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X DA Fx(x) 12X 0, 5 DR a lZ2WT, N a7y YRS
VaR,(X) 1

VaR,(X) = inf{x € R|Fx(x) < a} (3.1)

v

E# (TailVaR)
TailVaR(CVaR) 1%, VaRy(X) 1T & W IR DRI S HIFHE L L TREHS
ns,

TailVaRy(X) = E[X|X > VaR.(X)] (3.2)

.

E# (LPM)

BfE 7 D% a > 1 O NAIABE (LPM:Lower Partial Moments) I3LA K D
fECERIND,

LPM, (X) = E[max(0,7 — X)°] (3.3)
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o NHDMEMEMED, ZNENDH 02 &, ZDDEFEHMDILNK 0y(i,j=1,---,N)
ERO LT DL, SEIEAEITH Q = (04) Moy BEHTE S, F72,C 2T S
FEEFTHI, BEHERZ5 R 2 VR 0 = (01, ,on) £ T B, FEMEEDOR—FT7 1Y
A%, BEHERZ Ml w=(m, - ,wy) TRTLK—-bMT7 1V FTOHRY R
iE,o(w) = vVwQw &7 5,

IS HOEIC & B KB INHA — R 7 4 ) A (GMV); F— R 7 4 ) A DA E
B/ME

%ﬁﬁ&ﬁwwy%ﬁ&w&ﬁw$%ﬁéaﬁé
KABALA — | 7 7 U 5 (MDP): 2 #blt% (DR) % Ak
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GMV

GMV IZBWTIEKR— b 7 4 U A ORS#E HIMET 2 D THIFIZAD F T RO ED i
IMEZAT - =Bl & 72 B,

1
min =w'Qw

s.t. wl=1

ZZT1=(11,---, 1) iFBHELB7-HDRT MLTH D, HELERT MLVOIEA
FIH 22 U, ZOfRIITD & 51245 Z LA AFHEICL VIO SNS,
o1
Wk = Ta-11 (4.1)

ZDE EDOR/NTEI

2 *\ * / * 1
o (w") =w""'Qw" = To-11 (4.2)
LB, Thhs, BUROHEIRERA D 32D,
wo Q1 =diag(c™")- C ' diag(o7") - 1 (4.3)
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AR R4 RM GMV,MDP,ERC O fffj H 7 FL i 14 S5 HA

MDP
MDP T3, ##ufbIt® DR 2 K{L$ 5,
w'o
R(w) =
(w) Vw Qw
ws = arg max DR(w)
w/l=1

Z DOfi#id Choueifaty and Coignard [2008] iZ &4, BAT D & B D O HBIBFRAK b 370,
MVP &3 diag(c™") DEZITEL S,

w* o diag(c™') - C1 -1 (4.4)
BBENBALLLEDR R T T4V T+ MEOEHE CR

Y wioi)?
R =S oy
IZIER T T4 U T« IESEEHEE p(w)
_ 2iy(wiwjoiog)pj
plw) = > iy (wiwjoioy)
EHWT, LROBMREHZ Z B osnNTWD,
DR(w) = [p(w)(1 — CR(w)) + CR(w)]~*

ISR CES) AESIE O HEA A — | 7 5 ) A oMl - U T

- Ny e
October 31, 2015 21 /32



AR R4 RM GMV,MDP,ERC O fffj H 7 FL i 14 S5 HA

ERC

ERC &%\ Y 2278 7« FA—» 7 4 Y 4 (RPP: Risk Parity Portfolio)
BUTO &I ICEHSI NG, T, FEEOHRELILR wITH U, 5 i BE
DADRELEE0 L LzbDE W &35 &, IFOEXAH D LD,

o(w) = vVwQw =) WU(Y;V)" (4.5)

T DIV s BEED Y R S F L RC XIS, ERC X, &#EHED

o(w)
VAV HGEEZ—IZUER— 73V AL LTERI NS,
RG 1
] = N (4.6)
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Q /il - HAOEATINIL M E 20 M OINER ORI T — XITHED L,
Q LI ZTORBEEIN-T 1 Vv E— VRO Z 2 THY H(w) =1, w* T

EHRIND,
“H | R—b7x ) AL | B E | BAES | BAKRS | AEES | AAERESX
1 GMV 88 94 5 1 0
2 ERC 57 74 8 12 6
3 MDP 65 80 10 8 2
4 EW 25 25 25 25 25
Table 6: #ZHVY 2—>
FE | A= b7 VAL [ BPE | HAES | HAKRX | EES | AAEFER
1 GMV 38 94 5 1 0
2 ERC 55 72 9 12 7
3 MDP 64 79 10 8 3
4 EW 25 25 25 25 25

Table 7: FEHEV) 2 —v
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GMV,ERC,ERC2s MDP @ 4 1z & % Ak

GMV | ERC | ERC2s | MDP

BPIG1-3 96.0 | 33.9 40.5 11.1
BPIG3-7 0.0 22.2 20.2 36.7
BPIG7- 0.0 10.8 10.8 9.5
TSE1 1.2 1.9 1.5 4.7
REITJ 0.0 1.2 1.4 0.4
JapanHD 1.2 2.0 1.8 0.0
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WBIGhgd 2.8 16.5 10.7 30.6
InflUS 0.0 2.1 2.6 0.0
Kokusai 0.0 1.4 1.3 25
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WorldHD 0.0 1.4 1.3 0.0
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1. Capital Allocation Problem

d investment opportunities (e.g., business units, subportfolios, assets)

X loss associated with the 7th investments

1. Compute the overall risk capital p(X), where X = Zgzl X; and

p is a particular risk measure.

2. Allocate the capital p(X) to the individual investment possibilities
according to some mathematical capital allocation principle such
that, if k; denotes the capital allocated to the investment opportu-

nity with potential loss X;, we have Zgzl ki = p(X).

> Find k = (k1,...,6g) € RYst. szzl k; = p(X) according to

some criterion

Setup

It is convenient to introduce ‘weights’ A = (A1, ..., \y)

(to be interpreted as amount of money invested in each opportunity)

Put X(\) := Z?:l A\; X; and

rp(A) == p(X (X)) risk measure function

If p is positive homogeneous, then, for h > 0

i.e., p is positive homogeneous of degree 1



Euler's rule: If r, is positive homogeneous and differentiable,

0
Z%ai’)

~ Euler allocation principle N
If r,, is a positive homogeneous risk measure function, which is dif-
ferentiable on the set A, then the (per-unit) Euler capital allocation

principle associated with 7 is

kilA) = %’;(A)

Justification

e Tasche: RORAC compatibility
Tp: differentiable risk measure function

r: capital allocation principle

r is called suitable for performance measurement if for all A we have
(

.« —B(X;)  —E(X(\))

9 (—E(X(A)))<>O 0 = 0
ONi \ Tp(N) CE(X;) _ —E(X(\)
\<O if OV < )

»» The only per-unit capital allocation principle suitable for per-

formance measurement is the Euler principle.



e Denault: Coorperative game theory

d investment opportunities = d players
If p is subadditive, then p(X(\)) < 2?21 PN X;).

A fuzzy core (Aubin, 1981) is given by
d

d
C = {KJ < Rdi Tp(l) = Zlii & 7“,0()\) > Z )\i’{;i VA€ [07 1]d}
1=1 1=1

»» If r, is differentiable at A = 1, then € consists only of the
gradient vector of 7, at A = 1:

o Orp(A)
M TN,

A=1

Examples

e Covariance principle:

rp(A) = y/var(X(N)) = VNEN

where 3 is the covariance matrix of (X7, ..., X ). Then

_ Orp(A) _ cov( X, X (N))
2% var(X ()

Ki(A)

In particular, the capital allocated to the ith investment opportunity
IS
cov(X;, X)
R; =
var(X)




e VVaR contributions:
rp(A) = VaRo (X ()

Then (Tasche, 1999)

i) = S = BXG | XN = VaRa (X))

In particular, the capital allocated to the 7th investment opportunity

is given by
ki = E(X; | X = VaRy (X))

[Difficult to compute (c.f. Glasserman (2005))]

e ES contributions:

1
rp(A) = ESa(X(A)) = é /1 | ey

Then

() = S BXG | X 2 VaRa(X(A)

In particular, the capital allocated to the ith investment opportunity

is given by

K; = E(AXZ ’ X > VaR@(X)>



2. Distortion Risk Measures (DRM)

The class of coherent risk measures which satisfy law invariance and

comonotonic additivity.

~ Definition \
A distortion risk measure (DRM) is defined by

= L u) = x Do Fx(dr).
pp(X) = /[O,HFXUdD() [ Do P

R

N J

where D is a distortion function (i.e., a df on [0, 1]).

»» a.k.a. spectral risk measure (Acerbi), weighted VOR (Cherny)

* DY*R(u) = 17,514y yields VaRo(X) = Fy'(1—a), 0 < a < 1,

but this DY2R is not convex.

Example: Expected Shortfall (ES)

The expected loss that is incurred when VaR is exceeded

ESa(X) := ! /1 Flt(u)du = E(X | X > VaRy/(X))

a J1—«

Taking distortion of the form

DES(1) :é[u— 1-a)], O<a<l

yields ES as a DRM




One-parameter Families of DRMs (Tsukahara, 2009b)):

e Proportional Hazards: D9PH<U) —1—(1—uw)

Ou

e Proportional Odds: DEO(U):l 1-0)
— (1 =0)u

e Gaussian (Wang transform): DgA(u) = OO (u) + log )

(1—u) 1/~
10— 0(1 —u) + (1 —u)

e Proportional y-Odds: DQP GOy =1

Distortion Densities (theta=0.5) Distortion Densities (theta=0.25)
9 T T T T 18 T T T T
—— PH —— PH
— — ES — — ES
8 r PO T 16 - PO
— - GA — - GA
7 14
6 12

1: Distortion densities (§ = 0.5, 6 = 0.25)



Distortion Densities (theta=0.1) Distortion Densities (theta=0.05)

40 ‘ ‘ ‘ ‘ 40
—— PH —— PH
s ~ — ES
3 r PO | 3 PO
GA GA
30 : 30
25 1 25
S 2 f 1 220f
=] =]
15 | , 15 |
10 F - 10 |
\
|
5T I 5F
|
0 : 0 : : e
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
u u

2: Distortion densities (@ = 0.1, 6 = 0.05)

3. Capital Allocation with DRMs

ro(A) = po(X(N)) = /[O (P ) an)

Then, under some regularity conditions (Tasche (2000)),

| _87"p()\)_ 9 y
ri(A) = y _/[Ol]aAFX) H(u) dD(u)

= / E[X; | X(A) = Fx(y ™ (u)] dD(u)

/ X0 | X () = ald(Fy (@) dFy o (@)

= E[Xid(Fx (X (A)))]



Thus, the capital allocated to the ith investment opportunity is

ki = E[Xd(Fx(X))]

»» We can think of d(Fx(X)) as a Radon-Nikodym density:
E(d(Fx(X)) =1 trivially

dQ _

p = dFx(X)) = K= EY(X))

Even when we know the joint df of (X7,..., Xy), it is still difficult
to compute k; since the joint df of X; and X is needed (The only

exception is a Gaussian case).

= Resort to Monte Carlo

Given a random sample (Xlk, o ,XC];), k=1,...,n, put

1 n
Xk xkoo 4 xk F - 1{xF <
P+t Xy, x(z) nH;{ <z}

Then we can estimate k; by

where



The error k;—k; can be asymptotically evaluated by proving asymptotic

normality: Under certain regularity conditions,

V(R — ki) =5 N(0,0?)

where

o = (Fg€i©) + [ Pt Wit ez 4G

Ci(Fx,(xi), Fx(2)) = P(X; < 25, X < @) and (§;,&) ~ Cj

(Needs to be modified for ES)

4. Numerical Results

Take the following distortion densities

1
e Expected Shortfall:  dy(u) = El{uzl—Q}

0
(1 —u+ 0u)?

e Proportional Odds:  dy(u) =

e Proportional Hazards:  dp(u) = 6(1 — u)?~!

&(P 1 (u) + log 0)
d(P~(u))

e Gaussian:  dy(u) =



§=0.5 g =0.25

10 : 20
—— PH —— PH
~ ~ ES 15t — — ES
PO PO
S s cA 2 10} GA
s e
g B
0 ' 0
0 0.5 1 0
u
0=0.1
40 : 40
—— PH —— PH
30t~ — ES < 30t~ — ES
PO PO
2 20 CA 2 20} CA -
s i) |
10 ‘/j 10 :
| J
0 -— - = 0 ‘
0 0.5 1 0 0.5 1
u u

3: Distortion densities

Elliptical loss distribution: E (i, 3, )

(: location vector, >.: dispersion matrix, 1): characteristic generator

Assume 1, is the risk measure function of a positive homogeneous,
law invariant risk measure p. Let (X1,..., Xy ) ~ E4(0,%,%). Then
under the Euler allocation, the relative capital allocation is given by
d
ki Ki(L) D g Dk
L - d
rjo k(1) S S

L 1<i,j<d

»» The relative amounts of capital allocated to each investment op-
portunity are the same as long as we use a positive homogeneous, law

invariant risk measure.



Estimated ratios k;/k;, 1 of capital allocation (0 = a = 0.05)

1 0.10.5
sample from N | 0, | 0.1 1 0.9 . size = n, 1000 runs
0.509 1

true ES PO PH Gaussian
n | ratio bias vMSE bias vMSE bias vMSE bias vMSE
100 | 4/5| 0.0740 0.3962 0.0352 0.2815| 0.0422 0.3281 0.0587 0.3933
5/6 | —0.0081 0.1045| —0.0028 0.0793| —0.0023 0.0908 —0.0033 0.1048
250 | 4/5| 0.0129 0.2239 0.0101 0.1669 0.0219 0.2185  0.0332 0.2660
5/6 | 0.0007 0.0634 —0.0003 0.0483|—0.0017 0.0623 —0.0030 0.0740
500  4/5 | 0.0092 0.1441 0.0064 0.1103| 0.0138 0.1594| 0.0188 0.1911
5/6 | —0.0006 0.0429|—0.0007 0.0329 | —0.0015 0.0465|—0.0019 0.0552
5000 4/5 | 0.0017 0.0459| 0.0006 0.0356 10_5 0.0888| 0.0005 0.0931
5/6 | —0.0003 0.0139 910 0.0108| 0.0008 0.0265 0.0008 0.0278

Estimated ratios k;/k;1 of capital allocation (6 = a = 0.05)

1 0.10.5
sample from i3 0.1 1 09],4], size=mn, 1000 runs
0.509 1

true ES PO PH Gaussian
n | ratio bias \/I\/I—SE bias \/M—SE bias \/I\/I—SE bias \/M—SE
100 | 4/5 | 0.1498 1.0398| 0.0926 0.5788| 0.3003 4.7310| 0.1144 1.8068
5/6 | —0.0069 0.1471|—0.0048 0.1238| —0.0068 0.1487 | —0.0110 0.1754
250 | 4/5 | 0.0563 0.3477| 0.0431 0.2970 0.0860 0.4712 0.1227 0.6317
5/6 | —0.0057 0.0966 | —0.0043 0.0849| —0.0069 0.1207 —0.0084 0.1410
500 4/5| 0.0176 0.2319 0.0198 0.2265  0.0497 1.4311 0.2511 5.8652
5/6 | 0.0011 0.0654  —0.0004 0.0615|—0.0056 0.1097 —0.0073 0.1250
5000 | 4/5 —0.0013 0.0683|—0.0016 0.0638| 0.0244 0.3356 0.0220 0.3158
5/6 | —0.0010 0.0202| 0.0010 0.0189| 0.0027 0.0836| 0.0028 0.0820




Estimated capital allocation with GPD & t marginals (¢ = (.0

I 0.10.5
using Gaussian copula with correlation matrix | 0.1 1 0.9
0.509 1
ES PO PH Gaussian
cont. ratio|cont. ratio| cont. ratio| cont. ratio
GPD(1/25) | 2.60 2.21 1.58 3.25

GPD(1/10) | 4.38 (0.59) | 3.45 (0.64) 4.18 (0.38)| 8.30 (0.39)
GPD(1/3) | 9.12 (0.48) 6.99 (0.49)|24.32 (0.17)|38.87 (0.21)

t(25) | 1.28 0.99 0.74 1.60
£(10) | 2.04 (0.63) 1.54 (0.64) 1.69 (0.44) 3.44 (0.47)
t(3) | 3.82 (0.53) 2.88 (0.54) 9.62 (0.18) 14.97 (0.23)

Estimated capital allocation with GPD & t marginals (6 = a = 0.05)

I —=0.1 0.5
using Gaussian copula with correlation matrix | —0.1 1 —0.9
0.5 =09 1
ES PO PH Gaussian
cont. ratio| cont. ratio| cont. ratio| cont. ratio
GPD(1/25)| 3.24 2.63 1.17 2.99

GPD(1/10)| 1.05 (3.09) 1.15 (229) 029 (4.03) 041 (7.29)
GPD(1/3) 812 (0.21) 626 (0.18) 7.58 (0.04) 21.02 (0.02)

£(25) 2.08 1.57 0.65 1.78
t(10) | —0.73 (—2.83)| —0.54 (—2.91) —0.60 (—1.09) —1.75 (—1.02)
t(3) 263 (—0.28)| 2.01 (—027)| 2.60 (—0.23) 7.32 (—0.24)




5. Concluding Remarks (Tentative)

e Euler capital allocations based on ES and PODRM are easy to com-

pute, and widely applicable.

e For ES and PODRM, the computatiolnal errors with Monte Carlo
can be evaluated by CLT.

e For PHDRM and Wang transform, the CLT will not be applicable,
and they are difficult to handle.

e Numerical experiments support some of the theoretical observations.

We need systematic sensitivity analysis on dependence structure.



G-expectations and some statistical problems

TOMOYUKI ICHIBA *

1 Introduction

What is the (reasonable) worst scenario in the portfolio management? The fund manager often has
to consider various market scenarios in the near future. In order to assess the balance between risk
and return of portfolio choices, it is good to obtain some ideas about range of possible scenarios
from the past data. The difficulty of understanding reasonable scenarios arises from uncertainty
of the market characteristics in the future. In other words, the problem we need to look at is to
understand how the market characteristics move in the past and in the future. Here we shall get
some insights for this problem from the so-called G -expectation for volatility uncertainty. In this
note we shall discuss some aspects of statistical estimation methods under the G -expectation.

In section 2.1 we review definition of G -expectations and volatility uncertainty, representation
results and related topics. In section 2.2 we introduce the sublinear expectation under the discrete
time along with the invariance principle. In section 2.3 we discuss some naive estimators of lower
and upper bounds of volatility uncertainty as well as the corresponding estimator for the risk
measure to see the difficulties in the estimation problem, and then present some open problems.

2 G-expectation

2.1 Volatility Uncertainty in Continuous-time

Given a fix time T let us consider a canonical space §2 := C([0,7],R) of continuous functions
on [0,7] and a set P of probability measures on {2 such that under any probability measure
[P € P the canonical process w = {w(t),0 < ¢t < oo} is a P-martingale with w(0) = 0
whose quadratic variation process (w)(¢) in arange [\, p], i.e.,

A< (W)(1) < pt; 0<t<oo, @.1)

where the nonnegative numbers p and A are upper and lower bounds of volatility uncertainty.
We denote by F; := o(ws,0 < s <t), 0 <t <T the canonical filtration. Thus P represents
the scenarios of the sample paths which satisfies the condition (2.1).

*Date: January 17th, 2016. Department of Statistics and Applied Probability, South Hall, University of California
Santa Barbara 93106 USA. (E-mail: ichiba@pstat.ucsb.edu) Research supported in part by the National Science Foun-
dation under grant NSF-DMS-13-13373. The author is greatly thankful for fruitful discussions to the participants in the
workshop held on December 18th, 2015 at University of Tokyo. He is also very thankful to Professor Naoto Kunitomo
for warm hospitality during his visit at University of Tokyo in December 2015.



A @ -expectation is a map from random variables on the canonical space €) to real numbers
(PENG (2007), (2008), (2010)). The symbol G refers to a given function of the form
1

G(z) := = sup (ax), (2.2)
2 aerg)

where x € R for the one-dimensional, volatility uncertainty case. Given a Lipschitz continous
function f, the G -expectation of a random variable ¢ of the form £ := f(w(T")) is defined by

E(¢) = u(0,0), (23)
where «(0,0) is the initial value of the solution u(¢,z) to the non-linear backward heat equation

ou 0%u
0o L) = o,
5 (H %) 552 ()
with the terminal condition u(7,x) = f(z), where G is the function defined in (2.2), u; is the
derivative with respect to ¢ and wu,, is the second derivative with respect to x. It coincides with

E(¢) = sup EF(€) 2.4)
PeP

for any JFr-measurable random variable ¢ : Q — R with EF(¢) < 400 forevery P € P
(DENNIS, HU & PENG (2011)). Each P € P represents a scenario. Thus the G -expectation
is understood from (2.4) as the worst case expectation, if we look at ¢ as the portfolio loss size
based on the martingale measures with the constraint (2.1). The volatility uncertainty is measured
by the interval [\, p].

The G-expectation Eisa special case of non-linear expectations on the Lipschitz functional.
More generally, given a linear space ‘H of real functions that contains 1 and satisfies the property
that X € H implies |X| € H, a nonlinear expectation E is defined as a functional H — R
satisfying

(a) (Monotonicity) If X, Y € H and X > Y, then E[X]| > E[Y]; and
(b) (Constant Preservation) E[c] = c for every constants c.

In addition, if the functional FE satisfies
(c) (Subadditivity) E[X +Y]| < E[X]|+ E[Y] forevery X,Y € H and
(d) (Positive Homogeneity) E[AX +c¢] = AE[X]|+ ¢ forevery A >0, c€ R and X € H,

then we call it the sublinear expectation. The notion of the sublinear expectation is introduced
by HUBER (1981) (cf. HUBER & STRASSEN (1973)) as the upper expectation in the context of
robust statistics. In the context of mathematical finance it is introduced and studied axiomatically
by ARTZNER, DELBAEN, EBER AND HEATH (1999) as the coherent risk measure. In fact, the
representation (2.4) is generalized to the idea of the convex risk measure which typically takes the
form of

where Q, is some class of probability measures on the set of possible scenarios and «(-) is

some penalty function on QQ,, and X can be seen as the net monetary outcome. The convex risk

measure is a monetary risk measure or capital requirement with a convex acceptance set. When the

capital requirement p(X') only depends on the law of X , the risk measure is called law-invariant.
2



The structure of law-invariant risk measures are described in terms of average value at risk (e.g.,
KUSUOKA (2001), FRITELLI & R0SAZZA GIANIN (2005)).

In actuarial mathematics convex risk measure appears as convex principles of premium cal-
culations (e.g., DEPREZ & GERBER (1985)). In mathematical economics preference of a rational
agent is formulated as expected utility under the axioms of rationality. Relaxation of the axioms of
rationality implies the coherent risk measure and the convex risk measure (GILBOA & SCHMEI-
DER (1989), MACCHERONI, MARINACCI & RUSTICHINI (2006)).

The sublinear expectation E has some nice properties listed below.
e For p > 1 let us denote by H,, the subset of A that consists of X € H with E[|X|P] < co.
Forevery X € H, and Y € H, with 1 <p < g < oo and (1/p)+ (1/¢q) = 1 we have

(E[X +YPDY? < (BIXP)VP + (B[Y )7,

as well as
E[|XY[] < (BIX[")VP(E[Y|])V.
The linear space H,, can be completed to a Banach space under the norm || X||, := (E[|X[?])'/?.
Thus the sublinear expectation E can be extended to this Banach space.
o If X Y € H; with E[Y] = —E[-Y], then by the subadditivity we have

E[X] +E[Y] = E[X] - E[-Y] < E[X + Y] < E[X] + E[Y],

and hence
EX +Y] = E[X]+E[Y].

In particular, if E[Y] = E[-Y] = 0, then E[X + Y] = E[X].

e Let us consider the sequence X1, X2 in Hy with E[X?] = 52 > 0 and E[X;X;;] =
E[-X;X;| = 0 forevery ¢, = 1,2,.... Then the Law of Large Numbers holds in the sense
that S
lim E[|"

n

n—oo

2} —0, (2.5)

where S, = X;+---+ X, for n € N. Indeed, by the above properties of sublinear expectations

Sp |2 1 1 1
B[] = —7BIS21 + 2501 X0 + X2) = —E[S2_, + X2 < —E[S2_,] + E[X2)
n 9 o
<. < SEXY =" ——0.
n n n—oo

e Suppose now that we have X € H with a sublinear expectation E and X’ € H’ with another
sublinear expectation E’. We say X under E and X’ under E’ are identically distributed, if

Efp(X)] = E'p(Y)]

for every continuous test function ¢(-) with polynomial growth and with ¢(X) € #H; and
©(X') € H), where H] is the subset of H' with finite sublinear expectation. Also, for n € N
we say a random variable X € # isindependentof YV := (Y3,...,Y,) € H" := Hx---xXH,
if

El(X,Y)] = E[Blo(X, )] |{y—v)]

3



for every continuous test function ¢ : H"*! — R with polynomial growth and with ¢(X,y) €
Hi, p(X,y) € Hi, y € R". A sequence {X,,n € N} of random variables in H is said
to converge in distribution under E if {E[p(X,)],n € N} converges for every uniformly
Lipschitz, bounded function ¢(-). If {X,,,n € N} in H3 are identically distributed with
E[Xi] = E[-X3] = 0, E[X}] = p >0, ~E[-X?] = XA > 0, and if each X, is
independent of (X71,...,X,,) forevery n € N, then the Central Limit Theorem holds, i.e.,

Sn
\/ﬁ

where E is the G -expectation in (2.4) with the parameters p, \.

lim E[(p(

n—oo

)] = Ele@)] 2.6)

e Arandom variable { in Hj is called G -normally distributed with volatility uncertainty (A, o]
under I, if for every uniformly Lipschitz, bounded test function ¢(-)

o(t,z) = Elp(x +VEE)];  (t2) €[0,00) xR
is the unique, bounded continuous viscosity solution to

2’[)
(t, z) —G<‘3x2<t,x)) =0, 0(0,2) = ), 2.7)

v
ot
where G(-) is the nonlinear function defined in (2.2). It follows from this definition
v(1,0) = E[¢],
and in general, with the solution v(-) in (2.7) we define

PE(p)(z) = v(t,z) = E[p(z +VtE)]; (t2) € [0,00) x R. 2.8)

e When p = A = o2 > 0, then the G -normal distribution with volatility uncertainty [, p]
becomes the usual normal distribution with mean 0 and variance ¢ and with density

1 x2

V2mo? P ( 202

In this case we say GV -expectation, because the volatility uncertainty is reduced to the single
variance. The functional (P) in (2.8) satisfies the nonlinear version

); zeR.

PE(P{(p)(z) = PL(0)(2); ste0,00), zeR
of chain rule (or NISHIO semigroup property) as well as

G [c? 72 [? 2] (Aop)
PC(p) 2 PI°(g), P77 ()= P77 (W) < PP (0= 9) 2.9)
for every uniformly Lipschitz continuous, bounded test functions ¢, 1 and A < ¢? < 72 < p,
where PG =: PG™ s defined in (2.8), GV is the special case with p = \, Gle*7] isthe G -
normal distribution with volatility uncertainty [02, 2] . We may extend this concept of G -normal
random variables to the multivariate version of G -normal distribution.

All these properties and other properties of sublinear expectation and G -normal distribution
have been developed by PENG (2007) and others. The idea of G -normal distribution is extended
4



to G -Brownian motion on the canonical space @ = C([0,7],R) of continuous functions on
[0,T] forevery T > 0. We consider the family

Lip® (M) = {p(w(tr), . w(tm)) : w € Q tryo st € [0,T], 0 € lip(R™),m > 1},

where lip(R™) is the space of uniformly Lipschitz continuous bounded functions on R"". We
also define the G -expectation E on Lip?(#r). The canonical process B(-) = w(-) € Q is
a G -Brownian motion if B(t) and B(t + s) — B(s) are identically distributed; and B(t,,) —
B(ty,—1) is independent of (B(t1),...,B(tm—1)) in the following sense:

E[@(B(t1), ..., B(tm-1), B(tm))] = E[B(B(t1), ..., B(tm-1))],

for every uniformly Lipschitz continous, bounded function ¢ with

PWrs s ym—1) = ElpWr- s ymots Ymo1 4 Btn) = Bltm-1)) 5 (U155 ym—1) ER™ L.

Furthermore, with G -Brownian motion we may define the conditional expectation, the stochastic
integral with respect to G -Brownian motion, and the corresponding 1t6’s formula (PENG (2008)).

2.2 From Discrete-time to Continuous-time

Given n € N, 0 < A < p < oo we consider R™*+1 _valued random vector as a discrete time
stochastic process in the canonical space €2, := R"! with elements w = (wp, ..., w,) € Qy,
in discrete time £ = 0,1,...,n with the canonical filtration G, = o(w;,0 < i < k), k =
0,...,n. We consider a set P(™ of probability measures such that each element P € P(") the
canonical process w forms a PP-martingale with wy = 0 and

A
D<lop—wpaP< s k=10 (2.10)
n n

The discrete analogue of the G -expectation representation (2.4) is defined by the sublinear expec-
tation R
E™(n) = sup EF(n) (2.11)

for any random variable 7 : Q,, — R such that 7 is G, -measurable and EF[5] < oo for every
Pepm,

We may extend from the discrete-time paths €2,, to the continuous paths Q = C([0,1],R)
by linear interpolation. Here for the sake of simplicity let us take 7" = 1. For a given w € €,
we define the linear interpolation

Ww(t,w) = (LntJ +1-— nt)wLmJ + (nt — LntJ)wLntHl; 0<t<1, (2.12)

where |x| is the maximum integer less than or equal to . Then & = {&(t,w),0 <t < 1}

takes values in Q = C([0,1],R) and G,, -measurable random variable. Note that &(k/n,w) =
wr, k=0,1,...,n, w € Q,. Thus we may define the sublinear expectation

BM(g) = EM (@) (2.13)

for any F7 -measurable random variable £ : Q = C([0,1],R) — R via (2.11).

5



What is the relationship between the discrete version E((-) and the continuous version E(-)
of the GG -expectations?

Let us assume that £ : Q@ = C([0,1],R) — R is a continuous function with polynomial
growth. It is shown by DOLINSKY, NUTZ & SONER (2012) that

lim I/F:(”)(f) = lim sup EF(¢) = supEF(¢) = IE({) (2.14)
n—oo n—oo ]P)E,F,(") PeP

This can be seen as a DONSKER-type result under the G -expectation.

2.3 Estimation Procedures for Bounds

Suppose that the observation wy, £k = 0,1,...,n is obtained in discrete-time points 0 = £y <
t1 <ty <---<t,=1with ty := k/n, k = 0,...,n. We know from (2.14) that for large n
the discrete analogue (2.11)-(2.13) of the sublinear expectation approximates the G -expectation
with volatility uncertainty [\, p] . From the observation w = (wy, . ..,wy) € €, , we may define
W(+) := W(-,w) asin (2.12). Let us consider the estimation problem of the interval [\, p] of the
G -expectation of volatility uncertainty. Since I@[(@(l))Q] = p and —E[—(@(l))Q] = \, the
estimation of these bounds [\, p] is essentially the estimation of the G -expectation.

It follows from (2.10) that the naive estimators of the lower and the upper bounds are

. B 2~ - ,
Ap 1= 12}3271(71 lwp —wr—1]7),  Pn : 12112{71(” |wr, — wr—1]%), (2.15)

respectively. _
Using these estimators ), , py, , given a function f, let us define the implied G -expectation
&n = 1n(0,0), (2.16)

for any Fj -measurable random variable ¢ of the form { = f(w(-)) for w € @ = C([0,1],R),
where u,,(t,x) is the non-linear backward heat equation

o, o,
Ot Ox?

with the terminal condition w,(1,2) = f(x) and
1
2

(t,x)—éW( (t,x))zO; (t,z) € [0,1] x R

G (z) = sup (azx); ze€R.

aE[Xm ﬁn}

Proposition. The estimators Xn , Pn in (2.15) satisfies that for every n € N we have

A< —EM[-X,] <EM[G,] <p, 2.17)
where E(™ is the sublinear expectation defined in (2.11). Assume that £ = f(w(-)), w €0 =
C(]0,1],R), where f is a Lipschitz continuous, bounded function. Then the estimator &, in
(2.16) satisfies

lim E™[E,] < E[¢], (2.18)
n—oo
for every JFr-measurable random variable ¢ of the form ¢ = f(w), where E is the G-

expectation in (2.4).
6



Proof. First it follows from (2.10) that under the probability measure P € P on Q, we have
for k=1,...,n A< n|w, —wr_1|> < p. Hence by the definition (2.15) we obtain

A<M <P <p, (2.19)
and also by taking the expectation under P € P(" we claim

< —E¥[—\,] = EP[ mi - 2 < EP — 2 = EP 5 < p.
AS-E'[-A] = E [13}33”(”@1@ wp—1[7)] <E [fgggn(n\wk wp—1[7)] = E"[pn] < p

Then taking the supremum over P € P we obtain (2.17).

To show (2.18), first we obtain G(-) > G(”)(-) from (2.19), and then apply the result (2.9)
with ¢(-) = f(-) and ¥(-) = 0 backward in time (cf. PENG (2008)) to obtain the inequality
&n < IAE[f] P-a.s. for every P € P(™) . Taking the supremum over P € P(™) and then limits, we
obtain N

lim E™[¢,] = lim sup EF[¢,] < E[¢],

n—oo n—o0 [P)G,P(n)

and conclude the proof of the proposition. U

This proposition implies that the naive estimate (2.16) of risk measure of the wealth { =
f(w(+)), in general, underestimates the risk E[¢] in the sense of (2.17)-(2.18). This type of prob-
lem often comes even in the classical statistical problem of estimating the support of random vari-
ables. Thus the natural question is how to improve the estimation of the lower and upper bounds
for the volatility uncertainty. There might be a good subset of the family P of probability
measures on {2, , so that the estimation procedure works well. Or is there stronger formulation to
resolve this problem?

Here are some other open problems.

o In this note we consider only volatility uncertainty for one-dimensional random variable (or one
asset). In general, we may consider multidimensional random variables with uncertainty for the
volatility as well as the return, i.e., the function G(-) in (2.2) is replaced by

1
G(p,A) = swp (S Trace(AQQ) + (p.a))5 (p,A) ERIXS(),  (220)
(¢:Q)€l

where T' is a bounded, closed subset of R? x R4*? and S(d) is the space of (d x d) square
matrix. The corresponding equation is

0

g:(t,x,y) — G(Dyo(t,z,y), D3v(t,z,y)) = 05 (t,2,y) € [0,00) x R x R?,
with Cauchy condition u(0,z,y) = ¢(z,y), (z,y) € R? x R? and the derivatives Dyv =
(Ov [ Oyi)i<i<d,» Dzv = (820/81:1-8%)1@750{ (see PENG (2010)). Suppose that some discrete
observation is given but I' is unknown. Is there some good estimation procedure for unknown I'
in (2.20)?

e The above statistical problems are for discrete time observation. Suppose that the observation
is continuously obtained. Is there a good way of combining filtering technique and optimization
technique under the GG -Brownian motion?
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1. Introduction 1/2

o MHET — X&) AR (volatility) DHEEX jump DIE
FEOMGHNTFEN I NEF THAEINTE D, EE LEETH D
micro- market noise DMFIETS B5E £ 72 noise & jump D[EIRHIZIFAE
TEHRIIB T LBREDHIROEFEICOVWTIEL s TY
720N,

o AR Tl noise DMMFIET 5 N TD realized volatility % &4 BELD
25 2T WA MHEE 2 DIGHE U T, jump DA EDMIEHT
FFEIZBI U T noise 23 5354 D misspecification DFZEEZ DWW THR
595,
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o EAARYIZIZ small-noise” DEREDEH &, Vv v T8 ) A4 AWGFEET S
LEIZB W T KM EOHHEMEE D, noise WFIELRWEE L
LU TED LS ITHEEZZITEN, LW T LIZDODVWTHRETS.

o EBUHERROFR 2B LT Ll DFERDZYMEIZDOWTHERS.
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o ¥ J'I% Realized volatility % A\ 7z quadratic variation (QV) DO#E5E
L TR S,

o ®ElTHLDT — 2 DBIHIMIMZ [0, T) &L, T 2[EET %
(5DBET=1L723).

Y(t7) = X(t7) + env(t) (i=1,...,n) (1)
ZIEZI t" € [0,1] 121 % (log-)price DELHMEE L, X(t) &
(Q, F, (Ft), P) LR @i

X(¢) = X(0) + /Otasst (0<s<1) 2)

£9%. ZI T B, |3FEHE Brown i##), micro-market noise v(t!") 1
X(t) LHMNT7R iid. DWHERERDD E[n] =0, E[v?] =1,
E[v}] =3+ Kka < 00. €x 1& nIZTHAFT B35 A — X DF.
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2.1 Effects of Noise on RV (Simple case) 2/7

e LR Tl micro-market noise 7% "small-noise” Bl % ¢, — 0 as n — oo
ThHdEREL, 7— X DB regular scheme (" —t" ; =1/n)
ThdET 5.

o ZM& ¥, realized volatility Z FHWNT QV 2#ETHZ %252 5.

Va(2) =) (A7Y)? (3)
i=1
=D (ATX)? +2e, ) (ATX)(Av) + 65y (Av)?  (4)
i=1 i=1 i=1
= () + )+ (1) (5)

TITATY = Y(t7) - Y(t",).
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2.1 Effects of Noise on RV (Simple case) 3/7
o FFIZ ne2 = c+ O(1/n) (c > 0) & L, volatility ZEARD & 5 1ZKE
T5. . .
atzao—i-/ u?ds—i—/ w?dB? (6)
0 0

ZZTB? & B £tHEA L1535 Brown EETH v, fliH D7 ug, w?

S

It bounded &3 %. T D& &, MK DMEBALIZAE S 5% D FEA &

UCTIRDFER %2155,
Lemma 1l
Fori=1,...,nand t7 ; <t < t],

t

t
0% — (i) = / o + (w)2)ds + / 20.2dBS ()
t

n n
i—1 tia

1 n
| o2as = 23S e a) + Op(1/n ®)
i=1
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Lemma 2
Fori=1,...,n we have

A7X = o(t1)(B(t]) — B(t1)) + Op(1/n)

- a(t,."_l)%z,- + 0p(1/n)

n

i=1 0

where Z; ~ N(0,1)

S - [ozas=23 [ 1~ Xl = ,0/vm) (10)
i=1 7t

(9)

Lemma 1, 2 ZHI\WT V,(2) DR ROZHZFM T & 25X 5.

Kurisu, D. and Kunitomo, N. Effects of Jump and Noise in HFD

8 /36



|
2.1 Effects of Noise on RV (Simple case) 5/7

Lemma 1,2 ZHHWT V,(2) 2 FE 7.
Va(2) = (1) + (1) + (///)

Zo—, L+ —= fza, (Z2 =) +0,(1/n)  (11)
(II) = \% [2\\//7; ;U,'lz,'(v,' — V,'fl) + Op(l/n) (12)
() :2c+\% x v/n [,17 ;(vi— V,1)2_2] (13)
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ZDrE,
Uon = %Za?_l 2 (14)
Uln—[fZJ,l —1] (15)
1 |2yc
Usp = 7 [\C Zai—lzi(vi — Vi—l)] (16)
U3,,—f><f[ ;( —vj_1)? —2] (17)

LB, U D [ o2ds+2c THY, U, Usy, Usy DEITE T 5
ZE TIRDEHZGD.
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Theorem 1

Small-noise DAED F, Uy = [) o2ds +2c £ 5 &,

Vi(Va(2) = Up) B U = Uy + U + Us (18)

ZZT U (i =1,2,3) & F-conditionally mutually independent Gaussian
r.v. with zero mean and variance

E[U2|F] = [2 + ka] [} otds,

E[U3|F] = 8¢ [, o2ds,

E[UZ|F] = [12 + 4r4]c?
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RIT jump Z2ABLEHEEF R 572017 X(t) IZLA R D Ito-semimartingale
RS LT 5.

X(t)—X(O)—i—/Otp,sds—i—/otasst (19)

Z 2T (s, x) 1 predictable function, p(-) (X jump measure, v(-) I& p D
compensator (_EFID&ILIL Jacod and Protter (2012, Section 2) (25D
). 2D, & Theorem 1 1IZ&1F 5 U; (i=0,1) ZZNFIRD KD IZ725.
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1
Uo :/ olds+ Y (AX)?+2c (20)
0 0<s<1
1
E[U?|F] =2+ m]/ otds +4 Z o2(AX)? (21)
0 0<s<1

Z Z T Uy & F-conditionally mutually independent r.v. with zero mean.
T oI v IR UTIESMZIRE T S L, Uy 1X F-conditionally Gaussian

r.v. with zero mean TH 0,

1
E[U2|F] = 8¢ / o2ds+ Y (AX)? (22)
0 0<s<1
PAEDFERIZ jump 12T 2IHZ RS & Theorem 1 & —(3 5.
13 /36
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e Noise #% small noise TH 5 & ZITIX, V,(p) FFIT V,(4) Dl iy 732
BHIZOWTEFARDE LN TE D,

n

Va(4) =) (A7Y) (23)
i=1
= zn:(A,"x)“ + 4ep En:(A,-”X ) (Av)
i=1 i=1
+ 662 Zn:(A,f’X)Q(AV;)z +4él zn:(A,-”X )(Av;)?
i=1 i=1
+ 6 zn:(AVi)4
i=1

@ Micro-market noise I& small-noise ne2 = c + O(1/n) TH 5 L7 5.
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V,(4) DEGERIEE Z2FARDIZHT20, V,(2) DL & & RRRICHERBFED
BESULIZPE S B 2 5T d 5 M ED D 5. PUF Offi#EI% semimartingale
AT B REDOARNEH VD Z L THLOND.

Lemma 3

X (19) ITfES & &, ERDIEDEK p > 21T U T FAEH D LD,
> (X = Xen )P = D (AX)P (24)
i=1 0<s<1

n tn
i _ —1 _
=3 [ / P(Xem — Xer )P 1dXs + ”(”2 )Xo — X PP2d[Xe. XoJ°
i=1 L/t~

+ Z Z ZPCJ(XS— - Xt,-’Ll)pij(AXS)j = Op(1/+/n)

i=1tP  <s<t] j=2

T 2T [Xs, Xs]€ & X D 2 IRE 5y D ik 43
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Lemma 3 ZH\W\WT

Vn(4) - Z (AX5)4 = Uln + U2n + U3n + U4n + U5n

where 0<s<1
n

Un = Y (ATX)* = Y (AX)*

i=1 0<s<1
Uzn = 4€n Y _(ATX)*(AVi), Usp =6€2 > (A7X)*(Av;)?
i=1 i=1
n n
Usp = 4-6?7 Z(A?X)(Avi)?), Usn = 6?1 Z(AVI')4
i=1 i=1

DEIFAEFUIT 5 2, Uy = Usy = Op(1//0), Usp = Usn = Op(1/n),
Usn = Op(1/ny/n) 720, IRODIEFL %135,
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3. Effects of Noise on V,(4) 4/6

Theorem 2

Vi(Va(4) = Up) B U = Uy + Us (25)

Ui, Us I& F-conditionally mutually independent r.v. with zero mean with
E[UZ|F] =16 gcscq 02 (AXS)®,

E[U3|F] = 32¢ 301 (AX)°.

FHZ v (ITIERE 2 € 3 10X Uy 1 F-conditionally Gaussian r.v. with

Zero mean.
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3. Effects of Noise on V,(4) 5/6

% 7= X % diffusion type TH 5 & 121X Uj, = Op(1/v/n) (j = 1,2,3,4,5)
LY, ANIZRT L5 V, ()@%ﬁﬁﬁi@% %5,

Remark
X ¥ continuous Ito-semimartigale T % & &, V,(4) = >0 |ATY|4,
Us(4) = mq [} otds + 12¢ [} o2ds + cE[(Av)*] £ T 5.
ZDEx,
Vn(nV,(4) — Us(4)) (26)
RO U (4) = UZ(4)+ UL (8)+ U3 (8)+ UL (4)+ Ui (4)

) VSHEHE E DD kIRE— A VB,
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3. Effects of Noise on V,(4) 6/6

Z 2T Ur(4) (i=1,2,3,4,5) I& F-conditionally mutually independent
Gaussian r.v. with zero mean and

1
E[U; (4)21F] = (mg — m) /O oSds (27)
E[U3(4)?|F] = 480c / 1 o%ds (28)
0
1
E[U§(4)2|]-"] = 72c2[(m4 — m%)Var(Av)2 + 4E[vf]m§]/ a;‘ds (29)
0

E[US (4)2]F] = 16c3Var[(Av)?] / ' o2ds (30)
0

E[Us (4)|F] = c*Var[(Av)*] (31)
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4. Effects of Noise on Jump Test 1/5

@ Jump test in Ait-Saharia and Jacod (2009)
Ait-Saharia and Jacod (2009) T, @Rzl &

i=1

[n/k]
L (( -3 A,ﬁxw) @

EHWCHEBEBI S N2 T — &2 5 jump OEMZIMRE T 5 HIEIHRE
INTV5.

Y ={w:s— X(w) H*[0,1] ETAMS:}
Q° ={w:s Xs(w) »¥[0,1] ETaifE }
LT,
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4. Effects of Noise on Jump Test 2/5

Proposition (Ait-Saharia and Jacod (2009))
(i) In the restriction to the set ,

sta 8 2(AX;)®
Vn(Sa(4,2) — 1) 22 N [ o, Zosgsz1 %5l 5)2 (33)
(Cozeca(X)?)
(ii) In the restriction to the set Q°,
160 [ 08d
V/n(Sh(4,2) — 2) B N o,lfof’ss2 (34)
3(Jo otds)

(i), (i) ZHWT, IR Ho: jump AV, Hy: jump fEL (ZxfL TN
TNMENFITTE S,
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4. Effects of Noise on Jump Test 3/5

e Ait-Saharia and Jacod (2009) THZE X7z jump DMIERHGHED
noise IZ LK B EBAAND. ZD-d, LFTOMFIEE2EZ 5.

[n/k] n
Walp, k) = v/n | Y IATY (k)P = > |ATY (1) (35)
i=1 i=1

ZIZTAMY(k) = (Xika, — Xii—1)ka,) + €n(Vika, = ii—1)ka,): Vika,
(X iid. noise, A, =1/n. TD& &, Lemma 3 & {RD Theorem 3 D
EENPSIROEHZE5.
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4. Effects of Noise on Jump Test 4/5

Theorem 3
X % lto-semimartingale X U, p >3, k>2 & 9%, ZD& Z, small noise

nD E[V8] < co DIED T,
stably
Wh(p, k) — U= U1+ Us (36)

Z ZT U (i = 1,2) I% F-conditionally mutually independent Gaussian r.v.

with zero mean and
E[UZ|F] = p?(k = 1) Y gcecy 02(AX5)2P7D),
E[U3|F] = 2¢p?(k — 1) Zogsgl(AXs)2(p_l)-

23 / 36
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4. Effects of Noise on Jump Test 5/5

o LLLD#RIE c =0&3 5 & Ait-Saharia and Jacod (2009) DFEHR &
—%95.

o X 7% diffuion type D & & HilA A HVEIT 5 A%, Theorem 2 D
Remark Tk X7z K S IZHERITEMIT 5.

@ Theorem 3 £V, S,(p, k) = Vio(p, k)/Va(p,1) £ 9B LIRDR%E
%5,

Corollary 4

X % lto-semimaritgale ¥ 3% &, Theorem 3 DIKED K, p=4, k=2 &
UTCTLATREGD LD,

Ui+ U

V[Sa(p, k) — 1] 2% s = o
0

ZZT U (i=0,1,2) I Theorem 2 TEHIN7H D.
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5. Simulation

o DU DR & BUHERIZ X D DD B
o T 5,(4,2) NEDE ST noise DEBEZILHEMNT 3.

@ Theoreml, 2, Corollary 4 IZX L TWL DNDGEIZHBIT 5
simulation #&5H % fH /T
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5. Simulation

X IZBLF D data generating process (Z7E > TH K.

(Case 1) dX; = 0:dB;
(Case 2) dX; = 0:dB; + dJP
(Case 3) dX; = 0,dB; + dJ?
do? = k(o — 02)dt + 0+dB?
B;: Brownian motion,
JEP: compound Poisson (A(intensity) = 10, jump size= N(0,5)),

Jts: (B-stable process with g =1,
k=5 a=02, p=E[dBdBJ] = —0.5.
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5. Simulation

noise DG # % L2 7= DIZLL FDGEIZDWT jump test &£ D % L4
LM% RS

Xo: Diffusion 4+ Poisson jump, Xi: Diffusion,

Yo: Diffusion + Poisson jump + ¢y, Yi: Diffusion + €q,
Vo: Diffusion + Poisson jump + €1, Vi: Diffusion + €1,
Wo: Diffusion 4+ Poisson jump + €5, Wji: Diffusion + €

where

eo ~ N(0,0.05) (large noise),

€1~ A},/2N(O, 1) (type-1 small noise),
€ ~ A},MN(O, 1) (type-2 small noise)
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5.1 Effects of Noise on S,(4,2) (Case 1)

Y1
-
o
-
o™ o
z © z
& B
5 i 5
[=] [=] [=1
o
= =
e b T T T T T 1
70 65 B0 55 50 45
w1
e @
S o
= = =
2 = .
(=] o [m] o
o
e Q =]
= = e

75 10 65 -60 55

Figure: Effect of noise for CLT (diffusion)
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5.1 Effects of Noise on S,(4,2)(Case 2)

0.030

Density

Density
0.015

00 01 02 03 04

0.000

Vo wo

Density

00 01 02 03 04

Density
0.00 0.0z

Figure: Effect of noise for CLT (jump)
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5.2 Theorem 1 (Case 1)

A, =1/1000, ¢ =100, ¥ X 2 L — =3 »[A[# 1000 [A]

No correction(c=100) Corrected(c=100)
_ g _
& = |
o T (=]
(18]
|
— [=]
& o
GIJ — o
2
— g —
g .l
2 | N a | !
2 T T T T T 1 < T T T T 1
15000 25000 35000 4 -2 0 2 4

Figure: Effect of noise for CLT (diffusion)
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5.2 Theorem 1 (Case 2)

A, =1/1000, ¢ =100, ¥ X 2 L — =3 »[A[# 1000 [A]

No correction(c=100) Corrected(c=100)
= o
o o
o
! <
L= o
= = 2 4
@ w | w ©
= 5 o
o 4 O o
= —
_ o
o
8 J . -
(=] o
o [ T T T T T 1 [ T T T 1

0 2000 6000 10000 -4 -2 0 2 4

Figure: Effect of noise for CLT (jump)
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5.2 Theorem 2, Corollary 4 (Case 2)

A, =1/5000, c =10, ¥ I 2 L — 3 »[A[%{ 1000 [7]

No correction(thm2) Corrected{thm2)
- —
- - =
= =
E ] ™ — &
B MTH 2
P il - a g
11 [ T ——— =
T T T T 1 = I T T T l
1.0 0.5 0.0 05 1.0 4 2 0 2 4
No correction(cor4)
=T
(=]
b s
Z Z
A 5
(=] (=] (=]
(=]
(=]
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5.2 Theorem 2, Corollary 4 (Case 3)

A, =1/5000, c =1, ¥ ab—¥ 3 »EE1000 [F

No correction(thmz2) Corrected(thm2)
@ S
w
= =
E - E S
[m] [m]
(]
(=}
e T T T ] S T T T ]
0.2 0.0 0.2 04 5 0 5 10

086

Density
Density
0.4

0.2

0.0

4 -2 0 2 4
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N
5.3 Remarks

e ¢ (large noise), €2 (type-2 small noise) D — ATl noise A< LY
(2720, WRER R BUE R D VL7,

o Diffusion case Tl LI/ NEARTH > TH WL DBV T Z 5
Z % (Theorem 1).

e Jump &L — ATl diffusion case LKL T D EZL DT —X
BN 72 % (Theorem 2, Corollary 4).

o Jump DHEEIZEIL T, finite activity & U % infinite activity D A% &
D% < DT —XWBE (Theorem 2, Corollary 4).
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6. Conclusion

AFZETIX, BSEE T — X OB 5 jump & noise DFEEEFHNS /-
®HIZ "small-noise” DE%ED KT, realized volatility Z & LD 7 5 A
TH 5 Vop, k) DEHREHAIMEE ZH S 2 U7z,
EBMEFERIZE D, IFDZ DR TE 72

o Vi(p, k) Z W= HEZD QV DHEE X jump DIBETLIE noise DA HE

ZIEFITHBETH 5.
o S EPEH U 7= Wi MBI ELII/INEAR T & > TH WL A D KW
EE 52 %,

S DFRE 2 L TIX, Bipower variation, Joint jump test (249 252 etc.
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XL I (1)

m%$®U—?VV377Kﬁ%§ﬂ%i5&ﬁﬁﬁ&é@ﬁ%
XT3 ) A VEMFIEOMENIL  2INTED, ML
FRVEMEEE EDO LI ICET MBI OO T 20 0wH 2
EICHEHDPEE 2,

SBREMERRIRT 12 3 1) % 15 D WA R

1. 2D K72 EEEMG O T (BETIRY v v 7 L IER)

2. ZD &) Yy 7Bb o THEUNYS S L CIEHEICE
\F % T DR X MERE

D2OTH%, WAL, LRSI ZVE ) ZKRIEEE

FEAMIfE D T %% rare event & L CTIEZ., FN%2 P v v 7T EMAT
W5DTH 5,

SHOFELTIE, TD22DMEND AL I EDTELET IV
ELT, MERB/RD Y 7 AD 12THh % LM (point process) €
TIURREL ZNZ MO FEEa 2119,



XL B (2)

RBMREETVICEOLTROPMMAETVIER T Y VIEEETH D,
Z D& YRR L7 b @D & L T Self-Exciting Model 5
Mutually-Exciting Model 234 %,

ZN50EFIVIEO P S o, el EDeRfG
FRCBITA2HEEEZ ) ECHDIALZ LT 2[R H 5 L%
Abib,

Z 2 TIE, RUERE TV 2 A 2 PRSI O KRBEGR O o bt
ZMNd %,
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SHDOFRIIKEL 4012005,

el A

RBEBETLVE LI T =52y FDOFHH
ETNVDT7 4y b

Seb A E R % JLMEIZ L 72 Causality Analysis

HRBR T35S BT 215K D T2 v v 7 (rare event)y DTl
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1 XD KA DFHS  Hawkes Process

F9. 1 RICOGEEDRBERDOH £ L T 1 XILD Hawkes Process
SHE T 5,

P(N(t+A) = N(t) =1|F) =AOA +o(A)

P(N(t+ A) = N(t) > 1|F) =o(4)

TITABIREREL, ANt) ZUTOXIITED 5,
t
At) = A+ / ae PN (s)
0

X51C. A = AHFR) = 1imM0E[<t++|f] N ES
DY vV TDEEDBIRDY ¥ v T E %R %ﬁ%ﬁxfm
32 Ehbinrd
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% RILD WIBE D E #
T m BT, RiZlt £ TOY v v 70 REME % X 2 il EiE
FECTH 2 B N, (1) (m=1,2,3) ZFEmIZOVTUTD X

ICEET 5,
P(Np(t+A) = Np(t) = 11F) = An(H)A +0(A)

P(Np(t +A) = Npu(t) > 1) = o(A)
T

3 t
/\m(t) = )\m + Z/ ozmﬂCm,z-(Xi)e_ﬁ(t_s)d]\f@-(s)
=170

22Ty Ame Qi BIEERTH D, Cpa() 13V ¥ — > OBIKT
HHAVRT FPEEEIENS,

BIZIE Cpi =1 £ % ELRILD Hawkes Process & 755,
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\“

KIGRIERE D L EERI B D i 2

1 RILDEED analogy & LT, ZRIuD e D SO0 R %L
2N THZ %,

T
Z{ / t)dt + /O 108 A (£)d N ()}

QLI NNTA—F—DR7 MLT, TREBRIEN:TFT—FICBITA
RBEDIRZ 2R T,

FHBORER N, (1) 1 X 2RERRY X, EROARZ T, X
0, T ICEWTHRAZEHTHL I LDPOENAR—F « AT 4 VF =
ARG E LCRHECE 3, FBHICIE (¥ Y 7, SR E LIC
RLADLDE LI LTk S,

51



RICRGERR I BT D Lk

G RICIMBIRIZE T 537 2 =5 —#EE IR ALV HEARTH 5,
1 RIGDEEIZBI L Tld Ogata(1978) 12 MLE & —Zi: i ik
BOEHDH b, @ OWHEHEREATE %,

L L. ZRIGOHAITIE—RNICZNS ZR L2 b DIF 7R,

AE@‘ﬁme%%TwL%DTM MLE O—Z0H: 13 sz L
IZH D52 T 2 L TREEE 7 & OWnLHEwm D AL
?%o

HARIITIZZ RIGICE T % Ogata(1978) D IEHIG 2 kE L, +
NS AT LT R Z2IRET % (my # ma).

E[(Nm1 (t+ A) m1 (t))(Nmz(t_'_ A) ( ))|ft]
E[(Nomy (t + A) = Ny (8))|F2] - E[( mQ(tJrA) ms (1)) F]

51



RICKIBFRIT BT % WL

DU ROt B OHEE T & 7 2588 % 3 211 %,

EE1 BAREERO—IKK
RAHEER O 13T — 00 & L72 & Z Oy ITHERIUKRT 2,

EE2 HuMBREE

Lr(0p) ZED/RF X —5 — 0y T L 7 SHECCERI S L §5 &
== % L) 43 N (0, E[A(0,1)A(0,1)]) I TR T 5,

b,

A(0,1)=-320 o1 mm Lt + D=t o1 wéno(t) ﬁ(t)devt
TH25,

51



RGBT 2006 (Bl X)

EE3 BAREEOIENHEAEL
VT(0 —6y) — N(0,B~'AB™)

%8 A= B[AO0,1)A0,1)].B = E[304-] ThH 5,

Fro, R EDOZM
E[(Nomy (4 A) = Nipny (8)) (N (E + A) = Nimy ()| 7] =
E[(Nomy (t + A) = Ny (8)|Ft] - E[(Nons (8 + A) = Niny (1)) | 1]

ZA=BELDINEMED—DTHD. ZDb & THEDOLER
MEIEHATE %,
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Model Fitting
BB 3 DDHRRIBEIC B 1 22 v v 7O % %Xt it E

T X o TETIALL., AICIHEHEIZ X > TETILEIRZLT I,
ETNTHA VIE N, (t) DIBEEZLSL I LICLHS>TTES,

BARIIZIE 3RICET NV EZEZ, ROV DA )7 B OB
PR Z1T9,

RIENEE TIOVICH AL TG OEUTIET 5, LAT D Intensity
X B SIEIC 1 2RIG, 2 RI0, 3RILDEEZEZ T 5,
t
Am(t) = A + / W Con (X)) e P dN,,, (s)
0

2 t
Am(t) =Am+ Y /0 W iComi(Xi)e PE3) AN, ()
=1

3 t
Amt) =Am+ > /O i Crmi(Xi)e P9 AN, (s)
=1
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A 87 FEB O E LT,
Crmi(X) =1, X, Xmi (0< Cpi <1)DI3DDT—RA%HZ2 5
ZELETR, B XYYy IV A XTH B,

AICHMEIC X o TR ET V2B IR L 28I, ZOETFLZH

T Causality Analysis 8 & O EERIC X 2 PHIOKKEZ 5
ABZEET R,
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FT—4%+t v kDA

HA, KE, EED 3 >0&RiSGIcE T, 2hthz{E&T
% &) AR ZE X 5,

BARRICIZ, HfE 225, S & P500, FTSE100 D 3fEEECTH 5, &%
FEERIS DWW T daily return 2% 2, 4 [RIE, negative return 27317
NRET 5,

H % M % KR D negative daily return IZX L CEET 5, 15
miZBWVWT, Bz A2 tz2HiGmick8lls TPy 7)) L
EFEL., ZDHAE negative daily return Z3HTICH VW% 7 —4 &
T 5,

DT, HAZME 1. KEZ TS 2, EEEZTHE3 LS L
129 5%,
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FT—4%+t v kDA

T —% & LT, HAD 3FEEITOWT19904E 1 H2 H2 6
20154 8 H 26 H £ T 6691 Hr D daily data Z V> % (Yahoo
Finance & D Hf3),

t HH T® daiy return DEEZ U TD X )17 3,

(t HEHDO#MH) — (t HHO#HE)
(t HHD1R1H)

TR, OHGIEHC TV 20, H2HHIEHVTHRVLHDH
L2845, ZOHDYEETTETO daily return 120 & LTHEZ 5,

F 7o, RiEOREIIEREY T, HUHMTHIUIETE & b FIR
WHB| ZfT>o T3 ET 3,
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[l D EE

BIEDFEICKE L T, HIADIED negative return 2V TE X
%, WD THATO ) RILZ MR A 2 & 5 A BifEE e
L 72\,

return DEFDORKE I L > T TN Tw3 ) REZIEZ S Z L
& L. negative return DXz % 2 %,

SEDOFHICE T, &y e bEIEIZ 0.02 ICREL. ZNZE
NDHHITE T negative daily return 28 Z D & D /NS W&
W &7 DRELLEEZDLZLEET S,

ZNFNOHEGTOY v v 73, HATIZ 326 ], KETIX 218

I, EETIE212FH YD, 3THHDOFRKEDY v > 7% 13 [H]T
Hol,
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A LHERE DGR

1 RIET Coa(X) = 1 DEADIRAHEE DFER% DU FI0R T,

ifi%; | Log Likelihood AlC a B A

HA -1223.977 2453.954 | 0.03436384 | 0.05138892 | 0.01620106
KRIE -841.0083 1688.0166 | 0.026352273 | 0.032767337 | 0.006454535
S -822.963 1651.926 | 0.035424863 | 0.046252389 | 0.007467518

LRIGT Ci(X) = X DA DRAMEDREREZ LTSRS,

ili%; | Log Likelihood AIC « B A
HA -1221.312 2448.624 1.12737806 | 0.05197126 | 0.01736689
KE -839.9651 1685.9302 | 0.851603473 | 0.032506289 | 0.007314026
3 -822.9651 1651.9302 | 1.21743874 | 0.048733979 | 0.008416301

1 RIGT Cppi(X) = Xomi DG DIRAHEE DGR Z DA FIZR T,

ili%; | Log Likelihood AIC a B A

HA -1221.033 2450.066 0.5457783 0.05192993 | 0.01695144 | 0.78733141
KIE -839.4549 1686.9098 | 0.27214672 | 0.032683782 | 0.006920712 | 0.665727874
HEE -822.2781 1652.5562 | 0.237772734 | 0.047789561 | 0.007911337 | 0.532541432

2KIET Ci(X) = 1 DA DRAHEC DFERZ LUT ISR,

ili; | Log Likelihood AIC an Qs Qg . B A\ A2
EES -2106.612 4227.224 | 0.032491667 | 0.008489694 | 0.013958546 | 0.018329762 | 0.051481148 | 0.012679105 | 0.007798501
EE3 -2090.862 4195.724 | 0.034955319 | 0.008049622 | 0.016041366 | 0.017771423 | 0.056426344 | 0.014085228 | 0.007878567
KB -1648.446 3310.892 | 0.023645859 | 0.017171343 | 0.017393812 | 0.024254896 | 0.051492015 | 0.007116251 | 0.005814737
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A LHERE DGR

2RIGT Cpi(X) = XOmi DA DRAHMEE DRERZ UTITR T,

Tog Likelihood | AIC an 5 an o o x % o i N oy
-2058.485 4138.97 | 0.2804018 | 0.04495949 [ 0.2153843 [ 0.0000000281: 0.3037283 | 0.01311897 | 0.008039725 | 0.6455516 0.9927791 0.9886552 0.6189034
-2042.336 4106.672 | 0.1261768 | 0.04982152 | 0.005788145 | 0. 0.04439157 | 0.01415417 | 0.007715713 | 0.3897289 | 0.0000001881301 0.3475653 0.04771773
1650345 | 332260 | 0.06841466 | 0.05000657 | 001789549 | 002023358 | 0.02181179 | 0.007162041 | 0.00579299 | 0.2234785 | 0.000002482735 | 0 0

2KIET Cpi(X) = X DG B ORAHMELE DKEREZ DL TR T,

11i% | Log Likelihood AIC agy gy Qg1 Qg il A Ao

HX -2059.784 4133.568 | 0.9191201 0.2011328 | 0.000002090301 1.095524 0.4356791 0.01374505 | 0.008380763
EES -2041.338 4096.676 1.113517 0.2181885 | 0.000000235527 1.332249 0.05407480 | 0.01531142 | 0.008750348
R -1649.065 3312.13 | 0.717090219 | 0.622531484 | 0.665100128 0.702675068 | 0.051970838 | 0.008115698 | 0.006741501




A LHERE DGR

3RIET Cot(X) = 1 DB DIRAMEE DFERA DL F ISR T,

i3] Log Likelihood AlC aiy a1y a3 o1 g 3
EESS -2873.707 5773.414 | 0.03494467 | 0.00997911 | 0.000695051 | 0.000000003391512 | 0.02517662 | 0.01931174
Qs [ a3 B A A2 A3

0.000000006613519 | 0.02307102 | 0.02309372 | 0.05638844 | 0.01261261 0.007471421 0.00565408

3RILT Cpi(X) = X DBEDORAHEE DRERZ NIRRT,

i) Log Likelihood AIC an o a3 ) Qg Qg3
EESS -2872.637 5771.274 1.12534 0.3010446 | 0.001314446 | 0.0000007845216 | 0.7543096 | 0.682119
(5 [ a3z B A A2 A3

0.0000001558291 | 0.7669669 | 0.7212312 | 0.05600671 | 0.01465875 0.008345238 0.006557638

3RICT Cpi(X) = Xmi DA DIRAHEE DFGERELLTITR T,

ili%; | Log Likelihood AIC ay gy a3 ) Qg Qg3
EESS -2869.357 5782.714 | 0.1215351 | 0.2915931 | 0.04147686 | 4.27682E-08 | 0.1148787 0.2305131
as asp ass 8 At A2 A3 c11
2.50647E-06 | 0.246322 | 0.02160597 | 0.05632616 | 0.01336187 | 0.007837616 | 0.005915225 | 0.3568761
C1,2 €13 €2,1 €2,2 €2,3 €31 €3,2 ‘ €33
0.9853837 0.9999954 | 0.9769868 | 0.4432387 | 0.692316 0.9999983 0.6511724 | 0.007946657
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Pl EDHEERE D & AICHIETHIE L 72556, Cpi(X) = X
PibOEWI EILR S,

B 7 impact function Z#EH T 254 L, FiflikE TV 2HEH T
GG ET, ETNELTORIBEDLS W EDRBINS,
B, 1RITL2RICDEEICOVTH ZOHEENIRBING,

F7o, agg M a1 1201Ch R DEL, HETHOY » v 75K
KTG~NDY v v S5 2 5B 0 EDRRBINT 05,
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Causality Analysis

FlF EfT o HEEICB VT, HATETOY v ¥ 7Kg T

DXV TDRAH AL E R LG Z 102 EDRBI N,

Z 7T, RA0,T) £ETOT—FE 2 6Nl b EDOWKIHIC
BT, fERUIOTY ¥ v 7 E % 5 & PRIlTER % JLHE I
LT, causality analysis ##% 2 %,

HHEIRFEC 31 % Causality Z% Z 7z, Florens J.P. and D.
Fougere(1996) 2% 6->TC (7 77%) bz EZ %,
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Causality Analysis

T (m = 2,3) %250 m ICB VL THA T DI TS v v 7H
EELRZITH S LT3,

Fr. Frup Sk T Kt ETolisi & L0l oz
Ky iva,

HAMS DY ¥ v 7OfEH, KT 5P v v 7O5%AM
& PHIERICE L2 RIFI W L2 RXD LI ICERET 3,
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T
Pt 2 TVF) = expl= [ An(slFi)ds)

P(ry > T|Ft) = Elr,, >1|F]
EB I ED5,

P(tim 2 T|Fy (1,2,3) = Pt = T|F (2,3))

Bl >mFea.23)] = Ellm, > F,2.3)]

#EZZ0UI L, SOHERZ TR 0y =0
ThdEEZ6NS, RIZCZDFEMEEZLELZRHCTHREL X9,
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Causality Analysis

‘)‘%ﬁﬂi%ﬁ:a;l =0 Ot3,1 =0 %jigth*ﬁﬁfﬁﬁ%j—%o

RDAZA FOFFRAFIRICK D, BEhiaHRIZ
2 x (2872.632 —2872.637) ~ 0 TH H . HHE2 DA A ZFHHD
EA95 /8 —+2 > b R 10.5966 72 %> & JHEERELIE FEH X A1z o,

L7z T, HATSDOY ¥ v 7OENRWKTISEDOY ¥ v 71
WELEZLVWIEBEZILNS,
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HFI D b & TORAMEE DG H

3RILT Cppi(X) = X IS0 =0 a13=0Db LT
DI HEE DGR %2 DL ISR T,

11185 | Log Likelihood AlC a1y a2 a3 a1 g o3
EESS -2877.519 5777.038 | 1.179661 null null 6.11759E-08 | 0.7755849 | 0.6434333
sy s a3 8 A Ao A3
5.85979E-08 | 0.7448034 | 0.7136607 | 0.05474386 | 0.01768599 | 0.008138487 | 0.006595461

3 7[]’(“077”( )ZX?b’“)’J’ﬂa’,mﬂiiﬁazl—O 0431—00)2{) & T
DI HEE DAGF 2 LT ITR T,

i Log Likelihood AIC aqy alg a3 gy g a3
EESS -2872.632 5767.264 | 1.138196 | 0.3116197 | 0.00001283367 null 0.7630126 | 0.6886259
aszy Qo agzs 8 A A2 A3
null 0.7730794 | 0.7282002 | 0.05653087 0.0144764 0.008366399 | 0.006657181
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ES R il

REOMEEREENEFTOTFT—Fy b2HWT, £R5CEBWT
PR » v 705 & BHEREZ KDL Z LB TE S,

DFEDRH0DS T EFTOT—% & Z2UH D AHEE B
SN E, (T,T) DRENCHID TS * v 7T O3 F 2 504 FhfER
HRRINTEITRD L ZENTE S,

RABRET IV E OGN SR & LT, BREZ TR
WCHEE L7z & ZICZDH%Z BN L) A RV FDPR0OfEE 3
My LI EIRTFHMEEZL I LENTE S,

A BOEEE N, O F, Db & TORMMNEMERZEZ L9, KHIH
W [T, T'] TOFEoHEE N, P first arrival time 7 DA

Pr(t > T'|Fr) = exp(— fT m(t|Fr)dt) TH 5,
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ESEER gl
(i)

L7hio T, (T,T] DRICHID TS v o 7HE ¥ 2 Sefh 1 S fig

i
Pr(r <T'|Fr)=1—exp(— hﬁ m(t|Fr)dt)
b,

ZNTRMUTD 3 20EHIcB T, 20100 HE Tl T
CX TR EIMEREHEL, ETFNLOFHNEHERL TH
ck:)o

1. HiyEE LT 3R (2005 4F 8 H 31 H)
2. HiGDSiau T 2181 (2015 4E 8 H 26 H)
3. Y=~ ay ZEHA (2008 49 H 12 H)
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ESEER gl
(i)

FHEICH W B Intensity 12DV, impact function X C(X) = X
2R, 3G, 2KIT, 1 RILD 3 DDETNZER S,

KEM, HEMSICEL TR, MToXHic7ay F§3,
1. HX%Eo 318 (4R)

2. KD 21 ()

3. kD L IRED 1T (k)
HATSICBL TE, BTokHic7my F$ 3,

1. HXEo 318 (4R)

. HXo 2185 (B)

. H¥ED 2185 ()

. Ho 1185 (%)

B W N
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BfEZz 2% &% &, TGP Tw I & 25E LT 5 I
ETHRMN SHERDEIIRE CE) 2 bbb o,

LU, KBS & GEIFRER & 3H £ ) XalanTw»
TWEIICHRZASE, 20, HARWE MO 2 i1 iR T
volatile Z D TEIHDKEIME WL I ICTH R Z 200 Lz,

Z ZCHiEZ 3 %ITERE L. Skl E LR URIICH U €7 258
HLTH%,

B, BiE3%2BAA2F =130 1987 EDT 5 v 7
RUT=DT =7 WY IAATREDHEEZIT I .
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T—=I Y0l 2 % DG LTS 5,

D 2 % DHEIC IS, T ORIUICIE L TRAEA S HER DT
BEICRATET 700, i85 ) A 7 EROIGMICHTH
CEHRBEND,

FRHCZERE A, (m =1,2,3) D 1T RBIBD & 9 R E %2 57
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LR ICR AT 7V %2 W T
1. Causality Analysis
2. FkoY v v 7O M
ZiTo7,
(1) (B L Cid, M R HRE I & 2 Tt 1ok <L R
ZERMNICHETE 2 THE2EAL I ENEENS,

(2 IBIL TR, vy 7OIRAEREI L) HFROATH H
LBEDFMNTE L Z EBbhroT,

intensity D7 A VEIIPIIT) TETEDRVETLVEZE RS
ZENHEETH D, EHEMAR EOIEHIEICRE 1) S A TS
KeeT) vy IO AREE LEbN S,
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AEERIROM & HFE -

ES1
HEE A - 5230.2599 687.1264 5126.0609
PRUERR - 1170.6525 188.7263 1436.2081
t #iata - 4.4678 3.6409 3.5692
p fE - 0.0000 0.0003 0.0004
HAR
HEEE 0.002 0.274 0.5077 0.1012
FEAERR 0.000 0.020 0.0317 0.0276
t #intE 6.061 13.738 16.0186 3.6624
p A 0.000 0.000 0.0000 0.0003
AR1
HEEAH 0.004 0.668 - -
PEHERR 0.000 0.012 - -
' t #iata 19.637 53.905 - -
p {[ﬁ 0.000 0.000 RIS D SR T T 4 U T 1 Tl - p.15/29
HEEM RO : KDDI
ESH1
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t MiGHE 11.549 76.664 - -
P ,fﬁ 0.000 0.000 RBELIEICEDSRT T« ) T« Till - p.16/29



TR R

ED XS IEHlBIE 2 € 3 % M HEamSMKFET %
RENE TR 5B 2 R TE 5L LT,
Patton (2001) 1275 5 5 C/85 X—& b ZHEDLIF D
P B AT B

O —r1v+rv-log(rv/o), forb=—1
L(rv,0,b) =< 2 —log™ —1, forb= -2

1 b+2  Ab+2 1 sbtl N
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IS L TV 5.
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ARAERHENCDWVT (2)

o AWIFETIE, be {1,0,—1,-2} LW\ 5 4 HFHOEZ
AW 5.

o HIROFTE I NIZRAEEOEE, 7~ T,
T NATY T IVEDE T 225 8 b OHEE T
RN 8% 30 & Fiho 4 FiFED v AR T8
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o FERAHANCH A C L3 FE DICEMGRD T, e
B DMED R U Tfa &2 1 9 > IVl
(£ LT MATH T ILFHI(FEKA0) LICE L&D
Th5.

I RFEIC D KR T T 0 VT o« Tl - p.19/29

%0 HEEEH (b=1,0,—1,—2) OEAHEE (in-sample)

b=1 ESO ES1 HAR AR1

£y 0.0186 0.0185 0.0185 0.0205
RKE 0.8704 0.9900 0.9717 0.9674
EERE 0.0830 0.0827 0.0836 0.0925
EE 5.7047 5.9336 5.9975 5.8805
RE 38.3773 43.4167 44.1103 40.9770
AL 3519 3519 3519 3519
b=0 ESO ES1 HAR ARI1

R3] 0.0106 0.0101 0.0101 0.0115
RAE 0.9818 0.9703 0.9486 0.6294
EHERE 0.0455 0.0436 0.0431 0.0465
EE 8.5951 8.7612 8.6038 6.8007
RE 112.6878 118.8399 114.8965 61.9610
EARE 3520 3520 3520 3520
b= —1 ESO ES1 HAR AR1

E52] 0.0126 0.0122 0.0123 0.0150
RAE 0.7353 0.7070 0.6921 0.7416
BEERE 0.0307 0.0294 0.0294 0.0356
EE 8.2619 8.2384 7.9477 6.9066
RE 124.3799 124.9828 115.5328 81.9811
AL 3521 3521 3521 3521
b= —2 ESO ES1 HAR ARI1

E32] 0.1182 0.1171 0.1170 0.1409
=AE 0.8761 0.8750 0.9881 0.9643
EHERE 0.0804 0.0804 0.0818 0.0969
TE 1.5317 1.5297 2.0063 1.6576
RE 9.2594 9.2258 14.7414 10.4143

B 3522 3522 3522 3522




=10 BREBH (b=1,0,-1,—-2) OEAXEE (out-of-sample)

b=1 ESO ES1 HAR ARI1
B3] 0.0029 0.0030 0.0030 0.0039
=AE 0.4941 0.4660 0.5642 0.7705
EERE 0.0176 0.0183 0.0188 0.0242
EE 13.3959 12.3298 14.5015 16.0055
RE 264.8005 211.3206 319.6418 390.0936
B 3061 3061 3061 3061
b=0 ESO ES1 HAR AR1
B2 0.0057 0.0055 0.0063 0.0071
RKE 0.5086 0.7682 0.8100 0.7864
BERE 0.0368 0.0381 0.0439 0.0456
EE 11.6775 14.4489 12.4176 12.7044
RE 149.2158 239.8356 168.9225 181.5710
A 3061 3061 3061 3061
b= —1 ESO ES1 HAR ARI1
B3] 0.0098 0.0104 0.0106 0.0146
=AE 0.3381 0.5879 0.5105 0.9356
BHERE 0.0244 0.0310 0.0279 0.0380
TE 9.2539 12.3787 9.6937 10.6424
LE 111.5964 195.2102 122.6855 174.7504
AR 3062 3062 3062 3062
= —2 ESO ES1 HAR AR1
B3] 0.1218 0.1237 0.1273 0.1707
RAE 0.5506 0.7121 0.5685 0.8637
EERE 0.1012 0.1036 0.1053 0.1430
EE 1.2880 1.3960 1.2796 1.4295
RE 4.6043 5.3772 4.5292 5.2193
AR 3063 3063 3063 3063

R DAL (CFEEE)

o FIEHMEICIEHT S L, AUV )IVDEI TIX
ES1 & HAR MM FETIRWME S 72> THD, ART1
EITAXRTDHICBO TR EWVHEZ D TWV5.

o 7 NATHTIVDE A0 TlE, ESO DIERIAH
AS)

o COXRMNS, T NETY T INCEIT BIRAEDT-
YElE, RN EmnE LT

ESO < ES1 < HAR < AR1 £ > TWAZ WV

5.
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TR DBEE (RNME, FER )

s RICERAKMEICEHT S L, XIBXUE104EIC, b
DEIC K> THERDEBEBTHSH, AR1 Litho
ET IR TEWHDZFNREAE IER0.

o IABICHEHEFRAICBALTCHS &, 41Tk
9TIE, IRTHHLIZHEBNT AR1 Hd EViE s
o TWAD, o ESO, ES1, HAR 1355 b I35
WTREREWVIZHSNRL.

« ZLT, 7URATH T ILDEK A0 TIX, ESO(E
FH1/3 DEEETIV) INTRTO b IZB N TR KD
RO E 755 TN 5.

. FBHLEICE DRI T4 V7« Till -p2t1/29

ETIVDIFHIE

o 7—FA LTI R—=ZADNHIMIEIC K BET IV
DFHHEZT S

» Hansen et al. (2011) DMER L =T )VEHES
(Model Confidence Set)

o (A E TR B TETIVOH My ={1,...,mo}
e BTN, G, j=1,....m)) EE2TCDt=1,..., T T

dijt = L(rvie, 7i) — L(rvje, 7o)

ZEHT B,

ol

I B ICHE DRI T 14 V7« Fill - p.22/29



MCS(1)

o B dijy ICBWT, IR
Hy: Eldij] =0, Yi,jeM,i>]

Z, BETIVMe Mol UTHE. #IIME
M =M,
o & Uit Ho D5 OAEUKEE (T2 & 213 10%)

TEHAZTNSE51E, TN REENET IV
CDETIVOMD LR ENS.

o TNk, Hy MWEHITERLIE5E TR T 5.
' BSOS RS T4 V7 ¢ Tl - p.23rze

MCS(2)

« T T Tl Hansen etal. (2011) IZH€Wy, Hy 7% 21l
I BHDICLL IO XS GHiHfiiEZ HW %
Tri = max tij| = max ]
,JEM 1,JEM U/C?r(dij)

CTCdj= thldw%J:U‘var( dij) &, 78w
7‘—]‘ FowTHELDELNS.

' REFEEICIED S RT T 10 U T o« Tl - p.24s29



MCS(3)

ETIVOMH M OSBENENERmEBL W
EEFOETIV i TR K > TGEIENS.

= argmaxL_
ieM | Joar(d;)
C CT‘: JZ = ﬁzje/\/l sz'j Ta’@ O, m Ci%:f‘}b@%ﬂ
MICEENDETIVOBTH .
AWZETCE, Javyr7E12, O LE 10000 D
Ty e J—h ATy TERIATL TV S,

MCS EHE T TRINIDER R > 7o €7 )V O SR
2K S MBI 7 IRT.

I RFREIC D KR T T 4 U T o« Tl - p.25/29

E5 MCS RRETIVORBERE (HEHBER, 19> TI)

In-sample 1-year (Index
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In-sample 1-year (Individual)

In-sample less than 5-year (Index) In-sample less than 5-year (Individual)
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In-sample more than 5-year (Index) In-sample more than 5-year (Individual)

1000 — T 4000 —
500 2000
0 IS Yé'\ ?é_C‘ ;@ ?é_o‘ Q'.c‘f‘ é_@‘ S ;g» S 0 T & § O Q.S/ :1_0 ;l-d\ ;&GA &
SR © X NS LN (S N NPR S
S FE&FTEF 7 R FEFET



200

100

6 MCS &RETIOREHE HEEHRER, 7Y ML THUTI)

500

1000

500

2000

1000

1500

1000

500

Naf \at \al had
© & \C’?’ Y’e R\ R v

Out-of-sample less than 5-year (Index)

NS > O & O
S @ ¥ F g & F s

1000

500

2000

1000

2000

1000

Out-of-sample 1-year (Individual)

Out-of-sample more than 5-year (Individual)

7 MCS ZRERETILORIEH

In-sample (Index)

9
&

Out-of-sample (Index)

NS > O
& ¢ F F &

6000

4000

2000

2000

B (Z£HEEHME)

In-sample (Individual)




i DHE 5

o (A YT RFEETIZ TR TOHEER T
HAR DB ETIVEASE, XSH EST.

o (AP T)V) EREMNTIE, HEERRD 5 2L
DTF—Xtwv N THAR & ES1 Witz L ES1 Hix
BEETIVEH.

o (77U A THTIV) MR, AR, HEE
WIRAA 5 4ELL LD T — 2w R EFRE ESO HMRRE
7 Vi,

o (7Y NATYTI) HEEIHEN 5 FLL EDT—Z

T bTRE, HREHRECTIE HAR, R8N Tl
ES1 BZNTNEEET V.

BEBFALEICE SRS T 4V T 1 Tl - p.26/29

Eals

REFELIE =TV ES1 & ZFDMMOKRYIET IV &
DT L%z, 4 DOFEAZRIEIC X % MCS = H
WA KD, O EHEE T HIHARIC I8
BETIVOT R ZNEAATT L, &REETIVOZER
g9 %2 & Tirolz.

MEFe8ClZ A, T A TY VA,
HAR DR ETIVE LTOMHENRE @ L, @78
fRICOWTIW, A Y 2 IVTIZEST, 74T
Y TIVTIE ESO D ZENFNHREETIVLELTD
MENRE - Tz,

« 77U NATY YT IVCET B ESO DTHITIAMBO
ETIVEH L TE AL, Jefrifst
Golosnoy et al. (2014) DFER L BEENTH .
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1. JefTiitde « IR D EHI

IRFFI A
Granger (1963): RIRIEDRS { X } = { Xjr },
1 — var[ Q] / var[ Q(k) ]

o Q: MBI { Xy ), i=1,...,0 DEA
@ QUh): QiR ( Xy ) ZERA LD D
o varj[ Q1: MR { X; } © Q IZ X 2 WIS PMEAE DI

JEl s Granger OREEREEHIEED A R 7 V5 fiE
@ Geweke (1982): FrEDIRE T TD VAR €7 )L

@ Hosoya (1991) X » —f&iN 72 & & i
@ Yao and Hosoya (2000): FEE H D IL5R

KT & RE (RBOK)

JE 3 B ek C D b
@ Diebold et al. (1998) : A v )V AWVEBIEUL, BERRT R E R EGEROE
WMHEATVS

- FSIEERE TOVORHI ¢ A > OV Z0EBEE R B L, 1 R 2
5 8 £ TORMPAGKDEMA T 2>, EFVZHET 5

@ Otrok et al. (2002) : W& D HIEK
- spectral utility function which decompose agents’ preferences for

consumption smoothness into preferences for smoothness by frequency.

- For time-separable preferences, spectral utility is flat because in such cases
agents care only about overall volatility in consumption and not about
temporal distribution of volatility.

- For habit preferences, the spectral utility function is not flat: agents are less

averse to low-frequency (persistent) fluctuations than to high-frequency (less
persistent) fluctuations.

AT &KE (RBTKRY)




KSR D2 DT ORETE
@ Tsukuda and Miyakoshi (1998) :
&2l & VAR € 71T Granger K F M E

CEFADST A — I DEALT BB ORR LD 5.

- “money — income” was strong before 1980 but weakened or virtually
disappeared after 1980.

- more properly, “no causality” was rejected before 1980

A TR
o JAMEH IR CORPMDELDORE I 2B
(Hosoya (1991) 12 X 2 RIS MIEE D FH)

o KIRMEDZAMD K E S ITBHT 2 at iyl

KT & RE (RBOK)

TR X, Y() ) BT B DR S

Geweke (1982)

Var(one step prediction error of X(t) given{X(s)}'-} ) }

Fy_x =1o
o g{var(one step prediction error of X(t) given{X(s), Y(s)}'=} )

Hosoya (1991)

var(one step prediction error of X(t) given{X(s)}/- ) }

My_x =1lo
o g{var(one step prediction error of X(t) given{X(s), Yo _1(s)}*"} )

o YO,_l(t): Y(t) v {X(S)}t_oo, {Y(S)}t__ol, J\%YJ%ZL%C & g’@?&%
YHEHEDY ay 7, X(t) kAR

@ My_x: Granger’s strength of causality for Y _1(t) — X(¢) (X

AT &KE (RBTKRY)




Hosoya (1991) 12 & % My_x D &AW fiE

My_x = f My_x(A)dA

My_x(A) = @)

( — — — ), —-n<A<Tm.
f11(A) =27 f12(A) fa2(A)7L fra(A)®

@ f(A): { X(t), Y(t)} DAY PVEEEFTH,

© F(A): { X(B), Yo-a(t)} DARY FIVEELTS,
o «: JLfE

. fiA)  fia(Ad) . _ .
A= T T R = ), Fa) =fad
f(A) Bl Fnlh) fuu(A) = fi1(A),  f12(A) = far(A)

AT & KB (KBA)

A7 bIVEEBI R E Z Do

BUT 2 e

o Z(H) = [ X(t), Y(t) Y 12 ISR, A<y VBT F(1) % b

° f logdet f(A) dA > —o0

ZDLEEF(A) BRODIRE B

fA) = A(e‘m )AE™Y,

Z(t) O—HETHHE (X6 &

(Y(s))rl ~DRFERE) DI85
ZLETBHE

= A(0)A(0)".

2D Y IZBH L CTLURSROT

det © = (2n1)* exp {% f log det f(A) d/\} .

AT & KE (KRIKRY)




EHRRIIE TILD AT b IVEELTY
AR FOVEELTH (L), f(A) Z S EDBIDIF Ale™) DISEE

e ARMA £ 5L A(L)Z(t) = B(L)e(t), e(t) ~ N(0, %)

@ Z(t) DARY b+ IVEIELTH
FN) = 5 AN, AC) = A BE N
@ { X(), Yo-1(t) VY DAY FIVEELTHI f(A)

fli(A) = A), £ (A) = F A,
~ [fll(/\) fiz(A) ) =fu@), frz(d) = fa (1)

)= . , A
/ fa1(4) fzz(A)] fa) = [ -ZuZyl 1] Be™)AE™) fuh)

fa1(A)

7

Fo(A) = (Zan — L0127 T12)/(270)

KT & RE (RBOK)

2. FEEDISAFRICB 9 2 IR L OfE

e
® Z(t) IXEFED o) flifs, AZ() 132 DIEEE (V¥ —)
o &2 LRir Ty = cT, c € (0,1).

@ k=1fort< T, k =2 for T1<t, 0= {91,62}, O = {\pk,Qk}.
Pk
AZ(H) = ) W()AZ(E — ) +e(t), e(t) ~ N(O, ),

j=1

APEOR DAL
max [(012) = max L1(6112) + max [,(6,]2),
1(02) = ~—Edet Oy = 3 Y (AZ(8) ~ () O (AZ(D) - u),

Pk
wlt) = Y W(AZ(t-j), T,=T-Ti, k=1,2
j=1
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Test of zero causality: Yao and Hosoya (2000)

@ My_x(A; 0) DML i
VT (My-x(4; 6) — Myox(A; 0)) 5 N (0, H(6))
where H(0) = (0My_x(4; 0)/90)V(0)(dMy_x(A; 6)/36).
@ Test statistic for Hy : My_x(A;0) =0 for a frequency A
Wr(A) = T Myox(4;0)*/H(O) — x*(1) under Ho Hi#I1Z1%7?
@ Test for Hy : My_x(A;0) = 0 for frequency band A € [A4, A5]

A2 2
! My_x(A; é)d)\) /Hz(0) — x*(1) under Hy ?
/\2 - Al M

WBZTX(

An
Hg(0) = Acov( VT (A — A7)~} My_x(A; 0)dA ) .
A

KT & RE (RBOK)

Test of causality change: Kinoshita and Oya (2014)

Yao and Hosoya (2000) & [Flfkic

‘/T( My_x(A; 61) — My_x(A; 62) )

SN Myox(d;61) = My—x(1;62), V(1;6) )

oy LIMyx(A; 61) IMy_x(A; 01)
where V(A;0) = ; 50 V(61) 50,
1 IMy_x(A;67) My _x(A; 0)
T o, VT e

Test statistic for H, : My_x(A;01) = My_x(A; 6,) for frequency A

~ A 2 A
Wr(A) = T( Myox(1;01) = Myox(A;02) )/ V(4;0) — x2(1) under H,

AT & KE (KRIKRY)




Test of causality change for frequency band ( block wise )

Ho : My_x(A;01) = My_x(A; ;) for frequency band A € [Aq, A;]

A N 2 A
W =T X ( My_x(01) - Myox(02) ) / V(0) — x*(Q) under Hy,

where
1 Az
Ar = A1 ),

My_x(0x) = My_x(A; 0r)dA,

V(6) = Acov ( VT( My-x(61) - My-x(62) ) ).

DIBED I3 HrClx, AP (0,n] 2 6 77§ 2

fi=0,m/6], fo=(2n/6,31/6], ..., fe = (57/6,m].

KT & RE (RBOK)

3. FZEEIIMT  BRAliFE £ & Z DSV DRI R

@ Intraday data ( 15sec. int.): Nikkei 225 (index), Future mini (mini)

price & return (15sec interval): 2013/03/21

° Nikkei 225 Index ° future mini
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Fig.1: price (upper panel), return (lower panel)
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Block wise: 2013/03/21 — morning session

f—mini ——> index

index ——> f—mini

@4 @ 4
o - o -
[e] o
= =
o o
WhOIe . WhOIe .
o] | - o] --__
1: 217/6 317/6 4Jr/6 511/6 r‘r 0 Jr/6 211/6 37:/6 47:/6 51:/6 Jc
frequency frequency
BMO: block-wise measure of one-way effect
whole f-mini ——> index index ——> f—mini
o
” ° T whole
© - ° © - ° °
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2 2
B 2 B ° e
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frequency frequency

Fig.2: causality (upper panel),

test stat. (lower panel)
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Block wise: 2013/03/21 — afternoon session

f—mini ——> index

index ——> f-mini
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frequency frequency
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Fig.3: causality (upper panel),

test stat. (lower panel)




JAM L (F) JEc: 15 BERT — % o8&

long 6min 3min 1min 45sec 36sec 30sec
run cycle cycle cycle cycle cycle cycle

[ | | | | | J

0 /6 21/6 31/6 411/6 571t/6 T

@ (Hii¥) future mini — index: JAPEEGT (0, 7/6] 1T K ZF 7 KISV HI BE
BERER = (6 o L) It W»T, GEZNEELH 2

@ (Hi¥5) index — future mini: AT (11/6, 271/6] 1T K Z 7o AR EHIEE
BOEREHR = 306 6 wO) ItV T, AEAREELDH %

o (&Y)) 1ZEA EDBHEGTT, KR MKEE

KT & RE (RBOK)

BRAGFE 2 & 2 DS DIRNFME B % FEEE o

HRIVE RN (QQE) 1%, #RAS LYiGic ED k) RgE2 5 2 7o)

o 15 MDD T —% « HEE Vg & HRE M 2 =

o MHUAMAR : 2013/02/25 - 2013/05/16

@ 2013/04/04: £ X b H (BOJ I2& % “QQE” DEAD 7 F 7~ R)

o SHOKRMEZH#HE (ET7 VEHEE L, KR

0 /XY FDHIBDZNZFNDOHIRNCE T 2 HUGEHNEDEA 2 S L D
o FWIM DRI MMEED VI 203 0 270> &) 122 FEE

pre-event period event period post-event period

| L | L |
2/25 3/25 3/26 4/4 4/15 4/16 5/16

AT & KE (KRIKRY)




Strength of Causality (f-mini —> index) : 2013/03/25 — 2013/05/16 morning

freq. A € (0, /6 ]
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freq. A € ( 2n/6, 37/6 ]
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Fig.4a: causalities for each frequency band
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Strength of Causality (f-mini —> index) : 2013/03/25 — 2013/05/16 afternoon
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Fig.4b: causalities for each frequency band
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A XV RO BT 2 KRR E O (RS 2 L)

i
f—idx | fi fa f fa fs fe

pre | 0046 (5.69) 0.045" (6.04) 0.043" (5.71) 0.039* (527) 0.028" (4.22)  0.022 (2.25)
post | 0.080° (8.66) 0.080° (9.38)  0.073 (9.09)  0.053" (6.70)  0.040" (5.52)  0.037 (3.10)
idx—f | f1 fz f3 f4 f5 fﬁ

pre | 0.018(2.13)  0.021(2.56) 0.019 (2.69)  0.017 (2.37)  0.010 (1.83)  0.006 (0.82)
post | 0.023(2.32) 0022 (257) 0.019 (256)  0.016 (1.95)  0.014 (1.74)  0.014 (1.19)
%5
f—idx | fi f2 f3 fa f5 fo

pre | 0088 (7.04) 0.092* (7.12) 0.071" (5.61)  0.050° (4.01)  0.052° (4.18)  0.059 (3.10)
post 0.096* (8.69)  0.113* (9.85)  0.105* (8.23)  0.083" (6.89)  0.064" (5.73)  0.047 (2.89)
idx—f | fi f f fa fs fo

pre | 0.031(2.37) 0.038(249) 0018 (1.75)  0.015(1.33)  0.016 (1.50)  0.015 (1.01)
post | 0.019 (1.74)  0.021 (2.06)  0.019(1.82)  0.018(1.62)  0.020 (1.89)  0.017 (1.03)

Values in parenthesis are chi-square test statistic for no causality.
= : The estimate differs from zero at significance level of 5%.
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Strength of Causality: morning

f-mini ——> index (before 2013/03/25) (after 2013/04/16)
3 8
’ " | whole
© ©
o o
= 2
=§g i whde ﬁ;g-
> > -
h I. e Il
H
o o H
a6 216 36 46 516 x A6 216 3n/6 4nl6 5al6
frequency frequency
index ——> f—mini (before 2013/03/25) (after 2013/04/16)
8- 8-
© ©
o o 7
z z"
og. - whole . © g - whole .
0 /6 2n/6 3n/6 4u/6 516 0 /6 246 3n/6 4n/6 516

frequency frequency

Fig.5(morning): averages of causalities for each frequency band
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Strength of Causality: afternoon
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Fig.5b (afternoon): averages of causalities for each frequency band
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Causality diff. (post event) minus (pre event), morning
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Fig.6: averages of causality differences for each frequency band
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Strength of Causality (index —> f-mini) : 2013/03/25 - 2013/05/16 morning
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Fig.4c: causalities for each frequency band
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Strength of Causality (index —> f-mini) : 2013/03/25 — 2013/05/16 afternoon

causality

causality

freq. AE (0, /6]

freq. A € (n/6, 21/6 |

freq. A € ( 2n/6, 31/6 ]

< < <
@ @ @
= =
~ ELE ELE
=] >
(] @
o o
ol WAMM&WAJEJ o o WUV ZY VAN
Mar3 Mar23 Apri2 May2 May22 Mar3 Mar23 Apri2 May2 May22 Mar3 Mar23 Apri2 May2 May22
‘ f1 m1 ‘ ‘ f2 m2 ‘ ‘ 3 m3 ‘
freq. A € ( 3n/6, 4x/6 ] freq. A € (4n/6, 5n/6 ] freq. A € ( 5n/6, x|
< < <
@ @ @
= =
o G G
3 3
© @
o o
o '\WA%MM o oA AN o desﬂv%vwbﬂ

Mar3 Mar23 Apri2 May2 May22

fa

m4‘

Mar3 Mar23 Apri2 May2 May22

5 m5 ‘

Mar3 Mar23 Apri2 May2 May22

6 ms |

Fig.4d: causalities for each frequency band
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Causality diff. (post event) minus (pre event), afternoon
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Fig.6 (goba): averages of causality differences for each frequency band
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