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Abstract

This paper derives asymptotic expansion formulas for option prices and implied volatilities as well as the density
of the underlying asset price in multi-dimensional stochastic volatility models. In particular, the integration-by-
parts formula in Malliavin calculus and the push-down of Malliavin weights are effectively applied. We provide
an expansion formula for generalized Wiener functionals and closed-form approximation formulas in stochastic
volatility environment. In addition, we present applications of the general formula to expansions of option prices
for the shifted log-normal model with stochastic volatility. Moreover, with some results of Malliavin calculus
in jump-type models, we derive an approximation formula for the jump-diffusion model in stochastic volatility
environment. Some numerical examples are also shown.

Keywords: Malliavin calculus, Asymptotic expansion, Stochastic volatility, Implied volatility, Shifted log-normal
model, Jump-diffusion model, Integration-by-parts, Malliavin weight, Push-down, Malliavin calculus for Poisson
processes, Local volatility, Markovian projection

1 Introduction

This paper develops an asymptotic expansion method for generalized Wiener functionals by applying Malliavin
weight (divergence given by the integration-by-parts formula) and push-down (the conditional expectation in Malli-
avin (1997) and Malliavin-Thalmaier (2006)). As applications, we propose a concrete approximation formula of
option prices as well as the density of the underlying asset price in multi-dimensional stochastic volatility models,
and then derives a new Taylor expansion formula of the implied volatilities. Moreover, we present applications of
the general formula to expansions of option prices for the shifted log-normal model in stochastic volatility envi-
ronment. Also, combining some results of Malliavin calculus in jump-type models by Bavouzet-Messaoud (2006)
with our method, we derive an approximation formula for option prices in the jump-diffusion model with stochastic
volatility. To the best of our knowledge, it is the first study with push-down of Malliavin weights for deriving
analytical approximation formulas for option prices and implied volatilities in those models. A companion paper,
Shiraya-Takahashi-Yamada (2009) applies the method to deriving a concrete approximation formula for valuation
of barrier options with discrete monitoring under stochastic volatility models.

Various stochastic volatility models has been proposed for calibration to market prices of options with so
called volatility skews and smiles. However, closed-form solutions for option prices in the stochastic volatility
environment are rarely found, and hence a large number of studies have been made in order to obtain analytical
approximations and efficient numerical schemes for option prices and implied volatilities with stochastic volatility
models. Takahashi (1995, 1999) proposed approximation formulas based on the asymptotic expansion method in
Watanabe theory (Watanabe (1983, 1984, 1987), Yoshida (1992 a, b)) for valuation of various derivatives including
options in stochastic volatility environment. Fournié et al. (1997) provided an expansion result of the second-order
partial differential equation which satisfies the uniform ellipticity condition and showed its application to Monte
Carlo simulations. Fouque et al. (2000) derived a closed form approximation formula for the fast mean reverting
stochastic volatility model using a singular perturbation method, and then discussed the calibration problem. Hagan
et al. (2002) introduced the SABR stochastic volatility model and obtained an approximation implied volatility
formula. Labordére (2008) generalized SABR model to A-SABR model and derived an approximation of implied
volatilities by applying the heat kernel expansion. Moreover, Gatheral et al. (2009) and Ben Arous-Laurence (2009)
presented novel results for this direction. Recently, Antonelli-Scarlatti (2009) gave a Taylor series expansions of
option prices with respect to a correlation parameter in a stochastic volatility model. Also, we give more detail
comments on some related works in Section 3.3.

*This version contains supplementary results such as an expansion of the local volatility obtained by the so called Markovian projection,
which are not included in the short version of this paper. All the contents expressed in this research are solely those of the authors and
do not represent the view of MTEC Co., Ltd. or any other institutions. The authors are not responsible or liable in any manner for any
losses and/or damages caused by the use of any contents in this research.

tGraduate School of Economics, the University of Tokyo

fMitsubishi UFJ Trust Investment Technology Institute Co.,Ltd. (MTEC).



The organization of the paper is as follows:the next section derives an asymptotic expansion formula for general-
ized Wiener functionals after a brief summary of Malliavin calculus necessary for the remaining of the paper. Section
3 applies the general formula to pricing options in stochastic volatility environment and then obtains implied volatil-
ities’ expansions. Section 4 presents numerical examples for expansions including calibrations of implied volatilities.
As simple applications of our method, Section 5 provides approximation formulas for option prices (or/and implied
volatilities) in the shifted log-normal and jump-diffusion models under stochastic volatilities. Section 6 concludes.
Appendix gives explicit calculations of push-down of Malliavin weights (coeflicients in the expansions), the proof
of Proposition 5.2 and an expansion of the local volatility obtained by the so called Markovian Projection.

2 Asymptotic Expansion

2.1 Malliavin calculus

This subsection summarizes basic facts on the Malliavin calculus which are necessary for the following discussion.

W =W*=Co([0,T] : RY) = {w : [0,7] — R?; continuous, w(0) = 0}

and p is the Wiener measure. Next, let H be a Hilbert space such that

d T
H= {h € W;h;i(t)(i =1,---,d) is absolute continuous with respect to ¢ and Z/ | ;
i=1 70

dhé(t) |dt < oo}

with an inner product (h,h') g = ijl fOT dh;t(t) dh‘;t(t)dt. Then, H is called the Cameron-Martin space.

Define L™=~ (W) as L= (W) = Np<t0o LP (W) and a distance on L7 (W) as dpco— () (F1, F2) = ;’;1 279 (min{|| F1—
F5||1i,1}), where || - ||z» denotes the LP-norm in (W, ). Given a separable Hilbert space G, let L* (W : G) denote
the space of measurable maps from W to G such that || f||¢ € LP(W). The same definition is made for L=~ (W : G).

Then, consider the space

DI(W:G) = {F € LP(W, G) : there exists DF € LP(W : H ® G) such that for h € H, lin(1) %[F(w +eh) — F(w)] = (DF, h>H®G}

Here, DF is called the (Malliavin) derivative of F. Due to a canonical identification of the Hilbert space L?(W :
H®G) and L*([0,T] x W : G), the Malliavin derivative DF may be considered as a stochastic process {D;F =

(DesF,--,DyaF) : t € [0,T]} such that (DF, hyrec = Yo, [o (DeiF)(2e)dt.

A norm DY(W : G) is given by HFHDf(W:G) = |Fllzronv:cy + |DF||Lrow:mec)- Also, DWW : G) is de-
fined by DI*(W : G) := Ni<p<tooDY(W i G), and a distance on D*(W : G) is given by dpeew.q)(F1, F2) =
Z;il 9—J (min{||F1 — FQHDJI'(W:G), 1})

For r > 2 (r € N), we introduce the spaces:

DE(W:G)={FeD’_(W:G): DFeD’_ (W: H®G)}

with [[Fllpr vy = [Fllpr_ owie) + HDT*IFHDI;(H@»(r—l)@G)- We also define Dg(W : G) as Dg(W : G) = LP(W
G).
If G = R", We denote D?(W) as DE(W : G).

Some properties of these spaces are the following; Df:(W) C DE2(W), " < r, and p’ < p. The dual space of
(DEW)), (DEW))* is given by (DE(W))* =D (W), with p~' + ¢~ ' =1, > 0.

Furthermore, define the space Doo(W) = Np>1,r>0DY(W). Then, D (W) is a complete metric space under a
metric, dpeo(w)(F1, F2) = Z;oml Np,r (min{ || F1 — F2||pr, 1}) where 7, > 0 such that Z:OT Np,r < 00. Note that
this topology on Do (W) is independent of the choice of the sequence {n,,}. We call F € Do (W) the smooth
functional in the sense of Malliavin.

Given Z = (Z1(w), -+, Za(w)) € DY(W : H), there exists D; (Z;) € LP(W), i =1,---,d such that
E[fOT D, F(w)Z;(w)dt] = E[F(w)Dj(Z;(w))] for all F € D{°(W). Then, define D*(Z) := Zj:l D;(Z;(w)). So,
there exists Cp, > 0 such that |D*(Z)|Lr < CpHZHDf(W:H)- We call D*(Z) the divergence of Z.

We also introduce the notation DzF such that Dz F := ijl fOT D:;F(w)Z;(w)dt. Then, we have E[DzF] =
E[FD*(Z)]. Thus, D*(FZ) = FD*(Z) — Dz F is obtained. (e.g. Proposition 1.16 in Malliavin-Thalmaier (2006))

Definition 2.1 Let F' = (Fi,---,Fp) € Dc(W : R") be the n-dimensional smooth functional, we call F' a non-
degenerate in the sense of Malliavin if the Malliavin covariance matriz {03 }1<i j<n

d T
7 = (DFDE) =Y [ (DerFiw)(Desrsw)i M
k=170

is invertible a.s. and

(detor)~ " € L= (W).



Theorem 2.1 Let F € Doo(W : R") be a n-dimensional non-degenerate in the sense of Malliavin and G €
Do (W). Then, for ¢ € CH(R™),

E[0ip(F)G] = Elp(F)D*(Y_ GyfiDF’)] 2)

where (vi;)1<i,j<n i the inverse matriz of Malliavin covariance of F.
(Proof) See Lemma II.5.2. of Malliavin (1997). O

Theorem 2.2 Let F' € Do (W : R") be a non-degenerate functional. F has a smooth density p* € S(R™) where
S(R™) denotes the space of all infinitely differentiable functions f : R™ — R such that for any k > 1, and for any
multi-index 3 € {1,---,n} one has sup,cgn |[z|*|0sf(z)| < co. (i.e. S(R™) is the Schwartz space and S'(R™) is
its dual.)

(Proof) See Theorem II.5.1. of Malliavin (1997). O

Definition 2.2 Consider the space D_oc (W) = Up>1,,->0D? (W), that is, the dual of Dos. We call F € D_o(W)
a distribution on the Wiener space. We define the duality form on D_o X Do, (F,G) — (F,G)D___xD.. =
E[FG] € R. We call this duality form the generalized expectation.

2.2 Asymptotic Expansion for Expectation of Generalized Wiener Functionals

Let F € Doo(W : R™) be a non-degenerate functional, and v and p¥ be the law and the density of F, respectively;
that is, v(dz) = po F~'(dz) = p" (z)dz. Also, we define the range O as O := {z : p¥'(z) > 0} C R™.

By Malliavin (1997) and Malliavin-Thalmaier (2006), the conditional expectation of g € LP(W, p1) conditioned
by a set {w: F(w) = z} in o-field o(F), E[g|F = z] gives a map,

E" :LPW, u) 3 g — E[g|F = 2] € L”(O,v). (3)

For multi-index at® = (o1, -+, ar), we define the iterated Malliavin weight. The Malliavin weight H_ k) is
recursively defined as follows: for G € Do,

H ) (F,G) = Ha, (F, Hy—1) (F, G)), (4)

where

Huy(F, G) = D* (Z G, DE) : (5)
i=1

Here, 7" = {~/;}1<i,j<n denotes the inverse matrix of the Malliavin covariance matrix of F.

Watanabe (1983, 1984) introduced the distribution on Wiener space as composition of a non-degenerate map
F by a Schwartz distribution 7. The next theorem restates the result of Watanabe (1984) in terms of Malliavin
(1997) and Malliavin-Thalmaier (2006).

Theorem 2.3 1. Let S’ be the Schwartz distributions. There exists a map
(EF) :8' 5T ToF€D_w :=Us0Ng>1 D!, C D_.. (6)
(EF)* is called the lifting up of T.
2. The conditional expectation defines a map
EF :D. 3 G — EF[G] € §(0), (7)

where S(O) stands for the Schwartz space of the rapidly decreasing functions on O = {z : p¥'(x) > 0} C R™.
We call this map the push down of G.

3. The following duality formula is obtained for almost all x € O:
(B")'T,G)p_oxpoe = (T, BV [G))pr (2140 (8)

where (-, VpF (2)de 15 defined as follows: for almost all x € O,
(T, EF[G}>pF<I)dz ::/ T(x)E[G|F = z]p” (z)dz. (9)
RTL

(Proof)
In this proof, we apply the discussions of Watanabe (1984), Malliavin (1997), Malliavin-Thalmaier (2006) and

Nualart (2006).



1. Given T € &', there exists T, € S such that T,, — T in S’, i.e,

11— A+ [2*) " T = (1= At [2*) "Tllee — 0,  n— o0,

where || flloc = sup,crn [f(z)], A

= %Z:‘:l ;—; By the Malliavin integration-by-parts formula, we

estimate as follows; for p~! + ¢~ ' = 1,

[T (F) = T (F)| p

—2m

<

<

as n,n’ — oo, where W(I;m)

sup |E[Tw(F)G] = BT (F)G|

GeDL IGlpy <1

GeDL |Glpr <1
2m

GeDL |Glpr <1
2m

(10)

can

sup |E[(1 = A+ a|*) ™" Tu(F)m(om)] = E[(1 = A+ |a|*) ™" T (F)m(3m) ]|

sup (1= A+ J2*) 7" T = (1= A+ [2*) 7" T oo lm(am [l 1

Cll(L = A+ [2[*) " T — (1= A+ [2*) " Tor[le — 0,

€ Do and C := supgepr

2m

Gy <1 ||7r(I;m)HL1 < 00. Then (T (F))nen is a

Cauchy sequence in D_o, and thus there exists (EX)*T = T(F) € D_o: a composite functional T(F) is

uniquely determined.

2. Given G € Dy. For any multi-index s = (s1,---,sk), For any ¢ € C’,‘)S‘(R")7 by push-down and then the
integration by parts formula on R" or the integration by parts formula on W and then push-down, we obtain

E[als'w(F)G]=(—1)'3'/nw(w)a‘ss‘{EF:x[G]pF(w)}dw=/ (@) B[ Tp" (2)de,

where 7' = H,(F,G) € Do

where

n

. It implies that

(-)"OFHET (G ()} = BT [x]p" (=),

EF =" xE e LP(O,v).

We define O, as O. = {x € R™ : p¥'(z) > €}. Therefore,

for all s, which implies EX=%[G]p* (z) € C*(0). As p¥(z) € C*(0) where C*°(0) stands for the set of

(—DFOFHET[Gp" (@)} € L7(Oc, du),

real-valued C*°-functions on O,

(" (@) HE TG (2)} = E"T7(G) € C%(0).

Note also that the conditional expectation has the following expression:

E"="[GIp" (2) = E[lgpsay Ha,...n) (F, Q).

Thus, for all k € N and forall j =1,---,n, if x; >0,

<
<

sup 23 0SB (G (@)}

zeR,z;>0
sup 2 |ElpsoHy(F, Hiy,...n)(F, Q)|
zeR4,z;>0
E[|F|*|Hs(F, H1.....0) (F, G))]
007

if 2; < 0, we can derive a similar estimate. These facts imply EX="[G] € S(O).

3. Hence, because there exists T}, € S(R"), n € N for T € S'(R") such that T, — T in §'(R"™), we have for

almost all x € O,

<T">EF[G]>pF(z)dz = E[TW(F)G} - <(EF)*T7 G>Dfoo XDoo = <T7 EF[GDPF(z)dzﬂ

as n — oQ.

]

(12)

(13)

(14)

(15)

(16)

(17)

(18)

The next theorem presents an asymptotic expansion formula for the expectation of generalized Wiener func-

tionals.

(11)



Theorem 2.4 Consider a family of smooth Wiener functionals F€ = (Ff, -+, F5) € Doo(W : R") such that F*°
has an asymptotic expansion in Do and satisfies the uniformly non-degenerate condition:

limsup ||(det <) ™ |zp < 00, for all p < oo. (19)

el
Then, for a Schwartz distribution T € S'(R"), we have an asymptotic expansion in R:

E[T(F°)] — { / nT(x)pFO(a:)dx—i—Zej / T@)E

k

()
> Hyo (F [ FEIF =
k

=1

p* <x>da:}| — O(MHY),

where pF0 is the density of F°, and Fio‘k = %%Fﬂezo, keN,i=1,---,n. Also, o™ denotes a multi-indez,

a® = (a1, -, ax) and

() B J 1
> = 2. > W
k=1 1+ 4Bk =5,8: 21 a(M) €1, ,n}k
Moreover, Malliavin weight H_ ) is recursively defined as follows:

H ) (F,G) = Ha,) (F, Hy—1) (F, G)), (21)

where

H)(F,G) = D* <Z Gl DFl-) . (22)
=1

Here, vF = {’Yg}l§i7j§n denotes the inverse matrix of the Malliavin covariance matriz of F.
(Proof)

We use « as an abbreviation of a®) in the proof. Under the uniformly non-degenerate condition of F*¢ €
Do (W : R™), the lifting up of T € S'(R™), (E™ )*T, has the asymptotic expansion in distributions on the Wiener
space D_, i.e. for N € N, there exists s € N s.t.

N () k
(BT)T—{ToF°+> &> (010 F*T] F2™} = 0N, €€(0,1],g < o0 (23)
j=1 k =1

D4
—s

Then, there exists an asymptotic expansion of ((EF‘)*T, 1)p__ xD..- The push-down of the divergence are com-
puted as follows:

k
k 0 0,8
<6aT(F ) T, >
D_ o XDg

=1 =1

k
0
<T, B HL(F ] ] FS;"!)}>
pFO (z)dz

=1

k
<T(F°), Ho(F°, HFS;B1)>
D_ XDy

/ T () E[Ho(F°, [ | F&P)|F° = alp™ (2)da. (24)
R™ =1

]

Corollary 2.1 The density pF6 (y) is expressed as following asymptotic expansion with the push-down of Malliavin
weights:

m (7) k
€ 0 - 0 m
P W) =p" W)+ Y B> Hyw(F[[FSIF =y | 0" (y) + O™, (25)
j=1 k =1

where pF0 (y) is the density of F°.

(Proof)
Take a delta function §, € S’ in the theorem above. O



3 Asymptotic Expansion in Multi-Dimensional Stochastic Volatil-
ity Model

This section applies the general formula in the previous section to pricing options in a stochastic volatility model
and then obtains a new implied volatility’s expansion formula.

3.1 Asymptotic Expansion of Option Prices
This subsection proves a basic result on an asymptotic expansion for a stochastic volatility model.
Let (0, F, (Ft)iepo,r), P) be a filtered probability space and W = {(Wis,---,Way) : 0 < t < T} be a d-

dimensional Brownian motion with respect to (Ft)icjo,r}. We consider the following stochastic volatility model
(n-dimensional volatility factor).

dS') = rS9dt + V(0!8 dw 4,
do'? = Ao (o) dt + eA(c!))aW,,
S(> S(0> s> 0, UE)*Jé)*JGRi, (26)

where V € C5°(R" — R), Ao € C;°(R™ — R"), A € C5°(R" — R™ %), r > 0 and ¢ € [0,1]. Note that ¢ is
the volatility of volatility parameter. (O’t(()))tE[O’T] is a deterministic process and satisfies an ordinary differential
equation,

dol” = Ao (c!?)dt. (27)

Next, we impose the following condition which gives the non-degeneracy of the Malliavin covariance of S(TE ) at e =0.
Assumption 3.1 For some s € [0,T], V(o (0)) £0.
We define the logarithmic process of (StE )e[o,T] s

(€)
X = log<StS )

Let p°V(y) be the density of the underlying asset of the stochastic volatility model and C*°V(T,K) and
PSV(T, K) be the call and the put option prices under the stochastic volatility with maturity 7" and strike price K.
Also let pP5(y) is the log-normal density of the Black-Scholes model, i.e.,

CB5(T, K) and PP5(T, K) denote the Black-Scholes formula of the call and the put options with maturity 7" and
strike price K, i.e.,

CP(T,K) = sN(d)—Ke ""N(dy),
PP3(T K) = Ke ""N(—dy)— sN(—d1), (28)
where
n(z) = \/j T,
V@) = [ s
d1 = log <?) \/Ta
_ 10g(%)+TT 1
dy = e — VT, (29)
with

T 1/2
- (; /0 V(a§°>)2dt> . (30)

Let 0 () be the Malliavin (co)variance of S<T€) at e =0, i.e.,
T

T
70 = 1D = ()7 / V(o) ds, (31)
0



We introduce the expressions;

s DuSY sy
DS, (S8 f V(e!)2du’
S,ﬁ’“) = ]:' gﬁ S()|e 0,
k
LA TORE | (32)
i=1
where (3; > 1 satisfy
k
Y Bi=j, JEN, 1<k<j
=1

Given Z above, for ¥ € Do, D*(Z) — Dz : Doc — Do is expressed as
T T
(D*(Z) — Dz) oW = \1:/ Z(t)dW1., — / Dy UZ(t)dt. (33)
0 0

Then, we have the following result.
Theorem 3.1 Under the stochastic volatility model (26), we have asymptotic expansions of the density and the
option prices as follows:

V) = +Z € Blm;|S5 = ylp”* (y) + O™ ™),
(T, K) = CP(T +Z / Ty = K)TElm |88 = ylp” (y)dy + O(N ),
PY(T,K) = PP(T +Z / K —y) B[]S = ylp®  (w)dy + O, (34)

where 7; is the j'"-order Malliavin weight, i.e.

J
S SmER e T) e Da,

k=1 pB1++Br=7,8;>1

with
T T
Hy (S5, w02 (1)) = qfﬁlv"*f’k(T)/ Z(s)dWl,Sf/ Do W70 P (T) Z(s)ds,
0 0
Hy(S©, w5985 (T)) = (D*(Z) — Dz)* o W70 0%, (35)
(Proof)

Let (Y:): be the solution of the following stochastic differential equation;

Y} (t) Z Z ab s)dW} + Z b (s (36)

1=1 k=1
Yi(0) = 4, (37)
where
api(s) = OkAi(ol?), (38)
bi(s) = eAb(ol?), (39)
and 6; is the Kronecker’s delta. Let D, k = 1,---,d be the Malliavin derivative acting on the Brownian motion

Wi t. Then, the Malliavin covariance of Séf ) is given by;

d T
> / (D1:54))?ds
i=1 0
d

= (7)) / (DX, (40)

=1



where

DXl = <>_ez/ NV (0 Dar0du
+ Z/ 0.V (07 Dsio ) dWi 0

T
Do p XS = 762/ V(6$)aiV (089) Dy ol )du
=17
n T
+ eZ/ OV (0\) Dy o) AW, . (41)
=17
Here, 8,V (o) = 8(‘9/1(790)\ e and for s < u,
Do = 3 Yy (9 AL, (12)
l,7=1

Assumption 3.1 yields the nondegeneracy of S(TO>;

||a;(10) lr < 00, for all p < co. (43)
T

Then, the similar argument to Takahashi-Yoshida (2004), we have an asymptotic expansion in D_.;

N J
c 1
5, (5) = (8 +> Ny > 210 8u(S57 )T, (44)
=1 k=1pg1++0,=7,8;>1
N J 1
TS KT = TSP k)Y Y Y me NSy — K)Tut (T, (45)

=1 k=1p1++Br=5,Bi>1

By the integration by parts formula,

(85,(5), w71 (8,(59), Hu(S, 0 P(T)))

D_ o XDg D_ o XDg
(0)
= (8, B (HU(SY, v Ty )
BS (z)dx
= E[H(SY, 0P (T))|SY) = ylp”(y), (46)
where
& (0) oF
976, (Sy") = W(;y(x”m:s(TO%
Similarly, we have
R ) I B A A
—oo XDoo R,

where .
+ 1o}
o (S<TO) - K) — (e = K)o

Then, we obtain asymptotic expansion formulas of the density and the option prices;

V) = P+ ZefEms(TO) = ylp" () + O(M ). (48)
C(T,K) = CP(T.K.5)+ Z / "y~ K) B[]Sy = ylp® (y)dy + OV, (49)
PY(T,K) = PP(T.K,5)+ Z / K —y) B[]S = ylp® ()dy + O ). (50)



The Malliavin weights are computed by the iterated Skorohod integrals.

H, (Séo>’@51,"'75k> - D* (\1,51 gl *1 DS(O)>
T
= (D*(Z) - Dz)o WPk
T T
= BT Z(s)dwl,s—/ D WP (T) Z(5)ds, (51)
0 0
Hi(Sp", WP P(T) = Hi(Sy, Heea(S3), 07 04(T)))
= (D*(Z) — Dz)" o WPt Pk, (52)

3.2 Implied Volatility Expansion

This subsection derives an asymptotic expansion formula for the implied volatility in the stochastic volatility model
considered in the previous subsection, where we obtained an approximation formula of a call option:

CV(T,K) = CP5(T,K,5) + €C1 + 2Ca + 2 Cs + O(*), (53)
where
C / *TT( T3S K>+E /TV( ©) g L&y 1 =1,2,3.  (54)
= e se — ™ o = e , 1=1,2 3.
r AR Vo) Y
We obtain an asymptotic expansion formula of the implied volatility around & = ( f o (0) )

Theorem 3.2 Under the stochastic volatility model (26), an asymptotic expansion of the implied volatility is given
by

_ c C 1 C} _
UIV(T,K):JqLeCéBSl(&) +62{ - I IOSCUBUS(J)}

2 3
+{ G _ —( G1_ ){ G _1 01_30505<a>}c£f<a>—1Cl_pffa(a)}ww

CBS(5) CB3(7)2 CES(5z) 2CE%(5) 31 CBS(5)
(55)
where C25(5), CB5(5), CES (5) are derivatives of the Black-Scholes formula with respect to the volatility, i.e.,
CF @) = 20"y = sV Tn(dh)
0?
Cor (@) = 550" lo=s = Sf n(ch)da d,
83
Croo(0) = 550" oo = Sf n(d){d?d3 — dids — d? — d3}. (56)
(Proof)
Suppose that an implied volatility is expanded as;
o'V(T,K) =5+ eo1 + 209 + 203 + O(e*). (57)
Then we have
CPS(T K, 6V (T,K)) = CP5(T,K,5)+ cCP%(3)or + {C’fs(&)ag + %cff(&) (01)2}
: 1
+ 0aC20) + 10202 0) + 5oICEL @)} + O, (58)

By the definition of the implied volatility in the stochastic volatility, i.e., C°V(T, K) = C®%(T, K, o'V (T, K)), the
approximation terms of the implied volatility are given by

o1 = _G
1 — CUBS(E_)a
B Co 1 Cc? BS /-
g2 = {COBS(&) - 20055(6_)3000 (U) )
B Cs Cq C: 1 C} BS, - BS = 1 cy? BS /-
= apvm (crvien) crm ~ Bepeian O @ OB GOt o)



3.3 Comments on Related Works

Fournié et al. (1999) applied Malliavin calculus to efficient Monte Carlo estimators for computing Greeks of options
in the Black-Scholes framework, e.g. for dS; = rSidt + 0(5>Stth and () = o + €,
2 Ble T (Sr — K)'] = 2 Ble " T(8 — K)lemo = Ble (S — K) . (60)

The estimator 7 is the so-called Malliavin weight. Subsequently, a number of papers extended the method. In
particular, related to our work, Siopacha and Teichmann (2010) developed strong and weak Taylor methods for a
system of stochastic differential equations (SDEs) with perturbations. Especially, the weak Taylor method is based
on the integration by parts on the Wiener space, which is a powerful tool for efficient Monte Carlo simulations and
is general enough to be applied to multi-dimensional SDEs. As an example, they applied the method to swaptions
under a market model of interest rates with one-dimensional Heston-type stochastic volatility and obtained an
approximation of the option prices including the expectation of the divergence on the Wiener space. In the last
step, they used Monte Carlo simulations for computing the option prices and demonstrated the efficiency of their
method comparing with well-known existing Monte Carlo schemes.

Lewis (2000) developed a new method for approximations of European option prices and implied volatilities.
In particular, he proposed an expansion with respect to a stochastic volatility parameter, ” vol-of-vol 7 (£ below)
under a general one-dimensional time-homogeneous diffusion process of the stochastic volatility, which is considered
as a special case of our setup. However, he took a different approach from ours to obtain an approximation: for
example, he considered the following generalized Heston model :

dSt = T‘Szdt + \/EStqu,
dve = bur)dt + &n(ve)(p(v)dWie + /1 — p(v)2dWa), (61)
where r and £ are constants. Also, W = (W1, Wat) is a two-dimensional Brownian motion and p(v) stands for the

instantaneous correlation between S and v. For valuation of call options, he used the following formula:

C(T,K) = So —

—rT %+OO )
Ke / otk H(k7UaT) dk, (62)

27 k2 — ik

2 — 00
where x = log (S/K(fTT)7 and H( called ”the fundamental transform”) is the solution to

*H
ov?

6H7122
87—2577(”)

+ (b(v) - ikfﬂ(v)n(v)ﬁ)%% —{(k* —ik)/2}vH, (63)

with the initial condition H(k,V,0) = 1. Then, he gave an approximation for a call price showing a scheme for the
expansion of H with respect to &:

H(k,v,T) = HO(k,v,T) + €HV (k,v, T) + €H® (k,v,T) + - - -. (64)

He also presented an explicit result of the expansion for the following model.

dvy = (w — Qve)dt + €07 (pdWhs 4+ /1 — p2dWay),

where w, 0, B and p are some appropriate constants.

This paper applies an asymptotic expansion approach to stochastic volatility models and derive the approxima-
tion terms including the Malliavin weights. Then, these weights are transformed into a finite-dimensional integration
through the duality formula of Malliavin (1997); that is, for T' € &',

E[T(St)r] = (B°T)'T,m)p_ . xDo = (T, B [1])p(aya = / T(z)E[r|ST = z]p(x)dz, (65)
R
where p(z) is the density of St € Do. This formula suggests that an element of the distributions on the Wiener
space D_ is the adjoint operator of the conditional expectation. It also shows that the push-down of the Malliavin
weights (the conditional expectation of the divergence on the Wiener space) is an element of the Schwartz space
S. Thus, applying both the integration by parts and the duality formula, we can obtain analytical approximations
for density functions, option prices and implied volatilities.
As a simple example, for dS; = rSydt + o9 S;dWi; and do'? = Ag(o!?)dt + €A1 () (pdWis + /T — p2dWay)
for some real-valued functions Ag(z) and Ai(x), we can obtain an approximation for a call option as follows:

C(T,K) = Ble (87 = K)'] = Ele"(SY) - K)*]+ %E[e*’%ﬁ — K)*le=o + O(€%)

Ele (89 — k)] + eBle T (S — K)ta] + O(c)
CP3(T,K) + e/

+
(sem_%E - K) ﬁ(m);e_ﬁzzd:r + 0(é%),
R

V22X
(66)
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where CP%(T, K) represents a Black-Scholes call price and

T 0 1 1 1
= mir [ oV =a] = ¢ (g - o’ — a1
) SERS PR 52 )

Here, ¢ and ¥ are some constants. (See Corollary A.1. in Appendix A for the detail.) Further, the integral in the
last line of (66) can be explicitly given.

Consequently, our method is a natural extension of Fournié et al. (1999) and Siopacha and Teichmann (2010)
in a sense that we obtain analytical approximations that do not rely on Monte Carlo simulations by making use
of push-down of Malliavin weights. Although Lewis (2000) took a different approach, our method can be regarded
as its extension because his models are included in our framework: in fact, Theorem 3.1 and 3.2 show that our
method and formulas can be applied to multi-dimensional models including time-inhomogeneous ones in a unified
way. That is, we can readily deal with multi-dimensional stochastic volatility models by the same procedure as in
one-dimensional ones. A concrete example will be shown in 3.4.2 Double Heston model. In this regard, it seems
not an easy task for other analytical approximations such as Lewis (2000), Hagan et al.(2002), Labordere (2008)
and Antonelli-Scarlatti (2009) to apply the methods to higher dimensional models.

4 Numerical Examples

4.1 One-dimensional Stochastic Volatility Models

This subsection shows numerical examples for the following stochastic volatility model:
dSt = (O'z)éstdWLt,
dor = MO —ou)dt+ €(o)(pdWh s + /1 — p2dWay), (67)

where all the parameters will be specified later. We set the risk-free interest rate to be zero (i.e. r =0 ). We also
use the following notations;

n(r) = —e 7,

N(z) = /_ n(z)dz,

oo

T t
¢ = p / 3(of?) Ve (o)’ / (00 dsdt,
0

s = /OT((U§°>)5)2dt,

D S(o) T D, 15© T
W) = 5(€)|€ 0/ - T g W _/ D,s7125¥)|€:0 T = To dt'/ (i) dWr, =
f D.18y))2ds 0 Oe [, (Da18)2ds  Jo
. 1 5 1 o 1 1
= ¢ (23 22 3 + E)
T 1/2
_ 1 2
g = (T/O ((050))5 dt) ,
log (i) 1
dl = 7\/? 5 \/7
log (%) 1
dy = — =&VT,
’ VT 2
CP% = sN(d1)— KN(dy),
L z—L1s2T _ + 1 _ 1 2)
Ci = /R (se 2 K) ﬁ(x)i\/m exp( PETla dz,
vega = sVTn(dy).

By using Corollary A.1 in Appendix A, the first order approximations of the asymptotic expansions of the option
price and the implied volatility are given by

Malliavin AE CB% 1 ey,

and

Malliavin IV = & +e

11

(68)
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First, we give the numerical results on the accuracy of our approximation formula for call option prices.

T=1,0=1/2~=1/2, s=100, (60)% = 0.3, A\ = 2.0, 0 = 0.09, e = 0.1, p = —0.5

l Strike price | Benchmark [ Malliavin AE

Relative error |

70 31.5478 31.5496 0.00%
80 23.6382 23.6471 0.04%
90 17.0487 17.0631 0.08%
100 11.8647 11.8816 0.14%
110 7.9947 8.0105 0.20%
120 5.2356 5.2474 0.23%

Benchmark : Heston’s Fourier transform solutions.

T=50=1,v=1,5=100,00=04,A2=0.1,0=04,¢=0.2, p=-05
Benchmark [ Malliavin AE

| Strike price Relative error ‘

70 46.4585 46.3591 -0.21%
80 41.5476 41.4427 -0.25%
90 37.1770 37.0591 -0.31%
100 33.2892 33.1521 -0.41%
110 29.8338 29.6697 -0.55%
120 26.7639 26.5645 -0.74%

Benchmark : Monte Carlo simulation (1,000,000 trials, 500 time steps).

T=10,6=1,vy=1,s=100,00 =04, A=0.1,0 =04, e =0.2, p= —0.5
l Strike price | Benchmark [ Malliavin AE [ Relative error ‘

70 55.3842 55.2118 -0.31%
80 51.4141 51.2058 -0.10%
90 47.8183 47.5671 -0.53%
100 44.5521 44.2513 -0.68%
110 41.5785 41.2207 -0.86%
120 38.8648 38.4432 -1.10%

Benchmark : Monte Carlo simulation (3,000,000 trials, 1000 time steps).
Next, we show the numerical results for implied volatilities.

T =025 0=1/2, v=1/2, s =100, (00)2 = 0.15, A = 4.0, 6 = 0.0225, ¢ = 0.1, p = —0.5

| Strike price [ Exact IV [ Malliavin IV

Relative error ‘

70 17.25 17.17 -0.46%
80 16.39 16.35 -0.24%
90 15.62 15.63 0.06%
100 14.95 14.98 0.20%
110 14.39 14.40 0.07%
120 13.96 13.86 -0.72%

T=05§6=1/2,v=1/2, s =100, (Uo)% =04, A2=25,0=0.16,e =0.1, p = —0.5
l Strike price | Exact IV | Malliavin IV

Relative error ‘

70 40.63 40.34 -0.71%
80 40.30 40.20 -0.26%
90 40.02 40.07 0.13%
100 39.78 39.96 0.45%
110 39.58 39.85 0.69%
120 39.41 39.76 0.89%

T=106=1/2,v=1/2,s=100, (60)"?>=0.2, A=20,0=0.04, e =0.1, p = —0.25

l Strike price | Exact IV [ Malliavin IV

Relative error ‘

70 20.68 20.60 -0.40%
80 20.36 20.36 0.00%
90 20.10 20.15 0.26%
100 19.90 19.96 0.32%
110 19.75 19.80 0.23%
120 19.63 19.64 0.06%

12




4.2 Double Heston Model

Our method is general enough to be applied to multi-dimensional models. For instance, Gatheral (2008) introduced
the following double stochastic volatility model;

ds'? = rSdt + /!9 S aw ,, (69)
vl = k@ =N dt + e\ v (prdWr s + /1 — p2dWay), (70)
Aol = RO — 0Vt + eoar\/ 0\ (p2d Wi 1 + /1 — p2dWs.,). (71)

with p1,p2 € [—1, 1]

We derive an approximation formula for the double Heston model and show some numerical examples. Let
cPouble SV and ¢!V (T, K) be the call option and the implied volatility under the double Heston model;

CDouble.SV(T’ K) — efTTE[(ng) — K)+L
CBS(T, K, O_IV(T7 K)) = CDoubleASV(T’ K).

We have the following approximation formulas for CP°ubte-SV and oIV (T, K).

Proposition 4.1

cPewleSVT Ky = OPS(T,K,5) + e1C11 + e2C12 + O(€%), (72)
1 1
UIV(T, K) = o+¢a Ci1 + e2 Cia +O(€2), (73)
vega vega

where €1 = €, €2 = €oa,

—rT z4rT—1x + 1 3 1 5 1 1 1 — L2 .
e /R (se 2 7K> i (ﬁx ab>ridi §3m+ 5 2er =% dx (i =1.2),
1 t s
m o = 5p1/ 67NS/ e”uvfﬁ)duds,
0 0
t s El
1 _ _ o
e = 5pg/ ke NS/ e/ T)SLO)/ TR gy vfto)duds,
0 0 u

7= 9+(’U80) _6)%+(60_0)/{i7‘6 ((1 —R(;_RT) - (1 _IieT‘_KT)) )

Cli

vega = sVTn(d),

with kK # R.
(Proof)

By the asymptotic expansion with push-down of the Malliavin weights, we have

CDouble.SV(T7 K) _ €_TTE[(S¥> _ K)-Q—}
. r 0 (e
= TESY — K)Y) + e TE [(S(TO)—K)+H (S;O’m,&sg )|€:0)} +O(3)
1 1
= CP%(T,K,s +667TT/ 5™ T3S Tz
(. K.) K o) s

where

T 9e

T
I(e) = E [H (s(” §S§€)|6:0) | / Vol aw, , = m:| . (74)
0

%St“)k:o is given by

9 (e
250010 = 50X,

t t
1 1
Xt = / 2’UL(:)|€:06”/V1’S — */ gv§€)|5:0d8 .
0 2¢/0© Oe 2 J, Oe

where
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Then, 9, the push-down of Malliavin weight is computed as follows;

. e ’
da) = B [(D (2) = Dz) o 58" || / Voldwy = ]
0
T 0 r
(7 - 7) oE|Xr| [ Volawi, =z
> Oz o
1 1 1 1
= (C1+G) <§x3 - ﬁgﬂ ~ 5337+ E) (75)
where
zZ = _ DS
1015 1
1 t s
G = fp1/ 67“/ "0 duds,
2 0 0
1 t ] s 7, s N
G = §p202/ ffef'“’/ e/ 177SO>/ TR gy vio)duds.
0 0 u
Therefore, we have
CDoubl&SV(T K)
BS _ —rT z+rT—1% >+ ( 1 3 1 5 1 1) 1 — L 22
T, K 27— K = - =z — =3 = 2= d
C”°(T,K,5) + ee /R(se (G + &) % 32t T a:—!—E \/ﬁe x
+0(e%). (76)
By the similar argument as in 3.2, the implied volatility is expanded as follows:
o""(T, K)
_ 1 _r ( etrT—1% >+ ( 1 3 1 5 1 1) 1 12
= -K =z — =z — =3 = 2% d
UJrevegae /R se (¢ + ¢2) Esm 2296 5P T + = 27r2]e T
+0(€). (77)

Next, we show the numerical results on the accuracy of our approximation formula for the call option prices
under the double Heston model. Also, in the tables below we define Malliavin AE and Malliavin IV as follows:

Malliavin AE = P + 6,011 + 2012,

C C
o, Ce

vega vega

Malliavin IV = o+ ¢

T=1,5=100, 00 =ve/> =04, \1 =0.1, e = 0.1, py = —0.5, Ay = 1.0, 0 = 0.16, e = 0.1, py = —0.25
0 P

Strike price | Benchmark | Malliavin AE ‘ Relative error ‘

70 33.6198 33.5304 0.27%
80 26.5663 26.4797 0.33%
90 20.6084 20.5439 0.31%
100 15.7241 15.6937 0.19%
110 11.8225 11.8301 -0.06%
120 8.7741 8.8198 -0.52%

Benchmark : Monte Carlo simulation (1,000,000 trials, 500 time steps).

T =25, s=100, 00 = v./> = 0.4, \1 = 0.1, & = 0.1, p1 = —0.5, Ao = 1.0, § = 0.16, €2 = 0.1, p» = —0.25
0

l Strike price | Benchmark | Malliavin AE [ Relative error ‘

70 39.3315 39.4345 0.26%
80 33.5871 33.6975 0.33%
90 28.6053 28.7170 0.39%
100 24.3161 24.4228 0.44%
110 20.6430 20.7397 0.47%
120 17.5111 17.5926 0.47%

Benchmark : Monte Carlo simulation (1,000,000 trials, 500 time steps).
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4.3 Parameter Identification

It is useful to see if the model parameter can be identified by our implied volatility expansion. For this purpose,
we first compute the implied volatility for a stochastic volatility model with some fixed parameters by a numerical
method such as Monte Carlo simulation. Next, we estimate the model parameters using our implied volatility
expansion. As an example, we use the Heston model;

X, = —%dt + VordW (78)
d’Ut = I{(@ — ’Ut)dt =+ 6\/U>t(de1,t + AV 1—- deWQYt),

where p € [—1,1]. Here, x and 6 are known to be the speed and the level of the mean-reversion parameters,
respectively. Also, the parameter v = €p is regarded as a skewness parameter.

We compute the implied volatility with So = eX° = 100, vo = 0.04, £ = 1.5, § = 0.09 and v = —0.05. Then, we
obtain data set {o™ (T}, Ki;)}s,; of the implied volatilities ( Exact IV ). Using our implied volatility expansion
and the data set {0 (T}, Ki;)}:.;, we solve the following minimization problem to estimate model parameters as
if they were unknown:

Jmin >3 1T, Kiy) — Malliavin TV(T;, Kij, vo, &, 0,v)[, (79)
i=1 j=1
where
Malliavin IV(T, K, vo, k,0,v) = & +v—, (80)
vega
with
1— efnT)
OB 81
R (81)
—rT rz—1lx + 1 3 1 2 1 1 1 P )
Ci = e /R(se 2 7K> m (gx fﬁx f§3x+§> 27r26 2= dux, (82)
1 t s
m = = [ e e o duds. (83)
2 0 0

As a result, we obtain the optimal parameters vy = 0.0404, x* = 1.5022, §* = 0.0863 and v* = —0.0336, which
are close to the true ones given above. Hence, the model parameters seems well identified by our implied volatility
expansion for this case.

The fitting results are shown in the following tables, where Malliavin IV are computed by these optimal
parameters (vg, k", 0%, v*) = (0.0404, 1.5022, 0.0863, —0.0336).

Monte Carlo parameter versus optimal parameter
l Parameters | Exact IV [ Malliavin IV

Vo 0.0400 0.0404

K 1.5000 1.5022

0 0.0900 0.0863

-0.0500 -0.0336

T=04
| Strike price | Exact IV [ Malliavin IV | Relative error |
70 24.31 24.23 -0.32%
80 23.68 23.66 -0.05%
90 23.17 23.17 -0.01%
100 22.67 22.72 0.23%
110 22.30 22.32 0.09%
120 21.92 21.96 0.17%
T=05
l Strike price | Exact IV | Malliavin IV | Relative error ‘

70 24.71 24.74 0.13%
80 24.13 24.17 0.14%
90 23.64 23.66 0.06%
100 23.18 23.20 0.10%
110 22.83 22.79 -0.20%
120 22.48 22.41 -0.33%
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4.4 Calibration to Market Data

In this subsection, we show calibration examples using an implied volatility data of Nikkei-225 option as of January
31, 2011, where the strikes are the closest to ATM with maturities 0.20, 0.28, 0.37, 0.62, 0.87,1.37 and 1.87 years.
Moreover, the data for ten different strikes other than ATM with maturity 0.87 year are also used since this kind of
data is most available for the maturity. We compare the fitting result of our expansion in the single Heston model
with that in the double Heston model. The single Heston model is expressed as

X, = —%dt + Vo dWi, (84)
d’l}t = Ii(e — 'Ut)dt + E1\/E(/71dWl,t + \/ 1-— p%dWQ,t)-

The double Heston model is expressed as
X, = —%dt + VordWh s, (85)
dvy = K1(0 —v)dt + e1v/ve(p1dWa + /1 — p2dWa ),
d'Dt = /{2(9 — @t)dt -+ 62ﬁ(p2dW1,t + AV 1- p%dWZi,t),

with W = (W1, Wa, W3) is a 3-dimensional Brownian motion. We define the skewness parameters v, and vz as
v1 = €1p1 and v2 = e2p2. We also define Malliavin IV 1 and Malliavin IV 2 as

Malliavin IV 1 (T, K, vo, k1,0,11) = &1+ Cu ,
vega
and
- _ _ Cu Ci2
Malliavin IV 2 (T, K, vo, Do, k1, k2,0, v1,v2) = &2+ 11 + s .
vega vega
where C1; (i = 1,2) are previously given, and
B o (1 _ efnT)
5 o= 0+ @0 — 0,
1—e ) K (1—e ")y  (1—e )
5 = 0+ —0)= ") 5o —0 - .
72 + (v ) rT + (@ )/@ —R rT wT

To reduce the degree of freedom in Malliavin IV 2, we give the condition vo = 79 = 6. For the Nikkei-225
data {oP***(T;, Ki;)}4,5, we solve the following minimization problems using our implied volatility expansions.

Optimization for Malliavin IV 1 (Single Heston model)

. Data . . 2

T;, K;;) — Mall IV 1 (Ti, Kij,v0, k1,0, .

onrﬁ{gyul El E 1 lo ( i) alliavin ( 7,00, K1, 0, 11)] (86)
i=1 j=

Optimization for Malliavin IV 2 (Double Heston model)

. Data . . 2
T;, K;;) — Mall IV 2 (T}, K;j,vo, K1, k2,0, 1, . 87
vomlyrf'gl,rgl,uhuz z; z; |U ( J) allavin ( 3,00, 1, K2 v V2)| ( )
i=1 j=
Then, we obtain the optimal parameters for the single and double Heston models, as shown in the following two
tables.

l Parameters | Malliavin IV 1 ‘

Vo 0.024
K1 2.805
0 0.0444
V1 -0.136
l Parameters | Malliavin IV 2
Vo 0.038
K1 9.355
(% 0.038
V1 -0.195
K2 9.070
Vs 0.580

The total differences (in L?-sense) between the calculated volatilities and the actual data are given as 2.956%
for Malliavin IV 1 and 2.663% for Malliavin IV 2. Hence, the fitting result of the expansion of the double
Heston is better than that of the single Heston. Also, the figures of the result for the double Heston model are
shown in Figure 1 and 2.
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5 Applications

This section provides approximation formulas for option prices under the shifted log-normal and jump-diffusion
models with stochastic volatilities; an expansion of the implied volatility is also given for the jump-diffusion model.
Also, for simplicity we set the risk-free interest rate r = 0 in this section.

5.1 Shifted Log-normal Model

This subsection derives an approximation formula of the option price in the shifted log-normal model with stochastic

volatility:
s’ V(NS — Bydwi i; S =5 >0
dol? = Ao(c!)dt + €A1 (') (pdWis + /1 — p2dWay), (88)

where (3 is a constant such that s > 3. At e = 0, the option price is given by

oPS() = / (5= 94 = (K - 9 A B (39)

We define the following deterministic process:

t
N = exp{/ Af)(m&o))du}.
0

Then, the following proposition is obtained.

Proposition 5.1 An asymptotic expansion formula for the shifted log-normal model (88) is given as follows;

c%V(B) = CP¥(B)+eC1(B) +O(), (90)

where
2

aE) = / (5= B 4% = (K = ) 0(0) e, (1)
R T
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with

Y = V(e!?)%dt,
0
1 5 1 5, 1 1
Hz) = C(ﬁx ~ 32 —§3 +§>,
T t
¢ = p / oV (o) (o) / 7 A (0 @)V (01 ) dsd. (92)
0 0
(Proof)
We first note that
Sy = dFY = V(o\ I dWr e FY =s—8>0, (93)

where F(9 = $'9 — 3. Note also that (S<T€) -K)t = (Féf) — (K — B))". Hence, in stead of the original problem
we can consider the option pricing problem with the underlying asset price process F(© and strike K — B. Then,
the same argument as in Theorem 3.1 and Remark 3.1 can be applied to computation of the push-down of the

Malliavin weight; ¥(z) := F [771| fUT V(eYdW, , = m], where

m o= H(FY,v(T)
0 (e
Ty = &F;ME:O. (94)

Thus, the result is obtained. O

5.2 Jump-Diffusion with Stochastic Volatility Model

This subsection applies the Malliavin calculus to a jump-diffusion stochastic volatility (SVJ) model. Let (2, F, P)
be a probability space on which we define a Brownian motion (W}):, a Poisson process (INV;); with intensity A and
i.i.d random variables (Aj);en such that A; ~ N(0,1). We will assume that the o-algebras generated by (W),
(Nt)t, (Aj); are independent.

First, we introduce the perturbed stochastic differential equation : For € € [0, 1],

dS{ = V(oS dWy . + S (dJ, — Amat),

Sée) =5,
do'? = Ag(o{)dt + €A1 (0$) (pd Wy, + /1 — p2dWay),
o) =0, (95)

where J; is defined by

N(t)

Jo=Y (7 -1), (96)

j=1
with Y; = a 4+ bA,; and m = E[e7 — 1].

The solution of (95) is given by

N(T)

T T
Sr = sexp{/ V(e{)dWy ,; — 1/ V(aée))th} H e¥i
0 2 Jo iy
T 1 (7 N(T)
= sexp{ / V(o )dWy, — 3 / V(o) dt + ZYJ}. (97)
0 0 j=1

We define the following notations:

X9 = log(S'9/s), (98)

1 T 1/2
oP% = (T/O V(O’t(0>)2dt>
T
Y = (/ V(crt(0>)2dt+b2n),
0

1 T (0) b*n 2 1/2
0)\2 BS\2 2
On = (T/o Vi(ey™) dt+T) = (079" + (0*n/T)) ",
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—xmT + (a4 b*/2)n

o= T s
dy = 1og(s)+ A
n . Unf 2 b
CES(TK,0,) = sN(dn)—e ""KN(dn —onVT),
2L A1+ m)T) e 2A+mT
CM(T,K,oP%) = Z (A( ) 2! CES(T, K, 0n)
n=0
VT, K) = E[(SY - K)*].

Moreover, let us call 05V 71V (T, K) an implied volatility, which satisfies
VT K) = cM(T, K,V V(T, K)). (99)

Then, the following proposition is obtained.

Proposition 5.2 Under the jump-diffusion stochastic volatility (SV.J) model (95), the call option price C5V7 (T, K)
and its implied volatility o°V 71V (T, K) are expanded up to the e-order as follows:

cVNT K) = CM(T,K,o%%) +eCM +0(?), (100)
SVJIIV BS 1 M 2
o (T)K) = o +6W01 + O(€), (101)
where
> n_—AT T +
cl = Z B / Sexikaiéfo V<Ui0)>2dt+"a—[( Un(z) L eiﬁnzgd%
— n! R V2T,
Mo e ()\(m+1) )n —A(m+1)T BS
vega = Z ] Tn(dy), (102)
n=0
with
o) = (gt gt g
T t
¢ = p / oV (a;")WV (i) / s A0V (o) dsdt,
0 0
- exp{/ Ay () du } (103)
0
(Proof)

See Appendix C.

6 Conclusion

This paper developed an asymptotic expansion method for generalized Wiener functionals based on the integration-
by-parts formula in Malliavin calculus and the push-down of Malliavin weights. As an application, we derived
asymptotic expansion formulas for option prices and implied volatilities as well as the density of the underlying
asset price in stochastic volatility environment. we also presented numerical examples for expansions up to the first
order (e-order). Moreover, we applied the general formula to expansions of option prices for the shifted log-normal
model with stochastic volatility. Further, combining some existing results of Malliavin calculus in jump-type models
with our method, this paper we presented an approximation formula for the jump-diffusion model in stochastic
volatility environment. More detailed numerical experiments and higher-order expansions are our next research
topics.

A Computation of Push-down of Malliavin Weights

This section derives the push-down of Malliavin weights for the first and second order approximation terms of the
asymptotic expansion of option prices.
We consider the following stochastic volatility model;

dS(E) — ( (f))S(E)dwl t

ol = Ag(0!)dt + €A1 (019) (pdWrs + /1 — p2dWay),
S( ) S(O) =s,
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where V, Ag, A1 € Cy°(R), r >0, p € [-1,1] and € € [0, 1].
Also we use the following notations;

Bt le’t + \/ 1-— pZWQ’t7 (104)

t
Nt = GXP{/ A’(ULO>)du},
0

0@ = 0O 4o 2 o),
8 t

o = D)= / nen A (o0s)dBs,
Oe o

@) 19 o0 ' ’

2 —1
T T 5927 e= 02/0 aAl(aoS)/O NsNw A1(oou)dBudBs,
o = V(o)

U,El) =V (JOt)Ut(l),

v = 2V (00)o® +V (oor) (o).
T 1 T

x© = / V(oo:)dWr ¢ — 5/ V(oo)?dt,
0 0

1 a €

Xy = aXéne:O
T T
- / vt“)dWl,t—/ V(oo)viMat,
0 0
82

2 €

xP = o X3 ]e=0

T T
- / v§2>dWLt—/ (v,ﬁ“)th—/ V(oo)v!?dt.
0 0 0

The closed-form approximation of the density and the call option price at t = 0 with strike K and maturity 7'
are given by

SV(

V() P8 (y) + eBlm|SY = a]p”5 (y) + € Elma|SY = a]p”% (y) + O(),
csV(T,K) = CE%(T,K,5)

+e / (y — K) E[m |5 = 2]p® (y)dy
R

e / (4 — K)* Em|S®) = alp®S (y)dy + O()
R

= C7%(T,K,5)

z—1% fT V(ogs)?ds * T
+e/ se” 2Jo o -K E[7r1|/ V(oot)dWi, = zn(X : x)dz
R 0

_1 fT V(00s)2d + T
+62/ <seI 2o V70T K) E[wz|/ V(o0t)dWh s = z]n(E : z)da + O(e?).
R 0

where 71 and 73 is the Malliavin weights:

1 = H1 (ST ,a S( )lg 0) (105)

1 o A 1 0 € 2
m o= <S(T°),828()| >+2H2 (S(TO),(aES(T)Ieo)) (106)

Note first that for t € [0,7], Di2a X = D; 28 =0, D1 X = V(6(”), Dia S = SO Dy 1 X = SOV (6{?)
and HDS(T(])H?H = ||D15<TO)||%I = (S(T0>)2Z where ¥ = fOT V(UEO))zdt. Let Z be the function on L2[0, T] defined by

(0) (0)
Z(s) = ”25;5;?”2 = V(”ES ). Recall also that D; and D} are the Malliavin derivative and its adjoint operator
12p g
(Skorohod integral) for the Brownian motion Wi. Then, the second-order Malliavin weight is computed as follows;
0) (0
0 ol N L pe (PSSP X0 + (2 X m0))
H1 ST ,ps | =0 — Dl (O) 5
HDlST ||H

0 0 2 € 0 0 €
i [(DSES 5a Xm0\ | e (DS SR (5 X0 |ec)?
(0] (0]
I1D1SY112 ID1S5 1%,
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= (X0 X))+ m (x0,(x(0)?)
T T
= X<TQ>/ Z(s)dW1,s—/ D1 X2 Z(s)ds
0

0
T T
+(X(T1>)2/ Z(s)dWLs—/ D1 (X2 Z(s)ds, (107)
0 0

2 6 . 2
<s°, iy ) — H, (S;(”,Hl (Sé“% (55510 ))
Dy S(O) D S(O)(S;O){;?FX( )‘67 )
[122 S“”HH D15 1%,

D15(0> ((S(O)X(l)) Z))

T T
{ SO (x. Z(s)dwl,s—/ Ds,l(S<TO)(X<T1))2)Z(s)ds}>
0
DlS(O T T T
= 1D SO { sy (X)) Z(s)dwl,s— / (D155 (X0)? 2 (s)ds — / S (Ds 1 (X)) Z(s)ds
0 0
D, S5 SO (x T © (2 [ o [ (1)y2
— Y Z(s)dWLS—ST (x) i V(o) Z(s)ds — S 0 (Dsp (X)) Z(5)ds

d
i

B (nifgiﬁ
% (s,
drn
drn

) T .
e { X /Z( )dWI’S_/(Ds’l(xél))z)Z(s)ds—(X&l))2}>

1D X213
— (X(m X)) — H, (Xm) (x(D)y2 )

Then, we have

T2 = —H <X<0) X<2)) +H, (X;O),(X;”f)

1 r 1 r 1 r
= —H, (X9 o®awi, ) —zH (X3, [ @2t ) — <H, [ X9, [ V(oo)oPdt
2 0 2 0 2 0
T

In order to compute the expansion coefficient including the push-down of the Malliavin weights, we give the
following formula (111) which is modified version of Malliavin (1997) and Malliavin-Thalmaier (2006).

Proposition A.1 For ¥ € Doc(W: R) and Z = ‘hHQ with h € H,
E[D*(Z)¥ — Dz¥|D*(h) = x] = x2 E[Y|D*(h) = z] — 2E[\IJ\D*(h) =1z (111)
17117 Oz
(Proof)
We follow Proposition (8.2) in p.82 of Malliavin (1997).
Let g be a non-degenerate Wiener smooth map, g € Doo(W : R™) and z = (2%, 2%,-- -, 2") be a vector field on

R". Suppose also that Z = (Z*,Z2,---, Z%) be a lift of z to the Wiener space ( a covering vector field of z );

Ze) = Y v (Derg®)?,

1<s,l<n

where v*! is the (s,1)-element of the inverse matrix of the Malliavin covariance matrix of g.
Then, Proposition (8.2) in p.82 of Malliavin (1997) says that for ¥ € Do (W : R) and k(x) = E9~°[¥] where
E9=% denotes the conditional expectation under g = x,

E°=[D*(Z)V — DzV| = k(x)E="[D*(2)] — 0.k(z),

where 0.k(z) := (z, (dk(z)/dz)). In our case, set g = D*(h) and then, g € Doc(W : R) (i.e. n =1). Also,let z =1
and hence,
_ Dg _ h

~DgllE  NIRlE
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Finally, note that E9=%[D*(Z)] = =% in our case, and thus the result (111) is obtained. O

HhH

Using (111) above, we give the first order approximation formula of the call option price under the stochastic
volatility.

Corollary A.1 The first order approximation of the call price is given by

+
CSV(T7K) = CBS(T,K,E)—l—e/ (5@”“%2_[() O(x) e—%xzd%
R 2y
(112)
where
1 s 1 5 1 1
o) = C(ﬁ‘r Ik —§3m+§> (113)
T
¥ o= / V(c!?)2ds,
0
T t
¢ = P/ V'(Uz(o))mV(Ut(o))/ n AL (0O (@) dsdt, (114)
0 0
with

¢
N = exp{/ AB(J&O))dU}, (115)
0

where AO( (0>) = %ﬁb:gi‘”'
(Proof)

By (111) and the formula *

T t 2
[/ / hgudwluhgtdWU\/ h1odWi o —x:| = (/ / hguhluduhgthltdt> (;2 - ;) (116)
0 0

for h; € L*[0,T), i = 1,2, 3, The push-down of the Malliavin weight H; (Xéo), fOT 'U,El)dWM) is obtained as follows.
T T
E |:H1 (Xé«()),/ Ugl)dWLt) ‘/ V(UOS)dWLs = CE:|
0 0
T T
E [(D*(Z) — Dz) O/ Ugl)dW1,t|/ V(O’os)dWLS = J}:|
0 0

9 T t T
- (7 - 7> oB | [ V'ow) [ mnitA(oos)dBedWis| | V(oos)dWis ==

¥ Oz o o

0

z® 3x
_ (E - ) 3 (117)

where ¢ = pfOT V' (oot)n:V (oot) fot s ' A1(00s)V (00s)dsdt.
By (111) and the formula;

T T T T
E / hztdW17t| / h1,dWiy =z| = / hathidt | =, (118)
0 0 0 Y

the push-down of the Malliavin weight H (X(TO), fOT V(ao,g)vt(l)dt) is obtained as

r T T
E Hl(X;OL/ V(UOt)v,El)dt)|/ V(00s)dWi s :ac:|
0 0

= E (D*(Z)sz)O/ V(O’m)V’(O’m)/ ntT];lAl(O'os)stdﬂ/ V(JOS)dWLS—ZE:|

= E (D*(Z) —DZ)O/ T]S_lAl(UQS)/ V(O’Ot)VI(O'Ot)T]tdtdBS|/ V(Uos)dWLS _:l?:|

x (9 T T T
- (7 Bl 7) oF n: ' Av(oos) [ Vieo)V (oo medtdBs| [ V(o0s)dWis ==
¥ Oz o . o

x2 1
= <22—2> C. (119)

IFor the derivation and more general results, see Section 3 in Takahashi-Takehara-Toda (2009).
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Therefore, we obtain

1 5 1 5 1 1)

T
E[m|/ Vioo)dWi =2x] =¢ (—;r - =z - =3+ = (120)
; DEREES RS RS

O

A.1 Second Order Approximation

This subsection lists up the results necessary for computing push-down of the Malliavin weights of e2-order terms,
(110).

A.l.1 Hl(Xéwo),foT ’UEQ)CZWLt)

T T
E[Hl(X;m,/ v,ﬁ”dwl,t)\/ V(oos)dWn s = 7]
0

0
bt 62 3 z? 1
= (24 — 55t 22) (2b11 + b12) + (22 - E) bis, (121)
where
T t s
bu = p° / V' (00:)V (001) / Al (00s)nsV (00s) / Na A1 (00u)V (00u)dudsdt,
0 0 0
T t 2,
bia = / (/ V(aoS)nslAl(UOS)dS) V' (ooe)n; V(oo dt,
0 0
T " t 2
bis = / V" (60r)V (00t ( / nznflA1(00s)> dsdt. (122)
0 0

A2 H(XY [ (i)

T T 3
3
E[HI(X<T°>,/ (v§1>)2dt)|/ V(oos)dWi e = 2] = (;3 - ;;f) b1 + %bzg, (123)
0 0

where
T t
by = / (V' (o)) ( / 0 A (00x)V (o00)ds) P,
0 0

e = [ Vo [ dn(oun) s (124)

A13 Hi(XY [TV (00:)0Pdt)

T T 3 3
x 3x T 3x x
E[Hl(X(O),/ V(Um)v@)dt)\/ V(oos)dWhs =] = 2 ( - > bs1 + < - ) b3z + = bss,
T o ¢ o 3 X2 3 P by
(125)
where
T t s
b31 = p2/ V/(O'Ot)V(O'Ot)/ A;(JOS)T]SV(UOS)/ n;lAl(Jou)V(Uou)dudsdt,
0 0 0
T, t
b32 = p2/ (V (O’ot)n?V(UOt))(/ n;lAl(UOS)V(UOs)dS)th>
0 0
T, t
by = / (V" (oo )2V (002)) / (1 Ax (00, dsdtr (126)
0 0
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A.l4 HQ(X(TO), (fOT v,gl)dW1,t)2)

T T
B ([ o 0d)] [ viewam. = a
0 0

where

b41

b43

b44

bas

A5 Hy(XY, [ ol

where

A6 HyXP (T V(o

2

15z 4522 15 zt 6z 3 T 1
- 55 + s 23> ba1 + (24 -5 + E) (2b42 + 2bag + baa) + (22 - 22> bus,
(127)
T t 2
= (p V(oo ntV(UOt)/ nslAl(Uos)V(UoS)dsdt) ;
0
T t s
= / V'(oo)n:V UOt)/ V/(Uos)ﬁSV(O'os)/ (na t A1 (00u)) dudsdt,
0 0
T t s
= p/ V'(oot)n:V am)/ V'(Uos)A1(aos)/ V(o0u)m A1 (oou)dudsdt,
0 0
T ¢ 2
= p / UOt 7715 (/ US_IAI(UOS)V(O'OS)ELg) dt,
0
T
= / (V' (o0t)nt)? /(;1A1(Uos))2dsdt. (128)
0 0
T 1
Waw, [TV (oor)oiM dt)
T T T
E[Hy (X', / o Ddwy / V(oo dt)| / V(oor)dWr s = 1]
0 0 0
x° 1023 15z x> 3z
= <25— si T s bs1 + e (bs2 + bs3), (129)
T t T T
bsi = p° (/ q3tq1t/ q25qlsd5dt> (/ Qau (/ q5sd5> qludu>
0 0 0 u
T t T
bs2 = (/ q3tq1t/ Q4sq2s </ Q5udu> det>
0 0 s
T T t
bss = <,02/ q4tq3t </ Q5udu>/ q2sqlsd5dt>:
0 t 0
qit = V(UOt)7
a2 = qu=n; Ai(oo),
g = V'(o0)ne,
gt = V'(o0t)V(0ot)n:.
(130)
1
or)viVdt)?)

E[Hy(X? (/TV(O' Yol dt)? \/ (00s)dWr.s = 2] 2{(5”4 6“2+3>b +(mz 1>b ]
2 5 0t Os 1,8 — - =y = 61 ey 62 | »
LAY t TR SERSS SES

where

(131)

S

(=2}

2
Il

T t t t
p2/ g3t (/ unqludu) (/ (/ qSSds) Q2uQ1udu) dt
0 0 0 u
T t t
/ g3t / T ( / qgsds> dudt,
0 0 u
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qie = V(oot),
q2t ny " Ai(oor),
gt = V'(c0)V(oot)n:-

B Detail of Computation in the Second Order Asymptotic Ex-
pansion

This section presents the detail for computation of push-down of Malliavin weights in the second order asymptotic
expansion. The results has been already reported in the previous subsection.

B.1  H (XY, [T vydWyy)

T T
Hl(X(TO),/ vy dWy) = (D*(Z)—Dz)o/ Vo dWi 4.
0 0

By the formula (111) in Proposition A.1, we have

T T
E[HI(X(T‘”,/ v2tth)|/ V(0os)dWh & = ]
0 0

- P T T
= (E — %) [¢] E[/O U2tth| A V(UOS)dWI,S = ‘T] (132)
Note that
E[/ 'U2tth|/ O'ob dWl s = .T]
= 2E[/ V (O'Ot)/ Al(o'()s)/ 77577“ Al(G'ou)dB dB th|/ UOs)dW1 s = x}
0
+E[/ (oot (/ ntmlAl(Uos)st) th\/ V(oos)dWh s = 1]
0
z°3 3x 2 T , ¢ ’ -
= 2w\ V'(oot)V(o0) [ Ai(00s)nsV (00s) | Na A1(00u)V (00u)dudsdt
0 0 0
x> 3x r ¢ v —1y d ’ VN 21/ d
+lm -5 i i (00s)ns  A1(o0s)ds (oot)ne V (oot )dt
l’ T 1 t 2
+E/ V' (00t)V (00t) (/ ntnt1A1(003)> dsdt (formulas 4.,5. in Appendix E)
0 0
53
= (;S — mez (2b11 + b12) + (%) bis,
where
T t s
b1 = p2/ V/(O'Ot)V(O'Ot)/ All(o-Os)nsV(UOs)/ nglAl(JOU)V(UOu)dudsdt,
0 0 0
T t 2,
bl = / (/ V(O’os)’r]s_lAl(Uos)dS) V' (oo )i V(oos)dt,
0 0
T 1" t 2
biz = / |4 (Uot)V(UOt) (/ ntntlAl(UOS)) dsdt. (133)
0 0

Malliavin weight:

T T
E[H, (X, / v dWi )| | V(oos)dWi s = 7]
0 0

z* 62® 3 1
= (2:4 ST + 2 (2b11 + b12) + SEREDS) bis. (134)
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B.1.1 H (XY, [

T T
H, (X,;«O),/ ’U%tdt) = (D*(Z) — Dz) o / U%tdt,
0 0

By the formula (111) in Proposition (A.1), we have

T T
Bl (X, / di)| / V(o0s)dW,s =)
0 0

(% B a%) o E[/OT viidt| OT V(00s)dWh,s = . (135)
E[/OT viidt| /oT V(gos)dWi,s =a] - = T(V "(oot)ne /Ot s ' A1 (00s)dBs) dt| /OT V(oos)dWy,s = x]
g > ( AT(V/(JOt)nt)2(/)t nslAl(JOS)V(Uos)ds)2dt>

(5-
ol
(5

c\

1\3

q

¢
"(oot)ne) / (n;lfh (005))2d8dt. (formula 3. in Appendix E)
0

xQ ) ba1 + bas, (136)

where

by = / (V' (o00m)*( / 0 A (002)V (000 ds) L,

T t
e = [ owm? [ (0 stenn) s (137)
0 0
Malliavin weight:
) T T z3 3z x
0 2
Bl (XY, / vdb)| / V(oo )dWi,s =a] = <zszz>bm+z””~ (138)

B.2 Hi (XY, [TV (oo)vadt)

T T
H1 (X:Sﬂo),/ V(O’ot)’l)ztdt) = (D*(Z) — Dz) (e} / V(O’ot)vztdt.
0 0

By the formula (111) in Proposition A.1, we have

T T
E[H: (X, / V (oot )vaedt)| / V(00s)dWs ¢ = ]
0 0

= (% - %) E[/OT V(oot)v2edt| /OT V(oos)dWh,s = z]. (139)

T T
E[/ V(O'()t)UQtdt| V(O’os)dWLS = :E]
0 0

T t s T
= 2F] V(UOt)V'(UOt)/ A'l(aos)/ nsnglAl(UOU)dBustdt\/ V(o0s)dWh,s = ]
0 0 0 0
T

E[| V(eo)V (o0 t vz P Ay (005 )dBs 2d Tv 00s)dWi.s = x
+[/O()()(/07777()>t|/0() ]
= 92 (;2 —;) (p2/0 V’(JOt)V(UOt)/O A'l(aos)nSV(a'os)/O nulAl(a()u)V(a()u)dudsdt)

* (; - é) (f / (V" (0o )n? V (a00)( / nslAl(aoS>V(oos>ds)2dt)
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T t
+/ (V”(Um)'an(agt))/ (ns ' A1 (00s))?dsdt, (formulas 2., 3. in Appendix E)
0 0

2 1 2 1
= 2 (;2 E) bs1 + (;2 - E) b3z + bas, (140)
where
T t s
b1 = p2/ VI(O'Ot)V(O'Ot)/ All(UOS)T]sV(UOS)/ nglAl(UOu)V(Jou)dudsdt,
0 0 0
T t
by = o / (V" (oo V (o00))( / 1 A (000)V (000 ds)
0 0
T t
bo = [0 @oiVian) [ (7 As(oon) st (141)
0 0
Malliavin weight:
©) T T z° 3x z> 3x T
0
Bl (X0, [ Viewpaan] [ Ve o) = (E _ E) b+ (E - Z) bus + Lt
(142)

B.2.1  Ho(XW, (f) v1edW1,)?)

T T
E[HQ(X(TO),(/ vltqu)z)\/ V(0os)dWh s = x]
0

0

(:c o )2 r o [T
= —_— —— o E[(/ ’UudWLt) ‘/ V(O’os)dWLS = m]
> Oz o o

T T
E[(/ vltdW1,t)2|/ V(O‘Qs)dWLs = LU]
0 0

T t T
— B / V' (oo / 0o A (002)dBLd W )| / V(00.)dWh . = a]
0 0 0
4 62 3 r b
= (24 — % + 22> <p/ 1% (O'Ot)ntV(O'Ot)/ M5 LA, (00s)V (00s)dsdt
0 0

12 (;-;> < | viewnvew [ vienmvin | <nu1A1(00u>>2dudsdt>

+2 (;—;) <p2/0 V’(OOt)mV(OOt)/O V'(UoS)Al(croS)/O V(JOu)nilAl(OOu)dUdet)

+ (;2 - ;:) <P2/0 (V' (oo)ne)* (/0 U31A1(005)V(005)d3> dt)

4 2 2 2 2
T 6x 3 T 1 T 1 T 1
= (24_23+22> b41+2(22_2)b42+2<22_2> b43+<22_2) bia + bis. (143)

2

where

S
N
=

Il

T . )
(p V’(Got)ﬂtV(Uot)/ ns—lAl(Uos)V(aoS)dsdt) ,
0 0
T . .
bz = / V/(aot)ﬁtV(UOt)/ V’(Uos)nsV(JOS)/ (' Ay (00u)) dudsdt,
0 0

T

t s
bas 0 V' (got)n:V O'Ot)/ V/(O'QS)Al(O'oS)/ V(UOu)nglAl(a%)dudsdt,
0 0

T ¢ 2
baa p/ "(oot)nt) (/ ns_lAl(UoS)V(aoS)ds> dt,
0
T

bis = / (V' (00 me)? / (5 A (00:))?dsdt. (144)
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Malliavin weight:

T T
E[I‘Ig(}(éﬂo)7 (/ UltdWl,t)2)|/ V(UOs)dWLS = x}
0 0

6 4 4 2
x 152 4522 15 x 6z 3 x 1
= (26 ST 23> bar + (2423+ E) (2ba2 + 2baz + baa) + <22 22) bys.

(145)

B.3 HQ(XrZ(wO),fOT Ultth fOT V(U()t)vltdt)

T T T
E[Hy(XY, / v1edWi 4 / V(oor)vnedt)| / V(00s)dW1 s = 1]
0 0 0

T 9 \?2 r T T
(E - 67) o E[/ Ultdwl,t/ V(U’ot)Uudﬂ/ V(Uos)dWLs = (T}
z 0 0 0

T T
E[/ v1:dWh t/ V(oot) Ultdt|/ (00s)dW1,s = 2]

T 3
3
= (/ Q3tQ1t/ q25q15d5dt> </ Q4u (/ qSSds) qludu) (;3 _ Z;g)

+ (/ q3tq1t/ qasq2s (/ qsudu> dsdt

0 0 s

T T t -

+p2/ qatqst (/ qsudu) / qgsqlsdsdt> = (formula 6’. in Appendix E)

0 t 0

© B bs1 + o (b + bs3), (146)
ST A 52 + bs3

where

gt = V(oo),
a2 = qu=mn; " Ai(oo),
g3 = V/(am)m,

gst = UOt UOt 7]t7

T
p </ Q3tCI1t/ q2sqlsd5dt> (/ Gau (/ q55d5> q1udu>
T
(/ q3tq1t Qasq2s </ QSudu) dsdt>
T T ) t
(P/ qatq3t (/ Q5udu>/ qQSqlstdt>~ (147)
¢ 0

T T T
E[Ha (X, / v1dWh / V(oo )viedt))| / V(oot)dWi,; = z
0 0 0
x° 1023 15z x3 3x
= (25 ~ it s bs1 + SERE (bs2 + bs3). (148)

B.3.1  Hao( X\, ([ V(oo viedt)?)

bs1

b52

b53

Malliavin weight:

E[HQ(X’;P)» (/ V(UOt)Ultdt)2)|/ V(UOS)dWLS = x]

- (&- 8%) o B( / "V (ouvnedty / V(ou Wi = 4]
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E[(/ V(Uog)vltdt)2|/ V(JOS)dWLS = Ll’}
0 0

= E[(/ V’(am)mV(am)/ nglAl(aoS)stdt)2|/ V(00s)dW1 s = ]

T t . . L
2
{2/? / qst (/ Q2uQ1udu> (/0 (/u Q35ds> q2uQ1udu> dt} (EQ _ E)
! / q%/ i < / QSSdS) dudt (formula 3°. in Appendix E)

1
= 2 <Z2 — ) be1 + 2be2, (149)
where
gt = V(oo),
g2 = n; " Ai(oo),
gze = V'(00))V(000) e,

o

o

e
I

T t t t
P2/ g3t </ q2uqludu> </ (/ Q3sd8> qzuqludu) dt
0 0 0 u
T t t
bea = / qgt/ T (/ q3sd5> dudt (150)
0 0 u
Malliavin weight:

(0) T 2 T z* 62° 3 2?1
E[HQ(XT ,( ; V(O'Ot)’l}ltdt) )| ) V(O’os)dWLS = CE} = 2 i — 55 + 5 bg1 + 5] — 5 be2 | -
(151)

C Proof of Proposition 5.2

Let CM denote the coefficient of e-order in the asymptotic expansion of C°V” around e = 0:

0 e
(G N [
+
— E {az {(s}o) - K) } gsﬁeo]
oo + 9 .
n=0

where

o
0, { (sgn - K) } — o= K)o

Next, by the integration by parts formula including the jump amplitudes (e.g. Bavouzet and Messaoud (2006)),
the right hand side of the last equality in the above equation is expressed as

ZE[( S = ) Hlynl{zvm:n}]ﬂ (153)

where H, , is the Malliavin weight on {N(T") = n}, which will be given below:
Let Doy be the Malliavin derivative with respect to Brownian motion for W7 and D; be the Malliavin derivative
with respect to the jump amplitudes A;, ¢ = 1,---,n. Then, on {N(T) = n},

Do:SY = 8P DuxY =5VV(e “”) t [0, 77,
DS = SUDx =58 i=1,--- n, (154)

T
1
xg = / V(o)W — 3 / ol dt+ZYJ7
0 0

where we use Din(q()) = b (e.g. see p.280 in Bavouzet-Messaoud (2006)) as well as Do,th(ﬂO) = V(Ufo)).
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Then, the Malliavin covariance of SSFO), o 40 is given by
T

T 2 n 2
_ (0) E q(0)
O'S;o) = /O (DO,tST ) dt + 2 (DZST )

T
SO [ Vs s i
0

(S¥)*Sn, (155)
where
T
e / V(o) dt + (537) 0" n,
0
and

n
2
> (D) = (s w'n)
i=1
is the contribution by the jump part. (e.g. See p.282 in Bavouzet-Messaoud (2006).)
Using the Skorohod integral for the Brownian motion and the jump amplitude, on { N(T) = n} we can compute
the Malliavin weight H;,, as follows;

H = zn:D* <§e5¥)|€—0DiS§‘O)> _ ZH:D* (S(T())X(Tl)S(TO)DiX(TO))
1,n — 7 - - i
=0

US(;J) i=0 (S’§9))2Z”

1 n
- =Y o (X;”DiX;”)

" 1=0

1 T

1 * 0 1 0

— En()(;)DO(DOX;))—/O (DO,tX(T))(DO,tX;))dt)

1 *
£ 2 (D) - (X DXP)) (156)

where each D} (i =0,1,---,n) is the adjoint operator of D; (i =0,1,---,n) and

1 a €
Xy = &X(T)F:O

T t T t
/ VI(UOt)/ ﬂtnglAl(Uo‘e)stdWLz — / V(JOt)V/(UOt)/ 7]t7]5_1A1(0'0s)stdt,
0 0 0 0

with

B: = pWii++/1—p2Wa;.
Note that Dg (DOXPEFO)) is expressed by the usual It6 integral,
T
Dy (Do X)) = / V(e)dWy 4.
0

Recall that A; is Gaussian random variable N(0,1). Hence, from p.280 in Bavouzet-Messaoud (2006), D; (D¢X<TO))
fori=1,---,n is given by

D} (D: X)) = D} (b) = —b% log p(Ai) = bA,, (157)
where
1 a2
x) = e 2.
plo) V2r

Because X;l) is a stochastic integral driven by the Brownian motion which is independent of A;, we have for
t € 0,77,

t T
Do Xy = V(o) / mns A1 (0?)dB. + pny P A1 (o) / V' (0 )nudW .
0 t

T
—pnflAl(Ut(O))/ V' (e (e )nudu,
t
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and fori=1,---,n,
1
Dix{” = 0.
Hence, (156) is expressed as
1 T n T
Hin = & X / V(of?)dWr, + > bA; | - / Do XOV (6Pt | . (158)
n 0 Py 0

Then,

[M]¢

+
oM = E[(S,EFO)—K) Hl,n1{N<T)_n}]

n_ —AT +
%E [(S;O) —K) Hl,n}

n_—\T mT_1 T 0(0) 2 na +
M/ <Sez amT-4 [T v(o{)2art K> () e P
R

0

3
I

[M]#

0

3
I

gk

—o n! \V2TY,
(159)
where 9, (z) is the push down of the Malliavin weight H1 p;
T n
On(z) = E |Hin / V(o{)dWr, + Y bAi ==
0 i=1
We easily evaluate ¥, (z) as
N N L)
In(z) = ¢ (Eix PR 3z + s ) (160)
Thus, we obtain (100):
CVNT K) = CM(T,K,0%%) +eC + O(?). (161)

Next, let us regard CM as a function of ¢5:

g A m+1 T ne—k(m-kl)T 9 1/2
o5 CM(T, K, 0%) =) (A ) 72! cre ((JBS) - (b%/T)) :
n=0

Also, the vega of C™ with respect to 0?9, vega™ is given by
M _ 0 cM(T K. o8BS
vega = HoBS (T,K,077)
e A NT)™ —A(m+1)T _BS
-y AmtD Zl ¢ T N Tn(dy). (162)
! On
n=0

SVIIV. satisfies

Suppose that o
VT, K) = CM(T, K, o5V 1V (T, K)),
and that o°V/!V (T, K) is expanded around e = 0:
SV (T |) = 0B5 L. ot 4 O(e2).
Then, we have
cM@@VIYYy = oM(T,K,0P%) + € vega™ ot + O(€%). (163)
Finally, comparing (100) with (163), we obtain

M
i (164)

vegaM’

which leads to the result (101). O
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D Local Volatility Expansion

This section provides an approximation formula for local volatilities obtained by the so called Markovian projection
of the stochastic volatility model. First, note that the Dupire formula of the local volatility in the stochastic
volatility model is expressed by Malliavin calculus as follows:

() (e)
V(1K) = BV (e)se = k] = KBV o s xde (165)

(05 (S57), 1)D_ . xDo

Then, we can derive a closed-form approximation of the Dupire formula via the distribution theory on the Wiener
space and the following propostion is obtained,

Proposition D.1 Under the stochastic volatility model (26) with r = 0, the local volatility o™V (T, K) defined by
o"V(T,K) = E[V(agf))\Séf) = K] is expanded up to the *-order as follows:

W k) = VeV + 0y +0(°), (166)
where
o = V()
IV~ . hi(a; X)
1 1 Z bl
ha(a; 3 hi(a; X
07" = (ca1+ca1 + cas + cos — 3627)72(;2 ) + (c25 + 2c27) 2 (; ) + ca6
T
> = / V(O'Ot)th
0
1 [T )
a = —log(So/K)+ 3 V(oot)”dt, (167)
0

and hy(-;X) denotes the Hermite polynomial of degree n, with

T
a = v’<a<T°>>p< / nTﬁZlAl(UOs)V(UOs)d8>,
0

T s
1 = V’(or;?))pz/ A'l(aos)V(aos)ns/ nglAl(UOU)V(UOU)duds,
0 0
T 2
c22 = o) (p/ nrns A ( UOs)V(Uth)dS) ;
T t
3 = VY (0) )nr (p / V(o (O) (0))m/ ns 2 A1 (0()? dsolt)7
0
T ¢
1 = V(oY) <p nr [ V'(01”)A(e”) / n51A1<o£“>>V<o§°>>dsdt),
0 0

C26 =

T T
o5 = (nT / ns 2 A1V (00s)? / ntV(am)v’(agm)dtds),
0 s
1
5V

T
(@) / 0% As(00s)?ds
0

V/(U(O)) 2 5 1 ’ 0 0 ' 1
cor = TTWTP (/ s A1(00s)V(00s)d8) (/ V(0" (o} ))nt/ s Al(Ggo))V(Uéo))det)
0 0 0
(168)

(Proof)

(6)

First, we define X(T) log , Sk 1= gkk e=0, XpT 1= gkk =0 for kK € N. Also, we set r = 0 for

simplisity. The second order expansion of the density is given by the formula.
(01(S5). D)p_c Do
1
PP (K) + eBHy(S, Sim)|Y = alp™ (K) + € 5 EIH (57, Sar) + Ha(S7”, S17)|Y = alp™ (K) + O(e?),
(169)
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where

T
y = / V(e!aw, .,
0
1 T
a = —log(Se/K)+ 5/ V(oot)?dt.
0
p1 and p2 are defined by
pi(K) = E[H(SY, S17)|Y = alp®9(K), (170)
and
1
pa(K) = SE[H(SE, Sor) + Ha(S, Si)|Y = alp”™ (K). (171)

Note first that V(U(TS))(sK(Séf)) is expanded in D_, as follows:

= V(e\)ok (s<°>)+e{5K(s< Norr 4+ V(e$)06k (SS) 11}
e { V(o) 5 00 (1) Sar + 0701 (S)SEr) + 001 (S)Surnr + e (S)var | + O,
(172)
where
nr = V(o (O))mT,
var = 2V (c)oa + V' (0or)o?,, (173)

with
t
o1t = /nm;lx‘h(Uos)st,
0

t s
o2 = /AQ(UOS)/ s - A1(00u)dBudBs.
0

0

Then, its expectation is expanded as follows;
(0K (S5), V(i) _ o xDoc
= V(" (K) + e{ Eloir|Y = alp”® (K) + V(o) E[H(SY, $10)|Y = a]p”® (K)}

FEV (o) G (BIE(SY, Sor) + Ha(8E, S3)|Y = alp™ (K)

+E[H (5, Sizunn)|Y = alpS (K) + o Bloar|¥ = alp™* (K)} + O(S),
(174)

g1 and gz are defined by
gi(K) = Er|y = op”*(K) + V(o) E[H (ST, $i0)|Y = o]p”® (K), (175)

and
1

p(K) = Viog) g (BIH(ST, 8o0)[Y = alp™(K) + E[Hs (S5, Si7)|Y = alp®* ()
+E[H (S, Siroir)[Y = a]p®® (K) + %E[Uzﬂy = aJp”*(K). (176)
Therefore, the Dupire formula in stochastic volatility model is expanded as follows;
V(er))sy = K]

oA (1) + egu () + g (K) + O(€)) (975 () + epr (K) + pa(K) + O())

E
(V( )p
_ <V(G<0))+e 0(K) o oK) +O(€3)> <1+e pK) Pz(K)) +O(E3))1
T )
(V( )+e

pP(K)  pP(K pP(K)  pPY(K

91(K) | 2 g2(K) 3 o) (K () p
PRy () T )> (1 PS(R) <pBS(K)2 pBS<K>)+O( )>'

VetV +EotV +0(%). (177)

o0
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D.1 Computation of ¢V and ¢4V in Proposition D.1

This section shows the detail of the computation of ¢fV and ¢Z" in Proposition D.1. The formulas for the

evaluation of conditional expectations appearing below are summarized in Appendix E.

oV, oFV and 0%V are computed as follows;

or’ = Vi),

oV o~ ) )y pi(E)

vo= pEs(r) - Vom ) pEs()
= E[U1T|Y:Oé]

t
= V(e E[owr|Y =a] = V'(e\)E [/ nns t A1(00s)dBs|Y =
0

T
= V’(J(TO)) (pnT/ n;lAl(Oos)V(Jos)dS> @(formula 1 in Appendix E),

0
pi(K)®  pa(K)

LV (0) _ _ 91 (K)p1(K) 92(K)
7w = Vier) <pBS<K>2 pBS<K>) PP (K? T pPS(K)
1
= ElrlY =a] - ElnrlY = A E[H\(SY), Si7)|Y = o] + E[H1 (S, Sirvir)|Y = af
(178)
In particular, as for o2V note first that by A.1,
T T
EH\(SY,S17)|]Y =a] = E [Hl(X(TO),/ v dWh )Y = o{| -E [Hl(X(TO),/ V(oo )v1:dWi)|[Y = a
0 0
hs(a, X hae(a, X
— { 3(Ed ) _ 2(22 )}al’ (179)
where a1 = pfOT V' (o0t)n:V (oot) fot 05 L A1(00s)V (005 )dsdt.
Next, note that
H\(SY, Sirvir) = DY (ZXirvir) = Hi(XS, Xirvir) = (D*(Z) — Dz)(Xiroir). (180)
Hence, by the formula (111) in Proposition A.1,
0
E[Hl(S;O), S1TU1T)|Y = Oé} = (% — 8704) E[X1TU1T|Y = Oé}, (181)
where
0 (e
Xir = &X';“)|€=O

T ¢ T t
/ V/(O'Ot)’f]t/ ns_lAl(UoS)stdWLt —/ V(O'Ot)vl(a'()t)’ﬂt/ nglAl(UOS)stdt
0 0 0 0
T ¢ T T
/ V/(Uoz)m/ n.s_lAl(UOs)stdWLt —/ (/ V(GOt)V/(OOt)mdt> T]S_1A1 (Uo‘e)st
0 0 0 s

T
vir = V/(UOT)T)T/ T]S_lAl(UoS)st~
0

Then, E[X1rv17]Y = a] can be computed by formulas 2. and 6. in Appendix E.

T s

ez v (G0u)V (00u)duds 25 E)

Finally, oV is evauated as follows:
A/I(UOS)V(UOS)/ 22

oV = V'(J(TO))p2/
0 0
T 2 T
1. B ha(a; % B
T (a&”){(p [ i) 2B g | anl(a()s)?ds}
0 0

T
/ - hi(a 2
= Ve ([ Vs ) )
0

) </T V’(UEO))ntV(aio))/tns1A1(U§0))V(U§O))d8dt) (hs(;;il) B h2(§;2)>

0

T T t
_ _ ha(o; X
+ Vo)’ (nT / n; 1A1(Uos)V(GOS)d8) < / V(o )mV (o,”) / n; 1A1(a£°>>V(a§°>>dsdt) i
0 0

0
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T t T t
V) ( / V(o)W (o) / nns 2 A (0@ dsdt + / V() 41 (o) / n;1A1<a§°>>V(a£0>>dsdt>

0 0 0 0
ha (o X)
XiEQ

_ V’(0§9))p2 (WT/ nslAl(aos)V(Gos)ds) </ ﬁtV(UOt)V/(UOt)/ 7731A1(005)V(005)d8dt> @

T T
_ (s
_ (UT/ Ns 2A1(00s)2/ ’rhv(UOt)V/(JOt)dtdS> %
0 S
T s L (az)
= V'(e)p? / A1 (00s)V (005)7s / n;lAl(UOU)V(UOM)dudSQT’
0 0
T ) -
1 " 3 h ;E 7
+§V (o W)n%{(ﬂ/ M5 lAl(UOs)V(UOS)ds) %.ﬁ./ 5 2A1(005)2ds}
0
t ha(a; X)
") ( el (t(O))”t/ ”?2A1(U§O))2dsdt) QT
0
t
_ haor 3
ON ( "(0/”) Ar (o <o))/ s 1A1(a§o>)v(g§0))d5dt> %
0

- ( / 172 A1(00s)? / mV(am)V'(am)dtds) @

+e (24 (ha(e, %) — ha(a, D)ha(a, X)) + % (h1(a, S)ha(a, %) — ha(a, z))) ,

where

¢ = V(0D )nrp? (/Tﬁ;1A1(UQS)V(Uos)dS> (/T V' (e (o), /t 0L AL ()W (ggm)dsdt).
0 0 0

(184)
Note that hi (o, 2) = @, ha(a,X) = a® = %, ha(o, £) = o® — 3%a and hy(o, ) = a* — 6Za? + 2. Then,
1 3, 9 3
i (ha(a,2) — hi(a, X)hs(a, X)) = —ﬁ(a -¥) = 23h 2(a, X)
1 2 2
53 (h1(a, X)h2(a, ) — ha(a, X)) = T2 = ﬁhl(oz7 3). (185)

Hence,

{5 (a0, %) = a0, Dha(a, ) + o (ala, Dha(, D) = ha(a 2) b = ¢ (Grh(a, ) - Soha(a, ).
(186)

E Conditional Expectation Formulas for Certain Wiener-1t6 In-
tegrals

This section summarizes conditional expectation formulas used for the calculations in the previous sections.

In the following, W is a d-dimensional Brownian motion and q; = (§i1, - - - ,(jid)/ where ¢; € L?[0,T],i=1,2,....5
and z denotes the transpose of z. hy (z;X) denotes the Hermite polynomial of degree n and ¥ = fOT |q1¢|>dt. For
the derivation and more general results, see Section 3 in Takahashi-Takehara-Toda[2009].

T T T
’ ’ ’ h 5 E
E / q2tth‘/ QodWy = x| = / Qorquedt M
0 0 0 by

T ot , T,
E [/ / QQuquQ3tth|/ qrodW, = 96} =
o Jo 0
T pt
’ ’ ha(x; 2
(/ / Q2uq1uduq3t(]1tdt> %
o Jo
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T , T , T ,
E |:</ q2uqu) (/ Q3SdWS> ‘/ qlvde = x:| =
0 0 0
T T
/ ' ha(x; 2
</ Q2uq1udu) (/ q35q13d5> Q(TZ)
0 0
T !
+/ g2¢gsedt
0

o ([ (f o)1 [ v~ -

T t t t
ho(z; 2
(o [ ([ ([ (] ) ) ) 2
0 0 0 u
T t t
+ 2/ (I3t/ qgu (/ Q3sd5> dudt,
0 0 w

where B and W are one-dimensional standard Brownian motion such that dB.dW; = pdt, and ¢; € L? [O,T],
i=1,2,3.

4.
T t s , , T ,
E |:/ / / unquq3de5q4tth|/ qh,dWU = :L‘:| =
h x
( / Gasdne / 935q1s / unqmdudsdt> S(m )
5.
t , , T ,
|: ( unqu) (/ Q3SdW5) Q4tth‘/ qlvdW'u = 1‘:| =
0 0
t
! 4 hs(x; 2
{/ ( q2”q1“‘du) </ (133(113038) q4tQ1tdt} %
0
( Y)
QZuq3uduq4tq1tdt
6.
T t , , T , T ,
E |:</ / Q2desq3tth> </ Q4uqu> |/ Chvde = {L':| =
0 0 0 0
T t T
! / ’ hs(z; 2
(/ Qthlt/ q25q1sdsdt> </ Q4UQ1udu) %
0 0 0
T t T t
! ! / ’ hi(z; 2
+ (/ Q3tQIt/ QQSQ4Sdet+/ Q3tQ4t/ QQs(hstdt) %
0 0 0 0
6.

T pt T t T
E |:(/ / qQSdBGQStth) (/ </ q4udBu> %tdt) |/ QMde - x:l =
0 0 0 0
T T T
hs(x; 2
(/ qstqit Q2sQ1sd8dt> </ Gau </ q53d8> Q1udu) %
0 u
T
+ (/ q3tq1t/ qasq2s (/ qsudu) dsdt
0 0 s
T T t
hi(x; 2
+P2/ qatqst / gsudu / G2sqisdsdt M,
0 t 0 X
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where B and W are one-dimensional standard Brownian motion such that dB;dW; = pdt, and ¢; € L?[0,T],

1 =1,2,3,4,5.
7.
E [(/ / qQadW QStth) (/ / Q4udW Q57dW> ‘ / ‘hude = 17] =
ha(z; 2
( / Qe qQSqudsdt) ( / T / q4uq1udud7“) 74(24 )
0
T
+{ / o / U5rq1r / GouGaududrdt + / Goune / Q3rqir / Gouquududrdt
0
T t
+ / @01t / G2rqsr / Qi Qrududrdt + / 030050 ( / q25q15d8> ( / q4uq1udU> dt
0
ho(z; X
/ stqn/ Q3uq4u/ q2sq1sdsdudr} halz; %)
+ / / G20 Gauduiqsqsedl
o Jo
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