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Abstract

In the small area estimation, the empirical best linear unbiased predictor (EBLUP)
or the empirical Bayes estimator (EB) in the linear mixed model is recognized useful
because it gives a stable and reliable estimate for a mean of a small area. In practi-
cal situations where EBLUP is applied to real data, it is important to evaluate how
much EBLUP is reliable. One method for the purpose is to construct a confidence
interval based on EBLUP. In this paper, we obtain an asymptotically corrected em-
pirical Bayes confidence interval in a nested error regression model with unbalanced
sample sizes and unknown components of variance. The coverage probability is
shown to satisfy the confidence level in the second order asymptotics. It is numeri-
cally revealed that the corrected confidence interval is superior to the conventional
confidence interval based on the sample mean in terms of the coverage probability
and the expected width of the interval. Finally, it is applied to the posted land
price data in Tokyo and the neighboring prefecture.

Key words and phrases: Best linear unbiased predictor, confidence interval, em-
pirical Bayes procedure, finite population, linear mixed model, nested error regres-
sion model, second order correction, small area estimation.

1 Introduction

The empirical best linear unbiased predictor (EBLUP) or the empirical Bayes estimator
(EB) in linear mixed models have been recognized as useful tools in small area estimation.
In small area estimation, sample means may have unacceptable estimation errors because
sample sizes of small areas are small. EBLUP is an alternative method to provide stable
estimates with higher precisions by borrowing data in the surrounding areas. In practical
situations where EBLUP is applied to real data, it is important to evaluate the estimation
errors of EBLUP for each small area. One method is to provide estimates of the mean
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squared errors of EBLUP, and it has been studied enough in the literature including
Prasad and Rao (1990), Harville and Jeske (1992), Booth and Hobert (1998), Datta and
Lahiri (2000), Rivest and Belmonte (2000), Das, Jiang and Rao (2004), Datta, Rao and
Smith (2005) and others. Another method is to provide the confidence intervals based on
EBLUP, and the two approaches to this issue have been studied. One is the method based
on parametric bootstrap proposed by Hall and Maiti (2007) and Chatterjee, Lahiri and Li
(2008), and the other is the method based on the Taylor series expansion. Although the
confidence intervals based on the parametric bootstrap can be applied to the general linear
mixed models, they are hard to implement. In contrast, the methods based on the Taylor
series expansion are easy to implement, but the derivation depends on individual models.
Since we specify a nested error regression model and the extended finite population model
in this paper, we want to develop closed form confidence intervals based on the Taylor
series expansion. This method has been used by Datta, Ghosh, Smith and Lahiri (2002)
and Basu, Ghosh and Mukerjee (2003), who derived the asymptotically corrected empirical
Bayes confidence interval in the Fay-Herriot model with a known error variance. The Fay-
Herriot model is categorized into basic area level models where only aggregated data such
as sample means are observed. When individual data are available, we can use basic unit
level models to carry out more precise inference for small areas. A simple, but useful
basic unit level model is a nested error regression model with unbalanced sample sizes
and unknown components of variance. In fact, this model has been extensively used
in the literature concerning the small area estimation as illustrated in Battese, Harter
and Fuller (1988) and Rao (2003). In this paper, we shall construct corrected empirical
Bayes confidence intervals based on EBLUP in the nested error regression model and the
extended finite population model.

To explain more details, consider the nested error regression model (NERM) given by
yij:mgjﬁ—l—vﬂ—eij, izl,...,k‘,jzl,...,ni, (11)

where k is the number of small areas, x;; is a p x 1 vector of explanatory variables, 3 is
a p x 1 unknown common vector of regression coefficients, and v;’s and e;;’s are mutually
independently distributed as v; ~ N(0,02) and e;; ~ N(0,0?). Here, 02 and o? are
referred to as, respectively, ‘between’ and ‘within’ components of variance, and both are
unknown. We want to construct a confidence interval of the mean p; = @3 + v; of the
i-th small area for x; = Z;“:l x;;/n;. Since the conditional distribution of the sample

mean Y, given v; is N'(u;, 02/n;), a conventional confidence interval based on the sample

mean y; 1s
I Gt tapp/ 52/, (1.2)
where 62 is an available unbiased estimator of ¢ which is independent of (¥, ...,¥),

and /7 is the a//2 upper quantile of a ¢-distribution with appropriate degrees of freedom.
Although the coverage probability of I is exactly identical to the confidence coefficient
1 — a, the width of the confidence interval Il is longer for smaller n; since g, has an
unacceptable estimation error. Thus, we construct a confidence interval based on EBLUP
or EB using the linear mixed model in (1.1).

Let ¢ be the ratio of the variance components, namely, ¥ = 02/0c? and let v; =



vi() = 1/(1 +nsb). Note that given 7;, u; has conditionally

wilg; ~ N (P (8,4), (0% /i) (1 — 7)) (1.3)
where 117 (3,1) is the conditional mean E[u;]y;] given by
il (B.w) =B+ (1 - %) (7 — TiB). (1.4)

This is also interpreted as the Bayes estimator, since the model (1.1) can be viewed as
a Bayesian model. Then, the confidence interval of p; with respect to this conditional
distribution is given by

IP (8,4, 0%) 117 (B,4) & zap2/ (02 /15)(1 = 72), (1.5)

where 2,5 is the a/2 upper quantile of a standard normal distribution. It is noted that
the conditional coverage probability satisfies P[u; € IP(8,v¢)[7,] = 1 — «, which leads to
Plu; € I2(B,v)] = E[P[u; € IP(8,4)[y;]] = 1 — a, namely, the unconditional coverage
probability satisfies the confidence level. Since B, 1 and o? are unknown, we need to
estimate these parameters. For known 1, the generalized least squares estimator of 3 is
given by Rao (2003) as

k
BW) = (Aw) +B) ™ (Y nuw) wzyﬁzzww i -7)).  (16)

i=1 j=1

where A(¢) = Zle n;y:(Y)Z@; and B = Zle > iy (xij — ®i)(xi; — T;)". When consis-
tent estimators of o2 and 1), denoted by 62 and QZ, are available, the estimators B(’l:/}\), o

and 1 are substituted into (1.5) to get the empirical Bayes confidence interval

IEB(4h,6%) : APP(0) % 200/ (62/n5) (1 — A1), (1.7)

where 7iPB (1)) is the empirical Bayes estimator (EB) given by

o~ o~ ~

AEE () = AP (B(0), ) = BB() + (1 — 4,) @ — BB(()),

for R R
Yi =) =1/(1 + ni).
The empirical Bayes estimator F? ({/J\) is known as the empirical best linear unbiased

predictor (EBLUP) in the context of the linear mixed model. For smaller ni{b\, the EB

estimator 17? (@/D\) shrinks 7, more towards Eg,@ (z/b\), which results in a stable estimate with
a higher precision.

Although IZ-EB(@//)\, 62) gives a stable confidence interval for small n;, it has a drawback
that the coverage probability Plu; € IZB(1),6%)] cannot be guaranteed to be greater
than or equal to the nominal confidence coefficient 1 — . As seen from the simulation
experiment given in Section 3.1, it seems that Plu; € IFP(,6?)] < 1 — a for some
¥. A method for fixing this shortcoming is to adjust the significance quantile z,/, as
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Za /2{1+(2k:)_1h7;(1;)} with an appropriate correction function hz<1/ﬁ\) That is, the corrected
confidence interval is described as

-~ -~

ICB(,6%) : FER(D) = 2app |14+ (20) "R | V@)1 =3, (18)

This method was used in Datta et al. (2002) and Basu et al. (2003) for the Fay-Herriot
model.

Another approch to constructing stable confidence intervals is to use the estimator of

-~ ~

the mean squared error (MSE) of 7B (1) instead of (62 /n;)(1—4;). Let mse;(62,1) be the
second-order unbiased estimator of the MSE given by MSE;(c?,1) = E[(uFB () — )2,
namely, E[mse;(62,1)] = MSE;(0? 1)+ O(k=3/?). Following Morris (1983), Prasad and

Rao (1990) proposed another type of the empirical Bayes confidence interval

~

IFB(,6%) + QEP () % 2000/ msei(62, ). (1.9)

In this paper, we can modify IZB*(1), 62) to provide the corrected confidence interval

~

ICFB(,6%) : EP(D) & 20 |1+ (20) B (D) |\ mses(@2, ), (1.10)

for an appropriate correction function A} (@//)\)

In Section 2, we obtain the functions h;(¢)) and hf(¢)) such that the coverage proba-
bilities satisfy the nominal confidence coefficient in the second order for large k, namely,

Plu; € ICPE(0,6%)] =1 — a + O(k~%/?),

- 111
Plu; € IFPP($,6%)] =1 — a+ O(k™/?), —

as k — oo. Since the sample sizes n;’s are bounded in small area problems, it is common
to consider the setup of k going to infinity. In the sense of (1.11), we call IF¥5 (¢, 62)
and IZFB~ (J, 62) the corrected empirical Bayes confidence intervals. In Section 2, the
corrected empirical Bayes confidence intervals are not only derived in the NERM, but
also extended to a finite population model. The numerical performance of the corrected
confidence intervals is investigated in Section 3 and it is revealed that IFFB(1),6?) and
ICEB(4) §2) are superior to the conventional confidence interval I in terms of both
the coverage probability and the expected width of the interval. The proposed corrected
confidence interval is applied to a real data set of the posted land price data in Tokyo and
the neighboring prefecture, and it is shown to be useful. Concluding remarks are given in
Section 4, and the proofs are given in the final section.

2 Asymptotically Corrected Confidence Intervals

2.1 Nested error regression model (NERM)

We here provide the asymptotically corrected empirical Bayes confidence interval under
the NERM in (1.1). This model is expressed in vector notations as

Y, = XiB+3j,vi+e, for i=1..k, (2.1)
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where X; = (@i1,...,Tip,) and n;-vectors y; = (Yi1,- -+ Yin;), € = (€i1,-..,€in,) and
Jn, = (1,...,1). Then the covariance matrix of y, is Cov (y,) = 0V ;(¥) for V() =
I, + ¢J,,, where I, is the n; X n; identity matrix, and J,, = an-ﬁu is the n; x n;
matrix with every elements being one. Letting y = (y},...,v,), X = (X|,..., X}),
v=(vy,...,v) and e = (€],...,e}), we can rewrite the model (2.1) as

y=XB+ Zv +e,

where Z = block diag(j,,,...,J,,), the block diagonal matrix. The covariance matrix
of y is Cov (y) = 02V () for V' = blockdiag(V1(¢)), ..., Vi(¥))). We shall use those
vector notations through the paper for the convenience.

As stated in Section 1, the corrected empirical Bayes confidence interval of the i-th
small area mean p; = @,3 + v; is given by

IEPP(,6%)  BEP(D) & 20pe L+ 200D V@m0 30, (22)
where the correction function h,(@//z\) is adjusted so that the coverage probability can satisfy
the nominal confidence level in the second order for large k. To this end, we assume the
following conditions:

(A1) The elements of X are uniformly bounded, and X'V (1)) ™' X /k converges to a
positive definite matrix as k — oo;

(A2) n;’s are bounded for i =1,... k;

(A3) 62 is an estimator of 02 which satisfies that 62 —0? = O,(k~'/?) and Bias,(5?) =
O(k™') as k — oo.

(A4) 4 is an estimator of 1 which satisfies that ¢ —v = O,(k™/2), Bias,(¢) = O(k™)
and 9/0y, = O(k™1) as k — oc.
Then, we can get the main theorem which will be proved in Section 5:

Theorem 2.1 Assume the conditions (Al)-(A4). Define the correction function h;(v) by

() 42 (A) + B) 262020

k
- k’E[HO,i] + ZE[Zgz/QHg,i + Kg,iL (2.3)

Var({/)\)

where Var(v) = B[($—v)?, Ho; = v%(V—1)/$+(62—0?) /02, Koi = 7(b—) /v — (67—
0?)/a*. Then, the corrected empirical Bayes confidence interval given in (2.2) satisfies
that Plu; € ICPB(1,6%)) =1 —a+ O(k™3/?) as k — .

The function h;(¢)) can be obtained for specific estimators 6% and 12 by evaluating the
biases Bias(62), Bias(t), the variances Var(62), Var(i) and the covariance Cov(62, )
asymptotically. Since 1 = ¢2/0? is the ratio of the variance components, it may be
convenient in some cases to express the moments E[(¢) — )%, E[Hy.], E[HF,] and E[K3,]

based on the estimators of the variance components 6% and 62, where 62 = 6%¢).



Proposition 2.1 Let 62 = 6%) and assume the conditions (A3) and (A4). Then, the
correction function h;(y) given in (2.3) can be expressed as

hi(®) ﬂ%f;(A(w + B) & + 2k7i(1 — 7)1 () — k(1 — 7)be(80) + 7ibo(15) }

+ = (225 + 1) {n(¥) — 29im2(v) + 13(¢) } + O(k~3/?), (2.4)

A~

where for T, = (6% — 0%)/0? and T, = (62 — 0?) /0>

be (w)
1 (¢)

It is noted that the function h;(¢) given in (2.4) includes the value of ¢ in the de-
nominator at the first term in the r.h.s. of equation (2.4). Since the confidence interval

E[T],  b,(¥) = E[T],

E[(Te - Tv)Z]a 72(¢) = E[Te(Te - Tv)]7 7_3(¢) = E[T2] (25)

is constructed using the estimator ¢, this causes the instability when 1 is close to zero.
Thus, it is reasonable to use the truncated estimator of ¢). An example of the truncation
is given by R R

[ = max{e, k™), (2.6)

for a positive constant a. The estimators [@]TR and @ can be shown to be asymptotically
equivalent.

Proposition 2.2 Assume that ¢ > 0 and w Y in _probability as k — oo. Let a and b
be positive constants. Then, []7F = max{i, k=2} = 1 + 0,(k7) as k — oo.

Proof. For any £ > 0, we shall show that P[k?| max(w, “) - QZ| >¢e] — 0as k — oo.
It is observed that P[kb|max(¢) k=) — | > el = Pl < k=%,1 < k=% — ek~ < P[h <
k~?]. Tt is noted that ¥ — 1 > 0 while k= — 0, which implies that P[z/z <k —0. =m

We next consider the empirical Bayes confidence intervals given in (1.9) and (1.10)
using an estimator of the mean squared error (MSE) of ifZ(1)). To this end, we begin
with deriving the unbiased estimator of the MSE, which can be shown by using the same
arguments as in Prasad and Rao (1990) and Datta and Lahiri (2000) under the following
condition:

(A5) The estimatr 1 = ¥(y) satisfies (i) ¥(—y) = ¥ (y) and (i) d(y + Xa) = d(y)

for any p-dimensional vector a.

Proposition 2.3 Assume the conditions (A1)-(A5) and use the notations 11 (), be(v))
and b,(v) defined in (2.5). Then the second-order approzimation of the MSE of the

empirical Bayes estimator ﬁlEB(ﬁ) is given by

MSE(0®¥) = E[(BFP (1) — ;)7
2
T (1= ) + PPBUAAW) + B) & + Pninf®n () + O(™2), (2.7

)



and the second-order unbiased estimator of the MSFE is given by

. A2

mse(52,0) =—(1 — %) + 62 F(A(D) + B) &

7

= P4 {(1 = 40)be (V) + Aibo ()} + 26" 03007 (1), (2.8)

namely, E[msei(&{{ﬁ\)] = MSE;(02,1) + O(k=3/2).

This proposition was derived by Prasad and Rao (1990) for the estimators given in
Example 2.1 and by Datta and Lahiri (2000) for the maximum likelihood and restricted
maximum likelihood estimators given in Example 2.2. These results can be unified by
Proposition 2.3 by assuming 9v /9y, = O,(k™1).

The empirical Bayes confidence interval suggested by Prasad and Rao (1990) is given
by

1B (,6%) : GFP(0) % zajn\/msei(62, ). (2.9)

and the corrected confidence interval is given by

ICER(5,6%) 1 AER(D) % 2o |1+ 2K) B ()] (mses(@2, ), (2.10)

~

where for 6;(¢) = k{mse;(6% ¢¥)n;/{62(1 — 4;)} — 1} and h;(4)) given in (2.3), hf(@g) is
defined by

-~

B (9) =hi(9) = :(¥)
=220 @) - 2m@) + (D)} (21)

In fact, noting that mse;(62,¢) = (62/n:)(1 — 4){1 + Li(¢)/k} and £;(¢) = O,(1), we
can see that

[14‘%@@)} o2(1 — %) /i 1+€i(@/k

[1+—{h* DNVE L = %) /ni + O (k7/?),

and h*(@/}) +4; (¢) hz(zg) This implies that the two corrected empirical Bayes confidence
intervals I¢F5 (@D 62) and ICPP*(1y),6?%) are equivalent in the second-order asymptotics.
Hence from Theorem 2.1, we get the following proposition.

(14 k()] mse (62, 0)

Proposition 2.4 Assume the conditions (A1)-(A4). Then, the corrected empirical Bayes
confidence interval ICPP*(a),62) given in (2.10) satisfies that Plu; € IFEB*(¢,6%)] =
1—a+0(k™3?) as k — oo.

We now provide a couple of examples for some specific estimators of o and 2.



Example 2.1 (Prasad-Rao estimators) Prasad and Rao (1990) suggested estimators
based on unbiased estimators of o2 and o2, which are useful because they have simple and

explicit forms. Let 8, = B> iy D 5% (wy — ) (yi; —¥;) and St = 3251 350 4 (v —
Yi) — (xij — ;) 61}2 where B is given below (1.6) and B~ denotes the generalized inverse
of the matrix B. Then, an unbiased estimator of o2 is given by

6%V =S1/(N -k —r), (2.12)
where N = Zle n;, and rq is the rank of the matrix B. It can be seen that S is
independent of 7y, ..., 7, and that S;/0® ~ x%_,_,, and §; ~ N (T8, 0%/ (n;;)) for i =

1,...,k. To estimate o2, we can use the Henderson method III. For 3, = (X'X )" ' X'y,

we consider the sum of squares S = (y — XBO)’(y - XBO), which can be rewritten as
S=(y—XB)(y—XP)—(y—XPB)X(X'X)'X'(y — XB). The expectation of S
is B[S] =tr[Iy — X(X'X) ' X'|Cov (y) = 0*(N — p) + N.o2, where Iy is the N x N
identity matrix, and N, = N —tr {(X'X)~' S_F_ n?Z;7,}. Hence, an unbiased estimator
of o2 is given by

oV =N {S—(N—-p)c*}.

v

Based on 62V and 62V, the ratio 1) can be estimated by
B = % 15 = N2 {570 — (N - p)}.

However, this estimator has a drawback of taking negative values with a positive proba-
bility, and it may be serious when 1 is small. Instead of @/b\U , we here use the truncated
estimator

TR = max{V, k23, (2.13)

which is positive, consistent and 7% = IZU—i-op(k_“) for any a > 0 as shown in Proposition
2.2.

We here verify that 007% /8y, = O,(k~!) as k — co. From Proposition 2.2 and the
definition of ¥V, it is sufficient to show that 0S/0y; = O,(1). It is noted that S is
expressed as S = Sq) + S(2) where Sy = Zle Z;“:l{(yw —7;) — (x5 — Ei)’BO}2 and
S = Ll ni(F; = TBy)?. Since By = By — (B + Ao) " Ao(By — Buy) for Ao = A(0) =
S nEE, and BQO = A Y nE;, Sy can be expressed as

Sy = 1+ (By — Ba) Ao(B + Ao) ' B(B + Ao) " Ao(B; — Bay)-
Since Bo = 320 + (B + AO)*lB(,@l - Bzo)a S(2) is rewritten as
5(2) =5+ (B1 - Bzo)/B(B + AO)_lAO(B + AO)_lB(B1 - Bzo)-
Combining these expressions of S(;) and S(y) gives that
S=51+5+ <B1 - Ezo)/c(31 - //3\20)7
where

C — Ao(B + Ao)ilB(B —|— Ao)ilAO + B(B + Ao)ilA()(B —|— Ao)ilB,

8



which is equal to C = Ay — Ay(B + Ay) ' Ay. Noting that S; and Bl are independent
of (gy,...,7y), it follows that

0S 98,
oy, 0y,

3ﬁzo
ay;

—2(B, — By)'C

Since 955/07; = 2ni{; — TBap}(1 + N A E:) + 200 Y {7, — B Ba T AT,
it is seen that 052/0y; = O,(1). Also, it is observed that (B, — Byy) C{0By/0Y;} =
(Bl — BQO)’CAaan-@ = Op(1). Thus, it is shown that (‘9{/1\TR/8yi = O,(k™1).

To get the corrected empirical Bayes confidence, we need to evaluate the moments
of T, and T, for T, = (62Y — 02)/0? and T, = (6*Y — ¢?)/0?. Clearly, E[T,] = 0 and
E[T,] = 0. From (5.4)-(5.6) in Prasad and Rao (1891), it follows that E[T?] = 2/(N — k)+
O(k=3/?), E[T,T.] = —2k/{N (N —k)y}+0(k3/?) and E[T?] = 2(N?*)?)™! [k;Q/(N —k)+
S 772 + O(k~%2). Then the values of 71 (1), 75(¢) and 73(¢) given in Proposition 2.1
for the unbiased estimators 62V and 62V can be approximated as

k

() ZNQLW{Z%” + - k(Z%‘l)Q} +O(k™"),

1=1

() =W =70 Zv‘l + Ok,
7 (¥) :2/<N )+ O R).

These approximations with the estimator /7% are substituted into (2.4) and (2.11) to get
hi(pT1) and h;(T®), and the corresponding corrected confidence intervals are obtained.
|

Example 2.2 (ML and REML estimators) The general method for estimating vari-
ance components is the maximum likelihood (ML) or the restricted maximum likelihood
(REML) estimators, though the iteration methods such as the Newton method are nec-
essary for solving the likelihood equations numerically.

The moments of the ML and REML estimators can be derived by using the arguments
as in Datta and Lahiri (2000). The ML estimator ¢* of ¢ is given as the solution of the

equation
Z{nfyl } {yz - ( Z nz’%

where 6%(¢) is defined by
k
(Z S (g~ 7) — (g — 2B+ S () {7 - ZB(w)}).
=1 j=1 =1

From Proposition 2.2, we here use the truncated estimator of 1/* given by M = max{zz*, k23

Then, the ML estimators of 02 and ¢? are written by 62 = &2(1ZM) and 62M = GIMYM

9



Let & = (£1,&)" = (02,02)" and let £(3, €) be the log likelihood function of (yi,...,¥y,).
The Fisher information matrices are given by Igg = —FE[0%(3,£)/0B08'] and I¢¢ =
—E[0%0(8,&)/0£0¢'], where Ige = —FE[0*((3,€)/0B0¢'] = 0 because of the orthogonal-
ity of the parameters (3,€). From Datta and Lahiri (2000) and Rao (2003), it follows
that I g = (A(¥) + B)/o?,

I _L(N_k—i_Zfl’Yzz Zk ﬂ/z )
o 20 Zi;l nl,yzQ Zf 1 z’yz ’
and @)
<M a(y -
¢ 855 55(92(.@) ) 05k,
where EM = ( 0 M)/’ gl(y) = Z§:1 2211{(%3 @z) (w'u_ji)/:@}Q/U2+Zf:1 ni%‘@_
V) (Y, —T,8)> /0 ~N-3F (1—) and gao(y) = b, 022 (g,— wﬁ) Jo?=3"F  ngvi. Not-
ing that I¢e = O(k), 091(y)/0Y; = 2ni7i(2 — %)(yz —x;8) /0% = O,(1) and 0ga(y)/07; =

2niv2(y, — xB)/0? = O,(1), we can see that 8€ /0y, = O,(k™"). Combining this fact
and the equation R R

oM 1 96M M M

gy, oM 0y, *M 0y,
can show that 0vM /9y, = O,(k™1). From Datta and Lahiri (2000), it follows that
Var(EM) = I ¢+ O(k™*?) and

. (=M 1 _ [I_l (0Ip5/0&)] —3/2
Bias (€7) - 2I£5( [Igﬁwrgg/a@)})w(k "

Hence,

Var(6*) =204 Z n2y?/d(¥) + O(k~*?) = ¢*E[T?,

Var(o;") =20%(N — k + Zﬁ)/d(lﬂ) +O0(k™*?) = 0, B[T}),
i=1
Cov(6*M, =—20* Z ny:/ + O(k=*?) = 0202 E[T.T,),
where d(1) = (N — k 4+ 8 42 S8 n292 — (3F, nn?)?. Then it is seen that (1)),
75(¢)) and 73(1)) in Proposition 2.1 are given by 7y (1) ) = 2N/{1/12d( 3 HOK32), () =
230 ny/{$d(¥)} + O(k=*?) and my(y) = 231, niy?/d(W) + O(k=*/?). Also, the

biases are given by

Bias(6* d((j { pZn an% } O(k~%?) = ¢°E|T.),

Bias(2) v Z nef = (N —k+ Z el) } + O(™) = G2EIL],

10



where ¢(¢) = tr[(A(¥) + B)"' Y25 n?72&@,]. Substituting these quantities into (2.4)
and (2.11), we get the correction terms h;(+)) and h}(¢) for the ML estimators 62 and

™. Thus, Theorem 2.1 implies that the corresponding corrected confidence intervals
based on the ML estimators has the coverage accuracy O(k~%/2).

For the REML estimator of 1, it is given as the solution 1, of the equation

Z{m% W)Y {7 — B (W)Y
N

k
= —6"(%.) an ) ;{w@o}%xA(z@)+B>-1

From Proposition 2.2, we use the truncated estimator of QZ* given by @/D\R = max{@//)\*, k*2/3}.

Then, the REML estimators of 0% and o2 are written by 628 = {N/(N — p)}62(¢%) and
62F = 52RyR . From Datta and Lahiri (2000), it follows that Bzas( R) Bzas( 2Ry =
O(k=*/?), and that the asymptotic variance and covariance of 62% and 2% are equal to
those of the ML estimators 62" and 62™. Thus, substituting these quantities into (2.4)
and (2.11), we get the correction terms for the REML estimators 2% and ™. ]

2.2 Extension to the estimation of finite population means

The results given in Section 2.1 can be extended to the estimation of means of k finite
populations. Let Y;; denote the value of a characteristic of interest for the jth unit of the
1th finite population where ¢ = 1,... k; 7 = 1,..., N;. We assume that there exist the
auxiliary variables @;; which can be assomated Wlth Yi; as

Y —:I:U,B—f—vz—i—e”, 1=1,...,k, g=1,...,N;,

where x;;, B, v; and e;; are defined similarly as in (1.1). We also assume that the
population sizes N;’s and all the auxiliary variables @;;’s are known and bounded, but
only some of the Y};’s are observed through the following sampling procedure. For each 1,
a subset of {1,... ,N } is called a sample from the ith population. Let S; denote the set
of all possible samples of fixed known size n; taken from {1,..., N;}. A sampling design
p(s;) is the probability of selecting the sample s; from S;. Then p[s;] > 0 for all s; € S;
with >0, g plsi] = 1. Let s = (s1,...,8;) and § = 51 X -+ x Sj. Since the sampling
is carried out independetly for ¢ = 1,...,k, it is seen that P[s] = Pl[s;] X --- x P][sy]
and ) ¢ P[s] = 1. Given s, the subset of {Yj,...,Yjn,} is observed for i = 1,... k.
Suppose, without of loss of generality s; = {1,...,n;}. Thus, the sampled values of Y};
are denoted by yi1, ..., Yin,, and unobserved varaibles are denoted by Y}, .,..., Yy,

The objective is to estimate the population mean Y, = N, z Y;; based on the
samples sq, ..., sg, namely, {y;;|7 = 1,...,n;0 = 1,...,k} and the auxﬂhary variables
{z;jl7=1,...,Ni=1,....k}. Let y, = (Yir,-- -, Yin )/ and Y = (Y77, +1>“"YiTN¢)/'
Correspondingly, let X; = (x;1,...,®in,) and X| = (;n,41, - - - ,a:@NZ.) It is noted that
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given s;, (y,;, YY) is jointly distributed as

Y; . X o[ A A
(% e () o (R 82)

where All = Inz + wﬂnl.ﬁw A12 = A/21 = wjnljg\/',b—nl and A22 = INi,ni + w]NZ—nZJ/]VZ—nZ
The conditional distribution of Y given y,; and s; is

Y |yi, 50 ~ Ny, (X8 + A AL (y; — XiB), 07 Asn),
where A22.1 = A22 — A21A1_11A12. Since A21A1_11 = 1/)(]. + niw)_lei_nij;” and A22.1 =
Iy, —n, + V(1 + 1) G N _p,dN,_n,, it is seen that
for 7; = 1/(1 4 n;1p). It is here noted that Y is expressed as
Yi=(ya+ -+ Yin)/Ni+ Vs + -+ Y0 /Ni
=(1 = fi)¥; + J'ni—n, Y7 /Ni,
for f; = (N; — n;)/N;. Then from the above conditinal distribution, it follows that

71'@@'7 Si ™~ N(ﬁ?(ﬁ; ¥, 8i), Usz’(l — fivi)/mi), (2.14)
where p? (3,1, s;) is the conditional mean E[Y;|7;, s;] given by

il (B4, s:) =1 — fig + f{(@®) B+ (1 — %) — =6)}
=T, 8+ (1 — fivs) (@ — T,8), (2.15)

for ¥ = (N; —n;)~! Zj.\[:"niﬂ x;; and T;(,) = N? Zjvz’l x;;, since
T = (1 - fi)z + fix;.

The estimator 12(83, 4, s;) is viewed as the Bayes estimator in the finite population as
stated in Ghosh and Meeden (1986). Since conditional distribution (2.14) and conditional
mean (2.15) correspond to posterior distribution (1.3) and Bayes estimator (1.4), the same
arguments as in the previous sections can be used to construct the corrected confidence
interval of Y.

-~

Using the estimators 1), B({p\) and 62 given in Section 2.1, we get the empirical Bayes

~

estimator P2 (¢, s) = [B(B(1), 1, s;) and provide the corrected empirical Bayes confi-
dence interval

18,62 8) - TEP(D,8)  2aga |14 (20) " ha(D, 9)| V(@m0 T = f30),  (2.16)

where h;(1, 8) is given by

k:nl-
fi(l = fivi)
k
— kE[H] + 7 B[ H} + K7, (2.17)

hi(t,s) = {d(AW) + B) d; + 22008 B0 - )]}

12



where
d; = fi{z; — (1 —v)x:} = ZTipp) — (1 = frvs)®s,

and

H; =ai(t) — ) /¢ + (6° — 0%) /0,

. (2.18)
K; =a;(Y — ) /¢ — (6 = 0?)/0?,

for a; = finyy?/(1 — fi7y:). Then, we can get the following theorem which will be proved
in Section 5.

Theorem 2.2 Assume the conditions (Al)-(A4). Then, the corrected empirical Bayes
confidence interval given in (2.16) satisfies that P[Y; € IFFB (1,62, 8)] = 1—a+O(k=3/?)
as k — 00.

Proposition 2.5 Let 62 = 620 and assume the conditions (A3) and (A4). Then, the
correction function h;(¢) given in (2.17) can be expressed as

hi(i, s) :%{dg@‘l(w +B) d; + 2f¢2ni7?¢271(¢)} — {1 = ai)be(¥) + aiby(¥) }
+ %(Zi/z + 1) {ain(¥) = 20m) + 3(¥) } + O(k=3/%), (2.19)

where b.(V), b,(V), 11(¥), 12(¢) and 13(¢) are defined in Proposition 2.1.

Proposition 2.6 Assume the conditions (A3) and (A4). Given s, the second-order ap-
proximation of the MSE of the empirical Bayes estimator i8¢, s) is given by

MSE;(0*,¢,5) = E[(Af® (4, 5) - Y)’]
2
:%fi(l — f) 4 A AW) + B) ' + 02 2Pt () + OV, (2.20)
and the second-order unbiased estimator of the MSFE is given by
~2
~ -~ g R R ~ . -~
mse; (62,1, 8) szi(l — fA){1 = (1 = a;)be(v) — @by (¥) }

+6°di(A(P) + B)~'d; + 26° f:62n420° 1 (V) (2.21)

for a; = fini032/(1 = fi%), namely, Elmse; (62,0, s)] = MSE (a2, 1, s) + O(k~3/?).

The empirical Bayes confidence interval and its corrected interval are given by

]iEB* (QL\: 5-27 S) : ﬁfCB(lza 8) + 204/2 V m36i<a-27 @/Z}\a 8)7 (222>

~ -~

ICEB (0,6, ) : FEP(D,8) & 2app |1+ (20)HI (D, 8)| \fmsei(a?, .8), (2:23)
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where

i (1,8) =hi(, 8) = k{mse,(6, . s)ni /{52 (1 = 7)) = 1
k

—E (a2, + 1) {80 @) — 200m(D) + () )

The same argument as in the proof of Proposition 2.4 can be used to verify the following

proposition.

Proposition 2.7 Assume the conditions (A1)-(A4). Then, the corrected empirical Bayes
confidence interval ICEB* (1,62, 8) given in (2.23) satisfies that Plu; € IFFB* (1,62, s)] =
1—a+0(k™3?) as k — oo.

3 Numerical studies

3.1 Comparison of the confidence intervals

We now investigate the numerical performances of the confidence intervals given in the
previous sections under nested error regression model (1.1) or (2.1) without covariates
through simulations experiments. The confidence intervals we want to compare are the
conventional confidence interval based on a t-distribution

IF 2 g, £ tay2/6%7 g, (3.1)

the two kinds of the empirical Bayes confidence intervals

IPB . GPP () + 2000/ (6% /00) (1 — ),

PP PP () zapa/ msei(62,9),

and the corrected empirical Bayes confidence interval

~

ICER . REB(G) & 2oy |1+ (20) 7RI (D)] A/ msea(a?, D), (32)

where the truncated Prasad-Rao estimator (¢7%,62V) is used for (1), 02). Here t,/y is the
«/2 upper quantile of a t-distribution with (N — k — r;)-degrees of freedom, and 6%V and
TR are given in (2.12) and (2.13).

The simulation experiments are carried out under model (1.1) or (2.1) without covari-
ates for k = 20. In this case, ;8 = p (i.e., z;; = 1), and we can put u = 0 without
any loss of generality since the confidence intervals are translation-invariant. The sample
sizes n;’s are given as ny = -+ =nNg =2, Ng = -+ =Ny =4, Ny = - =Mny5 = 6
and nig = -+ = ngg = 8. The total number of the sample sizes is N = 2?21 n; = 100.
We handle the cases that 0 = 1 and 1) = 02 takes the values from 0 to 2. We generate
10,000 random sets of the response variables y = (Y11, .-+, Y1my- -+ Ykls - - -, Ykn, ) based
on model (1.1), and the frequency of the confidence interval which includes the mean y;

14



is counted for ¢« = 1,..., k. The coverage probability is estimated by dividing the total
number of the frequency by 10,000. The expected width of the confidence interval can
be also estimated by a similar method.

The coverage probabilities and the expected widths of the confidence intervals I, IFB

IFB* and IFEB* are obtained through the above simulation for each areai = 1,..., k. The
average values of the coverage probabilities over the total k areas for k& = 20 are illustrated
in Figure 1, where the confidence coefficient is 1 — a = 0.95, and the x-axis denotes the
value of 1. The average values of the expected widths of the confidence intervals over
the total k areas are illustrated in Figure 2. From Figures 1 and 2, we can observe the
following;:

(1) The corrected empirical Bayes confidence interval IZ¥P* satisfies the nominal con-
fidence level, while the empirical Bayes confidence intervals IFZ and IFB* violate the
confidence level for 1) > 0.2 as seen from Figure 1. Since IZPP* has a larger expected
width than IFP and IFP* as illustrated in Figure 2, it is seen that IS¥P* extends the
widths of IPP and IFB* so as to satisfy the nominal confidence level.

(2) The expected width of IF¥B* is much smaller than that of I, while both the
confidene intervals satisfy the nominal confidence level. This means that I°F5* improves
on IT.

(3) As seen from the forms of the confidence intervals given in (1.7), (1.8), (2.9) and
(2.10), the confidence intervals become instable when zZ is close to zero. Thus we need
to use the truncated estimator like (2.13), but in the case of small k, such a truncation
affects the performances of ISE5* [EB and IFP* for small values of . This is the reason
that the coverage probablities of IZFB* [EB and IFB* are over 0.95 for 1) < 0.2 in Figure
L.

(4) We have investigated the performances of the corrected empirical Bayes confidence
interval I8 and have found that the performances of ISP are quite similar to those of
I€EB* though the numerical results are omitted here.

We thus conclude that the corrected empirical Bayes confidence intervals and
IEEP* not only satisfy the nominal confidence level by extending the widths of I8 and
IEB* but also are superior to the conventional interval I in terms of the coverage prob-
ability and the expected width.

CEB
[i

3.2 Example: Posted Land Price Data

We here apply the proposed confidence interval to the posted land price data along the
Keikyu train line. This train line connects the suburbs in the Kanagawa prefecture to
the Tokyo metropolitan area. Those who live in the suburbs in the Kanagawa prefecture
take this line to work or study in Tokyo everyday. Thus, it is expected that the land price
depends on the distance from Tokyo.

The posted land price data are available for 48 stations on the Keikyu train line, and
we consider each station as a small area, namely, & = 48. For the i-th station, data
of n; land spots are available in 2001. For j = 1,...,n;, y;; denotes the value which is
transformed by logarithm from the posted land price (Yen) for the unit meter squares of
the j-th spot, T; is the time to take from the nearby station i to the Tokyo station around
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8:30 in the morning, D;; is the geographical distance from the spot j to the station ¢ and
FAR;; denotes the floor-area ratio, or ratio of building volume to lot area of the spot
j. Using the Akaike information criterion, Kubokawa and Srivastava (2007) selected the
regressor variables of and proposed the nested error regression model

Yij = Bo + FAR;; B + T, 52 + (T7) 535 + D;; By + vi + eij. (3.3)

Then, the estimates of the parameters are given by 6% = 0.020803, @/D\TR = 0.406572,
62 = Tl x 62 = 0.008458 and

BWTRY = (By, Br, B2, B3, Ba) = (13.448,0.0010105, —0.032302, 0.00018892, —6.0411x 1077).

[t is interesting to note that the land price decreases through the quadratic function f(7})
of the time T, namely, f(T1) = B + BTy + B3TF = 13.448 — 0.0323027} + 0.00018892T%.

Now we give the confidence intervals of the average land price for the unit meter
squares at the i-th station, namely, y; = By + FAR;B1 + Tif2 + (T?)B3 + D4 + v; for
i =1,...,48, where FAR, = E;lzl FAR;;/n; and D; = 2?21 D;;/n;. The upper and
lower bounds of the confidence interval I and the corrected empirical Bayes confidence
interval 7P based on the Prasad-Rao estimators are computed by (3.1) and (3.2), and
those values transformed by exponential are plotted in Figure 3 for ¢« = 1,...,48, where
the X-axis denotes the stations from No.l to No.48, namely No.1l is the station closest
to the Tokyo station and No.48 is the station farthest from Tokyo. The widths of the
confidence intervals are also plotted in Figure 4. The values of n; are indicated in Figures
3 and 4 with a different scale. It is revealed that IZFP is more stabilized and shorter than
IT for smaller n;’s and that the confidence intervals have the general pattern of decrease
in 7 on the X-axis.

300004 N
1, T(lower)
700001 g " P | iT(upper)
\ 4 . IiCEB(Iower)
00008 /5 e | CEB(upper)

50000

30000

20000

10000

Figure 3: Confidence intervals of the means based on I and IFFB fori=1,...,48
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Figure 4: Widths of the confidence intervals I7 and IFF5 for i = 1,...,48

4 Concluding Remarks

In this paper, we have obtained the asymptotically corrected empirical Bayes confidence
intervals whose coverage probabilities can satisfy the confidence level in the second order
asymptotics. This is an extension of the results of Datta et al. (2002) and Basu et al.
(2003) to the nested error regression model and to the finite population model with un-
balanced sample sizes and unknown components of variance. The corrected confidence
intervals have been numerically shown to be superior to the conventional confidence in-
terval based on the sample mean in terms of the coverage probability and the expected
width of the interval. The usefulness has also been shown through the application to the
posted land price data in Tokyo and the neighboring prefecture.

5 Appendix

We shall prove the theorems and propositions given in Section 2.

Proof of Theorems 2.1 and 2.2. We begin with proving Theorem 2.2 for ¢ = 1,
namely, P[Y; € IC¥P] =1 —a + O(k™%/?) as k — oo. Since

P[Yl € IlcEB] = ZP[?l € IICEB({D: &278)|3i]P[8]7

seS

it is sufficient to show that P[Y; € ICEB(§,62 8)|s] = 1 — a + O(k~3/?). Since the
conditional distribution of Y; given 7, is

Y|y, ~ N (8.4, 1), 0% (fu/n1) (1 = fin))

for vy = 1/(1 + ny#) and f; = (N7 — ny)/N;. For the notational convenience, we omit
the condition s as P[-|s] = P[:]. Then, the coverage probability of IZ¥B (1, 62, s) can be
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written as

Y, 1CEBA6_2S Pl C(—2 ?1—,‘7]15(/37%81) S Gz
PIV: € I7P2(0,6% 8)] =Pl + G(—2) < e a4 GG
=FE[®(z+ G(2)) — ®(—2z+ G(—2))], (5.1)

where

Gz L2 0.8) = A (B 1) + 2L+ (¥, 8)/2K))VF (i /m) (L= Fida) _
V()1 — i)
_d(BW) = B) — [ — )@ — FB) + i — ) Z(B() — B)
Vo (fu/n) (1= i)

Z - Vo2(fi/m)(1 — fin) _
+ [1 + (¥, )/(Qk)} Vo2 (fi/m)(1 — fim)

for dy = 1) — (1 — fiy)T1. We begin with approximating G(z) up to order O,(k™).
Note that

Y

== i (=) + i — ) + O, (k),
which yields

d\(B(Y) — B) — fi(1 — 1)@ — T1B) + [ — n)F(BW) — B)
\/UQ(fl/nl)(l - fim)

Uy | Uy

=7 ot O,(k™3/%), (5.2)
where
i = [(B0) )+ o2 - )7 - 0.
i = o [ VB ) (0 - 78|

It is also noted that
V1= jin 14 fimyg (@ — )
V1= fim 2(1—f171)

_ findd +4fini (1= Ain)

() =)+ O (k™72),

8(1 = fim)?
\/p 1 ~2 2 1 ~2 2\2 —3/2
\/?:14‘@(0 —0)—@(0 — )2+ O, (k/?),

which yield that

~ 52(1— fi3 ot ()
1+h1(@/}78)/(2k5)} m_lz%Jr%Jr 12%)
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where

WV

U1 ZTHIJ

- kf1n171 i ko
By = — N - 5K

for Hy = ay(¢ — ¥)/1 + (6% — 02)/0? and K| = ai(¢p — )/ — (62 — 02) /02 for a; =
finiv3 /(1 — fiy1). Combining (5.2) and (5.3) gives the approximation

VE |k VE |k 2k

Since G(z) = O,(k~/2), ®(z + G(z)) is evaluated as

G(z)=ﬂ+%+z{£+%+hl(w,S)}+Op(’f‘3/2). (5.4)

G2(2)

1 z+G(z)
Bz +G(2) =0(:) + G + 2 45 [ (4G - 0P ()

—B(2) + {G(2) — 2G*(2)/2} ¢(2) + O, (k%)
so that from (5.1),

P[Y, € ICFB(1),62, 5,)]
= ®(2) — ®(—2) + ¢(2)E [G(2) — G(—2) — (2/2){G(2)* + G(—2)’}] + O(k™*?)
=1 —a+¢(2)E[G(z) — G(=2) — (/2){G(2)* + G(—2)2}] + O(k~3/?). (5.5)

From (5.4), it is seen that

E[G(2) = G(=2) = (2/2{G(2)* + G(=2)"}]

zZ . 23 R
=F |:22ﬁ + k[QUg + hl("gb, )] — Eu% — ?U%:|

=2 LBl (B, 5)) — [~RE[H] + B[~20, + i + 267]] }.

:% {E[hl@, S)] - K [az —+ ffj?llzll (1/; ¢) —kH, + /CK12/4 + k:zsz/ZL} } : (5.6)

from the definitions of ¢; and 7. Hence, we need to evaluate the term E[a?], which is
written as

’fblk
02f1(1 — fim

5 [{d&(ﬁ(&) —B)+ fim (0 - wwl}Z] . B

where U; = 5, — T, 3. The Taylor expansion with respect to 1/#\ at 1 gives the expression
1 1

~(), o~ 3(2) ()
9

BW)=BW)+ B ()W — ) + (& — )2 + O, (k™*/?),
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(8/0)B(w) and B (v )= (@007 )B(1). Tt can be seen that B(v)— 8 =
O,(k 1/2) ,@(1 (1) = O,(k7'/?) and ,8 ( ) O,(k~Y/%). Thus, it is observed that

B@) = Bw) = 8" (W)@ — ¥) + 0, (k¥/2), a

E[{d\(B() — B) + i} <w D)UY
=B[{d\(B() — B)+d:B " (V)& — ¥) + frui (% — ) U1} ] + O(k~%?)
E[d’(3(¢)—6)( Bw) — BYdi] + fin B[4 — ¢)?U)
+2fim R E[dy (B(v) — B) (v — ¥)Ui]| + O(k~*?)
=0 + L+ I3+ O(k™3/?). (say)

where ,3 (w)

N

7
)

It is easy to see that I} = dj(A(¢) + B) 'dy6?. To evaluate I, and I3, the following
Stein identity is useful. Note that 7, ~ N (Z}3,0%/(n171)). For an absolutely continuous
function ¢(7,), Stein (1981) showed that

Elg(y,) (@, — = 18)] = nT%E{a%lg(yl)],

which is called the Stein identity. Using the Stein identity, we observe that

2

Bl (Bv) - )0 0)0i] -2k | L {1 - 915 - 0}

my [0y
o? A (G ~ e 0
| { 2B | F- )+ a B - b))

Since {y;; —y;,i = 1,...,k, j =1,...,n;} are independent of {7,,...,y,}, we can see
that 98(1) /07, = (A(¥) + B) 'nyy1 ()&, which is O,(k~1). From the assumption of
the theorem, 8¢ /8y, = O,(k~'). These imply that Is = 0 + O(k~3/2). For I, the Stein
identity is used to get that

2

B[(§ - )’V = {a {@-v) Ul}]

mmn Y,

B 02 o e

2 elaon {26
~3/2

=T B - 0]+ 06 ),

so that I, = o2 f2niy3 E[() — 1)2] + O(k~3/2). Hence from (5.7), we obtain that

nlk‘

E[ﬁ] N fl(l - f171)

{di(Aw) + B) ' + St Bl — 0} + O 2).
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From (5.6), we get that

B {a% | Kfimin? (0 — )2 — kH, + kK2 /4 + k22H? /4]

1- fl’h
nlk: , ,
“hO= i) {dl(A(w) + B)'dy + 22 E[(¢ — ) ]}

— kE[H,) + iE[ 22 + K3+ O(k™1/?),

which is equal to h;(v) given by (2.3). Hence from (5.6), it is seen that

E[G(2) = G(=2) = (2/2{G(2)" + G(—2)"}]
_* b s\ — E a2 kfiniy} 2 L2 Fp2
= { B0 - B |+ TEENG v — b, ke vt )

=0(k™3/?).

From (5.5), we thus conclude that Py, € IF8] =1 — a + O(k=*/?), and the proof of
Theorem 2.2 is complete.

Since Theorem 2.1 corresponds to Theorem 2.2 with f; = 1, a; = v; and d; = x;, the
same arguments can prove Theorem 2.1. [

Proof of Propositions 2.1 and 2.5. Since Proposition 2.1 corresponds to Propo-
sition 2.5 with f; = 1 and a; = 7, it is enough to show Proposition 2.5. Note that 1 is
approximated as

7=

i + 2)2} + Op(k7),

or

(& — )0 =T, — T, — T,T, + T2 + O, (k).

Thus, the moments are approximated as

E[(¢ - ¢)’]

VB [T? — 2T, T. + T?] + O(k‘?’/Q)

EH;| =F[a;T, + (1 —a;)T.] + o, E [Tf ] +O(k3/?), -
I:HIQ:| :E [a?TUQ + 2017[(1 - ai)TvTe -+ (1 — al)2T3:| + O(k 3/2)’
[Kf} =k [az2Tv2 - 201@(1 + ai)TvTe + (1 + CLi)2T62} + O(]g*3/2).

Using the notations 7(¢), 72(¢)) and 73(¢) defined in Proposition 2.1, we can see that

[(12)\ 1/1) ] = ¢2Tl(¢) + O(k'_?’/Q)7 E[sz] = CLZZT1<’¢) — 2@2-7-2(77b> + 7—3(1/}) + O(k—3/2)7
EB[K?] = a?ri () + 2a;72 () + 13(¢) + O(k~3/2). Substituting these terms into (2.17), we
can get expression (2.19). u

Proof of Propositions 2.3 and 2.6. We begin with proving Proposition 2.6, where
the given sample s in 7F2 (1, s) is omitted here for the notational convenience. Following
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Pradad and Rao (1990) and Datta and Lahiri (2000), the MSE of 7iZ8(¢)) can be written
as

MSEi(a ) = [{AEB( ) ?.}2]
=E{?(8,) - Y} + E{AFP () — 5P (B,v) Y] + E{AFE () — PP ()}
:%fi(l — fiyi) + 2 d(A@W) + B) ' + g3i(0?, ),

where d; = fi{@ — (1 — %)} = By — (1 — [r7)@: and ggs(0?, ) = E[{AFE () —
uEB(1)}?]. From the Taylor expansion, it follows that

gsi(0”, ) = E{ORIP (4) /00y (6 — ¢)] + O(k™7),

where O0EB()) /00 = fmV2(7, — T.BW)) + di{0B(1)/dv}. Tt can be observed that
{0B(¥) 0w} = O,(k~/2) and B(1)) — B = O,(k~/2), so that gs; is approximated as

g3(0,0) = fPn2ViE (g, — B (¢ — )] + O(k /).

From the Stein identity used in the above proof, g3; can be evaluated as

4s:(0?, 0) =02 PP B (@ — ) — o)) + O(k~"?)

JY;
02 f2nn B0 — 0)? + 27, - TB) (D — ) 1+ O(™)

=o” [P Bl(6 — ¢ + O(k™?),
since 91 /0, = O, (k™). From (5.8), it is also expressed as gs; (02, ¥) = 02 f2n 3y  E[(T—

T,)%| 4+ O(k=3/%) = 0% finy3?m (¥) + O(k~3/?), and we get the expression given in (2.7).
For the asymptotically unbiased estimator of the MSE, it is noted that

52 2 — ~
E[%fz’(l — fi%i)] :%fi(l — fii) + fz‘l an%EwZ —o?|+ o ] El — ¢

i

+ fARE(6% = 0%)(§ — v)] — o fin? B[(6 — )] + O(k ™)
:%fi(l — fr) {1+ (1 = a)be(¥) + aiby () } — g3s()) + O(k~*3).

Combining this fact and (2.20), we can get the second-order unbiased estimator given in
(2.21).

Since Proposition 2.3 corresponds to Proposition 2.6 with f; = 1 and d; = T;, the
same arguments can prove Proposition 2.3. [
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