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Abstract

The empirical best linear unbiased predictor (EBLUP) in the linear mixed model
(LMM) is useful for the small area estimation, and the estimation of the mean
squared error (MSE) of EBLUP is important as a measure of uncertainty of EBLUP.
To obtain a second-order unbiased estimator of the MSE, the second-order bias cor-
rection has been derived mainly based on Taylor series expansions. However, this
approach is harder to implement in complicated models with more unknown param-
eters like variance components, since we need to compute asymptotic bias, variance
and covariance for estimators of unknown parameters as well as partial derivatives of
some quantities. The same difficulty occurs in construction of confidence intervals
based on EBLUP with second-order correction and in derivation of second-order
bias correction terms in the Akaike Information Criterion (AIC) and the condi-
tional AIC. To avoid such difficulty in derivation of second-order bias correction
in these problems, the parametric bootstrap methods are suggested in this paper,
and their second-order justifications are established. Finally, performances of the
suggested procedures are numerically investigated in comparison with some existing
procedures given in the literature.

Key words and phrases: Best linear unbiased predictor, confidence interval, em-
pirical Bayes procedure, Fay-Herriot model, second-order correction, linear mixed
model, maximum likelihood estimator, mean squared error, nested error regression
model, parametric bootstrap, restricted maximum likelihood estimator, small area
estimation.

1 Introduction

The linear mixed models (LMM) and the model-based estimates including empirical best
linear unbiased predictor (EBLUP) or the empirical Bayes estimator (EB) have been
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recognized useful in small area estimation. The typical models used for the small area
estimation are the Fay-Herriot model and the nested error regression model (NERM), and
the usefulness of EBLUP is illustrated by Fay and Herriot (1979) and Battese, Harter and
Fuller (1988). For a good review and account on this topic, see Ghosh and Rao (1994),
Rao (2003) and Pfeffermann (2002).

When EBLUP is used to estimate a small area mean based on real data, it is important
to assess how much EBLUP is reliable. One method for the purpose is to estimate the
mean squared error (MSE) of EBLUP, and asymptotically unbiased estimators of the
MSE with the second-order bias correction have been derived based on the Taylor series
expansion by Prasad and Rao (1990), Datta and Lahiri (2000), Datta, Rao and Smith
(2005), Das, Jiang and Rao (2004), Kubokawa (2010b) and others. A drawback of this
method is that it is harder to compute the second-order bias, variance and covariance
of estimators of more unknown parameters including variance components, and that it
is troublesome to derive partial derivatives of some matrices with respect to unknown
parameters. To avoid this difficulty, Butar and Lahiri (2003) proposed the parametric
bootstrap method, which is easy to implement, since we do not need to compute the
second-order bias, variance and partial derivatives. For some recent results including
nonparametric methods, see Lahiri and Rao (1995), Hall and Maiti (2006a) and Chen
and Lahiri (2008).

We have other problems to be faced with the same difficulty as in the MSE estimation.
One is the problem of constructing a confidence interval based on EBLUP such that it
satisfies the nominal confidence level with the second-order accuracy. Datta, Ghosh, Smith
and Lahiri (2002), Basu, Ghosh and Mukerjee (2003) and Kubokawa (2010a) derived such
confidence intervals using the Taylor series expansion. To avoid the difficulty in derivation
of second-order moments, Hall and Maiti (2006b) and Chatterjee, Lahiri and Li (2008)
proposed the confidence intervals using the parametric bootstrap method.

A similar difficulty occurs in evaluating the bias terms of AIC and conditional AIC.
The Akaike Information Criterion (AIC) originated from Akaike (1973, 74) is recognized
very useful for selecting models in general situations, and it is also useful for selecting
variables in LMM. When unknown parameters in the model are estimated by the maxi-
mum likelihood estimator, the penalty term, which is a kind of bias, is known to be 2 x p
for dimension p of unknown parameters. When the unknown parameters in LMM are
estimated by other estimators, however, Kubokawa (2011) showed that the penalty term
includes partial derivatives of the estimator and the covariance matrix. Concerning the
conditional AIC, on the other hand, Vaida and Blanchard (2005) and Liang, Wu and Zou
(2008) proposed the conditional AIC in LMM, but their derivations were limited to the
cases that the parameters in LMM are partly known. Recently, Kubokawa (2011) derived
the second-order bias correction term for the conditional AIC, but it is harder to com-
pute in more complicated models since the penalty term consists of the second-order bias,
variance and covariance of estimators and partial derivatives of the covariance matrix.

In this paper, we treat the problems mentioned above, and provide useful procedures
based on the parametric bootstrap method to avoid the computational difficulties. In Sec-
tion 2, we suggest the MSE estimator, the confidence interval, AIC and the conditional
AIC using the parametric bootstrap. Concerning the MSE estimation, Butar and Lahiri
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(2003) estimated the third term of the MSE, denoted by g3, based on the parametric
bootstrap, while in this paper, we consider to estimate the second-order approximation
of g3 using the parametric bootstrap method. A similar approach applies to the confi-
dence interval, and we estimate the second-order correction term based on the parametric
bootstrap method. This is different from the parametric bootstrap procedure suggested
by Chatterjee, et al. (2008) who obtained two end-points of a confidence interval based
on a distribution generated by the parametric bootstrap sampling. In Section 3, we give
the proofs for the second-order justifications of the procedures given in the paper under
several conditions.

In Section 4, we carry out simulation experiments in the Fay-Herriot model to compare
the proposed procedures with ones given in the literature. In Section 5, the nested error
regression models (NERM) are treated to analyze the posted land price data, and the
suggested information criteria are used for selecting regressors. For estimating the aver-
ages of land prices in small areas, we give values of EBLUPSs, proposed estimates of their
MSE and proposed confidence intervals based on the NERM with the selected regressors.
These numerical investigations demonstrate that the proposed procedures based on the
parametric bootstrap methods work well and are useful.

2 MSE Estimation, Confidence Interval and AIC Based
on the Parametric Bootstrap Method

2.1 Linear mixed model and parametric bootstrap method

Consider the following two linear mixed models: One is a model which original data
follow, and the other is a model which generates simulated data through the parametric
bootstrap method.

[1] Model 1. An N x 1 observation vector y of the response variable has the general
linear mixed model
y=XB+ Zv +e, (2.1)

where X and Z are N x p and N x M matrices, respectively, of the explanatory variables,
B is a px 1 unknown vector of the regression coefficients, v is an M x 1 vector of the random
effects, and € is an N x 1 vector of the random errors. Here, v and € are mutually inde-
pendently distributed as v ~ Ny (0, G(0)) and € ~ Ny (0, R(0)), where 8 = (64, ...,0,)
is a g-dimensional vector of unknown parameters, and G = G(0) and R = R(0) are
positive definite matrices. Then, y has a marginal distribution Ny (X3, X(0)) for

> =3(0) = R(0) + ZG(6)Z'.

Throughout the paper, for simplicity, it is assumed that X is of full rank. Also, we often
drop () in G(0), R(0), X(0) and others for notational convenience.

The unknown parameters in Model 1 are 3 and 8. When 0 is known, the regression
coefficients vector 3 is estimated by the generalized least squares estimator given by

BO) = (X'S(0)' X) ' X'=(6) y.

3



The parameter 6 consists of variance components and others, and it is estimated by
consistent estimator 6 based on y through various methods including maximum likelihood
and restricted maximum likelihood methods. Then, 3 is estimated by 8 = 3(8).

[2] Model 2. An N x 1 random vector y* given y has the linear mixed model
y* = XB(@) + Zv* + €7, (2.2)

where X and Z are the same matrices as given in (2.1), and given y, v* and €* are
conditionally mutually independently distributed as v*|y ~ Ny (0,G(0)) and €|y ~
N (0, R(6)).

Before stating the main results, it may be instructive to explain the intuitive idea of
using the parametric bootstrap method based on Model 2. Let ¢(@) be a differentiable
function with ¢g(@) = O(1). Although g(a) is an asymptotically unbiased estimator of
g(0), in general, there exists a second-order bias. Then, we need to approximate the
expectation F [g(b\)] up to O(N71). Tt is supposed that the approximation is given by
E[g(0)] = ¢(0) + by(8) + O(N~3/2) where b,(0) is a continuously differentiable function
with O(N~1). Thus, we can get the second-order unbiased estimator g(@) - bg(b\), namely,

E[g(0) = by(8)] = {g(6) + bs(8)} — b,(8) + O(N"*/*) = g(8) + O(N*7).  (2.3)

Since, in general, the function b,(0) can be derived using the Taylor series expansion, it is
based on partial derivatives with respect to 6;, i =1, ..., ¢, and moments of estimator {9\,
and we need to derive partial derivatives and moments for each model and each estimator
0. This means that different calculations are requested for different models and differ-
ent estimators, so that those calculations must be harder for more complicated models.
Instead of this method, Butar and Lahiri (2003) and Chatterjee et al. (2008) proposed
an alternative approach through the parametric bootstrap method. The function b,(0) is
estimated by FE, [g(g*) - g(§)|y], where E.,[-|y] is the expectation with respect to Model
2 given y, and the calculation of 0 is the same as that of 8 except that 8 is calculated
based on y* instead of y. Since given y, the expectation FE, [g(b\*) ly] can be approximated
as

E.[g(0)]y] = 9(8) + b,(8) + O,(N3/?),

it is seen from (2.3) that

E[29(8) - E.[9(®)Iy])| =E|9(8) — E.[9(®) — 9(O)Iy
=Eg(8) — b,(6)] + O(N*?)
—9(6) + O(N~*/2). (2.4)

Thus, we obtain the second-order unbiased estimator 2¢(8) — E, [g(a*)|y] which is free
from differentiations or moments of @. This idea can be used in this paper to provide
an estimator of MSE of EBLUP, a corrected confidence interval based on EBLUP and
conditional and unconditional Akaike Information Criteria.



2.2 Estimation of MSE of EBLUP

Based on the parametric bootstrap method, we first derive an estimator of MSE of EBLUP
for the general scalar quantity

p=a'g+bv,
where a and b be px 1 and M x 1 vectors of fixed constants. It is noted that the marginal
and the conditional distributions of y given v are, respectively,

y ~Nn(XB,3(9)),
ylv ~Nx (X8 + Zv, R(6)).
Let p, = GZ'S ' (y— XB) and £, = G — GZ'Y'ZG. Since the conditional distribu-
tion of v given y is
'U|y NNM(IJ’vaz’U)a (25)
the conditional expectation E[u|y| is written as
A%(8,0) =E[uly] = a'8 + b'G(0)Z'2(0) ' (y — X B)
=a'B+5(0)'(y — XB), (2.6)
where s(0) = X(0)"'ZG(0)b. This can be interpreted as the Bayes estimator of y in

the Bayesian context. The generalized least squares estimator B(O) is substituted into
1B3(8,0) to get the estimator

Aot (0) = i"(B(0),0) = a'B(0) + s(6)'(y — XB(0)), (2.7)
which is the best linear unbiased predictor (BLUP) of . When an estimator 0 is available
for @, we can estimate p by the empirical (or estimated) best linear unbiased predictor
(EBLUP) pf5 (9), which is also called an empirical Bayes estimator in the Bayesian
context.

The MSE function of EBLUP iZ2(8) is MSE(6,7i%3(6)) = E[{iiZ3(8) — u}?], which
can be decomposed as MSE(0,12(0)) = ¢1(0) + ¢2(0) + g3(0) as shown in Prasad
and Rao (1990) and Datta and Lahiri (2000), where ¢,(0) = E[{u?(3, 0) — 1}?*], 2(0) =

E[{a*"(0)— 7" (8, 0)}*] and g;(8) = E[{i*"(0) — i*”(6)}*]. The terms g1(8) and g5(6)
can be rewritten as
91(0) =b'(GO)' + Z'R(0)'Z) b,
92(0) =(a — X's(8))(X'(0) ' X) ' (a — X'5(8)).
Using the argument as in (2.4), we can estimate g;(0) + ¢2(6) by

2{g1(8) + 92(0)} — E.[01(8 ) + 92(8 ) y].

For g3(8), in this paper we use the estimator given by

35°(0) = E.[{s(8) — s(6)Y=(0){s(8 ) — 5(8)}]y]. (2.8)
Thus, we get the estimator
mse*(0, 175 (6)) = 2{g1(6) + g2(6)} — [ )+ 02(0)|y] +75°(8). (2.9)

16 “(
In Section 3.2, we shall show that E[mse*(8,7%5(8))] = MSE(6,i52(0)) + O(N~3/2)
under some CODdlthHS.

ot



2.3 Confidence interval based on EBLUP
We next construct a confidence interval of ;1 = a’3+ b'v based on EBLUP which satisfies

the nominal confidence level with the second-order accuracy. Since mse*(a, kB (b\)) is an

asymptotically unbiased estimator of the MSE of EBLUP, it is reasonable to consider the
confidence interval of the form

~

I75(8) : "2 (0) + 20/ \/ max{mse*(6, i¥5(8)), 0}, (2.10)
where 2,2 is the 100 x a/2% upper quantile of the standard normal distribution. However,
the coverage probability P[u € I¥B(0)] cannot be guaranteed to be greater than or equal
to the nominal confidence coefficient 1 — a. To address the problem, we consider the
correction function given by
———2p [{0:(8") - 9:(0)y]. (2.11)

8¢1(6)
which is an asymptotically unbiased estimator of h1(0) given in (3.14). Then, the corrected
confidence interval is provided by

HO)

ICER () : PP (8) + 202 |1+ 11(0)] \/max{mse* (8, 7°%(9)), 0}. (2.12)
A drawback of ICFB*(8) is that it cannot give an interval when mse*(8, iF2(0)) takes
a negative value. A simulation experiment given in Section 4.2 shows that such a short-
coming occurs in an extreme case. Thus, we suggest the alternative corrected confidence
interval

ISP5(@) : B7P(0) £ 20 [1 4 130)] \/0(6) + 02(8). (2.13)
where ~ ~ ~
h;(@) _ h’{(a) N 91(0) — E*[gl(OA)|y] + ?3*(9)_ (2.14)

291(0)

In Section 3.2, it can be shown that Plu € IF#B*(6)] = 1 — o+ O(N=3/2) for i = 1,2
under some conditions.

2.4 AIC and conditional AIC

In this section, we derive the Akaike Information Criterion (AIC) and conditional AIC
using the parametric bootstrap method.

[1] AIC; and AIC}. Let us define the Akaike Information (Al) by
A1) = 2 [ [{1os £, @1B(w).0w))} 1 @1B.0)1n(018. 00050y, (215)

where ,@(y) = B(@) and g(y) are estimators based on y, and f,,(y|3,60) is a marginal
density function of y given by

—21og fin(y|B, 0) = Nlog(2m) +1og |E(0)| + (y — X B)X(0) ' (y — XB).
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Akaike’s AIC can be derived as an asymptotically unbiased estimator of AI(8), namely,
E[AIC]) = AI(0) 4+ o(1) as N — co. When AIC is an exact unbiased estimator of AI(8),
it is called the exact AIC, which was suggested by Sugiura (1978), but in general, it is
difficult to get in LMM.

Define Aj(y) and Ak(y) by

A~k

Aily) =~ 28.[u"P(E ju'ly], (2.16)
Ajfy) =B.[w'Shu — w[S5|y],
where u* = y* — XB(@), 3= 2(5), 3 = 2(5*) and
PO)=%(0)"'X(X'E(0)"'X)'X'5(6)"".
Then, we suggest two kinds of AIC given by
AIC] = — 2log [ (ylB(0).0) + 2 — Aj(y), 217

AIC; = —2log f(y]B(8),8) — A(y) — Ai(y),
In Section 3.3, it can be shown that E[AIC}] = AI(@) +O(N~Y?) fori=1,2.

[2] cAIC*. AIC is derived from the marginal (or unconditional) distribution of y,
and it measures the prediction error of the predictor based on the marginal distribution.
This means that AIC is not appropriate for the focus on the prediction of specific areas
or specific random effects. For example, EBLUP is used for predicting the random effects
associated with a specific area in the context of the small area estimation. Taking this
point into account, Vaida and Blanchard (2005) proposed the conditional AIC which mea-
sures the prediction error of the predictor incorporating EBLUP based on the conditional
distribution given the random effects.

The conditional AIC is derived as an (asymptotically) unbiased estimator of the con-
ditional Akaike information (cAl) defined by

cAI(0) = —2 / / / log{f@[5(»). B»).0(y)}/ @lv. B.0) (ylv, B.6)  (v]0)dGdydo,

where B(y) = B(0) and v(y) = 9(0) = G(0)Z'S(0) {y — XB(0)} are estimators
based on y and f(v|@), respectively, are a conditional density function of y given v and
a marginal density function of v. Note that

—2log f(ylv, 3,0) =N log(27) + log | R(8)] (2.18)
+(y—XB—Zv)R(O) (y — XB — Zv).

Define Af (y) and A% (y) by

~% A~k

A (y) = — 2 B Ju’S T RP® u +tr [R'S ] [y] +N — 20 [RS ]},

AN AAk—] A~ A~

Ny(w) —E.[u2E RS - SRR RE 219)

~x—1

—w[R2R- RS 'R)] |y} FON -2t [SR),
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A~k

for R = R(@) and R = R(60 ). Then, we propose the conditional AIC given by
cAIC* = ~2log f(y[5(8), B(9),0) — A% (y) — Al(y). (2.20)

In Section 3.3, it can be shown that E[cAIC*] = cAI(8) + O(N~'/?) under some condi-
tions.

3 Proofs of Second-order Approximations

3.1 Notations and common assumptions

In this section, we verify that the procedures proposed in the previous section have second-
order approximations. We begin by introducing the notations used here. Let Cg“] denote
a set of k times continuously differentiable functions with respect to 8. For partial deriva-
tives with respect to 8, we utilize the notations

0A(6 0*A(0
A () = 9,A(0) = 09(- >, Aj(0) = 0,;A(0) = 89-8(9-)’
K3 ! J
and D3A(0)

where A(0) is a scalar, vector or matrix. For the first and second differential operators
with respect to y, we use the notations
0 0 0
—, V,V, = ——,
dy v oyoy
namely, the i-th element of V,, and the (i, j)-th element of V,, V' are 9/0y; and 0% /0y;0y;,
respectively.

For 0 <i,j,k < q, let \;(X) < --- < An(X) be the eigenvalues of ¥ and let those of
E@, ;) and Z(ijk) be /\;(Z), A9(X) and /\fjk(E) for a‘j L...,N respegzively, where
ME) < < PYE)]L A E)] < - < AR(D)] and PTH(E) < - S PARH(D)]

Throughout the paper, assume the following conditions for large N and 0 <4, j,k < ¢:

(A1) The elements of X, Z, G(6), R(0), p, ¢ and M are bounded, and X'X is
positive definite and X’'X /N converges to a positive definite matrix;

(A2) 2(0) € Cy', limy oo A (E) > 0, limy oo A(E) < 00, limy e [Ny (Z)] < o0,
My o0 [N (2)] < 00 and limy_,s A (T)] < oo.

(A3) 0= a(y) is an estimator of @ which satisfies that 8(—y) = a(y) and a(y+Xa) =
0(y) for any p-dimensional vector a.

V, =

(A4) It is assumed that 6 — 6 is expanded as

~

0-60=8 +8" +0,(N2), (3.1)

T

where §' — O,(N~1/2), 6" = Op(N~1) and E[ET] =0.
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Example 3.1 As well known, the ML estimator §M and the REML estimator §R, re-

spectively, are given as solutions of the following equations:

[ML] yTI(0)Z(,)(0)I1(0)y = tr [X(0)'X;(6)],

[REML] y'II(0)Z(,)(0)I1(0)y = tr [I1(6)X;)(0)] , (3:2)

fori=1,...,q, where II(0) = 2(6)"! — 2(0)"' X {X'2(0) ' X} ' X'(0)~!. For the
details, see Searle, Casella and McCulloch (1992). It is noted that both estimators are

location invariant, namely, 6 (y+Xa) = (y) for any p-dimensional vector . Thus, the
condition (A3) is satisfied.

Let A, be a ¢ x ¢ matrix such that the (i, j)-th element of A, is tr [£ X7 'E;)E71).
Assume that A, is positive definite and A, /N converges to a positive definite matrix.
~M ~R
Under this condition, (A1) and (A2), Kubokawa (2010b) showed that @ and 6 satisfies
the condition (A4).

Other Estimators are also used in some specific models, and Kubokawa (2010b) showed
that the Prasad-Rao estimator and the Fay-Herriot estimator satisfy the conditions (A1)-
(A4) in the Fay-Herriot model and the nested error regression model.

3.2 MSE estimation and interval estimation

[1] Second-order unbiasedness of the MSE estimator. We first treat the estimation
of MSE of the EBLUP 7i#5(8), where i28(0) = 1i(8(9), 0) = a/B(0)+s(8)’ (y— X3(0))
for 5(0) = 3(0) ' ZG(0)b, and show that the MSE estimator mse (O,MEB(B)) given in
(2.9) has the second-order unbiasedness.

Let G5(0) and g,(0) be functions defined by

7.00) =t [( 219y 530) (21 y o 1]

7.(0) =(“20) 5@ 4 Lix [B(6)Cov (8] - 7,(6),

(3.3)

where Cov (ET) = E[(@T)@T)’], and the (4, j)-th element of B(0) is given by

(B(8)):; = (b— Z's(0))'(9;G(0))(b— Z's(0)) + s(6)'(0;;R(8))s(6).
It is noted that B(0) = 0 when G and R are matrices of linear functions of 6.
To establish the second-order approximation, we assume the following conditions:

(B1) The elements of a and b are uniformly bounded, and s(0) satisfies that s(0) €
Cy', (y— XP)'s(6) = O,(1), (y — XB)'s1(0) = Oy(1), (y — XB)'5:5)(6) = O,(1),
S(i)(e)/S(j)(e) = O(l) and s(j)(e)’E(H)VyQZT = Op(Nfl).

(B2) For 1 < i j.k < q, (i) g:(8) € cl and 9,9:(0) = O(1), 9;;1(0) = O(1) and
Oikg1(0) = O(1), (i) g2(0), g5(0) and g,(0) are continuously differentiable functions
satisfying that 0;g2(0) = O(N™1), 9,g5(0) = O(N™') and 9;5,(0) = O(N71).
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Theorem 3.1 Assume the conditions (A1)-(A4) and (B1)-(B2). Then, mse*(8, iP5(8))
1s approximated as

~ -~ ~

mse” (0, i%(0)) = mse(0, i (0)) + O,(N~*/?), (3.4)
where

mse(8,71°%(8)) = 91(6) + 92(6) +75(0) — 7,(6). (3.5)

Thus, R R
Elmse (8,17 ())] = MSE(0,i""(8)) + O(N /). (3.6)

Proof. Kubokawa (2010b) proved in his theorems 2.1 and 2.2 that

95(8) =E[{i"" () — "% (6)}”] = 75(6) + O(N*?), (3.7)
E[g1(0)] =g1(8) +7.(6) + O(N~*7?), (3-8)

which can be established under the conditions (A1)-(A4), (B1) and (B2)(i). Then from
(3.8), it follows that

E[01(07)]y] = 9:(0) +34(0) + O (N 7). (3.9)
Since g»(0) = O(N™!), it is seen that under condition (B2)(ii),
E.[02(8)]y] = 62(6) + O, (N 7). (3.10)
Hence from (3.9) and (3.10), it is seen that under condition (B2),
2{91(0) + ()} = Eu[52(07) + 92(8 )| ]
=91(8) — 74(6) + 92(6) + O, (N*/?). (3.11)
Since s(0) = O(1), it is noted that

s(0) =s(0) + ‘9;(0?) (6 —6)+0,(N Y
=5(0) + 225" 1 0, (v),
which implies that
E[{s(6) — s(0)}'%(6){s(6) — 5(0)}] = 7»(6) + O(N /2. (3.12)
Thus, we get
E.[{s(6") — 5(0)YS(0){s(8) — s(0)}|y] =75(0) + O,(N*?),  (3.13)

Combining (3.11) and (3.13) gives

mse* (8, i (0)) =2{g1(0) + 92(0)} — E.[9:(0") + 9a( Ch )ly]
+E.[{s(8") — 5(0))'S(6){s(8") — 5(8)}|y]
={91(0) —74(0) + 02(0)} +75(8) + O,(N2)
=mse(0, i (8)) + O,(N~*/2).



Finally, it follows from Kubokawa (2010b) that

o~

E[mse*(0, " (9))] =E[mse(8, i"%(0))] + O(N~?)
=MSE(6,"5(6)) + O(N/?),
which proves (3.6). N

[2] Second-order corrected confidence interval. We next treat the interval esti-
mation of i with the corrected confidence intervals ICE5%() and I$#5*(6) given in (2.12)
and (2.13), and show that the coverage probability can be approximated to the confidence
coefficient in the second-order accuracy.

For the purpose, let us define function h(6) by

2+l 1.001(0), 09:(0) i
h(6) = 89/1(9)2 tr [( gaé ))( gaé )) Cov (8 )] (3.14)

Assume the following condition:
(B3) h1(6) € C)) and 0;h1(6) = O(N-) for 1 < i < q.
Theorem 3.2 Assume the conditions (A1)-(A4) and (B1)-(B3). Then,
Pl € ICFP*(0)] = 1 — a + O(N3/2). (3.15)
Proof. Let us define U and V* by
U ={a""0) - i"( }/ V1(0),
% {1+h* mse*(0) —/g1(0) }/\/gl(ﬂ)

where 1%(3,0) = a/B + s(0)'(y — X3). Using the same arguments as in the proof of
theorem 2.3 of Kubokawa (2010b), we can verify that

Plu € ICPP*(0)] = 1 — o + ¢(2a) H () + O(N3?), (3.16)
where
H:(6) :za/gE[2V* U4 22 /2(v*)2}]
—zap B2V + (V) = U = (14 2,0)(V)?]. (3.17)

It is noted that mse*(6) = mse(8) + O,(N~3/2) and ht(0) = hy(0) + O,(N~3/2), where
mse(0) is given in (3.5). Then, it can be seen that

* *\2 * * *(n QmSG*(/é) o
2V + (V)2 =2+ V")V —{1—ih1(0)} 7 (@)

_ ~q2mse(6) _ —3/2

={1+hi(0)} (0 L+ Op(N™7)

=2V + V2 4+ O,(N~*?),
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where V = [1 4+ h1 )]/ mse( /\/gl — 1. Since V* =V + O,(N71), it is verified that

(V*)? = V2?4 O,(N~%2). Hence, from (3 17), it follows that
Hi(0) = Hy(0) + O(N~3/?),

where H(0) = 2, E[(2V+V?)—U? - (1—}—22/2)\/2} . This approximation is used to rewrite
(3.16) as

Plu € ITPP(0)] = 1 — a + ¢(20/2) Hi(6) + O(N~/2). (3.18)
Kubokawa (2010b) showed in the proof of his theorem 2.3 that H;(0) = O(N~%/2), which
proves the theorem. n

Theorem 3.3 Under the same conditions as in Theorem 3.2,
Plp € ISPP*(0)] =1 — a + O(N*?). (3.19)

Proof. In the proof of Theorem 3.2, we need to replace mse*(@) V* and hi(6 ) with
91(0) + g2(8), W and h3(0), respectively, where W = {[1 + h3(6)]{g 1(0) + g2(6)}1/2 —

\/gl (0)}/\/91 (0). Then,

Plu € ISEP*(0)] = 1 — a + ¢(za) H3 () + O(N~*/?),

where

H(9) = za/gE[{QW W2 — U2 — (1422 )W2].

Since 2IW + W2 = {1+ h3(0)}*{g1(8) + 92(0)}/91(8) — 1 = {g1(8) + g2(6)}/1(6) — 1 +
2h*( )g ( )/91(0) + O,(N~3/2) it is seen that

gow 4w = F@=00) 920 oy Gy 4 o)

91(0) 91(0)
It follows from the proof of theorem 2.3 of Kubokawa (2010b) that E[U?] = {¢2(0) +
75(0)}/91(0) + O(N—3/2) for g,(0) given in (3.3) and (3.7). Also it can be shown that
E[(1 4 22,,)W?] = 2h,(8) + O(N~*?). Combining these approximations gives

Elg:1(0)] — ¢:1(0) — 7,(6)

H;(0) = QZa/z{h;(a) + 2g1(0)

— 1 (0)}.
It is here noted that
B|E.[5(8)ly) ~ 5:(8)| = Elg:(6)] - 0:(6) + O(N ),
which can be verified from (3.8) and (3.9). Also note that h%(6) = hy(8) + O,(N~3/2)

and g;(@) = §3(§) + O,(N~%/2). This implies that Hj(0) = O(N~3/2), and the proof is
complete. m
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3.3 Derivation of AIC], AIC; and cAIC*

We here show that the penalty terms of AIC], AIC} and cAIC* given in (2.17) and (2.20)
are second-order approximations of unbiased estimators of the corresponding biases.

Concerning AICT and AICS given in (2.17), let us define

q
c(0) ==Y E[tr[%;V, V0],
i=1
for 8 = @, ... ,9:[1)’ . Assume the following conditions:

A~

(C1) 9 and 9" satisfy that E/[tr [VyV;é:ﬁH = O(N7'), E[tr [(VyV;éj)ém =
O(N-1) and E[tr [(V,00)(V,00)]] = O(N-1) for 8 = (6, 411"
(C2) ¢(0) € Cg] and 9;c(0) = O(N™1) for 1 <i <q.
Theorem 3.4 Assume the conditions (A1)-(A4) and (C1)-(C2). Then,
B[=2log fn(yB(6),6) — Al(y) — Aj(y)] = AI(6) + O(N~'%)

for A¥(y) and A3(y) given in (2.16). Also, E[A¥(y)] = —2p+O(N~Y?) and E[Aj(y)] =
c(@) + O(N~Y2),

Proof. Define A;(0) and Ay(€) by

A(8) = —2E[(y — XB)P()(y — XB)],
Ay(60) =E[(y — XB)T ' (y — XB) — tr[BZ71]].

Kubokawa (2011) proved in the proof of his theorem 2.1 that
Ey[—2log fn(ylB(8),6)] — AI(8) = A1(6) + Ay(8),

and that A;(0) = —2p + O(N~Y2) and Ay(0) = ¢(0) + O(N~Y2). Thus, it is observed
that

B[ - XBO) PO )y~ XBO)|y| =p+0,(N7)
E, [(y* _ XBO)S@0) (v — XBO)) — tr [2(5)2(5*)_1]@] — (8) + 0,(N"1/2),

Since ¢(8) = O(1), this implies that E[A*(y)] = —2p + O(N~2) and E[A}(y)] = ¢(0) +
O(N~'/?), and we get the theorem. ]
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Concerning the cAIC* given in (2.20), let us define ¢;(0) and cy(0) by

Ztr (REY)) B0 + = ZZtr (RZ1) ;)| E[6}01),

11]1

—9 Ztr [R{(Z") — (R }E]]

+ZZ“ R{(Z ")y — (R Y)ap} EI610]]

1131

—i—Ztr {2R(=»E - R(R™)»R}E[V,V,0]]].

Assume the following conditions:

(C3) R(0) is continuously differentiable three times in 8, and limy_. Ai(R) > 0,
My 00 Av (R) < 00, imy_ o0 [Ny (R)| < 00, imy_e0 [N (R)| < 00 and limy_q [N (R)| <
00, where \,(R), \.(R), N9(R) and \¥*(R) are defined similarly to those for 3.

(C4) ¢1(0) and c2(0) are continuously differentiable functions satisfying 0;c;(60) =
O(N™1) and 9;c5(0) = O(N71) for 1 <i < q.

Theorem 3.5 Assume the conditions (A1)-(A4) and (C3)-(C4). Then,

o~

E|~210g f(y]5(8), B(B), 0) - Al (y) — Al(y)| = cAI(6) + O(N/2),

for A% (y) and Ak(y) given in (2.19). Also, E[AX(y)] = —2p(0) + O(N~Y2) and
E[AY%(y)] = c2(0) + O(N~Y2), where p(0) is the effective degrees of freedom defined

by
p(0) = tr[(X'ST'X) ' X'STTRYTIX] + N — tr [RE7Y].

Proof. Define A.(0) and A, (80) by
Au(0) = — 2{E[u'2—1RP(§)u} + N —tr [Rz—l]},
Ap(0) =E[t/(25'RS'— S 'RR ' RZ ')u]
— Eltr[R 2R - RX'R)]] + 2N — 2tr [S'R).

Using the arguments as in the proof of the theorem 2.2 in Kubokawa (2011), we can show
that
and that

Acl(e) = —2p(0) + O(N—l/Q) and Acg(e) _ 02(9) + O(N_1/2),

since Aq(0) and A(0) can be expressed as Ay (0) = —2J5 — 2N + 2tr [RE™!] and
Ayu(0) = J, — Jy + 2N — 2tr [X 7' R] based on the notations .J;, J, and J3 in Kubokawa
(2011). This implies that

Al (y) = c2(8) + O,(N71?),
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for A% (y) given in (2.19). Since c2(0) = O(1), it is observed that
E[AL(y)] = Elca(8)] + O(NY2) = ¢3(8) + O(N72) = Ay(0) + O(N~V?).  (3.20)

For A (0), it is noted that A, (8) = O(N) since tr [RX ] = O(N). Kubokawa (2010b)
showed in the proof of his theorem 2.3 that
E[tr[RE™Y] = tr [RE7Y + ¢1(8) + O(N™V?),

Ak

which leads to E, [tr[R 1 ly] =tr (RS + () + O,(N~Y2). Then,

E {m RS — B[ [R'SY \y]] —E[tr [RE™Y] — ¢1(8)] + O(N~V/?)
—tr [RE7']| + O(N~1/2).
Since E[w/ S 'RP(0)u] = tr [(X'ST'X) ' X'S'RY ' X] + O(N~2), it is seen that
E,u’S'RP(0 )u'] = tr [(X'S'X) ' X'S'REX] + 0,(N~/2). Hence,

A~k

E[E* [u*’iflﬁP(ﬁ Ju* + tr [}A{*g**l] ly]-+N — 2tr [1/%271]] = p(0) + O(N~1/?),
that is,
E[AL(y)] = =2p(0) + O(N7'/?) = Aui(8) + O(N ™). (3.21)
Combining (3.20) and (3.21) proves the theorem. n

4 Simulation Studies in the Fay-Herriot Model

In this section, we investigate how the proposed procedures perform in comparison with
ones given in the literature in the Fay-Herriot model.

4.1 Fay-Herriot model and procedures used for comparison

The basic area level model proposed by Fay and Herriot (1979) is described by
Yo=X.B+v,+¢es, a=1,...k, (4.1)

where k is the number of small areas, x, is a p x 1 vector of explanatory variables, 3 is
a p X 1 unknown common vector of regression coefficients, and v,’s and ¢,’s are mutually
independently distributed random errors such that v, ~ AN(0,6) and ¢, ~ N(0,d,) for
known d,’s. Let X = (x1,...,2r), y = (y1,...,yx)’, and let v and € be similarly defined.
Then, the model is expressed in vector notations as y = XB+v+eand y ~ N (X3, %),
where 3 = 3(0) = 0I, + D for D = diag(dy,...,d;). In this model, R = D and
G =0I,.

For estimating 6, the following procedures are known and their biases and variances
up to second order are summarized in Kubokawa (2010b).
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[ML] The MLE 6™ is given as the solution of the equation L™ (#™) = 0, where
LM () =/ (3(0)'— P(0))2y—tr [S(6)~] for P(6) = 2(0)" X {X'S(0) 1 X}~ X'%(0) !

[REML] The REML estimator 7 is given as the solution of the equation LF(%) = 0,
where L(0) = ¢/ (2(0)"! — P(0))*y — tr [X(0)~* — P(0))].

[Fay-Herriot estimator| The Fay-Herriot estimator 9FH is the solution of the equa-
tion LFH(0FH) = 0, where L¥7(0) = y/(2(0)~! — P(0))y — (k — p).

[Modified Fay-Herriot estimator] The modified Fay-Herriot estimator 6™ is the
solution of the equation L, (™) = 0, where L,,(f) = y '(2(0) = PO)y — (k—p) -
m(6) for m(0) = 2ktr [£(0)2]/(tr [£(A)~])? — 2. Although #*¥ has a second-order bias,
the second-order bias of the modified Fay-Herriot estimator g™ vanishes by adding the
correction term m(6).

[Prasad-Rao estimator| The unbiased estimator suggested by Prasad and Rao
(1990) is 0V = (k — p)~(y'Eoy — tr [DE,)) for Ey = I;, — X(X'X)~'X'. Since §V
takes negative values with a positive probability, they proposed to use the truncated
estimator §7F = max{0",0}.

For estimator § given above, Model 2 in (2.2) is described as
yn :w;,@(é)—i—vZ—l—eZ, a=1,...,k, (4.2)

where v!’s and €’s are mutually independently distributed random errors such that v}|y ~
N(0,0) and & ~ N(0,d,) for known d,’s. The estimators 6* and 3 (6*) can be obtained
from y!, a =1,...,k, by using the same techniques used to obtain 6 and (3(0).

[1] Estimation of MSE of EBLUP. It is supposed that we want to predict pus =
x' B + vs for some index s among 1,...,k, namely, the vectors a and b used in Section
2.2 correspond to @ = x; and b = j, where 5, = (0,...,0,1,0,...,0)", namely, the s-th
element is one, and the other elements are zero. EBLUP of p is written as

s = 1P (g B0), 0) = @ B(0) + {1 — 7(0)} (s — 2B(D)).
for v5(0) = ds/(6 + ds), and the functions s(6), ¢g1(0) and go(f) are expressed as
s(0) = {1 =%} 91(0) = d{l = %(0)},  g2(0) = 1(0) 2 (X'S7'X) !

Concerning the estimation of the MSE of EBLUP 5 (y,; B(é), 0), we here handle the
following four estimators: One is the MSE estimator based on the parametric bootstrap
method given by

mse*(0,177) = 2{g1(0) + ¢2(0)} — Ex[91(67) + 92(87)|y] + 757 (0), (4.3)

which is from (2.9), where g,*(d) = E, [{%(é*) — 75(0)}2(0 + ds)|y]. Butar and Lahiri
(2003) suggested another MSE estimator based on the parametric bootstrap method given
by

BL(G, 0EP) =2{g1(0) + g2(0)} — E[g1(07) + g2(6")|y]
+ B [{AP5 (ys; B(07), 0%) — BEP (y,; B(D), 0)}]y], (4.4)
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Prasad and Rao (1990) and Datta and Lahiri (2000) suggested the MSE estimator based
on the Taylor series expansion given by
mse(0, i) = 91(0) + g2(0) + 2{7,(0)° /A }V (0) — {:(0)}* B(D), (4.5)

for B(0) = E[A™] and V(#) = Var(d"). This can be also derived from (3.5). In this model,
an exact unbiased estimator of the MSE can be derived by using the Stein identity and
Datta, Kubokawa, Molina and Rao (2011) provided the unbiased estimator given by

mset(0.757) = d, ~ 2. [ (O) .~ < BOY + (uO)u. - 2BOY,  (16)

where

0
0y

dy(0 -+ dy) "y, — 2,B(0)} ]
d d o 00
—_ s — s . — /S 0

6 + di (9+ds)2{y % )}ays

ds , A
O (x'S6) {
0+ d,

x;i{y; — ( )} 69}
0+ d, - 9+d dys )~

[2] Corrected confidence interval. We here treat the following four confidence
intervals based on EBLUP: The confidence intervals (2.12) and (2.13) with the correction
terms using the parametric bootstrap method written by

ICEB(@) : [APP(0) + 20 [1 + hi(é)} \/max{mse* (0, iF7), 0}, (4.7)

ISEB(0) + TP (0) % 2as2 |1+ H300)] 1/ 91(0) + 92(0), (4.8)

A

where mse*(6, iPP) is given in (4.3) and
1422,

m0) =——=2

891(0)

13(0) =hi(0) +

B [{0:0%) = 9:(0)Y"]y]
91(0) — Eulg:(0")1y) + 35" (0)
291(0)

As a confidence interval based on the Taylor series expansion, we treat the confidence
interval with the correction term, given by

I°FB() : QPP (B) £ 2o [1 n h(é)] mse (6, iEE), (4.9)

~

where mse(6, 7??) is given in (4.5) and

+1

a/2 2 At

h(0 — —d*Var(0
( ) 802(9+d )2 s CLT( )
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The confidence interval proposed by Chatterjee, et al. (2008) is different from ours. As
seen from (2.5), the conditional distribution of p, given y is

psly ~ N (7is(ys. 0, 8), 03(9)),

whete ji, = @8 + v, fis(ye 0, 8) = @B + 060 + )" (3, — x,8) and 02(6) = dH(0 +
ds)™'. Thus, o4(0) " {us — 11s(ys,0,8)} ~ N(0,1). Although this suggests to construct a
confidence interval from the distribution of o, (0) {5 — 7is(ys, 0, B(é))}, the distribution
is not normal. Define £(z) and L*(z) by

£(z) =P [os(0) " {pts = Ty, 0. BO))} < 2]
L(2) =P |ou(07) " k= iy, 0%, 87 (0)} < 2]

where ;* = &/ B8(0) + v:. Chatterjee, et al. (2008) proved that £(z) can be approximated
by L£*(z) with the second-order accuracy, and proposed the confidence interval of 1, given
by

198 = [0y, 0, BO)) = 10, (0), 79,0, BO)) — a20,(6)] (4.10)

where ¢; and ¢ satisfies that

L(q2) — L) =1 —«a.

[3] AIC. Two kinds of Akaike Information Criteria based on the parametric bootstrap
method are given by
AICT = —2log fi(y

| (4.11)
AICS = —2log fin(y

B(6),0) +2p — Aj(y),
B(6),6) — Ai(y) — As(y),
where for & = 2(5) and &% = 2(6*),

Ai(y) = —2E, [u*’P(é*)u* y],

Ai(y) =E, [u*'i*_lu* — tr [f)f]*_l] ‘y] ;

foru* =y*— X B(é) On the other hand, AIC based on the Taylor expansion is described
as

AIC = =2log fu(ylB(0). 0) — A(0), (4.12)
where A(#) = —2p — E|tr [VyV;éT]]. This was derived by Kubokawa (2011).

[4] Conditional AIC. The conditional AIC based on the parametric bootstrap
method is given by

cAIC™ = —2log f(y[5(0), B(0),0) — A% (y) — AL(y), (4.13)
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where
An(y) = = 2{ B [w'S DP(@")u’ + tr [DE*]|y] + k — 26 [DS 1]},
AL(y) =2B, [u"E DS ut|y] - 2tr [DEY.

Kubokawa (2011) derived the conditional AIC based on the Taylor series expansion given
as
cAIC = —2log f(y[©(6), B(H),0) — A.(0), (4.14)

where A (0) = —2p(0) — 2tr [DE™'E[V, V,,01]].

4.2 Simulation results

We now investigate the performances of the proposed procedures by simulation and com-
pare them with some existing procedures given in the literature. For the purpose, we
adopt part of the simulation framework of Datta, et al. (2005) for our study. We consider
the Fay-Herriot model (4.1) with £ = 15, § = 1 and two d;-patterns: (a) 0.7, 0.6, 0.5, 0.4,
0.3; (b) 4.0, 0.6, 0.5, 0.4, 0.1, which correspond to patterns (a) and (c) of Datta, et al.
(2005). Pattern (a) is less variable in d;-values, while pattern (b) has larger variability.
There are five groups Gi,...,G5 and three small areas in each group. The sampling
variances d; are the same for area within the same group. For the sake of computational
simplicity, we mainly employ the Prasad-Rao estimator 6 = 6T with the truncation as
0T = max(0Y, k~1/2). As shown in Kubokawa (2010b, 11), we observe that B(f) and
V() in (4.5) are B(A) = 0 and V(f) = 2k 2tr £2, and that V0 = 2E.yl(6 > 1/Vk)
for the indicator function I(-). Since VyV;é = 2E,/(k — p)I(0 > 1/VE), it is seen
that A(0) = —2(p + 1) and A.(0) = —2p(0) — 2tr [X "' D]/k. For pattern (b), we also
investigate the performances for the Fay-Herriot estimator with the truncation at k1.
For the truncated Fay-Herriot estimator, B(f) = 2{ktr [S7?] — (tr [Z71])?}/(tr [Z71])%,
V() = 2k/(tr[27Y))2, V0 = 257y /Yy S 2yl(@ > k1), A() = —2(p + 1) and
A (0) = —2p(0) — 2tr [Z2D]/tr [E71].

[Simulation experiment I] Let us consider the case that /3 = 0 for simplic-
ity as handled in Chatterjee, et al. (2008). Then, p, = v, ir? = {1 — v4(0) Yy, and
MSE(8, is(0)) = ds — dsvs(0) 4 E[{7:(0) —s(8) }*y2] for 7.(0) = ds/(6 + ds). We prepare
the true values of MSE(6, ﬁs(é)) in advance, which can be computed based on 100,000
simulated data. The relative bias and the risk functions of MSE estimator mse, are given
by

B, (0, mse,) =100 x E[mses — MSE(, ﬁs(é))] IMSE(0,i,(0)),
R.(0, mse,) =100 x E[{mses — MSE(®, ﬁs(é))}Q] J{MSE(8, fi,(6)))2.

For confidence interval C'I; of us = v, the coverage probability and the length of C'I; are
given by

CP,(0,CL,) =P [us € 015},

EL,(0,CI,) =E [Length of C’IS} .
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These values are computed as average values based on 10,000 simulation runs where the
size of the bootstrap sample is 1,000. Further, those values are averaged over areas within
groups G;, i =1,...,5.

Concerning the MSE estimation, we handle the four estimators mse, mse*, mse?”

and mse® given in (4.5), (4.3), (4.4) and (4.6), which are referred as TLap, PBap, PBbl
and ExactU, respectively, since TLap is based on the Taylor approximation, PBap uses
the parametric bootstrap procedure based on the approximation, PBbl is the parametric
bootstrap method of Butar and Lahiri (2003) and ExactU is an exact unbiased estima-
tor. The values of their relative biases 10% x B, (6, mse;) and risks 10% x R.(0, mse,) by
simulation are reported in Table 1, where the Prasad-Rao estimator is treated in columns
(A) and (B) and the Fay-Herriot estimator is treated in column (C).

Since the ExactU is an unbiased estimator, it is clear that the values of the bias of
ExactU are quite small, but it has very large risks. This means that estimating the MSE
unbiasedly does not necessarily lead to improvement of the risk, but rather yields large
variability in general. Investigating the relative biases and risks of TLap, PBap and PBbl
in details, we can see that TLap is a positive bias, but PBap and PBbl have negative
biases in the column (A) for appropriately balanced d;’s, and TLap has a slightly smaller
risk than others. Although the relative biases and the risks of TLap, PBap and PBbl are
small in (A), their values are large in the extreme case (B) with quite large d; in group
G,. Especially, TLap have larger relative biases and risks except group G;. This may
be caused by the estimator of §. We thus investigate the case (C) where the Fay-Herriot
estimator is used for 6. As indicated in (C), the biases and risks of TLap, PBap and PBbl
are reasonably small for the Fay-Herriot estimator. In comparison of PBap and PBbl, it
is seen that PBbl has a slightly smaller bias, while PBap has a slightly smaller risk, but
their difference is little.

Thus, we suggest from Table 1 that the estimators TLap, PBap and PBbl with the
Prasad-Rao estimator are good in pattern (a), but for pattern (b), the use of the Fay-
Herriot estimator in TLap, PBap and PBbl is recommendable. It is also clear that the
exact unbiased estimator ExactU is not useful.

Concerning the interval estimation, we handle the four confidence intervals I¢F5,
ICEB* [CEB* and I9FL given in (4.9), (4.7), (4.8) and (4.10), which are referred as TLap,
PB,, PB, and PBcll, respectively. The values of their coverage probabilities 10? x C'P
and expected lengths 10? x EL by simulation are reported in Table 2.

In (A) for pattern (a) in Table 2, three confidence intervals PBy, PB, and PBcll have
slightly smaller coverage probabilities than 95% nominal coefficient, but their differences
are not significant. TLap satisfies the nominal confidence level, but it has a tendency
to take slightly larger coverage probability than 95%. In the case (B) for pattern (b),
however, the parametric bootstrap procedures PB;, PBy and PBcll are not good since
their coverage probabilities are much smaller than the nominal confidence coefficient. As
defined in (4.2), the conditional distribution of y* given y is NV (x.3(0),0 + d,), and the
variability of y* strongly depends on the estimate 0. This implies that we need to use an
estimator of # with higher precision. Thus, we employ the Fay-Herriot estimator instead
of the Prasad-Rao estimator. The resulting C'P and EL are given in the column (C).
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Table 1: Values of relative biases and risks of the four MSE estimators for § = 1

bias B(6, mse) risk R(6, mse)
d; MSE TLap PBap PBbl ExactU TLap PBap PBbl ExactU
(A) pattern (a) for the Prasad-Rao estimator

Gy 0.7 0438 1.98 —-2.50 -2.51 0.04 34 74 83 1286
Gz 0.6 0.398 221 -224 -233 —-0.08 2.6 6.5 7.4 100.9
Gs 0.5 0.354 241 —-197 -1.98 0.00 1.8 55 6.3 81.8
G4 0.4 0.303 2.60 —-1.67 —-1.69 —0.37 1.0 44 52 60.0
Gs 0.3 0.244 278 —-131 -1.18 —0.26 0.4 3.3 4.0 41.4
(B) pattern (b) for the Prasad-Rao estimator
Gi1 40 0909 873 —11.48 —10.72 0.97 28 45 52 2261
Gy 0.6 0425 43.66 —9.06 —8.81 —0.18 25 15 17 159
Gs 0.5 0378 4795 —-8.93 —-8.53 —0.12 35 13 15 136
Gy 04 0325 5299 -8.69 —-8.19 —0.61 o1 11 12 109
Gs 0.1 0.100 60.01 —-548 —4.17 0.21 105 2 3 27
(C) pattern (b) for the Fay-Herriot estimator
Gy 4.0 0.854 -—-159 —-248 -—-2.08 1.55 22 23 25 2744
Gy 0.6 0403 —-0.40 0.21 0.09 0.01 4 6 8 111
Gs 0.5 0.358 —0.20 0.88 0.82 —-0.23 3 5 7 86
G4 0.4 0.306 0.05 1.77 175 —0.51 2 4 6 64
Gs 0.1 0.094 2.14 6.79 8.09 —-0.05 0 1 4 11

As indicated, coverage probabilities of all the confidence intervals are improved in the
sense that they are close to 95%. Especially, PB, and PBcll have superior behaviors. The
difference between PB; and PB, appears in the coverage probability at G in the case (C).
In fact, mse* sometimes takes negative values in this case, and the resulting confidence
interval PB; cannot construct an interval, which yields 94.6% coverage probability at Gy,
slightly smaller than the nominal confidence coefficient. PB, and PBcll are free from such
a drawback. Comparing PBy and PBcll in case (C), we see that PBs has slightly smaller
EL than PBcll, but the difference is quite small.

Thus, we suggest from Table 2 that the confidence intervals TLap, PBap and PB-
cll with the Prasad-Rao estimator are not bad in pattern (a), but for pattern (b), the
confidence intervals PBy and PBcll with the Fay-Herriot estimator are good.

[Simulation experiment II] We next investigate the performances of AIC and
conditional AIC derived in the previous sections through simulation and compare them
in terms of the frequencies of selecting the true model.

Let @1, ..., @ be generated from N, (0, 3,) where ¥, = (1—p,)I,+p.J, for p, = 0.1,

where J, = jpj; for j, = (1,...,1), a p-vector of ones. Suppose that the true model is
given by
(%) y=XpB +v+te,
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Table 2: Values of coverage probability and expected length of the four confidence intervals
with nominal confidence coefficient 95% for § = 1

cov. prob. 10?2 x CP expected length EL

d; TLap PB; PBy; PBcll TLap PB; PB; PBcll

(A) pattern (a) for the Prasad-Rao estimator

Gy 0.7  96.2 94.0 94.0 93.8 2.78 2.62 2.63 2.62
Gy 0.6 964 942 943 939 2.64 2.50 2.50 2.49
Gz 0.5 96.2 942 942 94.0 2.47 235 2.35 2.34
Gy 04 96.0 943 944 94.0 2.27 217 2.17  2.16
Gs 0.3 962 94.7 947 944 2.02 194 194 1.93
(B) pattern (b) for the Prasad-Rao estimator

Gy 4.0 99.6 95.7 979 89.3 7.90 4.20 4.52 3.95
Go 0.6 988 929 93.1 91.0 5.44 2.56 2.57 2.51
Gz 0.5 98.7 92.8 93.0 91.3 5.00 2.39 2.40 2.36
Gy 04 985 926 92.7 91.5 4.44 2.20 2.20 2.17
Gs 0.1 974 938 93.8 93.5 1.73 1.20 1.21 1.19
(C) pattern (b) for the Fay-Herriot estimator

G; 4.0 96.2 946 959 95.3 4.05 3.94 4.00 4.15
Go 0.6 96.2 95.2 95.3 95.2 2.66 2.60 2.61 2.67
Gz 0.5  96.1 95.2 95.3 95.3 2.50 2.45 2.45 2.50
Gy 04  96.0 95.2 95.3 95.2 2.30 2.26 2.27 2.30
Gs 0.1 955 95.7 95.7 95.2 1.25 1.26 1.26  1.23

Table 3: Frequencies selected by the five criteria AIC, AICT, AICS, cAIC and cAIC*
for k = 15, # = 1 and the Prasad-Rao estimator: the dimension of a full model is p =7
and the true model is (3)

pattern (a) pattern (b)
(m) AIC AICT AICS cAIC cAIC* AIC AICT AIC; cAIC cAIC*
(1) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2 1.5
(2) 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.0 1.6 3.5
(3) 62.7 60.2 622 731 674 589 564 579 64.0 570
(4) 13.7 139 127 124 118 13.1 139 122 136 133
(5)
(6)
(7)

85 90 85 62 67 96 99 87 87 85
77 83 80 45 58 89 95 94 66 75
74 84 84 35 61 93 101 115 52 84
(3)+(4) 764 741 749 851 792 720 703 70.1 77.6 70.3
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where 8" = (f1,..., B, 0,...,0) for 1 < p* <p, and v and € are mutually independent
random variables having v ~ N (0,0I) and € ~ N(0, D). Also, 8, for 1 < ¢ < p* is
generated as a random variable distributed as 8, = 2(—1)“"1{1 + U(0,1)} for a uniform
random variable U(0, 1) on the interval (0,1). We here handle the case that 6 =1, p =7,
p* =3 and k = 15. Let (m) be the set {1,...,m}, and we write the model using the first
m regressor variables (1, ..., B, by M, or simply (m). Then, the full model is (7) and
the true model is (p*). As candidate models, we consider the nested subsets (1),...,(7)
of {1,...,7}, namely,

(m) y=XB" + Zv+e,
where 8™ = (B1, .-+, Bm,0,...,0). Corresponding to the model (m), we generete ran-

dom variables from the parametric bootstrap model y* = X a(m + Zv* + €*, where v*
and €* are defined below (4.2).

We compare the five selection criteria in the sense of frequency of selecting the true
model (3). The criteria we examine are the existing procedures AIC and cAIC based
on the Taylor series expansion, and the proposed ones AICT, AICS and cAIC* based on
the parametric bootstrap method. In the simulation experiments, we use the Prasad-Rao
estimator for §. For each criterion and each candidate model (m), the number of selecting
the model (m) is counted for 10,000 data set. We thus obtain the frequencies of the
model (m) selected by the criteria by dividing the number by 10,000. These frequencies
are reported in Table 3, where the last column denotes the sum of two frequencies of
(3) and (4). Although the model (4) is not true, it includes the true model (3), so that
it may be not bad to look at the sum of the two frequencies. From Table 3, it is seen
that the parametric bootstrap procedures AICT, AICS and cAIC* are slightly worse than
the existing criteria AIC and cAIC for patterns (a) and (b). For pattern (a), conditional
information criteria cAIC and cAIC™* have higher frequencies than the unconditional ones
AIC and AICY, © = 1,2. It is also seen that the differences in AIC, AIC} and AICS
are not significant. The frequencies of all the criteria are smaller in pattern (b) than in
pattern (a).

The pattern (b) is the extreme case, and it may be better to use the Fay-Herriot
estimator instead of the Prasad-Rao estimator. Table 4 reports the frequencies of the five
criteria when the Fay-Herriot estimator is used for . From this table, we can see that the
parametric bootstrap procedures AICT, AIC; and cAIC* are much improved in light of
frequency, and they are slightly better than AIC and cAIC.

Through these experiments, cAIC' and cAIC* with the Prasad-Rao estimator are
good for pattern (a) and that the use of the Fay-Herriot estimator for € is recommendable
for pattern (b). However, it seems that there are not significant differences among the
frequencies of the five information criteria, and we need to examine more abour their
behaviors in other situations and models as a future study.
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Table 4: Frequencies selected by the five criteria AIC, AICY, AICS, cAIC and cAIC*
for k = 15, # = 1 and the Fay-Herriot estimator: the dimension of a full model is p =7
and the true model is (3)

pattern (b)
(m) AIC AICY AIC; cAIC cAIC*

(1) 00 00 00 07 15
(2) 00 00 00 15 38
(3) 59.1 664 664 63.1 655
(4) 12.8 103 103 138 119
(5) 96 75 75 83 6.0
(6) 86 70 70 62 51
(7) 97 86 86 60 6.0

(3)+(4) 719 767 767 1769 774

5 An Empirical Study Based on the Nested Error
Regression Model

In this section, we investigate whether the proposed procedures work practically through
the posted land price data. To analyze the data, we use the nested error regression model,

which has been extensively employed in the literature as a unit level model since Battese,
et al. (1988).

5.1 Nested error regression model

The nested error regression model (NERM) is described as

Yab =TyB+ v, +ew, a=1,....k b=1,... n,, (5.1)

. k .
where k is the number of small areas, N = >~ n,, «, is a p X 1 vector of ex-

planatory variables, B is a p x 1 unknown common vector of regression coefficients,
and v,’s and g4’s are mutually independently distributed as v, ~ N (0,03) and g, ~
N(0,0%) for unknown o2 and o2, Let X, = (Tu1,...,Tun,), X = (X1,..., X}),
Yo = Wats s Yan,), ¥y = (Y1, ..., y}) and let € be similarly defined. Let v = (vq,...,vx)
and Z = block diag(j,,...,J;) for g, = (1,...,1)" € R". Then, the model is expressed
in vector notations as y = X3 + Zv + €.

To estimate 0% and o2, we use the Prasad-Rao estimators, which are given as follows:
Let S =y Iy — X(X'X)'X")y and S; = ¢y/(F — EX(X'EX) 'X'E)y where E =
block diag(E;, ..., Ey) for E, = I, — n;'J,. Then, unbiased estimators of ¢ and o2
are given by

60 — S /(N—k—p) and 62 ={S— (N —p)e}/N",

v
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where N, = N—tr {(X'X)~ Z _, n’x,x,}. Since 62V takes a negative value with a posi-
tive probability, it may be reasonable to use the truncated estimator 627% = max{52",0}.

For estimator 62V and 627 given above, Model 2 in (2.2) is described as
yhy = 2y B(6% 67T f vl veky, a=1,... .k b=1,...,n,, (5.2)

where v}’s and €},’s are mutually independently distributed as vt ~ N(0,627%) and
g%, ~ N(0,6?V). The estimators 62U, 62TR* and B (62V* &QTR*) can be obtained from

y:,’s by using the same techniques used to obtain 62U, 6278 and B(62V, 527R).

When we want to estimate the mean p, = Z.0 + v, of the s- th small area, the
EBLUP is 1?8 = &, 8(6%7, 627%)+ (ne62" /(62U +n JZTR))(y —T B(62V, 62TR)) for T, =
>y wsj/ns. Then, the functions g,(c?,¢2) and go(0?, 02) are expressed as gi(0?,0%) =
0202(0? + ny0?)t and go(0?, 02) = (02)%(0? + neo?) 2z, (X'S 7' X)~'T,. Then, the esti-
mator of MSE of EBLUP and the confidence intervals based on the parametrie bootstrap
method are given in (2.9), (2.12) and (2.13), where in this model,

?; :nsE* [{&3TR*(&2U* ‘i‘nga'gTR*)_l _ A2TR( 2U+nsA12}TR) 1} ( 2U*_{_nsA12}TR ‘yj|

Also, AIC and conditional AIC are given in (2.17) and (2.20).

5.2 Posted land price data

We now apply the proposed procedures to the posted land price data along the Keikyu
train line which connects the suburbs in Kanagawa prefecture to the Tokyo metropolitan
area. Since those who live in the suburbs take this line to work or study in Tokyo on
weekdays, it may be expected that the land price depends on the distance from Tokyo.

A data set of the posted land price data in 2001 and their covariates are available
for 48 stations on the Keikyu train line, and we consider each station as a small area,
namely, k = 48. For the a-th station, there are data of n, land spots, where the average
of n,’s is 3.73. For b = 1,...,n,, we use five kinds of observations y,,, TRN,, DSTy,
FOOT,, and FAR,,, where y,, denotes the value of the posted land price (Yen in the
hundred of thousands) per m? of the b-th spot, TRN, is the time to take by train from
the station a to the Tokyo station around 8:30 in the morning, DSTy, is the geographical
distance from the spot b to the nearby station a, FOOT,, is the time to take on foot from
the spot b to the nearby station a and FFAR,, denotes the floor-area ratio of the spot b.
As regressor variables, we consider nine variables FAR,,, TRN,, TRN? DST,,, DST?,
FOOT,, FOOT%, TRN, x DST,, and TRN, x FOOT,;,, which are denoted by x1, s,
T3, T4, T, Tg, T7, Tg and zg. Also, the constant term is denoted by zy. Then we can treat
nested error regression model (5.1) with the regressor variables x¢-z9 as a full model.

Table 5 reports values of AICT and cAIC* given in (2.17) and (2.20) for several
candidate models, where the regressor variables which minimizes the information cri-
teria are added to the model based on the forward stepwise selection. Among these
candidate models, AICT selects both {zg,x1, 22, 23} and {xg, z1, 29,3, 24}. Although
the minimum of cAIC* is attained at the model with {zg, 1, z2, 23}, we can select the
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Table 5: AIC and conditional AIC for selecting regressor variables in the posted land
price data

m T AICy cAIC* | %Y G2TR
1 T 566 512 | 0.796 1.188
2 o, T1 461 415 1 0.449 0.481
3 To, T1, T 407 396 | 0.452 0.131
4 Zo, T1, Ta, T3 395 389 | 0.456 0.079
5! Lo, L1, T2, T3, T4 395 390 | 0.459 0.071
6 Lo, L1, L9, T3, T4, L9 398 393 | 0.462 0.070
7 | xo, T1, To, T3, Ty, Tg, Ty 465 4251 0.466 0.371
10 all z;’s 489 451 | 0.470 0.416

variables {xg, 1, T2, 3,24} since their difference is not significant. Since it may be bet-
ter to explain the model including more regressor variables, we suggest the model with
{wo, 21, 29, T3, T4}, namely,

Yab = 50 + FARaﬁl + TRNaB2 + (TRNa)Qﬁ?; + FOOTaBAL + Vq + Eabs

fora=1,...,kand b=1,...,n, The parameters are estimated by 6% = 0.45936, 62 =
0.07154 and (Bo, B1, Ba, Bs, Ba) = (5.1288,6.3937 x 1073, —0.1076, 7.0710 x 10+, —8.1562 x
1075). This result demonstrates that the land prices are not only decreasing as a quadratic
function of TRN,, time to take from the nearby station to Tokyo station, but also de-
creasing in FOOT,,, time to take from the land sopt to the nearby station.

We now estimate the average land price per m? around the s-th station, namely,

s = T3 + v, for s = 1,...,48 where &, is the mean of the regressor variables salected
above. For some selected stations, the column of ‘prediction’ in Table 6 reports the values
of ns, ¥y, T,B and EBLUP B, where all the values are given in Yen in the thousands.
Also, the table reports the values of \/mse?, which is the square of estimates of MSE
given in (2.9), and 6/,/n;, which is the square of estimates of the conditional variance of
7, given v,. The lower and upper end-points of the confidence interval I$#5*, given in
(2.13), with 95% confidence coefficient and the length of the interval are reported in the
column of ‘confidence interval’ in Table 6.

From Table 6, it is revealed that for smaller n,, the EBLUP P shrinks 7, much
more toward E;B, which results in smaller values \/mse} than ¢/,/n,. For example,
v/mse? is about half of 6/,/ns for n, = 1, but \/mse} is equal to 6/,/n, for n, = 12.
Also, it is seen that the confidence intervals give shorter intervals for larger ng. Thus,
these observations show that the MSE estimator and the confidence interval based on the
parametric bootstrap method work well in this example.
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Table 6: Values of EBLUP, MSE estimates and confidence intervals for the average land
price (Yen in the thousands)

prediction confidence interval

s ng ¥, z,B ulB  mser &/ ns lower upper length

4 1 569 458 473 31 67 400 546 146

8 2 401 426 420 28 47 356 484 128
12 2 316 358 348 27 47 287 409 122
16 2 285 317 309 27 47 249 369 121
20 1 270 300 296 28 67 231 361 130
24 3 312 350 338 26 39 280 395 114
28 5 246 235 240 24 30 187 292 105
32 12 247 177 223 19 19 181 265 84
36 3 187 209 202 26 39 145 260 114
40 3 285 270 275 26 39 216 333 117
44 5 185 188 187 24 30 134 240 106
48 4 159 203 186 28 33 120 252 132

6 Concluding Remarks

In this paper, we have suggested the procedures based on the parametric bootstrap meth-
ods in the estimation of the MSE of EBLUP, the confidence interval based on EBLUP, and
variable selection problems based on AIC and conditional AIC. These procedures are not
only easy to implement practically, but also justified theoretically to have second-order
approximations. Also their performances have been investigated through simulation ex-
periments and the empirical study, and it has been shown that the proposed procedures
work well and are useful. Since existing procedures derived based on the Taylor series
expansions are harder to compute in models with more parameters, the results obtained
in this paper show that we can replace the existing procedures with the proposed ones. As
shown in Kubokawa (2011), especially, the conditional AIC includes complicated terms
in the penalty part, so that the parametric bootstrap method suggested in this paper is
useful as an alternative procedure.
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