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Motivations

Motivations
@ Correlations in international financial markets have
profound implications on
@ Asset allocation
@ Risk management
@ Policy making
@ Understanding the correlations in international equity
markets is not be easy due to the time variation
@ Analyzing the correlation dynamics in international
equity markets is an important issue
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Motivations

@ Number of prevous studies investigate the correlation
dynamics in international equity markets

@ Longin and Solnik (1995, JIMF)

@ Berben and Jansen (2005, JIMF)

@ Bekaert, Hodrick, and Zhang (2009, JF)

@ Christoffersen, Errunza, Jacobs and Langlois
(2012, RFS)

® Okimoto (2014, JBF)

® Few studies focus on the East Asian equity markets
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Motivations

Contributions

@ Examines the dynamics of correlation (integration) in
East Asian Equity Markets

@ East Asian equity markets open at almost the same
time

@ Decompose equity returns into two returns
RCC; = RCO; + ROCY

@ Investigate the extent to which returns contribute
more to the changes in integration
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Motivations

Main results

@ No international integration in the East Asian equity
market around 1995

@ China-related pairs’ international integration
increased significantly after 2007

@ Integration for the pairs excluding China increased
significantly between 1998 and 2001

@ Increase in integration is largely attributable to
after-trading-hours returns

® Effects of international asset allocation in East Asian
markets are vastly reduced
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Methodology

Marginal model for each country

©

r;: stock return for country ¢

©

Model conditional expectation of 7;; with AR(2)
model

@ Also try VAR model, but past returns of other
countries have little effects

@ Model conditional variance of r; with GARCH(1,1)

model
Tit = Ci + Qi1Tit—1 + Qialig—2 + Uy
@ Uit = /i t€it,

_ 2
hiig = wi + qug,_y + Bihiig-1,
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Methodology

Conditional Correlation Model

@ u; = (uyy, sy, - - ., Upe)': vector of disturbance of each
country

@ Assume u; = Hi/Qvt, vy ~ iid N(0,1,)

@ H;: conditional variance-covariance matrix of
v = ("1, T2ty -y Tt)

H; can be decomposed as H;, = D;R;D;

D, = diag(hi1y, - - -, hnn,t)l/2

R;: conditional correlation of r;

© © 6 ©

Use smooth transition correlation (STC) model to
analyze the long-run trends in R;
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Methodology

STC model

@ Developed by Terasvirta (1994, JASA) in the AR

framework
@ Applied to the time-varying correlation model

@ Berben and Jansen (2005, JIMF): Equity

@ Kumar and Okimoto (2011, JBF): Bond

@ Obhashi and Okimoto (2016, JCOM): Commodity
® R, = (1—G(s7,¢)RY + G(s5,c)RP
@ One of the regime switching models

® Regime1l: G=0=— R, =RWY

@ Regime2: G=1= R, =R®
® R, takes the value between R() and R(® depending

on G(s¢;7,¢)
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Methodology

STC model

® Transition function G(sy;c,7) is expressed by a
logistic function G(sy;¢,7)
1
G(s ; C, = )
60 = o — )
® s; : transition variable
@ c: location parameter

@ ~v: smoothness parameter
@ Adopt s; = t/T as a transition variable to capture
dominant trends (Lin and Terasvirta, 1994, JoE)

@ RMW: R around the beginning of the sample
@ R®: R around the end of the sample

v >0
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STC model

Methodology

® Can describe a wide variety of patterns of regime
transition depending on the values of « and ¢
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Methodology

STC model

@ Can extend to the three state STC model
R; = RW+ G1(st;71, Cl)(R(Q) - R(l))
+ Ga(s572, ¢2) (R® — R®)
® Assume 0.05 < ¢ < o < 0.95 to detect the
correlation transition within the sample period
@ R, changes from R via R® to R®) with time
@ ~; and ¢; as well as R are estimated from the data

@ Can select the best pattern for the long-run trends in
integration in East Asian Equity markets

@ Can examine the increasing integration by testing the
null of rg) (kH , Vi#£ g, k=1,2
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Empirical Analysis

Data

@ Sample period: from Jan 1995 to Jan 2013

@ Opening and closing price of stock index for four East
Asian countries (CH, HK, JP, KR)

@ Shanghai Stock Exchange Composite Index
(SSEC)
@ Hang Seng Index (HSI)
@ Nikkei Stock Average 225 Index (Nikkei225)
@ Korea Composite Stock Price Index (KOSPI)
@ Korean market was open on Saturday until 1998

@ Obtain qualitatively similar results using data after
1998
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Empirical Analysis

Decomposition of equity returns

@

@

East Asian equity markets open at almost the same
time
Define three returns to examine the extent to which
returns contribute more to the changes in integration
Equity returns: close-to-close returns or RCC
RCCy = log PCy — log PCy_4
Trading-hours returns: open-to-close returns or ROC
ROC; = log PC; — log POy
After-trading-hours returns: close-to-open returns or
RCO
RCO; = log PO; — log PCy_4
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Empirical Analysis

Decomposition of equity returns

® Decomposition of equity returns
RCCy = log PCy —log PCy_4
= log PC; — log PO; + log PO; — log PC;_4
= RCO;+ ROC;
@ Examine the extent to which returns contribute more
to the changes in integration in East Asian markets
Many days when the data for the four countries
cannot be obtained for daily data
@ Calculate weekly returns by summing the returns for
one week from the closing price of the Wednesday
® Decomposition is still valid for weekly returns
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Results for equity returns

@ Estimation results

Empirical Analysis

CH-HK | CH-JP | CH-KR | HK-JP | HK-KR | JP-KR
Regime 1| Estimate | -0.283 -0.078 -0.210 0.006 0.005 -0.193
Std. Error| 0.248 0.137 0.185 0.212 0.261 0.276
Regime 2 | Estimate | 0.419 0.222 0.262 0.619 0.723 0.662
Std. Error| 0.047 0.043 0.048 0.030 0.031 0.030
Wald stat | 6.44 3.51 4.92 7.17 6.43 8.56
Test of
equality
P-value 0.011 0.061 0.027 0.007 0.011 0.003
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Empirical Analysis

Results for equity returns

@ Correlations in regime 1 are generally low
@ Average: —0.125
@ Max: 0.006 (HK-JP pair)
@ Min: —0.283 (CH-HK pair)
@ No significant correlation exists for any country pairs

@ No international integration in the East Asian equity
market around the year 1995
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Empirical Analysis

Results for equity returns

® Correlations in regime 2 are significantly positive for
all pairs
@ Average: 0.485
@ Max: 0.723 (HK-KR pair)
@ Min: 0.222 (CH-JP pair)
® Correlations in regime 2 are uniformly higher than
those in the first regime
@ International integration has increased in recent years
When and how has the international integration of
equity returns in East Asian equity markets increased?
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Empirical Analysis

Results for equity returns
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@ International integration in East Asian equity markets
increased greatly between 1995 and 2003
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Empirical Analysis

Results for trading-hours returns
@ Estimation results
CH-HK CH-JP CH-KR HK-JP HK-KR JP-KR
Regime 1 | Estimate | -0.287 0.075 -0.127 -0.015 0.040 -0.239
Std. Error| 0.320 0.105 0.162 0.182 0.203 0.364
Regime 2 | Estimate | 0.287 0.069 0.127 0.308 0.381 0.459
Std. Error| 0.047 0.044 0.051 0.039 0.038 0.044
Wald stat | 2.771 0.002 1.885 2.656 2.462 3.417
Test of
equality
P-value 0.096 0.962 0.170 0.103 0.117 0.065
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Empirical Analysis

Results for trading-hours returns

@ Correlations in regime 1 are gnerally low
@ Average: —0.092
@ Max: 0.076 (CH-JP pair)
@ Min: —0.287 (CH-HK pair)
@ No significant correlation exists for any country pairs

@ No international integration in the East Asian equity
market around the year 1995
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Empirical Analysis

Results for trading-hours returns

® Correlations in regime 2 are significantly positive for
all pairs except CH-JP pair

@ Average: 0.272
@ Max: 0.459 (JP-KR pair)
@ Min: 0.06 (CH-JP pair)
® Correlations in regime 2 become higher for CH-HK
and JP-KR pairs

@ International integration has increased in recent years,
but not much compared to equity returns
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Empirical Analysis

Results for trading-hours returns
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@ Correlation has increased greatly between 1995 and

2003 for CH-HK and JP-KR pairs
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Results for after-trading-hours returns

@ Estimation results

Empirical Analysis

CH-HK | CH-JP | CH-KR | HK-JP | HK-KR | JP-KR
Regime 1 | Estimate | -0.082 -0.158 -0.142 0.558 0.334 0.298
Std. Error| 0.062 0.066 0.060 0.047 0.114 0.119
Regime 2 | Estimate | 0.519 0.456 0.450 0.723 0.832 0.798
Std. Error | 0.106 0.103 0.116 0.023 0.024 0.026
Wald stat | 28.57 33.10 22.60 8.90 19.55 17.33
Test of
equality
P-value 0.000 0.000 0.000 0.003 0.000 0.000
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Empirical Analysis

Results for after-trading-hours returns

@ Correlations in regime 1 are low for China-related
pairs and relatively high for other pairs

@ Average: 0.135
@ Max: 0.558 (HK-JP pair)
@ Min: —0.158 (CH-JP pair)
@ Significant negative correlation for the CH-JP and
CH-KR pairs
@ Positive significant correlation for all pairs that do not
include China
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Empirical Analysis

Results for after-trading-hours returns
® Correlations in regime 2 are significantly positive for
all pairs
@ Average: 0.630
@ Max: 0.832 (HK-KR pair)
@ Min: 0.450 (CH-KR pair)
® Correlations in regime 2 are uniformly higher than
those in the first regime

@ International integration has increased in recent years
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Empirical Analysis

Results for after-trading-hours returns
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@ Increase in integration of equity returns in East Asian

equity markets is largely attributable to RCO
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Empirical Analysis

Results of three-regime STC model

@ Results so far are based on the two-regime assumption

@ Assume a monotonic trend in the international
integration of East Asian equity markets

@ Estimate the three-regime STC model to assess the
possible non-monotonic trend

@ Results are qualitatively same as those of the
two-regime model

® China-related pairs international integration increased
significantly after 2007

@ Integration for the pairs excluding China increased
significantly between 1995 and 2001
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Empirical Analysis

Results of three-regime STC model

@ Dynamics of equity return correlation
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Empirical Analysis

Results of three-regime STC model

Dynamics of trading-hours return correlation
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Empirical Analysis

Results of three-regime STC model

@ Dynamics of after-trading-hours return correlation
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Empirical Analysis

Results of constrained three-regime STC model

@ Difference between China-related pairs and pairs
excluding China in terms of the timing of the increase

in international integration
@ Impose constraints on the three-regime STC model
@ 7’2) = rg) for China-related pairs
@ rg) = rg’) for pairs excluding China
@ China-related pairs’ international integration
increased significantly after 2007
@ Integration for the pairs excluding China increased
significantly between 1998 and 2001
@ Increase in integration is largely attributable to

after-trading-hours returns
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Empirical Analysis

Results of constrained three-regime STC model

® Dynamics of equity return correlation
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Empirical Analysis

Results of constrained three-regime STC model

@ Dynamics of trading-hours return correlation
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Empirical Analysis

Results of constrained three-regime STC model

® Dynamics of after-trading-hours return correlation
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Empirical Analysis

Possible reasons for increase in integration

@ More aggressive investments by foreign investors
@ China-related pairs’ international integration
increased significantly after 2007

@ Circulation problem of non-tradable shares

@ Split-share structure (non-tradable share) reform
has been implemented since April 2005

@ 98% of listed companies had implemented

reforms by the end of 2006
@ Integration for the pairs excluding China increased
significantly between 1998 and 2001

@ Letup in the Asian currency crisis
@ Deregulation of the equity market in South Korea
@ Reform of the equity market exchange in HK
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Empirical Analysis

Impact on diversified investment

@ Examines the impact of the increase in international
integration on asset allocation
@ Calculate the weights for the minimum variance

portfolio based on the correlation in 1995 and 2013
CH HK JP KR

1995 0.242 0.210 0.346 0.202
Equity returns

2013 0.287 0.118 0.595 0.000

Trading-hours 1995 0.222 0.284 0.297 0.197

returns 2013 | 0232 | 0294 | 0390 | 0.085

After-trading- 1995 0.250 0.024 0.538 0.188

hours returns

2013 0.073 0.000 0.927 0.000
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Empirical Analysis

Impact on diversified investment

@ Effects of international asset allocation are vastly
reduced for equity returns and after-trading-hours
returns

@ International asset allocation still has a slight effect
on trading-hours returns

® Investing in each country’s leading index is not
enough to get diversification effects

@® Important to consider further diversification, such as
industrial sector diversification
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Empirical Analysis

Conclusion

@

@

Examine the dynamics of correlation (integration) in
East Asian Equity Markets

No international integration in the East Asian equity
market around 1995

China-related pairs’ international integration
increased significantly after 2007

Integration for the pairs excluding China increased
significantly between 1998 and 2001

Increase in integration is largely attributable to
after-trading-hours returns

Effects of international asset allocation in East Asian
markets are vastly reduced
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SMPP models with an application to causality analysis

of financial markets
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o MUBMETNUNLSMHI NG (EHE) @7 — &, #1127
T—&, WRIC K DEPH R DOERET — X g ETIRARRIZEWTHE
BDA RV (co-jump) DBUHISND Z LD 5.

o LML, ZL DIBROE T IVIZEWTRE X N5 5 — co-jump
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o Co-jump (simultaneous event) DIE/EZEZ S 556, /RO £HEFR
ETNVDRENSHND.

o Co-jump 2D XD RAUBRET N EZ ESZEZNIX I VAT

e Solo (2007) IXFIHF A TOEBMD A R b DFA%EFZE L 72 SURFED
£ 7 )V (simultaneous event multivariate point process model) % f2%.
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SMPP € 7L (k)

o dILHRMIEN 2EZ 5. HERAIIBWVWTdEKITD S b7 &
H1DDMHA DA Ry MHRRETZHEOMAGHLEIX2Y 18D
(BT DOWT jump % or LZAW)-(EDEHZH jump L7ZRWY)).
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N*(t) = (N (t), ..., NJa_,(t)).
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SMPP € 7L (k)

o L Td=3Dr—A%¥2% Z0OrE N 1322 -1=7T
D AL T,
N* = (N5, ..., N3).

o FMAr D AUERE L UTHIZIZ,
Nt j=1,2,3135 ) RADAD jump 277>k,
N:, j=4,56135 (1,2), (1,3), (2,3) RID (co-)jump 247~ b
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SMPP € 7L (k)

o ZDGE, LD 3IRILD AR & DX S IELA T D@D

Ny = Nj + Nj + N5 + N7,
Ny = N3 + Ny + Ng + N7,
N3 = N3 + N5 + Ng + N5.
o N & N* I&—Xf—XF)s.
o Co-jump ZFFDOUBIEE TV ORESIZIZZ DEEGREE S
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SMPP & 7L (58 FEE)

o N* IZxf U CIIERD FUBREDFEMRAEHATE 2D T, N* IZ/HLT
TREEREE 2 5

() = (M(1), -, ASa_q (1))
o BlZIXd=3DKIEN & N* DEEfR & [FERRIZEL T DEAfRA K O 32 D:

AL = AT+ N+ A8+ A7,
A2 = A3+ A3+ A§+ A7,
A3 = A5+ A+ A+ A5

A - A - R - R 2016 4F 12 A 22 H 8 / 39



SHPP € 7 )L

N E T D & %Rt Hawkes M4 1258
(simultaneous Hawkes point process (SHPP)).

o WUHIIR [0, T] & n{ED KN D& 11 = (] 4, t]],

O=tg <t/ <--- <ty <t)=T.
o Y(s)=(Yi(s),..., Yu(s)): d-IRIulfEZ# AL (ex. log-return).
o BTN U THME u = (u1,...,uq) ZEE.

o HBIMEL tP 1IZBWVWT Y =(Yq,...,Yy) DAL EDH 1 DDES
DEMEZEE L TWIEA RNV M RELARL, 2% jump L ERH
T5. ZDjump AT Y NI B dIRGLEHEGERE N &, N™ & W
TE T IVEL.

A - A - R - R 2016 4F 12 4 22 H 9/ 39



SHPP € 7 )L

o FIEUGHFE N” D jump X&XM I = (], t7] DU t] THRAE.
o EAHFEEM maxi<icp [t —t7 | =0 DL E, N 5 N
o Ly s F1 i S5 A oD i S8 oD P & P

o N™ 13 3 SUBROEBRETH L EER, N DEFY VI 52 ER D
(AF n 12E0).

A - A - R - R 2016 4F 12 A 22 H 10 / 39



SHPP €7V

N* % DRIERE L — b (FREBIE) AMRDIETEZ 6D & § 5

291
A7 (t, x| Hy) ()\J*O + Z / x)gji(t — s)N; (ds x dx))
H*: N* @D history,

X (— a){ng(Xl,...,Xd’%?) ) .
) X()=UG) X () =U—(j)

FO): 1550 ¢ CTHIME u = (wn,. .., ug) 288 U 7255 O FIRE .

() c{1,...,d}),

() R = Ry: A 23 MR,

gi() R — Ry ML

J=1,.,29 =1, N IRIEREH

A - 54 -

K - G

2016 4 12 H 22 H 11 /39



SHPP € 7 )L

(Corjump 2 ZMLARVEATIR) 20 & 5 BE F L IEGRMISRI T
FELSFHINS.

o Grothe et al.(2014)
Gi(x) =14 G5 (Fie(xi), &i(t)=e""  Xj(t) ~ GPD(&),0)(t)),
G 3 & DIRE A D 4346 BB D W BEL, ~; > 0.
o FEA - VLI - 24N (2016)
Gi(x) = Aix” + B, gi(t)=e ", Xi(t) ~ GPD(gj,07),

AjiaBji’p)/i >0,0< 5}, <1

A - A - R - R 2016 4F 12 A 22 H 12/



SHPP € 7 )L

AT ORERBIZ L D BRI ND Y — 7 E LRt Hawkes FE 2 E 2 5

291 4
N (t[H;) = G§0+§:”/ A}maAX@Q@eﬁ“”Nﬂdsxdw),
j=1 v~

772U, % =21 Xis " GPD(0y, &), Xi AL X;, i # J.

= (Cﬁ)lgugztlv Gi = E[Cﬁ'(Xl)]:

M = diag(v{,...,754_,) €8 L,

SHPP €& 5L D&M

SHPP E 7L A3
& spr(CH(Mr) 1) <1, max; < j<od—1 |E[(Cﬁ(X1))2]| < 0.

L LA 2016 4 12 A 22 H 13 / 39



SMPP & 5L DX &M

o AUBME (CHEHERIEE) [T 5 (Granger) HEMZ L5525 ?
@ Simultaneous event fE L
o HEEINERS
Granger(1969).

o JHLigEIRR [HIE R AL
Comte and Renault(1996), Florence and Fougére(1996).

o VI TAHNVETY VS
Eichler et al.(2016).

e Simultaneous event F 0

e Simultaneous multivariate point process (SMPP)

TR,

[EA - 4 - Ky - 2 2016 4 12 H 22 H



SMPP & 5L DX &M

AR IR BB AR (X, Ve, Ze) DERIND 7 1 VR —{f EHERZEM %
(Qafa(Ft)tER)P) tj—é if",

]__t(Z) =o0(Zs:s<t), fEY’Z) =0((Zs, Ys) s < 1)

&3 5. PAFIEKIRM 7 (KM (Florence and Fougére(1996)):

Weak global non-causality

FV2) G LT Fld ZizxtLT weakly globally non-causal
EAERED s, t WU T, E[Z]Fs] = E[Z:| F)]

Strong global non-causality

FWY.2) 5. ¢ LT F % Z 123 LT strongly globally non-causal
e s, tIZRLT, ]:t(Z) JJ_]_-Sl}-S(Y,z)

|
| A\

A\

L LA 2016 4F 12 A 22 H 15 / 39



SMPP & 5L DX &M

ZHBITINFUTr— e L, FORIVIVNFUT—IINREEZD
Zy = 2o+ At + Mg,

A: TP HGERE, M: BTV F 27—
BPUR X B 22 K B (Florence and Fougére(1996)):

Weak instantaneous non-causality

FY2) ZFrE. 2 LT Fl Z 128 L T weakly instantaneously non-causal

B EED 12 LT, FYD semimart. Z 25 FIZBLTHA—D 4%
%O.

1
| A\

Strong instantaneous non-causality

FY2) ZFrE.2 LT Fld Z 12X L T strongly instantaneously non-causal

U gEmo FO. adapted 72 F(Y-D_semimart. #%, F IZEILCTHRE—D%
ﬁm‘:%o.

v

L LA 2016 4F 12 A 22 H 16 / 39



SMPP & 5L DX &M

PUR O id Florence et al.(1996) @ Theorem 1 O fifjH 72 HEHR.

Proposition 1
N* ZBI U T EEED 4 DO REMEOBEE IR

e Co-jump »3% % & Florence and Fougére(1996) X> Eichler et
al.(2016) & (3575 RS DOMES (RN T OFIE) 3 2L

— instantaneous Granger-non-causality (IGNC).

o /AT A MU v ZEFIL (SHPP EF L) 125 L Tlx GNC (or IGNC)
EGIL AN

L LA 2016 4 12 A 22 H 17 / 39



SHPP & 5L 0D X B M4:

2RI N = (Ny, Np) D55,

e GNC (N = N*, co-jump fEL)
No 73 Ny 1Zx8 U C G-FERERI < c2(x) =0« a2 =0.

e IGNC (N # N*, co-jump A )
N2 7b§ N1 L:;&JL/VC %Hﬁ G—#E%E@ (Type 1)
& cfa(x) =0, ¢f3(x) # 0.
Ny ¥ Ny (20U T B G-FERISR M (Type 2)
& cfr(x) # 0, cf3(x) = 0.

Ny B3 Ny (2L T B G-FERIERIY (Type 3)
© cfp(x) = ci3(x) = 0.

A - A - R - R 2016 45 12 4 22 H 18 /39



o ZIRITAUEFED MLE @ CLT (2B 2 BilGmiuis R IXBH X T

e 1 X7t Hawkes iFED MLE @ CLT 1% Ogata(1978).

A - A - R - R 2016 4F 12 A 22 H 19 / 39



o N = (N,‘)lS,’SpZ R+ J:@ p—‘(ﬁ(ﬁ: (ft)teR+-iﬁ‘j.'|:lA simple }ﬁi@*%

o A= (Ai)ici<p: N DiHii’s compensator.
e gr(t) = (g(Ti*i)(t)): d x p predictable process.

o ¥ = (0jj)1<ij<d: Fo-THIFEAENME T > X L1751

[EA - 4 - Ky - 2 2016 4 12 H 22 H

20 /



AP E: T— 002 LT,

max, max (£ PR %f’k)(t)\dAk(t)])mo, 1)

1<ij<d 1<k<p

1

/ Zg (089N () dA(t) B oy, 1<i<d,  (3)

1@5<XPE[ / 185 (O1P1(184 2 (0)]) > ) dAk( 1) Fo| B 0,%¢ > 0. (4)

g1 = (@), ... P )T

[EA - 4 - Ky - 2 2016 4 12 H 22 H



o BYGTAMBERD BAHEE T Xy = 2250

o MifRIZH{ B Fisher EMITHIET > X L.

o N* T, Bl S co-jump 2HD N ZTDEDIZKT B —~fHDLEE
PEREFZZ SNED, MEHHNET Y v 7, BIEFBE ORI co-jump fi
U, # I8 B D AR 1 BLR R 7,

o ZDHETH Wilks' theorem (LR test DA IMEE) 13K D 2D,

L LA 2016 4F 12 A 22 H 22 / 39



L5 (0): N* DSk

Oo: N* DEDINT A=K,y € O(C RY): compact.
Opmi: MLE of N

0%y: (d—r)x 1 MLE of N*, 0 < r < d. i, C ©1(C ©).

[EA - 4 - Ky - 2 2016 4 12 H 22 H

23 / 39



W i

TELRERFBDINL iR E B 2 5728, L NOZM %2 IRE:
1(6p) : Fo-m'ble pd., T - 00 & LT,

/0 <a|ogAk (t, 0)>(6Ioggg(t 9)) (e.0)de P5 160, (5)
k=1

2
/0 pe 1Ak(lt,e)aaAeka(etyTe)[de(t)‘Ak(fﬁ)dfli>0- (6)

/0 8|0g Ak(t ) [dN(£) — (2, 0)dt] 7=28"Y Ny (0, 1(00)),

k=1
(7)

A - A - R - R 2016 45 12 4 22 H 24 /39



Theorem 2(LR test Dl HM:E)

(i) Co-jump WFAES 5 & &, IERIZAM: (B & 1F Ogata(1978) D) DN
T GML E—BMEZ 7270,

(il) &t (5), (6), (7) &ALET B, ZD &=, UFAHAL:

2(L%(60) — L5 (1)) 2 x(r),
ZZTx(r) \FEHEE r DA A 2 T4

F— 2Tl LA ORI A (M OBIE) RIS 5.

[k - 50 - K0 - SR

2016 4 12 H 22 H



o ZUTLRUBIED MLE ORUEFERZ L 520 P o TV S i S
(IFE A L) e
Chavez-Demoulin et al.(2005) X° Grothe et al.(2014) TIFEEERD
RERITHE SN THRW.

o BUHSEERIZ X O~ — 7 E LI RUERED MLE DL RIVEE % e,

2016 4 12 H 22 H 26 / 39
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BUESEER

DGP: N* = (Nf, N3, Nj),

t
x1e™ SN (ds x o)
o0

AF(E[HE) = Afo + aj,l/

t
+a, / x2e” "N (ds x dxa)

—0o0

t
+ Ozf,3/ (a Vxe)e N3 (ds x dx), j=1,2,3,

oo

X; "5 GPD(0j, ), j = 1,2, X1 1L Xo.

[EA - 4 - Ky - 2 2016 4 12 H 22 H

27 / 39



o1 aip ag3 Q54 Q5 Q33
True 0.57000 0.00000 0.19000 0.00010 0.71000 0.09500
Mean 0.63641 0.00259 0.12387 0.03994 0.76318 0.07905
RMSE 0.01045 0.00426 0.00913 0.00568 0.01004 0.00557

a3 a3y a3z v 1.0 2.0 3.0
True 0.05900 0.12000 0.20000 0.02700 0.00930 0.00530 0.00084
Mean 0.06748 0.13922 0.11315 0.02859 0.00853 0.00427 0.00107

RMSE 0.00272 0.00380 0.00963 0.00033 0.00019 0.00017 0.00007

Table: Summary of numerical experiments. Simulation size N = 100. For
GPD(oj, &), we set (01,&1) = (0.007,0.22), (02,&2) = (0.008,0.15).

A - A - R - R 2016 4 12 A 22 H 28 / 39



00 04 02 03 04 05 06
00 04 02 03 04 05 06

the value the value the value

Figure: aj, Figure: a3; Figure: a3,

00 04 02 03 04 05 06
00 04 02 03 04 05 06
00 04 02 03 04 05 06

Figure: a3; Figure: v* Figure: A3 g

2016 4 12 H 22 H 29 /



o SHPP EF LV ZFHL TET —XIZX LT GNC, IGNC OfE %
175.

o [EK - VL - 34 (2016) Tlx, ¥ — 7 f} LRIt Hawkes FE % F
TR/ =a2—3—72), (RE/u Y FY) I LTy =27 & %R
It Hawkes € T IVIZ & B KR OMREE 217> T\ 5.

o ZDWE, WD open~close ¥ —a—3—27 (m> KV) W
D open~close XD E 2 > TR WD T co-jump 1L Z D X722\,

A - A - R - R 2016 4F 12 A 22 H 30 / 39



Bil1: I, FE AR —IL,
W2: gy Ry RY, 75277k

#1155 D open~close DN E R > TWA 728 co-jump DI VD 5 5.
ZD%E, BIZEELR - 1L - 540 (2016) DE TV IEEZ .

— Co-jump ZEZR U 7=~ — 7 ] &%t Hawkes i#FE (SHPP €7 V)
S

A - A - R - R 2016 45 12 4 22 H  31/39



o HIGHEH Nikkei225, S&P500, FTSE100, HSI.

o JAM: 1990/1/2 ~ 2015/8/25.
e E 7 )l: Bivariate SHPP model.
o HME: u=—-2%.

o METIE MLE — LR test.

[EA - 4 - Ky - 2 2016 4 12 H 22 H



FE 7 — X5 (Jump Size)

Markets o; &

Tokyo 0.00806(0.00065) 0.16874(0.06431
New York | 0.00765(0.00076) 0.21538(0.08082

London 0.00850(0.00084) 0.10799(0.07717
Hong Kong | 0.00861(0.00055) 0.15773(0.05076

~— — — —
~— N N N

Table: Estimated GPD parameters.

A - A - R - R 2016 4 12 A 22 H 33 /39



ET — X (Model Selection)

Intensity function D% AIC TiEHR.

e Model 1: CJ*;(X) =1,

o Model 2: cii(x) = aj; max(x(;)),

o Model 3: c;i(x) = a; max(x;))”".

T-NY T-L T-HK
Model 1  4902.27 4856.04 7935.47
Model 2 4897.19 4851.55 7915.58
Model 3 4899.54 4853.48 -

Table: AICs of each model.

Causality test Tl& Model 2 % F] .

A - A - R - R 2016 4F 12 A 22 H 34 / 39



F 7 — XM (Causality Test)

Null T-NY T-L
c1(x) =0 | accept accept
c12(x) =0 | reject  reject

Table: GNC test at the 5% significant level. T: Tokyo (M), NY: New York (N,),
L: London (N).

Null T-HK

Type 1 cHh(x)=0 accept
ci1(x)=0 accept

Type 2 cf3(x) =0 reject
c3(x) =0 accept

Type 3 cfh(x) =0, ¢f3(x) = reject
c31(x) =0, c33(x) =0 | accept

Table: IGNC test at the 5% significant level, T: Tokyo(/N;), HK: Hong Kong(N,).

A - A - R - R 2016 4 12 A 22 H 35 /39



RIRFR DA N2 M REEZEB LU GBRE TV 2 EE.

SHPP EF L & 2%,
Co-jump %% D RUHFED MLE, LR test DT HAIMEE % HFRNIZE L.
%Ot ROBREIZ B 1T D MLE O (P E % BUE FEERIZ & b 1EER.

REETIVIIBITS GNC, IGNC 2E#HL, ET—X o &7 7=

A - A - R - R 2016 4F 12 A 22 H 36 / 39



40T

o self(mutually)-exciting: ##/F Hawkes i&F2E (N1 XY DA
KIE) DISNDET Y v 7 (HAMER A X MITIRER)

Bl 1. FERRIE Hawkes iEFE
#i 2: %15t Hawkes+Cox #F% (Dynamic Contagion Process)
o self(mutually)-damping: (#1) gj(t) < 0,3t € R
Cov(Ni((s,t]), N;j((t,u])) <0,3s,t,ue R;s < t < u.
o self(mutually)-correcting: (1) A\(t|H:) = exp(a + B(t — pN(t)))
Cov(Ni((s,t]), N;j((t,u])) <0,Vs,t,ueR,;s <t < u.
e SMPP E T )VIZXI$ % Causality measure

@ Bayesian modeling

A - A - R - R 2016 4 12 A 22 H 37 /39



275 3k 1

@ Chavez-Demoulin, V., Davison, A.C. and McNeil, A.J. (2005),
Estimating value-at-risk: a point process approach. Quant. Finance,
5-2, 227-234.

o Comte, F. and Renault, E. (1996). Noncausality in continuous time
models. Econometric Theory, 12, 215-256.

e Eichler, M., Dahlhaus, R. and Dueck, J.(2016), Graphical modeling
for multivariate Hawkes processes with nonparametric link functions.
To appear in J. Time. Ser. Anal.

@ Florens, J.P. and Fougére, D. (1996), Noncausality in continuous
time. Econometrica, 64, 1195-1212.

e Granger, C.W. (1969), Investigating Causal Relations by Econometric
Models and Cross-Spectral Methods. Econometrica, 37, 161-194.

A - A - R - R 2016 4 12 A 22 H 38 /39



275 3CHk 2

e Grothe, O., Korniichuk, V. and Manner, H. (2014), Modeling
multivariate extreme events using self-exciting point processes. J.
Econometrics 182, 269-289.

o [EK - LI - 3EMG (2016), Zikoth— 27 AR E FIVIZ X B BRldiH D
KB M3 #r. CIRJE J-278.

@ Ogata, Y. (1978), The asymptotic behavior of maximum likelihood
estimators for stationary point processes. Ann. Inst. Statist. Math.
30, 243-261.

@ Solo, V. (2007), Likelihood function for multivariate point processes
with coincidences. Proceedings of the 46th IEEE Conference on
Decision and Control New Orleans, LA, USA, Dec. 12-14, 2007
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Greeks OFBUEFTEHEIZ DWT

v ] F I



(Q, F, P) fgz22 ]

B(t) = (BY(t),...,B%¢t)), t > 0, d-¥X5t Wiener 1&f%
B(t)=t,t20.

Vi € CX(RN xRM:RN), kE=0,1,...,d,
Stratonovich #4 SDE on RY

X(t,xz,0) ka ) o dB*(¢)

X(0,z,0) =z R



be CX (RN x RM;RV)

d N
1 z d
b(z, 0) = Vo (;0) + 5 ;;Vk(x 0) 5 Vi(: )
HiER SDE on RY
X(t,xz,0) ka 0)dB* (t) + b(X (¢, x,0),0)dt

X(0,z,0) =z R



(1) Calibration: iz z i3 % 6 DR
Elfe(X(Ty,z;0))], k=1,2,..., K, OFEFE D[ E
0 2 BAZBEDOMELFHETLILEDRD S

(2) 6y MFEIRT N7 Greeks DFHE

0

%E[f(X(Tv £, 9))”9:90

82
001007

E[f(X(T,z,0))]lo=0,



Euler- . (L L

Xy :[0,00) x RY x RM x C([0,00); RY) = RY, h > 0,
Xn(0,2,0;w) = =,

Xn(t,z,0;w)
d
= Xp(nh,2,0;w0) + > Vi(Xn(nh,z,0))(w" () — w*(nh))
k=1

+ b(Xp(nh,x,0))(t —nh),

€ (nh,(n+1)h], n=0,1,...



Theorem 1 (GLI) VT > 0 3C € (0, 00) such that

sup  E[ sup |X(t,2,0) — Xy (T, z,0; B(-))[*]*/?
(z,0)eRN xRM  te€[0,T]

( Q)ESSEXRM E[f(X(T,2,0))]—E[f(X7/n(T,x,6; B(:)))]| = O(n_l/Q)

% < DiGh. #EiRE
E[f(X(T,,0))] — E[f(X7/n(T, z,0; B(:)))]| = O(n™ ")

AN



Euler- AL 1L Ur AR D BUEF

T VT VAR
{B,(t); t=0},m=1,2,..., M4 d-¥kj& Wiener #FED ]k
m =1
1 m
Ef,m(T, X, 9) = E Z f(XT/n(T7 T, 0; Br('))
r=1

ELf(X1yn (T, 2,605 B())] = B (T, 2,0)| = O(m™/?)



Greeks DHUHFIH

(g(0 + de;) — g(0))

Sq | =

(Amg)(@) —

(Ammﬂ@%zéﬂﬂﬂ+&W+%ﬂ+yWW—m9+&w—ﬂw+ﬂ%ﬂ

(‘)(Zi E[f(X(Tv L, ‘9))”9:90 <~ (Az‘,5Em(SC, ')).:90
(9(9(?(993 E[f(X(Tv €L, 9))] |9:90 <~ (A@',j’gEm (m, -)),:90

TERT S Z A% 0

Z D JFEDIEHAL



RY Lo~z b v k=0,1,...,d

a=(ay,...,a,) €{0,1,...,d}", n =1, ITXFLT
ACANZ AR I SR+

V a1 ) oo )

[ n—1

AOO:(U{Oala"'ad}n)\{O}

EX@]) = VO [v© Voo >V(i)]"'



(UH) 3 L C Ay ARES e >0

STV (), ORn 2 e, €z eRY,0eRM

ac L

Theorem 2 & (UH) 2 N9 572 61X VT > 0 3C € (0, 00)

sup |E[f(X(T,x,0))] = E[f(X7/n(T,z,0; B(-)))]]
(z,0)eERN xRM

S

C
“flleer FECERY), nz1

%M (UH) O FTIHEEOAR RIS f-RY - R 2L T

1 1
|E[f(X(T,£U,(9)] - Ef,m(vaveﬂ — O(E + ml/2

)

AN AV



Theorem 3 Z&ff (UH) WL T 272561 X VT > 0 Vi,j = 1,...,N
V>0, 3C € (0, 00)

0
sup ’—zE[f(X(Tpmae))] _Az,5E[f(XT/n(Tax79))]’
(z,0)eERN xRM 00

1 1
< o0 N >1 1
SCE+ =+ 0)flles fECERY), n21,6€ (0,1

82
oren s 00700

E[f(X(T,,0))] = Ai j s ELf (Xon(T, z,0))]]

1 1
n  02nY

+ ) flleo,  FECEMRY), nz1, 6€(0,1]



M (UH) O FT f: RN — R » Lipshitz #7225 1%

\%mem 2,0))] ~ Ais By n(a,0)

1 1
(ﬁ@%HKﬂbfﬁDﬂﬁﬁﬂﬁbfm%:tﬁig)

%M (UH) O FT f: RY — R A Lipshitz #7225 1%

82
| 00' 007

Elf(X(T,2,0))] = AijsEfm(z,0)]

1 1 1
= O(— +W+5+5m1/2)




Gaussian K-scheme ( special KLNV method)
—E-Victoir, —E-—8H THLRERRILIPIRINDG

(UFG™) 3 L C Ago BIRES Joas € C°(RY x RM)), Jp; 0.8 €
CEO(RN XRM)), o€ Ay, BEL,i=1,..., M,

(9)_290@ -, 0 V() a € Ago
BEL

0
00"

VOEH) — Z@i,a,ﬁ(',e)vﬁ(e) « GAO(), 1= 1,...,M.
BEL

(UH) = (UFGY)
Gaussian K-scheme
Xh(ta X, ‘9) — Xh@a X ‘97 w, 77)



Theorem 4 %&ff (UFG™) A E D D72 61X
vI'>0,Vi,j=1,...,N,3C € (0,0)

( e)esfl{lfngM Ef(X(T,2,0))] = Elf(Xr/n(T,2,0))]]

1
<Clfller [ ECERY), n21



Theorem 5 & (UFG™) HE D D72 61X
vVI'>0,Vi,j=1,...,N,Vy >0, 3C € (0,0)

0
sup ’—zE[f(X(Tpmae))] _Az,5E[f(XT/n(Tax76)))]’
(z,0)eERN xRM 00

1 1 N
> >

62
oren s 00700

E[f(X(T,,0))] = Ai j s ELf (Xon(T, z,0))]]

1 1 .
C(n2 + o5 + )| flso feCrRY), n21, 6 €(0,1]

A



Interacting Particle Methods for Conditional
Distributions
Tomoyuki Ichiba

Department of Statistics & Applied Probability
Center for Financial Mathematics and Actuarial Research
University of California, Santa Barbara

Joint work with Mike Ludkovski

University of Tokyo, December 2016



Problem

Let us consider the canonical space 2 := D([0, T];R") of cadlag
(right continuous with left limits) sample paths

X ={X, = X(t,w)=w(t),0 <t < T}, weQ,anda
probability measure P on it.

Given a small positive number € > 0 we consider rare events of the
form {we Q : X, € A}, A € A, for

A = {AeBR") : 0 < p:=PXrecA) < ¢}.
We want to compute numerically the conditional moments
E[f(X) | Xr € A].
for A€ A. and f: D([0, T];R") — R.

Examples: variance, probability of first passage time/default times,
expectations of occupation times, ...



Example: mean-field interbank-lending market

On (Q,F,F := (F)r>0,P) letus consider a banking system
X = (X(1) = (X1 (t),...,Xn(1)),0 <t < 00) of n(>2) banks.
X;(t) : monetary reserve of bank i at time ¢ with SDE

X0 =%+ [ [mZ )i (X))

Z o (X (1)) /X; () dWy ()

0 k=1
i=1,....n, 0<t< o0,

where (Wy,...,W,) is the n-dimensional standard Brownian
motion, ¢;’s are constants, p;;(-) and ou(-) are some smooth
functions.



Given k = 1,...,n and b, by > 0, what is the conditional
probability

<Zl{mm0<z<rx(l)>b7} =k ‘ ZX /l’l < bl) !

(survival probabilities when systemic events may occur)

e When p;;(-) = a;; (constant), it reduces to a system of
Ornstein-Uhlenbeck type:

(1) = Zn:aiJ()(j(t) —Xi(2))dr +dW;(r), t>0.

In particular, we are interested in the case of large n.
CARMONA, FOUQUE & SUN ("12), FOUQUE & ICHIBA (*13),
ICHIBA & SHKOLNIKOV (’13), FOUQUE, ICHIBA, DETERING (’16)
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Another example but with defaults

With initial configuration X := (X{,..., X)) € (0,00)" consider

. . ! A . r_ . 1 .
X :X(’)—i—/ b(X}, X,)ds + W;+/Xs(dM§—ZdM§>; 1>0,
0 0 N
J#
X,_

= inf{s >Ti X — N Z(M{;—MJSI_) < 0}; keN,
J#

.

T

o0
UHED D) Iy
k=1

fori = 1,...,N, where

W, == (W}',...,WN), t > 0 is a standard Brownian motion,
X, is the average of X, := (X!,...,XV) and

Mt is the cumulative number of defaults by time ¢ > 0,

7} is the k-th default time with 7; = O for each i.

ELIE, ICHIBA & LAURIERE (’16).



Conditional simulation for small probability

Let us generate L.1.D. copies XM XY) of the sample path X
from P, and approximate

ELf(X) | Xr € 4] = ;E[f(X) Apxreny]

by the estimator

where p = P(Xr € A), Aec A..
Problem: by the Strong Law of Large Numbers the sample proportion

1 1 . . ) P—a.s.
7ZI{X¥>€A}:7ﬁ{1.1§J§J,X €A} ——p,
=1

is small (since p € (0,¢) is small), and hence it is expected that this
estimator fluctuates in the finite sample.



Remedy: Change of measure
Let us take a new measure P such that by a RADON-NYKODIM

derivative
dP [ dP . . dIP" .
- = —= = an —= N = i
Plr — T aple T aplFe — T
where F; := o(X(s),0 <5 <1), ]—"(’) o(XW(s),0<s<1),
0<tT,j=1,...,J.Then
d]P’ ~
P(A )_E[IA ] = E[14 - Ly],
dP ! 7r

and hence the small probability P(A) in the original probability
measure [P can be approximated by

J
1
1S gy ) = P

j=1

where P(A) is not necessarily so small, that is,



1 a.s. =~ —
7jj{j:1§j§],X(’ €A IP’—> PA) = E[14-L;'] .

Then E[f(X) | X7 € A] is estimated by

J
<Z;LT‘/1{XT®€A}) <Zf )Lz, {x0>eA}) = ¢ (P).
iz

Note that these estimators depend on the choice of the new probability
measures P.

e What should we choose among possible collection P of such
probability measures P ?
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Minimum variance estimator for probability estimation
The probability estimator 4 (PP) is unbiased, in the sense that

E[pa(P)] = P(A) = p. Thus its variance is given by
~ ~ 1
E(ea(®) ~PA)F] = - = JE[lpgen L] =¥
A choice of P is minimizing the variance or equivalently solving
,I:ninE[l{XTGA} . LT] .
PeP
For example, if we take
L = (E[e™¥) 7 e,

then we may choose a* by solving the minimization problem

min E[Lgx,cay - X757 |

where k7(a) := log E[e**T], the cumulant of X7 under PP.

e Note that the estimator ¢r(IP) is not unbiased, in general, so that
the optimization problem does not become so simple.
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Empirical Importance Sampling (DEL MORAL (*04))

Let us take the time grids 7 := {0 = to <1) < --- <tg = T}, the
subpath X[(),,k] = {X; 0< < l‘k} in Dy := D([O, l‘k];R) ,
FEYNMAN-KAC potentials Gy : Dy — Ry for k = 1,...,K. Letus
define

_ dP

K
L7_~1 = — - = C;l HGk(X[O,l‘k])7

k=1

where cr is a normalizing constant such that E[Ly] = 1.
We also define the sample counterparts:

-1 _ —1 ()
Ly} = cf HGk Xio)

Then we may write
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K

E[f(X)1ixpen] = EFF &) Lppen (1] GeXpo)) H

k=1 k=1

>

K
= 7K (}; ) H Mk (Gk) schematically,

where
K
f=fX) = F(X) - Lxpen ( H 1 (X04])

and

k—1 - k—1
= (E[HGZ(X[O,Q])]> ]‘E[g(X)HGz(X[o,M])]
/=1 =1

= ()] n(e)

fork =1,...,K

«(X[o, zk]
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e The collection {X 0) ,j = 1,...,J} can be seen as an interacting
particle system through a resampling procedure based on the
potentials Gy, k = 1,...,K.

At the k-th step, each particle X[%)tk_]] is

(i) extended to X, [%j ] by independent simulation under P
(Mutation Scheme)
and then (ii) resampled with weights (or importance)

wd) = Gk(x[%?tk]), j=1,...,J,
with average wegiths w,(cj) = J! Z}Zl Gk(X[%)zk})'
(Selection Scheme)

Thus E [f(X ) Lixpe A}} can be estimated from its sample counterpart:

K

J
15 ) Tl
j=1 k

=1

12/35



e An important case consists of multiplicative potentials of the form
Gk(X[O,tk]) = exp (V(ka) - V(th—] ))
for some function V().

In particular, if V(-) is chosenas V(Xp) = 0,
2 -1
Xr) = (HGk(X[o,rk])) on {Xr €A},

then the above estimator for E[f(X)|A] reduces to

Z F(x9)y.

8- X(I €A} [xeay



Example: mean-field interbank-lending market
On (Q, F,F := (F;)>0,P) let us consider a banking system

X = (X(t) := (X1(2),...,Xn(1)),0 <1 < 00) of n(>2) banks.

X;(t) : monetary reserve of bank i at time ¢ with SDE

Xi(1) = Xi(0 / [c,+z ) - piy(X () | du
/ Za,k (1)) /X (1) AW (1)
0 k=1
i=1,....,n, 0<t< 0.
Given k = 1,...,n and by, by > 0, what is the conditional

probability

<Zl{mln0<r<TX (>b} = k| ZX )/n < b]) !
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X0 =%+ [ [c,+z ) pig(X(u) d

/O Za,k () /X (u)dWy (1)

k=1
i=1,....n, 0<t< .

e Here W := ((Wy(1),...,Wy(2)), 0 <t < c0) is the standard
d-dimensional Brownian motion, ¢; is a nonnegative constant,
= (X1 (0),...,X,(0)) € [0,00)" is an initial reserve and
® p;j: [0,00)" — [0,1] is bounded, a-Hélder continuous on

compact sets in (0, 00)" for some « € (0, 1].

n
o a(-) = (a;(+)) = Z(O’ikdjk)(-) is strictly positive definite,
k=1
a-Holder continuous on compact sets for some a € (0, 1].



Proposition|[ FOUQUE & ICHIBA (2013)]. Let us assume that the
lending preferences {p;;(-),1 <i,j < n} that for some indexes

(1,....k)

k
1
sup |x; —xj| - pij(x) < ——=(2 — g ci) =: 2¢o
x€[0,00)" L k(nfl)( i=1 l)

for 1 <i<k,1<j<n.Thenthese k banks are bankrupt together
at some time ¢ € (0, 00) almost surely, i.e.,

IPX(T<OO) =1,

where 7 = inf{r: X;(1) = Xo(r) = -+ = Xi(t) =0} for
x € [0,00)".

Proof is based on comparison theorem by IKEDA & WATANABE

(77). The partial sum A% (-) Z X;(+) is dominated by a squared

Bessel process with dimension strlctly less than 2.
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Note that there are possibly many choices of the lending preference
that satisfy the above inequality. For example,

Another example is

205 Ax) /()7 i >,
pij(x) _ 1—2(x Ax) ifx AXp > 1/2,1/2<x+x5 <1,
o 2(x + ) — 1 ity Ax; <1/2,1/2<xi+x5 <1,
0 otherwise,

where the constant ¢ is less than ¢ .
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Similarly, given a nonnegative function A : [0, 00) — [0, 1] which is
a-Holder continuous on compact sets in (0, c0) for some « € (0, 1],
we can take

pij(x) =h(lxi—xj]); x=(x1,...,x) €[0,00)", 1 <i,j<n.

The condition holds if we choose ¢; < ¢ and h(x) = ¢; /x for
x>1 and h(x) = cjx for x < 1.
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Interacting particle system algorithm [DEL MORAL AND GARNIER (*05)]
Intuition: consider a background MC (& )x>0 with transition kernel
Ki(§k—1,&k) , and its history nx := (&0, ...,&), k > 0. Given
fi : R 5 R define

Ye(fe) = E(fk n) - [ Gelne )

1<t<k

with a multiplicative potential function, and its normalized measure

'Yk(fk)
Since Yer1(1) = % (Gr) = Vk(Gk)’Yk(l) = =]l ve(Go),
E(fc(m) = w(fe [] (G =wltc [] Go™") [] we(Go).
1<t<k 1<t<k 1<t<n

Here we can use a recursion: 71(-) = K (o, ),

Vk(') = /Vk_l(dnk_l)Gk_l(nk_l)

Ki(mie1,-) .
1 (G k(Mk—1, )
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Dividing the time interval [0, 7] into L equal subintervals
[0 —1)T/L,¢T/L] with £ =1 ... L, we simulate M random
chains

(r¥ = ROr/L), 7T /L) heo<r: j=1,..., M,

where XU)(-) is the jth simulation of X(-) and m{) is the jth
simulation of the vector m(-) := (my(-),...,my(:)) of the running
minimum

m;(t) = ming<s<, X;(s),for 1 <ij<n,0<r<T.
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After initializing the chain, for each £/ = 1,..., L, repeat the
following selection and mutation stages

e (Selection Stage). Sampling M new particles from {7, Z(j )}13-94
with Gibbs weights

<ﬁ71(]€)> <§: ’Y,-(,JZ>_1 where

i=1 j=1 i=1

0 o= [minC (Gl ok er/epy e,
| (¢~ DT/L)
foreach j=1,...,M with some a > 0.
e (Mutation Stage). Running Euler scheme to get the new value

Yg(ﬂz] ,j=1,...,M, starting from the new particles sampled in

the above.



The probability estimate of Px(n = k) is given by

R 1 n mfj)(T) a L—1 1 M n @

Putn =)= 5 3 (1o IT (75,571 ) [ 11 (7 S TT) |
j=1 i—1 -m;’(0) 0=0 a=1 i=1

for k=1,...,n, where 0¥ is the corresponding number to n in the

jth simulation for j =1,..., M.



Extreme examples

Set x=(1,...,1), § =2 and p;(-) specified as in the first picture,
T=1,n=100, M = 1000 (# copies), L = 10 (# subintervals of
Time), a = 0.0001, and run the system with the sub-subinterval for
the Euler scheme in the mutation stage as 0.001 to compute

Pe(n = k) = Px()_ Lmingercrxity<py = k)i k=1,2,...
i=1



b= 0.1 (left), b = 0.001 (right).
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For error analysis and comparisons with other methods in this context
see CARMONA & CREPY (2009). [l

24/35



Brownian motion plus Poisson jumps

To illustrate conditional distributions for heavy-tailed systems, we
shall consider the rare event

A:={Xr€la—d,a+ 4]}
for the process
X[:W[—th, )(():07

where W. is Brownian motion and N. is an independent Poisson
process with intensity A > 0.

Note that A = U {Nr = ¢, Wr € [a+kl — §,a + kl + 6]}, and
hence with the cumulative distribution function ®(-) of the standard
normal, we obtain

i) = ST [a (D) g(ati et



A suitable empirical change of measure is of the bivariate form

L;(Oéw, aN) = exp (Ozww, — OéNth — KT(Oéw, OéN)) s

where

1
kr(aw,ay) = _EQ%VH‘ )xt(e_a’vk — 1) : 0<r<T.

Under the resulting importance sampling measure P(eW:on) | (W)
has drift aw and (N;) has intensity Ae~®¥* . This implies

E@vo¥) [X;] = awT + ATke <V .
e One can compute the variance of the estimator for E[f(X) 1x,ca]
and minimizing it.
e One can compute the conditional intensity given the set {X; € A}.



One-dimensional case: use of Markov Bridge

Let us consider the first passage time 7 := inf{z: X, = 0} for
one-dimensional diffusion

dX,:a(Xt)dl‘-f-th, X():x, OStST

where a is assumed to be continuously differentiable, and

/Oooexp(—2/0wa(z)dz>dw = 00.

By the GIRSANOV-MARUYAMA change of measure
Py(mo <1) = E® [Zt/\T()l{TOSI}] )

where dQ,/dP,|r, = Z;, 0 <t < T with

Z. = exp ( — /O.a(Xu)qu - % /0. az(Xu)du> ,



moreover, under Q,, X. is a Brownian motion. Hence the density
function of 1y is given by

q:(t) = ——e 7,
() 2183

and the density py(-) of 7o under P, is given by

px(t) = qu() exp <—/0X“(")d")EQx [eXp <_/0

where v(x) = (a*(x) +da'(x)) /2 for x > 0.

0

fy(Xu)dt) ‘7’0 = t] ,

Under Q,, given 79 = t, the time reversal X, 0 <s <t is the
three dimensional BESSEL bridge from the level 0 to x
(REVUZ & YOR (1999)).

Jau)]

This implies that
1

) = ax(0yexp (= [ atv)aw) B [exp (= [ |wser s,

where (. is the three dimensional Brownian bridge, and
e; = (1,1,1).
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When A C (—o0, 0], with this idea we may compute the conditional
expectation

T
E[f(X)Xr € A] = /0 E[f(X)lm = 1, Xr € Alp:(0)dr,

where E[f(X)|ry = 1, X7 € A] may be estimated by the empirical
importance sampling as we have seen before, and

1

px(t) = q.(t) exp ( — /Oxa(v)dv>E333 [exp ( — /0 7(‘uxe1 + V1B,

Ja«)

is approximated by its sample counterpart

p(1) = gu(t)exp (—/ox"(”dv) 7 Jie"p (‘/01 1 Juer 87

o)

where ﬂ.(j) ,j=1,...,J is the LLD. copy of three dimensional
Brownian bridge.
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o If the functional f on the sample paths depends only on the
negative paths after 7y, e.g.,

f(X) = OrgnsigT(—X(S))*,

(local time for the reflected process in the sense of SKOROKHOD), and

T
fX) = /0 (—=X5)1gx,<0pds

(cumulative deficit amounts)
then E[f(X)|70 = t,Xr € A] can be computed by the empirical
importance sampling for X on the time interval (19, 7] .

e Note that one can extend our consideration for the diffusion

and the first passage time of level /(< y), where 1 /0(>0) is
locally integrable. This is because the transformation

Y; 1
X, = dz.
t /e o(z)
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e The approximation of p.(-) by 13)(6]) () converges in the order of
1/+/J . Indeed, one can show that

~()
VIR (1) = pu(0)
converges to the centered Gaussian process with covariance
F(S, l) _ Px(S)Px( ) =2 [y a( dVCOV ( fsl(s)jeftl(t)) ’
where I(s) := fo ~(|uxey, + \/spB,|)du, and in particular,
=) _
VI (max [py (1) = px(1)]

is bounded in probability (cf. ICHIBA & KARDARAS (’09)).



e For the multidimensional case of the form
dXt == b(t,Xt)dt+U(t,Xt)th7 X() — x,

we may consider DOOB’s h-transform and the (time-reversed)
Markov bridge law : given X; = a,

dx? = p2(r, X%)dt + o (1, X0)dW; ,
where
BO(t,x) := b(t,x) + [o0*|(t,x) Vi logp(t,x, T, a),
for the transition probability p(#,x, T, a).

e Similar calculation can be done for LEVY processes, e.g.,
X, = W; — kN, , where W. is the Brownian motion and N. is
Poisson process, independent of W..

(see PRIVAULT & ZAMBRINI (2004) for Markovian bridges).



Summary:

Computation of conditional expectation, given the condition that has
only a small probability.

e Use of Empirical Importance Sampling and Interacting Particle
System

e Use of Time-reversal and Markov bridge

o Further topics:
The mean field approximation (MCKEAN-VLASOV type limit) of the
system as n — oo and estimation of conditional probability.

Part of research is supported by grants NSF -DMS-13-13373 and
DMS-16-15229.



When n — oo, ...

For example, with a;; = —1lyj—iy1y + 1= for i,j € N, the
distribution of the first kX components (X;(-),...,Xk(:)) of the large
system of OU processes (X;(:),...,Xu(-):

Xm‘(l) = (Xi+1(l) — Xi(l‘))dl‘ + dWl(l) ;o i=1,2,...,n—1,

dX,(t) = —X,(r)dt +dW,(r); t>0,

becomes, in the limit as n — co, the Gaussian process represented as

t t
Yi(t) = / e(’S)Yi+1(s)ds+/ e UdBi(s), i=1,....,k—1,
0 0

_ -t — [ et—s) (a) -
Yk(t) = e ;/0 fdﬁz(s)y l207

where (Bi(:),...,Bi—1(:),Bo(:), Bi(+),...) are independent
Brownian motions.
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The covariance structure of Yi(-) is

Cov(Yi(s), Yi(r)) = e 79 /O te*%o( (t —s+u)u)du,

oo

L(x) =) (/2 /(KT (v +k+1)); x>0,0> 1.
k=0

In particular, the variance
Var(Yi (1)) = te” > (Io(2t) +1;(2t)); >0,
and hence for large t — oo Var(Yi(1)) = O(\/1) ; k € Np.

It suggests some connection to fractional OU and fractional BM.



