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Theory of Linear Mixed Models and its Applications to Small Area Estimation
Tatsuya Kubokawa

Linear mixed models (LMM) and the best linear unbiased predictor (BLUP) have
received considerable attention in recent years from both theoretical and practical
aspects. This article reviews the theory of LMM and illustrates how useful LMM and
BLUP are through an example of the small area estimation. Linear mixed models for

analyzing longitudinal data are also explained and an application to the posted land

price data is given.
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000000000y 0000000 +»0000000000000000000000000
Eply] = GZ'E™(y — X )

0000000000000,000000000,y0000000 »00000000000
O0vly ~N, (GZ'S ' (y— XB),G-GZ'£"'ZG) 000000000 (21000000 yO
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24 0000000000000 O0OOOOO (EBLUP)

[1] 000 (ML) 0DOOOOO (REML) 0000000 (24)0000000000000
G,ROID00D00D0000000000000000000 a=(o,...,a,) 000%(a)=
R(a)+ZG(a)Z' 0000000000BLUP (2.8) O fi(a) = a/B(a)+¥G(a) Z' {S(a)} ~H{y -
XB(a)} 000000000000 @a00000000 (&) 000000000000
(EBLUP) 0000



a000000000000000 (Maximum Likelihood, ML) 00000000 (Restricted
Maximum Likelihood, REML) 0000y 0000000(2.12) 00 y ~Nn(XB,E(a)) OO
000000000000000000 MLOOOOBO GLSB(a)0000000ad MLOO
log |Z(a)|+(y—XB(a))S(a) Y (y—XB(a) 00000000000 00000000X 000
00700 KOK'X=000 Nx(N—r)0OODODODOO0K'y ~Ny_(0, K'S(a)K)0DO0ODO
0000000000000 REMLOOOOOOOOIog|K'S(e)K|+yK(K'S(a)K) 'K’y
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(y — XB(a))=(a) H(y — XB(a)) = y'P(a)y, P(a)= K(K'S()K) 'K’

000000000000000 (8/0a)log || = tr (27108 /0a;), OP/d0; = —P(0%/0;) P,
(8/00;) log | K'SK| = tr (POX/8a;) D0 00000O0OMLO REML 00000000000
00000000000

(2.14) ML (2(05)—18?75;)) - y’P(a)agé?)P(a)y
(2.15) [REML]  tr (P(a)a%‘:‘)) - yfp(a)a%f‘)ma)y

000 y'P(@){03(a)/0a;}P(a)y = (y—XB(a))S(a) {0Z(a) /0ai}S(a) " (y-XB(a)) =
—(y — XB(a){0%(a)" 0} (y — XB(e)) 0000000000000 D000000000
D000000O0OMLO REMLOOOODOOOOOODOO000O McCulloch and Searle (2001)
061000000000000REMLODOO0OOONONONDNONOO0ONONDNODO0O0ONOODN
000000000000000000MLO REMLOOOOOOO 310000000000
000000000000000000

2] 000000000000000O0O. D000 ML, REMLOOOOOOOOOOOOO
000 (2.14), (2.15) 0000000000000 O0OODOOOOUODOOOOOOD (22)000
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0000000000000006200000000
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(2.16) 528 = m, Si=>. {(yij — ) = (@ij — @)’Bl}Q

i=1 j=1

00000000000p-A000 Y8, 3, (z; — %)(=; — %) 00000000000
O0000000 (22) 00000000000 A=1, 00000000 A=000000
DB@]Zﬁ&j;ﬂ%—gg—u@—@ym2mmmm5DDDDDDDDDDDDDDD
000%,...,5, 0 62V 000000007 ~ N@.B,0%/ni +02),i=1,...,k, 0000
By = (Z?:l nﬁﬁz)‘l Z?:l n;Z;y; 0000085, = Zf:l ni(?i_E;BQ)2 DDOON = Zf:l i
N.=N—tr (S8 n2z@) (X nza) ' 000008, 00000 E[Sy)] = (k—p)o2+ N.o?

D00D00000620000000000
5370 = N7H Sy — (k= )52}
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3.1 0O0OUgoobod

00000000000000000000000000Fay and Herriot (1979) 00O
(3.1) U =ZTB+v+e, i=1,...k,

0D000000000000000000 ¢ 0 ¢; ~N(0,02/0) 00000000000000
0000 (22)000000000000000000000000000000000000
0000000 Fay-Herriot 00 000000000000000000000OO 200000
00000000000000000 ¢20000000000000000000000000
0000000000000000000000000000000000 (22)000000
000000 § = Y yg/mi, T = >0, ®5/n; 00000000000000000000
0000000000000 %, 00000000009 =F,..- 0, X = @,...,%),
e=(e1,...,e,) 00000000000

(3.2) y=XB+v+e,
v ~N(0,0%I;), e~ N(0,D)

D00000000000000 DOOOOO D = diag(o?/n,...,02/n,) 000000
000000000000000000000 (3.1) 0000 0200 00000 6 = 02/0?
o0 (7,...,5) 0000000000060 00000 6 =6(7,...,5) 0000000000
pwi==6+v; 0 EBLUPO (213) 0000 40000

(33) i(0) =7, — %5 — 2B0)), 4i=7(0) = (1+n0)"
0o0o0oODDOOo0oooOoDoOOoonO O GLSODOOOOOOod
(3.4) o) — (3 1LYy~

' —~1 +n;0 — 1 +n,;0



0000000000000 0O000000O0O0OML, REML O (2.14), (2.15) 0 OO

k- op— 7 2
_ Nt —ZB0))
Z (1—1—??40)2

k

n

ML} 02
i=1

1 —I—nié? -
[REML] 2i m g2 (i @)‘li ;T in?{@—ﬂﬁwm
=SNG 1+ nif T+mf)? & (11 nb)?

=1

000000000 00000000000000 ML gREML oOopopO0 Fay and Herriot
(1979) 00000000000 000000O0O0OOOO0000000000

k

ni{7y; — T,B(0)}>
FH Qk— :E ¢ C Jo0dodoooooooooood
[ ] Ue( p) P 1+n10

00006 0000008, = (X nya@) P Y n@m, 000008 = YF, (@ —

ZB8,)200000(216)0000000000000000

A 1,8 1
TR __ 2
[TR] 0 _max{—N*{—Jg—(k—p)},—kQ/g}DDDDDDDDDDDDD
0do0odopoobDO0odobDoodn =---=n=n000000600 MLO n‘lmax{n§ le{gi—

TB(0)}>/(ko?) — 1,0}, REML O n~' max{n Y0 {7 — T/B(0)}/((k — p)o?) — 1,0, 00 D0
REML OOO0OOO0OOO0OOO0OOOOOO0OOOOFHO REMLOOOOODOOODO MEQOOO
ooooooood

3.2 OOUOOoOoboOd

00 EBLUPOO0OO000O000OOOC EBLUPOOOOO0O0000O0OOOOOOOEBLUP
0 w==68+v 000000000000

(3.5) M; (0, 715(0)) = E[{7i(0) — pi}*] Jo?

O00D000oo0oo0ooo0oooooooooooooooooooooooooooon
00000000 (Mean Squared Error, MSE) 00000000000 MSEOOOOOOOO
000 EBLUPODOOOODOOODOOOODOO

000y 0 N@,B,02/n;+02) 000000000000000000000000000
Stein 000O00O0O00O0EBLUPO MSEOOOODODOOOOODDOO0OO0O0OOOO0OO0OO0 O
00 (2007) 00000000000000000000000000000000000000
00000000000000000000000Datta, Kubokawa and Rao (2002) 00000
0000000000000000000000000000000000000000000
00000 MSEOOODOOOOOOOOOOO0000O0O0O0O0000MSEOOOOOOOO
000000000000000

000000000000000000000000 » 00000000000 k00O
0000000 k000000000000 006000000000 Biass(d) = E[f — ),
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Varg(d) = E[(§— E[0))?) DD D0 Biasg(d) = O,(k~) 0000000000040 ML, REML,
FH, TROOOOO0OO0O0O0000O0O0000O0000

g1:(0) =n;t —ni1i(0),
k
—1
92i(0) = (@Y > inm7; ) T
j=1

93i(8) =ni{i(8)}*Vary (8),
OOODOOEBLUPO MSED k000000000

M;(0, 1i:(9)) = g14(0) + g2:(0) + g3:(0) + o(k™")

000D000O000OO00OO0O0bO MSEOOOOOOOODOO MSEOODOODOOODOODOOO
gooooood

A~

— ~ ~ ~ ~ ~ N2
(3.6) MY (0) = 914(8) + 920(8) + 295i(8) — Bias; (9) {7:(0)}
0000000000E[MU6)] = M(6,5:0)+o(k")DOO0O0D0O

00000000 0000 ML GREML GFH TR 0000000 Varg(fME) =
Varg(§RFME) =2/ 370 (nimi)* +o(k™), Varg(97H) = 2k/ (37, nivi)® +o(k™), Varg(67F) =
2% 472/N? +0o(k™) 00D0OD0D00D000D000D Biasg(0*PML) = Biase(§7F) =
o(k™1),

tr (3; nvi®i®;) "' Y, (nivi) B

Biasg(0ME) = — S () +o(k™h),

A~

0000000000000 MSEOOOOOOOOOOOOOOOOOEBLUP O MSE M;(6,7i;(9))
D000 A000O0gs(M) 000 Varg(d) 0000000000000 DO0O 00000
MSE OOO00O000000O0Varg(@Mh) = Varg(0RFML) < Varg(@F¥) 00D 0DD0OOOODO
O0DDOFHOOO ML, REML 0O00OODOOO0OO0OODOO MSEOOOOODODOOOOOOO
0 (3.6)00000000000000 MY()00D0O0D00D000000RBias(f)=000
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