
 

 

 

 

 

 

 

 

 

 CIRJE Discussion Papers can be downloaded without charge from:  

http://www.cirje.e.u-tokyo.ac.jp/research/03research02dp.html 

 

 

 

 

Discussion Papers are a series of manuscripts in their draft form.  They are not 

intended for circulation or distribution except as indicated by the author.  For that 

reason Discussion Papers may not be reproduced or distributed without the written 

consent of the author. 

 
 

 
CIRJE-F-1104 

 

Assimilation Patterns in Cities 
 
 

Yasuhiro Sato 
The University of Tokyo 

 
 

 
Yves Zenou 

Monash University 

 
December 2018 



Assimilation Patterns in Cities

Yasuhiro Sato∗ and Yves Zenou†

December 4, 2018

Abstract

We develop a model in which ethnic minorities can either assimilate to the ma-

jority's norm or reject it by trading o� higher productivity and wages with a greater

social distance to their culture of origin. We show that �oppositional� minorities

reside in more segregated areas, have worse outcomes (in terms of income) but are

not necessary worse o� in terms of welfare than assimilated minorities who live in

less segregated areas. We �nd that a policy that reduces transportation cost de-

creases rather than increases assimilation in cities. We also �nd that when there

are more productivity spillovers between the two groups, ethnic minorities are more

likely not to assimilate and to reject the majority's norm. Finally, we show that

ethnic minorities tend to assimilate more in bigger and more expensive cities.
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1 Introduction

In 2017, in Michigan, an Indian-American emergency-room doctor who belongs to the

Dawoodi Bohra community, a Shiite Muslim sect, was charged with performing female

genital mutilation on several young girls. In Minnesota, a black police o�cer, the �rst

Somali-American cop in his precinct, shot an unarmed Australian woman. Both incidents

were immediately seized upon by the far right as examples of the inability − or refusal −

of Muslims to assimilate. Assimilation of immigrants is indeed a hot debate in the United

States but also in Europe. For some, assimilation is based on pragmatic considerations,

like achieving some �uency in the dominant language or some educational or economic

success. For others, it involves relinquishing all ties to the old country. For yet others, the

whole idea of assimilation is wrongheaded, and integration is seen as the better model.

Since, both in the United States and in Europe, ethnic minorities live disproportion-

ately in cities, assimilation or the lack of it can only be understood within a spatial

framework. What are the costs and bene�ts of assimilation? Does residential location

a�ect the assimilation process of ethnic minorities? Do people who assimilate to the ma-

jority's norm tend to reside in the same areas as the majority group? Is segregation good

or bad? Are ethnic minorities better o� by assimilating to the majority's values?

In this paper, we investigate these issues by studying how ethnic minorities assimilate

or reject the majority's norm and how this impacts on their residential location, housing

prices and the size of the city. Surprisingly, at least from a theoretical viewpoint, there

is very little research on the relationship between the urban space and the assimilation

choices of ethnic minorities.

We develop a model in which ethnic minorities can either assimilate to the major-

ity's norm or reject it. If they assimilate, their productivity and thus their wage will be

�pooled� with that of the majority group and they will therefore obtain a higher income

than �oppositional� minorities who reject the majority's norm. This, in particular, implies

that their economic status (their relative income with respect to that of the society) will

be higher. There is also a social cost of assimilation since they need to distance themselves

from their culture of origin. However, the higher is the fraction of minorities who assimi-

late, the lower is the cost of the perceived distance between assimilation and values from

the minority group. This means that there are complementarities in assimilation choices
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since the higher is the fraction of assimilated minorities, the greater are the bene�ts from

assimilation. We assume that all individuals are ex ante heterogenous in terms of the

weight α they put on the importance of income in their utility function. This implies that

individuals will very high α will tend to assimilate to the majority's norm while, those

with very low α will tend to reject the majority's norm.

We show that three types of equilibria may emerge: An Assimilation Social Identity

Equilibrium (ASIE), in which all minority individuals choose to totally assimilate to

the majority group, an Oppositional Social Identity Equilibrium (OSIE), in which all

minority individuals totally reject the social norm of the majority group, and a Mixed

Social Identity Equilibrium (MSIE), in which a fraction of minority individuals assimilate

while the other fraction choose to be �oppositional�. We give the exact conditions under

which each equilibrium is unique and stable but also when there are multiple equilibria.

We show, in particular, that the fraction of ethnic minorities in the population has to be

large enough while the productivity spillover e�ect has to be low enough for a MSIE to

emerge.

In the second part of the paper, we explicitly model the city and, therefore, the

location choices of all individuals. The city is assumed to be monocentric and landlords are

absentee. Each individual consume a non-spatial good and decide the size of their housing,

the price to pay for it and her location in the city. To keep the model tractable, we now

assume that all individuals are ex ante identical in terms of α, the weight they put on the

importance of income in their utility function. As a result, a MSIE cannot emerge anymore

because it is not stable. We establish under which conditions either an Assimilation

Social Identity Urban Equilibrium (ASIUE) or an Oppositional Social Identity Urban

Equilibrium (OSIUE) emerges or when both can coexist (multiple equilibria). We show

that, in the former equilibrium, all ethnic minorities assimilate and live together with the

majority group while, in the latter, all ethnic minorities reject the majority's norm and

segregate themselves at the vicinity of the CBD while the majority individuals reside at

the periphery of the city. We �nd that �oppositional� minorities reside in more segregated

areas, have worse outcomes (in terms of income) but are not necessary worse o� (in terms

of welfare) than assimilated minorities who live in less segregated areas.

Moreover, we �nd that a policy that reduces commuting costs or increases the supply

of land makes the Oppositional Social Identity Urban Equilibrium (OSIUE) more likely
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to emerge. In other words, these two policies decrease assimilation in cities. We also �nd

that more productivity spillovers between the majority and minority groups makes ethnic

minorities more likely to reject the majority's norm while an increase in the fraction of

minorities in the population makes multiple more likely to emerge. Finally, we show that

ethnic minorities tend to assimilate more in bigger and more expensive cities.

There is a growing literature trying to understand the process of assimilation of ethnic

minorities. Di�erent studies have shown distinct signi�cant in�uences on the assimilation

process for immigrants: the quality of immigrant cohorts (Borjas, 1985), country of origin

(e.g. Beenstock et al., 2010; Borjas, 1987, 1992; Chiswick and Miller, 2011), ethnic con-

centration (e.g. Edin et al., 2003; Lazear, 1999) and personal English skill (e.g. Chiswick

and Miller, 1995, 1996; Dustmann and Fabbri, 2003; McManus et al., 1983).

There is also an important literature that studies the concept of oppositional cultures

among ethnic minorities. In this literature, as in our model, ethnic groups may �choose�

to adopt what are termed �oppositional� identities, that is, some actively reject the dom-

inant ethnic (e.g., white) behavioral norms (they are oppositional) while others totally

assimilate to it (see, in particular, Ainsworth-Darnell and Downey, 1998).1 From a the-

oretical perspective, researchers have put forward the role of cultural identity (Akerlof

and Kranton, 2010) in the assimilation patterns of ethnic minorities (see, e.g. Bisin et

al., 2011a,b, 2016; Panebianco, 2014; Verdier and Zenou, 2017, 2018) and show how op-

positional identities can emerge as an equilibrium outcome (Akerlof, 1997; Austen-Smith

and Fryer, 2005; Selod and Zenou, 2006; Battu et al., 2007; Bisin et al., 2011a; De Marti

and Zenou, 2017, Eguia, 2017).2 Finally, some recent papers have highlighted the role

of cultural leaders and/or social networks as an important aspect of the identity choices

and integration of ethnic minorities in Europe and the United States (Hauk and Mueller,

2015; Carvalho and Koyama, 2016; Prummer and Siedlarek, 2017; Verdier and Zenou,

2017, 2018).

1Studies in the United States (but also in Europe for ethnic minorities) have found, for example,
that African American students in poor areas may be ambivalent about learning standard English and
performing well at school because this may be regarded as �acting white� and adopting mainstream
identities (Fordham and Ogbu, 1986; Wilson, 1987; Delpit, 1995; Ogbu, 1997; Battu and Zenou, 2010;
Fryer and Torelli, 2010; Bisin et al., 2011b; Patacchini and Zenou, 2016).

2In a series of papers, Zimmermann et al. (2007), Constant and Zimmermann (2008), Constant et al.
(2009) have proposed a new measure of the ethnic identity of migrants by modeling its determinants and
explores its explanatory power for various types of their economic performance. They have proposed the
ethnosizer, a measure of the intensity of a person's ethnic identity, which is constructed from information
on language, culture, societal interaction, history of migration, and ethnic self-identi�cation.
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Compared to this literature, our contribution is to put forward the role of the urban

structure on the assimilation choices of ethnic minorities. In particular, we are able to

show why segregation is detrimental in terms of economic outcomes for minorities, how

bigger and more expensive cities a�ect the assimilation choices of minorities and how a

transportation policy pushes them not to assimilate.

The rest of the paper unfolds as follows. In the next section, we develop the baseline

model and provide the conditions under which each equilibrium emerges. In Section 3, we

introduce the city structure and show how space a�ects the assimilation choices of ethnic

minorities. Finally, Section 4 concludes. All proofs can be found in Appendix A while,

in Appendix B, we determine the equilibrium values of the endogenous variables in any

urban equilibrium.

2 Baseline model

2.1 Social groups

Consider a city with a continuum of individuals of size 1.3 Among them a percentage

µ are members of group m and a percentage 1 − µ are members of group c. We assume

that µ < 1/2, implying that the group m is the minority group and the group c is the

majority group. If we think of ethnicity, then the group m is the ethnic minority group

while group c corresponds to the native group.

Thus, there are two social groups, m and c, which are �categories� that individuals

learn to recognize while growing up. Each individual is inherently a member of group

m or c. These groups are given and we focus on the assimilation decision (identi�cation

process) of the ethnic minority group m, i.e., whether or not they want to assimilate to

the majority group c. Quite naturally, we assume that the majority group c is su�ciently

large so that they always identify with their own group and we do not deal with their

identi�cation decision. In contrast, each minority individual can either choose to identify

with her own group m (i.e., rejection of the majority's norm) or to the majority group c

(i.e., assimilation). In equilibrium, two di�erent groups of ethnic minorities will emerge:

those who choose to assimilate to the majority group's identity, referred to as assimilated

3We explicitly model the city and the location choices of all agents in Section 3.
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ethnic minorities, and those who choose to reject the majority group's identity, referred

to as oppositional ethnic minorities.

2.2 Production and wages

In the city, the numéraire good is produced by only using labor. The production of

this good exhibits constant returns to scale at the �rm level but involves agglomeration

economies at the city level. Agglomeration economies are positive external e�ects of

population concentration that arise from various factors such as spillovers among people

and �rms, labor pooling, and love of variety in consumption and production (see Duranton

and Puga, 2004, for an overview). Much of them require intensive communication among

individuals in the city. When urbanites identify themselves with di�erent social groups,

then agglomeration economies are relatively weak since individuals from a certain group

do not fully socialize with individuals belonging to other social groups. Hence, the e�ects

of agglomeration economies would be weaker with the lack of interaction of people from

di�erent social groups.

To capture this idea, we assume that the productivity of a minority individual identi-

fying herself with groups m (oppositional) and c (assimilated) is respectively given by:

ym(λ) = f ((1− λ)µ+ ε (λµ+ 1− µ)) , (1)

yc(λ) = f (λµ+ 1− µ+ ε (1− λ)µ) ,

where yJ represents the output of a minority individual when she identi�es with group

J (J = m, c), λ is the (endogenous) share of minority individuals identifying with the

majority group, i.e., the ones who choose to assimilate to the majority's norm (group c)

and ε ∈ [0, 1] is a constant. Because the majority individuals always identify themselves

with the majority group, the total mass of people identifying with the majority group is

given by λµ + 1 − µ, while the total mass of people identifying with the minority group

m (thus rejecting the majority's norm) is given by (1−λ)µ. We assume that f(·) is twice

continuously di�erentiable, f ′(·) > 0, and f ′′(·) < 0.

The general idea behind (1) is that it is easier for assimilated ethnic minorities to

interact and communicate with individuals from the majority group than oppositional
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ethnic minorities and this is re�ected in terms of their productivity and wages. Indeed,

by interacting less with the majority group, oppositional minorities may have di�culties

in inter-ethnic relationships due to language barriers (see e.g. Lazear, 1999; De Marti and

Zenou, 2017) or more generally to di�erent social norms and cultures.4

In particular, in (1), ε can be interpreted as the degree of agglomeration economies due

to the interaction of individuals from di�erent social groups or the inter-group productivity

spillover e�ects. If ε = 0, agglomeration economies hardly spread to di�erent social groups

and the production of each individual is only a�ected by the population she identi�es with.

In that case, ym(λ) = f ((1− λ)µ) and yc(λ) = f (λµ+ 1− µ) and, because µ < 1/2,

ym(λ) < yc(λ), ∀λ ∈ [0, 1]. If ε = 1, agglomeration economies are equally e�ective across

di�erent social groups and ym(λ) = yc(λ). When 0 < ε < 1, independently of the value of

ε, ym(λ) < yc(λ), ∀λ ∈ [0, 1]. Moreover, the higher is ε, the lower is the wage di�erence

yc(λ)− ym(λ).5 We have the following result:

Lemma 1

(i) The income of the majority group is always higher than that of the minority group,

i.e. yc(λ) ≥ ym(λ)∀λ ∈ [0, 1] and ∀ε ∈ [0, 1] Suppose ε 6= 1 Then, when λ, the

fraction of ethnic minorities identifying with the majority group, increases, yc(λ)

increases and is concave in λ while ym(λ) decreases and is concave in λ. Moreover,

the income ratio yc(λ)/ym(λ)increases with λ.

(ii) When ε, the degree of agglomeration e�ect, increases, both yc(λ) and ym(λ) increase

and are concave in ε. Moreover, the income ratio yc(λ)/ym(λ) decreases with ε.

This lemma is important because it provides us with some important properties of the

incomes, which will be useful for the equilibrium characterization. First, in (i), we look

at the e�ect of an increase of λ (an endogenous variable) on the incomes of both groups.

Figure 1(a) depicts the shape of these three curves. When more ethnic minorities choose to

assimilate, the income of group c (which includes both the majority group and assimilated

4For example, Meng (2005) shows that intermarried (i.e., more assimilated) immigrants earn signif-
icantly higher incomes than endogamously married immigrants, even after human capital endowments
and endogeneity of intermarriage are taken into account. Similarly, Biavaschi et al. (2017) �nd that
migrants who Americanized their names, which embodies an intention to assimilate among low-skilled
migrants, experienced larger occupational upgrading than those who did not.

5Indeed, since f ′(·) > 0, f ′′(·) < 0 and µ < 1/2, it is easily veri�ed that ∂ [yc(λ)− ym(λ)] /∂ε < 0.
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minorities) increases while the income of the oppositional ethnic minorities decreases. This

implies that the income ratio between these two groups increases with λ. This captures the

fact that there are positive (negative) externalities in production so that the higher is the

fraction of assimilated minorities, the higher (lower) is the productivity of an assimilated

(oppositional) minority. In other words, there are increasing (decreasing) returns to scale

in production of the assimilation (oppositional) process of ethnic minorities.

Second, in (ii), we analyze the e�ect of ε on incomes. Figure 1(b) depicts the shape

of these three curves. When ε increases, there are more productive interactions between

group c (majority and assimilated minorities) and group m (oppositional minorities).

However, since µ, the fraction of ethnic minorities in the population, is less than 1/2,

ym(λ) < yc(λ) because the agglomeration e�ects are always stronger for the majority

group. Interestingly, Lemma 1 shows that both groups bene�t from an increase in ε

because there are more interactions between the two groups and, therefore, their produc-

tivity increases. In other words, more interaction is always better and translates here by

an increase in income of both groups. Finally, an increase in ε reduces yc/ym because the

productivity spillover e�ects bene�t more the �oppositional� groupm than the assimilated

group c. In the following, we focus on the case when 0 < ε < 1.

[Insert F igures 1(a) and 1(b) here]

Each individual is assumed to be endowed with one unit of labor, which she supplies

inelastically. Hence, when identifying with group J , an individual receives a wage income

of yJ , which constitutes the �rst part of her utility function. The other parts, which we

describe now, are de�ned in terms of social identity.

2.3 Social identity

Following Shayo (2009) and Sambanis and Shayo (2013), we assume that three main

factors a�ect the social identity and thus the socialization process in terms of assimilation

and rejection of each ethnic minority. First, each individual is aware of the di�erent

social groups or categories (i.e., groups m and c) that exist in the society. Second, each

individual i has an attribute or a quality qi and she wants to minimize the perceived

distance between qi and that of each social group. Third, each individual cares about the

8



relative status of each social group so that higher status implies higher utility.

2.3.1 Perceived distance

The concept of perceived distance and its adoption to the process of identi�cation

originated in the literature of categorization in cognitive psychology (Nosofsky, 1986;

Turner et al., 1987). It has also been modeled by economists where the perceived distance

is between the action of each agent and that of her social norm and usually negatively

a�ects her utility (Akerlof, 1997; Shayo, 2009; Patacchini and Zenou, 2012; Sambanis and

Shayo, 2013; Liu et al., 2014; Boucher, 2016; Ushchev and Zenou, 2018).

Each individual i is born with an attribute or a quality qi, which depends on the group

i she is associated to (i = m, c). Ethnic minorities are born with qm and the individuals

from the majority group are born with qc. Since we focus on the choice of the minority

group, we write all the attributes as a single binary variable: qm = 1 and qc = 0. The

social norm of each group J = m, c is determined by the �typical� attribute of the group

J , which is given by qJ , the average attribute of the group. Since qi is a binary variable,

qm is equal to 1 while qc is determined by the share of minority individuals who choose

to identify themselves with group c, that is:

qJ =

 1 if J = m

λµ
λµ+1−µ if J = c

.

where λµ/(λµ+ 1− µ) is the fraction of ethnic minorities among all individuals choosing

to identify themselves with group c, i.e., those who assimilate to the majority group's

identity. The perceived distance between each minority individual's attribute and the

social norm of group J is then given by: DJ(λ) = d (|qm − qJ |), where d(·) is an increasing

function of |qm − qJ |. We also assume that: d(0) = 1, d(1) = d > 1, and d′(1) = 0, which,

in particular, implies that there is a maximum perceived distance at d. Figure 2 depicts

such a function for J = c:6

[Insert F igure 2 here]

6In Figure 2, the perceived distance function is equal to: d(x) = 3− 2(x− 1)2, which satis�es all our
assumptions, i.e., d(0) = 1, d(1) = d = 3, and d′(1) = 0.
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Hence, DJ(λ) can be written as

DJ(λ) =

 d(0) = 1 if J = m

d
(

1−µ
λµ+1−µ

)
if J = c

. (2)

This formulation thus assumes that, if an ethnic minority chooses to reject the majority's

norm and thus lives in accordance to her own culture, her perceived distance is the lowest

and equal to d(0) = 1. On the contrary, if an ethnic minority chooses to assimilate to the

majority's norm, there is a perceived distance between her norm and that of her group,

which is always greater than d(0) = 1 and which is increasing with (1− µ) / (λµ+ 1− µ),

the fraction of individuals from the majority group among all individuals adopting the

social norm of the majority group. In particular, the higher is µ, the fraction of ethnic

minorities in the population, the higher is Dc(λ), the perceived distance for assimilated

ethnic minorities.

2.3.2 Group status

The last part of the utility function includes a component related to the status of

the identi�ed group as well as the perceptions of similarity to other group members.

The status of the group is determined through comparisons to other groups (Tajfel and

Turner, 1986). In our framework, the utility obtained from the group status is determined

by the di�erence between yJ(λ) := yJ(λ), the average income of group J and y(λ) :=

(1 − λ)µym(λ) + (λµ+ 1− µ) yc(λ), the average income of the population. Thus, an

individual obtains a higher utility as her group members obtain higher incomes compared

to the population (city) average level.

2.4 Utility function

Let us put the three parts of the utility function together. The utility function of an

individual belonging to group m and identifying herself with group J is then equal to:

UJ(λ) = α ln yJ(λ)︸ ︷︷ ︸
individual income

− δ ln DJ(λ)︸ ︷︷ ︸
perceived distance

+ σ ln
yJ(λ)

y(λ)︸ ︷︷ ︸
relative status of group J

(3)
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The �rst term of (3) represents the utility from own income, the second term captures

the disutility from deviating from the social norm of the group (the perceived distance

between each individual and the identi�ed group) and the last term is the payo� from

the relative status of the identi�ed group. Moreover, α represents the weight put by each

individual on her own income. We assume that α di�ers among minority individuals and

is distributed over [α, α]; its cumulative distribution function (cdf) by G(α) and its density

function is given by g(α). Thus, when an ethnic minority m considers to assimilate to the

majority's norm, she will trade o� a higher income, a higher perceived distance, which

negatively a�ects her utility, and a higher status since yc(λ) > ym(λ). This choice will

also be a�ected by her α, i.e., the weight she put on her income in her utility function.

Clearly, ethnic minorities with low (high) α will be less (more) likely to assimilate.

2.5 Equilibrium

Let us determine the equilibrium, which is referred here to as a Social Identity Equi-

librium. Di�erent equilibria can emerge.

De�nition 1

(i) An Assimilation Social Identity Equilibrium (ASIE) is when all minority individuals

choose to totally assimilate to the majority group, i.e., all choose the identity of group

c and λ = 1.

(ii) An Oppositional Social Identity Equilibrium (OSIE) is when all minority individuals

totally reject the social norm of the majority group, i.e., all choose the identity of

group m and λ = 0.

(iii) A Mixed Social Identity Equilibrium (MSIE) is when a fraction of minority indi-

viduals choose to identify themselves to group m while the other fraction choose to

identify themselves to group c, i.e., 0 < λ < 1.

We are looking here at a (pure-strategy) Nash equilibrium where the strategy of each

player is her identity choice. Hence, it is su�cient to check whether each individual

decision is consistent with the social environment. In other words, an ethnic minority

identi�es herself with group c, i.e., assimilates to the majority's norm, if and only if

11



Uc(λ) > Um(λ) and with group m, i.e., rejects the majority's norm, if and only if Um(λ) ≥

Uc(λ). From (3), the condition Uc(λ) > Um(λ) can be written as:7

(α + σ) ln
yc(λ)

ym(λ)
> δ ln

Dc(λ)

Dm(λ)
. (4)

We see here clearly the trade o� she faces: by assimilating, she improves her relative in-

come (yc(λ)/ym(λ) > 1) but also increases her relative (cultural) distance (Dc(λ)/Dm(λ) >

1). Because the left-hand side (LHS) of (4) is increasing in α while its right-hand side

(RHS) is independent of α, any minority individual with a larger α is more likely to

assimilate to the majority group than the one with a smaller α.8 De�ne Γ(λ;α) as

Γ(λ;α) ≡ (α + σ) ln
yc(λ)

ym(λ)
− δ ln

Dc(λ)

Dm(λ)
. (5)

Proposition 1 For a given λ, a minority individual will choose to identify herself with

the group c and thus assimilates to the majority group if and only if Γ(λ;α) > 0, and will

identify herself with her own group, i.e., reject the majority's social identity, if and only

if Γ(λ;α) ≤ 0

In order to characterize the di�erent possible equilibria, we need to determine the

unique endogenous variable of this model, that is λ. For that, we di�erentiate Γ(λ;α)

with respect to λ.

Lemma 2 The higher is λ, the fraction of ethnic minorities choosing to assimilate to the

majority's norm, the higher is Γ(λ;α), i.e. ∂Γ(λ;α)/∂λ > 0. Moreover, limµ→0 ∂Γ(λ;α)/∂λ =

0.

The �rst result implies that the higher is λ, the fraction of ethnic minorities who

choose to assimilate to the majority's norm, the more likely ethnic minorities will assim-

ilate to the majority's norm. In other words, there are complementarities in assimilation

choices since someone is more likely to assimilate the higher is the fraction of individuals

in the population that assimilate. This is because, when λ, the fraction of ethnic minori-

ties who assimilate, increases, the relative income of assimilation, yc(λ)/ym(λ), increases

7Observe that, in (4), y(λ), the average income of the population, disappears because it appears of
both sides on the inequality.

8All our results would be qualitatively the same if, instead of α, the heterogeneity of the ethnic
minorities would have been in terms of δ or σ.
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and Dc(λ) = d (|qm − qc|), the perceived distance between minority and majority groups

decreases. The second result, limµ→0 ∂Γ(λ;α)/∂λ = 0, means that λ has no impact on

the decision to assimilate when the fraction of ethnic minorities becomes zero. This result

hinges on the assumption that d′(1) = 0, i.e., the perceived distance reaches its lowest

value when the perceived distance of assimilating is maximal.

This result is related to the cultural transmission literature (Bisin and Verdier, 2000,

2001), which shows that the higher is the fraction of children adopting a certain trait, the

higher is the e�ort of their parents in transmitting this trait. Here, we have something

that has the same �avor since the higher is λ, the fraction of individuals adopting the

c−trait, the higher is the fraction of individuals adopting the c−trait. In the cultural

transmission literature, this is referred to as cultural complementarity. Empirically, Bisin

et al. (2016) have con�rmed this positive relationship between λ and Γ(λ;α).

Because we readily know that ∂Γ(λ;α)/∂α > 0, Proposition 1 implies that for a given

λ, there exists a threshold value of α, denoted by α̃, such that a minority individual with

α larger (smaller) than α̃ chooses to assimilate (not to assimilate) to the majority's norm.

Figure 3 represents the assimilation decision.

[Insert F igure 3 here]

Hence, the share of minority individuals who assimilate to the majority's norm is given

by 1−G(α̃), which, in turn, determines λ. From (5), we have:

Γ(0;α) = (α + σ) ln
f (1− µ+ εµ)

f (µ+ ε (1− µ))
− δ ln d,

Γ(1;α) = (α + σ) ln
f(1)

f(ε)
− δ ln d (1− µ) .

We can therefore summarize the equilibrium conditions as follows:

De�nition 2

(i) An Assimilation Social Identity Equilibrium (ASIE) is a 3-tuple (α∗, λ∗,Γ) that sat-

is�es α∗ = α, λ∗ = 1, and Γ(1;α) > 0.

(ii) An Oppositional Social Identity Equilibrium (OSIE) is a 3-tuple (α∗, λ∗,Γ) that sat-

is�es α∗ = α, λ∗ = 0, and Γ(0;α) < 0.
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(iii) A Mixed Social Identity Equilibrium (MSIE) is a 3-tuple (α∗, λ∗,Γ) that satis�es

λ∗ = 1−G(α∗) and Γ(λ∗;α∗) = 0.

Moreover, we impose a stability condition in the sense that a small perturbation

yields incentives that restore the economy to the original equilibrium. From the above

de�nitions, the ASIE and OSIE are stable. However, in order for a MSIE to be stable, we

need another condition. Because we readily know that both Γ(λ; α̃) = 0 and λ = 1−G(α̃)

are downward sloping in the λ−α̃ plane and Γ(λ; α̃) = 0 determines α̃ for a given λ whereas

λ = 1 − G(α̃) determines λ once α̃ is given, MSIE is stable if and only if λ = 1 − G(α̃)

is steeper than Γ(λ; α̃) = 0 at the intersection of these two curves. Moreover, such an

intersection is unique if λ = 1−G(α̃) is globally steeper than Γ(λ; α̃) = 0, that is

− 1

g(α̃)
< −∂Γ(λ; α̃)/∂λ

∂Γ(λ; α̃)/∂α̃
, ∀(λ, α̃) ∈ [0, 1]× [α, α], (6)

where the left-hand side is the slope of λ = 1 − G(α̃) while the right-hand side is the

slope of Γ(λ; α̃) = 0 in the λ − α̃ plane. Note here that if the two curves have multiple

intersections, there exist multiple (stable) equilibria.

Given this result, in Figure 4, we are now able to describe all the possible equilibria.

Figure 4(a) displays the case where condition (6) holds true so that there always exists

a unique stable equilibrium. The two solid downward sloping curves are Γ(λ; α̃) = 0 and

λ = 1−G(α̃) when Γ(1;α) ≤ 0 ≤ Γ(0;α), where the steeper one represents λ = 1−G(α̃).

We have positive Γ(λ; α̃) in a region above Γ(λ; α̃) = 0 and negative Γ(λ; α̃) in a region

below Γ(λ; α̃) = 0. The intersection of the two curves, (λ∗, α∗) is a MSIE.

Now suppose the economy is hit by a shock and λ changes from λ∗ to λ′ (or λ′′).

Then, this leads to the fact that α̃ is determined by Γ(λ; α̃) = 0, which, in turn, pins

down λ via λ = 1−G(α̃). Such movements are represented by arrows in Figure 4(a). We

can con�rm that a perturbation induces changes that restore the original equilibrium. In

Figure 4(a), we also describe the two other equilibria, ASIE and OSIE. The upper dashed

curve represents the case of Γ(0;α) < 0, which results in an OSIE whereas the lower

dashed line describes the case of Γ(1;α) > 0, which yields a ASIE.

Figure 4(b) depicts the case where condition (6) does not hold. Again, the two solid

downward sloping curves are Γ(λ; α̃) = 0 and λ = 1− G(α̃) when Γ(0;α) ≤ 0 ≤ Γ(1;α).

The upper dashed-line curve represents the case when Γ(1;α) < 0, which results in an
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OSIE, whereas the lower dashed-line curve depicts the case when Γ(0;α) > 0, which yields

a ASIE. If Γ(0;α) ≤ 0 ≤ Γ(1;α), there might exist multiple (stable) equilibria. In the

�gure, (λ∗, α∗) and ASIE are (stable) equilibria.

[Insert F igure 4 here]

The following proposition summarizes these �ndings.

Proposition 2

(i) Suppose (6) holds true.

(ia) If Γ(1;α) > 0, there exists a unique stable Assimilation Social Identity Equilib-

rium (ASIE) where all minority individuals totally assimilate to the majority

group.

(ib) If Γ(0;α) < 0, there exists a unique stable Oppositional Social Identity Equilib-

rium (OSIE) where all minority individuals identify themselves with their own

group and reject the majority's norm.

(ic) If Γ(1;α) ≤ 0 ≤ Γ(0;α), there exists a unique stable Mixed Social Identity

Equilibrium (MSIE) in which the ethnic minorities with α > α̃ assimilate to

the majority group's norm whereas the ethnic minorities with α < α̃ adopt the

identity norm of their own group.

(ii) Suppose (6) does not hold true.

(iia) If Γ(0;α) > 0, there exists a unique stable Assimilation Social Identity Equilib-

rium (ASIE) where all minority individuals totally assimilate to the majority

group.

(iib) If Γ(1;α) < 0, there exists a unique stable Oppositional Social Identity Equilib-

rium (OSIE) where all minority individuals identify themselves with their own

group and reject the majority's norm.

(iic) If Γ(0;α) ≤ 0 ≤ Γ(1;α), there exist multiple equilibria.
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This proposition provides the conditions under which each possible equilibrium can

arise. In particular, we show under which conditions oppositional cultures among ethnic

minorities can emerge, i.e., they may �choose� to adopt �oppositional� identities, that is,

some actively reject the dominant majority behavioral norms while others totally assimi-

late to it. The novel aspect of this proposition is that these conditions crucially depend

on �ve key parameters: α, σ, δ, µ and ε. In the next proposition, we focus on the impact

of µ and ε on the emergence of each of these equilibria.

Proposition 3

(i) When µ, the fraction of ethnic minorities in the population, is su�ciently small,

only an Oppositional Social Identity Equilibrium (OSIE) or an Assimilation So-

cial Identity Equilibrium can (ASIE) emerge. As µ becomes larger, a Mixed Social

Identity Equilibrium (MSIE) can also arise.

(ii) When ε, the productivity spillover e�ect, is su�ciently small, all types of equilib-

rium can emerge. As ε increases, a unique Oppositional Social Identity Equilibrium

(OSIE) is more likely to exist.

The �rst result shows the importance of the size of the minority group (µ) on the

assimilation process of ethnic minorities. When µ is very small, then either all minorities

assimilate or they reject the majority's norm. However, as µ increases, more individ-

uals assimilate (higher λ) and because there are positive spillovers between λ and the

productivity of group c, a mixed equilibrium is more likely to emerge.

To understand the second result about ε, remember that when deciding their identity

choice, ethnic minorities trade o� the income gain of assimilation against its cultural

cost in terms of perceived distance. When ε is very small, there is no much interaction

between the two groups, but there is an important income gain of assimilation since

yc(ε = 0) > ym(ε = 0) but still a cost in terms of cultural distance. As a result, the ethnic

minorities assimilate or reject the majority's norm depending on the income gains from

assimilation and their α. When ε increases, this is not anymore true since the income

ratio yc/ym decreases (see Lemma 1 and Figure 1(b)) but the perceived distance remains

constant as it is not a�ected by ε. As a result, the ethnic minorities are more likely not to

assimilate and thus to reject the majority's norm. At the limit, when ε→ 1, the income
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between the two groups becomes the same, i.e., ym = yc, and, thus, there is no bene�t

from assimilating to the majority's norm and, as a result, all ethnic minorities become

�oppositional�.

3 City structure and identity choices

3.1 The city

So far, we referred to the �city� in an abstract way. In this section, we formally model

the city and its structure and analyze its impact on the assimilation process of ethnic

minorities. Consider a linear monocentric city where all jobs are located in the unique

Central Business District (CBD) and where housing areas are spread over the right-hand

side of the CBD (located at zero).9 We assume that each location is endowed with H

units of land and that landlords are absentee.

All residents in the city must commute to the CBD in order to work and obtain a

wage income, yiJ(λ), where i denotes the group the individual i belongs to (i = m, c) and

J represents her identity choice (J = m, c). Because we only consider the assimilation

choice of the minority group m, there are two incomes ymm(λ) and ymc(λ) for the minority

group m and only one income ycc(λ) for the majority group c. From (1), we know that

ymc(λ) = ycc(λ) = yc(λ) = yc(λ) and ymm(λ) = ym(λ) = ym(λ). Remember that

yc(λ) ≥ ym(λ), ∀λ ∈ [0, 1] and ∀ε ∈ [0, 1] , (7)

where the equality holds true if and only if ε = 1. In the following, we again focus on the

case when 0 < ε < 1.

3.2 Utility

In order to keep the analysis tractable, we assume that all individuals are ex ante

identical in terms of α, which value is normalized to one. Now, if condition (4) holds for

one individual, i.e., Γ(λ) > 0, then it holds for all individuals in the city, which implies

that all minority individuals will choose to assimilate, i.e., λ = 1. Thus, if (4) holds

9For the detailed literature on the monocentric city models, see Fujita (1989) and Zenou (2009) among
others.
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true at λ = 1, i.e., Γ(1) > 0, there always exists an Assimilation Social Identity Urban

Equilibrium (ASIUE) where all minority individuals totally assimilate to the majority

group in the city.10 Similarly, if the opposite is true at λ = 0, i.e., Γ(0) < 0, there always

exists an Oppositional Social Identity Urban Equilibrium (OSIUE) where all minority

individuals identify themselves with the majority group. Finally, a Mixed Social Identity

Urban Equilibrium (MSIUE) will exist when Γ(1) > 0 and Γ(0) < 0 but it is unstable.11

So we will not study it. Instead, when Γ(1) > 0 and Γ(0) < 0, we obtain multiple

equilibria, i.e., for the same set of parameters, there exist an ASIUE and an OSIUE and

both of them are stable. Thus, we can only focus on these two stable equilibria, ASIUE

and OSIUE, which enables us to introduce the city structure while keeping the model

tractable.

Let us extend the baseline model by introducing the monocentric city structure. Be-

cause of consumption and commuting costs, there is a budget constraint for each individual

iJ given by

yiJ(λ)− tx = ziJ +R(x)hiJ (8)

where ziJ is a non-spatial composite good taken as the numéraire (whose price is normal-

ized to 1), hiJ is the housing consumption of each individual iJ in the city, R(x) is the

price of housing at each location x from the CBD, and t is the commuting cost per unit

of distance.

The (indirect) utility function (3) can now be written as a direct utility function that

incorporates the non-spatial and the housing consumption. We have:

UiJ(λ) = A+ a ln ziJ + (1− a) lnhiJ − δ lnDiJ(λ) + σ ln
yJ(λ)

y(λ)
, (9)

where 0 < a < 1 is a constant and determines the weight put on the non-spatial composite

good. We normalize A := −[a ln a+ (1− a) ln(1− a)] in order to simplify the exposition.

Each individual iJ chooses hiJ and ziJ that maximize UiJ(λ) under the budget constraint

10We now add �Urban� in the de�nition of each equilibrium because we focus on the impact of the
location of each agent on her assimilation choice.

11Indeed, since all ethnic minorities are identical ex ante in terms of α, then, at the MSIUE, a slight
increase (decrease) in λ will push all ethnic minorities to assimilate to (to reject ) the majority's norm
and to converge to the ASIUE (OSIUE).
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(8). We obtain the following demand functions:

ziJ(x, λ) = a(yiJ(λ)− tx) and hiJ(x, λ) = (1− a)
(yiJ(λ)− tx)

R(x)
(10)

We see, in particular, that, for a given income, if R′(x) < 0, i.e., housing prices decrease

with the distance to the CBD, then individuals consume more housing the farther away

they reside from the CBD. Plugging these demand functions into the direct utility function

(9), we obtain the following indirect utility function:12

ViJ(x, λ) = ln (yiJ(λ)− tx)− (1− a) lnR(x)− δ lnDiJ(λ) + σ ln
yJ(λ)

y(λ)
. (11)

As it is standard in urban economics, city residents are assumed to relocate costlessly

within the city. Therefore, there is no incentive for workers to relocate in equilibrium and

all individuals of the same type should obtain the same (indirect) utility function. As a

result, in equilibrium, all individuals of type mJ (J = m, c) enjoy the same utility level:

VmJ(x, λ) = VmJ(λ), and all individuals of type c obtain the same utility level equal to:

Vcc(x, λ) = Vcc(λ).

3.3 Urban equilibria

In order to determine the equilibrium location of all individuals in the city, we use

the standard concept of bid rents (Fujita, 1989; Zenou, 2009), which is de�ned as the

maximum housing price each individual is willing to pay at each location x in order to

obtain her equilibrium utility level. From (11), we obtain the bid rent ΦiJ(x, λ) of an

individual iJ as follows:

ΦiJ(x, λ) = exp

[
ln (yiJ(λ)− tx)− δ lnDiJ(λ) + σ ln (yJ(λ)/y(λ))− ViJ(λ)

1− a

]
(12)

The bid rent ΦiJ(x, λ) determines the location pattern in the city since absentee landlords

will allocate land to the highest bidder at each location x. The market land rent R(x)

can then be written as:

R(x, λ) = max
[
Φmm(x, λ),Φmc(x, λ),Φcc(x, λ), R

]
, (13)

12We de�ned A so that it cancels out the constant.
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where R is the agricultural land rent outside the city, which we normalize to one without

loss of generality. For a given λ (the fraction of minority individuals choosing to assimilate

to the majority group), the three di�erent equilibrium utility levels are determined by the

bid rent equalization at the borders between the locations of the di�erent types of agents.

Moreover, the location of the edge of the city, x̄, is determined by the population constraint

condition: ∫ x̄

0

H

hiJ(x, λ)
dx = 1 (14)

By denoting Γmon(λ) ≡ Vmc(λ)− Vmm(λ),13 we can summarize the equilibrium condi-

tions as follows.

De�nition 3

(i) An Assimilation Social Identity Urban Equilibrium (ASIUE) is a 5-tuple (V ∗iJ , R
∗(x), x̄∗, λ∗,Γ∗mon)

that satis�es (11), (13), (14), λ∗ = 1, and Γ∗mon(1) > 0.

(ii) An Oppositional Social Identity Urban Equilibrium (OSIUE) is a 5-tuple (V ∗iJ , R
∗(x), x̄∗, λ∗,Γ∗mon)

that satis�es (11), (13), (14), λ∗ = 0, and Γ∗mon(0) < 0.

Here, we do not de�ne a Mixed Social Identity Urban Equilibrium (MSIUE) since, in

footnote 11, we have shown that this equilibrium is never stable due to the fact that all

ethnic minorities are ex ante identical in terms of α. In order to derive Γmon(λ), we need

to solve the land market equilibrium for a given λ. From (12), the slope of the bid rent

with respect to the distance from the CBD, x, is

∂ΦiJ(x, λ)

∂x
= − tΦiJ(x, λ)

(1− a) (yiJ(λ)− tx)
< 0.

Indeed, we can see from (12) that the only variable that varies with distance is the

commuting cost. Thus, individuals residing further away from the CBD need to be com-

pensated in terms of housing prices. As a result, housing prices decrease with the distance

x from the CBD.

Proposition 4 In any urban equilibrium, assimilated ethnic minorities and individuals

from the majority group have the same bid rent, which means that they will reside in the

13The subscript �mon� refers to the �monocentric� city.
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same area of the city. Moreover, �oppositional� ethnic minorities will have a di�erent and

steeper bid rent and therefore will reside closer to the CBD than the majority individuals

or the assimilated minorities.

We show that, in any urban equilibrium, �oppositional� ethnic minorities (i.e., those

who choose not to assimilate to the majority's norm) will reside close to the city center

while assimilated ethnic minorities and majority individuals will reside in the same area of

the city. Indeed, when an ethnic minority becomes assimilated, then, in terms of income,

housing consumption, bid rent and thus location choice she is �identical� to someone from

the majority group: their bid rents are exactly the same. As a result, they live together

in the same area of the city. Moreover, since assimilated ethnic minorities and majority

individuals have higher incomes than �oppositional� ethnic minorities (see (7)), they will

consume more housing (see (10)) and thus will have �atter bid rents. As a result, they

prefer to reside farther away from the center because the land is cheaper and they can

live in larger houses.

This result corresponds to what is usually observed in American cities where poor

African Americans tend to live close to city centers while middle to upper class African

Americans as well as white workers reside at the periphery of the city (Fischer, 2003;

Glaeser et al., 2008; Ross and Rosenthal, 2015). What is new here compared to the

literature is that we give an explanation of these location patterns in terms of identity

choices.

Let us now study the process of identity choices (assimilation to or rejection of the

majority's norm). Let us derive Γmon(λ) = Vmc(λ) − Vmm(λ). Since the urban structure

is relatively simple with only two di�erent areas in the city, in Appendix B, we are able

derive the equilibrium values of all endogenous variables de�ned in De�nition 3. Now, by

using (B.2), we can write Γmon(λ) as

Γmon(λ) = Vmc(λ)− Vmm(λ)

= ln

(
yc(λ)− tx̃(λ)

ym(λ)− tx̃(λ)

)
+ σ ln

yc(λ)

ym(λ)
− δ lnDmc(λ).

where, as shown by (B.1), x̃ is a function of λ. As λ, the share of the minority individuals

who assimilate increases, yc(λ) increases whereas ym(λ) decreases (see Lemma 1). We

know from (B.1) that when λ increases, the residential area x̃ of the �oppositional� ethnic
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minorities becomes smaller, resulting in a decrease in total commuting costs, tx̃. As a

result, the e�ect of an increase in λ on the relative net income ln
(
yc(λ)−tx̃
ym(λ)−tx̃

)
is ambiguous.

Thus, we assume that the e�ect of an increase in λ on income is larger than that on

commuting costs, and the net income of the minority individuals who do not assimilate,

ym(λ)− tx̃, is decreasing in λ.14 Under this assumption, we obtain

∂Γmon(λ)

∂λ
> 0,

which leads to the following proposition:

Proposition 5

(i) If Γmon(0) > 0, there exists a unique stable Assimilation Social Identity Urban Equi-

librium (ASIUE) where all minority individuals totally assimilate to the majority

group. In that case, there is �urban integration� since both minority and majority

individuals have the same bid rent and reside in the same areas of the city.

(ii) If Γmon(1) < 0, there exists a unique Oppositional Social Identity Urban Equilibrium

(OSIUE) where all minority individuals identify themselves with their own group

and reject the majority's norm. In that case, there is �urban segregation� since all

ethnic minorities reside close to the CBD while all majority individuals reside at the

periphery of the city.

(iii) If Γmon(0) ≤ 0 and Γmon(1) ≥ 0, there exist multiple equilibria where both the ASIUE

and the OSIUE coexist.

This proposition characterizes the di�erent possible urban equilibria. However, in each

equilibrium, Γmon(λ) depends on the bid rents and thus on the urban con�guration. Figure

5 depicts the two possible urban con�gurations.15 In Figure 5(a), we have the Assimilation

Social Identity Urban Equilibrium (ASIUE), where all individuals (majority and minority

individuals) live together in the city between the CBD (located at x = 0) and x̄A, the edge

14Basically, we assume that:
y′c(λ)− tx̃′(λ)
yc(λ)− tx̃(λ)

>
y′m(λ)− tx̃′(λ)
ym(λ)− tx̃(λ)

.

15The subscripts A and O refer, respectively, to the ASIUE and the OSIUE.
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of the city. They all obtain the same utility level V ∗cc = V ∗mc and all minorities assimilate

to the majority's norm. In Figure 5(b), we have the Oppositional Social Identity Urban

Equilibrium (OSIUE), where all ethnic minorities are �oppositional� since they reject the

majority's norm and reside at the vicinity of the CBD while the majority individuals

reside at the periphery of the city. It is a completely segregated urban equilibrium in

which the two groups obtain di�erent utility levels.

In Proposition 5, case (iii), the two equilibria can coexist and it is unclear which ethnic

group obtains the highest utility level. Indeed, if we compare the equilibrium utility of

�oppositional� minorities (Figure 5(b)) with that of assimilated minorities (Figure 5(a)),

the former have a lower social or cultural distance with respect to their culture of origin

but obtain a lower income than the latter. Moreover, the land rents are di�erent and the

total commuting costs are lower for the �oppositional� than the assimilated minorities. In

other words, in this model, it is unclear if urban segregation is harmful or bene�cial to

ethnic minorities.

Cutler and Glaeser (1997) have empirically investigated this question and show that

segregation is �bad� for ethnic minorities in the sense that blacks in more segregated

areas have signi�cantly worse outcomes (such as economic performance) than blacks in

less segregated areas. Our model also shows that ethnic minorities in segregated areas

(the OSIUE) perform worse in terms of outcomes such as income than in less segregated

areas (the ASIUE). We show that this is due to the fact that, when they reject the

majority's norm, they reside in segregated areas and are paid a lower income because of

lower productivity due to the lack of interaction with the majority group. However, as

discussed above, this does not imply that �oppositional� minorities have a lower utility.

In Section 3.5 below, we will investigate in detail this issue.

[Insert F igure 5 here]

3.4 City structure and comparative statics results

Let us now investigate how the city structure a�ects these two di�erent equilibria. In

particular, we study the e�ect of the commuting cost t and housing supply H on Γmon(1)

and Γmon(0).
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Proposition 6 The commuting cost t and the space available for housing H in the city do

not a�ect the Assimilation Social Identity Urban Equilibrium (ASIUE) where all minority

individuals totally assimilate to the majority group in the city (Figure 5(a)). On the

contrary, a lower t or a higher H makes the Oppositional Social Identity Urban Equilibrium

(OSIUE) more likely to emerge (Figure 5(b)).

A lower commuting cost t increases the net income of workers whereas a higher H

enables individuals to consume land at a more reasonable price. Both decrease the utility

di�erence between the assimilated and �oppositional� minorities. This, in turn, decreases

the minority's incentive to assimilate, making the OSIUE more likely to emerge. This is an

interesting and counterintuitive result showing that a policy that reduces transportation

cost decreases rather than increase assimilation in cities.

The following proposition provides some comparative statics results for the other pa-

rameters of the model.

Proposition 7 A higher ε (spillover e�ects in production) or δ (weight on perceived

distance) makes the OSIUE more likely to emerge whereas a higher σ (weight on relative

income) makes the ASIUE more likely to emerge. Moreover, a higher µ (fraction of

minorities in the population) makes multiple equilibria more likely to emerge. Finally, a

(weight on non-spatial good) neither a�ects the ASIUE nor the OSIUE.

The e�ects of ε, the productivity spillover e�ect and µ, the fraction of ethnic minorities

in the population on equilibrium are similar to those shown in Proposition 3. When ε

increases, the income ratio ymc/ymm decreases but the perceived distance remains constant

as it is not a�ected by ε. As a result, ethnic minorities are more likely not to assimilate and

to reject the majority's norm. As µ increases, more individuals assimilate (higher λ) and

because there are positive spillovers between λ and the productivity of group c, multiple

equilibria are more likely to emerge. A higher δ implies higher costs from perceived

distance, making ethnic minorities less likely to assimilate. In contrast, a higher σ implies

higher gains from belonging to a social group with high income, which raises the incentive

to assimilate.
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3.5 Assimilation versus non-assimilation

We know from Proposition 5 that, under some condition (see part (iii) of this proposi-

tion), there exist multiple equilibria where both the ASIUE and OSIUE coexist. We need,

therefore, to better understand the di�erences between these two equilibria. As shown

in Figure 5(a), in the Assimilation Social Identity Equilibrium (ASIUE), the minority

and majority individuals live together in mixed areas whereas, in the Oppositional Social

Identity Equilibrium (OSIUE), they reside in segregated areas (Figure 5(b)). These very

di�erent urban structures lead to distinct city sizes and land rents. De�ne the total land

rent TLR in a city as the sum of all housing prices paid by the residents of the city times

the supply of land H. We have the following result:

Proposition 8 The city in the Assimilation Social Identity Equilibrium (ASIUE; Figure

5(a)) is larger, i.e., x̄A > x̄O, and the total land rent is higher, i.e., TLRA > TLRO, than

in the city in the Oppositional Social Identity Equilibrium (OSIUE; Figure 5(b)). In other

words, ethnic minorities tend to assimilate more in bigger and more expensive cities.

We obtain these results because the total income of ethnic minorities and majority

individuals are higher in the ASIUE than in the OSIUE. This is due, in particular, to

the fact that assimilated minorities obtain a larger income than �oppositional� minorities.

As a result, these individuals are able to pay higher housing prices, which increase total

land rent in the ASIUE. Also, since land is a normal good, because of higher income,

assimilated minorities consume more land, which increases the size of the city. Hence, the

city size and the total land rents are larger in the ASIUE than in the OSIUE.

When there are multiple equilibria, we would now like to know under which equilibrium

the ethnic minorities and the majority individuals are better o�. Because this is in

general ambiguous, we now resort to numerical analysis. We specify the productivity and

perceived distance function, f(·) and d(·) as follows:

f(L) = θLβ,

d(x) = d− (d− 1)(x− 1)2.

where θ > 0 and β > 0 capture the baseline productivity level in the city and the degree

of agglomeration economies, respectively. For the baseline case, we set the parameter
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values as follows: a = 0.75, β = 0.15, d = 3, δ = 0.2, ε = 0.2, H = 10, µ = 0.2, σ = 0.2,

t = 0.1, and θ = 3. It is easily veri�ed that, under these parameter values, we obtain

multiple equilibria, i.e., Γmon(0) = −0.067 ≤ 0 and Γmon(1) = 0.075 ≥ 0 (Proposition 5,

part (iii)).

Also, if we compare the equilibrium utilities, we �nd that, in the ASIUE, Vmc(A) =

0.882 and Vcc(A) = 0.988 while, in the OSIUE, Vmm(O) = 0.922 and Vcc(O) = 1.075.

So, basically, in this example, both the majority individuals and ethnic minorities are

better o� in the segregated equilibrium OSIUE. This shows, in particular, that, even if

they obtain a lower income, ethnic minorities can be better o� by rejecting the majority's

norm and spatially segregating themselves from the majority group because their cultural

distance with their own group is quite small

Let us now perform some comparative statics exercises by changing a parameter within

a range under which these inequalities hold true and examine how it a�ects the equilibrium

utility di�erence between the two equilibria.

In the upper panel of Figure 6, we evaluate how a change of a given parameter a�ects

Vmc(A)/Vmm(O), which is the utility di�erence for ethnic minorities between assimilating

in the ASIUE (where the utility is Vmc(A) and λ∗ = 1) and rejecting the majority's

norm in the OSIUE (where the utility is Vmm(O) and λ∗ = 0). The dashed (yellow)

line corresponds to a value of Vmc(A)/Vmm(O) equal to 1 so that ethnic minorities are

indi�erent in terms of utility between the two equilibria. The solid (blue) curve represents

the real value of Vmc(A)/Vmm(O). Therefore, if the solid curve is above (below) the dashed

line, then Vmc(A) > Vmm(O) (Vmc(A) < Vmm(O)), and ethnic minorities in the ASIUE are

better o� (worse o�) than in the OSIE. In the lower panel, we perform the same exercise,

i.e., we evaluate the change of Vcc(A)/Vcc(O), but for the majority individuals.

[Insert F igure 6 here]

In Figures 6(1) and 6(2), we consider changes in the commuting cost t and the space

available for housing H in the city. First, as in the baseline model, both ethnic minorities

and individuals from the majority group are always better o� in the segregated equilibrium

OSIE whatever the values of t and H. Second, a higher t always yields a lower utility

for both minorities and majority individuals whereas a higher H raises utility for both of
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them. In Proposition 6, we showed that a lower t or a higher H makes the OSIE more

likely to emerge. Hence, a decrease in t or an increase in H decreases the minorities's and

majorities' utility in the OSIUE compared to that in the ASIUE although it increases

the possibility of the OSIUE. These results suggest that investment in transportation

infrastructure or land development might induce spatial and social segregation between

ethnic minorities and individuals from the majority group despite the fact that it increases

the desirability for integration.

Figures 6(3) and 6(4) perform the same exercises for ε, the productivity spillover

parameter, and µ, the fraction of ethnic minorities in the population. A larger ε implies

that there are more productive interactions between members of group c (i.e., majority

and assimilated minorities) and group m (oppositional minorities). This reduces the

productivity gains from assimilation of ethnic minorities and results in a lower relative

utility for both ethnic groups. If we consider Figure 6(3), for low values of ε, ethnic

minorities are better o� by assimilating while, for higher value of ε, they are better o�

by rejecting the majority's norm. For the individuals from the majority group, they

are always better o� in the segregated equilibrium since spillover e�ects only a�ect the

assimilation decision of the ethnic minorities.

When µ increases, the size of ethnic population becomes larger, which implies that

ethnic minorities face smaller disutility from perceived distance. Moreover, productivity

gains from minorities's assimilation becomes smaller for minorities and larger for majority

individuals. Hence, an increase in µ decreases the minorities' relative utility. This is why

for low value of µ, ethnic minorities are better o� assimilating while the opposite is true

when µ becomes larger.

Figures 6(5) and 6(6) look at the change in β, the degree of agglomeration economies

and θ, the baseline productivity level in the city. A higher β or θ increases the bene�ts

from minorities' assimilation and thus increases the relative utility for both ethnic groups.

Also, as we know from (A.1) and (A.2), a higher β or θ makes the ASIUE more likely to

emerge.

Figures 6(7), 6(8), and 6(9) study how a change in d, the upper bound of the perceived

distance, δ, the level of disutility for a given perceived distance, and σ, the level of utility

for a given relative status of one's group, a�ects the utility di�erence between the two

equilibria. When d or δ increases, the utility di�erence between the two equilibria increases
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because the bene�ts from assimilation is reduced. On the contrary, an increase in σ,

increases the gains from social status for minorities but decreases them for the majority

group, yielding a higher relative utility for minorities but a lower relative utility for the

majority group.

Finally, Figure 6(10) displays the impact of a, the weight put on the non-spatial

composite good, on relative utility. We see that a does not a�ect the utility di�erence so

that all agents are better o� under the segregated equilibrium OSIUE.

4 Concluding remarks

In this paper, we develop a model in which ethnic minorities may choose to adopt

�oppositional� identities, that is, some actively reject the dominant ethnic norms while

others totally assimilate to them. We show that three types of equilibria may emerge: An

Assimilation Social Identity Equilibrium (ASIE), in which all minority individuals choose

to totally assimilate to the majority group, an Oppositional Social Identity Equilibrium

(OSIE), in which all minority individuals totally reject the social norm of the majority

group, and a Mixed Social Identity Equilibrium (MSIE), in which a fraction of minority

individuals assimilate while the other fraction choose to be �oppositional�. We provide

conditions under which each equilibrium exists and is unique and investigate the properties

of each equilibrium.

We then extend this model by introducing the urban space where all individuals are

embedded in. The bene�ts of assimilation are in terms of higher income while the costs are

due to the higher perceived distance between this assimilation choice of ethnic minorities

and the norms of their culture of origin. We show how residential location a�ects the

assimilation process of ethnic minorities and why people who are �oppositional� tend to

reside in segregated areas around the CBD away from the location of the majority group.

We also demonstrate that segregation is bad in terms of economic outcomes but not

necessary in terms of welfare.

As highlighted in the Introduction, many people blame immigrants for not assimilating

to the majority's norm because they keep some of the values of their culture of origin. In

this paper, we tried to fathom the way ethnic minorities assimilate or reject the majority's

norm and how these choices a�ect or are a�ected by their residential location. This is a
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�rst stab at a very complex issue and we hope to see more research on this in the future.
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Appendix

A Proofs

Proof of Lemma 1: The incomes are de�ned by (1), which we reproduce here:

ym(λ) = f ((1− λ)µ+ ε (λµ+ 1− µ)) ,

yc(λ) = f (λµ+ 1− µ+ ε (1− λ)µ) .

Denote Nc ≡ λµ+ 1−µ+ ε (1− λ)µ and Nm ≡ (1− λ)µ+ ε (λµ+ 1− µ) and remember

that f ′(.) > 0, f ′′ (.) < 0, 0 < µ < 1/2 and 0 ≤ ε ≤ 1.

(i) It is easily veri�ed that:

yc(0) = f (1− µ (1− ε)) > f (ε+ µ (1− ε)) = ym(0),

yc(1) = f (1) > f (ε) = ym(1).

For ε ∈ (0, 1), by di�erentiating (1), we obtain:

∂ym(λ)

∂λ
= −f ′ (Nm)µ (1− ε) < 0 and

∂2ym(λ)

∂λ2
= f ′′ (Nm)µ2 (1− ε)2 < 0,

∂yc(λ)

∂λ
= f ′ (Nc)µ (1− ε) > 0 and

∂2yc(λ)

∂λ2
= f ′′ (Nc)µ

2 (1− ε)2 < 0.

Finally,

∂ (yc(λ)/ym(λ))

∂λ
=
f ′ (Nc)µ (1− ε) ym(λ) + f ′ (Nm)µ (1− ε) yc(λ)

[ym(λ)]2
> 0.

(ii) It is easily veri�ed that:

yc(ε = 0) = f (λµ+ 1− µ) > f ((1− λ)µ) = ym(ε = 0),

yc(ε = 1) = f (1) = ym(ε = 1).
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For ε ∈ (0, 1), by di�erentiating (1), we obtain:

ym(λ) = f ((1− λ)µ+ ε (λµ+ 1− µ)) ,

yc(λ) = f (λµ+ 1− µ+ ε (1− λ)µ) ,

∂ym(λ)

∂ε
= f ′ (Nm) (λµ+ 1− µ) > 0 and

∂2ym(λ)

∂ε2
= f ′′ (Nm) (λµ+ 1− µ)2 < 0,

∂yc(λ)

∂ε
= f ′ (Nc) (1− λ)µ > 0 and

∂2yc(λ)

∂ε2
= f ′′ (Nc) (1− λ)2 µ2 < 0.

Finally,

∂ (yc(λ)/ym(λ))

∂ε
=
f ′ (Nc) ym(λ) [(1− λ)µ]− f ′ (Nm) yc(λ) (λµ+ 1− µ)

[ym(λ)]2
.

Since f ′ (Nc) < f ′ (Nm)1, ym(λ) < yc(λ), ∀λ ∈ [0, 1], and (1− λ)µ < λµ + 1 − µ, then
∂(yc(λ)/ym(λ))

∂ε
< 0.

Proof of Lemma 2: Γ(λ;α) is de�ned as:

Γ(λ;α) ≡ (α + σ) ln
yc(λ)

ym(λ)
− δ ln

Dc(λ)

Dm(λ)

= (α + σ) ln
f(Nc)

f(Nm)
− δ ln d (P ) ,

where

Nc ≡ λµ+ 1− µ+ ε(1− λ)µ,

Nm ≡ (1− λ)µ+ ε(λµ+ 1− µ),

d (P ) ≡ Dc(λ)

Dm(λ)
where P ≡ 1− µ

λµ+ 1− µ
.

Let us di�erentiate Γ(λ;α) with respect to λ. We obtain:

∂Γ(λ;α)

∂λ
= (α + σ)(1− ε)µ

(
f ′(Nc)

f(Nc)
+
f ′(Nm)

f(Nm)

)
+

δλd′(P )

d(P ) (λµ+ 1− µ)2 > 0,

1Indeed, since Nc > Nm and f ′′ (.) < 0, then f ′ (Nc) < f ′ (Nm).
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and

lim
µ→0

∂Γ(λ;α)

∂λ
=
δλd′(1)

d(1)
=
δλ

d
d′(1) = 0.

This completes the proof.

Proof of Proposition 3: To prove this proposition, we state the following lemma:

Lemma A3

(i) The higher is µ, the fraction of minority individuals in the population, the lower is

Γ(0;α) and the higher is Γ(1;α), i.e. ∂Γ(0;α)/∂µ < 0 and ∂Γ(1;α)/∂µ > 0.

(ii) The higher is ε, the productivity spillover e�ect, the lower are Γ(0;α) and Γ(1;α), i.e.

∂Γ(0;α)/∂ε < 0 and ∂Γ(1;α)/∂ε < 0. Moreover, limε→1 Γ(0;α) < 0 and limε→1 Γ(1;α) <

0.

Proof of Lemma A3: We know that

Γ(0;α) = (α + σ) ln
f(1− µ+ εµ)

f(µ+ ε(1− µ))
− δ ln d,

Γ(1;α) = (α + σ) ln
f(1)

f(ε)
− δ ln d(1− µ),

(i): By di�erentiating these functions, we obtain:

∂Γ(0;α)

∂µ
= −(α + σ)(1− ε)

[
f ′(1− µ+ εµ)

f(1− µ+ εµ)
+
f ′(µ+ ε(1− µ))

f(µ+ ε(1− µ))

]
< 0,

∂Γ(1;α)

∂µ
=

δd′(1− µ)

d(1− µ)
> 0.

(ii): By di�erentiating these functions, we obtain:

∂Γ(0;α)

∂ε
= (α + σ)

[
µf ′ (1− µ+ εµ)

f (1− µ+ εµ)
− (1− µ) f ′ (µ+ ε (1− µ))

f(µ+ ε(1− µ))

]
< 0,

since µ < 1 − µ, µ + ε(1 − µ) < 1 − µ + εµ, f(µ + ε(1 − µ)) < f (1− µ+ εµ) and

f ′ (1− µ+ εµ) < f ′(µ+ ε(1− µ)), and

∂Γ(1;α)

∂ε
= −(α + σ)

f ′(ε)

f(ε)
< 0.
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Moreover, taking limits, we obtain:

lim
ε→1

Γ(0;α) = −δ ln d < 0,

lim
ε→1

Γ(1;α) = −δ ln d(1− µ) < 0.

Using Lemmas 2 and A3, it is then straightforward to prove Proposition 3.

Proof of Proposition 4: As is well known in urban economics, an agent having a steeper

bid rent at an intersection of bid rent curves of heterogeneous agents lives closer to the

CBD. From (7), we know that at any intersection of Φmc and Φcc (i.e., x̌ that satis�es

Φmc(x̌, λ) = Φcc(x̌, λ) ≡ Φ(x̌)), the slopes of the two bid rent curves are the same:

∂Φmc(x̌, λ)

∂x
= − tΦ(x̌)

(1− a) (yc(λ)− tx̌)
=
∂Φcc(x̌, λ)

∂x
.

Hence, the assimilated ethnic minorities and the majority individuals reside in the same

area. Moreover, at any intersection of Φmm and Φcc (i.e., at any x̃ that satis�es Φmm(x̃, λ) =

Φcc(x̃, λ) = Φ(x̃)), we can see that

∂Φmm(x̃, λ)

∂x
= − tΦ(x̃)

(1− a) (ym(λ)− tx̃)
< 0,

∂Φcc(x̃, λ)

∂x
= − tΦ(x̃)

(1− a) (yc(λ)− tx̃)
< 0,

which, combined with the fact that yc(λ) > ym(λ) under 0 < ε < 1 implies that∣∣∣∣∂Φmm(x̃, λ)

∂x

∣∣∣∣ > ∣∣∣∣∂Φcc(x̃, λ)

∂x

∣∣∣∣ .
Hence, the minority individuals who do not assimilate live closer to the CBD than the

majority individuals and the minority individuals who assimilate. This segregation pat-

tern under income heterogeneity is very standard in the urban economics literature (see

Fujita, 1989).

Proof of Proposition 6

To prove this proposition, we need to know: (i) Vmc(1), the utility level of all ethnic

minorities when all of them assimilate to the majority group, (ii) Vmm(1), the utility level

of the ethnic minorities who reject the majority's norm, (iii) Vmm(0), the utility level of

all ethnic minorities when all of them decide to reject the norm of the majority group,

A4



(iv) Vmc(0), the utility level of a some ethnic minorities who decide to assimilate to the

majority group.

From (B.2), we obtain:

Γmon(1) = Vmc(1)− Vmm(1) (A.1)

= (1 + σ) ln

(
yc(1)

ym(1)

)
− δ ln d(1− µ).

where d(.) is the perceived distance de�ned in Section 2.3.1.

Similarly, we can solve the model when ethnic minorities reject the majority norm to

obtain

Γmon(0) = Vmc(0)− Vmm(0) (A.2)

= ln

(
yc(0)− tx̃
ym(0)− tx̃

)
+ σ ln

(
yc(0)

ym(0)

)
− δ ln d,

tx̃m =

{
1−

[
H + (1− µ)t

H + t

]1−a
}
ym(0).

By di�erentiating Γmon(1) and Γmon(0) with respect to t and H, we obtain:

∂Γmon(1)

∂t
=

∂Γmon(1)

∂H
= 0,

∂Γmon(0)

∂t
=

yc(0)− ym(0)

(ym(0)− tx̃) (yc(0)− tx̃)

∂ (tx̃)

∂t
> 0,

∂Γmon(0)

∂H
=

yc(0)− ym(0)

(ym(0)− tx̃) (yc(0)− tx̃)

∂ (tx̃)

∂H
< 0.

This proves the result.

Proof of Proposition 7

By proceeding as for the proof of Proposition 6, we can di�erentiate (A.1) and (A.2)

to obtain:

∂Γmon(1)

∂ε
< 0,

∂Γmon(1)

∂µ
> 0 ,

∂Γmon(1)

∂δ
< 0 ,

∂Γmon(1)

∂σ
> 0 ,

∂Γmon(1)

∂a
= 0,

∂Γmon(0)

∂ε
< 0,

∂Γmon(0)

∂µ
< 0 ,

∂Γmon(0)

∂δ
< 0 ,

∂Γmon(0)

∂σ
> 0 ,

∂Γmon(0)

∂a
= 0,

This proves the result.
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Proof of Proposition 8

For the ASIUE, equations (12) and (B.1) yield:

tx̄A =

[
1−

(
H

H + t

)1−a
]
yc(1),

RA(x) =

 Φcc(x, 1) ( = Φmc(x, 1)) if x ∈ [0, x̄A]

1 if x ∈ (x̄A,∞)
,

Φcc(x, 1) =

(
yc(1)− tx
yc(1)− tx̄A

)1/(1−a)

,

For the OSIUE, we have:

tx̃O =

{
1−

[
H + (1− µ)t

H + t

]1−a
}
ym(0),

tx̄O = yc(0)− (yc(0)− ym(0))

[
H

H + (1− µ)t

]1−a

− ym(0)

(
H

H + t

)1−a

,

RO(x) =


Φmm(x, 0) if x ∈ [0, x̃O]

Φcc(x, 0) ( = Φmc(x, 0)) if x ∈ (x̃O, x̄O]

1 if x ∈ (x̄O,∞)

,

Φcc(x, 0) =

(
yc(0)− tx
yc(0)− tx̄O

)1/(1−a)

,

Φmm(x, 0) =

(
ym(0)− tx
ym(0)− tx̃O

)1/(1−a)(
yc(0)− tx̃O
yc(0)− tx̄O

)1/(1−a)

,

Because
H

H + (1− µ)t
>

H

H + t
,

we know that

tx̄O =

{
1−

[
H

H + (1− µ)t

]1−a
}
yc(0) +

{[
H

H + (1− µ)t

]1−a

−
(

H

H + t

)1−a
}
ym(0)

<

{
1−

[
H

H + (1− µ)t

]1−a
}
yc(0) +

{[
H

H + (1− µ)t

]1−a

−
(

H

H + t

)1−a
}
yc(0)

=

[
1−

(
H

H + t

)1−a
]
yc(0)

<

[
1−

(
H

H + t

)1−a
]
yc(1) = tx̄A.
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Moreover, the total land rents (TLR) are given by

TLRA = H

∫ tx̄A

0

Φcc(x, 1)dx

=
(H + t)(1− a)

t(2− a)

[
1−

(
H

H + t

)2−a
]
yc(1),

TLRO = H

∫ tx̃O

0

Φmm(x, 0)dx+H

∫ tx̄O

tx̃O

Φcc(x, 0)dx

=
H(1− a)

t(2− a)

[(
yc(0) +

µt

H + (1− µ)t
ym(0)

)[
H + (1− µ)t

H

]
−yc(0)

[
H

H + (1− µ)t

]1−a

+ ym(0)

{[
H

H + (1− µ)t

]1−a

−
(

H

H + t

)1−a
}]

.

From this, we can show that

TLRO <
H(1− a)

t(2− a)

[(
yc(0) +

µt

H + (1− µ)t
yc(0)

)[
H + (1− µ)t

H

]
−yc(0)

[
H

H + (1− µ)t

]1−a

+ yc(0)

{[
H

H + (1− µ)t

]1−a

−
(

H

H + t

)1−a
}]

=
(H + t)(1− a)

t(2− a)

[
1−

(
H

H + t

)2−a
]
yc(0)

<
(H + t)(1− a)

t(2− a)

[
1−

(
H

H + t

)2−a
]
yc(1) = TLRA.
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B Equilibrium values of all variables in any urban equi-

librium

Letting x̄ denote the edge of the city, the market land rent is given by

R(x, λ) =


Φmm(x, λ) if x ∈ [0, x̃]

Φcc(x, λ) ( = Φmc(x, λ)) if x ∈ (x̃, x̄]

1 if x ∈ (x̄,∞)

.

At the city edge x̄, the utility of the majority individuals is equal to:

Vcc(λ) = ln(yc(λ)− tx̄) + σ ln

[
yc(λ)

y(λ)

]
.

Plugging this into (12) with i = J = c yields the bid rent of the majority individuals:2

Φcc(x, λ) =

(
yc(λ)− tx
yc(λ)− tx̄

)1/(1−a)

.

At the border x̃ between the residential area of the minority individuals who do not

assimilate and that of other individuals, we have Φmm(x̃, λ) = Φcc(x̃, λ), implying that we

can write the indirect utility of the minority individuals who do not assimilate as

Vmm(λ) = ln (ym(λ)− tx̃) + σ ln
ym(λ)

y(λ)
− (1− a) ln Φcc(x̃, λ).

Plugging this into (12) with i = J = m, we obtain the bid rent of the minority individuals

who do not assimilate:

Φmm(x, λ) =

(
ym(λ)− tx
ym(λ)− tx̃

)1/(1−a)(
yc(λ)− tx̃
yc(λ)− tx̄

)1/(1−a)

.

2We can obtain the same bid rent function by deriving the utility of the group m individuals who
assimilate, and plugging it into (12) with i = m and J = c.
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Hence, using (10), the housing demands are given by:

hmm(x, λ) = (1− a)
(ym(λ)− tx̃)1/(1−a)

(ym(λ)− tx)a/(1−a)

(
yc(λ)− tx̄
yc(λ)− tx̃

)1/(1−a)

,

hmc(x, λ) = hcc(x, λ) = (1− a)
(yc(λ)− tx̄)1/(1−a)

(yc(λ)− tx)a/(1−a)
.

The population constraints (14) are then equal to:

(1− λ)µ =

∫ x̃

0

H

hmm(x, λ)
dx, λµ+ 1− µ =

∫ x̄

x̃

H

hcc(x, λ)
dx.

We can solve them with respect to x̃ and x̄, respectively, and obtain

tx̃ =

{
1−

[
H + (λµ+ 1− µ)t

H + t

]1−a
}
ym(λ), (B.1)

tx̄ = yc(λ)− (yc(λ)− ym(λ))

[
H

H + (λµ+ 1− µ)t

]1−a

− ym(λ)

(
H

H + t

)1−a

.

Plugging the above equations into (11), we obtain the indirect utility as

Vmm(λ) = ln[(ym(λ)− tx̃)− ln
yc(λ)− tx̃
yc(λ)− tx̄

+ σ ln
ym(λ)

y(λ)
, (B.2)

Vmc(λ) = ln(yc(λ)− tx̄)− δ lnDmc(λ) + σ ln
yc(λ)

y(λ)
,

Vcc(λ) = ln(yc(λ)− tx̄)− δ lnDcc(λ) + σ ln
yc(λ)

y(λ)
.
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Figure 2: Perceived distance function when 𝑑𝑑 𝑥𝑥 = 3 − 2 𝑥𝑥 − 1 2
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Figure 4: Different possible equilibria
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Figure 5: Different urban equilibrium configurations

𝑅𝑅(𝑥𝑥)

1

0

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

(a) Assimilation Social Identity Urban Equilibrium 
(ASIUE)

(b) Oppositional Social Identity Urban Equilibrium 
(OSIUE)

𝑥̅𝑥𝐴𝐴 𝑥̅𝑥𝑂𝑂

𝑅𝑅(𝑥𝑥)

1

�𝑥𝑥𝑂𝑂 𝑥𝑥

Φ𝑐𝑐𝑐𝑐 𝑥𝑥, 𝜆𝜆 = Φ𝑚𝑚𝑐𝑐 𝑥𝑥, 𝜆𝜆

Φ𝑐𝑐𝑐𝑐 𝑥𝑥, 𝜆𝜆

Φ𝑚𝑚𝑚𝑚 𝑥𝑥, 𝜆𝜆

�𝑅𝑅 = 1�𝑅𝑅 = 1

𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂
𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑎𝑎𝑎𝑎𝑎𝑎 a𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚



(1) Effects of changes in t (2) Effects of changes in H (3) Effects of changes in ε

Figure 6: Utility differences between the ASIUE and the OSIUE
Notes: In the baseline case, we set a = 0.75, β = 0.15, d = 3, δ = 0.2, ε = 0.2, H = 10, μ = 0.2, σ = 0.2, t = 0.1, and θ = 3.



(4) Effects of changes in μ (5) Effects of changes in β (6) Effects of changes in θ

Figure 6 (cont.): Utility differences between the ASIUE and the OSIUE
Notes: In the baseline case, we set a = 0.75, β = 0.15, d = 3, δ = 0.2, ε = 0.2, H = 10, μ = 0.2, σ = 0.2, t = 0.1, and θ = 3.



(7) Effects of changes in d (8) Effects of changes in δ (9) Effects of changes in σ

Figure 6 (cont.): Utility differences between the ASIUE and the OSIUE
Notes: In the baseline case, we set a = 0.75, β = 0.15, d = 3, δ = 0.2, ε = 0.2, H = 10, μ = 0.2, σ = 0.2, t = 0.1, and θ = 3.



(10) Effects of changes in a

Figure 6 (cont.): Utility differences between the ASIUE and the OSIUE
Notes: In the baseline case, we set a = 0.75, β = 0.15, d = 3, δ = 0.2, ε = 0.2, H = 10, μ = 0.2, σ = 0.2, t = 0.1, and θ = 3.
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