0.361 0.051 0.034 0.033  0.029  0.028
Size | 0918 0.006 0.095 0.155 0.049 0.072 0.138 | 0.092 0.008 0.074 0.073 0.057 0.067  0.067
N =100, o7 =5, o5 =1
a B
FE IV GMM GMM IV  GMM GMM | FE IV GMM GMM IV  GMM GMM
LEV LEVI LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T=10
Bias | -0.362 -0.079 -0.380 -0.249 -0.187 -0.315 -0.428 [ -0.098 -0.064 -0.212 -0.441 -0.577 -0.498 -0.435
IQR | 0.046 1.105 0.332 0.164 1203  0.324  0.227 | 0.118 3.218 0.821  0.449 3.752  0.847  0.570
MAE | 0362 0.567 0.380 0.249 0.623 0320 0.428 | 0.100 1608 0432 0444 1928 0578  0.451
Size | 1.000 0.000 0.237  0.569  0.007 0.254  0.735 | 0.245  0.000  0.032  0.275  0.001  0.086  0.172
T=25
Bias [ -0.122 -0.007 -0.093 -0.077 0.003 -0.073 -0.091 | 0.014 0.100 -0.135 -0.159 0.025 -0.148 -0.156
IQR | 0.020 0.707 0.118 0062 0280 0.113 0074 | 0060 1870 0337 0.180 0.755 0295  0.195
MAE | 0.122  0.353  0.094 0.077 0140 0.079  0.091 | 0.032 0955 0.18 0.161 0375 0.181  0.159
Size | 1.000 0.000 0.118 0.372 0.004 0.149 0413 | 0.065 0.002 0.062 0.203 0.004 0.099  0.169
=50
Bias | -0.054 0.043 -0.040 -0.033 0.000 -0.015 -0.028 | 0.023 0.117 -0.081 -0.068 0.004 -0.022 -0.039
IQR | 0.012 0.58  0.065 0.037 0060 0.043  0.034 | 0.039 1.156 0.163 0.104 0.140  0.108  0.091
MAE | 0.054 0296 0.043 0.034 0030 0024 0028 | 0026 0582 0099 0073 0070 0056  0.052
Size | 1.000 0.001  0.085 0.250 0.050  0.071  0.210 | 0.116  0.004 0.069 0.153  0.052  0.057  0.101
T =100
Bias [ -0.025 0.054 -0.018 -0.012 0.000 -0.003 -0.007 | 0.0156 ~ 0.106 -0.030 -0.020 -0.001 -0.003  -0.006
IQR | 0.007 0430 0.043 0021 0.018 0017 0015 | 0.029 0.653 0.084 0050 0.045 0042  0.040
MAE | 0.025 0219 0.024 0013 0.009 0.009 0.009 | 0.018 0.347 0.045 0.029 0.023  0.021  0.020
Size | 0.998 0.003 0.068 0.115 0.051  0.063 0.092 | 0.126  0.009 0.064 0.077 0.062  0.062  0.062
N =250, o2 =5, o5 =1
a B
FE IV GMM GMM IV  GMM GMM | FE IV GMM GMM IV  GMM GMM
LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T=10
Bias | -0.365 -0.065 -0.361 -0.213 -0.159 -0.258 -0.354 [ -0.100 -0.028 -0.311 -0.508 -0.504 -0.566 -0.535
IQR | 0.029 0949 0318 0.153 1178 0317 0212 | 0.070 2545 0.770  0.426  3.560  0.817  0.531
MAE | 0.365 0.469 0.361 0213 0.607 0270 0354 | 0.100 1269 0.455 0.509 1.858  0.607  0.536
Size | 1.000 0.002 0.228  0.500  0.007  0.211  0.620 | 0.483 0.001  0.042 0.351  0.002  0.105  0.259
T=25
Bias [ -0.121  0.003 -0.080 -0.068 -0.004 -0.059 -0.076 | 0.013  0.088 -0.175 -0.175 0.001 -0.137 -0.159
IQR | 0013 0.692 0.111 0061 0176 0.099 0.066 | 0038 1.698 0314 0.180 0469 0257 0.174
MAE | 0.121  0.346  0.082 0.068 0.088 0.065 0.076 | 0.021 0.845 0.197 0.175 0.235 0.161  0.160
Size | 1.000 0.000 0.082 0.335 0.015 0.128 0.353 | 0.071 0.002 0.070 0.261  0.015  0.097  0.224
=50
Bias | -0.054 0.039 -0.037 -0.028 -0.001 -0.009 -0.018 | 0.022 0.099 -0.079 -0.064 -0.001 -0.017 -0.031
IQR | 0.008 0.572 0.065 0.033 0.035 0.030 0.026 | 0025 1121 0.152 0.092 0.085 0.074  0.064
MAE | 0.054 0287 0.042 0028 0017 0016 0019 | 0022 0564 0.091 0067 0043 0038  0.038
Size | 1.000 0.001  0.079 0.185 0.043 0.060 0.146 | 0.215 0.005 0.066  0.151  0.046  0.055  0.090
T =100
Bias [ -0.025 0.050 -0.018 -0.008 0.000 -0.001 -0.003 | 0.015 ~ 0.096 -0.030 -0.013 0.001  -0.001  -0.003
IQR | 0.005 0.457 0.040 0.017 0.012 0010 0.010 | 0018 0.739 0.075 0.042 0.029 0028  0.027
MAE | 0.025 0239 0.024 0010 0.006 0.005 0.006 | 0.015 0.38  0.044 0.023 0.015 0014 0.014
Size | 1.000 0.001  0.061 0.104 0.059 0.050 0.071 | 0.217 0.007 0.058 0.076  0.050  0.048  0.054




