Discretization Self-Exciting Peaks Over
Threshold models
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RO TE O B A

m 9 AURREOBEBEINC B 5 Rl AEE 2 5. Bl
RN B 1) % /GHEFE N D jump time %
0<ti<b<...< tN(T) < TS5,

n T XOBMIEES A THB L E,

Je=#{i:ti € (k—1)A, kA]}.

m B HERBRE 2 E R 5.

NA(t) = N((k —1)A), (k—1)A <t < KA.



RO TE O B A

m BT N ORI 2L N OGRS D 37 D:

sup  [NA(8) = N(2)| < Ui
(k—1)A<t<kA

XSIHRDERIZLY, AR TN LB,

sup  sup |[NA(t)— N(t)| <1
0<A<A0=t<T
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RO TE O B A

m BEIFRY]T — X (ex. negative return) % sUlFE THM T 5
B, BITEIRE A O 7 — XIZB L T, L kA TORR SO
PEME vy ZBZ TOVIUL, jump BFELZEARL, T—X
ZDHDHRERRIZHES T WD & L THITS % LA (B) D
Tk

w UL, BRI [0, T] 2B W THIE up 2R 2 HEH H
FRIZHE-TWB T 5L, (B) DF R TIBEEEIIE h 7z
FOBFEE AURFEE UL CTETIVEL TWA 728, BiSE & Il
MEL 5.

~ N(((m—1)A, mA
NA(t) = 1<mz<:k—1 (« J,j ]), (k—1)A < t < kA.
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< — 2 & Hawkes @ F%

Definition (¥ — 2 {iF & Hawkes #8205 & 1K)

Ae(t/HN) = <77 + /_;/Eg(t —5,z)N(ds x dz)> P(Z: € EHN)
= (n + /_;g(t — 5 Es)/vg(ds)) P(Z: € E[HN),

HY: N D@EEDNER, E = [u,00), n> 0,
Ze[ MY ~ F([HY),

g: Rz = R+.’ &B@ﬁ,

Ng(ds) = N(ds x E): ground process.

m KT, g(t,z) = h(t)c(z) & &EIT D & &, h Z =R,
c:R—Ry 214237 MEEE WS,



SEPOT €T )L

Self-exciting peaks over threshold (SEPOT) model (&<l R4
DEBERETLVE LTHSNTWS., ZOETFITIIHMME vy %
REL, Mz Lt Ry haehy e 5 BiEE#RO L —
&~ — 27 £} & Hawkes TR IZHED &35

Ae(t|HN) = (n + /t h(t — s, Z)Ng(ds)> (1 - F(u)),

—00

E =[u,00), u>0,
Zo=(Zs —u)*: Z 'K F, REMERZRFI, a* = max(a, 0).
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SEPOT €T )L

f5l'1 : Models with exponential decay and generalized linear impact
function:

Ae(t[HY) = <no o [

—0o0

t

e [ AL M) ) (1) 2

E =[u,00), u>0.
Z. = (Z — u)*, Z, & GPD(¢, 1),
770)7]17’Y>01 L>1, OS(SS]- H;E_’ﬁ

m ZOETFIVIKEK - ILE - %G (2016) THEEO AL IH DA
RHEOSHIZHHEINTWS.
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SEPOT €T )L

#1 2 : Models with exponential decay and non-linear impact
function:

t
Ae(ElHY) = (no om [

—0o0

e (t=9) [(1 + G“(F(Z))) A L} Ng(ds)>
x (1+ €u)~Ve,

E =[u,00), u>0,

Z, = (Zs — u)*, Z, "% GPD(¢, 1),
no,m,y >0, L> 1. IEE,

F: CDF of GPD(£, u, 1),

G () 4 6 SEEHERI I D /T G.

m ZDETIVIX Grothe et al. (2014) (D special case) TR D
HREME DY v > TIZFHIZFHEINT NS,
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FeATHRSE & DB

ROBFEDFIPUR

m E: Sefivl 0 EEREZEM, (E,&): mIIZ=/],

m My(E): E Lo sl

m My(E): My(E) L o-field,

m N (Q A P) = (My(E), Mp(E)), Py = Po N1,

Ny SN B Py Py
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FeATHRSE & DB

mFe D(Gg): @flﬁﬁﬁ Gg ODH&EUEE
X ~ F € D(G)

:> H{QU}’ {bn}v an 6 Ry bn > O St

X—n n—o00 —
nP< baZU>Z”G—F@w+hm = (14 gu) VS

n

14 /42



FeATHGE & DR
ERAER 2 RARDHENZ, AT DRI 2 /T
Proposition 1(Theorem 6.3 in Resnick(2007))

X "W F e D(Ge). MTFOY— 74 & it % 2 5

Xk — app—
N2 ((a, b)) = #{ k - kAmM € (a b x E, Y,
b[An]_l

a<b, E=[u,0), {an} and {b,}: centering and scaling
sequences of G.
ZDrE, NA % Nin My([0,00) x E) as A, — 0. N IZBATF D
Ezdo
Poisson ##F%:

AtHY) = (1 + gu)7e.
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FeATHRSE & DB

Proposition 1 IZLARD & S I12E 25 Z & D k5!

NE"((a,b]) = Y. E(k)m D en(k), E=[u,00),

k:kAp€e(a,b] k:kAn€(a,b]

. Xk — app—1
en(k) L Bin (1, p [ 2 T8 5 ) )
biaz
. Xk — appn—-1
en(k) L poi [ P [ 2T S ) )
biaz

> T, {kAn, b[‘Al;ll(Xk —an D herein,y BT -2 EHD

&, ZHUFHRE Ne(t|HY) = (14 €u)~ V¢ &£ DI Poisson it
F£ (non self-excited Hawkes) 7* 5 OBEREII & A5 Z &3R5,
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FeATHRSE & DB

m Poisson jE#fE

Ae(tHY) = 1 x(1+eu) e
~—
ARV MEEV— B Dy VT

= SEPOT 5V

t ~
Ae(e[HY) = (n+ | s zs)Ng(ds>) X (14 €u) Ve,
~ > R LY 1
XY R AL — b
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LG R

m N: ¥— 7 fF& Hawkes JHFE,
t ~
)\E(tlHQ’) = (77 + / c(Zs)h(t — s)Ng(ds)> (1+ £u)_1/5.

m XA N BRI

XE"(k) = N({kAn} x E) = N({(k — 1)A,} x E)
= Ng(((k — 1)An, kA]), Kk € Z.
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LG R

Proposition 1 DLk & U T NOMERHEFEZEZ X 5:

XBr (k) = en(k)

- Xo_n — -
£ |huage (Zi)p (“ga[“ > u>

=1

X "5 F e D(Gy), Z( " 6PD(&,1),

en(k) S iid. Poi(nP(b, [A ]( a[An_1]) > u)) with n >0,
h: R — R, piecewise continuous, h(t)=0, t <0,
Elc(Zu)] [, h(t)dt < 1.

E[c(Z1)?] < oo ZARE.
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LG R

DL E, Fh=o(XPr(m),Zn - m< k) £TBL,

E

Xe"(k), ra, ]
A, k—1

00 _ X, —
) (“ZC(Zk—m)h(mAn)X?"(k - m>)A;1P(blAn1>u> |
m=1 [A
FHIZ,

E

A
XA(k)pka 1] ~E [(d’;x E)mN] = Ae(e|HD).

XEA” I% random coefficient integer-valued autoregressive
(RCINAR(0)) process.
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LG R

Definition (RCINAR(o0))
en K" Poi(ag), Zy "% F with E[Z2] < oo,

ay - R — R: piecewise continuous, k = 1,2, .. ..

Xn=€n+ Z ak(Zn—k) O Apn—k (2)
k=1

oo Xn—k
:e,,—i-ZZ{,n’k, neZ.

k=1 I=1
& ~ Poi(ay) B OMIRL S 1, n, k 1258 LT,
YEFH3 o I thinning operator, o X & X fll®D i.id. Poi(a) DFl
TEHRIND. (a<0DE&EF aoX=—(—a)oX LFRTS)




Proposition 2 (RCINAR(c0) D F¥5E H M)
00 >0 0 R—=R, k=1,2,... I&LAFZHE-F

0< ZE[ak (Z)], Z|E[ak (Z)]| < 1.

k=1 k=1

IDEE, (2) BREHEET E[X)] = ao/(1 — 22 Elax(Ze)]).
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Proposition 3 (RCINAR(c0) @ 3438t D F¥A)

(Xn): Proposition 2 D& % i 7z 4 RCINAR(c0).
lak()] < Lk, k=1,2,...,

K| = iozl Ly <1

EIE. ZD ¥ =, RCINAR(c0) IR/ BE 7,
R(m) = Cov(X,, Xpym) £ LT,

> R(m)
m=0

= - K
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LG R

m Proposition 2 2|9 % &,
nAnPn

E[X2r (k)] = = = O(An),
[ E (ol 1 — E[c(Z1)]Pn Z(I)il Anh(lAn) (&)
P, = A~ l'D(b[_A ]( 1 — a[A;I]) > u).
m Proposition 3 ZF]HT % &,
Var(X£"(k)) Z RA"(m) = O(An).

RAm) = Cov(XE2n(k), X2 (k 4+ m)).

25 /42



LG R

Proposition 4 (RCINAR(oc) @ RCAR(co) #RHi)

(Xn) % Proposition 2 D5t %729 RCINAR(c0) &9 5.
DL E

Un=Xn— > (Zp—i)Xn—k — a0, NEZ, (3)
k=1

BN 2 i 72 3 B THEREE (un):
Elunun] = {0 n#m,

aQ —
1K n=m,

K =3 k21 Elaw(Z))-
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LG R

B hk>pIZHLUT ax=07%5I1%, random coefficient AR(c0)
(RCAR(0)) i (3) 1 RCAR(p) ML 725, Z DA

y" = (Xnvxnfla"'aXH*PJrl)T) gn - (Un, ’ . "aO)T7
a1(Zn-1) a(Zn—2) -+ ap(Zn-p)
1 0 0
c = (a0,0,...,0)", A, = 0 1 :

¥+ 5%, (3) 1% RCAR(1) BREOBTHIT 2
Yn= co + AnYn-1+ gn-
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LG R

m Boshnakov(2011) Tl& RCINAR(p) WEH T 272D DMHEL
TREUEDVHERINT WD, Ta DT — AT, FHEFHT
H % 12 D EA 73 F 1%

spr(E[Aq]) < 1
THhbd. £72Z D5EMIT RCAR(p) 1BFE D e H D S & [F]

U (Nicholls and Quinn(1982)). Proposition 2 D{RE D KT
1E spr(E[An]) < 1 PED LD,
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LG R

% 72 RCINAR(p) B ESBEH TH 5 72 DB A57 5413
spr(E[A, ® Ap]) < 1

ZOZLIZBUTUTOMEIGEONS.
Proposition 5 (RCINAR(p) D 43 #UE 1)
DAR D% #5723 RCINAR(p) 14 BUEH -

p

p
<> Elon(Z)], Y IElo(Z)] <1, sup Eon(Ze)?] < 1.
k=1 k=1 1sksp
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LG R

SEPOT E 7L OEEBALDFEIZE % . RCINAR(0)

XBr (k) = en(k)

~ Xik_n — ara-1
h(IA,) ¢ (Zk_,> P <('(2[A] > u>

o XEn(k — 1)
(A7

I=1

EHWCTUTORGREZZ R 5:

Nem((ab) = > Xgn(k), E=[u,00),
k:kAn€(a,b]

X2 (k) = 1 if XEn(k) >0,
E 0 if X2 (k)= 0.
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LG R

Theorem 1(~— 27 {} & SEPOT & 7 )V D#EHGEML)
XEr % (1) ® RCINAR(co) e,

0<c(x)<IL>0, L/h(t)dt<1,

RE. CoLE, NO % Nin Mp(R x E) as A, — 0. 7272,
N X DFEEREZE £ D~ — 7 1 & Hawkes i#FE:

(et = (n+ [ Bt - 5)e(ZNg(es) )1+ 60) 1%,
Z.=(Z, —u)", Z, "~ GPD(¢,1).



LG R

m Theorem 1 I& Propositon 1 @ —f&Ak.
h(t)=0,n=1¢c(x)=1&7T5&,
X?n(k) ~ Poi(AnP(b[A;l]_l(Xl — a[A;l])))

m Kirchner(2016) OFEHRD iid. ¥ — 27 {F & Hawkes £~ D
FRAR.

m %7z Theorem 1 OFEHEH S, fUEFE N2 13 SEPOT £F L
DRIl E A D Z & DHKS.
X" 1% Hawkes JBFED R 2 BERGI Bl 7 D ZAFAF & HiF
fifiiE NS DR BB K.
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m S L[ h(t)dt < 1 13RI Hawkes JBFED stability (7€ fif
DAFAE, CLT) Dk CH MM X% (Brémaud and
Massoulié(1996), Zhu(2013)).

m N2 I3 —BEERTEA LR N2 SIS T 5. &7
Ne™((a,B) = Cesa,ear Xe (k) 13 NA IZHIET 5.

P(x,?"( )€ {0,1} : kA, € (a, b]) 209 Va<b.

33 /42



BUHSZER

Theorem 1 % iR 5728,
SEBUIZ B R O RCINAR(p) 22 5 7 — & Ak

= p=30n=1 Z %" GPD(0.2,0.01)

m Case | : gi(x,t) = [(L + x) A L.5]e" "¢,
Case II: ga(x,t) = [(1 + x) A 1.5]e™ 17t x cos((1.57t) A 27),

mA,=1/4,1/16,1/32 (Case A, B, C)

06 08 1

1
2
02 00 02 04 08 08 10

00 02 04
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BUHSZER

= N27((0, kAL, kA, € (0,10]
= X2"(k), kA, € (0,10] (RCINAR(p))

(] X,?"(k) D scaled conditional mean (conditional intensity):

X’?"(k)\}ﬂn =1+ Z,,: h(kDp — m)c(Zi—m)XE" (k — m)
A, (k—1) =n n k—m)/\E )

m=1

PE

1p [ %Yy
where P, = AP bil"ZU.
[An 7]
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WUEFER (A, = 1/4)

Figure: Case I-A Figure: Case II-A
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BAEFER (A, = 1/16)

z 7] =i
e .
e T T T T T a T T T T T
; . . : s ] . : : B
LI LA ‘ M
; . . : "

g
:
: :
T
£ W T W
A T T T T T El T T T T T

Figure: Case I-B Figure: Case 1I-B

RCINAR(p)

g
E
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BAEFEER (A, = 1/32)

e T T T T T
2 s € 8 10

RCINAR(p)
08

j

RCINAR(p)
08

‘
j

T T
:

T T T
4 6 8 i
T T T T
4 6 8 10

Figure: Case I-C

7 7 7 7 :
2 . 6 s 10

£ -] V—I\,M\J\/J\/—/\/,\NU
Cl T T T T T
2 " 6 s 10

Figure: Case II-C
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w ROERE O BERUBLT D Pl 4 2 Rt

n SHET X SNICB I SEMEIGHDOX vy TEHED 5.

= RCINAR(co) (MM DHE£FE) &~ — 2 i & Hawkes i
T (IR DR HAR) O BEAR.

m ERD SEPOT E 7L % rUERE O BERBIHI DO Pl A € JiE § .

m self-damping D77 — A DBAETFER.
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m ZIRTCANDIRIR: 222 S EE G & BE .

m self (mutually) damping: ZIXITGD T —ATIEDH 5 KD TD
jump MDD ELAT DREHKD jump O FEERER (BHMEEED L —
M ZEFIEEZT—AEFZ6N5.

Hl: & B8O EETEHBMOHONS HHEZE T IS,
m Hawkes HFEIFZ /8T X — X WL\ D A3 HE S

Bayesian modeling (HffEX - i D5 G /7):
(i) RCINAR(p) (2B \\T: Poisson 734 — —IHIIMA,
(i) RCINAR(p) DIRBGER.
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Introduction

@ A new regulation framework, e.g., Solvency Il, requires a company to keep
not only a technical provision that is a “best estimate” of obligations plus a
“risk margin” but also an additional asset called Solvency Capital
Requirement (SCR) to absorb an “unexpected future loss”.

@ In the spirit of a solvency regulation, the SCR should be determined in
“going-concern view": Not only that the value of asset is greater than the
liability ( “run-off” view), but also a company can continue their business up
to a maturity without ruin.

@ Solvency risk is closely related to the company's ruin.
= “Ruin-related” risk measure for solvency evaluation.

@ In this talk, we will propose a risk measure to determin the SCR in
going-concern view based on the ruin theory.

Shimizu and Tanaka (Waseda Univ.) DRM with G-S function Dec. 22, 2016 2/24



What is solvency?: Asset-and-Liability Model

On a stochastic basis (Q, F, (Ft)t>0, P),
o X" = (X!")r>0: “Net asset” process:

X =Ar—L, Xy=u as.

@ A= (A;)>0: a process of “market value” of assets;

o L =(L:)t>0: a process of “market-consistent” liability (technical provisions):
(a “best estimate” of obligations + “risk margin”).

@ The company is solvent at time t if X/ > 0 (run-off view).

@ The solvency risk deoends on “ruin”:

7 =71, =inf{t > 0|X} < 0} (Time of ruin)

Shimizu and Tanaka (Waseda Univ.) DRM with G-S function Dec. 22, 2016 3/24



A risk measure p

Definition (Actuarial definition, cf. Denuit et al. (2005))

A risk measure is a functional p : M(“future loss”) — R representing the extra
cash which has to be added to the current state to make it “acceptable”.

@ “p>0": the company has to add the extra cash p for “acceptability”;

e “p <0":itis “acceptable” even if they use the cash (—p) (Free capital).
e.g., Wiithrich and Merz (2013): Acceptability condition.

@ In preparation for an “unexpected future loss", the company should keep the

reserve
p— u
SCRy =X = (=p) 20

Dec. 22, 2016 4 /24



Shimizu and Tanaka

Solvency

Solvency Il capital requirement (SCR)

Market Value
of Assets

Minimum capital
requirement (MCR)

Risk margin

..for non-hedgeable risk
components

Le

Best estimate

for hedgeable risk
components

DRM with G-S function

Market- i I




Solvency on going-concern view

Definition (Wiithrich and Merz (2013))

The company with X" is solvent at time t w.r.t. a “risk measure p” if
(i) X¢ > 0 (acounting condition).

(i) p < 0 (acceptability condition);

e Condition (i) is of run-off view.

o If p reflects some “ruin risk in [t, T]", (i) can be going-concern view.

Shimizu and Tanaka (Waseda Univ.) DRM with G-S function Dec. 22, 2016 6 /24



Risk measures: axiomatic approach

Definition (Risk measures, coherency)

A map p : M — Ris called a risk measure if p satisfies:
@ Monotonicity: p(X) < p(Y) for any X, Y € M such that X X Y.
e Translativity: p(X + c) = p(X) + ¢ for any X € M and c € R.

In addition, a risk measure p is called coherent if p further satisfies:
e Positive Homogeneity: p(X - X) = Ap(X) for any X € M and A > 0.
e Subadditivity: p(X + Y) < p(X) + p(Y) for any X,Y € M.

Shimizu and Tanaka (Waseda Univ.) DRM with G-S function Dec. 22, 2016 7/24



Examples:
Ne
Consider a classical risk model: X/ = u+ ct — Z Zj, where Z; ~? Z (1ID).

j=

1
VaR-type risk measure due to ruin: Trufin et al. (2010)

@ VaR-type: p(Z) = inf{x € R|P(Ty4x < ) < €}

1 E
e TVaR-type: p.(Z) := —/ pu(Z)du  (coherent)
€ Jo

But they suppose that a “loss Z" is the individual claim size...?

Expected area in red: Loisel and Trufin (2014)
For fixed T, A > 0,

ph(XY) =inf{v eR|E

-
/0 [ X¢ 11 x. <0} dt} < A}
They consider the ordering X“ X Y & X! <j, Y} for any t > 0.

Shimizu and Tanaka (Waseda Univ.) DRM with G-S function Dec. 22, 2016 8 /24



What is p to be?

p should reflect “ruin-related” risks for going-concern view point.

p should measure a “future loss”: p = p()~<“) for XU = (=X )tep, -

p should satisfy some mathematical conditions:
Monotonicity, cash invariant, positive homogenity, subadditivity, ... etc.

The risk should be measured “dynamically in time":

p= (Pt(XU))te[o,T]a

adapted to the

Ruin-related, mathematically valid, dynamic risk measures:

‘information” F;.

pt()N(”) : "Stochastic processes” — “F;-measurable r.v."

Shimizu and Tanaka (Waseda Univ.) DRM with G-S function Dec. 22, 2016 9 /24



DRM

Notation

e D :=DI[0,0): a space of cadlag functions on [0, c0).

@ For X,Y €D, denote by

X+Y =X+ Ye)es0, XY =(XeYe)es0 €D

o M.(R): a family of Fi-measurable random variables;

@ M (D): a family of stochastic processes whose paths are in D, and
an order “ <" is defined in M (D): if X, Y are “loss processes”,

XY & Yis “riskier" than X
0 M(D) :={Xat = (Xunt)uso| X € M(D)}: a “stopped” processes.
Note X € M,(D) is Fi-measurable.

Shimizu and Tanaka (Waseda Univ.) DRM with G-S function Dec. 22, 2016 10 / 24



Dynamic risk measures

Let M(D) C M7(D) for some T > 0.

Definition (DRM cf. Kriele and Wolf (2014))

A dynamic risk measure on M7(D) is a family of maps p = (pt)teo, ) With

Pt MVT(ID)) — M(R),
such that the following two properties hold true:
[MO] pe(X) < pe(Y) a.s. for any X, Y € M7(D) such that X < Y;
[TR] pe(X + C) = pe(X) + C; a.s. for any C € M(D), X € M1(D).

In addition, a dynamic risk measure p is called coherent if it satisfies that
[PH] pe(K - X) = Kepe(X) a.s. for any K € My(D) with K > 0 a.s.;
[SA] pe(X1 + X2) < pe(X1) + pe(Xa) a.s. for any X1, X, € M7(D).

Shimizu and Tanaka (Waseda Univ.) DRM with G-S function Dec. 22, 2016 11 /24



Ruin-related risks?

@ A "ruin-related” loss up to the maturity T:

—oT <
{ e W(XT—,XT) (T_ T) :e—é(r/\T)W(Xu , :AT)

R = e Tw(Xr_, Xr) (r>T) (rAT)-

e “Risk at time t": for t € [0, T],

R e
£ 00 (r<t)

= (]56<(U, T) Finite-time Gerber-Shiu function: Cojocaru, Garrido and Zhou (2014).

Definition
We call the process ¢X(u, T) = (¥ (u, T))e>0 a “Gerber-Shiu risk process” if the

woon

function “w" is chosen so that

o5 (u+v, T) < g5 (u, T),

for any u,v, T > 0.
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GS-risks

When w(x,y) = 1,0} and 0 =0,
(u, T) =P(X2 7 <0)=P(r, < T),
that represents the finite-time ruin probability. This clearly satisfies that

O (U, T) =P(ry < T) > P(rusy < T) = % (u+ v, T)

forany v, T >0 and v € R.
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GS-risk measures

Gerber-Shiu “dynamic” risk measure

Definition

For e >0, a map GS{ 7 : M7(D) — M,(R) is defined by

GS;-,—()N(”) = inf {Z eR| qbi( (u+2zT)< 6} a.s.,

where ¢X (u, T) is a “Gerber-Shiu risk process”; inf{(}} = oc.

@ GS; 1 is the minimum extra capital that should have been added to the initial
surplus u in order to make a Gerber-Shiu risk between [t, T] less than ¢ > 0.

@ If X is a Markov process, it follows by the Markov property that

GSf+(X") = inf {z ER|G (Xe 42 T—1t)< e} on {1 > t}.

Shimizu and Tanaka (Waseda Univ.) DRM with G-S function
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GS-risk measures

Let M%(D) = M (D) N M* for M*: a family of Markov processes:

GS{r : M(D) = M(R).

Suppose that ¢* is a “Gerber-Shiu risk process” for any X € ME(D). Then
GS; 7 satisfies

o [TR];

o [MO]if X" < Y" = ¢X(u, T) < ¢ (u, T);

o [PH] if o (\u, T) = ¢ (u, T), Au, T >0.

Remark
We could not expect [SA] to GS; 1 due to its VaR-type structure.

Shimizu and Tanaka (Waseda Univ.) DRM with G-S function Dec. 22, 2016 15 /24



[SEIES

Examples: Gerber-Shiu dynamic risk measure

Example (Finite-time ruin probability)

Take w(x,y) =1¢,0y and 6 =0 :
GSE +(XY) = inf{z > 0| P(rur, < T|F:) <€} on {7 > t}
o Define an order in M7(D):
XY e 7Y <, X,

where < is the “stochastic order’: X <4 Y & Fx(x) > Fy(x) a.e.
(The portfolio with earlier ruin is riskier than the one with later ruin.)

@ Then G5° is a dynamic risk measure.
e [PH] also holds true:

GSE (X XY) = X GSE 7(XY).
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Example (Distribution of deficit)

Take w(x,y) = 1;_, 55 withasmall fande=1—-a (a=x1):

GS{ (XY) = inf{z > 0| P(—X"“Z < B|F:) > a} on {r >t}

o Define an order in M7(D):
XU2Y" & —Xnr <a =Yg

(The portfolio with stochastically larger deficit (at ruin, or at maturity) is
riskier than the one with smaller deficit.)

@ Then G5°¢ is a dynamic risk measure.
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ALM-examples

Example: Financial and insurance liabilities

e DY[0, T]: d-dimensional cadlag functions x = (x¢)eeo,7]-
o BY:=0(x:x,s<t)and BY ;= (B?)tE[O,T]-
o IF:= (Ft)eepo, 1) with
Fi= gt \ 7;’
where
® G := (Gt)tepo, 1) is the financial information;

o T := (Tt)tepo, 1] is the insurance information.
Suppose that G; and 7; are independent under P.
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ALM-examples

An asset of an insurance company, say V = (V;):>o, of the form
Vt:U+Pt+Yt(F)—St—5;(F)7 tG[O,T],

@ P:Q — D0, T] is T-adapted: the premium income.
e F:Q— Dd[O, T] is G-adapted: a value of an investing financial portfolio.
e Y :QxD0,T] — D0, T] is G ® Badapted:

an aggregate financial gain-and-loss due to F, that is, the company has a latent
profit at t if Y:(F) > 0, and has a latent loss if Y:(F) < 0.

@ S:Q — D0, T] is T-adapted: aggregate claims and other insurance technical
variables.

e S':Qx D0, T] — D0, T] is F ® BY-adapted,
@ For given x € DY[0, T, S'(x) : Q — D[0, T] is T-adapted.

S’(F): insurance obligations due to a financial variable F. e.g., payments for
equity-linked insurance or variable annuities, among others.
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ALM-examples

o Liability: /; := —Yi(F) + S: + S.(F).
@ Let Ri(/T) be a “best estimate” of the future loss /7 at time t:

R(Ir) i= = { Yi(F) + E'[Yer(F)|G:] |
+{Se+ B[S 7T} + {SUF) + B8 r(F)I il |

where
R T
Zt,T = e”/ e " dZ;
t
P* is the risk neutral prob. and P* is the actuarial risk adjusted prob.

Then the net asset is given by

Xtu:U‘i"Pt—Rt(/T)
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ALM-examples

Example (A simple example of ALM)

o (Q,F,P) with a Wiener process W and a compound Poisson process S.

0 Gi=o(W,:u<t), Tr=0(S,:u<t).

o S = zf\il U;, where N, ~ Po(At) is a number process of insurance claims,
and U;'s are claim sizes, which are i.i.d. with mean p.

e S/(F) = 0 for simplicity.

o Yi(F) = F; — Fo for a stock price F, e.g., dF; = by dt + o dW;.

o P, = (14 0)\ut, where § > 0 is a safety loading.

@ P*: the risk neutral probability:

' 1 be — rF,
= exp (—/ ﬁdes——/ ﬁgds> with d,= 2 "'¢
9t 0 2 0 Ot

e P*: a risk adjusted probability s.t. E*[S7|T¢] > E[S7|T¢] (loading condition).

dP*
dP
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A simple example of ALM (cont.)
Then there exits some 5 > 0 such that
E*[Vor(Fg| = (1- e 9) R,
* | _ A —r(T—t)
E [St,T|7;} = 7(1‘*‘5) (1—9 )
and
Re(lr) = = { Yo(F) + E'[Ver(F)IG } + { S + B[S 7ITil |
A

_ _a—H(T—t) _ AR _a—r(T—1)

——{+(1-e )IF: Fo}+{5t+ La+o)(1-e )}
Considering the case: r — 0, we have

XE=u— A1+ B)T +Au(24 0+ B)t — Se + (Fr — Fo) + o(1), r—0.
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ALM-examples

Diffusion perturbation model

@ Consider a simple case: F; = Fo + at + oW,

Xi =u—Ap(1+8)T + u(2+ 0+ B+ )t — St + (Ft — Fo) +o(1), r—0.
@ SCR; is computed by Cramér-Lundberg approximation:

AC(p,7) + w(0,0)(p +7)0*/2
e(A [;7 xer Fy(dx) — c 4+ 02y)’

SCRy ~ % log u— o0,

where positive constants p and —+ are solutions to
N2 +0+ B +a)y — G = Almu(2) — 1) = &
and the constant C(p,~) is given explicitly:
C(p,y) = /Ooo(e7x - e_px)/oo w(x,y — x) Fu(dy)dx.

@ This simple model could be a “benchmark” to evaluate SCR.
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Further studies

Further studies

e Computation or approximation of ¢ (u, T): e.g. Cojocaru et al. (2014).
@ Statistical inference for qbff(u, T); cf. S. (2011); Zhimin and S. (2014)

o Generalization of ¢ e.g. Feng and S. (2013)

TAT
¢§(X,T):E/O V(Xu)du(xozx

a path-dependent case, which is an extension of Loisel and Trufin (2014).
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Human age limit claim sparks debate : Nature News
Comment(2016.10.5) Analysis suggests people will never live much beyond
115 but some scientists say that it's too soon to assume a fixed shelflife.

SURVIVAL PLATEAU

The age that experienced the greatest annual increase in survival
stopped significantly increasing after 1980,

™
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GAPC & 7V

GAPC & FIVIRIL,GLM IZHELL T 2 A T O E 2 ET 5,

@ (ramdom component) Die ~ Poisson(Eg i) & 7= 1
~ Binomial(ES,, qxt).

@ (systematic component)

N
Nxt = Qx + Z /Bil)ngl) + ﬁ)(<0)'7(t7x) (31)
i=1

@ (link function: g)
Dxt
E| =) =n
8( |:Ext:|) Tixt
O (a set of parameter constraints) 8 = (ax, B9, ve_x) DI —FEICHLE
728 Dl
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o MNET A N T, 1947 DS 1980 HE £ TOIH TR T — X H 5 ,10981
DS 2014 FEFTO, FNEFNDETIVIC & B SHEEME & EBIET
RO THEAEZFHIL 72,

o B, EHEIZ 00 ;% S 100 % £ T T HEI S DIEUHE[R A &
E£5) LC,CBD,APC,PLAT,M7,RH IZ DWW Tk 7=,

o FEHIILTOED LB, Bt CBD ETIINEINI NS H APC

ETIE REITZRN,
o THIFRAEZ/NXLSTBEDITIE, T—ZDAAXRIITDEEADIIEHE
MEDEREEETDH 5,

LC CBD APC | PLAT M7 RH
%M | 0.2350 | 0.1828 | 0.1875 | 0.3500 | 0.5944 | 0.1902
ZME | 0.1832 | 0.1309 | 0.1326 | 0.2478 | 0.6409 | 0.2874
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CBD2-CBD E 7 IViZ & % 32— — MEFRK (K)

AT PE/ R ('15) | 90 i EAFEE | 100 sk AR
1930 | PS5 | 55.5[46.6,66.6] | 5.0[ 0.1,21.3]
1940 | BEET5 & | 33.7 [20.6,55.3] | 3.6[ 0.0,26.6]
1950 | P65 | 29.1[12.559.4] | 3.5[ 0.0,37.4]
1960 | BMES55% | 28.88.8,63.1] | 3.8[0.0,43.0]
1970 | H3ME 45 % 30.9 (38.0) 4.1 (4.0)
[9.6,70.1] [0.0,53.1]
1980 | 51k 35 % 32.6 (43.8) 4.8 (7.3)
[9.6,76.0] [ 0.0,60.8]
AR MR/ (15) | 90 i EAEE 100 & EA7FH
1930 | ZME85 M | 71.7[66.0,77.5] | 12.7 [ 2.4,41.5]
1940 | ZMPE75% | 58.7[43.2,71.2] | 11.6 [ 1.4,46.6]
1950 | ZcME65 7% | 59.0[41.8,75.1] | 13.0 [ 1.2,56.6
1960 | ZMES5% | 62.3[44.4,79.6] | 14.4[1.1,62.7
1970 | M 45 5% 65.2 (67.4) 15.0 (23.5)
[ 45.0,83.1] [ 0.6,69.3]
1980 | %1 35 % 67.8 (71.3) 16.8 (31.0)
[44.5,87.1] [0.6,75.8]

Heh JH— (G85#%) [HARF CHFEH] Ea)
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CBD2-APCEFTNIZ LB a2 —F— MEFEER (F)

AT ME/ R (15) [ 90 meEAFE | 100 mkEAE R
1930 | M85 m | 55.5[46.6,66.6] | 7.0 [ 0.1,22.3]
1940 | HET5m | 33.7[20.6,55.3] | 5.4 [0.0,41.9]
1950 | B 65m | 29.1[12.559.4] | 6.0 [0.0,54.3]
1960 | HME55m | 28.8[8.8,63.1] | 8.0[0.0,63.1]
1970 | B 45 % 30.9 (38.0) 11.2 (25.9)

[9.6,70.1] [ 0.0,69.7]
1980 | A 35 % 32.6 (43.8) 12.2 (34.7)

[ 9.6,76.0] [0.0,75.9]
1930 | ZME85m | 71.7[66.0,77.5] | 15.9[ 6.1,37.0]
1040 | ZcHET75 & | 58.7[43.2,71.2] | 14.9[ 3.3,45.4]
1950 | ZcME65 m | 59.0[41.8,75.1] | 17.7[ 2.7,58.6]
1960 | ZcMES5 Mk | 62.3[44.4,79.6] | 22.9[ 3.6,65.2]
1970 | M 45 % 65.2 (67.4) 28.7 (36.9)

[ 45.0,83.1] [ 5.6,72.1]
1980 | Ak 35 % 67.8 (71.3) 30.6 (45.7)

[44.5,87.1] [2.9,80.7]
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