
 

 

 

 

 

 
 
 
 

 

 

 

August 2014 

 

 

 

 

 

 

 

 

 

CIRJE Discussion Papers can be downloaded without charge from: 

http://www.cirje.e.u-tokyo.ac.jp/research/03research02dp.html 

 

 

 

 

Discussion Papers are a series of manuscripts in their draft form.  They are not intended for 

circulation or distribution except as indicated by the author.  For that reason Discussion Papers 

may not be reproduced or distributed without the written consent of the author. 

CIRJE-F-938 
 

Matrix Exponential Stochastic Volatility  
with Cross Leverage 

 
Tsunehiro Ishihara 

Hitotsubashi University 
 

Yasuhiro Omori 
The University of Tokyo 

 
Manabu Asai 

Soka University 
 

 

 

       
    

 

 

 

 



Matrix exponential stohasti volatility with ross leverageTsunehiro Ishihara� Yasuhiro Omori y and Manabu Asai zAugust 26, 2014AbstratA multivariate stohasti volatility model with the dynami orrelation and theross leverage e�et is desribed and its eÆient estimation method using Markov hainMonte Carlo is proposed. The time-varying ovariane matries are guaranteed to bepositive de�nite by using a matrix exponential transformation. Of partiular inter-est is our approah for sampling a set of latent matrix logarithm variables from theironditional posterior distribution, where we onstrut the proposal density based onan approximating linear Gaussian state spae model. The proposed model and its ex-tended models with fat-tailed error distribution are applied to trivariate returns data(daily stoks, bonds, and exhange rates) of Japan. Further, a model omparison isonduted inluding onstant orrelation multivariate stohasti volatility models withleverage and diagonal multivariate GARCH models.Key words: Dynami orrelation, Leverage e�et, Matrix exponential, Markov hainMonte Carlo, Multi-move sampler, Multivariate stohasti volatility
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1 IntrodutionOver the last several deades, there has been a great deal of interest in modeling volatilities ofmultivariate stok market returns. The examples are multivariate generalized autoregressiveonditional heteroskedastiity (GARCH) models (see the review of Bauwens, Laurent, andRombouts (2006)), multivariate stohasti volatility (SV) models (see the review of Asai,MAleer, and Yu (2006), Chib, Omori, and Asai (2009) ) and realized ovariane models(see e.g. Golosnoy, Gribish, and Liesenfeld (2012)). The realized ovariane model uses thehigh-frequeny data to estimate ovariane matries and regard them as observed ovarianematries, while they are latent variables in GARCH and SV models.Various multivariate volatility models have been proposed in the literature to desribethe dynami properties of the ovariane matries suh as the volatility lustering, thedynami orrelations, and the leverage e�ets. The DCC models, (Engle (2002)) and BEKKmodel (Engle and Kroner (1995)) are suh multivariate GARCH models, and autoregressiveWishart models (Philipov and Glikman (2006), Gourieroux, Jasiak, and Sufana (2009),Golosnoy, Gribish, and Liesenfeld (2012)) are examples in multivariate SV models. Theommon diÆulty in these models is to keep the ovariane matries positive de�nite. Tooverome this diÆulty, reparameterization methods are onsidered in Yu and Meyer (2006),Tsay (2005), and Jungbaker and Koopman (2006). The Choleski deomposition of theovariane matrix is also onsidered in Lopes, MCulloh, and Tsay (2012) and Loddo, Ni,and Sun (2011).However, there have been still few previous works on the multivariate volatility modelswith both dynami orrelations and ross leverage e�ets. Cross leverage refers to theorrelation between the i-th asset return at time t and the funtion of j-th asset volatilityat time t+1 (when i = j, we simply all it a leverage e�et). Thus, to model these propertiesof ovariane matries, this paper onsiders the matrix logarithm transformation whih isknown useful to model positive de�nite matries in a exible way. Sine the seminal workof Chiu, Leonard, and Tsui (1996), the matrix exponential model for the ovariane matrixhas been applied to the spatial model to simplify the alulation of log-likelihood funtions(LeSage and Pae (2007)), and is extended to the GARCH model (Kawakatsu (2006)), theSV model (Asai, MAleer, and Yu (2006)) and the realized ovariation model (Bauer andVorkink (2010) and Sheppard (2007)) for multivariate �nanial time series.We onsider the general multivariate volatility model using the matrix exponential SVmodel with ross leverage e�ets and propose an eÆient omputational algorithm. This2



is a generalization of Ishihara and Omori (2012) who propose the following multivariatestohasti volatility (MSV) model with ross-asset leverage e�et of the formyt = diag (exp(�1t=2); : : : ; exp(�pt=2)) "t; (1)�t+1 = ��t + �t; (2)�"0t;�0t�0 � N2p(0;�); (3)where yt = (y1t; : : : ; ypt)0, �t = (�1t; : : : ; �pt)0, � = diag(�1; : : : ; �p) and Np(�;�) denotesthe p-dimensional normal distribution with mean � and variane �. This is fairly generalin the sense that there is no restrition imposed on the ovariane matrix �, while, inthe previous literature, various parameter restritions are imposed (e.g. Asai and MAleer(2006), Asai and MAleer (2009), Chan, Kohn, and Kirby (2006), and Dan��elsson (1998))to estimate parameters based on the Monte Carlo likelihood. We, further, model the dy-nami ovariane matries (dynami varianes and orrelations) using a matrix logarithmtransformation. Sine it is diÆult to implement a maximum likelihood estimation for ourproposed model without imposing restritions on parameters, we take Bayesian approahand estimate posterior distributions of model parameters using Markov hain Monte Carlo(MCMC) method. The simple sampling algorithm for the latent ovariane matries isknown to be ineÆient as disussed in Ishihara and Omori (2012). They showed that thesingle-move sampler whih samples one volatility variable given others is highly ineÆientand proposed the eÆient multi-move sampler (blok sampler) whih divides the vetor ofall latent variables into bloks and samples one blok given other bloks based on Omoriand Watanabe (2008). Thus we onstrut the multi-move sampler for our matrix exponen-tial model and show that it is eÆient in omparison with the alternative simple samplingalgorithm.The rest of the paper is organized as follows. In Setion 2, we introdue a matrixexponential stohasti volatility model with ross leverage e�ets. Bayesian estimationmethod and the assoiated partile �lter for alulating likelihood funtions are desribedin Setion 3. Setion 4 shows the eÆieny of our proposed algorithm using the simulateddata, and, in Setion 5, the empirial studies are given using the trivariate asset returnsdata (stok indies, bond indies and foreign exhange rates). We ondut a model seletionamong the proposed model, extended models with fat-tailed error distribution and someonstant orrelation multivariate SV models. Setion 6 onludes the paper.3



2 Matrix exponential stohasti volatilityThis setion proposes the matrix exponential stohasti volatility (MESV) model with rossleverage e�ets. The MESV model is based on the matrix exponential transformation asbelow. A matrix exponential is widely studied in the ontext of multidimensional di�er-ential equations and Lie algebra. The statistial appliations of the matrix exponentialtransformation are given, for example, in Chiu, Leonard, and Tsui (1996), and Kawakatsu(2006). For any p� p matrix A, the matrix exponential is de�ned by the following powerseries expansion exp(A) � 1Xs=0 1s!As;where the series onverges absolutely if all eigenvalues of A are �nite. ( see e.g. Abadir andMagnus (2005) for various properties of the matrix exponential transformation). For anyreal symmetri positive de�nite matrix C, there exists a real symmetri p�p matrix A suhthat C = exp(A), and the matrix A is obtained by the matrix logarithm transformation.Conversely, for any real symmetri matrix A, C = exp(A) is a symmetri positive de�nitematrix (Chiu, Leonard, and Tsui (1996)). If A is a p�p real symmetri matrix, there existsa p� p orthogonal matrix U and a diagonal matrix � suh that A = U�U0 andexp(A) = U 1Xs=0 1s!�s!U0 = U exp(�)U0:Now let yt = (y1t; : : : ; ypt)0 denote the p-dimensional asset return vetor at time t, and letHt denote the matrix logarithm of the variane-ovariane matrix of yt. The MESV modelwith leverage e�ets is given byyt = exp(Ht=2)"t; "t � i.i.d. Np(0; Ip); t = 1; : : : ; n: (4)Ht+1 = M+ ~�� (Ht �M) +Et; (5)0� "t�t 1A � i.i.d. Np+q(0;�); � = 0� Ip �"���" ��� 1A ; t = 1; : : : ; n� 1; (6)h1 � Nq (�;�0) ; (7)where �t = veh(Et), q = p(p + 1)=2, M = f�ijg, and ~� = f�ijg are p � p symmetrimatries of parameters, and � denotes the Hadamard produt. For the identi�ability, we4



set the ovariane matrix of "t equal to Ip.If we let ht = veh(Ht) = (h11;t; h21;t; : : : ; hp1;t; h22;t : : : ; hpp;t)0 denote the staked ol-umn vetor of the lower triangle elements of the Ht, then the \veh form" of (5) is givenby ht+1 = �+�(ht � �) + �t; (8)with � = veh(M) = (�11; �21; : : : �p1; �22; : : : ; �pp)0, � = diag(�) (a diagonal matrix whosediagonal elements are equal to �) and � = veh( ~�) = (�11; �21; : : : �p1; �22; : : : ; �pp)0. Thenumber of parameters in the MESV model is q(q+2p+5)=2. The ovariane matrix of theinitial latent variable, �0, is assumed to satisfy a stationary ondition suh thatve(�0) = (Iq2 ��
�)�1ve(���);where 
 denotes the Kroneker produt.We let ��� = f�ij;���i;���j;��g, and �"� = f�ij;"��j;��g where �i;�� is the standard deviationof �it and �ij;xy is the orrelation oeÆient between xit and yjt. Further, for onveniene, weuse the notation E(i; j) = k based on the relationship �t = veh(Et) suh that the (i; j)-thelement of Et, Et(i; j), is equal to the k-th element of �t, �kt (i.e., E(1; 1) = 1, E(2; 1) = 2,. . . , E(p; 1) = p, E(2; 2) = p+1,. . . , E(p; p) = p(p+1)=2). Thus, Cov("lt; �kt) = �lk;"��k;��is equal to Cov("lt;Et(i; j)) = �lE(i;j);"��E(i;j);��.Remark 1. Due to the nonlinearity of the matrix exponential transformation, the interpre-tation of the (untransformed) parameters will depend on the dimension of yt. Thus, weonsider estimates of transformed parameters to investigate the properties of interest, suhas volatilities and orrelations.Remark 2. We an also interpret it terms of the prinipal omponent analysis. Usingthe diagonalization, Ht = Ut�tU0t, the element of U0tyt is the prinipal omponent of thereturns at time t, and the row vetor of the loading matrix U0t is a weight vetor for theportfolio whih represents the stok market prinipal omponent. We note that it is alsopossible to model Ut and �t as in Plataniotis (2011) using Givens rotation matrix for theeigenvetors matrix. 5



3 Bayesian estimation and assoiated partile �lterIn this setion, we desribe an eÆient Bayesian estimation method and an assoiatedpartile �lter to ompute the likelihood for the MESV model. Let � = (�;�;�) andh = (h01; : : : ;h0n)0 and Yn = (y1; : : : ;yn). Then the joint probability density funtion of Ynand h given � for (4) and (8) is given byf(Yn;hj�) = f(h1j�) n�1Yt=1 f(yt;ht+1jht;�)f(ynjhn;�) (9)/ j�0j� 12 j�j�n�12 j�""j� 12 exp( nXt=1 lt � 12(h1 � �)0��10 (h1 � �))� exp"� 12 n�1Xt=1 fht+1 � ���(ht � �)g0��1�� fht+1 � ���(ht � �)g #;where lt = �12 �tr(Ht) + (yt � �t)0��1t (yt � �t)	 and�t = exp(Ht=2)mt; (10)�t = exp(Ht=2)St exp(Ht=2); (11)mt = �"���1�� (ht+1 � ���(ht ��))I(t < n); (12)St = Ip ��"���1����"I(t < n); (13)where I(t < n) is an indiation funtion whih is equal to 1 if t < n and 0 otherwise.3.1 Prior distributionsFor prior distributions of (�;�), we assume�ij + 12 � B(aij ; bij); i = 1; : : : ; p; j = 1; : : : ; i; (14)� � Nq(m�0;V�0); (15)where B(a; b) denotes a beta distribution with parameters a and b. To de�ne a priordistribution of �, we �rst denote��1 = 24 �11 �12�21 �22 35 ;
6



where �11, �12 and �22 are p � p, p � q and q � q matries. Noting that �11 = Ip +�12�22�1�21, we assume the prior distributions suh thatve(�21)j�22 � Npq(ve(�22�0);
0 
�22); �22 � W(n0;R0); (16)where W(n;R) denotes Wishart distribution with parameters n and R. We onstrut thenatural onjugate prior of (�21;�22) for the likelihood funtion of the multivariate normaldistribution with �"" = Ip (in our ase, exluding some modi�ation). In our empirialstudy, we assumed a fairly at prior by setting �0 = 0 and 
0 = 5Ip to reet that we donot have suÆient information. For �ij , we assume j�ij j < 1 (0 < (�ij + 1)=2 < 1). Thusassuming Beta prior distribution for suh a parameter is quite popular in empirial studies.Also, it is stated that ve(�0) is based on a stationary ondition.3.2 MCMC algorithmUsing Equations (9), (14), (15) and (16), we obtain the joint posterior density funtion of(�;h) given by�(�;hjYn)/ f(Yn;hj�)� pYi=1 iYj=1(1 + �ij)aij�1(1� �ij)bij�1 � fN(�jm�0;V�0)�fN �ve(�21)jve(�22�0);
0 
�22�� j�22jn�q�12 exp��12tr �R�10 �22�� ;(17)where fN (�j�;�) denotes a normal density with mean � and ovariane matrix �. Toobtain the posterior quantities of the parameters � and volatility variables fhtgnt=1 fromthe posterior distribution, we implement the MCMC algorithm in six bloks:1. Initialize h;�;�;�.2. Generate hj�;�;�; Yn.3. Generate �j�;�;h; Yn.4. Generate �j�;�;h; Yn:5. Generate �j�;�;h; Yn:6. Go to Step 2. 7



3.2.1 Generation of hAs is often pointed out in the literature, it is important to sample the latent volatilityvariables fhtgnt=1 in an eÆient way. The simple sample method, whih samples one ht at atime given the other hs's and parameters, is known to be ineÆient, often produing highlyautoorrelated MCMC samples. This is beause the estimates of autoregressive parameters�i are often found to be very lose to one in empirial studies. Thus, we propose the samplingmethod based on a multi-move sampler whih samples a set of ht's as one blok at a time(see e.g. Shephard and Pitt (1997), Watanabe and Omori (2004), Omori and Watanabe(2008), Ishihara and Omori (2012)). We �rst desribe a simple algorithm whih we all asingle-move sampler as we use it as a benhmark to evaluate the estimation eÆienies ofthe multi-move algorithm.Single-move sampler. Let�h = ������"�"� and �h;t+1 = �+�(ht��)+��" exp(�Ht=2)yt.Then, the onditional posterior density of ht given fhsgs 6=t;� and � is�(htjfhsgs 6=t;�;�;Yn) / exp��12(ht � t)0��1t (ht � t) + g(ht)� ;where g(ht) = �12tr(Ht)� 12y0t exp(�Ht=2)S�1t exp(�Ht=2)yt+(ht+1 � ���(ht ��))0��1h ��" exp(�Ht=2)ytI(t < n);and �t = 8>><>>: (���1h �+��10 )�1; t = 1;(��1h +���1h �)�1; 1 < t < n;�h; t = n;t = 8>><>>: �1���1h (h2 � (Ip ��)�); t = 1;�t(���1h (ht+1 � (Ip ��)�) +��1h �h;t); 1 < t < n;�h;t; t = n:We generate a andidate hyt from hyt � Nq(t;�t) and aept it with probabilityminnexpfg(hyt )� g(ht)g; 1o ; t = 1; : : : ; n:8



Multi-move sampler. In this algorithm, we �rst divide h into several bloks, and sampleone blok at a time from its onditional posterior distribution given other bloks. Using theTaylor expansion of the logarithm of the onditional posterior density around the onditionalposterior mode, we derive a andidate distribution as a posterior distribution for some linearGaussian state spae model to exploit various smoothing and simulation algorithms as inOmori and Watanabe (2008). Details are given in Appendix A.Mixture of the single-move and multi-move samplers. Although the single-move sampleris easier to implement, it is ineÆient in the sense that it produes highly autoorrelatedMCMC samples as shown in Setion 4. On the other hand, the multi-move sampler iseÆient, but it is more ompliated than the single-move sampler, whih may need moreomputational ost and time. Thus, we ould propose a mixture of the single-move sam-pler and the multi-move sampler. That is, we implement the single-move sampler withprobability p (say 0.9) and the multi-move sampler with probability 1� p (0.1).3.2.2 Generation of �Sine the p�p leading prinipal submatrix of � is an identity matrix, we �rst generate �22and then sample ve(�21) onditional on �22, to ondut MH algorithm using the propertyof Wishart distribution (see, e.g., Theorem 3.3.9 of Gupta and Nagar (2000)).Let R�1 = 24 R11 R12R21 R22 35 = 24 Pn�1t=1 "t"0t Pn�1t=1 "t�0tPn�1t=1 �t"0t Pn�1t=1 �t�0t 35 ;where R11, R12 = R210, R22 are p� p, p� q, q � q matries, "t = exp(�Ht=2)yt and �t =ht+1 ����(ht ��). Using tr(AB) = ve(A0)0ve(B) and ve(AXB) = (B0 
A)ve(X),for X(n� n), A(m� n) and B(n�m), the joint onditional posterior probability density

9



of �12 and �22 is obtained as follows.�(�12;�22j�;h; Yn) = �(�22j�;h; Yn)�(ve(�21)j�22;�;h; Yn)/ h(�)� j�j�n�12 exp��12tr �R�1��1��� j�22jn0�q�12 exp��12tr �R�10 �22���fN (ve(�21)jve(�22�0);
0 
�22)/ h(�)� j�22jn0+n�1�q�12 exp ��12tr�(R22 �R21R11�1R12 +R�10 )�22	�� exp��12ve(�21 +�22R21R11�1)0(R11 
�22�1)ve(�21 +�22R21R11�1)��fN (ve(�21)jve(�22�0);
0 
�22)/ h(�)� j�22jn1�q�12 exp��12tr �R�11 �22��� fN (ve(�21)jve(�22�1);
1 
�22)where n1 = n0 + n� 1, R�11 = R22 ��1
�11 �01 +R�10 +�0
�10 �00 and
1 = �R11 +
�10 ��1 ;�1 = ��R21 +�0
�10 �
1h(�) = j�0j� 12 exp��12(h1 � �)0��10 (h1 � �)� :Thus, we generate a andidate �y in three steps.1. Draw �22y � W(n1;R1).2. Draw ve(�21y)j�22y � Npq(ve(�22y�1);
1 
�22y).3. Compute �y"� = ��12y�22y�1 and �y�� = �22y�1 +�y�"�y"�.and aept it with probability min�h(�y)h(�) ; 1� :3.2.3 Generation of (�, �)Generation of �. The onditional posterior distribution of � is�j�;�;h; Yn � Nq(m�1;V�1);
10



whereV�1 =  ��10 + n�1Xt=1(Ip ��)0��1h (Ip ��) +V� �10 !�1 ;m�1 = V�1 "n�1Xt=1(Ip ��)0��1h fht+1 ��ht ��"� exp(�Ht=2)ytg+��10 h1 +V� �10 m�0# :Generation of �. Let A =Pn�1t=1 (ht��)(ht��)0; B =Pn�1t=1 f(ht��)y0t exp(�Ht=2)�12+(ht � �)(ht+1 � �)0�22g and b denote a vetor whose i-th element is equal to the (i; i)-thelement of B. Then the onditional posterior probability density funtion of � is�(�j�;�; Yn) / exp��12tr(��22�A)� 2tr(�B)�� k(�)/ fN (�j��;��)� k(�);k(�) = j�0j� 12 exp��12�01��10 �1�� pYi=1 iYj=1(1 + �ij)aij�1(1� �ij)bij�1;where �� = ��b, ��1� = �22�A. To sample � from its onditional posterior distributionusing MH algorithm, we generate a andidate from a trunated normal distribution overthe region R, �y � T NR(��;��); R = f� : j�j j < 1; j = 1; : : : ; pg and aept it withprobability minfk(�y)=k(�); 1g:Remark 3. The MH aeptane ratio may beome low, for example, when the elementsof � are nearly one. To improve the MH algorithm by reduing the number of rejetedproposals, Mira (2001) proposes the delaying rejetion algorithm. We note that we anapply the delaying rejetion algorithm to our independent MH algorithm for �;�, and h.The performane of the delaying rejetion algorithm is disussed in Setion 4. See AppendixB for the details of the algorithm.3.3 Assoiated partile �lterWe desribe the assoiated auxiliary partile �lter introdued by Pitt and Shephard (1999)for the MESV model to ompute the log likelihood funtion. In Setion 5, we use thisalgorithm to alulate DIC (deviane information riterion proposed by Spiegelhalter, Best,
11



Carlin, and van der Linde (2002)). Letf(ytjht) = (2�)� p2 j exp (Ht) j� 12 exp��12y0t exp(�Ht)y� ;f(ht+1jyt;ht;�) = (2�)� q2 j�hj� 12 exp��12(ht+1 � �h;t+1)0��1h (ht+1 � �h;t+1)� ;and f(htjYt;�) denote a onditional density of ht given (Yt;�). Then the onditional jointdensity funtion of ht+1;ht, given (Yt+1;�) isf(ht+1;htjYt+1;�) / f(yt+1jht+1)f(ht+1jyt;ht;�)f(htjYt;�):We �rst onstrut an importane funtion to sample from the onditional joint distribution.Let f̂(htjYt;�) denote a disrete probability mass funtion approximating f(htjYt;�) andg(ht+1;hitjYt+1;�) / f(yt+1j�ih;t+1)f(ht+1jyt;hit;�)f̂(hitjYt;�)/ f(ht+1jyt;hit;�)g(hitjYt+1;�);where g(hitjYt+1;�) = f(yt+1j�ih;t+1)f̂(hitjYt;�)PIj=1 f(yt+1j�jh;t+1)f̂(hjt jYt;�) ;f(yt+1j�ih;t+1) = (2�)� p2 j exp(Mih;t+1)j� 12 exp��12y0t+1 exp(�Mih;t+1)yt+1� ;�ih;t+1 = �+�(hit � �) +��" exp(�Hit=2)yt;and Mih;t+1 is a symmetri matrix suh that �ih;t+1 = veh(Mih;t+1).Using this importane funtion, we implement the auxiliary partile �lter as follows.1. Set t = 1.(a) Generate hi1 � N (�;�0) (i = 1; : : : ; I).(b) Compute wi = f(y1jhi1;�) and save �w1 = 1I PIi=1 wi.() Let f̂(hi1jY1;�) = �i1 = wi=PIj=1wj (i = 1; : : : ; I).2. Generate �hit+1;hit� � g(ht+1;hitjYt+1;�) (i = 1; : : : ; I):(a) Compute �ih;t+1 = �+�(hit � �) +��" exp ��Hit=2�yt.(b) Generate hit � g(hitjYt+1;�). 12



() Generate hit+1 � f(ht+1jyt;hit;�).Then ompute wi = f(yt+1jhit+1)f(hit+1jyt;hit;�)f̂(hitjYt;�)g �hit+1;hitjyt+1;�� ;= f(yt+1jhit+1)f̂(hitjYt;�)g(hitjYt+1;�) ; i = 1; : : : ; I;and save wt = 1I IXi=1 wi:Further let f̂(hit+1jYt+1;�) = �it+1 = wi=PIj=1wj (i = 1; : : : ; I).3. Set t t+ 1. Go to Step 2.Then, as I !1, we obtain Pnt=1 logwt p!Pnt=1 log f(ytjYt�1;�):Remark 4. We may implement MH algorithm based on the sequential Monte Carlo approahusing the likelihood omputed by the partile �lter. However, sine the dimension of theparameter vetor is very high in our multivariate model, we do not pursue this alternativeapproah in this paper.4 Illustrative example with simulated dataThis setion shows the eÆieny of our proposed method using a simulated data. Two ex-amples are given where we generate n = 4; 000 observations with p = 3. Prior distributionsare assumed to be as follows. � � Nq(0; 5Iq);�ij + 12 � 8<: B(20; 3=2); i = j;B(1; 1); i 6= j;�22 � W(6; (6�22�)�1);ve(�21)j�22 � Npq(0; (5Ip)
�22);where �22� is a true ovariane matrix satisfying E(�22) = �22�. The mean and the stan-dard deviation of the prior distribution of �ii, j = 1; 2; 3 are set 0:86 and 0:11 respetively.13



Using the multi-move (single-move) sampler, we draw 110,000 (550,000) posterior samplesand disard the �rst 10,000 (50,000) samples as burn-in periods.Example 1. First, we onsider the following MESV model to repliate the dynamis of thestok return series:�ij = 8<: 0:5; i = j;0:2; i 6= j; ; �ij = 8<: 0:97; i = j;0:85; i 6= j;�iE(j;k);"� � Corr("it;Et(j; k)) = 8<: �0:3; i = j = k;�0:1; otherwise;�E(i;j)E(k;l);�� � Corr(Et(i; j);Et(k; l)) = 8<: 0:3; i = j 6= k = l0:1; otherwise;�E(i;j);�� �pV ar(Et(i; j)) = 8<: 0:2; i = j0:15; otherwise;whih are based on typial values in our empirial studies where E(1; 1) = 1, E(2; 1) = 2,E(3; 1) = 3, E(2; 2) = 4, E(3; 2) = 5 and E(3; 3) = 6.Tables 1, 2 and 3 show the estimation summaries for all parameters via the multi-movesampler. The posterior means and 95% redible intervals suggest that the estimates aresuÆiently lose to true values, whih indiates that our proposed estimation algorithmworks well1. The ineÆieny fators for the single-move sampler are about three timeslarger than those for the multi-move sampler. Further, Table 7 shows ineÆieny fatorsfor H2000. For these latent variables, ineÆieny fators forthe single-move sampler areabout seventeen times larger than those for the multi-move sampler. This implies thatour proposed multi-move sampler is highly eÆient than the single-move sampler as weexpeted.Tables 4, 5, 6 and 7 ompare the ineÆieny fators of single-move and multi-move sam-pler with and without delaying rejetion algorithm (DR). For the mixture of the single-moveand the multi-move samplers, we use multi-move (single-move) sampler with probability 0.1(0.9) and generate 120,000 samples and use 100,000 samples. The ineÆieny fators of the1The ineÆieny fators are also shown for the multi-move sampler and the single-move sampler. TheineÆieny fator is the ratio of the numerial variane of the estimate from the MCMC samples relativeto that from hypothetial unorrelated samples, and is de�ned as 1 + 2P1s=1 �s where �s is the sampleautoorrelation at lag s. It suggests the relative number of orrelated draws neessary to attain the samevariane of the posterior sample mean from the unorrelated draws (Chib (2001)).14



single-move sampler are muh larger than those of the multi-move sample with and withoutDR espeially for latent variables2. We note that the DR algorithm redues the ineÆ-ieny fators but that it requires additional omputational time. The single-move samplerwith DR is less eÆient than the multi-move sampler without DR, while the mixture ofthe single-move and the multi-move samplers with DR shows similar ineÆieny fators tothose of the multi-move sampler without DR. Taking aount of the omputational time,the mixture sampler may be preferred.Table 1: Posterior means, 95% redible intervals, and ineÆieny fators.Param. True ij Mean 95% interval IneÆienymulti [single℄�ij 0:97 11 0.967 [0.955, 0.978℄ 149 [334℄22 0.964 [0.951, 0.975℄ 119 [115℄33 0.975 [0.965, 0.984℄ 105 [437℄0:85 21 0.802 [0.701, 0.877℄ 288 [795℄31 0.841 [0.734, 0.910℄ 511 [1622℄32 0.837 [0.751, 0.900℄ 332 [435℄�ij 0:5 11 0.572 [0.390, 0.755℄ 6 [38℄22 0.456 [0.266, 0.649℄ 6 [75℄33 0.485 [0.225, 0.744℄ 3 [42℄0:2 21 0.201 [0.159, 0.243℄ 20 [465℄31 0.203 [0.158, 0.247℄ 17 [355℄32 0.204 [0.156, 0.252℄ 18 [304℄�E(i;j);�� 0:2 11 0.189 [0.158, 0.223℄ 285 [572℄22 0.216 [0.185, 0.251℄ 219 [306℄33 0.211 [0.181, 0.242℄ 180 [657℄0:15 21 0.158 [0.118, 0.204℄ 460 [1182℄31 0.145 [0.106, 0.194℄ 646 [1648℄32 0.175 [0.129, 0.230℄ 438 [761℄�E(i;j);�� =pVar(Et(i; j))
2The aeptane rates for �, � and H2000 in MH algorithms are 0.93, 0.97 and 0.55 (0.94, 0.98 and0.70) for the multi-move sampler (single-move sampler). For MH algorithms with DR, they are 0.99, 0.99and 0.92 (0.99, 0.99 and 0.93) for the multi-move sampler (single-move sampler), and 0.99, 0.99, and 0.93for the mixture of the multi-move and single-move samplers. The elapsed times for the simulation usingthe multi-move, single-move, multi-move with DR, single-move with DR, mixture with DR samplers are9.38, 0.56, 17.81, 1.13 and 2.96 hours per 10,000 iterations with Rihland AMD A10-6800K Blak Edition(4.1GHz). 15



Table 2: Posterior means, 95% redible intervals and ineÆieny fators.�iE(j;k);"� = Corr("it;Et(j; k))True i jk Mean 95% interval IneÆienymulti [single℄�0:3 1 11 -0.277 [-0.388,-0.159℄ 61 [133℄2 22 -0.255 [-0.372,-0.134℄ 84 [126℄3 33 -0.374 [-0.479,-0.264℄ 81 [220℄
�0:1

1 21 0.046 [-0.100, 0.188℄ 73 [164℄1 31 -0.041 [-0.190, 0.107℄ 96 [218℄1 22 -0.113 [-0.226, 0.002℄ 34 [143℄1 32 -0.035 [-0.163, 0.092℄ 63 [206℄1 33 0.005 [-0.114, 0.123℄ 66 [155℄2 11 -0.018 [-0.147, 0.111℄ 60 [231℄2 21 -0.017 [-0.172, 0.131℄ 94 [164℄2 31 -0.172 [-0.328,-0.022℄ 86 [289℄2 32 -0.072 [-0.207, 0.061℄ 65 [189℄2 33 -0.067 [-0.192, 0.057℄ 71 [184℄3 11 -0.092 [-0.217, 0.030℄ 61 [159℄3 21 -0.194 [-0.341,-0.047℄ 87 [113℄3 31 -0.118 [-0.263, 0.028℄ 91 [293℄3 22 -0.080 [-0.192, 0.035℄ 51 [174℄3 32 -0.027 [-0.155, 0.104℄ 72 [149℄Table 3: Posterior means, 95% redible intervals and ineÆieny fators.�E(i;j)E(k;l);�� = Corr(Et(i; j));Et(k; l))True ij kl Mean 95% interval IneÆienymulti [single℄0:3 11 22 0.248 [ 0.080, 0.411℄ 102 [340℄11 33 0.332 [ 0.170, 0.481℄ 135 [382℄22 33 0.266 [ 0.104, 0.420℄ 68 [186℄
0:1

11 21 -0.055 [-0.266, 0.177℄ 184 [971℄11 31 0.150 [-0.066, 0.355℄ 215 [662℄11 32 0.064 [-0.135, 0.267℄ 138 [109℄21 31 0.092 [-0.199, 0.377℄ 301 [110℄21 22 -0.034 [-0.239, 0.188℄ 205 [133℄21 32 -0.127 [-0.386, 0.142℄ 239 [100℄21 33 0.203 [-0.028, 0.424℄ 177 [106℄31 22 0.055 [-0.173, 0.269℄ 234 [111℄31 32 0.041 [-0.192, 0.275℄ 213 [161℄31 33 0.213 [ 0.010, 0.413℄ 224 [931℄22 32 -0.006 [-0.203, 0.189℄ 137 [536℄32 33 0.053 [-0.134, 0.239℄ 138 [830℄
16



Table 4: IneÆieny fators.Param. ij IneÆienymulti single multi DR single DR mixed DR�ij 11 149 334 95 191 19822 119 115 114 178 5733 105 437 113 151 7121 288 795 458 598 35331 511 1622 332 1149 56032 332 435 290 506 247�ij 11 6 38 6 28 2222 6 75 6 20 1033 3 42 4 15 621 20 465 20 91 2031 17 355 18 125 4332 18 304 6 50 38�E(i;j);�� 11 285 572 182 399 29622 219 306 199 321 14633 180 657 177 248 16121 460 1182 583 957 47831 646 1648 510 1099 81932 438 761 422 668 324�E(i;j);�� =pVar(Et(i; j))Table 5: IneÆieny fators.�iE(j;k);"� = Corr("it;Et(j; k))i jk IneÆienymulti single multi DR single DR mixed DR1 11 61 133 37 137 682 22 84 126 41 121 473 33 81 220 58 105 481 21 73 164 55 163 1111 31 96 218 101 268 1051 22 34 143 23 96 711 32 63 206 33 124 641 33 66 155 54 84 902 11 60 231 42 256 702 21 94 164 84 169 982 31 86 289 76 212 1502 32 65 189 46 90 522 33 71 184 47 110 523 11 61 159 39 146 663 21 87 113 80 270 913 31 91 293 85 290 1083 22 51 174 50 118 293 32 72 149 46 106 30
17



Table 6: IneÆieny fators.�E(i;j)E(k;l);�� = Corr(Et(i; j));Et(k; l))ij kl IneÆienymulti single multi DR single DR mixed DR11 22 102 340 64 198 13611 33 135 382 160 325 15622 33 68 186 78 232 12411 21 184 971 130 403 20311 31 215 662 122 435 16211 32 138 109 151 340 37021 31 301 110 263 405 45721 22 205 133 192 330 21821 32 239 100 215 595 32421 33 177 106 201 353 27231 22 234 111 110 422 20131 32 213 161 144 390 16131 33 224 931 130 366 26822 32 137 536 69 299 13132 33 138 830 103 245 81Table 7: IneÆieny fators of H2000Parameter multi single multi DR single DR mixed DRH11;2000 8 121 4 99 32H22;2000 8 141 4 88 28H33;2000 10 171 11 168 47H12;2000 6 36 9 45 16H13;2000 6 62 5 60 25H23;2000 5 40 3 36 20Example 2. As another example, we onsider the model with highly persistent �ii's suhthat �ij =8<: 0:5; i = j;0:2; i 6= j; ; �ij =8<: 0:99; i = j;0:90; i 6= j;�iE(j;k);"� � Corr("it;Et(j; k)) = 8<: �0:3; i = j = k;�0:1; otherwise;
18



�E(i;j)E(k;l);�� � Corr(Et(i; j);Et(k; l)) = 8<: 0:6; i = j 6= k = l0:2; otherwise;�E(i;j);�� �pV ar(Et(i; j)) = 8<: 0:2; i = j0:2; otherwise:Tables 8, 9, and 10 show the estimation summaries for all parameters via the multi-movesampler. As in the previous example, the posterior means and 95% redible intervals suggestthat the estimates are suÆiently lose to true values, whih indiates that our proposedestimation algorithm works well. The ineÆieny fators for the single-move sampler areabout twie larger than those for the multi-move sampler, and as shown in Table 14, theseineÆieny fators of H2000 for the single-move sampler are about twenty times largerthan those for the multi-move sampler, implying that our proposed multi-move sampleris eÆient. Further, Tables 11, 12, 13 and 14 ompare ineÆieny fators for the single-move and the multi-move samplers with and without DR. 3 The DR algorithm redues theineÆieny fators, but, overall, its performane is similar to those in the previous example.Table 8: Posterior means, 95% redible intervals, and ineÆieny fators.Param. True ij Mean 95% interval IneÆienymulti [single℄�ij 0:99 11 0.992 [0.989, 0.996℄ 60 [297℄22 0.992 [0.989, 0.995℄ 44 [222℄33 0.992 [0.989, 0.996℄ 57 [151℄0:90 21 0.925 [0.897, 0.947℄ 367 [478℄31 0.879 [0.843, 0.909℄ 168 [239℄32 0.901 [0.868, 0.929℄ 178 [304℄�ij 0:5 11 0.350 [-0.406, 1.102℄ 2 [5℄22 0.551 [-0.149, 1.236℄ 1 [7℄33 0.354 [-0.394, 1.080℄ 2 [6℄0:2 21 0.240 [0.160 , 0.320℄ 6 [25℄31 0.264 [0.202 , 0.327℄ 9 [47℄32 0.209 [0.140 , 0.278℄ 6 [24℄�E(i;j);�� 0:2 11 0.189 [0.167, 0.214℄ 206 [620℄22 0.187 [0.165, 0.212℄ 192 [547℄33 0.187 [0.165, 0.210℄ 197 [346℄0:2 21 0.174 [0.145, 0.208℄ 514 [632℄31 0.215 [0.181, 0.253℄ 279 [409℄32 0.196 [0.163, 0.233℄ 296 [442℄�E(i;j);�� =pVar(Et(i; j))3The aeptane rates for �, � and H2000 in MH algorithms are 0.82, 0.98 and 0.31 for the multi-movesampler, 0.83, 0.98 and 0.70 for the single-move sampler, 0.97, 1.99 and 0.81 for the multi-move sampler withDR, 0.97, 1.00 and 0.91 for the single-move sampler with DR, and 0.97, 1.00, and 0. 90 for the mixed-movesampler with DR. 19



Table 9: Posterior means, 95% redible intervals and ineÆieny fators.�iE(j;k);"� = Corr("it;Et(j; k))True i jk Mean 95% interval IneÆienymulti [single℄�0:3 1 11 -0.252 [-0.351,-0.147℄ 80 [173℄2 22 -0.296 [-0.396,-0.189℄ 80 [234℄3 33 -0.334 [-0.436,-0.226℄ 89 [151℄
�0:1

1 21 -0.060 [-0.161, 0.044℄ 63 [76℄1 31 -0.215 [-0.311,-0.116℄ 60 [98℄1 22 -0.122 [-0.223,-0.013℄ 76 [150℄1 32 -0.184 [-0.282,-0.086℄ 50 [99℄1 33 -0.101 [-0.207, 0.008℄ 58 [202℄2 11 -0.140 [-0.248,-0.028℄ 80 [271℄2 21 0.007 [-0.098, 0.114℄ 60 [151℄2 31 -0.091 [-0.191, 0.007℄ 70 [74℄2 32 -0.116 [-0.217,-0.009℄ 58 [117℄2 33 -0.103 [-0.217, 0.010℄ 110 [297℄3 11 -0.143 [-0.255,-0.026℄ 111 [203℄3 21 -0.038 [-0.147, 0.073℄ 83 [82℄3 31 -0.121 [-0.221,-0.018℄ 58 [99℄3 22 -0.167 [-0.278,-0.049℄ 111 [236℄3 32 -0.130 [-0.236,-0.025℄ 66 [204℄Table 10: Posterior means, 95% redible intervals and ineÆieny fators.�E(i;j)E(k;l);�� = Corr(Et(i; j));Et(k; l))True ij kl Mean 95% interval IneÆienymulti [single℄0:6 11 22 0.670 [ 0.563, 0.762℄ 167 [521 ℄11 33 0.585 [ 0.451, 0.697℄ 203 [796 ℄22 33 0.651 [ 0.534, 0.751℄ 265 [1177℄
0:2

11 21 0.166 [-0.005, 0.333℄ 241 [407℄11 31 0.168 [ 0.003, 0.321℄ 192 [318℄11 32 0.231 [ 0.070, 0.388℄ 178 [318℄21 31 0.261 [ 0.107, 0.413℄ 169 [385℄21 22 0.201 [ 0.048, 0.355℄ 203 [340℄21 32 0.044 [-0.112, 0.198℄ 142 [374℄21 33 0.212 [ 0.045, 0.378℄ 169 [489℄31 22 0.209 [ 0.046, 0.364℄ 190 [467℄31 32 0.034 [-0.126, 0.192℄ 141 [201℄31 33 0.165 [ 0.003, 0.319℄ 213 [404℄22 32 0.097 [-0.059, 0.252℄ 142 [271℄32 33 0.122 [-0.038, 0.275℄ 131 [238℄
20



Table 11: IneÆieny fators.Param. ij IneÆienymulti single multi DR single DR mixed DR�ij 11 60 297 32 56 9822 44 222 12 37 7633 57 151 18 73 7321 367 478 99 185 27931 168 239 23 75 10432 178 304 58 110 49�ij 11 2 5 0.2 5 122 1 7 0.5 4 133 2 6 0.1 6 221 6 25 4 18 931 9 47 1 15 1432 6 24 1 14 12�E(i;j);�� 11 206 620 13 143 21122 192 547 21 223 30033 197 346 95 311 13121 514 632 108 272 29231 279 409 15 125 24732 296 442 113 174 102�E(i;j);�� =pVar(Et(i; j))Table 12: IneÆieny fators.�iE(j;k);"� = Corr("it;Et(j; k))i jk IneÆienymulti single multi DR single DR mixed DR1 11 80 173 9 150 1462 22 80 234 1 198 873 33 89 151 8 227 651 21 63 76 35 61 301 31 60 98 3 70 591 22 76 150 9 98 261 32 50 99 3 105 391 33 58 202 3 58 762 11 80 271 4 59 792 21 60 151 7 177 1142 31 70 74 2 66 142 32 58 117 42 218 372 33 110 297 30 86 663 11 111 203 10 43 633 21 83 82 1 97 523 31 58 99 54 204 623 22 111 236 7 72 803 32 66 204 30 117 112
21



Table 13: IneÆieny fators.�E(i;j)E(k;l);�� = Corr(Et(i; j));Et(k; l))ij kl IneÆienymulti single multi DR single DR mixed DR11 22 167 521 15 510 35611 33 203 796 83 151 25922 33 265 1177 44 344 11411 21 241 407 1 306 25911 31 192 318 25 228 8811 32 178 318 2 207 25721 31 169 385 26 127 4121 22 203 340 32 251 21821 32 142 374 9 171 14021 33 169 489 37 171 17731 22 190 467 16 160 11531 32 141 201 4 107 8931 33 213 404 40 83 4522 32 142 271 74 84 13132 33 131 238 70 115 89Table 14: IneÆieny fators of H2000Parameter multi single multi DR single DR mixed DRH11;2000 12 162 3 122 32H22;2000 9 65 6 39 22H33;2000 6 30 5 18 10H12;2000 14 236 5 142 50H13;2000 6 45 4 26 18H23;2000 13 277 6 156 475 Appliation to trivariate asset returns data5.1 DataThis setion applies our proposed MESV model to returns of three assets: (1) Tokyo stokprie index (TOPIX), (2) the Japan government bond lean prie index (JGB) providedby Thomson Reuters Datastream), and (3) the urreny exhange rate of Japanese Yen toU.S. Dollar (Yen/USD) announed by the Federal Reserve Bank at noon in New York. Weexluded those days when at least one of three observations is not reported. The sampleperiod is from January 4, 1995 to July 30, 2010 for a total of 3710 observations. Figure22



1 shows the time series plot of three returns whih are 100 times the di�erenes of thelogarithm of the asset values.
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Figure 1: TOPIX, JGB and Yen/USD5.2 Estimation results5.2.1 MSV modelsFor the MSV model, we assume prior distributions suh that�i + 12 � B(20; 1:5); i = 1; : : : ; 5; ��1 � W(6; (6��)�1);where �� = 0BB� 1:52 0 00:5I2 00:22(0:3I3 + 0:713103) 1CCA :The prior mean and standard deviation of �i are 0.86 and 0.11 respetively reeting thehigh persistene of log volatilities in past empirial studies. The prior mean of ��1 is equalto ���1 where we hoose �� based on past empirial studies, that is volatilities is based onthe univariate result and set the orrelation of log-volatilities are high (0.7). Note that wetake the degrees-of-freedom small but the prior distribution is still proper.23



Tables 15 shows summary statistis of posterior distributions of the parameters for theMSV models. The posterior means of the autoregressive parameters (�j 's) are very high(between 0.948 and 0.966) showing that volatilities are highly persistent. The leveragee�ets are estimated to be negative as in the previous literature where that of the stokreturn (�0:445) is muh stronger than those of the bond return and the foreign exhangereturn (�0:177 and �0:167). The ross leverage e�et, �12;"�, (from the stok return to thebond return volatility) is estimated to be positive (0.189), while the opposite e�et, �21;"�,(from the bond return to the stok return volatility) is not redible in the sense that its95% redible interval doesn't inlude zero. This implies the inrease in the stok return attime t auses the high volatility in the bond return at time t+ 1, but the fall of the bondreturn seems to have a limited impat on the stok return volatility.Table 15: MSV model.Posterior means and 95% redible intervals.Param. i Mean 95% interval�i 1 0.965 [0.953, 0.975℄2 0.966 [0.952, 0.978℄3 0.948 [0.918, 0.969℄�i;"" 1 1.212 [1.115, 1.322℄2 0.275 [0.249, 0.305℄3 0.662 [0.615, 0.716℄�i;�� 1 0.191 [0.163, 0.224℄2 0.210 [0.174, 0.249℄3 0.225 [0.173, 0.293℄�ii;"� 1 -0.445 [-0.543,-0.339℄2 -0.177 [-0.281,-0.067℄3 -0.167 [-0.282,-0.045℄

Param. ij Mean 95% interval�ij;"" 12 -0.312 [-0.343,-0.281℄13 0.062 [ 0.028, 0.095℄23 -0.014 [-0.048, 0.020℄�ij;�� 12 0.196 [ 0.024, 0.363℄13 0.559 [ 0.402, 0.694℄23 0.390 [ 0.221, 0.552℄�ij;"� 12 0.189 [ 0.073, 0.301℄13 -0.003 [-0.127, 0.117℄21 0.091 [-0.021, 0.200℄23 0.035 [-0.077, 0.145℄31 -0.036 [-0.152, 0.079℄32 -0.050 [-0.167, 0.067℄1: TOPIX, 2: JGB, 3: Yen/USD.�i;"" =pVar("it), �i;�� =pVar(�it),�ij;"" = Corr("it; "jt), �ij;"� = Corr("it; �jt), �ij;�� = Corr(�it; �jt).5.2.2 MESV modelFor the MESV model, we assume that prior distributions are�ij + 12 � 8<: B(20; 1:5); if i = j;B(8:25; 2:75); otherwise;� � Nq(0; 5Iq);�22 � W(6; 6�1�22�); ve(�21)j�22 � Npq(0; (5Ip)
�22):24



The mean and the standard deviation of the prior distribution of �ij, i 6= j are set 0:5and 0:25 respetively, whih is fairly at as we shall see in our posterior estimation results.4 We take �22� = ���122 assuming �� = diag(I3;��22) and the (i; j)-th element of ��22 is��ij;����i;����j;�� suh that��E(k;l)E(m;n);�� = 8<: 0:6; if k = l 6= m = n;0:2; otherwise;��E(k;l);�� = 0:2; 1 � l � k � 3:whih is based on the MSV model result and we set the orrelations between non diagonalelements of Ht is smaller than that of diagonal. We draw 220,000 samples for the multi-move sampler disarding the �rst 20,000 samples as a burn-in-period. The number of bloksis set to 185 based on several trials5. The aeptane rates for �, � and h in MH algorithmsare on average 0.89, 0.98 and 0.81 respetively6.

4We also tried a uniform prior for �ij with i 6= j. Although its sample path beomes a bit unstable in thesense that it sometimes takes low values around zero, but the parameter estimates are basially the same.5The number of bloks is seleted by trials and errors to minimize the maximum of ineÆieny fators.The average number of variables in one blok is hosen to be about 20.6The elapsed time for the simulation using the multi-move (single-move) sampler is 8.95 (0.43) hoursper 10,000 iterations with Rihland AMD A10-6800K Blak Edition (4.1GHz). The ineÆieny fator forH11;1855, for example, is 9:0 (250:2). Taking aount of both elapsed time and ineÆieny fators, themulti-move sampler is highly eÆient. 25



Table 16: MESV model.Posterior means, standard deviations, 95% redibleintervals, and ineÆieny fators.ij Mean Stdev 95% interval IF�ij 11 0.968 0.005 [0.958, 0.977℄ 14122 0.968 0.006 [0.955, 0.979℄ 9433 0.953 0.012 [0.927, 0.972℄ 64821 0.860 0.050 [0.738, 0.923℄ 69331 0.845 0.060 [0.699, 0.924℄ 56032 0.590 0.199 [0.051, 0.826℄ 741�ij 11 0.286 0.087 [ 0.114, 0.457℄ 622 -2.923 0.113 [-3.143,-2.699℄ 1133 -0.929 0.079 [-1.084,-0.773℄ 1621 -0.222 0.018 [-0.258,-0.186℄ 2431 0.054 0.023 [ 0.009, 0.099℄ 2532 0.007 0.017 [-0.027, 0.041℄ 75�E(i;j);�� 11 0.176 0.014 [0.150, 0.204℄ 25322 0.211 0.018 [0.176, 0.249℄ 27733 0.204 0.027 [0.156, 0.263℄ 64521 0.106 0.016 [0.080, 0.144℄ 74231 0.133 0.022 [0.097, 0.185℄ 82832 0.144 0.022 [0.107, 0.193℄ 8011:TOPIX, 2:JGB, 3:Yen/USD�E(i;j);�� =pV ar(Et(i; j))
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Table 17: MESV model. Posterior means, standard deviations,95% redible intervals and ineÆieny fators.�iE(j;k);"� = Corr("it;Et(j; k))i jk Mean Stdev 95% interval IF1 11 -0.467 0.054 [-0.567,-0.358℄ 902 22 -0.109 0.059 [-0.224, 0.008℄ 643 33 -0.166 0.063 [-0.287,-0.041℄ 871 21 -0.100 0.065 [-0.230, 0.027℄ 711 31 -0.050 0.073 [-0.191, 0.094℄ 891 22 0.218 0.060 [ 0.097, 0.332℄ 651 32 0.058 0.085 [-0.108, 0.225℄ 1621 33 0.026 0.065 [-0.107, 0.150℄ 992 11 -0.005 0.061 [-0.125, 0.114℄ 702 21 0.023 0.068 [-0.108, 0.160℄ 742 31 0.012 0.072 [-0.130, 0.152℄ 742 32 -0.046 0.080 [-0.204, 0.109℄ 1202 33 0.055 0.063 [-0.069, 0.177℄ 763 11 -0.024 0.061 [-0.143, 0.095℄ 1013 21 0.078 0.065 [-0.051, 0.206℄ 693 31 -0.128 0.074 [-0.273, 0.016℄ 1093 22 -0.061 0.062 [-0.183, 0.061℄ 673 32 0.020 0.085 [-0.148, 0.188℄ 2151:TOPIX, 2:JGB, 3:Yen/USDTable 18: MESV model. Posterior means, standard deviations,95% redible intervals and ineÆieny fators.�E(i;j)E(k;l);�� = Corr(Et(i; j);Et(k; l))ij kl Mean Stdev 95% interval IF11 22 0.009 0.091 [-0.168, 0.187℄ 15511 33 0.466 0.083 [ 0.293, 0.616℄ 22122 33 0.263 0.097 [ 0.064, 0.443℄ 23711 21 0.151 0.088 [-0.025, 0.320℄ 15111 31 0.155 0.099 [-0.041, 0.350℄ 18111 32 -0.233 0.131 [-0.459, 0.056℄ 36221 31 0.020 0.108 [-0.185, 0.233℄ 23021 22 0.081 0.096 [-0.108, 0.267℄ 15421 32 -0.023 0.137 [-0.296, 0.240℄ 36921 33 -0.010 0.104 [-0.211, 0.197℄ 20231 22 0.045 0.109 [-0.175, 0.252℄ 19331 32 -0.151 0.140 [-0.419, 0.135℄ 39531 33 0.134 0.109 [-0.079, 0.348℄ 22522 32 0.062 0.144 [-0.217, 0.346℄ 38632 33 -0.145 0.136 [-0.399, 0.139℄ 4721:TOPIX, 2:JGB, 3:Yen/USD27



The estimation results are summarized in the Tables 16, 17 and 18. We notie that the pa-rameters of the diagonal elements of Ht (the 1st, 4th, and 6th elements of ht) are similar tothose of MSV models. The autoregressive parameters of log volatilities, (�11; �22; �33), are(0.968, 0.968, 0.953) while (�1; �2; �3) for MSV models are (0.965, 0.966, 0.948). The poste-rior means of (�11; �22; �33) are (0.286, �2:923, �0:929), while (log �21;""; log �22;""; log �23;"")evaluated at the posterior means in Table 15 are (0:385;�2:582; �0:825). Further, the es-timates of standard deviations of the �it, (�E(1;1);�� ; �E(2;2);�� ; �E(3;3);��), are (0.176, 0.211,0.204), while those of (�1;��; �2;�� ; �3;��) are (0.191, 0.210, 0.225). Regarding the lever-age e�ets, the estimates of (�1E(1;1);"�, �2E(2;2);"�, �3E(3;3);"�) are (�0:467;�0:109;�0:166),while (�11;"�, �22;"�, �33;"�) for the MSV models are (�0:445;�0:177;�0:167).Estimated volatilities and orrelations. However, as mentioned in Setion 2, the parameterssuh as �,M and �"� in the MESV model do not always orrespond to those of the stok,the bond, and the exhange rate as they are in the MSV model. Thus, to interpret theestimation results of the MESV model in more intuitive way, we onsider the posteriormeans of time-varying volatilities of eah series, dynami orrelations among three returnsand news impat urves using MCMC simulation tehnique.First, we onsider the posterior means with 95% redible intervals for the square rootof the time-varying varianes as shown in Figure 2. The estimated volatility series of theTOPIX returns sharply inreased in September 2008, orresponding to the �nanial risisduring whih Lehman Brothers �led for Chapter 11 bankrupty protetion. The volatilitiesof the JGB index returns inreased in Deember 1998 and in September 2003 when the indexdropped (or equivalently, the JGB interest rate ran up) in both periods. In Deember 1998,the JGB is supplied exessively beause the Japanese government issued a large amountof JGB for the eonomi-stimulus measure, and the Ministry of Finane Japan announedto stop buying the new bonds in this month. Moreover, the Moody's downgraded theJGB rating in November 1998. In this month, the Nippon Credit Bank was brought undergovernment ontrol beause of a large amount of the bad debt. In the mid 2003s, followingthe inrease of the US bond interest rate and the eonomi boom, the deationary onernsof Japan toned down. The expetation for the lifting of the zero-interest-rate poliy ofthe Bank of Japan, the JGB interest rate shot up in June and September of 2003. Thevolatilities of the Yen/USD inrease after the August 1998 when the ruble devaluation andthe Long Term Capital Management report a large loss. Espeially, the USD fell from135.6 yen to 117 yen in �ve days of early Otober 1998. This is just after the deision of themonetary relaxation poliy in the USA on September 29th and issuing the G-7 ommunique28



whih urged the injetion of taxpayers' money to �nanial institutions in Japan on Otober5th.
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Figure 2: Posterior means with 95% redible intervals for the square root of time-varyingvarianes. Top: TOPIX, middle: JGB, bottom: Yen/USD.
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Figure 3: Posterior means with 95% redible intervals for time-varying orrelations. Top:(TOPIX, JGB), middle: (TOPIX, Yen/USD), bottom: (JGB, Yen/USD).29



Next, we investigate the posterior means with 95% redible intervals for dynami orre-lations among three returns as shown in Figure 3. These orrelations are omputed usingthe MCMC samples of the ovariane and the varianes that are elements of exp(Ht) whihis the matrix exponential transformation of the log volatility matrix Ht. The orrelationsbetween the stok and the JGB returns largely utuate taking negative values where theydrop to less than �0:86 in January 2008 during the downturn of the stok market. The or-relations between the stok market and the exhange rate returns utuates around zero. Itis noted that this takes negative values during Asian risis period from July 1997 to August1998. In this period, the yen kept weakening and Japanese stok pries dropped. The JGBreturns and the exhange rate returns seem to have no orrelation throughout the sampleperiod.News impat urves. Finally, to show how the shoks in the returns at time t a�et thevolatilities at time t+1, we desribe the news impat urve following Engle and Ng (1993).Similar ideas for stohasti volatility models are disussed by Yu (2005) and Asai andMAleer (2009). Let Ht = M and Et = O and onsider the ase where ht+1 = � +��" exp(�M=2)yt.
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Figure 4: Posterior mean (solid line) and 95% interval (dotted lines) of the news impaturve� for the one-step-ahead onditional ovarianes of yt+1 when Ht =M and Et = O.(� The domain of the estimated urve is restrited to the range within �4 sample standard deviationof atual returns for eah yit.) 30



Figure 4 shows the posterior news impat urves on standard deviations and orrelationsof yt+1 from yt, obtained by alulating the posterior means and the 95% intervals of thenormalized exp(Ht+1) under the various shoks of yt. The horizontal and vertial axes showthe values of yt and the standard deviations and orrelations alulated from exp(Ht+1)respetively.The left three panels in Figure 4 show the news impats on the standard deviationsof yt+1 aused by the elements, y1t (red lines), y2t (blue lines) and y3t (blak lines). Thenegative return on the i-th asset inreases its own (i-th) future volatility, indiating theexistene of leverage e�ets. The red lines in the middle and bottom left panels imply thatthe positive TOPIX return inreases the future volatility of the JGB and the exhange ratereturns. However, the impat of the TOPIX return on the exhange rate return volatilityis smaller than that on the volatility of the JGB return. The positive shoks of the JGBreturn inrease the future volatility of the exhange rate, while the negative shoks of theexhange rate return ause the higher future volatility of the JGB return. These resultsare generally onsistent with those obtained with MSV model, taking aount of the 95%redible intervals.The right three panels in Figure 4 show the news impats on the orrelations amongy1;t+1, y2;t+1 and y3;t+1. The top right panel shows the impat on the orrelation betweenthe TOPIX and JGB returns. It is noted that the orrelations are strongly a�eted by theexhange rate return but hardly a�eted by the TOPIX and the JGB returns. The blakline in the middle right panel shows the impat on the orrelation between the TOPIX andexhange rate returns aused by the shok of the exhange rate return. Interestingly, thesign of the orrelation between the TOPIX and exhange rate returns strongly depends onthe impat of the shok. More preisely, the large positive shok (greater than one) onthe exhange rate return tends to produe the negative orrelation between the TOPIXand exhange rate return, while the small or negative shok tends to produe the positiveorrelation. The sign of the orrelation between the JGB and exhange rate returns alsodepends on the impats of the shoks. However, we note that the impats by shoks of theTOPIX and exhange rate returns are very small and the impats by the JGB return shokhave wide 95% intervals.
31



5.3 Extensions to fat-tailed error distributions and model omparisonFinally, we ondut a model omparison of the proposed MESV model with MSV models.In addition to the MESV and MSV models with normal errors, we onsider extended modelswith fat-tailed error distribution given by"t = �1=2t et; et � Np(0; Ip);where �t is a random variable whih takes positive values and independent of et. We onsiderthe multivariate Student-t error with ��1t � G ��2 ; �2�. The extension is straightforward andhene we omit details of MCMC algorithms (similar spei�ations and MCMC samplingare also disussed in the Omori, Chib, Shephard, and Nakajima (2007) for univariate SVmodels, and Ishihara and Omori (2012) for MSV models). Thus, we onsider the followingsix models:� MSV-n model: MSV model with normal error distribution.� MSV-t model: MSV model with multivariate Student-t error distribution.� MESV-n model: MESV model with normal error distribution.� MESV-t model: MESV model with multivariate Student-t error distribution.� BEKK(Asymmetri) model: Multivariate asymmetri GARCHmodel (diagonal BEKKmodel, see e.g. Kroner and Ng (1998)) de�ned byyt = "t; (18)"t =H1=2t et; et � N3(0; I); (19)Ht =W +A"t�1"0t�1A0 +BHt�1B0 +C"�t�1"�0t�1C0; (20)W = 
�A
A0 �B
B0 �CNC0;where "�it = �itI(�it < 0), 
 = E(Ht) = E("t"0t), N = E("�t "�0t ) and A;B;C areassumed to be diagonal. The matrix N is given byN = (
� I)1=2f0:5I +R� (13103 � I)g(
� I)1=2; (21)where 13 is a 3� 1 vetor with all elements equal to one, and the (i; j)-th element of32



R isrij = L(�ij)� �ij + 12�q1� �2ij ;L(�) = 12�p1� �2 Z 0�1 Z 0�1 exp��12(x2 � 2�xy + y2)=(1 � �2)� dxdy;�ij = Corr("it; "jt);(see e.g. Rosenbaum (1961)).� BEKK(Symmetri) model: Multivariate symmetri GARCH model (obtained by set-ting C = O in the asymmetri model).We assume the prior distributions � � G(0:001; 0:001). The estimation results for � aresummarized in Table 19. The posterior means of � for the MSV and MESV models aresmall, suggesting fat-tailed error distributions. The estimate of � for the MSV model issmaller than that of the MESV model, probably beause the MSV model fails to apturethe dynamis of time-varying orrelations. Other parameter estimates are similar to thoseof models with normal error and hene are omitted7.Table 19: The estimation results of �Model Param. Mean Stdev 95% intervalMESV � 15.8 2.4 [11.8, 21.5℄MSV 11.8 1.2 [ 9.8, 14.5℄Comparison based on DIC. We ompute the DIC (deviane information riterion) for themodel omparison de�ned byDIC = E�jYn [D(�)℄ + pD;pD = E�jYn [D(�)℄�D(E�jYn [�℄); D(�) = �2 log f(Ynj�) + Cy;where Cy is a onstant term whih depends only on the dataset Yn. Sine it anels out inall alulations that ompare di�erent models, we set Cy = 0 for onveniene. To estimateE�jYn [D(�)℄, we use a sample analogue 1M PMm=1D(�(m)), where we set M = 100, and�(m)s are resampled from the posterior samples generated by the MCMC method. Toalulate D(E�jYn [�℄), whih equals to D(�) evaluated at the posterior mean, we implement7Estimation results for the BEKK models are omitted to save spae.33



an auxiliary partile �lter to ompute the log-likelihood ordinate log f(Ynj�), where we setthe number of partiles I = 10; 000 for the MSV and the MESV models. We repeat thisproedure ten times to obtain the numerial standard error.Table 20: The averages of DIC estimates, their standard errors,the maximum and the minimum of DIC values.Model ranking DIC (s.e.) DICmax DICminMESV-t 1 20066.7 (1.7) 20074.2 20058.3MESV-n 2 20090.1 (1.5) 20098.4 20084.1MSV-t 3 20118.4 (1.3) 20124.3 20112.4MSV-n 4 20201.2 (1.0) 20206.3 20196.0BEKK (Asymmetri) 5 20564.8 (0.7) 20569.7 20562.8BEKK (Symmetri) 6 20685.4 (0.8) 20688.8 20680.9Table 20 shows the averages of DIC, their standard errors, and the maximum and theminimum of DIC values omputed for six ompeting models. The DIC values for the MESVmodels are muh smaller than those for the MSV models and the BEKK models, and henethe MESV models outperform other models. Among MESV models, models with fat-tailederror outperform the model with normal error, and the model with multivariate-t errordistribution has the smallest DIC. This empirial study shows that our proposed modelwith multivariate-t error distribution performs quite well to desribe the multivariate assetreturns data esribe the multivariate asset returns data.Comparison based on the predition of the realized ovarianes. Further, we ompare thevolatility preditive performanes of proposed models using both daily stok returns anddaily realized ovarianes disussed in Noureldin, Shephard, and Sheppard (2012). We use1511 daily return series (IBM, Aloa and General Eletri) from January 2nd, 2004 toDeember 31st, 2009. Model parameters are estimated using �rst 1411 observations, andT days ahead preditions (T = 1; 5; 10) are onsidered with a rolling window estimationmethod (the numbers of preditions are 100, 96 and 91 respetively). We predit the futurerealized ovariane matrix using the posterior preditive means of the ovariane matrixof yt, whih we denote by V̂t. The quasi-likelihood loss funtion (desribed in Noureldin,Shephard, and Sheppard (2012)) is used for the predition omparison,L(
t; V̂t) = log jV̂tj+ tr(
tV̂ �1t )�Kt;34



where 
t is a realized ovariane matrix, andKt is onstant whih depends only on the data.The realized ovariane matrix is used as a proxy of the true ovariane matrix. Under thisloss funtion, the ranking based on the onditionally unbiased estimator of the ovarianematries is onsistent with the ranking based on the true ovariane matries.Table 21: Average of loss di�erenes from MESV-t model.T = 1 T = 5 T = 10Model Mean Std. Err. Mean Std. Err. Mean Std. Err.MESV-n 0.883 0.099 0.965 0.088 0.960 0.084MSV-t -0.308 0.155 1.753 0.167 3.116 0.208MSV-n 0.934 0.126 1.164 0.121 1.289 0.115BEKK (Asymmetri) 1.462 0.298 1.006 0.233 0.543 0.173BEKK (Symmetri) 1.949 0.317 1.652 0.271 1.413 0.233Table 21 shows the average of loss di�erenes from MESV-t model for eah model(the average loss of eah model minus the average loss of the MESV-t model). Sinethe negative value implies that the model performs better than the MESV-t model, theMESV-t model performs better than other models for all periods exept the MSV-t modelwith T = 1. However, taking aount of standard errors, the MESV-t model and theMSV-t model have similar performanes in one day ahead predition. For T = 5 and10, dynami orrelation models suh as MESV models and asymmetri BEKK modelsoutperform onstant orrelation MSV models. This result implies the evidene of time-varying orrelations among the multivariate stok returns data.6 ConlusionIn this paper, we extend the MSV model to allow the time-varying orrelations and pro-pose an eÆient MCMC algorithm using a multi-move sampler. To sample a blok of statevetors, we onstrut a proposal density using the normal approximation via a Taylor ex-pansion of the logarithm of the target posterior density for the MH algorithm where theexpetations of Hessian matries are derived analytially. Moreover, to alulate the log-likelihood, we desribe an auxiliary partile �lter. An empirial analysis is presented usingthree returns of the TOPIX, the Japanese bond prie index and the Yen/USD exhangerate. The orrelation between returns of the TOPIX and the Japanese bond index is foundto be time-varying. In ontrast, the orrelation between returns of the Japanese bond prie35



index and the Yen/USD exhange rate is shown to be stable and less volatile. The positiveross leverage e�ets from the TOPIX on the Japanese bond prie index is also found. Thenews impat urves for the MESV model are presented and investigated in detail. A modelomparison between the MESV model with onstant orrelation MSV models inludingheavy-tailed error models is onduted. The MESV model with multivariate Student-t dis-tributed error is found to outperform other models based on DIC and foreast performaneof the future realized ovariane matrix.AknowledgmentThe authors are grateful to the Assoiate Editor, two anonymous referees, Siddhartha Chib,Toshiaki Watanabe, Teruo Nakatsuma, and Yoshi Baba for helpful omments and disus-sions. This work is supported by the Researh Fellowship (DC1) from the Japan Soiety forthe Promotion of Siene and the Grants-in-Aid for Sienti� Researh (A) 21243018 and(A) 24243031 from the Japanese Ministry of Eduation, Siene, Sports, Culture and Teh-nology, and Global COE Program \Researh Unit for Statistial and Empirial Analysis inSoial Sienes" from the Ministry of Eduation, Culture, Sports, Siene and Tehnology(MEXT) of Japan. The omputational results are generated using Ox (Doornik (2006)).AppendixA Multi-move samplerTo generate fhtgs+mt=s+1 given other ht's, for example, we sample the normalized disturbanesfxtgs+m�1t=s instead of fhtgs+mt=s+1 sine suh a sampling method is known to redue theMCMC sample autoorrelations wherext = ��1=2�� �t; t = 1; : : : ; n� 1; x0 = ��1=20 �0;and �1=2�� , �1=20 denote Choleski deompositions suh that ��� = �1=2�� �1=20�� and �0 =�1=20 �1=200 .The logarithm of the full onditional joint density of fxtgs+m�1t=s exluding onstantterms is given bylog f(fxtgs+m�1t=s jhs;hs+m+1;ys; : : : ;ys+m) = �12 s+m�1Xt=s x0txt + L; (22)36



where L = s+mXt=s lt � 12�0s+m��1�� �s+mI(s+m < n); (23)�s+m = hs+m+1 � ���(hs+m � �); (24)xt = ��1=2�� (ht+1 � ���(ht � �)):Let �t = ht � � and �̂t = ĥt � � where ĥt is ht evaluated at xt = x̂t.Consider the approximation via the seond order Taylor expansion of L around the xt =x̂t (t = s; : : : ; s+m� 1), and replae the Hessian matries by the negative of informationmatries to obtainlog f(fxtgs+m�1t=s jhs;hs+m+1;ys; : : : ;ys+m)� onst.� 12 s+m�1Xt=s x0txt + L̂+ s+mXt=s+1 �d̂0t � 12(�t � �̂t)0Ât + (�t�1 � �̂t�1)0B̂t� (�t � �̂t)= onst. + log f�(fxtgs+m�1t=s j�s;�s+m+1;ys; : : : ;ys+m); (25)where d0t = �L=��0t,At = �E � �2L��t��0t � ; t = s+ 1; : : : ; s+m; (26)Bt = �E � �2L��t��0t�1 � ; t = s+ 2; : : : ; s+m; Bs+1 = O; (27)and d̂t, Ât, B̂t are those evaluated at �̂t. The expetations are taken with respet to ytgiven parameters and other latent variables.Then f�(fxtgs+m�1t=s j�) is a onditional posterior density of fxtgs+m�1t=s for the followinglinear Gaussian state spae model (28){(29):ŷt = Zt�t +Gtut; t = s+ 1; : : : ; s+m; (28)�t+1 = ��t +Ktut; t = s+ 1; : : : ; s+m� 1; (29)ut = (�0t;x0t)0 � Np+q (0; I) ;whereKt = hO;�1=2�� i for t = 1; : : : ; n�1 andK0 = hO;�1=20 i, and ŷt, Zt, Gt are omputed37



as follows:1. First we set x̂t = xt (t = s; : : : ; s+m� 1) where xt is a urrent sample.2. Let �̂t+1 = ��̂t +�1=2�� x̂t (t = s; : : : ; s+m� 1) with �̂s = ĥs � �.3. Set bs = 0 and B̂s+m+1 = O. ComputeDt = Ât � B̂tD�1t�1B̂0t; bt = d̂t � B̂tD�1t�1bt�1; t = s+ 1; : : : ; s+m:4. Let ŷt = �̂t +D�1t (bt + B̂0t�̂t+1); Zt = Ip +D�1t B̂0t�;Gt = [D�1=20t ;D�1t B̂0t���℄; t = s+ 2; : : : ; s+m;where D1=2t denotes a Choleski deomposition suh that Dt = D1=2t D1=20t .5. Implement the disturbane smoother (Koopman (1993)) to obtain fx̂tgs+m�1t=s , themode of the onditional posterior density of fxtgs+m�1t=s for the model (28) and (29).If the the mode onverges (however, usually several iterations will be suÆient toonstrut a proposal distribution), save ŷt, Zt and Gt. Otherwise, go to Step 2.Then we apply the simulation smoother (e.g. de Jong and Shephard (1995), Durbin andKoopman (2002)) to generate a andidate fxytgs+m�1t=s from this state spae model forMetropolis-Hastings algorithm. We aept a andidate with probabilitymin(1; f(fxytgs+m�1t=s j�)f�(fxtgs+m�1t=s j�)f(fxtgs+m�1t=s j�)f�(fxytgs+m�1t=s j�)) :A.1 Derivation of dt, At and BtSummary of matrix di�erentiationWe �rst summarize de�nitions for the �rst and seond derivatives of a matrix and someresults (Magnus and Neudeker (1999), and Magnus and Abadir (2007)). Let F be a twiedi�erentiablem�pmatrix funtion of an n�q matrixX. Then the �rst derivative (Jaobianmatrix) of F at X is de�ned by the mp� nq matrixDF (X) = �F (X)�X = �ve(F (X))�ve(X)0 ;38



where ve(�) is a vetorizing operator, and the seond derivative (Hessian matrix) of F atX is de�ned by the mnpq � nq matrixHF (X) = D �(DF (X))0� = ��(ve(X))0 ve���ve(F (X))�(ve(X))0 �0� :Chain rule: Let S a subset of Rn�q , and assume that F : S ! Rm�p is di�erentiable at aninterior point C of S. Let T be a subset of Rm�p suh that F (X) 2 T for all X 2 S, andassume that G : T ! Rr�s is di�erentiable at an interior point B = F (C) of T . Then theomposite funtion H : S ! Rr�s de�ned by H(X) = G(F (X)) is di�erentiable at C, andDH(X) = (DG(F (X)))(DF (X)) = �ve(G(F (X)))�(ve(F (X)))0 �ve(F (X))�(ve(X))0 : (30)When q = 1, x 2 Rn�1 , f : Rn�1 ! Rm�p , g : Rm�p ! Rr�s ,�g(f(x))�x0 = �ve(g(f(x)))�ve(f(x))0 �ve(f(x))�ve(x)0 : (31)Produt rule: Let S a subset of Rn�q , and assume that F : S ! Rm�p and G : S ! Rp�rare di�erentiable at an interior point C of S. Then�ve(FG)�(ve(X))0 = (G0 
 Im) �ve(F )�(ve(X))0 + (Ir 
 F ) �ve(G)�(ve(X))0 : (32)Derivation of dtLet Ft = �12Ht and zt = exp(Ft)yt. The logarithm of the onditional probability densityof yt given ht exluding the onstant term islt = �12tr(Ht)� 12(zt �mt)0S�1t (zt �mt);where E[zt℄ = mt = �"���1�� (�t+1 � ��t)I(t < n) and E[ztz0t℄ = St +mtm0t with St =Ip��"���1����"I(t < n). Further, letDp denote a p2�q dupliation matrix (whose elementsare 0 or 1) suh that ve(A) = Dpveh(A) for a symmetri matrix A. Then�tr(Ht)��0t = �tr(Ht)�veh(Ht)0 = ve(Ip)0Dp = veh(Ip)0; (33)�mt��0t = ��"���1���I(t < n); (34)�mt�1��0t = �"���1�� I(t > 1); (35)39



where we used the hain rule and D0pve(A) = veh(A+A0 � (A� Ip)) for a p� p matrixA in (33) (e.g. Magnus and Neudeker (1999), Magnus (1988)). Further, using the produtrule for the power series expansion of Ft with�ve(Fit)�ve(Ft)0 = iXj=1 hFi�jt 
 Fj�1t i ; (36)we obtain�ve(exp(Ft))�veh(Ft)0 = 1Xi=1 1i! �ve(Fit)�veh(Ft)0= VtDp; Vt � �ve(exp(Ft))�ve(Ft)0 = 1Xi=1 1i! iXj=1 hFi�jt 
 Fj�1t i :Let Qt = fexp(�Ft)
 IpgVt. Noting that zt = (y0t 
 Ip)ve(exp(Ft)),�zt��0t = �12(y0t 
 Ip)VtDp = �12(z0t 
 Ip)QtDp: (37)Using (33) { (37) and �x0Ax=�x0 = 2x0A for a p � p symmetri matrix A and a p � 1vetor x, we obtaindt = � �lt��0t �0 + ��lt�1��0t �0 +���1�� (�t+1 ���t)I(t = s+m < n)= �12veh(Ip) +�12D0pQ0t(zt 
 Ip)����1����"I(t < n)�S�1t (zt �mt)+��1����"S�1t�1(zt�1 �mt�1)I(t > 1) +���1�� (�t+1 ���t)I(t = s+m < n): (38)Although Qt involves an in�nite series of matries, its omputation is easy as shown inAppendix A.2.Derivation of AtBy (34){(38) and Q0t(zt 
 Ip) = Vt(yt 
 Ip),At = �12D0pE ��Vt(yt 
 Ip)S�1t (zt �mt)��0t �� 12�N0t+�Mt�+Mt�1 +���1���I(t = s+m < n); (39)
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where Mt = ��1����"S�1t �"���1�� I(1 � t < n); (40)Nt = D0pQ0t(mt 
 Ip)S�1t �"���1�� I(t < n): (41)Using a produt rule and �ve(Ft)=��0t = �12Dp, we obtain�Vt(yt 
 Ip)S�1t (zt �mt)��0t= �12 �(zt �mt)0S�1t 
 Ip2	�(y0t 
 Ip)
 Ip2	WtDp +Vt(yt 
 Ip)S�1t �(zt �mt)��0t ;where Wt � �ve(Vt)=�ve(Ft)0. SineE �f(zt �mt)0S�1t 
 Ip2gf(y0t 
 Ip)
 Ip2g�= E �(zt �mt)0S�1t (y0t 
 Ip)�
 Ip2= E �ve(S�1t (zt �mt)y0t)0�
 Ip2 = ve(exp(�Ft))0 
 Ip2 ;and E �Vt(yt 
 Ip)S�1t �(zt �mt)��0t �= �12Q0tE �(zt 
 Ip)S�1t (z0t 
 Ip)�QtDp +Q0t(mt 
 Ip)S�1t �"���1���= �12Q0tE �(ztz0t)
 S�1t �QtDp +Q0t(mt 
 Ip)S�1t �"���1���= �12Q0t �(St +mtm0t)
 S�1t 	QtDp +Q0t(mt 
 Ip)S�1t �"���1���;Equation (39) redues toAt = 14D0p �Pt +Q0t �(St +mtm0t)
 S�1t 	Qt�Dp � 12(Nt�+�N0t)+�Mt�+Mt�1 +���1���I(t = s+m < n); (42)where D0pPt = D0p �ve(exp(�Ft))0 
 Ip2	Wt. The omputation of Pt as well as Qt isdisussed in Appendix A.2.
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Derivation of BtBy (34), (37) and (38),Bt = ���1����"S�1t�1E ��(zt�1 �mt�1)��0t�1 � = 12N0t�1 �Mt�1�; t = 2; : : : ; n: (43)A.2 Computation of Pt and Qt(1) QtSine Ft is a symmetri matrix, there exists a p� p orthogonal matrix Ut suh thatU0tFtUt = �t;where �t = diag(�1t; �2t; : : : ; �pt) and �1t � �2t � : : : � �pt are the ordered eigenvalues ofFt. Then Qt = fexp(�Ft)
 Ipg 1Xi=1 1i! iXj=1 hFi�jt 
 Fj�1t i ;= 1Xi=1 1i! iXj=1 hexp(�Ft)Fi�jt 
 Fj�1t i ;= (Ut 
Ut)24 1Xi=1 1i! iXj=1 nexp(��t)�i�jt 
�j�1t o35 (U0t 
U0t): (44)The seond fator in (44) is a diagonal matrix with its (k; k)-th element given by1Xi=1 1i! iXj=1 exp(��at)�i�jat �j�1bt = 8<: 1; if �at = �bt;exp(�bt��at)�1�bt��at ; if �at 6= �bt; (45)where a = b(k � 1)=p+ 1 and b = k� pb(k � 1)=p, and bx denotes the integer part of x.Note that �at = �bt for k = (i� 1)p+ i (i = 1; : : : ; p).(2) PtLet Kmn denote a mn�mn 0-1 matrix alled a ommutation matrix suh that ve(A0) =Kmnve(A) holds for a m� n matrix A (see Chapter 3 of Magnus and Neudeker (1999)).
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Using �ve(A
B)�ve(A)0 = (In 
Kqm 
 Ip)(Imn 
 ve(B));�ve(A
B)�ve(B)0 = (In 
Kqm 
 Ip)(ve(A)
 Ipq);where A, B, X are m� n, p� q, n� p matries respetively, we omputeWt = �ve(Vt)�ve(Ft)0 = 1Xi=2 1i! iXj=1 �ve(Fi�jt 
Fj�1t )�ve(Ft)0= 1Xi=2 1i! (Ip 
Kpp 
 Ip)( i�1Xj=1(Ip2 
 ve(Fj�1t ))�ve(Fi�jt )�ve(Ft)0+ iXj=2(ve(Fi�jt )
 Ip2)�ve(Fj�1t )�ve(Ft)0 ):Using the produt rule, �ve(Fkt )�ve(Ft)0 = kXm=1Fk�mt 
Fm�1t ;we note that�ve(exp(�Ft))0 
 Ip2	 (Ip 
Kpp 
 Ip)nIp2 
 ve(Fj�1t )o �ve(Fi�jt )�ve(Ft)0= Kpp(Fj�1t exp(�Ft)
 Ip)�ve(Fi�jt )�ve(Ft)0 = Kpp i�jXh=1Fj�1t exp(�Ft)Fi�j�ht 
Fh�1t ;and �ve(exp(�Ft))0 
 Ip2	 (Ip 
Kpp 
 Ip)nve(Fi�jt )
 Ip2o �ve(Fj�1t )�ve(Ft)0= nFi�jt exp(�Ft)
 Ipo �ve(Fj�1t )�ve(Ft)0 = j�1Xh=1Fi�jt exp(�Ft)Fj�1�ht 
 Fh�1t ;by using Knn(BA
 In) = (ve(A)0 
 In2)(In 
Knn 
 In)(In2 
 ve(B)); (46)(BA0 
 In) = (ve(A)0 
 In2)(In 
Knn 
 In)(ve(B)
 In2); (47)43



where A, B are m� n, p� q matries (e.g. Theorem 4.4 of Rogers (1980) on p. 23). Thus,using D0pKpp = D0p,D0pPt = D0p �ve(exp(�Ft))0 
 Ip2	Wt= D0p 1Xi=2 1i! i�1Xj=1 i�jXh=1 exp(�Ft)Fi�h�1t 
 Fh�1t + iXj=2 j�1Xk=1 exp(�Ft)Fi�k�1t 
Fk�1t != 2D0p 1Xi=2 1i! i�1Xj=1 i�jXh=1 exp(�Ft)Fi�h�1t 
 Fh�1t= 2D0p 1Xi=2 1i! i�1Xj=1(i� j) exp(�Ft)Fi�j�1t 
 Fj�1t ;and we obtainPt = 2 1Xi=2 1i! i�1Xj=1(i� j) exp(�Ft)Fi�j�1t 
 Fj�1t= (Ut 
Ut)242 1Xi=2 1i! i�1Xj=1(i� j)nexp(��t)�i�j�1t 
�j�1t o35 (U0t 
U0t): (48)The seond fator in (48) is a diagonal matrix with its (k; k)-th element given by2 1Xi=2 1i! i�1Xj=1(i� j) exp(��at)�i�j�1at �j�1bt = 8<: 1; if �at = �bt;2fexp(�bt��at)�1�(�bt��at)g(�bt��at)2 ; if �at 6= �bt; (49)where a = b(k � 1)=p + 1 and b = k � pb(k � 1)=p.B Delaying rejetion algorithmTo improve the MH algorithm by reduing the number of rejeted proposals, Mira (2001)proposes the delaying rejetion algorithm. Let �0 denote the urrent value, and let �J(J = 1; 2; : : : ) denote the J -th stage proposal. Further, let �(�) and qJ(�j � � � ) be an invariantdensity and the J -th proposal density. The delaying rejetion algorithm is desribed asfollows:1. For J = 1, we generate �1 from the proposal distribution with the density q1(�1j�0)
44



and aept it with probability�1(�0;�1) := min�1�(�1)q1(�0j�1)�(�0)q1(�1j�0)� ; (50)If it is aepted, go to Step 3. If it is rejeted, then inrease J by one, and move tothe seond stage.2. For the J -th stage, we generate �J from the proposal distribution with the densityqJ(�J j�0;�1; : : : ;�J�1) and aept it with probability�J(�0;�1; : : : ;�J):= min(1; �(�J )QJj=1 qj(�J�jj�J ;�J�1; : : : ;�J�j+1)QJ�1j=1 f1� �j(�J ; : : : ;�J�j)g�(�0)QJj=1 qj(�j j�0;�1; : : : ;�j�1)QJ�1j=1 f1 � �j(�0; : : : ;�j)g ) :If it is aepted, go to Step 3. Otherwise, inrease J by one, and repeat Step 2.3. Aept �J as a new MCMC sample, and go to Step 1.In this paper, we only use the independene sampler for our MH algorithm, and heneqJ(�J j�0;�1; : : : ;�J�1) = q(�J). It makes the algorithm simple, but it may result in re-peating Steps 2 and 3 with large J . Thus, sometimes the delaying rejetion algorithm withindependent proposal an not exit from Step 2. To redue the omputational time, we onlyimplement the algorithm until J � 5 where�J(�0;�1; : : : ;�J) = min�1; maxf0; g(�J )�maxj=1;:::;J�1 g(�j)gg(�0)�maxj=1;:::;J�1 g(�j) � ; (51)and g(�j) = �(�j)=q(�j). If the proposal is rejeted at the �fth stage, we use the urrentvalue as an MCMC sample.ReferenesAbadir, K. M. and J. R. Magnus (2005). Matrix algebra. New York: Cambridge University Press.Asai, M. and M. MAleer (2006). Asymmetri multivariate stohasti volatility. EonometriReviews 25, 453{473.Asai, M. and M. MAleer (2009). Multivariate stohasti volatility, leverage and news impatsurfaes. Eonometris Journal 12, 292{309.Asai, M., M. MAleer, and J. Yu (2006). Multivariate stohasti volatility: A review. EonometriReviews 25, 145{175. 45
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