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Abstract

This paper develops a general asymptotic theory for the estimation of
strictly stationary and ergodic time series models. Under simple conditions
that are straightforward to check, we establish the strong consistency, the
rate of strong convergence and the asymptotic normality of a general class of
estimators that includes LSE, MLE, and some M-type estimators. As an ap-
plication, we verify the assumptions for the long-memory fractional ARIMA
model. Other examples include the GARCH(1,1) model, random coefficient
AR(1) model and the threshold MA(1) model.

Key words and phrases: Asymptotic normality, estimation, rate of strong
convergence, strong consistency, time series models.

1 Introduction

The three main results that can be used for the asymptotic theory of the estimators

in time series models are Basawa, Feign and Heyde (1976), Amemiya (1985) and
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Tjpstheim (1986). While not specific to time series models, Basawa et al. (1976)
and Amemiya (1985) provide the condition for the weak consistency of the estimated
parameters. For asymptotic normality, the result in Basawa et al. (1976) requires
the expectation of the third derivatives of the objective function (OF). The condition
in Amemiya (1985) does not give a specific method for the convergence of the sample
information matrix to prove asymptotic normality.

The result in Tjgstheim (1986) holds for strictly stationary and ergodic time
series models, and implies that there exists a sequence of strongly consistent estima-
tors to maximize the OF. However, this sequence of estimators may not be the global
maximizer of the OF. His result also requires the expectation of the third deriva-
tives of the OF, but the third derivatives of the OF can be extremely complicated in
some models, as in the case of the likelihood function for ARMA-GARCH models.
Jeantheau (1998) also gives the condition for strong consistency of the maximum
likelihood estimator (MLE) for a class of GARCH models. However, the results in
each of these papers do not discuss the initial value problem, which needs to be ad-
dressed for each individual model. As many time series models have been developed
in the last two decades, a unified and simple asymptotic theory of estimation for
time series models should have wide applicability.

This paper establishes a general asymptotic theory for the estimation of strictly
stationary and ergodic time series models. The estimators, including LSE, MLE, and
some M-type estimators (except for LAD estimator), among others, are the global
maximizers of the respective OFs. We establish the strong consistency, the rate of
strong convergence and the asymptotic normality of the estimated parameters. The
rate of strong convergence of the estimated parameters has not previously appeared
in the literature in a general setting. The conditions, including the initial conditions,
are simple and easy to check, and third derivatives are not required. Some related
references are Huber(1967) and Pfanzagl (1969).

This paper proceeds as follows. Section 2 presents the model and the main

results. Section 3 examines the long-memory FARIMA model. The proofs are given



in Sections 4-5.

2 Model and Main Results

Assume that the real p x 1 vector time series {y; : t = 0,+1,-- -} is F;— measurable,

strictly stationary and ergodic, and its conditional distribution is given by
(2.1) Yl Fior ~ G(0,Y1),

where F; is the o-field generated by {ye, ve—1,- -}, Y2 = (4, -+, Yt—py1) O ¥ =
(Yt, Y¢—1,--+), and 0 is an m x 1 unknown parameter vector. The structure of the
time series {y;} is characterized by the distribution G and the parameter . We
assume that the parameter space © is a compact subset of R™, and the true value
Oy of # is an interior point in ©. We use the following OF with the initial value Y

to estimate 6g:

L.(0) = iztw),

where ;(0) = [(Y}, 0) is a measurable function with respect to Y; and is almost surely
(a.s.) and continuously twice differentiable in terms of 6.

Denote Dy(60) = 01,(0)/00, P,(0) = —0%,(0)/000¢', > = E[P,(6y)] and Q =
E[D(60)D}(6y)]. Let Vo(n) = {0 : |0 — || < n}. The following assumption is made:

Assumption 2.1.

(i)  Esupgeelli(0)] < oo, and E[l,(0)] has a unique maximizer at y;
(ii)  Dy(0o) is a martingale difference in terms of Fy with 0 < Q < oo,

(ii)) X >0 and Esuppey,, [ F:(0)]] < oo for some n > 0.

When model (2.1) reduces to the class of models: y; = (0, Yi—1) +n:\/h(0, Yi—1)

with {n;} being i.i.d. with mean zero and En? = 1, and the QMLE is used, we have

63(9)}
hi(0)

1(6) = 5 [ loghu(6) +



where f(A,Y;) and h(A,Y:) > 0 are measurable functions in terms of Y;. In this case,
Assumption 2.1 (i) is ensured by the conditions: (a) E supgeele?(6)/ hi(6)] < oo
and E supgeg log hy(0) < oo, and (b) [:(0), he(0)] = [e:(0o), he(0p)] a.s. if and only
if 0 = 6y. See Jeantheau (1998) and Ling and McAleer (2003).

When the dimension of the initial value Y} is infinite, it need to be replaced by
some constant Y. We denote ,(8) with the initial value Yy by I;(6). Similarly define
D,(0) and P,(A). The initial condition is given as follows.

Assumption 2.2. For some v > 0, it follows that

() Bsup[1(6) ~ 1,(0)] = O(,);
(C]
1

.. =~ 1 =~
(i) E[[Di(60) = Delbo)ll = O(3757;,) and (iii) Esup [P(6) — B (O)]| = O().
e t
The decay rates in Assumption 2.2 are very low and are satisfied by most of time

series models. For long memory time series, Assumption 2.2(ii) can be replaced by:

Assumption 2.2(ii’). For any e > 0,

l—00 I<n<oo

lim P( max | Z [D,(6y) — Dy(60)]]| > €) = 0.
\/_
The corresponding OF is modified as
=510
t=1

When the dimension of Yj is finite, Assumption 2.2 is redundant. In what follows,
— denotes convergence in distribution. We now state our main result as follows:
Theorem 2.1 Let 0, = argmazoL(6).
(a) If Assumptions 2.1(i) and 2.2(i) hold, then 6, — 0y a.s..
(b) Furthermore, if Assumptions 2.1(ii)-(111) and 2.2(ii)-(iii) hold, then

log logn

0, = 0o + O[( )1/2] a.s. and /n(0, —0)) —, N(0,271Q8™1).

n

Remark 2.1. For (a), we only need [;(f) to be continuous in terms of 6 a.s.,
while twice differentiability is redundant. 0, can be LSE, MLE, and some M-type

estimators, among others. Many nonlinear time series models in Tong (1990) satisfy
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Assumptions 2.1-2.2; such as TAR, bilinear ARMA, GARCH and random coefficient
AR models. The compactness of © is not a serious restriction in practice since the
true value 6y is an interior point in the parameter space and we can always get a
compact O to include it. Compared with the assumptions mentioned in Section 1,
our assumptions are simple, clear and easy to check in practice.

Y1 and €2 can be estimated, respectively, by
Z ) and 2 Z (0,)D;(6,)

By Lemma 4.2, ¥, = X + o(1) a.s.. Since supg ||P.(6)]|'/? is strictly stationary

3\’—‘

and has a finite variance, we know that max, <<, supg ||P:(0)]|*?/v/n = 0,(1). By
Taylor’s expansion, we have ||D,(0,) — Dy(6)]|/v/n < [maxe ||P,(0)]|/n]||v/7(6, —
8y)|] = 0,(1) uniformly in ¢. Furthermore, by Assumption 2.2(ii), we know that
ID4(6,,) — Di(6o)||//n = 0,(1) uniformly in ¢. By Taylor’s expansion and Lemma
4.2, we have Y, Dy(6,)/vn = —n 'S, B(6%)v/n(b, — 0) = O,(1). Thus,
n " [Dy(6,) — Di(60)]D;(6,,)] = 0,(1). Finally, by the ergodic theorem, we can
see that 0, = Q+0,(1). Thus, under Assumptions 2.1-2.2, 3, and €2, are consistent
estimators of 3 and €2, respectively.

Example 2.1. Consider the GARCH(1, 1) model:

Yy = nt\/}Tt and hy = agp + CYth_l + Bhy_1,

where 7, ~i.i.d. N(0,1), ag > 0, « > 0 and 3 > 0. Assume that F'ln(3 + an?) < 0.
Let 0 = (g, , 5). When using MLE to estimate 6,, we take

1(0) = ~log h(0) - ;2
where hy(0) = ag + ay? | + Bhi_1(0), t =1,---,n and yo = 0 and hy = 1. From the
proof of Theorem 2.1 in Francq and Zakoan (2004), we see that Assumptions 2.1(i)
and 2.2(i) hold. From the proof of Theorem 2.2 in Francq and Zakoian (2004), we
know that Assumptions 2.1(ii)-(iii) and 2.2(ii)-(iii) hold, see also Lee and Hansen
(1994) and Ling and McAleer (2003). We do not need to study the third derivative

of [;(#) as done in these papers.



Example 2.2. Consider the random coefficient AR(1) model:

Yr = (O + ) ye—1 + 4,

where {¢,} and {g;} are i.i.d. sequences with zero mean and variance a > 0 and
0% > 0, respectively, and they are mutually independent. Assume Fln |¢ + 1| < 0
and let 0 = (¢, ,0%). When we use QMLE to estimate 6, we take

1 (ye — ¢yt71)2
l(0)=—=1 2 2 )=
t( ) 2 Og(O’ + ayt—l) 2(0_2 + a/y?il)
By exactly following the proof of Lemmas A.1, A.2 and A.3(i) in Ling (2004), we
can show that Assumption 2.1 holds. Assumption 2.2 hold automatically.

Example 2.3. Consider the first order threshold MA (TMA (1)) model:

Y = [0+ V(Y1 < 7)]er—r + e,

where {e;} is a sequence of i.i.d random variables, with mean zero, variance 0 <
0? < oo and a density function f. Assume that |¢| < 1, |¢ + 1| < 1 and
|| sup, |z f(z)| < 1. This assumption ensures that the TMA(1) model is strictly
stationary and ergodic, and invertible, see Ling, Tong and Li (2007). Let 6 = (¢, ).

When using the CLSE to estimate 6y, we take
[:(0) = —€(0),

where ¢.(0) = yr — [0 + VI(ye—1 < 7)|er-1(0), t = 1,---,n and €,(0) = 0 as ¢t < 0.
Furthermore, assume that the delay parameter r is known and Fe} < oco. By the
very minor modification of Lemmas 6.1-6.5 in Ling and Tong (2005), we can show
that Assumption 2.1 holds. Similarly, a minor modification of Lemma 6.6 in Ling
and Tong (2005) shows that Assumption 2.2 holds. We should mention that this is
a new result for the TMA(1) model. When r is unknown, the asymptotic theory on

the TMA model remains open.



3 Application to Long Memory FARIMA Models

The process {y,} is said to follow the long memory (LM)-ARFIMA model if

(3.1) ¢(B)(1 = B)"y, = ¢¥(B)er,

where ¢(B) = 1 = Y2, ;B ¢(B) = 1+ Y0, 4B, (1 — B) = ¥ a,B* with
ap = (k—d—1)/kl(—=d — 1)!, B is the backward-shift operator, and {e;} is i.i.d.
with zero mean and variance 0 < 0% < co. 0 = (d, ¢y, -+, Pp, U1, -+, 1,)" and its
true value is 6. We assume that the parameter space © is a compact subset of
RPT4TL @ is an interior point in ©, and the following assumption holds.

Assumption 3.1. d € (0,1/2), all the roots of ¢(B) and ¥(B) are outside the
unit circle, ¢, # 0, ¥, # 0, and ¢(B) and (B) have no common root.

Given {y1, -, yn}, we consider the conditional LSE of 6y, which is defined as
0, = argmin Y7, €2(6), where £,(0) is &,(0) = "1 (B)¢(B)(1 — B)%y,, with initial
value Y. We have the following results:

Theorem 3.1. If Assumption 3.1 holds, then

(@) 6= 6+ O[(2BB)] o,

) n(l, — ) — N(O, o2E-1 {(955%90) 055(06/’0)})

Remark 3.1. Model (3.1) has the long-memory property and has been widely
applied in hydrology and economics. Some related references are Granger and
Joyeux (1980), Hosking (1981), Li and McLeod (1986), Robinson (1994) and Be-
ran (1995), among others. When ¢; follows the GARCH model, model (3.1) was
studied by Baillie (1996), Ling and Li (1997) and Ling (2003). However, the paper
is the first to provide the rate of strong convergence of én, as in (a). From the proof

in Section 5, we can see that the initial condition is crucial in this development.



4 Proof of Theorem 2.1

Lemma 4.1. If Assumptions 2.1(i)-2.2(i) hold, then for any n > 0,

lim P( max  sup Z[lt(H) — 1,(60)] > 0) = 0.

Froo Moo Jl9—0o]|>n i=1
Proof. Let V; = {0 : |0 — 0|| < 71} and X,(7]) = supyeo supy. 1,(8) — 1,(0)|. By
Assumption 2.1(i), EX:(77) — 0 as 7 — 0. Thus, for any € > 0, there is 7 > 0 such
that EX;(77) < €/2. Since X;(7) is strictly stationary and ergodic, by Lemma 1 in
Chow and Teicher (1978, p.66) and the ergodic theorem, for any €; > 0, we have

P( max — Z EXt(n)]‘ > E) < €,

I<n<oco n =1

[\

as [ is large enough. Thus, for any €, e; > 0, there exists a constant 77 > 0 such that

(4.1) P( max —ZXt >¢€) < P(max — Xn: EXt(n)]’ ) < €.

I<n<oo ’n, I<n<oco n i—1

l\:)\m

By Assumption 2.1(i) and the ergodic theorem, for each § € © and any € > 0,

(4.2) tim P max |~ S°[0(6) - BL©)]] = ¢) = 0.

I—oo  \l<n<oo In
Since © is compact, we can choose a collection of balls of radius A > 0 covering
O, and the number of such balls is a finite integer N. In the ith ball, we take a
point &; and denote this ball by V(¢;). For any € > 0,

P( max —sup’th — El( )]‘Ze)
t=1

I<n<oco N

< P( max sup max 12[%(@ - lt(éj)]‘ = g)

1SN gev (g;) Fsnseo T =

+P( max  sup ’ [l:(0) — lt(fj)]’ > g)

1<j<N 0cV(&5)

+P( max max fZ[zt(gj) ElL(&))]| >

1<j<N I<n< n;

)

Wl m

n

< P(sup sup max ’lZ[lt(Q) — lt(gj)}‘ >

§€O gev (g;) lsn<oco I

Wl ™
~—

+Zp( sup ‘E[lt(ﬁ) — lt(ﬁj)]‘ 2 g)

j=1  0eV(§;)

N n
(4.3) +ZP( max \lZzt (&) — El(&)]] > g) <€

I<n<oo nt 1
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as [ is large enough and A is small enough, where the last inequality holds by (4.1),
(4.2) and the uniform continuity of El;(0).
Since E[l;(0)] has a unique maximum at 6y, © is compact, and El;(6) is contin-

uous, there exists a constant ¢ > 0, such that

(4.4) max E[l(0) — 1:(6p)] < —c,
16—60ll>n
for any n > 0. By (4.3)-(4.4), it follows that
P( max  sup {Z [1:(0) — 1:(6)] —} > 0)

I=n<o0 1g—go|>n 1 =1

= P( max sup [5°0(6) — EL(0)

I=n<eoig—6o)|>n =1

- Z [1,(60) — E1,(60)] + n[EL(0) — EL,(60)] + %} > 0)

< P(lglgéo Sup{Q‘ Z [1:(0 Elt(G)]‘ —cn+ %} > O)
(4.5) < P<lglf?§o Sup{’— Elt(Q)]‘} > E) — 0

as [ — oo. By Assumption 2.2(i) and Markov’s inequality, it follows that

lim P( max —Zsup 1,(0) — 1,(8)] > )
S}

|—o0 I<n<oo n
e 1
< lhm P(Z 05 sup |lt( ) — 1(0)] > el™™)
% =1
1 = 1 . o)X 1
(4.6) < lllglo 05w z; t170~5vESgp |1(0) — 1.(0)] = }Eglo 050 ; 050 0,

for any € > 0. By (4.5) and (4.6), we have

P( max  sup Z[lt(ﬁ) — 1,(60)] + % > 0)

I=n<oo |19—gy|>n 11

- - cn
< P( max ~ sup Z[lt(G) — 1,(6)] + 212%0282}) 11,(6) — 1,(0)| + T> 0)
- t=1

1=n<o0 |96 >n 1=1

< P( max  sup Z[lt(ﬁ) —1:(00)] + % > O)

Isn<oo g 60H>77t 1

+P( max —Zsup 1,(0) — 1,(0)] > g) — 0,
o

I<n<oo TL

as | — oo. By this equation, we can see that the conclusion holds. O

9



Lemma 4.2. If Assumptions 2.1(iii)-2.2(iii) hold, then for any e > 0,

lim P( max max—HZ P,(# E]H >¢€)=0.

=00 1<n<co Vp(n) N
Proof. Let X;(n) = supy,, [[P(0) — P:(0)|. By Assumption 2.1(iii), as 7 is
small enough, EX;(n) < €/4. Since {X;(n)} is strictly stationary and ergodic, by
Lemma 1 in Chow and Teicher (1978, p.66) and the ergodic theorem, we have

lim P( max — ZXt ) >€) < lim P( max —|| Z (Xe(n) — EXe(n)|| =

[—o0 I<n<oco N —1 [—o0 I<n<oco N —1

) =0,

DO ™

for any € > 0. By Assumption 2.1(iii) and the ergodic theorem, it follows that

hm P( max —||ZP,5 (o) — 2| =€) =0,

l—o0 I<n<oo N

for any € > 0. By the preceding two equations, there is > 0 such that

(4.7) lim P( max max —H Z P(0 E]H >¢€)=0.

l—o0 I<n<oo Vo(n) N

Let X, = SUDy; () |P,(0) — P,(6)||. By Assumption 2.2(iii), we can show that
P(max;<pcoo X1, X;/n > €) — 0asl — oo, for any € > 0. Note that maxv; () || i
[P,(6) — P,(0)]|| < X%, X;. Furthermore, by (4.7), the conclusion holds. O

Proof of Theorem 2.1. By Lemma 4.1, for any ¢ > 0, we have

lim P( max ||, — 6o > ¢)

[—o0 I<n<oo
= fim P{ g 190 = 0ol > € g 3 [1) 1) > 0}

< lim P{ max sup Y Vt(ﬁ) - th(é’o)} > 0} = 0.

l—00 I<n<oo 0—60]|>€ 1=1
Thus, (a) holds. Applying Taylor’s expansion to dl;(6,,)/d6 and using Lemma 4.2,

b=t = =[S Pl

-11
n

iﬁwwz—m+dm1

where 0% lies between 6, and 6y and 0% — 6 a.s.. By Assumption 2.2(ii) and using

a similar method as for (4.6), we can show that

l—o0 l<n<oo

lim P( max — Z [Dy(6) — Dy(60)]]| =€) = 0,
t=1

10



for any e > 0. Thus, we have 6, — 6y = =[S+ o(1)] "' 7, Dy(6p)/n + o(n~1/?) a.s..
By the law of iterated logarithm, we can claim that 6, — 6, = O((loglogn)/n)"/?)

a.s.. By Assumption 2.1(ii) and the central limit theorem, (b) holds. 0

5 Proof of Theorem 3.1

Proof. We verify Assumptions 2.1-2.2 with [;() = —?(6). For simplicity, we only
consider the case with p = ¢ = 0, while the general case can be similarly verified.
First, Assumption 3.1 ensures that {y;} is strictly stationary and ergodic with
Ey? < 0o, and the following expansions hold:
(5.1) Yy = Zcoﬁt,i and €,(0) = (1 — B)%, = Zai(e)yt,i,
i=0 i=0

where cgo = ag() = 1, co; = O(~11%) and a;(9) = O(i~1~%). Since O is compact,
there are d and d such that 0 < d < d < d < 0.5. Thus, we have supyg |a:(8)| =
O(i~174), and hence it follows that

o0 o0 1

sup |e,(0)] = sup | > ai(@)yeil < lwl +O(1) 3 —glyeil

i=0 =t
By the Cauchy-Schwarz inequality, we have E supg |:(0)]? < oo. It is not difficult to
show that —FE[eZ(#)] has a unique maximum on ©. Thus, Assumption 2.1(i) holds,

and

(%t(e)
ad

8€t(9)
ad

0%e.(0)

Di(6) = —22,(0) o

and P,(0) = 2[4 7] + 22(6)

where 9g,(0)/0d = log(1—B)(1—B)%y, = 32°, a1;(0)y,—; and 9%¢,(0) /0d*> = log®(1—
B)(1 — B)%y;, = 332, agi(0)ys—i, with supgeg |a;i(0)] = O(i7'72) as j = 1,2. Using
these, it is straightforward to show that Assumption 2.1(ii)-(iii) holds.

We next consider Assumption 2.2. For simplicity, let Yy = (0,0,---). By (5.1),

Elsuple(9) - (0)]]*

00 5 ] )
= E[Slép | Zai(e)yt—i‘] < CE( E m’yt—i’) _ O(t_zd),
i=t

1=t

11



It is readily shown that EsupgéZ(f) is bounded uniformly in ¢. Thus, by the

Cauchy-Schwarz inequality, we have

Esup [£{(6) — &/(0)]
e
< {Elsuplei(6) + & (6)I]*Elsupe.(6) - E(O)IPY? = 0™,
so that Assumption 2.2(i) holds. Similarly, we can show that Assumption 2.2(iii)

holds.

We now verify Assumption 2.2(ii’). Denote

Ay = (90 — & 90 Zaz Qo Yi—i,
=t
A _ 88t(90) _ ast(ﬁo)
Y ad ad
aé’it(@o) > 1
Ay = W — U = —;;&t—i,
where v, = — Y2171 &,_;/i. We first make the following decomposition:
~ Oe.(0 N 0. (0
Dy(0y) — Di(6y) = 2e4(6p) ng) — 2&,(60) ta(do)
B 0€(6p)
= 28,5(90)14175 + 2 od At
(52) = 2€t<00)141t + 2Atvt + 2AtA2t — 2AtA1t-

Since E(ysyiir) = O(|r|~112%), we have

EAf = Z a?(@O)Eyf_l_i + 2 Z Z ai(00) @it (00) E(Ye—1-iYt—1-i—r)

i=t i=t r=1
= Z 2(1+d +2Z;rz:1 jlHdo( _,_Tl)leroTl 2d0]
< O(U[g ?:2(11_:,.610) +2 Z Z»1+d0 / i+ x)Hl-doxl—ng dz]
53 < 00 255 [ g = 007
Using a similar method, we can show that
(5.4) EAZ =O(t™) and BE(A;Ay) = O(t™) asi=1,2.

12



As in the proof of (4.6), using (5.4), we can show that

l—o0 l<n<oo

(5.5) lim P( max |At il >€) =0, asi=1,2.
We next show that Y-} | £,41,/v/n = o(1) a.s. as n — oo, which is equivalent to

(5.6) lliglo P(z?%if; 7\ Z&Au\ > e) = 0.

By the Kronecker Lemma in Hall and Hedye (1981, p.31), it is sufficient to show
that

k
1
5.7 S = —Aye; converges a.s..
( ) k tz::l \/¥ 1tct g

By (5.4), it follows that

k

59 B el =0n(X 5) =0m(X )"

t=s t=s

for any integer 0 < s < k and some a > 1, where O(1) holds uniformly in k£ and s.

Consider the subsequence {Sor : £ =0,1,---}. By (5.8), we have

2k+1

E|Syss — S| <O)( 3 tie) < 0(2;),

t=2k+1

for some € > 0. By this equation and the monotone convergence theorem, we have

n n oo 1

B Jimg 3 [Se = Sl = Jim B3 Sy = S0 < O3 50) < o
k=0 k=0

Thus, Y7_ | Sar+1 — Sox| converges a.s. as n — oo, and hence

(5.9) Jim Synin = Xy + lim > (Sgr+1 — Sox) converges a.s..
k=0

By (5.8) and Theorem 12.2 in Billingsley (1968), it follows that, for any A > 0,

2k+1

P( max \Sn—Sgk\ZA)SO(l)( Z tiy)a:O(zik)’

k <9k+1
2F<n<2 =2k 11

for some ¢; > 0. By the Borel-Canteli Lemma, we can claim that

(5.10) max |S, — Sor| — 0 a.s. as k — oc.
2k <n<2k+1

13



By Lemma 2.3.1 in Stout (1974) and (5.9)-(5.10), we know that (5.7) holds.

Note that v, is independent of Ay; as s > 2, so that
E ok
El Z Altl/t| = El Z Z 7TE(AltAlt1)E<VtVt1)

- 0(1)(2 t1+11/2)2 - 0(1)(2 )a’

t=s t=s
for any integer 0 < s < k, where O(1) holds uniformly in k& and s. Using this

1
tit+v
equation and a similar method as for (5.6), we can show that

(5.11) hm P( max thAt| > €)

—00 l<n<oo

By (5.2), (5.5)-(5.6) and (5.11), we can show that Assumption 2.2(ii’) holds. O
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