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1. Introduction

Recently a considerable interest has been paid on the estimation problem of the re-
alized volatility by using high-frequency data of financial price processes. Although
there were some discussions on the estimation of continuous stochastic processes
in the statistical literature, the earlier studies often had ignored the presence of
micro-market noises in financial markets when they tried to estimate the underlying
stochastic processes. Because there are several convincing reasons why the micro-
market noises are important in high-frequency financial data, several new statistical
estimation methods have been developed. See Bandorff-Nielsen et al. (2008) for re-
cent discussions on the related topics. In this respect Kunitomo and Sato (2008a, b)
have proposed a new statistical method called the Separating Information Maximum
Likelihood (SIML) estimator for estimating the realized volatility and the realized
covariance by using high frequency data in the presence of possible micro-market
noise. The SIML estimator has reasonable asymptotic properties; it is consistent
and it has the asymptotic normality (or the stable convergence in the more general
case) when the sample size is large and the data frequency interval becomes zero
under a set of regularity conditions for the non-Gaussian underlying processes and
volatility models.

In this paper we shall show that the SIML estimator has the desirable asymptotic
properties, that is, it is consistent and asymptotically normal even when (i) the
noise terms are autocorrelated and (ii) there are endogenous correlations between
the market-noise terms and the efficient market price terms. Since these aspects on
the signal (i.e. the hidden efficient market price) and noise terms have important
roles for the theory and empirical observation on high-frequency data, the SIML
estimation is an interesting and useful method. The asymptotic robustness of the
SIML method has desirable properties over other estimation methods of unknown
parameters from a large number of data for the underlying continuous stochastic
processes with micro-market noises in the multivariate non-Gaussian cases. Because

the SIML estimation is a simple method, it can be practically used for analyzing



the multivariate (high frequency) financial time series.

In Section 2 we introduce the standard SIML method with micro-market noise
and discuss the asymptotic properties of the SIML estimator in the general situation.
Then in Section 3 we give the asymptotic properties of the SIML estimator when
there are autocorrelations in the noise terms, which can be endogenous with the
signal terms. In Section 4 we shall report finite sample properties of the SIML
estimator based on a set of simulations. Finally, in Section 5 some brief remarks
will be given. Some mathematical details and tables based on simulations are given

in Appendices.

2. The SIML Estimation of Realized Volatility and Covari-

ance with Micro-Market Noise

2.1 The SIML Method

Let y;; be the i—th observation of the j—th (log-) price at ¢ for j = 1,---,p;0 =
tn <t <. <th=1. Wesety; = (yi1, %) beapx1vector and Y, = (y;)
be an n x p matrix of observations. The underlying continuous process x; at t' (i =
1,---,n) is not necessarily the same as the observed prices and let v; = (v;1, - - -, v3,)

be the vector of the micro-market noise at ¢'. We assume

and
t

(2.2) X; = Xo +/ C.(5)dB, (0<t<1),
0

where £(v;) = 0, E(v;v;) = £, Byisagx1 (g > 1) vector of the standard Brownian

motions, C,(s) is a p x ¢ vector function adapted to the o—field F(x,,B,,r < s),

and we write the instantaneous covariance function 3, (s) = (aff) (5)) = C.(5)Cy(s)
(z)

(0

3 (s) is the (7, j)-th element of 3, (s) ). The main statistical problem is to estimate

the quadratic variations and co-variations
(@) !
(2.3) %, = (o)) = /0 3, (s)ds
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of the underlying continuous process {x;} and the covariance X, = (08-’ )Y of the
noise process from the observed y; (i = 1,---,n). We use the notation that ag»c)
and az(;) ) are the (1,7)-th element of ¥,(s) and X,, respectively. In order to derive
the estimation method, we consider the standard situation when x, (0 < ¢ < 1)
and v; (i = 1,---,n) are independent with 3,(s) = 3., and v; are independently,
identically and normally distributed as N,(0,3,). Then given the initial condition
Yo, we have

(2.4) Yo ~ Nosp (1050, I @ 3y + CoC, @ b3,

where 1;1 =(1,---,1), hpy=1/n (=t —t,) and

1 0 -~ 0 O

1 1 O 0
(2.5) Co=|1 1 1 0

1 1 1 0

1 1 1 1
We transform Y, to Z, (= (z;)) by
(2.6) Z, = h, P, Ct (Y, = Yo)
where
(2.7) Yo=1,-y,.

Then the likelihood function under the Gaussian noise is given by

/
——z

(aknzv + 2:):)_1 Zk}

1\ " {
(2.8) Ly(6) = (E) [T lam®, + 32l 27 ,
k=1
where
2k -1
(2.9) agn, = 4nsin® lg <2n+1>1 (k=1,---,n).

Because the ML estimator of unknown parameters is a rather complicated function
of all observations and each ay, terms depend on k as well as n, one way to have

a simple solution of the problem is to approximate the likelihood function in some



sense. For this purpose we denote ay,, ,, for ay,. When k, is small, ag, , is small

and then we approximate 2 x L, (6) by
(2.10) L1,(0) =mlog |Z,| + Y 2,5, 'z, .
k=1
Similarly, we consider the corresponding terms when a,41_;, ,, is large and approxi-
mate 2 X L,(0) by

n

(2.11) Lo, (0) = Z log |agn | + Z z;[aknEv]_lzk )
k=n+1-1 k=n+1-1
Let m and [ be dependent on n and we write m,, and [, formally. (We can take

them as integers in an obvious way.) Then we define the SIML estimator of 3, by

1 &

2.12 3, = — ’
( ) - kgl Zk2Zy,
and the SIML estimator of 3, by
A
(2.13) 3, = T S a7z .
" k=n+1—I,

The numbers of terms m,, and [,, we use are dependent on n such that m,, [, — oo
as n — oo. We impose the order requirements that m, = O(n®) (0 < a < 1) and

l, =0 (0 < B <1)for ¥, and 3,, respectively.

2.2 Improving SIML estimation

We consider possible improvements of the original SIML estimation. Without loss of
generality, we set p = ¢ = 1 and write 02 = X, = fol 02(s)ds. We use the alternative

form of the SIML estimator as

n

(2.14) 5‘?91ML = Z cij(Yi — yim1) Wy — yi-1)
ij=1
where
o 1 1
2.1 k= = )E=
(215) sy = c0s [T ( = )0k = )



and
2 m
Cj = — Z SikSjk
m =

- —Z{cos {2511(@'—%]’—1(16—%)} + cos {2n211(i—j)(k—%)}} .

Then we have investigated the asymptotic (higher order) bias and the alternative

forms of the asymptotic variance of the SIML estimator when o,(s) (= 3.(s)) is
dependent on s and examined the corresponding results of Kunitomo and Sato
(2008a). We shall give some detail of derivations of the asymptotic (higher order)
bias and the asymptotic variance in Appendix A and here we use their discussion.
In order to reduce the possible asymptotic bias in the SIML estimation, we use the
relation that for any integer j (j =1,---,n)

1 sin[3r5(2) — 1)]

(2.16) cjj =1+ g

%sin[;gl (25 —1)]

and ]sin[fgfl(Qj -] <1
Then from the form of (2.14) we notice that for its asymptotic distribution we can
control the diagonal quantities \/m(c;j; —1) (j =1,---,n) and utilize the condition
that /msin[5225(2j — 1)] — 0o as n — oo. If we take m = n® and i = i(n) = n7,
it is the same order of n®/?*7~! which implies v > 1 — a/2. Also it may be
desirable to control the off-diagonal quantities mc?j — 1 (¢ # j) because we have

n(n—1)/2 terms. By using some formulas reported in Appendix B, we can evaluate

the terms with i = j, i # j and k = k' ,k # k. Then we can find the condition for

vmsin[z25 (i +j — 1)] — 0o and /msin[527= (i — j)] — 00 as n — oo as a sufficient

condition. If we take m = n® and i+ j = (i + j)(n) = n?, it is the same order of
n®/?*7=1 which implies v > 1 — /2.
One way to define the SIML (or a modified SIML) estimator is to delete some

end terms in the original SIML estimation and define

n

(2'17) 5-J2\/LS’IML = Z CZ}(yi - yi—l)(yj - yj—1> )
i,5=1
where ¢f; =0 (1 <i+jn—(i+j) <dn?), ;=01 <]i—jn—(i—j)|<

d n'~*/?) with some constant d and c;; = cij (otherwise). Because the end effects
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are not very large, we still have the asymptotic property in the simple form. We
summarize the asymptotic distribution of the SIML estimator as the next theorem
when p = 1. The proof is a combination of the proof of Theorem 1 of Kunitomo
and Sato (2008) and the derivations on the asymptotic bias and variance given in

Appendix A. (It is straightforward to generalize the result when p > 1.)

Theorem 1 : We assume that z; and v; (i = 1,---,n) follow (2.1)-(2.3) and
02(s) (= X.(s) > 0) with p = ¢ = 1. Suppose that r; = z; — x;_; and v; are a
sequence of martingale differences with sup,; E([|vi[|*) < oo, sup,; € [|v/n ri||!] <
oo and 02 (= [ 02(s)ds = ,) is a constant matrix (a.s.).

Then

(2.18) vm [6]2\451ML - /01 ag(s)ds} = N <0,2 {/01 ag(s)d8r> .

Since there are n terms with ¢ = j in (2.14) and they are bounded by m x n x
(1/n)?% at most, it may be better to delete end terms with ¢ = j for removing higher
order bias. The choice of o and d in our formulation and the finite sample properties

of the possible modifying SIML estimators are currently under investigation.

3. Asymptotic Robustness of the SIML Estimation

3.1 Effects of Autocorrelations of Noise and endogeneity

We shall investigate the effects of the serial correlations of noises on the asymp-
totic properties of the SIML estimator. Consider the case of p = ¢ = 1, 0,(s) =
C.(s) (0 <s<1)) and we write

ti

ti—1
with 0 = tg <t < -+ <t, =1 =1,---,n). For the simplicity, we take the
equi-distance case as t; —t;_; = 1/n and the volatility function o,(s) (0 < s <1)is

non-stochastic.



Let 28 and 22 (i = 1,- -+, n) be the k—th elements of Z1) = h=1/2P’ C-1(X,, —
Y,) and Z?) = h /2P C;'V,,, respectively, where X,, = (z;) and V,, = (v;) are

) Then by following Kunitomo and Sato (2008a), we

nx1 vectors with z;, = z(l)—l—z
shall investigate the effects of the (possibly) autocorrelated noise and the endogeity
of noise to signal on the asymptotic distribution of 62 — 02 and o2 = [y o2(s)ds.

From Mathematical Appendiz* of Kunitomo and Sato (2008a),

(32) vm|sl-0l] = \/1% Em: |2k — 2]
k=1
- L i o2~ 2] + 7% i E[-(?)
R ml g
=1 k=1

Then we shall investigate the conditions that three terms except the first one of
(3.2) are 0,(1). It is because we could estimate the realized volatility consistently
as if there were no noise terms in this situation.

Let by, = e;gP/ C;! = (by;) and e, = (0,---,1,0,---) be an n x 1 vector. We
write z( ) — _1 bijv; and notice that 327 byjby ; = = 0(k, K )agn. Also we shall use
the notations that K; (i > 1) are positive finite constants.

First we impose the condition
1) E[vw]=cp™(0<p<1),

where ¢; is a constant.
Then by using the Cauchy-Schwartz inequality

(3.3) E[:2)? = Z biivi Z bjvj]

=1

< Z (1 + 2l)plE[Z bribri—1]
=0 i=1
< Kl X Qg

provided that E[v?] are bounded and we define by; = 0 (j < 0). Then the second

1 'We have changed their notations slightly in this paper.
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term of (3.2) becomes

(3.4) L iEzkn <K i _ )0
k=1 k=1

m

if 0 < a < 0.4. (See (6.3) of Kunitomo and Sato (2008a).)
For the fourth term of (3.2),

2
1 & 1) (1) _(2) (2
ol R0 - 32 nf:)
kk'=1
1 m [ n
(3.5) = — X B2 3 spspwB(nry)ay ,9]
kk'=1 L jji'=1
1 & i 2
= 3 B[2) suswBODA ,ih}
kk'=1 | J=1
2.n
< K 2(s)=(5 + = Vkny/
< Ko (g, 0254 D) o 3 VA
m m3
< K3Zakn:O(_)
k=1 n

by using the relations [/ o02(s)ds < (1/n)(supgc,c; 02(s)) and | X7 sjsp| <
01 sh] =n/2+1/4 for any k > 1.
Then we need the condition 0 < o < 1/3. If o5 = o (i.e., the volatility is constant),
(3.2) becomes O(m?/n), which is satisfied if 0 < o < .4.
For the third term of (3.2), we need to consider the variance of
2)2 2)2 .
Z/(cn) - E[Z/(cn) ] = Z bkjbkj/ [Uj i E(Ujvj/)}
53’ =1
and we evaluate the expectation of [z,iiﬂ —E| ,ii)z]] [21(5212 — E[z(mﬂ :
Furthermore we impose the additional condition

(II) E [[Uivi/ - E<Uivi/)[vi” Ui/// - E(Uillvi/“)] = 02,0%(“*2'/‘“1'”,//’)\ (0 S 1% < ]-) )

where ¢y is a constant.

The condition (II) is satisfied for the linear processes on {v;} with bounded 4th



order moments. The calculations are straightforward, but there are many terms

involved. We use the fact that

(3.6) Z bkjbkj/pU*j /2 Z bk/j”bk'jmplj —J 1/2

j,jlzl 1 7j///:1

K4 [Z pH—l/ll/] [Z bk]bk]l] [Z bk,j”bk‘,j”—l,]
) J=1

1'=1
~ Kj X agpay,, -

By using the condition (II) and (3.6), we obtain

(37) E %i(zﬁ?Q—E[z;‘fon} < — Z
- 0<%x<’%>2>20<%>

since Yty ap, = O(m3/n).
Thus the third term of (3.2) is negligible if 0 < o < .4. We summarize the main
finding of the asymptotic robustness of the SIML estimator as follows.

Theorem 2 : For (2.1)-(2.3) with p = g = 1, define the SIML estimator by (2.14)
and (2.17).

(i) Assume Conditions (I) and (II) and set 0 < a < 1/3. Then the asymptoic
distribution of \/m,, [62 — ¢2] is asymptotically (m,,n — 00) equivalent to that of
(1/y/mn) 3252 [%22 i} for 67 is either 635, or 637srarL-

(ii) In additon to Conditions of (i), assume the moment conditions of Theorem 1.

Then we have (2.18).

In the above discussions we have found that the only term involved in the cor-
relations of noise and signal is the fourth term of (3.2). Thus it is interesting to
find the condition that they can be ignored for estimating the realized volatility and

covariance. The second line of (3.5) can be written as
I ¢ D, 1,2 ()

3.8 E [0

( ) m Z [Zlm Zk Zlm K ]
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1 m n n n
= YoE (2 ) spksyprry) Q0 beivi) (D by jvy)
kK =1 3. =1 i=1 =1
Thus the sufficient condition we need is

1) Elw,lr,k=1,---,n] = csph ™! (0<p1<1)a.s.,

where c¢3 is bounded.

We note that c3 may depend on [; 02ds, which is finite (a.s.). In that case we allow
that the noises may depend on the volatility structure, but we need the condition
that cs( ) o2ds) should be finite (a.s.) and integrable. By this argument, if both
the correlations between signal and noise and the autocorrelations of noise are weak,
the SIML estimator is consistent and it has the asymptotic normality. Because this

result has an independent interest, We summarize it as follows.

Theorem 3 : Instead of Conditions in Theorem 2, assume Conditions (I)" and (II)
and set 0 < a < 1/3, and relax the independence assumption between the signal

and noise terms. Then the results of Theorem 2 hold.

An important feature of our approach is the fact that our arguments go through
even when p > 1. When p > 1, we take an arbitrary constant vector ¢ and use ¢

/ .
and cv; (i =1,---,n). Then we can use the same arguments.

3.2 Autocorrelation of Noise

When there are non-negligible autocorrelations in the noise terms, we want to es-
timate the dependence structure in the noise terms from the set of observed data.
First, we write the (s-th) sample auto-covariance of returns as For this purpose, we
can use the sample auto-covariance as

1 n
(39) ’?Ay(S) = — Z Ayszz—s (S = L e 7q> .

n .~

i=1+1

Because the true (or efficient) price process is a continuous martingale, we find that

for s > 1

(3.10) Aay(s) B Yay(s) = =7u(s — 1) 4+ 27,(s) — (s + 1),

11



where 7,(s) = E[vv;_s] is the s-th autocovariance.

Hence if we have the condition

Y(s) =O0(p*) ,lpl <1,

then

(3.11) Yo(s) = — [Zq:my(s +7)

j=1

+O0(p?) .

Alternatively, we can use the SIML estimation on the measurement errors. After
some calculations, it is not difficult to show
1 < 2) -

3.12) € L— 2 az?,i[»’vxf,n]Q] =7(0) + 2> _(=1)"%(s) + O(p") -

N k=n—1I,—1 s=1

Hence there can be several different ways to estimate v,(s) (0 < s) from obser-
vations, which may include 7,(0). and the asymptotic normality of the sample
auto-covariance under a set of mild conditions. Furthermore, we can extend the

arguments to the estimation of auto-correlation in the multivariate cases.

4. Simulations

We have investigated the finite sample distribution of the SIML estimator for
the realized variance based on a set of simulations and the number of replications is
1000. As a reasonable setting we have taken n = 300, 5,000 and 20, 000, and we have
chosen @ = 0.4 and # = 0.8 in most cases. In our experiments we have considered
the situation that the variance of noises 1072 ~ 107% of the realized variances of the
underlying signals 2 .

In our simulation we consider cases when the observations are the sum of signal
and micro-market noise when p = 1. In our examples the signal is the Brownian

motion with the volatility function X,(s) = o2(s) and

(4.1) 02(s) = 0(0)? [ag + ars + azs?],

2 The simulation procedure is similar to the corresponding one reported by Kunitomo and Sato

(2008b).
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where a; (i = 0,1,2) are constants and we have some restrictions such that o,(s)? >
0 for s € [0,1]. In this case the realized variance 3, = o2 is given by

1
(4.2) o2 = / 0.(s)%*ds = 0,(0)? {ao + % + %} :
0

In this example we have taken several intra-day volatility patterns including the flat
(or constant) volatility, the monotone (decreasing or increasing) movements and the
U-shaped movements.

In order to investigate the effects of autocorrelations in the market noise terms,

first we consider MA(q) model given by
q
(4.3) v = Z 0w
=0

where 6y = 1 (for the normalization) and w,; are mutually independent random
variables followed by N(0,w?). The bench mark process is M A(0) and we have
used M A(1) processes with the coefficient a = —0.5,0.5,0.9,0.95 extensively. We
have confirmed that our results do not much depend on the MA(q) structure and
basically they are the same for the stationary ARMA processes.

As the second problem we have investigated the endogeneity of market noise

with the signals. We generate the noise process

p q
(44) V; = Z qbkAZEZ_k —I— Zﬁjwi_j s
k=0

=0
where Ax; p = x;_r —x;__1 are the lagged (stationary) signals. As the preliminary
case we have set ;, = 0 (j = 2,---,¢) and ¢, = 0 (k # [,k = 1,---,s). By
combining the structure of autocorrelations of the noise terms and the endogeneity

among the signals and noise terms, there can be many different situations.

Among many Monte-Carlo simulations, we summarize our main results as Tables
of Appendix C. If we knew the fact that the underlying noise process is MA(q) and
its distribution is Gaussian, we can use the maximum likelihood (ML) estimation

for the model that the observations are the sum of the signal process and the market

13



noise process. By using the standard arguments of statistical asymptotic theory for
parametric models, the ML estimation is asymptotically efficient. We have confirmed
this fact in Table 11 when the noise process is MA(0). When the noise process is
MA(1), however, the ML estimator has lose the asymptotic efficiency while the SIML
estimator gives reasonable and stable estimates.

For the standard case of MA(0) and the MA(1) case for noise terms we give the
results of the SIML estimation as Tables 1-3. (We note that a stands for the MA(1)
coefficient.) The finite sample efficiency of the ML estimator lose its power rather
quickly while the SIML estimator has robustness against this type of autocorrela-
tions. (Table 11 shows some results of the ML estimation when we knew that the
true process is MA(1).) For the case of the endogenous noise we give Tables 4-6 with
and without autocorrelated noise terms. In these tables [ = 0 stands for the cases
of instantaneous endogeneity while [ = 1 stands for the cases when there are some
lagged effects between the signal and noise terms. We also have conducted some
extreme experiments such as the cases when a = 0.95 and AR(1) with b = 0.95.
They are summarized in Tables 7-10.

By examining the results of our simulations we can conclude that we can estimate
both the realized volatility of the hidden martingale part and the market noise part
reasonably in all cases we have examined by the SIML estimation. We also have
conducted a number of further simulations and the some details have been given in

Kunitomo and Sato (2008b).

5. Conclusions

In this paper, we have shown that the Separating Information Maximum Like-
lihood (SIML) estimator has the asymptotic robustness in the sense that it is con-
sistent and it has the asymptotic normality under a fairly general conditions even
when the standard conditions are not satisfied. They include the cases when the
micro-market noises are possibly autocorrelated and they are endogenously corre-
lated with the underlying continuous signal processes. By conducting large number

of simulations, we have confirmed that the SIML estimator has reasonable robust

14



properties in finite samples even in these non-standard situations.

As a concluding remark, the SIML estimator is very simple and it can be prac-

tically used not only for the realized volatility but also the realized covariance of

the multivariate high frequency financial series. Some applications on the analysis

of financial futures markets have been reported in Kunitomo and Sato (2008b) for

example.
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Appendices

We gather some details in Appendices. In Appendix A we give the mathematical
derivation of Theorem 1 and discussion of Theorem 1 of Kunitomo and Sato (2008a).
Then in Appendix B we give some formulas used in Appendix A and Section 2.
(The derivations are similar to the ones in Kunitomo and Sato (2008a) and they are

omitted.) In Appendix C we give some tables.

(I) APPENDIX A : On Derivations of Theorem 1 and Theorem 1 of
Kunitomo-Sato (2008a)

From Section 6 of Kunitomo and Sato (2009a), we shall investigate the asymptotic

distribution of

(A.1) vm [zn: CijTiTj — 0ij /til ai(s)ds}

ij=1 ti-

_ 2\/_chmﬂj+\/_[z:c“ - /t'log(s)ds] |

1>)
where 6;; =1 (i = 7);6;; = 0 (i # 7).

The second term is equivalent to

(A.2) \/_Z[r —/:1 (s )ds—k(cz-i—l)n?]
= v - [ et v [ ot - [ et
T [Z(% 1) /Ztilag(s)ds] |

i=1 ti—

We notice that Jacod-Protter (1998 Annals of Probability) have shown that

ONEE /;1 o2o)is| = 0,(0).

By using the fact that ¢;; —1 (¢ = 1,- -+, n) are bounded, we find that as /m/n — 0

the second term of (A.2) is asymptotlcally equivalent to

i [Ste - [ agas] =30 I [MEEEE ] 1 prgas

pr ti1 & 2y/m [ sin[3255 (20 — 1)]
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When o4 = o (constant),

n

vm) (ci— 1) /t;il oa(s)ds =

=1

ZCZZ—l

2 —n]—>0

= 0

:\é \ﬂ

N | —

[n+

as y/m/n — 0. There are some cases that (A.3) is o(1) because [ oZds <
(1/n) supg<s<1,2. Generally, this term may be small because it is bounded and

n

St =) [ oot = [Ste 17| [ a2

i=1 =1

IN

312w ai<s>r —o(d).

n i=1 0<s<t
However, we have not proven that it is o(1) under the general situations. The

asymptotic variance of the first term of (A.2) is

4> me Bl B[]
i<j
= 2> meE[{]E[]] - 23 mc;(E[r])*
i,j=1 =1
= 2> EUFIEF]] +2 Y (mej; — DE[TIER] — 23 mci(E[])” .
i,j=1 1,j=1 i=1

For the third term, we have

n

> mé(Blr2) <

1=1

sup o2 ] Zcu —0

0<<1

as m/n — 0. Then the asymptotic variance of (2.14) becomes

(A4) V,
n t; 2 n t; t;
2 [Z/ ai(s)ds] +2 > (mc; — 1)/ ai(s)ds/ o2(s)ds
i—1 Jti-1 ij=1 ti—1 tj—1
1 2 n ti t;
— 2 [/ Uz(s)ds] +2lim Y (mc}, — 1) [/ Uﬁ(s)ds] [/ ai(s)ds] =V.
0 n—oo ) i1 ti1

The second term is bounded because

—Z!mc —1|<1+—Zc

1,7=1 2,7=1
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and it is likely to be small, but we have not proven that it is o(1). Hence presently the
statement of Theorem 1 of Kunitomo and Sato (2008a) should be slightly modified

as

(A.5) vm [&2 —02 = (e —1) /t;il ai(s)ds] 2 N[0,V]

i=1

When the volatility function is constant (o.(s) = o),

i 21
/ o;(s)ds =o0°—,
ti—1 n
the second term vanishes because

1 1
ol (mcfj—l):ﬁ[nQ—i—n—%——n?] —0

n
i,j=1

and then 1 ,
(A.6) V=2 [/O ai(s)ds} .

There are some other cases that second term of V,, is o(1) because we have (A.4).

(II) APPENDIX B : Some Formulas

In our derivations we have used elementary relations of trigonometric functions and

their sums. From (2.16), we have
" 1
(B?) Zij:n+§.
j=1

From (2.15), we rewrite

C?j = (2)2 i”: SikSjkSik' Sk’
1 7m_ 2 1 2 1
= (—)? cos (t+7—1)(k—=)] +cos (t—k—-2)
m kkzzl[ 1ty 5] o1 2]]
X cos[2n :TL . (i+j—1(k — ;)] + cos[2n j_ 1@ — )k — ;)]]
- %)z f: {%cos[2n2:r_ (= D(k+E —1) + %cos[%i [+ =1k = k)
42 [Jeoslg (645 Dk~ 3)+ (K = )i — )]
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1 2 |
+§COS[2n 1((Z+]—1)(k—2)—(k‘—2)(2—]))]]
1 2m 1 2T /
+§cos[2n+1(z—j)(k‘+k —1)+2cos[2n+1(z—])(k—k‘)}
and hence
2 X 2 1
2 — 14+ = ——=)(27—1
; —|—mk;cos[2 k 2)(3 )]
by 3 feosl 2T (2~ 1)k + K 1) + cosl o (2] — 1)k — &)
am? o2 o1 RS T

By using the relation Y-7_, cos[3275 (2k — 1)(2j — 1)] = 5 for k > 1 and after some

In+1
calculations, it is straightforward to show

1 n
(B.8) —> (¢ —=1) =0,
ni4
1 n
(B.9) — Z Cii — 1
ni4
and
n 1
(B.10) m Y o= (n+3)’

by using the relation 37 sjxs; = O (5 + il

(IIT) APPENDIX C : TABLES

In Tables 1-11 2 and o2 are the true parameter variances and we give their corre-
sponding estimates when we have the constant volatility model. Mean and SD in
Tables are the sample mean and the standard deviation of the SIML estimator (or

the ML estimator) in simulations. H-vol stands for the historical volatility.
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Table 1 : Estimation of Realized Volatility (standard case, v¢ ~ i.i.d. Normal)

n=300 o2 o2 H-vol o2 a2 H-vol o2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 2.05E-04 2.18E-06 1.40E-03 | 2.00E-04 3.82E-07 3.19E-04 | 2.01E-04 1.84E-07 2.01E-04
SD 9.61E-05 3.22E-07 1.35E-04 | 9.16E-05 5.61E-08 2.67E-05 | 9.29E-05 2.69E-08 1.61E-05
MSE 9.27E-09  1.36E-13 8.40E-09 3.61E-14 8.63E-09  3.39E-14

AVAR 8.17TE-09  8.34E-14 8.17E-09  8.34E-16 8.17E-09  8.34E-20

n=5000 o2 o2 H-vol a2 a2 H-vol a2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.07E-04 2.01E-06 2.02E-02 | 2.01E-04 2.10E-07 2.20E-03 | 2.00E-04 1.23E-08 2.20E-04
SD 5.37E-05 9.44E-08 4.93E-04 | 5.12E-05 9.68E-09 5.22E-05 | 5.27E-05 5.68E-10 4.35E-06
MSE 2.92E-09 8.99E-15 2.62E-09 2.03E-16 2.78E-09  1.06E-16

AVAR 2.65E-09 8.79E-15 2.65E-09 8.79E-17 2.65E-09 8.79E-21

n=20000 o2 o2 H-vol o2 o2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04 2.00E-09

mean 2.05E-04 2.00E-06 8.02E-02 | 2.00E-04 2.03E-07 8.20E-03 | 2.00E-04 4.54E-09 2.80E-04
SD 4.10E-05 5.47E-08 9.82E-04 | 3.98E-05 5.43E-09 9.91E-05 | 3.90E-05 1.19E-10 2.87E-06
MSE 1.70E-09  3.00E-15 1.59E-09  3.59E-17 1.52E-09 6.46E-18

AVAR 1.52E-09 2.90E-15 1.52E-09 2.90E-17 1.52E-09 2.90E-21

Table 2 : Estimation of Realized Volatility (MA(1) noise, a = 0.5)

n=300 o2 o2 H-vol o2 o2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04 2.00E-09

mean 2.03E-04 3.53E-06 1.87E-03 | 2.03E-04 5.18E-07 3.68E-04 | 1.99E-04 1.86E-07 2.01E-04
SD 9.62E-05 5.12E-07 1.99E-04 | 9.69E-05 7.45E-08 3.21E-05 | 9.35E-05 2.69E-08 1.64E-05
MSE 9.27E-09 2.61E-12 9.40E-09 1.07E-13 8.74E-09  3.44E-14

AVAR 8.17E-09 8.34E-14 8.17E-09  8.34E-16 8.17E-09  8.34E-20

n=5000 o2 o2 H-vol o2 o2 H-vol a2 o2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.04E-04 3.52E-06 2.82E-02 | 2.00E-04 3.62E-07 3.00E-03 | 2.00E-04 1.38E-08 2.28E-04
SD 5.27E-05 1.63E-07 7.61E-04 | 5.12E-05 1.69E-08 7.94E-05 | 5.09E-05 6.45E-10 4.57E-06
MSE 2.79E-09 2.35E-12 2.62E-09 2.65E-14 2.59E-09 1.39E-16

AVAR 2.65E-09 8.79E-15 2.65E-09 8.79E-17 2.65E-09 8.79E-21

n=20000 o2 o2 H-vol a2 o2 H-vol a2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04  2.00E-09

mean 2.05E-04 3.56E-06 1.12E-01 | 1.98E-04 3.57E-07 1.14E-02 | 2.00E-04 6.09E-09 3.12E-04
SD 3.95E-05 9.59E-08 1.53E-03 | 4.00E-05 9.58E-09 1.54E-04 | 3.92E-05 1.62E-10 3.30E-06
MSE 1.58E-09 2.43E-12 1.61E-09 2.48E-14 1.54E-09 1.67E-17

AVAR 1.52E-09 2.90E-15 1.52E-09 2.90E-17 1.52E-09 2.90E-21

Data generating process:
ye =t + /02 /(1 +a?)ve

Tt = x4—1 + /02 /nuy
V= Wt — QWi _1

ug ~ i.4.d.N(0,1),ws ~ i.5.d.N(0,1)
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Table 3 : Estimation of Realized Volatility (MA(1) noise, a = —0.5)

n=300 o2 o2 H-vol o2 a2 H-vol o2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 2.07E-04 8.40E-07 9.17E-04 | 2.02E-04 247E-07 2.71E-04 | 2.02E-04 1.82E-07 2.00E-04
SD 9.59E-05 1.25E-07 8.22E-05 | 9.65E-05 3.65E-08 2.26E-05 | 9.40E-05 2.66E-08 1.57E-05
MSE 9.24E-09 1.36E-12 9.32E-09  3.53E-15 8.83E-09 3.33E-14

AVAR 8.17TE-09  8.34E-14 8.17E-09  8.34E-16 8.17E-09  8.34E-20

n=>5000 o2 o2 H-vol a2 a2 H-vol a2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.05E-04 4.96E-07 1.22E-02 | 2.02E-04 5.89E-08 1.40E-03 | 2.00E-04 1.08E-08 2.12E-04
SD 5.21E-05 2.34E-08 2.75E-04 | 5.30E-05 2.81E-09 3.10E-05 | 5.29E-05 4.88E-10 4.35E-06
MSE 2.75E-09  2.26E-12 2.81E-09 1.99E-14 2.79E-09 7.71E-17

AVAR 2.65E-09  8.79E-15 2.65E-09 8.79E-17 2.65E-09  8.79E-21

n=20000 o2 o2 H-vol o2 o2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04 2.00E-09

mean 2.06E-04 4.52E-07 4.82E-02 | 2.01E-04 4.75E-08 5.00E-03 | 2.01E-04 2.99E-09 2.48E-04
SD 4.01E-05 1.23E-08 5.47E-04 | 3.84E-05 1.26E-09 5.58E-05 | 4.01E-05 8.07E-11 2.45E-06
MSE 1.64E-09 2.40E-12 1.48E-09 2.33E-14 1.61E-09 9.88E-19

AVAR 1.52E-09 2.90E-15 1.52E-09 2.90E-17 1.52E-09 2.90E-21

Data generating process: same as Table 2.
Table 4 : Estimation of Realized Volatility (Endogenous noise, p = 0.5,1 = 0)

n=300 o2 o2 H-vol o2 a2 H-vol o2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 2.02E-04 1.76E-06 1.14E-03 | 1.98E-04 4.64E-07 3.68E-04 | 1.97E-04 2.02E-07 2.11E-04
SD 9.54E-05 2.54E-07 1.07E-04 | 9.31E-05 6.62E-08 3.14E-05 | 9.44E-05 2.98E-08 1.71E-05
MSE 9.11E-09 1.23E-13 8.67E-09  7.40E-14 8.93E-09 4.10E-14

AVAR 8.17TE-09  8.34E-14 8.17E-09  8.34E-16 8.17E-09  8.34E-20

n=>5000 o2 o2 H-vol o2 o2 H-vol o2 o2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.02E-04 1.15E-06 1.16E-02 | 2.01E-04 1.55E-07 1.65E-03 | 1.99E-04 1.58E-08 2.55E-04
SD 5.27TE-05 5.42E-08 2.82E-04 | 5.27E-05 7.22E-09 3.77E-05 | 5.13E-05 7.48E-10 5.19E-06
MSE 2.78E-09  7.20E-13 2.78E-09  2.08E-15 2.64E-09  1.90E-16

AVAR 2.65E-09  8.79E-15 2.65E-09  8.79E-17 2.65E-09  8.79E-21

n=20000 o2 o2 H-vol o2 o2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04 2.00E-09

mean 2.03E-04 1.07E-06 4.30E-02 | 2.00E-04 1.25E-07 5.09E-03 | 2.00E-04 5.78E-09 3.29E-04
SD 3.99E-05 2.87E-08 5.21E-04 | 3.91E-05 3.37E-09 6.12E-05 | 3.96E-05 1.57E-10 3.50E-06
MSE 1.60E-09  8.60E-13 1.563E-09  5.66E-15 1.57E-09  1.43E-17

AVAR 1.52E-09 2.90E-15 1.52E-09 2.90E-17 1.52E-09 2.90E-21

Data generating process:
Yt = xt + \/UTQ,Ut

Tt =Tt—1 + \/0%71“

ve = (1= plwt + pug—y

ug ~ i4.d.N(0,1),w; ~ i.i.d.N(0,1)
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Table 5 : Estimation of Realized Volatility (MA(1) and Endogenous noise, a = 0.5, p = 0.5,1 = 0)

n=300 o2 o2 H-vol o2 a2 H-vol o2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 2.01E-04 2.55E-06 1.35E-03 | 2.04E-04 5.68E-07 3.81E-04 | 1.99E-04 2.05E-07 2.10E-04
SD 9.55E-05 3.79E-07 1.44E-04 | 9.55E-05 8.31E-08 3.50E-05 | 9.29E-05 3.02E-08 1.73E-05
MSE 9.11E-09  4.48E-13 9.14E-09  1.42E-13 8.63E-09 4.23E-14

AVAR 8.17TE-09  8.34E-14 8.17E-09  8.34E-16 8.17E-09  8.34E-20

n=5000 o2 o2 H-vol a2 a2 H-vol a2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.01E-04 1.95E-06 1.55E-02 | 2.01E-04 2.44E-07 2.00E-03 | 2.01E-04 1.78E-08 2.54E-04
SD 5.21E-05 9.14E-08 4.20E-04 | 5.14E-05 1.13E-08 5.24E-05 | 5.18E-05 8.43E-10 5.34E-06
MSE 2.72E-09 1.09E-14 2.64E-09 2.03E-15 2.68E-09 2.51E-16

AVAR 2.65E-09  8.79E-15 2.65E-09 8.79E-17 2.65E-09  8.79E-21

n=20000 o2 o2 H-vol o2 o2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04 2.00E-09

mean 2.00E-04 1.87E-06 5.87E-02 | 2.00E-04 2.10E-07 6.60E-03 | 1.99E-04 7.25E-09 3.36E-04
SD 4.03E-05 5.12E-08  8.14E-04 | 3.92E-05 5.60E-09 8.82E-05 | 3.87E-05 1.96E-10 3.63E-06
MSE 1.63E-09 1.98E-14 1.54E-09 1.22E-16 1.50E-09 2.76E-17

AVAR 1.52E-09 2.90E-15 1.52E-09 2.90E-17 1.52E-09 2.90E-21

Data generating process:

yt =zt + /02 /(1 +a2)v
Ty = xp—1 + /02 /nuy

Vt = €t — A€t—1
e = (1 - pw + puy_y
ut ~ .5.d.N(0,1),ws ~ i.5.d.N(0,1)
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Table 6 : Estimation of Realized Volatility (MA(1) and Endogenous noise, a = 0.8,p = 0.9, = 1)

n=300 o2 o2 H-vol o2 a2 H-vol o2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 1.98E-04 1.71E-06 7.86E-04 | 2.00E-04 1.88E-08 6.91E-05 | 2.01E-04 1.39E-07 1.74E-04
SD 9.23E-05 2.47E-07 9.13E-05 | 9.30E-05 2.94E-09 7.78E-06 | 9.42E-05 2.02E-08 1.39E-05
MSE 8.53E-09 1.43E-13 8.65E-09  3.28E-14 8.88E-09 1.92E-14

AVAR 8.17TE-09  8.34E-14 8.17E-09  8.34E-16 8.17E-09  8.34E-20

n=5000 o2 o2 H-vol a2 a2 H-vol a2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.00E-04 2.81E-06 2.10E-02 | 2.01E-04 2.13E-07 1.51E-03 | 2.00E-04 2.12E-09 1.11E-04
SD 5.31E-05 1.33E-07 6.02E-04 | 5.16E-05 1.02E-08 4.47E-05 | 5.15E-05 1.02E-10 2.51E-06
MSE 2.82E-09 6.67E-13 2.66E-09 2.61E-16 2.65E-09 2.51E-20

AVAR 2.65E-09  8.79E-15 2.65E-09 8.79E-17 2.65E-09  8.79E-21

n=20000 o2 o2 H-vol o2 o2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04 2.00E-09

mean 2.01E-04 3.01E-06 9.06E-02 | 2.01E-04 2.65E-07 7.70E-03 | 2.00E-04 7.30E-11 7.13E-05
SD 4.01E-05 8.08E-08 1.28E-03 | 4.05E-05 6.97E-09 1.08E-04 | 3.96E-05 1.96E-12 9.98E-07
MSE 1.61E-09 1.04E-12 1.64E-09 4.28E-15 1.56E-09 3.71E-18

AVAR 1.52E-09 2.90E-15 1.52E-09 2.90E-17 1.52E-09 2.90E-21

Data generating process: same as Table 5.
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Table 7 : Estimation of Realized Volatility (MA(1) noise, a = 0.95)

n=300 o2 o2 H-vol o2 a2 H-vol o2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 1.99E-04 1.71E-06 7.86E-04 | 1.99E-04 1.90E-08 6.89E-05 | 2.02E-04 1.39E-07 1.74E-04
SD 9.40E-05 2.53E-07 9.35E-05 | 9.22E-05 2.96E-09 7.87E-06 | 9.67E-05 2.05E-08 1.44E-05
MSE 8.83E-09 1.49E-13 8.51E-09 3.28E-14 9.35E-09 1.91E-14

AVAR 8.17TE-09  8.34E-14 8.17E-09  8.34E-16 8.17E-09  8.34E-20

n=5000 o2 o2 H-vol a2 a2 H-vol a2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.02E-04 2.81E-06 2.10E-02 | 1.99E-04 2.12E-07 1.51E-03 | 1.99E-04 2.12E-09 1.11E-04
SD 5.25E-05 1.30E-07 5.94E-04 | 5.17E-05 9.97E-09 4.37E-05 | 5.08E-05 9.98E-11  2.45E-06
MSE 2.76E-09 6.71E-13 2.67E-09 2.52E-16 2.58E-09  2.50E-20

AVAR 2.65E-09  8.79E-15 2.65E-09 8.79E-17 2.65E-09  8.79E-21

n=20000 o2 o2 H-vol o2 o2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04 2.00E-09

mean 2.03E-04 3.02E-06 9.07E-02 | 1.99E-04 2.65E-07 7.69E-03 | 2.01E-04 7.30E-11 7.13E-05
SD 3.99E-05 8.17E-08 1.26E-03 | 3.90E-05 7.18E-09 1.10E-04 | 3.95E-05 1.98E-12 1.01E-06
MSE 1.60E-09 1.04E-12 1.52E-09 4.27E-15 1.56E-09 3.71E-18

AVAR 1.52E-09 2.90E-15 1.52E-09 2.90E-17 1.52E-09 2.90E-21

Data generating process: same as Table 2.

Table 8 : Estimation of Realized Volatility (MA(1) and Endogenous noise, a = 0.9,p = 0.9, = 1)

n=300 o2 o2 H-vol o2 a2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04 2.00E-09
mean 2.02E-04 2.49E-06 1.66E-03 | 1.99E-04 2.64E-07 3.46E-04 | 2.02E-04 1.63E-07 2.01E-04
SD 9.64E-05 3.67E-07 1.62E-04 | 9.41E-05 4.74E-08 3.21E-05 | 9.59E-05 2.42E-08 1.69E-05
MSE 9.29E-09 3.75E-13 8.86E-09  6.40E-15 9.21E-09 2.66E-14
AVAR 8.17TE-09  8.34E-14 8.17E-09  8.34E-16 8.17E-09  8.34E-20
n=>5000 o2 o2 H-vol o2 o2 H-vol o2 o2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09
mean 2.00E-04 2.91E-06 2.48E-02 | 1.98E-04 2.38E-07 2.65E-03 | 1.99E-04 4.36E-09 2.24E-04
SD 5.14E-05 1.35E-07 6.68E-04 | 5.20E-05 1.10E-08 6.51E-05 | 5.30E-05 2.28E-10 4.78E-06
MSE 2.64E-09  8.45E-13 2.71E-09  1.53E-15 2.81E-09  5.64E-18
AVAR 2.65E-09  8.79E-15 2.65E-09  8.79E-17 2.65E-09  8.79E-21
n=20000 o2 o2 H-vol o2 o2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04 2.00E-09
mean 1.99E-04 3.07TE-06 9.84E-02 | 2.00E-04 2.74E-07 1.00E-02 | 2.00E-04 7.45E-10 2.98E-04
SD 3.88E-05 8.40E-08 1.36E-03 | 3.91E-05 7.39E-09 1.29E-04 | 3.93E-05 2.59E-11  3.42E-06
MSE 1.50E-09  1.14E-12 1.53E-09  5.60E-15 1.54E-09  1.58E-18
AVAR 1.52E-09  2.90E-15 1.52E-09  2.90E-17 1.52E-09  2.90E-21

Data generating process: same as Table 5.
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Table 9 : Estimation of Realized Volatility (AR(1) noise, b = 0.95)

n=300 o2 o2 H-vol o2 a2 H-vol o2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 2.24E-04 2.39E-07 2.59E-04 | 2.04E-04 1.89E-07 2.06E-04 | 2.00E-04 1.82E-07 1.99E-04
SD 1.05E-04 3.43E-08 2.11E-05 | 9.72E-05 2.80E-08 1.72E-05 | 9.65E-05 2.63E-08 1.63E-05
MSE 1.17E-08  3.10E-12 9.47E-09 9.17E-16 9.31E-09  3.29E-14

AVAR 8.17E-09  8.34E-14 8.17E-09  8.34E-16 8.17E-09  8.34E-20

n=>5000 o2 o2 H-vol a2 a2 H-vol a2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.43E-04 6.31E-08 1.20E-03 | 2.04E-04 1.56E-08 3.00E-04 | 1.99E-04 1.03E-08 2.01E-04
SD 6.34E-05 2.89E-09 2.39E-05 | 5.22E-05 7.30E-10 6.00E-06 | 5.12E-05 4.91E-10 4.10E-06
MSE 5.89E-09  3.75E-12 2.74E-09  3.40E-14 2.62E-09 6.96E-17

AVAR 2.65E-09 8.79E-15 2.65E-09 8.79E-17 2.65E-09 8.79E-21

n=20000 o2 o2 H-vol o2 o2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.35E-04 5.46E-08 4.20E-03 | 2.04E-04 7.75E-09 6.00E-04 | 2.01E-04 2.59E-09 2.04E-04
SD 4.62E-05 1.44E-09 4.22E-05 | 4.08E-05 2.10E-10 6.05E-06 | 3.97E-05 6.97E-11  2.03E-06
MSE 3.35E-09 3.78E-12 1.68E-09  3.70E-14 1.58E-09  3.56E-19

AVAR 1.52E-09 2.90E-15 1.52E-09 2.90E-17 1.52E-09 2.90E-21

Data generating process:
Yt = ¢ + \/mvt
Ty = xt—1 + \/0%71“
vt = bvg_1 + we
ut ~ ii.d.N(0,1),w; ~ i.i.d.N(0,1)
Table 10 : Estimation of Realized Volatility (MA(1) and Endogenous noise, a = 0.9, p = 0.9,1 = 0)

n=300 o2 o2 H-vol o2 o2 H-vol o2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.01E-04 4.46E-06 2.14E-03 | 2.00E-04 8.75E-07 4.91E-04 | 1.99E-04 2.24E-07 2.15E-04
SD 9.44E-05 6.43E-07 2.43E-04 | 9.61E-05 1.28E-07 4.94E-05 | 9.48E-05 3.31E-08 1.76E-05
MSE 8.90E-09 6.48E-12 9.24E-09 4.72E-13 8.99E-09 5.03E-14

AVAR 8.17E-09 8.34E-14 8.17E-09  8.34E-16 8.17E-09  8.34E-20

n=>5000 o2 o2 H-vol a2 a2 H-vol a2 a2 H-vol
true-val 2.00E-04  2.00E-06 2.00E-04  2.00E-07 2.00E-04  2.00E-09

mean 2.00E-04 3.53E-06 2.66E-02 | 2.00E-04 4.37E-07 3.26E-03 | 1.99E-04 2.43E-08 2.84E-04
SD 5.20E-05 1.67E-07 7.58E-04 | 5.28E-05 2.08E-08 9.32E-05 | 5.01E-05 1.15E-09 6.17E-06
MSE 2.70E-09 2.38E-12 2.79E-09 5.65E-14 2.51E-09 4.98E-16

AVAR 2.65E-09 8.79E-15 2.65E-09 8.79E-17 2.65E-09 8.79E-21

n=20000 o2 o2 H-vol a2 a2 H-vol a2 a2 H-vol
true-val 2.00E-04 2.00E-06 2.00E-04 2.00E-07 2.00E-04 2.00E-09

mean 2.00E-04 3.40E-06 1.02E-01 | 2.01E-04 3.80E-07 1.12E-02 | 1.99E-04 1.13E-08 4.18E-04
SD 3.92E-05 9.07E-08 1.44E-03 | 3.91E-05 1.03E-08 1.59E-04 | 3.85E-05 3.03E-10 4.93E-06
MSE 1.54E-09 1.96E-12 1.53E-09 3.25E-14 1.49E-09 8.62E-17

AVAR 1.52E-09 2.90E-15 1.52E-09 2.90E-17 1.52E-09 2.90E-21

Data generating process: same as Table 5.
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Table 11 : Comparing with ML (MA(1) noise, a = 0.5, « = 0.45)
n=300 o2 o2 ML o2 a2 ML o2 a2 ML
true-val 5.00E-05 5.00E-07  5.00E-05 | 5.00E-05 5.00E-09 5.00E-05 | 5.00E-05 0 5.00E-05
mean 5.34E-05 2.10E-07 1.11E-04 | 4.91E-05 4.73E-08 5.10E-05 | 4.97TE-05 4.54E-08 4.95E-05
SD 2.11E-05 3.05E-08 3.31E-05 | 1.96E-05 7.02E-09 7.23E-06 | 1.94E-05 6.83E-09 7.18E-06
n=5000 o2 o2 ML a2 a2 ML a2 a2 ML
true-val 5.00E-05  5.00E-07  5.00E-05 | 5.00E-05 5.00E-09 5.00E-05 | 5.00E-05 0 5.00E-05
mean 5.24E-05 1.24E-07 1.98E-04 | 5.00E-05 3.78E-09 6.66E-05 | 4.96E-05 2.57E-09 4.99E-05
SD 1.09E-05 5.74E-09 4.21E-05 | 1.05E-05 1.81E-10 2.78E-06 | 9.98E-06 1.19E-10 1.69E-06
n=20000 o2 o2 ML o2 a2 ML o2 a2 ML
true-val 5.00E-05 5.00E-07  5.00E-05 | 5.00E-05 5.00E-09 5.00E-05 | 5.00E-05 0 5.00E-05
mean 5.20E-05 1.13E-07 2.25E-04 | 4.99E-05 1.76E-09 9.69E-05 | 4.96E-05 6.35E-10 5.00E-05
SD 8.00E-06 3.02E-09 3.81E-05 | 7.55E-06 4.74E-11 2.85E-06 | 7.53E-06 1.76E-11 8.43E-07

Data generating process: same as Table 5.
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