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1 Introduction

Why do we observe varying wage pro�les in practice? CEOs and other executives of �rms

often receive most of their pay in the form of annual bonus plans and stock-based com-

pensation, including executive stock options and restricted stock (Murphy 1999). Other

employees, such as fund managers and salespersons, are also paid by commission, which

�uctuates a great deal depending on outputs (see Coughlan and Narasimhan 1992, Elton,

Gruber, and Blake 2003, Misra, Coughlan, and Narasimhan 2005, Ma, Tang, and Gomez

2012). Conversely, public servants and many businesspersons typically receive a �xed

wage throughout their tenure (Lazear 1986, Itoh 1995). That is, their wage remains �xed

until it is renewed to another �xed amount at the time of a promotion or during wage

negotiation. Of course, these are two extreme examples where the agent mainly receives

either only a commission or a �xed wage during the contracting period. For the most part,

these di¤erences in compensation structure exist in practice because employee outputs are

veri�able in the former and mostly unveri�able in the latter (Kamiya and Sato 2011).

However, when we consider the real world, there are many employees who begin with a

�xed wage, but later receive commission until they retire or are dismissed from their job.

Alternatively, some other employees start their careers with commissions but later receive

a �xed wage until they retire from or quit their job.

In this paper, we �rst con�ne our analyses to simple wage contracts and explore why

these various combinations of wage pro�les exist and explain the optimal length of each

wage. In short, we examine how a multiperiod optimal contract is designed as a com-

bination of contracts of di¤erent lengths and di¤erent wage pro�les. Suppose there are

n contractible periods. We de�ne a wage contract in which the initial wage agreement

remains unchanged for all n periods as a long-term contract, whereas the agreement is

only valid for a single period as a short-term contract, and for anything between one and

n periods as a medium-term contract.1 We then investigate a general mechanism, which
1This is because the purpose of this analysis is to prove theoretically that an optimal wage contract can be

a combination of contracts of di¤erent lengths. As in Fudenberg, Holmstrom, and Milgrom (1990), the agent is
not dismissed (or �red) on the equilibrium path, even in the case of an agent repeating a number of short-term
contracts.
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includes menu and option contracts, and show that any mechanism cannot perform better

than simple wage contracts.

The overview of our model is as follows. There is a principal and an agent, and both

are risk neutral. The agent undertakes two types of investment (e¤orts) to accumulate the

human capital necessary to produce the two types of output, x and y. The �rst type of

output x is observable and veri�able (contractible) whereas the second type of output y is

observable but unveri�able (noncontractible). Examples of x are the annual pro�ts of the

�rm or the amount of sales a salesperson makes. Examples of y are the extent to which

an employee has contributed to the work of a team, or the leadership of a high-ranking

employee. These investments are denoted Ic and In, and while both are observable, they

are unveri�able. When the agent makes an investment Ic, he obtains the skill to produce

x. The principal can then write a wage that depends on x. When the agent makes an

investment In, he obtains the skills needed to produce y. Because y is unveri�able, the

wage cannot re�ect y. We assume that the investment in the current period becomes

e¤ective in the next period. Both investments are made in each period, after the wage

contract is agreed and before the outcome of each period is realized.2

In this environment, suppose there are three periods, where the possible combinations

of contracts the principal can o¤er are as follows: a) a long-term contract in which the

wages for all three periods are determined by the principal and o¤ered to the agent at

the beginning of the �rst period; b) short-term contracts for all three periods in which

the principal and the agent determine the wage for the second and third periods at the

beginning of each period; c) a short-term contract for the wage in the �rst period and a

medium-term contract for the wages in the second and third periods; and d) a medium-

term contract in which the wages for the �rst and second periods are o¤ered at the

beginning of the �rst period and a short-term contract in which the wage for the third

period is agreed to at the beginning of the third period.3

2As the wage for the �rst period is determined prior to the investment in human capital, and as the investment
in the �rst period becomes e¤ective in the second period, the �rst-period wage does not a¤ect the agent�s behavior
(investment decision). In other words, the �rst-period wage is irrelevant for the choice of the agent�s investment
and hence we focus on the wages in the second period onward.

3We de�ne a medium-term contract as anything between a one-period contract and the entire-period contract.
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In a), the principal o¤ers the agent wages for all three periods at the beginning of the

�rst period. Within this contract, the agent has no incentive to increase his bargaining

power. The principal designs each period�s wage to depend on the veri�able output x

produced in each period, but she cannot design wages to re�ect unveri�able output y in

each period. In short, a long-term contract deprives the agent of an incentive to invest in

In (an e¤ort to improve his skill to produce unveri�able output y), but motivates the agent

to undertake a great deal more Ic (more than he could under short-term contracts).4 As a

result, the principal o¤ers a commission payment to the agent under a long-term contract.

Typically, this is the CEO receiving his salary as stock-based compensation and holding

his position for a long time.

In b), the bargaining position of the agent at the beginning of the second period depends

on his skill in producing both unveri�able y and veri�able output x. In other words,

the amount of Ic and In made during the �rst period determines the agent�s bargaining

position. This provides the agent with an incentive to make In as well as Ic during the

�rst period, but triggers a holdup for both Ic and In. As the wage is determined in the

negotiations between the two parties in each period, the principal has no incentive to o¤er

incentive pay to the agent under risk neutrality. As a result, the principal and the agent

agree on the �xed wage for every short-term contract. This is similar to a bureaucrat

or businessperson being promoted and their �xed wage increasing each time they are

promoted.

In c), the parties Nash bargain over the wages for the second and third periods at

the beginning of the second period (a medium-term contract). This gives the agent an

incentive to make In as well as Ic during the �rst period, as the bargaining position at

the beginning of the second period depends on both Ic and In. The third-period wage,

however, is determined at the beginning of the second period, meaning that it depends on

the veri�able output x in the third period. This implies that the agent has no incentive to

invest in In during the second period, but does have an incentive to invest (a great deal)

in Ic during the second period. The �xed wage part in the second- and third-period wages
4 In Appendix B, we show that long-term contracts can achieve the �rst-best level in veri�able outputs.
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is the result of the investment (Ic and In) level in the �rst period, whereas the commission

parts in the second- and the third-period wages are meant to induce the agent to invest

in Ic in both periods.

In d), the principal posts a take-it-or-leave-it o¤er to the agent for both the �rst- and

second-period wages at the beginning of the �rst period (a medium-term contract). Here,

the design of the second-period wage is to re�ect only the veri�able output x that the

agent is going to produce in the second period. Without any bargaining at the beginning

of the second period, the agent would normally have no incentive to increase his skill in

producing unveri�able output y during the �rst period. In d), however, as the agent and

the principal will negotiate the third-period wage at the beginning of the third period (a

short-term contract), the agent has some incentive to invest in the skills needed to produce

y as well as x during the �rst period in order to increase his skill in the third period, where

the amount of investment depends on the convexity of the agent�s cost function. Moreover,

because the wage of the third period is determined by Nash bargaining at the beginning

of the third period, the agent still undertakes investment in both Ic and In during the

second period.

We show that the choice between a), b), c), and d) is made based on the endogenously

determined e¢ ciency of investment and the relative value of the veri�able and unveri�able

outputs. In other words, the choice is made depending on the accumulation level of human

capital the agent makes. That is, if the human capital useful in producing (un)veri�able

outputs does not accumulate much, even though the agent had made substantial e¤ort,

the investment in human capital can be considered as ine¢ cient. If the human capital

accumulates with a small amount of e¤ort, the investment in human capital is then said

to be e¢ cient. We show that if investment e¢ ciency remains fairly similar in all periods5,

the principal chooses either a) or b) (see Kamiya and Sato (2011) for details).

If investment e¢ ciency changes between periods, the principal chooses c) or d).6 We

show that c) is chosen when the investment In becomes ine¢ cient after the second period,
5For example, if it is (in)e¢ cient in the �rst period, it is (in)e¢ cient in the remaining periods.
6These two cases can be considered in relation to the career concerns model. We discuss this at the beginning

of Section 2.
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in turn making the investment Ic relatively e¢ cient. In reality, if a worker on probation

has invested time and e¤ort in learning about the match between himself and his position

in the company, he does not need to spend as much time and e¤ort in learning this same

information when he becomes a full-time employee. Even though such human capital is

essential in conducting the position, the investment in In actually becomes ine¢ cient if

he keeps doing that forever. On the other hand, d) is chosen when the investment Ic

becomes ine¢ cient after the second period, in turn making the investment In relatively

e¢ cient. This can explain the case of salespersons becoming middle managers. Obviously,

he will need some �eld experience in becoming a successful middle manager, but this �eld

experience for him is mostly veri�able output: sales. That is, Ic was important in the past.

However, after becoming a middle manager and receive mainly �xed salary, he obviously

needs some knowledge in leading his team, and thinking about strategic plans for sales in

the long run, as denoted by In.

In an n-period model, we can obtain a more complicated combination of contracts as an

equilibrium, such as repeating medium-term contracts. We show that such a combination

contract is o¤ered when the agent�s human capital depreciates. Suppose that a skill needed

to produce y depreciates at some given depreciation rate. In this case, the principal wishes

the agent to make occasional e¤orts In to maintain the skills needed to produce y at

some certain level. To do so, the principal repeatedly o¤ers medium-term contracts. If

the principal and the agent bargain over wages every two periods, the agent is given an

incentive to invest in Inwhich compensates for any depreciation in human capital.

The structure of the remainder of this paper is as follows. Section 2 reviews the relevant

literature. Section 3 analyzes a three-period model with simple wage contracts in which

we do not impose limited liability constraints. We devote Section 4 to the �ve-period

case. In Section 5, we discuss limited liability constraints as an extension, and show

that we obtain nearly the same results as in the preceding section. Section 6 analyzes

a general mechanism that includes menu contracts and option contracts, and show that

any mechanism cannot perform better than simple wage contracts. Section 7 presents our

conclusion.
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2 Literature

Labor contracts tend to be depicted as either short- or long-term contracts (for example,

Fudenberg, Holmstrom and Milgrom 1990, Ray and Salanié 1990, Dutta and Reichelstein

2003, and Kamiya and Sato 2011)7. Moreover, although many outputs in practice are

observable but unveri�able, most models tend to incorporate only veri�able outputs (for

example, Mirrlees 1976, Harris and Raviv 1979, Holmstrom 1979, and Grossman and

Hart 1983). The main contribution of our model is that it is the �rst to combine contracts

of di¤erent lengths in an incomplete contracting environment where both veri�able and

unveri�able outputs are incorporated.

This paper is related to earlier work by Fudenberg, Holmstrom, and Milgrom (1990),

Ray and Salanié (1990), and Salanié (2005, Chapter 6) in which they discuss the environ-

ment where an e¢ cient long-term contract can be implemented as a sequence of one-period

short-term contracts. However, they do not investigate the situation when a multiperiod

optimal contract is implemented as a combination of contracts of di¤erent lengths. There-

fore, as far as we are aware, this paper is the �rst to show that the optimal contract in the

multiperiod principal�agent relationship comprises several contracts of di¤erent lengths.

Our model is related to Hellmann and Thiele (2011), in that they consider a compensa-

tion scheme where the agent is confronted with a multitasking choice between a standard

task (veri�able) and the development of innovation (unveri�able). Hellmann and Thiele

(2011) show that a low-powered incentive wage can motivate the e¤ort for innovation by

sacri�cing e¤ort for the standard task, as an externality exists between the tasks. This

result is similar to our result in that a �xed wage can be derived as an optimal wage

schedule, even when an outcome is not completely unveri�able. Our analysis, however,

is quite di¤erent from theirs in at least three respects. First, our main objective is in

exploring the e¢ cient timing of a contract when the agent is expected to produce both

veri�able and unveri�able outputs, which requires a multiperiod analysis. On the other
7 In Dutta and Reichelstein (2003), the principal sometimes chooses a short-term contract even when outputs

are veri�able. This is because in their model, the optimal short-term contract requires dismissing (or �ring) the
incumbent agent and hiring a new agent in the second period. It is clear that this scenario is ruled out under
long-term contracting with the same incumbent agent.
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hand, their model is essentially a one-period model in which the agent makes each e¤ort

just once. Second, we consider the situation where there are no externalities between

tasks, while in their model externalities are essential for the results. Third, we consider

the situation in which the agent�s compensation for the veri�able and unveri�able outputs

is not separable. In practice, there are many types of work in which the wage contract

cannot be separable for each task the agent is expected to undertake. That is, a baseball

player receives pay which is supposed to re�ect both hits (veri�able) and teamwork skills

(unveri�able), a tenured professor receives a wage that re�ects not only the quantity of

papers published (veri�able), but also their quality (observable but unveri�able), along

with administrative/collegial work (observable but unveri�able). In Hellmann and Thiele

(2011), their starting point is that the wage for the veri�able (standard) task and the

unveri�able task (innovation) can be separable. That is, even if wage negotiation over

the innovation output collapses, the agent can continue to receive pay for the veri�able

output.

Bernheim and Whinston (1998) demonstrate that if there are some unveri�able actions

and if agents�actions are sequential, there are cases in which an e¢ cient outcome is ob-

tained only by the incomplete contracting of veri�able actions. More precisely, restricting

the second mover�s (veri�able) action space in the contract, the shape of the second mover�s

best-response function can be modi�ed such that the �rst mover chooses an (unveri�able)

action that leads to an e¢ cient outcome. Although our paper incorporates both veri�able

and unveri�able outputs, and wages for veri�able outputs are sometimes unspeci�ed in

the contract, the underlying logic is quite di¤erent from that in Bernheim and Whinston

(1998). For example, suppose the wages for future veri�able outputs are not speci�ed as

in the short-term contract in our model. This gives the agent an incentive to make In as

well as Ic during the current period, as the bargaining position at the beginning of the

next period depends on both Ic and In. In short, our core logic is quite di¤erent from that

in Bernheim and Whinston (1998).

Edlin and Reichelstein (1996), Maskin and Tirole (1999a, 1999b), Moore and Repullo

(1988), Kahn and Huberman (1988), and Noldeke and Schmidt (1995) also examine rela-
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tively complicated contracts. In Section 6, we investigate a general mechanism, and show

that any mechanism cannot perform better than simple wage contracts. Our mechanism

is very general and therefore includes most complicated contracts, including menu and

option contracts.

Finally, seminal work by Fama (1980) suggests that there is no need to resolve incentive

problems using explicit output-contingent contracts, because the agent is concerned about

his reputation in the labor market. However, Holmstrom (1998) provides a formal model

in which Fama�s conclusion is only correct under some narrow assumptions: namely, career

concerns induce the e¢ cient action of the agent. That is, in most cases, explicit contracts

play an important role. In our model, investment and human capital are to some extent

�rm speci�c. One way to relate our model to Holmstrom (1998) is to interpret �rm

speci�city as an observable signal of the agent�s investment. Firm speci�city allows the

�rm to observe the investment perfectly, but the market can only receive a noisy signal

about the agent�s investment. The agent knows that the market can learn the agent�s

investment through this noisy signal over time; hence, he might make some e¤orts to

in�uence this learning process of the market. However, the learning process of the market

is imperfect and slow, so an explicit contract is the only way to induce a large amount of

agent investment in the environment concerned within this model.

3 Three-period Model

3.1 Model

In this section, we assume that both the principal and the agent live for three periods,

and show that several interesting combinations of contracts are chosen depending on the

parameters. For example, the principal chooses to contract the wage for the �rst period

in a short-term contract, and contract the wages for both the second and third periods in

a medium-term contract at the beginning of the second period. Another example is that

the principal may contract the wages for both the �rst and second periods in a medium-

term contract at the beginning of the �rst period, and contract the third-period wage in a

short-term contract at the beginning of the third period. For simplicity, we assume that
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the principal and the agent are both risk neutral. Although we do not impose limited

liability constraints in Section 3, we discuss limited liability constraints in Section 4 and

suggest that almost the same results can be obtained using the additional constraints.

There is a principal and an agent. We assume both are risk neutral. There are two types

of outputs: an observable and contractible output x and an observable but noncontractible

output y. The two contractible output levels are xH and xL, where xH > xL > 0. The

probabilities of xH and xL are denoted by PH 2 [0; 1] and PL = 1 � PH . The two
noncontractible output levels are �yH and �yL, where yH > yL > 0. Note that � � 0

is a parameter introduced for later use. The probabilities of yH and yL are denoted by

QH 2 [0; 1] and QL = 1 � QH . As will be formally stated below, we assume that the
random variables x and y are stochastically independent.

To investigate the three-period model, we introduce human capital (the skills needed

to produce outputs), �c and �n, and investments, Ic and In. We assume that invest-

ment (e¤ort) accumulates the human capital. Let PH(�c) 2 [0; 1] be the probability

that xH occurs when a skill corresponding to a contractible output is �c 2 [0;1). Let
PL(�c) = 1 � PH(�c). Let QH(�n) 2 [0; 1] be the probability that yH occurs when the
skill corresponding to a noncontractible output is �n 2 [0;1). Let QL(�n) = 1�QH(�n).
Let fc : R2+ ! R+ and fn : R2+ ! R+ be the transition function of human capital.

That is, for i = c; n, �0i = fi(Ii; �i) means that when the skill in the current period is

�i and the investment is Ii, the skill in the next period, denoted by �0i, is fi(Ii; �i). The

investments and human capital in period t are denoted It = (Ict; Int) and �t = (�ct; �nt).

For a given parameter � � 0, g(�n; �) =
P

i=H;LQ
i(�n)�y

i denotes the expected value of

noncontractible output. We assume that the two types of human capital, �c and �n, and

the investments, Ic and In, are observable.

We assume the agent incurs disutility in undertaking investment, denoted by Dc(Ic)

and Dn(In): Let � 2 (0; 1) be the discount factor. The payment of wages for each period
is at the end of each period following the realization of output. The wage depends on the

realization of x only, as x is the only veri�able output. The wage wi, i = H;L, in period

t is denoted by wit; t = 1; 2; 3. Note that, because of the assumed risk neutrality, w
i
2 and
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wi3 need not depend on the realization of an output in previous periods.
8

Throughout this section, we make the following three assumptions. The assumptions

on Dc; Dn; P
H , and QH are standard.

Assumption 1 1. dDi
dIi
> 0, d

2Di
dI2i

> 0, Di(0) = 0, and
d2Di(0)

dI2i
= 0, i = c; n.

2. dPH

d�c
> 0 and d2PH

d�2c
< 0.

3. dQH

d�n
> 0 and d2QH

d�2n
< 0.

4. The random variables x and y are stochastically independent.

For simplicity, we make the following assumption.

Assumption 2 In the �rst period, the two types of human capital, �c and �n, are zero,

and PH(0) = QH(0) = 0.

By this assumption, the principal only has to o¤er wL1 in the �rst period. Note that even if

we allow for PH(0) > 0 or QH(0) > 0, the following analyses do not change much because

the investments in the �rst period do not a¤ect PH and QH in the �rst period but a¤ect

PH and QH in the second period onward. That is, even if xH can be realized with a

positive probability and the principal o¤ers wH1 , it does not a¤ect the investment levels.

For the bargaining process, we suppose the market for workers without �rm-speci�c

skills is competitive. We also assume that the agent obtains some �rm-speci�c skills in the

�rst period without any particular investment (that is, working in the �rm without much

e¤ort can provide some experience, and the agent acquires some level of �rm-speci�c skills

through this experience) and hence he obtains bargaining power to negotiate the wage

at the beginning of the second and third periods.9 Therefore, when the principal hires
8 Suppose the agent has a strictly concave (risk-averse) utility function. The risk-averse agent prefers intertem-

poral consumption smoothing, whereas the risk-neutral principal needs not smooth the consumption stream. In
this case, the principal can be better o¤ o¤ering wages with a small variance, which depend on the realization of
outputs in previous periods. However, the risk-neutral agent does not require consumption smoothing, and hence,
the principal does not have to o¤er wages that depend on the realization of an output in previous periods.

9Alternatively, we assume that the agent who undertook investment in the �rst or second period obtains
bargaining power. We could assume that bargaining power is only given to the agent with �c > 0 or �n > 0:
However, we can obtain the same result even when we assume that the agent obtains bargaining power through
experience and without undertaking any particular investment.

11



an agent without �rm-speci�c skills, she posts a take-it-or-leave-it wage o¤er. Note that

we obtain similar results even if we assume the agent has certain bargaining power at

the beginning of the �rst period, and hence Nash bargaining is used for the negotiation

process (instead of a take-it-or-leave-it o¤er). What we are trying to emphasize here is

that the change in bargaining power among di¤erent periods is not critical in obtaining

our results.

After the agent has obtained skills, the principal and the agent might negotiate the

wage at the beginning of the second and third periods. For simplicity, we use Nash

bargaining with the threat point set at (0; 0). That is, we assume that the principal and

the agent have the same bargaining power and that they cannot �nd a new partner if

they lose the current partner; i.e., they can access the labor market only once and their

reservation utilities are zero. The case of nonzero reservation utilities is also important.

Indeed, if the agent can reenter the job market or the principal can hire a new agent,

the threat point is nonzero. It is worthwhile noting that we obtain similar results even

if they have di¤erent bargaining power or their reservation utilities are nonzero in the

second and third periods (see Subsection 3.9). We also note that in the discussion of

renegotiation-proofness in the following theorems, we consider Nash bargaining games in

which the status quo is the wage contract signed in the previous periods.

Assumption 3 The principal posts a take-it-or-leave-it o¤er for the length and wages of

a contract with the agent�s reservation utility u � 0 for a contract signed at the beginning
of the �rst period (hereafter, period 1). The principal and the agent Nash bargain over

the wages with the threat point (0; 0) for a contract signed at the beginning of the second

or third period (hereafter, periods 2 and 3, respectively).

3.2 Timing

At the beginning of period 1, the parties sign a contract. The contract could be either

a short-, medium-, or long-term contract. At the middle of period 1, the agent makes

investments, Ic and In. At the end of period 1, the outputs are realized and the wage

12



agreed in the contract is paid. At the end of period 1, the parties can renegotiate the

contract if they agree on medium or long-term contracts.

At the beginning of period 2, the parties sign either a short- or medium-term contract

if the contract in period 1 was a short-term contract. Then, the same sequence of events

as in period 1 occurs.

At the beginning of period 3, the parties sign a contract (only a short-term contract

could be the case) when the contract in period 1 was either a medium-term contract or if

the parties have been repeating short-term contracts. At the end of period 3, the outputs

are realized and the wage agreed in the contract is paid. Note that there is no incentive

to invest in period 3 as it is the �nal period and investment in the current period only

becomes e¤ective in the next period.

As described in Assumption 3, at the beginning of period 1, the principal posts a take-

it-or-leave-it o¤er for the length and wages of a contract maximizing her discounted sum

of expected utility subject to the agent�s individual rationality and incentive compatibility

constraints for investment. If the contract in period 1 is short term, then at the beginning

of period 2, the parties bargain over the length and wages of the contract, maximizing

the Nash product of their discounted sum of utilities in periods 2 and 3, subject to the

incentive compatibility constraint on investment. If the contract in period 2 is short term,

or that in period 1 is medium term, the parties bargain over the wages of the contract at

the beginning of period 3, maximizing the Nash product of their utilities in period 3.

At the end of periods 1 and 2, the parties can renegotiate contracts and choose a new

contract if both become better o¤ by so doing. For example, suppose the parties sign

a long-term contract at the beginning of period 1, which is before the �rst investment

decision is made. In this case, it might be better to change the contract at the end of

period 1, as the agent has already chosen investments Ic and In in period 1, and a new

contract for the second- and third-period wages could lead to a Pareto improvement.

3.3 Equilibria

We adopt the dynamic programming approach. Let the values of the principal and the
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agent (that is, the discounted sums of expected utilities when a contract is optimally

chosen) at the beginning of period t = 1; 2; 3 be V pt (�) and V
a
t (�), where � = (�c; �n)

is the human capitals at the beginning of period t. That is, V pt (�) and V
a
t (�) are the

principal�s and the agent�s values of � when the wages from period t onward are not yet

determined at the beginning of period t. V pt (�) and V
a
t (�) satisfy the following.

At the beginning of the �rst period, the principal posts a take-it-or-leave-it wage o¤er.

She has three choices: contract only the �rst-period wage (a short-term contract), contract

the �rst- and second-period wages (a medium-term contract), or contract the wages for

all three periods (a long-term contract). Hence,

V p1 (0; 0) = maxfV
p3
1 (0; 0); V

p2
1 (0; 0); V

p1
1 (0; 0)g (1)

holds, where V p31 (0; 0); V
p2
1 (0; 0); and V

p1
1 (0; 0) are the values in the cases of the long-

(three-period), medium- (two-period), and short-term (one-period) contract, respectively.

Namely, V pk1 (0; 0) is the discounted sum of expected utilities when a k-period contract is

chosen. Note that � = (0; 0) at the beginning of period 1. V pk1 (0; 0), the principal�s value

of k-period contract, k = 1; 2; 3, satis�es the following:

V pk1 (0; 0) = max
w1;:::;wk;I1;:::;Ik

kX
j=1

�j�1

" X
i=H;L

P (�cj)(x
i � wij) +

X
i=H;L

Q(�nj)�y
i

#
+ �V pk+1(�k+1)

s.t.
kX
j=1

�j�1

" X
i=H;L

P (�cj)w
i
j �

X
i=c;n

Di(Iij)

#
+ �V ak+1(�k+1) � u; (2)

kX
j=1

�j�1

" X
i=H;L

P (�cj)w
i
j �

X
i=c;n

Di(Iij)

#
+ �V ak+1(�k+1) (3)

�
kX
j=1

�j�1

" X
i=H;L

P (�0cj)w
i
j �

X
i=c;n

Di(I
0
ij)

#
+ �V ak+1(�

0
k+1);

8I 01; : : : ; I
0
k;

where u is the reservation utility, wj = (wHj ; w
L
j ), and Ij = (Icj; Inj). Note that w

i
j does

not depend on the realization of x in the previous periods as the agent is risk neutral and

there is no need for consumption smoothing (see footnote 8). In the objective function, the

�rst term on the right-hand side (RHS) is the discounted sum of the principal�s expected
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utility in the k-period contract and the second term is the principal�s value of �k+1 =

(�c;k+1; �n;k+1), the discounted sum of expected utilities when a contract is optimally

chosen in period k + 1. Note that �t (�0t) is derived from fc, fn and I1; : : : ; Ik (I 01; : : : ; I
0
k)

and that �1 = �01 = (0; 0). For example, �c2 = fc(Ic1; 0). Expression (2) is the individual

rationality constraint and (3) is the incentive-compatibility constraint. In (2), the �rst

term is the discounted sum of the agent�s expected utility in the k-period contract and

the second term is the agent�s value of �k+1. Note that V
p
4 (�4) = V

a
4 (�4) = 0.

Suppose that the levels of human capital at the beginning of the second period are

� = (�c; �n). If the wages for the second and third periods are not yet determined at the

beginning of the second period, the principal and the agent have two choices: contract only

the second-period wage� i.e., a one-period (short-term) contract� or contract the second-

and third-period wages at the same time� i.e., a two-period (medium-term) contract.

Note that w3 does not depend on the realization of outputs in period 2 as the agent is

risk neutral and there is no need for consumption smoothing (see footnote 8). The Nash

bargaining problem for the k-period contract, k = 1; 2, is expressed as follows:

max
w2;:::;wk+1;I2;:::;Ik+1

 
k+1P
j=2

"
�j�2

P
i=H;L

P i(�cj)(x
i � wij) + g(�nj; �)

#
+ �V pk+2(�k+2)

!

�
 
k+1P
j=2

�j�2

" P
i=H;L

P i(�cj)w
i
j �

P
i=c;n

Di(Iij)

#
+ �V ak+2(�k+2)

!
:

s.t.
Pk+1

j=2 �
j�2

" P
i=H;L

P i(�cj)w
i
j �

P
i=c;n

Di(Iij)

#
+ �V ak+2(�k+2)

�
Pk+1

j=2 �
j�2

" P
i=H;L

P i(�0cj)w
i
j �

P
i=c;n

Di(I
0
ij)

#
+ �V ak+2(�

0
k+2) for all I

0
2; : : : ; I

0
k+1;

where (�c2; �n2) = (�c; �n) and �3 (�03) is derived from fc, fn, and I2 (I
0
2). In the objective

function, the term in the �rst (second) parentheses is the discounted sum of the principal�s

(agent�s) expected utility, and the constraint is the incentive compatibility condition.
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Note that the individual rationality constraint is included in the Nash bargaining with

the reservation utilities (threat point) (0; 0). Note that V p4 (�4) = V a4 (�4) = 0. Clearly,

In3 = 0 is chosen. The values of the principal and the agent (the utilities obtained from

the bargaining) are expressed as V pk2 (�) and V
ak
2 (�). We obtain V

pk
2 (�) = V

ak
2 (�). It is

clear that

V p2 (�) = maxfV
p2
2 (�); V

p1
2 (�)g:

As stated in the above, V p12 (�) = V
a1
2 (�) and V

p2
2 (�) = V

a2
2 (�) hold. Thus, if V

p
2 (�) =

V p12 (�), then V
a
2 (�) = V

a1
2 (�), and otherwise V

a
2 (�) = V

a2
2 (�).

Suppose that the levels of human capital at the beginning of the third period are

� = (�c; �n). If the wage for the third period is not yet determined at the beginning of

the third period, the contracting problem (Nash bargaining) is expressed as follows:

max
w3

 P
i=H;L

P i(�c)(x
i � wi3) + g(�n; �)

! P
i=H;L

P i(�c)w
i
3

!
; (4)

where the terms in the �rst and second parentheses are the utilities of the principal and

the agent in the third period, respectively. Note that there is no incentive-compatibility

constraint, given that the agent has no incentive to invest in the third period. With risk

neutrality, each party obtains half of the total utility available. The values (the utilities

obtained from the bargaining) of the principal and the agent are expressed as V p3 (�) and

V a3 (�); respectively.

We adopt a pure strategy subgame-perfect equilibrium as a solution concept. By

the standard argument (backward induction), there exists a subgame-perfect equilibrium:

given � in period 3, V p3 (�) and V
a
3 (�) are obtained as in the above Nash bargaining

problem in period 3, then given � in period 2, V p2 (�) and V
a
2 (�) are obtained as in the

above Nash bargaining problem in period 2, and �nally V p1 (0; 0) and V
a
1 (0; 0) are obtained

as in the above principal�agent problem in period 1. There are four types of equilibria.

De�nition 1 1. A long-term equilibrium contract, i.e., V p1 (0; 0) = V
p3
1 (0; 0): the wages

for all periods are determined at the beginning of the �rst period on the equilibrium

path.
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2. A short�short�short-term equilibrium contract, i.e., V p1 (0; 0) = V
p1
1 (0; 0) and V

p
2 (�) =

V p12 (�): the wages for each period are determined at the beginning of each period in

an equilibrium contract on the equilibrium path.

3. A short�medium-term equilibrium contract, i.e., V p1 (0; 0) = V
p1
1 (0; 0) and V

p
2 (�) =

V p22 (�): if the wage for the �rst period is determined at the beginning of the �rst pe-

riod, and the remaining wages are determined in the second period on the equilibrium

path.

4. A medium�short-term equilibrium contract, i.e., V p1 (0; 0) = V
p2
1 (0; 0): the wages for

the �rst and second periods are determined at the beginning of the �rst period, and

the remaining wages are determined at the beginning of the third period, on the

equilibrium path.

We next discuss the incentives for investing Ic and In. The choice of contract depends

on the relative importance of the veri�able and unveri�able outputs and the relative e¢ -

ciency of the investments in human capital made for each output. As the relative e¢ ciency

endogenously varies over time according to human capital accumulation, various types of

combinations of contracts of di¤erent lengths are obtained as equilibria. If a multiperiod

contract (i.e., a long- or medium-term contract) is chosen, the agent is sometimes deprived

of an incentive to increase �n after signing the contract, as the wages do not depend on the

realization of y. For example, if a medium-term contract is chosen at the beginning of the

�rst period, the agent has no incentive to increase �n in the second period. However, the

agent has an incentive to increase �n in the third period, as he can obtain half of the gain

from the investment through the Nash bargaining process at the beginning of the third

period. The bene�t of the long-term (or multiperiod) contract is that the principal can

motivate the agent to undertake a greater amount of Ic than she could under short-term

contracts, as the contract can induce the �rst-best level of Ic in the contracting periods

(see Appendix A). Conversely, under the short-term contract, the agent can obtain half

of the total utility in the following period through Nash bargaining. Therefore, the agent

has an incentive to make In, which is also bene�cial for the principal.
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Moreover, the relative e¢ ciency of investment endogenously varies over time according

to human capital accumulation. For example, suppose at the beginning of period 1, In is

relatively more e¢ cient than Ic. In this case, the principal chooses a short-term contract

to induce In1. Suppose at the beginning of period 2, �n2 = In1 is su¢ ciently large and

Ic becomes relatively more e¢ cient than In. Then, the parties choose a medium-term

contract to induce Ic2. On the other hand, suppose at the beginning of period 1, Ic is

relatively more e¢ cient than In and that the di¤erence in e¢ ciency is not very large. Then,

the principal chooses a medium-term contract to induce Ic1, predicting that in period 2

�c2 = Ic1 will be su¢ ciently large and In will become relatively more e¢ cient than Ic, and

so at the beginning of period 3 the parties choose a short-term contract to induce In2.

To sum up, to induce Ic, a multiperiod contract should be chosen, and to induce In, a

short-term contract should be chosen, and as the relative investment e¢ ciency varies over

time, then various combinations of contracts of di¤erent lengths are obtained as equilibria.

In the following subsections, we present speci�cations of �, fc, fn, Dc, Dn, PH , and QH ,

where we obtain various types of contracts as equilibria.

3.4 Renegotiation

This subsection discusses renegotiation. We consider Nash bargaining games in which the

status quo is the wage contract signed in the previous periods. The parties can renegotiate

the contract at the end of period 1 and/or period 2. If the wage in period 3 has been

already signed by the end of period 2, the Nash bargaining problem (renegotiation) at the

end of period 2 is expressed as follows:

max
wH03 ;wL03

 P
i=H;L

P i(�c)(x
i � wi03 ) +

P
i=H;L

P i(�c)(x
i � wi3)

! P
i=H;L

P i(�c)w
i0
3 �

P
i=H;L

P i(�c)w
i
3

!
;

(5)

where (wH3 ; w
L
3 ) is the status quo wages. Note that renegotiation at the end of period 2

does not improve the status quo utilities.

If the wage in period 2 has been already signed by the end of period 1, the parties

can renegotiate the contract at the end of period 1. The renegotiation is similar to the
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contract in period 2 in Subsection 3.3. That is, they choose a short-term contract or a

medium-term contract at the end of period 1: in each contract they maximize the Nash

product with the threat point (V p2 (�); V
a
2 (�)) and they choose the better one. If both the

principal and the agent can be made better o¤, then they renegotiate the contract.

The de�nition of renegotiation-proofness is as follows:

De�nition 2 An equilibrium contract is said to be renegotiation-proof if the parties do

not renegotiate the contract even when they can renegotiate.

3.5 Long-Term Contract

If � is su¢ ciently small, it is better to induce an incentive for Ic and thus a long-term

contract is chosen. Note that this holds for any fc, fn, Dc, Dn, PH , and QH satisfying

the above assumptions.

Theorem 1 There exists a �� such that 8� 2 [0; ��), the principal chooses a long-term con-

tract. In the contract, the second- and third-period wages depend on x to induce Ic. The

contract is renegotiation-proof.

Proof: See Appendix A.

3.6 Short�Short�Short-Term Contract

If � is su¢ ciently large, it is always better to induce an incentive for In and o¤er a short�

short�short-term contract under some additional condition. The additional condition is

that the investment In is su¢ ciently costly and the cost function is su¢ ciently convex.

Then, �n is not saturated in all periods and the principal always wishes to induce an

incentive for In. For simplicity, in this subsection, we suppose QH(�n) = �n; fn(In; �n) =

minfIn + �n; 1g, and Dn(In) = bI
2
n, where b > 0 is a parameter. Note that fc, Dc, and

PH can be any function satisfying the above assumptions.
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Theorem 2 Suppose b > 1
4
�(2�+�2)(yH�yL). Then, there exists a �� > 0 such that 8� � ��,

the equilibrium contract is of short�short�short term (note that it is clearly renegotiation-

proof). In the contract, the wages for the second and third periods can be �xed.

Proof: See Appendix B.

As the investment Ic has already been made during the �rst period, the principal does

not have to o¤er incentive pay for the second period depending on the realization of x.

The same argument applies to the third period.

3.7 Short�Medium-Term Contract

Suppose that In is relatively e¢ cient and that the skill (�n) is easily saturated. In this

case, the principal chooses a short-term contract for the �rst-period wage to induce In.

After the agent makes an investment In in the �rst period, they agree on a medium-term

contract for the second- and third-period wages at the beginning of the second period.

That is, following the saturation of �n, the principal wishes to induce Ic. To illustrate this

point, in this subsection, we suppose fn(In; �n) = In + �n, Dn(In) = aIn, where a > 0 is

a parameter, and

QH(�n) =

(
b�n if 0 � �n � ��n
1 if ��n � �n;

where b > 0 and ��n = 1
b
. Note that fc, Dc, and PH can be any functions satisfying the

above assumptions.

Theorem 3 Suppose a < 1
2
��b(yH � yL). Then, there exists a �� > 0 such that, for all

� � ��, the equilibrium contract is short�medium term. It is also renegotiation-proof. In

the contract, the third-period wage is incentive pay depending on x, while the second-period

wage can be a �xed wage.

Proof: See Appendix C.

Low-powered wage incentives are very often observed in the real world, and this is

theoretically proven by the above theorem. Indeed, in the above environment, the �xed
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wage parts of w2 and w3, i.e., wL2 and w
L
3 , include the payment for Ic1. Thus the incentive

wage part of w3, i.e., wH2 � wL2 and wH3 � wL3 , which induces Ic2, is relatively small.

3.8 Medium�Short-Term Contract

Suppose that � is su¢ ciently large and the agent should accumulate the �rst type of skill

(�c) to obtain the second type of skill (�n). For example, the agent needs experience in

sales to attain a position of leadership in the sales department. Hence, the principal writes

the wages for the �rst and second periods in a medium-term contract to induce Ic during

the �rst period, and she writes the third-period wage in a short-term contract to induce

In during the second period. In this subsection, we suppose PH(�c) = �c; fc(Ic; �c) =

minfIc + �c; 1g, Dc(Ic) = I2c , Q
H(�n) = �n; fn(In; �n; �c) = minf�cIn + �n; 1g, and

Dn(In) = I2n. Note that the transition function fn depends not only on In and �n, but

also on �c. More precisely, if �c is small, then the investment In is not e¢ cient, as in

fn(In; �n; �c) = minf�cIn + �n; 1g, In is multiplied by �c.

Theorem 4 10 There exists a �� such that 8� � ��, the equilibrium contract is of medium�

short term. In the contract, the second-period wage depends on x, whereas the third-period

wage can be a �xed wage. Moreover, it is renegotiation-proof.

Proof: See Appendix D.

3.9 An Extension

The arguments in the previous subsections can be extended to the case with di¤erent bargaining

power and a nonzero threat point. In particular, it is worthwhile noting that if the agent can

reenter the job market or the principal can hire a new agent, then the threat point is nonzero.

In this case, the bargaining problem in period 2 is as follows:

10We can also show that a medium�short-term contract is an equilibrium if Ic is relatively e¢ cient and easily
saturated. That is, the principal chooses a medium-term contract for the �rst- and second-period wages to induce
Ic, and after the investments she chooses a short-term contract on the third-period wages to induce In.
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max
w2;:::;wk+1;I2;:::;Ik+1

 
k+1P
j=2

"
�j�2

P
i=H;L

P i(�cj)(x
i � wij) + g(�nj ; �)

#
+ �V pk+2(�k+2)� T

p
2

!�

�
 
k+1P
j=2

�j�2

" P
i=H;L

P i(�cj)w
i
j �

P
i=c;n

Di(Iij)

#
+ �V ak+2(�k+2)� T a2

!1��

s.t.
Pk+1
j=2 �

j�2

" P
i=H;L

P i(�cj)w
i
j �

P
i=c;n

Di(Iij)

#
+ �V ak+2(�k+2)

�
Pk+1
j=2 �

j�2

" P
i=H;L

P i(�0cj)w
i
j �

P
i=c;n

Di(I
0
ij)

#
+ �V ak+2(�

0
k+2) for all I

0
2; : : : ; I

0
k+1;

where (T p2 ; T
a
2 ) is the threat point in period 2; i.e., the utilities when the principal hires a new

agent and the agent reenters the job market, and (�; 1 � �) is the vector of bargaining powers.

The bargaining problem in period 3 is as follows:

max
w3

 P
i=H;L

P i(�c)(x
i � wi3) + g(�n; �)� T

p
3

!�  P
i=H;L

P i(�c)w
i
3 � T

p
3

!1��
; (6)

where (T p3 ; T
a
3 ) is the threat point in period 3.

Even in this case, the same arguments as in the proofs of Theorems 1�4 can be applied.

In the case of Theorem 1, the proof is based on the comparison of the gains from veri�able

output in each contract; more precisely, the �rst-best Ic cannot be obtained in short�

short�short-, short�medium- and medium�short-term contracts but only in a long-term

contract, and thus a long-term contract is chosen when � is close to zero. In the case of the

other theorems, all proofs are based on the comparison of the gains from the veri�able and

unveri�able outputs in the contracts; more precisely, comparison of the limit of di¤erences

as � !1. Even in the case with di¤erent bargaining power and a nonzero threat point,
the �rst-best Ic can be obtained only in a long-term contract. In addition, the comparisons

of the limit of di¤erences as � ! 1 are essentially the same as in the case of � = 1
2
and

the threat point (0; 0), though the incentive to invest is di¤erent. In the bargaining in

period t, the agent can obtain a 1�� fraction of gain from the investments; more precisely,
(1��)((total gain)�(T pt +T at ))+T at , and the investments decrease as 1�� becomes small.
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Thus the gain from unveri�able output depends on 1 � �. However, as 1 � � > 0 and

the agent has an incentive to invest, the same arguments as in the proof of Theorems 1�4

can be applied, although the threshold �� in the theorems becomes large as 1� � becomes
small.

4 Five-Period Model

In this section, we assume that the principal and the agent live for �ve periods. All other

things being equal, the principal has a greater variety of combinations of contracts to o¤er

the agent. For example, if �n depreciates, the principal wishes to occasionally induce an

incentive for In to compensate for the depreciation. In this case, if the principal and the

agent bargain over wages every two periods, then for every two periods the agent has an

incentive to invest in �n, which compensates for any depreciation.

Under the �ve-period model, contracting over two, three, or four periods are all consid-

ered medium-term contracts. Therefore, to avoid confusion, instead of referring to them

as �medium-term contracts� we refer to them by the length of the periods included, for

example, a two�one�two contract.

We assume that �n is a function of the investments in the previous two periods: namely,

�nt = In;t�2 + In;t�1, i.e., the investments before period t � 2 have entirely depreciated.
Moreover, we suppose Dn(In) = In, and

QH(�n) =

(
�n if 0 � �n � 1
1 if 1 � �n:

We adopt the same environment and assumptions as in the three-period model, other than

the length of life and the arguments for fn. Note that fc, Dc, and PH can be any functions

satisfying the above assumptions.

We can de�ne equilibrium contracts as in Section 3. That is, V pt (�) and V
a
t (�), t =

1; : : : ; 5; can be de�ned as in Section 3. Even though many types of equilibrium contracts

could exist in this model, we focus on the following contract.

A one�two�two-term contract (which is a short�medium�medium-term con-
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tract): on the equilibrium path, the wage for the �rst period is determined at

the beginning of the �rst period, the wages for the second and third periods

are determined at the beginning of the second period, and the remaining wages

are determined at the beginning of the fourth period.

Note that the other combinations, such as the two�two�one-term (medium�medium�short-

term) contract, are similarly de�ned.

Theorem 5 Suppose xH�xL � 2, yH�yL � 2, and � � 5. Then, there exists a �� 2 (0; 1)
such that the equilibrium contract is a one�two�two-term contract for � 2 (��; 1]. Moreover,
it is renegotiation-proof.

Proof: See Appendix E.

5 Limited Liability Constraints

In this section, we discuss limited liability constraints, and show that nearly the same

results can be obtained. For simplicity, we only investigate the three-period model. It is

easy to see that almost the same arguments can be applied to the �ve-period model.

A standard limited liability constraint is (i) wL1 � 0; wL1 + �w
i
2 � 0; i = H;L, and

wL1 + �w
i
2 + �

2wj3 � 0; i; j = H;L: that is, the case in which the agent can save money.

In contrast, the most conservative limited liability constraint is (ii) wit � 0; i = H;L; t =
1; 2; 3. Below, we show that under a wide class of limited liability constraints, we can

obtain the same results as in the previous section with only slight modi�cation. More

precisely, if there exists a real number A � 0 such that wit > A implies the limited

liability constraint is not binding. In the case of (i), wL1 � 0, wi2 � �1
�
wL1 , and w

j
3 �

� 1
�2
(wL1 + �w

i
2); i; j = H;L. Thus, the minimum wages are 0;�1

�
wL1 , and � 1

�2
(wL1 + �w

i
2),

and they are at most zero. Let A = 0. Then, for example, in the case of a medium-term

contract in period 2, if wit > A for all t = 2; 3; i = H;L, the limited liability constraint in

the contract is not binding.
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Theorem 6 Suppose there exists a real number A � 0 such that wit > A for all t; i implies
the limited liability constraint is not binding. Then, the results in Theorems 1�4 hold.

However, the thresholds are di¤erent from those in Theorems 1�4.

Proof: See Appendix F.

Below, we brie�y explain the proof. Suppose � = 0. This is synonymous with saying

that there are no unveri�able outputs. Given that even under some limited liability

constraint any wage contract (such as a medium�short contract) can be replicated by a

long-term contract (see Appendix F), Ic1 and Ic2 in the contract can be induced by the

long-term contract. We can also show that the principal can make her utility strictly larger

than under any other contract. Thus, the principal chooses a long-term contract. It is

then obvious that the principal chooses a long-term contract even for a small �. Therefore,

the same result as in Theorem 1 holds. However, the threshold is di¤erent from that in

the theorem.

As for the other theorems in Section 3, all proofs are based on the comparison of the

gains from veri�able and unveri�able outputs in contracts; more precisely, the comparison

of the limit of di¤erences as � ! 1. As the gains from the veri�able output do not

depend on �, the agent�s gain from In, which is a part of wage, goes to 1 and exceeds

A as � ! 1 and thus the relevant limited liability constraint is not binding. Thus the

utility di¤erences go to 1 as � ! 1 no matter what the limited liability constraint is.

Thus, the results in the theorems hold.

6 A General Mechanism

In the previous sections, con�ning our attention to simple wage contracts, we found that

combinations of contracts of di¤erent lengths arise as equilibrium contracts. One may

consider some sophisticated contracts, if they are available, to be more e¢ cient. Below,

we investigate a general mechanism and show that any mechanism cannot perform better

than simple two-period wage contracts. Of course, we assume risk neutrality of parties

and renegotiation-proofness of equilibria. Note that our mechanism is very general and
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includes menu contracts, changes in ownership, such as a �selling option to the agent�, and

some types of penalties.

6.1 Two-Period Case

For simplicity, we �rst discuss the two-period model, and show that any mechanism cannot

perform better than simple two-period wage contracts.

6.1.1 Mechanisms without a Change of Ownership

We suppose that at the beginning of period 1 the principal o¤ers a contract that involves

the �rst period wage wL1 and a mechanism speci�ed below. The agent accepts it if and

only if the discounted sum of expected utilities is not less than the reservation utility u.

We �rst focus on the case in which the principal always has ownership. We then discuss

the case in which the mechanism can change the ownership. In other words, the case in

which the ownership can be moved from the principal to the agent.

The parties play a game (a mechanism) at the beginning of the second period, which

is after observing (Ic1; In1) and before the realization of x and y. A mechanism is a pair

of a function f and a message space M = Mp � Ma, where f is a function from the

message space to the space of outcomes 
. Note that Mp, the principal�s message space,

and Ma, the agent�s message space, can be any sets. Each element of the message spaces

is observable and veri�able. The space of outcomes 
 is R � R2, where the �rst R is the
set of transfers from the agent to the principal, denoted by q, paid before the realization

of x and y, and R2 is the set of the payments to the agent in the second period, denoted

by (vH ; vL), which depend on the realization of x. That is, the agent obtains vi when xi

is realized. It is straightforward that the simple two-period wage contract is the contract

that the message space M is a singleton, i.e., the payo¤ only depends on the realization

of x.

In principle, the mechanism includes all possible outcomes when the principal always

has ownership. First, the mechanism can force the agent to pay a �penalty�q depending on

the message. However, given renegotiation-proofness, a penalty cannot be paid to a third
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party (see Maskin and Tirole 1999a). Thus, the principal must obtain the penalty. In

general, any monetary transfer between parties is included in the mechanism. Note that if

at least one of the parties were strictly risk averse, a penalty using stochastic payment is

useful. Suppose that only the agent is risk averse and that the mechanism forces the agent

to pay q with probability 1
2
to the principal and to obtain q (pay �q) from the principal

with probability 1
2
. This mechanism is clearly renegotiation-proof because q is not paid to

the third party, and the agent�s utility is less than the case without the payment due to

the risk averseness. Maskin and Tirole (1999) investigate mechanisms with such penalties.

However, there is no point to use it in our case because both parties are risk neutral.

Second, the mechanism includes the case that the principal (the agent) chooses a

contract from a menu of several simple wage contracts: i.e., the case that f assigns a

simple wage contract depending on the message.

Remark 1 Moore and Repullo (1988) use a sequential-type mechanism and investigate

implementation by subgame-perfect equilibria. Considering our message space as the set

of bundles of messages in all nodes of the game tree, sequential-type mechanisms are

covered by our model. In other words, we show below that any Nash equilibria, including

subgame-perfect equilibria, cannot be better than the simple wage contract equilibria.

Remark 2 Even if the parties are risk averse, Maskin and Tirole�s mechanism does not

work in our environment. That is, the welfare neutrality that is the necessary condition for

their theorem is violated in standard principal�agent models as in this paper (see Sections

2 and 8 in Maskin and Tirole 1999a).

After observing I1 = (Ic1; In1) the principal (the agent) chooses mp 2Mp (ma 2Ma),

and thus a strategy of the principal is a function of I1, denoted by sp(I1) 2Mp. The agent

chooses I1 in the �rst period and a message sa(I1) 2Ma in the second period.

Let m = (mp;ma) and f(m) = (q(m); vH(m); vL(m)). Then we de�ne the agent�s

(discounted sum of) utilities in periods 1 and 2, denoted by ua1 and u
a
2, and the principal�s
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utility in period 2, denoted by up2, as follows:

ua1(w
L
1 ; I1; f(m)) = wL1 �Dc(Ic)�Dn(In)� �q(m) + �

X
i=H;L

P i(Ic1)v
i(m);

ua2(I1; f(m)) = �q(m) +
X
i=H;L

P i(Ic1)v
i(m);

up2(I1; f(m)) = q(m) +
X
i=H;L

P i(Ic1)(x
i � vi(m)) + �

X
i=H;L

Qi(In1)y
i:

For simplicity, Di(�i1), P i(�c1), and Qi(�n1) are denoted by Di(Ii1), P i(Ic1), and Qi(In1).

De�nition 3 For a given (wL1 ; f;M), (s
p; (Î1; s

a)) is said to be an equilibrium strategy if

ua1(w
L
1 ; Î1; f(s

p(Î1); s
a(Î1))) � ua1(wL1 ; I1; f(sp(I1); sa(I1))) for all I1;

and, for any given I1 = (Ic1; In1),

up2(I1; f(s
p(I1); s

a(I1)) � up2(I1; f(mp; sa(I1)) for all mp 2Mp;

ua2(I1; f(s
p(I1); s

a(I1)) � ua2(I1; f(sa(I1);ma)) for all ma 2Ma:

The �rst inequality is the condition that the agent�s choice in the �rst period is optimal,

and the second and third inequalities imply that the principal�s and the agent�s choices

of messages are optimal. Note that, given a (wL1 ; f;M), the principal does not choose

anything in the �rst period and thus the principal�s optimization in period 1 is not included

in the de�nition.

We �rst show the revelation principle.

Theorem 7 Given (wL1 ; f;M), suppose (s
p; (Î1; s

a)) is an equilibrium strategy. Then there

exists a direct revelation mechanism ( ~f;R2+�R2+) where the �rst (second) R2+ is the set of
principal�s (agent�s) messages of investments, denoted by Ip1 (I

a
1 ), which can be di¤erent

from the true investments, such that

1. ~si(I1) = I1, the truth telling, is a second-period equilibrium strategy of the game

(wL1 ;
~f;R2+ �R2+) for i = p; a, where ~si is a party i�s strategy,

2. ~f(I1; I1) = f(sp(I1); sa(I1)).

28



Proof: See Appendix G.

Theorem 8 Any mechanism cannot improve welfare in the simple two-period wage con-

tract. (That is, the principal�s utility cannot be better o¤. Note that the agent�s utility is

always equal to the reservation level u.)

Proof: See Appendix H.

6.1.2 Mechanisms with a Change of Ownership

In the above arguments, the principal is the residual claimer because the payment to

the agent in the second period can only depend on the realization of x and the principal

has ownership. The other possible outcome is to sell ownership to the agent and the

agent becomes the residual claimer. That is, the mechanism assigns utilities (gH ; gL)

to the principal depending on the realization of x and the agent is the residual claimer.

Therefore, the space of outcome is now extended to 
0 = R � R2 � fOp; Oag. Here, the
�rst R is the same as the case of 
, and (vH ; vL; Op) 2 R2 � fOp; Oag implies (vH ; vL) is
the payment to the agent and the principal has ownership and is thus the residual claimer.

Similarly, (gH ; gL; Oa) 2 R2 � fOp; Oag implies (gH ; gL) is the payment to the principal
and the agent has ownership and thus is the residual claimer. Note that the principal�s

selling option to the agent is included; that is, (q; (0; 0); Oa) 2 R�R2 � fOp; Oag implies
the principal sells the project to the agent with a price q. In addition, a future payment

is allowed; that is, (0; (gH ; gL); Oa) 2 R�R2 � fOp; Oag implies the agents pays gH (gL)
in the case of xH (xL) after the realization of x and y.

Clearly, as in the same argument above, the revelation principle holds. Below, we

show that under limited liability constraints and some additional condition, it is su¢ cient

to investigate simple two-period wage contracts. Of course, we keep assuming the risk

neutrality of the parties and renegotiation-proofness of the equilibria.

Assumption 4 1. Limited Liability Constraint 1: wL1 � 0.

2. Limited Liability Constraint 2: ��1wL1 � q � 0.

29



3. (a) A future payment is not allowed, i.e., when the agent has ownership, f always

assigns (gH ; gL) = (0; 0), or

(b) Up� > �(xH + yL) holds, where Up� is the principal�s utility in the simple two-

period wage contract equilibrium.

As in the case without a change of ownership, any direct revelation mechanism cannot

improve the welfare in the simple two-period wage contract when the mechanism assigns an

outcome in R�R2�fOpg. When the mechanism assigns an outcome in R�R2�fOag, the
principal must obtain utility from negative wL1 ; negative �

�1wL1 � q, or (gH ; gL). However,
from the above assumption, the �rst two options cannot be used. If Assumption 4-3-(a)

holds, then the principal cannot obtain utility from (gH ; gL). Suppose Assumption 4-3-(b)

holds. The utility of the principal cannot be at most Up�, because the payment to the

principal cannot depend on the realization of y: Indeed, when xi is realized, the mechanism

can assign at most gi = xi+yL, because g cannot depend on y. As a result, the principal�s

expected utility is �
P

i=H;L P (Ic1)g
i � �(xH + yL), which is less than Up�. This leads to

the following theorem.

Theorem 9 Under Assumption 4, any mechanism cannot improve the welfare in the sim-

ple two-period wage contract equilibria.

6.2 Three- and Five-Period Cases

In the case of the three-period model, there are two cases: (i) a contract is chosen at the

beginning of the �rst period, and (ii) a contract is chosen at the beginning of the second

period. In case (ii), although a contract is chosen using Nash bargaining, it is clear that

the same argument as in the two-period model can be applied and it cannot improve the

welfare in the case of the simple wage contract. In case (i), by the same arguments as in

the proof in the two-period case, ~f does not depend on In1 and In2; and thus the agent

chooses In1 = In2 = 0 when ~f assigns Op. Clearly, ~f cannot assign Oa under similar

assumptions as for Assumption 4.
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Remark 3 Finally, note that Edlin and Reichelstein (1996) show that in a certain envi-

ronment, where the threat point of a renegotiation is a function of investment, an appro-

priately chosen initial contract can provide the correct incentive for investment and lead

to the �rst-best output. As shown in the proof of the renegotiation-proofness of the long-

term contract in the three-period model (Theorem 1), the investments do not a¤ect the

threat point of renegotiation in the second period. Although the investments a¤ect the

threat point of renegotiation in the third period, the risk-neutral parties do not renegotiate

because they share only the outputs in the third period. Thus, the initial contracting has

no value, as veri�ed in Che and Hausch (1999).

7 Conclusion

In this paper, we investigated multiperiod contracts of di¤erent lengths in an incomplete

contracting framework. Con�ning our attention to simple wage contracts, we found that

combinations of contracts of di¤erent lengths arise as equilibrium contracts when the prin-

cipal�s output is determined by both veri�able and unveri�able outputs and the investment

e¢ ciency endogenously changes over time. We also showed that any sophisticated contract

(mechanism) could not do better than the simple wage contracts.

Appendices

A The Proof of Theorem 1

We �rst show that the �rst-best level investments of Ic1 and Ic2 are obtained in a long-

term contract. Given the risk neutrality of the principal and the agent, the �rst-best

investments are the maximizer of the following problem:

maxxL �Dc(Ic1) + �

" P
i=H;L

P i(�c2)x
i �Dc(Ic2)

#
+ �2

" P
i=H;L

P i(�c3)x
i

#
;

where �c2 = fc(Ic1; 0) and �c3 = fc(Ic2; �c2): Then, setting w
j
2 = xj � r2; j = H;L and

wj3 = x
j � r3; j = H;L, where r2 and r3 are the principal�s utilities in periods 2 and 3, the
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incentive-compatibility constraint in the long-term contract indeed yields the maximizer

of the above problem. That is, the veri�able part of the constraint is reduced to the

above problem. On the other hand, in the cases of the short�short�short-term contract,

the medium�short-term contract, and the short�medium-term contract, the total utilities

obtained from the contractible output, denoted by Sc, MSc, and SMc, are smaller than

that of the long-term contract, denoted by Lc. Indeed, in the cases of the short�short�

short-term and short�medium-term contracts, the agent chooses Ic1 to maximize half of

the second- and third-period utilities obtained from the contractible output, and in the

case of the medium�short-term contract, the agent chooses Ic2 to maximize half of the

third- period utility obtained from the contractible output. Thus, in these cases, Ic1

and/or Ic2 are di¤erent from their �rst-best levels. Thus,

Sc < Lc; SMc < Lc;MSc < Lc

holds. Accordingly, if � = 0, the long-term contract shown above is chosen. Given that

the �rst-best value of the gain from the unveri�able output is a continuous function of �,

there exists a �� such that the principal chooses the long-term contract for � 2 [0; ��).
Next, we show that the above long-term equilibrium contract is renegotiation-proof.

There is no need to discuss renegotiation at the beginning of the third period, as the parties

do not invest, and any renegotiation on the wages does not induce a Pareto improvement

because both the principal and the agent are risk neutral. Below, we investigate a rene-

gotiation at the beginning of the second period, where the threat point is the discounted

sums of the utilities in periods 2 and 3 obtained from the long-term contract. Suppose

their utilities resulting from this renegotiation are Pareto superior to those of the threat

point at the beginning of the second period. Given this, further suppose the agent chooses

Îc1 and În1 by maximizing the discounted sum of his expected utility. (Note that the

investments do not a¤ect the threat point of the renegotiation in period 2.) Then, their

utilities are even Pareto superior to those of the long-term contract, even at the beginning

of the �rst period, as the agent can choose Ic1 and In1 in the long-term contract, and the

outputs in the �rst period are assumed to be always xL and yL. If a medium-term con-
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tract is chosen in the renegotiation, then Îc1 and În1 can be considered as the investments

in the case of the short�medium-term contract, and if a short-term contract is chosen in

the renegotiation, then Îc1 and În1 can be considered as the investments in the case of

the short�short�short-term contract. However, it has been shown that the total utility is

larger under the long-term contract than under the short�medium-term contract 8� � �.
This is a contradiction. Thus, the long-term contract is renegotiation-proof if � � �.

B The Proof of Theorem 2

In (i)�(vi) below, we focus on each contract and obtain its total equilibrium utility from the

noncontractible output. We use backward induction (if necessary). Then, in (v), we show

that if � is su¢ ciently large, the principal chooses a short�short�short-term contract.

(i) We �rst focus our attention on a long-term contract. That is, we derive the max-

imum total utility from the noncontractible output produced under the long-term con-

tract. The agent chooses In1 = In2 = 0, and thus g(�n; �) = �yL holds throughout all

periods. The total utility obtained from the noncontractible output, denoted by Ln, is

(1 + � + �2)�yL:

(ii) Next, we focus on a short�short�short-term contract. The wages for the second

and third periods are determined by Nash bargaining at the beginning of each period.

Below, we consider only the utilities obtained from the noncontractible outputs. In the

third period, the agent obtains half of the total utility, i.e., 1
2

P
i=H;LQ

i(�n3)�y
i. Thus, in

the second period, the agent chooses In2, satisfying the incentive compatibility constraint:

max
In2

1

2
�
X
i=H;L

Qi(�n3)�y
i � bI2n2;

where �n3 = minf�n2+In2; 1g. Below, suppose that the optimal �n2 and �n3 are less than
one, i.e., the optimal In1 and In2 are determined by the �rst-order condition. (Later, we

show that the optimal �n2 and �n3 are indeed less than one.) Then,

I�n2 = 1
4b
��(yH � yL):
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Note that I�n2 does not depend on �n2. In the second period, the agent obtains half of the

total utility:

1

2

 X
i=H;L

Qi(�n2)�y
i � b(I�n2)2

!
+
1

2
�
X
i=H;L

Qi(�n2 + I
�
n2)�y

i;

where �n2 = In1. Thus, in the �rst period, the agent chooses In1, satisfying the incentive-

compatibility constraint:

max
In1

1

2

 X
i=H;L

Qi(In1)�y
i � b(I�n2)2

!
+
1

2
�
X
i=H;L

Qi(In1 + I
�
n2)�y

i � bI2n1:

Then, the optimal In1 is obtained as follows:

I�n1 = 1
4b
�(� + �2)(yH � yL):

By the premise of the theorem, b > 1
4
�(2� + �2)(yH � yL) holds; thus, ��n2 = I�n1 and

��n3 = I
�
n1 + I

�
n2 are indeed less than one because I

�
n1 + I

�
n2 =

1
4b
�(2� + �2)(yH � yL):

Then, the total utility obtained from the noncontractible output, denoted by Sn(�), is

obtained as follows:

Sn(�) = �yL � b(I�n1)2 + �
�
I�n1�y

H + (1� I�n1)�yL � b(I�n2)2
�

+�2
�
(I�n1 + I

�
n2)�y

H + (1� I�n1 � I�n2)�yL
�

= (1 + � + �2)�yL +
3

16b
(yH � yL)2�2�2(�2 + 3� + 1):

(iii) Next, we focus on a medium�short-term contract. The agent�s utility in the third

period is 1
2

P
i=H;LQ

i(�n3)�y
i. The wage for the second period is determined by a take-it-

or-leave-it o¤er at the beginning of the �rst period. Thus, the agent is interested only in

�n3, as the wage for the second period does not depend on �n2. That is, the agent solves

the following problem with respect to In1 and In2 in the �rst period:

max
In1;In2

1

2
�2
X
i=H;L

Qi(�n3)�y
i � bI2n1 � �bI2n2;
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where �n1 = minfIn1; 1g and �n2 = minf�n1+In2; 1g. Suppose the optimal �n3 = I�n1+I�n2
is less than one. Then, I�n1 and I

�
n2 are obtained as follows:

I�n1 = 1
4b
�2�(yH � yL);

I�n2 = 1
4b
��(yH � yL):

By the premise of the theorem, b > 1
4
�(2� + �2)(yH � yL) holds; thus, I�n1 + I�n2 is indeed

less than one. Then, MSn(�), the total utility obtained from the noncontractible output,

is obtained as follows:

MSn(�) = (1 + � + �
2)�yL +

1

16b
(yH � yL)2�3�2(3� + 7):

(iv) Finally, we consider a short�medium-term contract. By de�nition, the wage for

the third period is determined at the beginning of the second period. Thus, the agent

chooses In2 = 0 in the second period. Therefore, the agent solves the following problem

with respect to In1 in the �rst period:

max
In1

1

2
�
X
i=H;L

Qi(�n2)�y
i +

1

2
�2
X
i=H;L

Qi(�n3)�y
i � bI2n1;

where �n2 = minfIn1; 1g and �n3 = �n2. Suppose the optimal �n3 = I�n1 is less than one.
Then, it is obtained as follows:

I�n1 = 1
4b
�(� + �2)(yH � yL):

By the premise of the theorem, b > 1
4
�(2� + �2)(yH � yL) holds; thus, I�n1 is indeed less

than one. Then, the total utility obtained from the noncontractible output, denoted by

SMn(�), is obtained as follows:

SMn(�) = (1 + � + �
2)�yL +

3

16b
(yH � yL)2�2�2(� + 1)2:

Below in (v), we compare the total utilities obtained from both the contractible and

noncontractible outputs.
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(v) As shown in the proof of Theorem 1, in the case of a long-term contract, the total

utilities obtained from the contractible output, denoted by Lc, are �rst-best. In the cases

of the short�short�short-term contract, the medium�short-term contract, and the short�

medium-term contract, the total utilities obtained from the contractible output, denoted

by Sc, MSc, and SMc, are smaller than Lc. That is,

Sc < Lc; SMc < Lc;MSc < Lc:

On the other hand,

Sn(�)� Ln =
3

16b
(yH � yL)2�2�2(�2 + 3� + 1) > 0;

Sn(�)�MSn(�) =
1

16b
(yH � yL)2�2�2(2� + 3) > 0;

Sn(�)� SMn(�) =
3

16b
(yH � yL)2�3�2 > 0

hold. As Sn(�)�Ln, Sn(�)�MSn(�), and Sn(�)�SMn(�) are strictly increasing functions

of � and go to +1 as � goes to +1, there exists a �� > 0 such that 8� � ��,

Lc + Ln < Sc + Sn(�); SMc + SMn(�) < Sc + Sn(�);MSc +MSn(�) < Sc + Sn(�):

That is, Sc + Sn(�) is the largest. Thus, the short�short�short-term contract is chosen

for 8� � ��. Suppose the contrary. Then, the equilibrium contract derived from backward

induction is one of long, medium�short, or short�medium term, and the equilibrium total

utility is larger than Sc + Sn(�). This contradicts the above inequalities.

Clearly, there is no need to discuss the renegotiation-proofness of the short�short�

short-term contract.

C The Proof of Theorem 3

As in the proof of Theorem 2, Lc, Ln; Sc; Sn(�);MSc;MSn(�); SMc; and SMn(�) are

obtained.
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Suppose a short�medium-term contract is chosen. By a < 1
2
��b(yH�yL), the marginal

cost of In is strictly smaller than the marginal utility, so that the agent chooses In1 = ��n

in the �rst period. Thus,

SMn(�) = �y
L + ��yH + �2�yH � a

b

holds. Note that Sn(�) = SMn(�) holds.

Then, suppose a medium-term contract on the �rst- and second-period wages is signed

at the beginning of the �rst period. Given that the marginal cost of In is strictly smaller

than the marginal utility, then the agent chooses In1 = 0 and In2 = ��n because of the

discount factor. Thus,

MSn(�) = �y
L + ��yL + �2�yH � �a

b
:

For a su¢ ciently large �,

SMn(�)�MSn(�) = ��(yH � yL)�
a

b
+
�a

b
> 0

holds. Given SMn(�) � MSn(�) and SMn(�) are strictly increasing, and SMn(�) �
MSn(�)! +1 and SMn(�)! +1 as � ! +1,

Lc + Ln < SMc + SMn(�);MSc +MSn(�) < SMc + SMn(�)

holds for a su¢ ciently large �. Moreover, as shown in the previous section, Sc < SMc

holds and thus

Sc + Sn(�) < SMc + SMn(�):

Using the same argument as in the proof of Theorem 2, the short�medium-term contract

is an equilibrium contract.

Finally, as shown in the proof of Theorem 1, the above equilibrium is renegotiation-

proof, as we should consider only the renegotiation in the third period.
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D The Proof of Theorem 4

By fn(In; �n; �c) = minf�cIn+�n; 1g, �n in the second period is zero even if In > 0 in the
�rst period, because �c = 0 holds at the beginning of the �rst period. Thus, the principal

does not choose a short-term contract at the beginning of the �rst period; she instead

chooses either a long- or a medium�short-term contract. If a medium�short-term contract

is chosen, QH in the third period is �n3 = minf�c2In2; 1g. Note that �c2 is positive and
an increasing function of � in these contracts. Accordingly, the agent maximizes

�(�n3�y
H + (1� �n3)�yL)� I2n2

with respect to In2. Suppose the optimal �n3 is less than one, then the optimal In2 is equal

to 1
2
���c2(y

H � yL). Therefore, the following total utility from noncontractible output is

obtained:

(1 + � + �2)�yL + �2�2�c2(y
H � yL)2(1

2
� 1
4
�c2): (7)

Suppose the optimal �n3 is equal to one, then the agent chooses I�n2 =
1
�c2
. Therefore, the

following total utility from noncontractible output is obtained:

(1 + � + �2)�yL + �2�yH � 1

�2c2
: (8)

If the principal chooses a long-term contract, I�n1 = I�n2 = 0 holds and the total utility

from the noncontractible output becomes (1+ �+ �2)�yL. Given that �c2 is an increasing

function of �, (7) and (8) go to +1 as � ! +1. Using the same arguments as in the
proof of Theorem 2, there exists a �� such that 8� � ��, the medium�short-term contract is
an equilibrium contract.

Finally, as shown in the proof of Theorem 1, the above equilibria are renegotiation-

proof.

E The Proof of Theorem 5

Suppose � = 1. Under the one�two�two-term contract (short�medium�medium-term

contract), the agent chooses In1 = In3 = 1 and In2 = In4 = 0; as in periods 2 and 4, the
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principal and the agent bargain over the wages; and in periods 1 and 3, the marginal cost

of In is one, and the marginal utility is 12(�+ �
2)�(yH � yL) = �(yH � yL) � 10 for In < 1.

Thus, �n = 1 holds in periods 2, 3, 4, and 5, and the total utility obtained from In is

(� + �2 + �3 + �4)�yH � In1 � �2In3 = 4�yH � In1 � In3 � 38:

Other than a one�two�two-term contract, logically there are three other combinations of

contracts under a �ve-period principal�agent relationship: (i) combinations that involve

a contract that covers at least three periods, e.g., a one�three�one-term contract (short�

medium�short-term contract); (ii) combinations that involve at most one contract that

covers two periods, e.g., a one�one�two�one-term contract (short�short�medium�short-

term contract); and (iii) combinations that include two contracts that cover two periods,

e.g., a two�two�one-term contract (medium�medium�short-term contract). In (i), as there

exists a period in which �n = 0, they lose at least �(yH � yL) � 1 � 9 in the total

noncontractible utility and obtain at most 4(xH �xL) � 8 in the total contractible utility,
where the number of periods in which �c could be increased is four. In (ii), although the

total utility obtained from In is the maximum amount, the total utility obtained from Ic

is smaller than the case of the one�two�two-term contract. This is because combinations

that fall in the category of (ii) involve more bargaining periods than the one�two�two-term

contract. In the case of (iii), a two�two�one-term contract (medium�medium�short-term

contract) and a two�one�two-term contract (medium�short�medium-term contract) are

the only possibilities. In both cases, given In1 = 0 in the �rst period, they lose at least

�(yH�yL)�1 � 9 in the total noncontractible utility and obtain at most 4(xH�xL) � 8 in
the total contractible utility, where the number of periods in which �c could be increased

is four. Therefore, using the same arguments as in the proof of Theorem 2, the one�two�

two-term contract is an equilibrium contract. The above arguments apply to any � > 0

close to one. The maximal length of the contract is two, and the parties might renegotiate

on wages in the last period of each contract. However, given risk neutrality, a Pareto

improvement is impossible. Thus, the equilibrium is renegotiation-proof.
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F The Proof of Theorem 6

Suppose � = 0. In other words, this is the case in which there are only veri�able outputs

(no unveri�able outputs). Below, we show that any contract can be replicated by a long-

term contract. Consider a short�short�short-term contract as an example. Then, setting

wHt = 1
2
xH > 0 and wLt =

1
2
xL > 0; t = 2; 3, Ic1 and Ic2 in the short�short�short-term

contract can be induced by the long-term contract. On the other hand, in the long-term

contract,

wL1 = u� �
X
i=H;L

P i(�c2)w
i
2 � �2

X
i=H;L

P i(�c3)w
i
3 +Dc(Ic1) + �Dc(Ic2)

= u� 1
2
�
X
i=H;L

P i(�c2)x
i � 1

2
�2
X
i=H;L

P i(�c3)x
i +Dc(Ic1) + �Dc(Ic2):

The last line is equal to the �rst-period wage in the short�short�short-term contract. Note

that the discounted sum of wages is the same in the contracts. Moreover, the principal

can choose wage di¤erences (wH2 � wL2 ) larger than 1
2
(xH � xL) and can also keep the

expected wages constant. Therefore, she can obtain a larger gain. Thus, the principal

strictly prefers a long-term contract. The same argument applies to medium�short and

short�medium contracts. Clearly, she chooses a long-term contract even for a small �.

Thus, the same results as in Theorem 1 hold. However, the threshold is di¤erent from

that of Theorem 1.

Next, we prove the results in Theorems 2�4. If � is small, the limited liability constraint

might be binding and the agent might not invest the same In as in the case without the

constraint. However, if � is su¢ ciently large, half of the gain from In, which is a part of

wages, is larger than A, and thus it is better to invest the same In as in the case without

the constraint. In the proofs of these theorems, the gains from the unveri�able output are

compared, and we take the limit of di¤erences as � ! 1. For example, in Theorem 2,

Sn(�)�Ln, Sn(�)�MSn(�), and Sn(�)�SMn(�) are strictly increasing functions of � and

go to +1 as � goes to 1. Given that the least upper bound of gains from the veri�able

output does not depend on �, the utility di¤erences of the principal go to 1 as � ! 1;
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no matter what the limited liability constraint. Thus, the results in the theorems hold.

However, the thresholds di¤er from those in the theorems.

G The Proof of Theorem 7

Setting ~f(I1; I 01) = f(s
p(I1); s

a(I 01)), the truth telling is an equilibrium strategy. Indeed,

from the de�nition of equilibria,

ua1(w
L
1 ; Î1;

~f(Î1; Î1)) � ua1(wL1 ; I1; ~f(I1; I1)) for all I1;

and for any given I1 = (Ic1; In1),

ua2(I1;
~f(I1; I1)) � ua2(I1; ~f(I1; Ia01 )) for all Ia01 ;

up2(I1;
~f(I1; I1)) � up2(I1; ~f(I

p0
1 ; I1)) for all I

p0
1 :

It is clear that ~f(I1; I1) = f(sp(I1); sa(I1)).

H The Proof of Theorem 8

(i) We �rst show that, for any given Ic1, the agent�s expected utility in the second period

does not depend on the �rst period choice In1 in equilibria. Suppose the contrary. Then

there exist I1 = (Ic1; In1) and I 01 = (Ic1; I
0
n1), where In1 6= I 0n1, such that

ua2(I1;
~f((Ic1; In1); (Ic1; In1))) > u

a
2(I

0
1;
~f((Ic1; I

0
n1); (Ic1; I

0
n1)) (9)

holds in an equilibrium. Of course, at least one of I1 and I 01 must be an o¤-equilibrium

choice. From the de�nition of an equilibrium,

ua2(I
0
1;
~f((Ic1; I

0
n1); (Ic1; I

0
n1)) � ua2(I 01; ~f((Ic1; I 0n1); (Ic1; In1)) (10)

holds. That is, even if the agent announces In1 instead of the true investment I 0n1, he

cannot be better o¤. Moreover, since the �rst arguments in I1 and I 01 are the same and

thus from the de�nition of ua2

ua2(I
0
1; (q; v

H ; vL)) = ua2(I1; (q; v
H ; vL)) for all (vH ; vL): (11)
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Thus, from (9), (10), and (11),

ua2(I1;
~f((Ic1; In1); (Ic1; In1))) > u

a
2(I1;

~f((Ic1; I
0
n1); (Ic1; In1))

holds. As

up2(I1;
~f((Ic1; In1); (Ic1; In1))) =

X
i=H;L

P i(Ic1)x
i+
X
i=H;L

Qi(In1)y
i�ua2(I1; ~f((Ic1; In1); (Ic1; In1)))

and

up2(I1;
~f((Ic1; In1); (I

0
c1; In1))) =

X
i=H;L

P i(Ic1)x
i+
X
i=H;L

Qi(In1)y
i�ua2(I1; ~f((Ic1; I 0n1); (Ic1; In1)))

hold, then

up2(I1;
~f((Ic1; I

0
n1); (Ic1; In1))) > u

p
2(I1;

~f((Ic1; In1); (Ic1; In1)):

That is, the principal chooses I 0n1 instead of the true investment In1. This contradicts the

de�nition of equilibrium.

(ii) Next, we show that the agent�s investments in an equilibrium (Îc1; În1) satis�es

În1 = 0. Suppose the contrary. Then În1 > 0. If the agent chooses (Ic1; In1) = (Îc1; 0),

then from (i),

ua2((Îc1; În1);
~f((Îc1; În1); (Îc1; În1))) = u

a
2((Îc1; 0);

~f((Îc1; 0); (Îc1; 0)))

holds. However, by Dc(În1) > Dc(0), the agent prefers In1 = 0 in period one. Thus,

În1 = 0 holds in equilibria. That is, the mechanism cannot induce In1 at all, and it can

induce at most the �rst-best Ic1. Recall that a simple two-period wage contract can induce

the �rst-best Ic1, but cannot induce In1.
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