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Abstract

This paper studies the properties of t-ratios associated with the limited
information maximum likelihood (LIML) estimators in a structural form es-
timation when the number of instrumental variables is large. Asymptotic
expansions are made of the distributions of a large K t-ratio statistic un-
der large-K, asymptotics. A modified t-ratio statistic is proposed from the
asymptotic expansion. The power of the large K t-ratio test dominates the
AR test, the K-test by Kleibergen (2002), and the conditional LR test by
Moreira (2003); and the difference can be substantial when the instruments

are weak.
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1. Introduction

In recent microeconometric applications, some econometricians have used many
instrumental variables in estimating an important structural equation. One em-
pirical example of this kind, often cited in econometric literatures, is Angrist and
Krueger (1991), who used 178 instruments in one of their specifications. However, in
such cases, it has been found that approximate distributions of estimators and statis-
tics based on the conventional large sample asymptotic theory can be inaccurate.
See, for instance, Anderson, Sawa, and Kunitomo (1982); Bound, Jaeger, and Baker
(1995); and Anderson, Kunitomo, and Matsushita (2005). In order to overcome
this problem, several new test statistics have recently been proposed. Kleibergen
(2002) and Moreira (2001) proposed a score-type statistic, while Moreira (2003)
proposed a conditional likelihood ratio (CLR) test, both of which are shown to be
robust to the weak instruments. Several papers extend these tests to a more general
framework including heteroscedasticity. See, for instance, Kleibergen (2005) and
Andrews, Moreira and Stock (2006).

There has been another approach to provide better approximation using “large-

Y

K, asymptotics,” where the number of instruments (K) is allowed to increase with
the number of observations (n). Kunitomo (1980, 1982) and Morimune (1983) were
the earlier developers of the large-K,, asymptotics, and they derived asymptotic
expansions of the distributions of the k-class estimators including the two stage least
squares (T'SLS) and the limited information maximum likelihood (LIML) estimators
in the case of two endogenous variables. Multivariate first order approximations to
the distributions were derived by Bekker (1994) and Anderson et al (2005). Bekker
(1994) found that the large-K, asymptotics provides better approximations than
the one where K is fixed even when the number of instruments is not large. Hansen,
Hausman and Newey (2006) consider the same model and show that Bekker (1994)

standard error corrects the size problem.

This paper focuses on the second approach. The main purpose of this paper is to



explore the finite sample properties of t-ratio statistics under the large-K,, asymp-
totic theory. Since the t-test is one of the most commonly used procedures to test
hypotheses on a coefficient in a structural equation, there have been several litera-
tures investigating the finite sample properties of the ¢-ratio. See Richardson and
Rohr (1971), Morimune (1989), Hansen et al (2006), for instance. Morimune (1989)
derived asymptotic expansions of the distributions of (standard) t-ratio statistics
associated with the k-class estimators under the standard large sample asymptotic
theory in the case of normal disturbances. This paper extends his work into the
case with many instruments. We derive an asymptotic expansion of the null distri-
bution of (large K) t-ratio statistic based on the LIML estimator under the large-K,
asymptotics: both in the case of normal disturbances and non-normal disturbances.
An asymptotic expansion of the distribution of the LIML estimator is also derived,
which is new in the many endogenous variables case. We find that the absolute
values of the second terms of the asymptotic expansion of the (standardized) LIML
estimator and large K t-ratio are the same but have different signs, and that this
second order term may have a substantial impact on the size distortion of the ¢-ratio
test. Using the asymptotic expansion of the large K t-ratio, a modified ¢-ratio statis-
tic which does not include terms of order O(n~'/?) in the expansion is proposed.
In Section 2, the model and t-tests with many instruments are explained, and a
large K t-test is defined. In Section 3, large-K, asymptotic expansions of the null
distributions of the ¢-ratio statistic are provided both in the cases of normal and
non-normal disturbances. Some Monte Carlo experiments are provided in Section 4,
and conclusions are provided in Section 5. All derivations of theorems are provided

in Appendices.

2. The Model and t-Tests with Many Instruments

Let a single structural equation be
Y1 =YoB+ Z1vy +u, (2.1)
where y; and Y, are n x 1 and n x G; matrices, respectively, of observations of the
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endogenous variables, Z; is an n X K; matrix of observations of the K exogenous
variables, 3 and « are column vectors with G; and K; unknown parameters, and w
is a column vector of n disturbances. We assume that (2.1) is the first equation in a
simultaneous system of (G; +1 linear stochastic equations relating G341 endogenous
variables and K(K = K; + K3) exogenous variables. The reduced form of y =
(y; Yy) is defined as

IT,

Y =711 + V = (Zl Zg) + (’01 VQ), (22)
IT,

where Z is an n x K matrix of instrumental variables, IT; = (71 IIj5) and II; =
(91 Ilgy) are K x (14 G1) and Ky x (14 G) matrices, respectively, of the reduced
form coefficients, and (v; V) is an n x (1 + G) matrix of disturbances. The

rows of V' are independently distributed, each row having mean 0 and (nonsingular)

covariance matrix

w w
Q= " 7. (2.3)
war (oo

In order to relate (2.1) and (2.2), we postmultiply (2.2) by (1, —@'), then u =
vy — Vo8, v = m — 130, and

w1 = 1. (2.4)

The matrix (w9 Ilsp) is of rank G and so is Il The components of u are

independently normally distributed with mean 0 and variance o2, which is defined
to be w11 — 2/8/(.4)21 + ,6/922/6.

We define, for any full column matrix F,
P.=F(F'F)'F, Pr.=I-F(F'F)'F. (2.5)

The LIML estimator of (8 ')’ is (B8, 4.;) satistying

Y Y1 1
Y, | Pz, Y2 Z1) - M| Y, [Pz(y, Y2 Z))p | =B, | =0, (26)
Z 4 —Yrr



where ) is the smallest root of

Y1 Yy
}’v,2 Pz<y1 Y2 Zl) - A Y,2 Pz(yl Y2 Z1> =0. (27)
A A

The TSLS estimator of (8 ') is (B ¥g) satisfying

1
Y, i
, PZ(yl Y2 Zl) _16LI =0. (28)
Z1 R
—YrL1

Under the conventional (fixed K) asymptotics, both LIML and TSLS estimators
are consistent and have the same asymptotic distributions. Let 2 be a (G1+ K;) x 1
column vector of zeros, apart from its ith element which is unity. The standard

t-ratio for testing

H, i B =0, (2 9)
Y
18
1 . Bk
sV Qi (K) Yk

where 3 and 4 can be the LIML and TSLS estimators, s2 is an esimator of o2 that
is given as

1

TR G W Y8 23 (0 - YaBi - Zi), (2.11)

2 _
S =

and Q,,; 1(k;) is the ith diagonal element in the matrix, where
-1
. Y, Z(Z'Z)'Z'Y,— (k- 1)Y,P,Y, Y,Z
len 2 ( ) 2 ( ) o~ Z X 2 2441 . (212)
Z\Y, Z\Z,
Here, k = 1 for the TSLS estimator, and k& = 1 + A for the LIML estimator, and

(52Q_1) is a consistent estimator of the as i i f 3 4')i
i ymptotic variance of \/n(8 4')¢ under

the null hypothesis of the test.
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Figure 1: The null distributions of t;;5/, and trgrs when the number of excluded

instruments is 30 (n — K = 100, Ky = 30, = 0.5, 6% = 30)

However, when the number of instruments is large classical normal asymptotic
approximations may provide poor approximations to the finite-sample distributions
of IV statistics. When the number of the instruments is large, the TSLS estima-
tor can be extremely biased. Anderson et al (2005) show that for Ky = 10 and
K, = 30, the median of the TSLS (and GMM) estimators can be lower than -1.0
ASD(asymptotic standard deviation)’s. On the other hand, the LIML estimator has
larger variances than the asymptotic variance based on the standard large sample
theory. Figure 1 includes the empirical null distributions of the (standard) t-ratio
associated with the LIML and TSLS estimators when the number of the excluded
instruments is 30.

Bekker (1994) pointed out that the large-K,, asymptotic thoery may be suited
better to applications, where the number of the (excluded) instruments (K5) is al-
lowed to increase with the number of observations (n). In this paper we consider the
same situations, that is, the number of the (excluded) instruments (K5) is allowed

to increase proportionally with the number of observations (n):

n — 00,



K/n = ¢ +0n"h), (0<e <1) (2.13)

K/qg = c+0nh), (0 < ¢ < 0)

where we defined ¢ = n — K. Under the large-K, asymptotics, the asymptotic
distributions of the LIML and TSLS estimators are rather different. The LIML
estimator is consistent and asymptotic normal while the TSLS estimators even lose
consistency. The LIML estimator attains the asymptotic lower bound when the
number of instruments is large. See Kunitomo(1982) and Anderson and Kunitomo
(2006). For this reason, in this paper, we focus on t-tests based on the LIML

estimator. We define D4 as follows:

I, I
D,=| "% . (2.14)
II,, O
and assume that
1
ﬁD’QZ’ZD2 2 Q, (2.15)

where @ is a nonsingular constant matrix. Under the sequence (2.13), Anderson

and Kunitomo (2006) have proved under certain conditions !

vn B =B < N(0 W),
Yor — 7
where
_ _ 92202 0 _
U = Q' +ta(l+e)Q ! 0 o —qyq50" | Q7!

+Q7'(B3 + E) + Q'

which is identical to the Bekker (1994) variance in the case of the normal distur-

bances. Here we have used the notations that

. 1 n
B3 = PlimnaooDlzﬁ Z Zi[(l + 02)a§i) - 02]E[U?w/2i]a
-1
[y = Eujwywh) — o’ Elwyw)],

: 1 &
n = (1+ 62)2pllmn—>oog Za; 2_ 2
i=1

1
q = g(w'm —B8'Qy 0), wy = (v 0) — u;qa,

! Anderson and Kunitomo (2006) provided the results only on ﬁ using different notations.
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and a{"”) = 2/(Z'Z)z;. ¥ can be estimated consistently by

o -2
-1 K coa1 Qy0° 0

A A1
¥ o= 52Q +—(1+M)Q — 46| Q
n 0 0
A —1 / PR A~
+Q [(E3+E;) +194Q
where
N , = .9 1o, = ~ 11_,
Q = -Y'PjY, 6°=-bY P,Yb, 4= — Y,P,YD,
q q o~ q
. 1IN - P LI - I, Ix
By = *Z[D/zzi(lﬂL)\)agz)—A]*Zuiz’w% D, =| | e
ni N4 II,, O
r, = 1ZTL:A2A Ny ol P 2l S m2 5o
4 = — P UWoWy — O Ezw%@%n = (1+2A) " a;~ — A,
n

=1 =1 =1

A p A A i / i I A ~
U = Y — y/mﬁ - z'h-’y, and Wy = ((Yq; — (H12H22)z,~)’, 0)/ — Uigo.

Here II is the OLS estimator of IT in (2.2), and we have used the notation that
b= (1,—B%;). The large K t-ratio for testing H, is given by
I . BLI
tlargeK — — ’L/\/ﬁ ) y (216)
V Wi Yrr
where W,; is the i-th diagonal element in the matrix . The estimate of the asymp-
totic variance depends on the estimates of the third and fourth order moments of
the distributions of the disturbances, which make it complicated. However, we will
see that these terms seem to have little effects even when the distributions of the
disturbances are deviated from the normal distribution in Section 4. See Anderson

and Kunitomo (2006) for further discussions.

3. Asymptotic Expansions of the Distributions of the Large
K ¢t-Ratio Under H,

3.1 The Case of Normal Disturbances



In order to explore the finite sample properties of the large K t-test, asymptotic
expansions of the null distributions of the large K t¢-ratio are derived under the
large- K,, asymptotics in this section.

We consider the case of normal disturbances first. When the rows of V' are
normally distributed, a consistent estimator of the asymptotic variance of the LIML

estimator is given by
¥ = 5°Q! (3.1)

K . Q- YiP, Y267 — LY, P, YDD'Y'P,Y, 0
n 0 0

Q—l
A new assumption is necessary for the expansion.

Assumption 1 There exists a constant positive definite matrix
Q = plim,—..oQ st. Q=Q + O,(n™h). (3.2)

The following theorem is obtained. The derivation is provided in Appendices A

and B.

Theorem 1 When the rows of V' are normally distributed, the asymptotic expan-
sion of the distribution of the large K t-ratio (2.16) under the sequence (2.13) is
given by

1 1
-,
where & is a (G + K1) vector and ®(§) and ¢(€) are the cdf and the density function

Pltiargerc < &} = 0(€) (W q,)p(€) + O(n"), (3.3)

of the standard normal distribution, respectively.

As in the case with the LIML estimator (see Appendiz A), when ¢; = 0, this
asymptotic expansion is identical to the result under the standard large sample
theory up to O(n~/2). See Morimune (1989). When G; = 1, we have a simple

expression of the expansion of the large K ¢-ratio for testing Hy : = 0 as follows.



Corollary 1 When Gy = 1, the asymptotic expansion of the distribution of the large
K t-ratio (2.16) for testing Hy : 3 = 0 under the sequence (2.13) is given by

P(iargerc < €) = ®(€) + Z\/ﬁf%(@ +o(u™). (3.4)

Here, we use the notations n = 1+ (1 + :—z), v? = lim, o %2, 72 = lim,, oo ”—LQ,
M2 = %H§2A22.1H22, Agq = ZIQZQ - Z/2Z1(Z’1Z1)_1Z/1Z27 a = (w225—w21)/\/@7
and L = Ky — 1.

From Corollary 1 and A.1 (in Appendiz A), we find that the absolute values of
the second terms of the asymptotic expansion of the LIML estimator and large K
t-ratio are the same but have different signs. This implies that the distributions
of the LIML estimator and large K t-ratio are skewed in opposite directions. We
will later see that this second order term may have a substantial impact on the size
distortion of the t-test.

We find from the asymptotic expansion (3.3) that there exists a simple adjust-

ment of the ¢-ratio statistic which does not include terms of order O(n~'/2) in the

expansion. We propose an adjusted t-ratio as

t (3.5)

1 1 /Ty A 2
adj — tla'r eK — 77A(7' \I’q2>tlar ek
where W is defined by (3.1), and @, is an estimator of g, where wa, €299, and 3 are

consistently estimated by %Y’QPZyl, %YIQPZYQ, and ,BLI, respectively.

3.2 The Case of Non-normal Disturbances

In order to investigate the effects of the normality assumption for disturbances,
the asymptotic expansion of the distribution of the large K t-ratio under Hy is de-
rived in the case of non-normal disturbances. One convenient class of underlying
disturbances is the elliptically contoured distribution, which contains many impor-
tant distributions including the multivariate normal distribution, the multivariate ¢

distribution and the uniform distribution on the sphere in R”.
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When the rows of V' are followed by the class of elliptically contoured distribution
EC(€2) 2, the asymptotic variance of the LIML estimator ¥ is given by

_ _ 9220'2 0 _
U= Q7+ {a(l+ ) +ns}Q7! 0 o — q,q50'| Q7', (3.6)

where £ = (E(u})/o* — 3)/3. (Anderson and Kunitomo (2006))
Hence, the large K t-ratio for testing Hj is given by

L. B
2tlaL’r’geK N 7’/\/ﬁ . ) (37)
\Ilii Yrr
where W' is a consistent estimator of W' using 77 = (1 +A)2L al™? = 32 and
1 2 .
R= (= n 2iny y“g b=, 7)" — 3)/3 for estimating 1 and « in (3.6), respectively.

We obtain the next result. The derivation is provided in Appendix C.

Theorem 2 Let the rows of V' be followed by the class of elliptically contoured
NON

zln

distribution EC’(Q) In addition to Assumption 1, we assume that
plim= >, “ Y10 b(nY). The asymptotic expansion of the null distribution of the
large K t-ratio (3.7) under the sequence (2.13) is given by

Pl < €1 = 006) = = (V)00 + 0. (39)

From Theorem 2, when the disturbances are followed by the class of the ellip-
tically contoured distribution, the asymptotic expansion of the distribution of the
large K t-ratio under Hy has the same form as that in the case of normal disturbances

with W replaced by W

4. Monte Carlo Experiments

Empirical distributions by Monte Carlo studies are obtained in order to examine
the quality of the preceding asymptotic approximations to the finite sample distri-

butions of the LIML estimator and ¢-ratio statistics. We considered models with

2The precise definition of elliptically contoured (EC) distribution has been given by Section 2.7
of Anderson (2003).
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two endogenous variables, i.e., G; = 1. In this case, the distributions of the LIML
estimator and the t-ratios for a coefficient on endogenous variables depend only on
the key parameters used by Anderson et al (1982), which are K5, the number of

excluded exogenous variables; n — K, the number of degrees of freedom in Q;

1T}, Ay 11
R — (4.1)
Wa2
the noncentrality parameter associated with (2.1); and
waalf — wa P
TR A -

where p is a correlation between w and vy. The numerator of the noncentrality
parameter §? represents the additional explanatory power due to y,; over zy; in
the structural equation, and its denominator is the error variance of y,,. Hence,
the noncentrality parameter 62 determines how well the equation is defined in the

simultaneous equations system.

We use the DGP
v, = .09 + 217 +u, (4.3)
and

y, = Z11Y) + V5, (4.4)

1
where K1 = 1, Z ~ N(0,Ix ® 1), (w, V) ~ N(O,S @ L), S=| = " |, and the
p 1
true values of parameters 39 = 49 = 0. We have controlled the values of 6 by
choosing a real value of ¢ and setting (1 + K3) X 1 vector oy = c(l,---,1). The
number of repetitions in each experiment is 20,000. The accuracy of our simulation

method has been carefully examined by Kunitomo and Matsushita (2003a).

4.1 Distributions of t-Ratios on 7 Under H,

12



The empirical small sample distributions are calculated for a standardized form

of the LIML estimator

/Iy Agg 1Ty
“ 294122.1 22(5_5)7

o

65—

and the three types of t-ratios— t1 7z, the large K t-ratio (¢4,4ex ), and the adjusted
large K t-ratio (t,4) —under Hy. The null hypothesis Hy was imposed so that the
true coefficient is zero. In Tables 1-3, the 5, 10, 50, 90, and 95 percentiles, and the
observed sizes at the 10% and 5% asymptotic critical values are tabulated. In Figure
2, graphs of N(0,1), and empirical null distribuitions of ¢, ti4rger, tagj are given in
the case of n — K = 100, Ky = 30, = 1, and 6 = 30.

From the tables, the distribution of ¢/, is close to the standard normal distri-
bution when o and K, are small. As « increases, a slight asymmetry is observed;
and as K increases, the tails become long, which causes a large difference between
actual and nominal sizes. For given «, K5, and n, the size distortion become small
as 0% increases. For given a, 62, and n, the size distortion increases with K.

The distribution of the large K t-ratio (t4,4ex) is closer to the standard normal
distribution than 77,/ irrespective of whether K is small or large. This implies
that the large K asymptotics are more accurate than the standard large sample
asymptotics, which agrees with the results reported in Bekker (1994). However,
the distribution is still skewed when |a] is large. It is often the case in numerous
applications that the sign of the parameters is known from the economic theory and
that the one-sided test is used. In such cases, the size distortion of the large K t-test
can be rather large.

The distribution of the adjusted large K ¢-ratio (¢,4;) is the closest to the standard
normal distribution in all the cases. It is close to being symmetric even when |«
and K are large and the difference between the nominal and real sizes is small in all
cases including the many weak instruments cases (62/ Ky = 1; see Moreira (2003)).

We note that the small sample distributions of the t-ratio statistics are rather
different from that of the (standardized) LIML estimator. The distributions of ¢17a1,

and tjqrgex have long left tails for o > 0 (and long right tails for a < 0), while the

13



Table 1: Distributions of ¢ ratios under Hy: n — K = 30, Ky = 3,62 = 30

a=0.1 a=1

normal  ég t tiargex  tadj és t tiargex Y

X05 -1.65 -1.64 -1.72 -1.61 -1.74  -1.37 -1.95 -1.92 -1.66
X10 -1.28  -1.26 -1.34 -1.26 -1.31  -1.10 -1.48 -1.45 -1.29
MEDN 0 0.01 0.01 001 0.01  -002 -0.01 -0.01 -0.01
X90 1.28  1.32 128 1.19 130 .50 113 1.1 1.26
X95 1.65 1.75 1.60 1.50 1.69 2.09 139 137 1.63
P(t < 205 5.0 49 58 47 59 1.9 80 76 52

10.0 9.7 11.1 9.6 10.4 6.3 132 127 10.2
10.0 10.7 9.9 8.2 10.3 129 6.8 6.3 9.6
5.0 6.0 4.4 3.4 5.4 8.5 2.3 2.0 4.8

t < z10
t > 299
t > 2o

I3 39X

~— — — “—

distribution of the LIML estimator has a long right tail for &« > 0 (and a long left tail
for o < 0). The abovementioned observations agree with the asymptotic expansions
of the cdfs of e and ligrgerc In Appendiz A and Section 3, respectively.

In summary, it may be stated that the distribution of ¢,4; is closest to the stan-
dard normal distribution in all the cases. The distribution of #7757 is skewed and
extremely deviated from the normal distribution, particularly when a and K, are
large. The distribution of t;,,4ex is closer to the normal distribution than t7arz;
however, it is still skewed and the size distortion can be large. However, the differ-
ence between t,4; and the standard normal distribution is small in all cases except

when 62 is too small. The actual size of tadj 1s close to the nominal size.

4.2 Power Comparison

We conduct power comparisons of the large K ¢-ratio statistic with the Anderson-
Rubin (AR) statistic (Anderson and Rubin (1949)), the K statistic (Kleibegen(2002)),
and the conditional likelihood ratio (CLR) statistic (Moreira(2003)). 3

3We do not report power results for the likelihood ratio (LR) test and the standard ¢-ratio test

because their size properties appear to be rather poor in the situation considered here.
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Table 2: Distributions of ¢ ratios under Hy: n — K = 100, Ky = 30, 6% = 30

a=0.1 a=1

normal  ég t tiargek  tadj s t Liargek  tadj
X05 -1.65 -1.98 -2.27 -1.57 -1.86 -1.34 -2.60 -2.00 -1.67
X10 -1.28  -1.40 -1.85 -1.23 -1.39 -1.08 -1.95 -1.51 -1.29
MEDN 0 0.00 0.00 0.00 0.00 0.01 0.01 0.01 0.01
X90 1.28 1.47 1.71 1.15 1.36 1.68 1.23 0.96 1.21
X95 1.65 214 2.04 1.43 1.77 246 1.42 1.13 1.50
P(t < zp5) 5.0 7.4 13.1 4.1 6.8 2.1 13.5 8.4 5.3
P(t < z10) 10.0 11.7  19.5 9.2 11.7 6.0 19.1 13.3 10.1
P(t > zg) 10.0 12.3  18.3 7.4 114 14.8 8.4 2.3 8.5
P(t > zo5) 5.0 8.3 11.1 2.7 6.4 10.3 1.6 0.2 3.2

Table 3: Distributions of ¢ ratios under Hy: n — K = 100, Ky = 50, 6% = 50

a=0.1 a=1
normal  ég t tiargek  tadj s t Liargek  tadj
X05 -1.65 -1.87 -250 -1.65 -1.86 -1.39 -2.62 -1.97 -1.68
X10 -1.28  -1.35 -2.02 -1.29 -141 -1.13 198 -148 -1.28
MEDN 0 0.00 0.00 0.00 0.00 -0.01 -0.01 -0.01 -0.01
X90 1.28 1.43 1.85 1.19 1.35 1.60 1.38 1.03 1.25
X95 1.65 2.03 2.28 1.50 1.78 222  1.62 1.24 1.57
P(t < zp5) 5.0 6.7 15.3 5.1 7.1 2.3 13.8 8.0 5.5
P(t < z10) 10.0 11.1 214 10.2 12.0 6.9 19.3 13.1 10.1
P(t > zg) 10.0 12.0 20.0 8.2 11.1 14.2 12.1 4.2 9.4
P(t>zs) 50 77 132 34 6.3 05 47 07 43
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Figure 2: The null distributions of ¢, tj4rgex, and toq: n — K = 100, Ky = 30, =
1,62 =30

e Anderson-Rubin (AR) Test
Anderson and Rubin (AR) statsitic is given by

(1, =By)Y'(Pz — Pz)Y (1, —B,)

AR = - . 4.5
(L, —By) Y P,Y (1.~ [(n — ) )
Because, under the null hypothesis, we have
"Py;— P
AR = w(Pyz — Pz )u (4.6)

wPzu/(n — K)’
the null distribution of the AR statistic does not depend on 62. Thus the AR
test is one of the testing procedures which are robust to weak instruments. Un-

der either the standard large sample asymptotics or weak-instrument asymp-

toics, AR <% x2(K>) under the null hypothesis.

e Score-type Test
Define the statistics

S = (Py — Pz,)Yby(by/Qb,) /> (4.7)

16



and

—-1/2

/80 (BOaIGl)Q_l IBO ) (48)

I, Ig,

T=(P;—P,)YQ!

and S and T denote S and T evaluated with Q = Y'P,Y /(n— K) replacing
Q, where by = (1, —3,’)". Kliebergen (2002) proposed the statistic

K=S8TT'T) TS (4.9)
Kleibergen showed that under either the standard large sample asymptotics
or weak-instrument asymptoics, K 4, X%(G1) under the null hypothesis, i.e.

robust to the weak instruments.

e Conditional Likelihood Ratio (CLR) Test
The likelihood ratio (LR) statistic for testing Hy : 3 = B, when € is known,
is given by

B)Y'(P;—Py)Yby . WY (P, P;)Yb

L _
R b, Qb . v'Qb

(4.10)

Moreira (2003) showed that the LR statistic is a function of S and T defined
in (4.7) and (4.8), and that, in the fixed-instruments and normal-distubances
model with known €2, if its critical value is computed from the conditional
distribution given T' this conditional likelihood ratio (CLR) test is similar
(i.e. fully robust to weak instrumens). Moreira (2003) suggested computing
the null distribution by Monte Carlo simulation or numerical integration. In
practice, €2 is unknown. However, €2 can be consistently estimated by Q=
Y'P,Y /(n— K) under the weak-instrument asymptotics, and the conditional
likelihood ratio (CLR) test based on the plug-in value of €2 can be shown to
be asymptotically robust to weak instruments under the general conditions

(stochastic instruments and nonormal disturbances. )

We generate 5,000 datasets from DGP (4.3) and (4.4) for various values of 3 and
report size-corrected power curves at the 5% significance level. We also use 5,000

realizations each of x?(1) and y?(K, — 1) random variables to simulate the critical

17



values of Moreira’s CLR statistic. Figures 3-6 display the power curves in the case
in which Ky = 3. Figures 7-10 display the power curves in the case of many (weak)
instruments— K, = 30 and 62 = 30.

Our results are similar to the results of Kleibergen (2002), Moreira(2003), and
Guggenberger and Smith (2005): (i) The power of the AR test decreases substan-
tially when the number of instruments increases, (ii) The CLR test is usually more
powerful than the AR and the K tests, and (iii) The most important finding of our
experiments is power curve of the large K t¢-ratio uniformly dominates the power

curves of the other tests. Occasionally, their differences are rather large.

4.3 Effects of Normality

Since the distributions of estimators and t-ratio statistics depend on the distri-
butions of the disturbances, we have investigated the effects of the non-normality
of disturbances. We calculated a large number of cases in which the distributions
of disturbances are skewed (x%(3)) and have long tails (¢(3)). We have chosen the
case of n — K = 100, K, = 30,a = 1, and 6> = 30 and reported the 5, 10, 50,
90, and 95 percentiles of the null distributions and the observed sizes at the 10%
and 5% asymptotic critical values of ¢, tiargerc, tagj, and t;argeK in Table 4. From
these experiments, the size properties of the three t-ratio statistics, ¢, tiargerc, tadj
which are derived under the assumption of normal disturbances, are approximately
valid even if the distributions of disturbances are deviated from normal. The power
curves change slightly when the distributions of the disturbances have long tails.
Figures 11-12 contain the power curves when the distributions of disturbances are
t(3) distributions. However, the large K ¢-test continues to uniformly dominate the

others in these cases.

5. Conclusions

When the number of instruments is large, the null distribution of the standard

t-ratio (trrar) is skewed and extremely deviated from the normal distribution. The
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Table 4: Distributions of ¢ ratios under Hy (The Cases of Non-normal Disturbances):
n— K =100, Ky = 30, 6% = 30

n— K =100,K,=30,6°=30,a =1

ui = (x*(3) - 3)/v6 u; = (3)
normal ¢ ek tadi  targex t o tagek  tad targex
X05 -1.65 -239 -185 -1.714 -1.84 260 -2.02 -1.69 -2.01
X10 -1.28 -1.82 -141 -1.32 -1.40 -1.94 -1.50 -1.29 -1.49
MEDN 0 -0.02 -0.01 -0.01 -0.01 -0.01 -0.01 -0.01 -0.01
X90 1.28 1.38 1.06 1.25 1.06 1.22 0.95 1.18 0.94
X95 1.65 1.68 1.31 1.62 1.31 1.43 1.13 1.47 1.13
P(t<zs) 50 121 70 59 7.0 137 84 55 82
P(t < 210) 10.0 18.0 11.9 10.6 11.8 19.1 134 10.2 13.3
P(t > 290) 10.0 12.1 5.5 9.5 54 8.4 2.6 8.1 2.6
P(t > z95) 5.0 5.4 1.4 4.8 14 2.2 0.3 3.2 0.3

null distribution of a large K t-ratio (fi4rgerc) is closer to the normal distribution,
but it continues to be skewed and the size distortion can be large, particularly for
the one-sided test.

In order to explore the finite sample properties of the large K ¢-ratio, we derived
an asymptotic expansion of the null distribution both in the cases of the normal and
non-normal disturbances. We proposed an adjusted large K t-ratio (t,4;) from the
asymptotic exapansion. The actual size of t,4; is shown to be close to the nominal
size.

We also have found that the power of the large K ¢-ratio test dominates the AR
test, the K-test, and the conditional LR test. It may be stated that the large K
t-test should be used when the number of instruments is large (except when the
instruments are too weak). When we know the sign of the parameter from the
economic theory, the use of the modified large K t-ratio statistic is recommended as

a more accurate test procedure.
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Figure 4: Power of tests: n — K = 30, Ky = 3, a0 = 1, §°
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APPENDIX

A. Asymptotic expansion of the distribution of the LIML

estimator

In this section we give the asymptotic expansion of the distribution of the LIML

estimator
~ éﬁ BLI - 5
e = . = \/ﬁ . (Al)
€y Yor — 7

under the large-K,, asymptotics.

Theorem A.1 When the rows of V' are normally distributed, the asymptotic ex-

pansion of the joint distribuiton of ey under the sequence (2.13) is given by

Plén < &) = By(€) + jﬁmgaem(s) oM™, (A2)

where € is a (G + Ky) vector and ®y (&) and ¢g(&) are the cdf and the density

function of the multivariate normal distribution with mean 0 and covariance matrix

W respectively.

We note that when ¢; = 0, this asymptotic expansion is identical to the result
under the standard large sample theory up to O(n~'/2). See Fujikoshi et al (1982).
When G = 1, integrating (A.2) with respect to the last K elements of &, the

asymptotic expansion of the marginal joint distribution of a standardized statistic

(/1159 Ago 111 A
e 22412211122 1 (Bus — B) (A3)

(A =
B o \/ﬁ
2

is derived. Here, we use the notations 7 = 1+ % (1 + %), v* = lim, .o “72,

limy, 0 %27 p = ﬁH/QQAZQ.IHQZu Agy = ZIQZZ - Z’2Z1(ZQZ1)_1Z,1Z2, and L =
Ky, —1.

72 =
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Corollary A.1 When G, = 1, the asymptotic expansion of the distribution of éj
under the sequence (2.13) is given by

P& < € = () = L VIE(E) + ol ), (A4)
where o = (waaf — war)/1/ |9

This expansion of the distribution of €j is identical to the result of Morimune

(1983) up to O(n~'/2). The derivation of the asymptotic expansion is provided next.

Derivation of Theorem A.1:

In order to derive the asymptotic expansion of the distribution of the LIML es-
timator, we derive the stochastic expansion of the LIML estimator €r; first. The

LIML estimator is defined by (2.6), which is rewritten as follows:

(2w 2
(Pz = AP2)(Y, Zy)er (A.5)
4
, 1
_ \/ﬁ( . ) (P; - \P)(Y, Z))| -8
1 -

Defining
™ II I
D= (D, D,) = H e (A.6)
21 115, 0

( Y’ ) o
(Pz—\P,)(Y, Z,) (A7)

we can write

Z
—{ZD+ (V 0)Y(P; —AP,){ZD + (V 0)}

!/

V/
=D'Z'ZD + D'Z'(V 0) + ( ) ZD + (
0’ 0’

) (P, — APZ)(V 0).

We define E; and E5 such that

LV p,ve = [P0 Lg (A8)
K\ o 2 " loo) VE '
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and

LY ) pyvo) S I (A.9)
— A = — 9. .
7\ o 00/ V4

We use the following notations:

and g, = % (wh — B'Qx 0'). By substituting (A.7), (A.8), and (A.9) into (A.5)
and putting

1
éL[ = 8(0) + 7\/56(1) + 0p(n_1/2), (A]'l)
~ 1 _
A= A0 4 ﬁw + 0,(n1?), (A.12)

we can determine each e and A successively, which is given as follows:

A0 = ¢, (A.13)

A = 0_2 \/_( \/_'u, 'Pyu) — \/7 w'Pyu}, (A.14)

e =qQ! [\/lﬁpgz’u + gwgpzu — \/?W’szu], (A.15)

e = —Q° [{\/1_D’ Z'(V,0) + gwgpz(w 0) (A.16)
- 1

V4
Qy 0 \/7 1
e O _~- w
— q,qh0? + A W,P su).
( 0 0 ) ’ NG

Each A? is obtained by premultiplying (1, —3', =) to (A.5). Each e is obtained

by using the last G; + K5 rows of (A.5).

It should be noted that Wy and w are uncorrelated when {v;} are independently
distributed. In light of this fact, we note that the Cornish-Fisher expansion of
ﬁWéPZu and W/, P u can be written as

Va
1, _
ﬁwgpzu = Xo+0,(n™ (A.17)
1 _
—WiLPsu = Yo+ 0,(n™"), (A.18)
q
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where X and Y are distributed independently as both N(0 0%C;), where Cy =

Elwyw},;]. Hence, we can rewrite ey as

1
6 — 894 ﬁem + oy (n1/2), (A.19)
where
1
é(o) =T = Q_l[iD/QZ,’U, + \/C1X0 + \/C1C2Y0]. (AQO)

Jn

We derive an asymptotic expansion of the distribution of er; by inverting the

characteristic function of é;; up to order n~1/2:
1
C(t) = Elexp(it'z)] + TE[it'E(e(l)\a:)ea:p(it’w)} +0(n™1), (A.21)
n
where t = (¢;) is a (G1+ K1) x 1 vector of real variables and i* = —1. The conditional

expectation of e(l), given the first order term x, is calculated as
E(e|a) = —a(a'qy) + Opn 7). (A.22)

The probability P(é < §) is approximated to the order n~'/? by the Fourier
inverse transformation of the characteristic function (A.21). The inverse transfor-
mation of the first term is ®y(£). We also use the next Fourier Inversion formula

that was developed by Fujikoshi et al (1982): for any polynomials A(-) and g(-),

F (-0 Ela(a)ernite)]y_¢ = 5 ) d€)on (e (4.23)
where 0/0¢' = (0/0¢;,-++,0/0¢c,+x,)-
Then, we have
Plew <€) = Do(€) + —=(@,)600(6) + O(n ™). (A.24)

where € is a (G1+ K;) x 1 vector and, ®y (&) and ¢y (&) are the multivariate normal

cdf and density function with mean 0 and covariance matrix ¥, respectively.

B. Asymptotic expansion of the null distribution of the large

K t-ratio statistic
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In order to derive theasymptotic expansion of the null distribution of the large

K t-ratio statistic, we need to expand stochastically each term of WU as follows:

. T 1 [ V5
Q = Q+ =l =DyZ/(V20)+ = ( . ZD, (B.1)
! / (1) 922 0 -1
+\/aJ2E1J2 + \/C102J2E2J2 - A ] + Op(n )
0 O

Here, we have used the (14 G+ K;) x (Gy + K7) choice matrix Jy = (0 I, 1k, )"

Hence,
A —1 _ 1 _ _ _
Q =Q 1_ﬁQ 'BQ 1+Op(” b, (B.2)
where
B = iD'Z’(V O)—l—i v ZD
R ’ v\ o ’

Ha Ty EJs — \JercadLEsd /\(1)(922 0)
1J9Li1J 2 C1Cod g Liod 2 .
0 O

1. _ A
qb/Y’PZYb (B.3)
1 1
= {bO — \/ﬁJgeg)) — ;Jgel(gl) + }/
A+ 2 AV PV — Q)b — ——Tae® — Ll 4.
i\ @ q p z 0 NG 2€3 o 2€s
1 0)’ Cy 1 = _
— 24 \/ﬁ[—zeg) J, Qb + C—l\/Z]bg(&V’PZV — Q)by] + O, (n),
where we have used the notation by = (1, —3')". Similarly,
1 _ ~ A _
~Y'P,YbbY'P,Y (B.4)
q
= Qbyb, 2
1 (0) 1 Ca / 1 I'T
—[—Qb J50 —Qbeb -V'P;V - Q
"‘\/ﬁ[ o€z  Joll+ o 00\/5<q z )

1
—QJ,eb,0 + /Zzﬁ(qV’PZV — D)bb,Q] + O(nY)
1
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Then, we have

v = Q2" q,0% + \/f\/&(j]u’qu —0?)]
_Q'BQ ¢
+ei(l+0)Q 'AQ™
o?Qy 0

—a(l+¢)Q'BQ™! 0 o —q,qh0'| Q7!

0'2922 0
—a(1+¢)Q" . —q,q50" | Q'BQ ™,

0
Qs 0 Q

A = =2 - e’ﬁ(o)qzoz—l— Cﬁ\/a -
0 0 €1 0

Qy 0
—l—\/aJ'QEQU2 + qQUQe’B(O) -
= 0 O

0 1 -
(=u'Pyu — 0?)
o | q

c 1 -
—,/fqm/a(;u’Pz(Vg, 0) — gho?)o?

QQQ 0

c 1[ V. 7
0 0 e qho? — \/z\@(q 2| Pyu— qy0°)qh0’.

0/
Then, the inequality {t < £} is approximated as
LIe) 1
T+ %t <€+ 0,(n7), (B.6)

where

i = B.7
SV B
(1) i’e(l) 1 \I/(l)“

t = —_— - i-
VU 2wy,

The first order term x; is distributed as the standard normal random variable, and

(B.8)

the expectation of t() conditional upon z; is calculated as
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1

E(tW|z;) = W(i’\lqu)x? +0p(n~1?). (B.9)

The asymptotic expansion of the distribution is derived by using the same formula
as (A.23).

1 1

NV

where @ (&) and ¢(§) are the standard normal cdf and density function, respectively.

P(t* < §) = ®(&) (i'Tq,)E%0(€) + O(n™), (B.10)

The validity of the expansion is given by the same method as that in Appendix C
in Fujikoshi et al (1982). The random variables that appear in our analyses are x; =

1 ! 7l _ 1 !zl 1 / 2 1 I' T 2 _
=Dy 2, ko = DY Z'Wo, wi = Z(u'Pzu—0"), wy = £(uw'Pzu—0"), wy =

vn Vvn Va
#Wépz’u,, w, = %Wépz’u,, w5 = \/%WQPZWQ, and wg = %W’QPZWQ.
We use the space J, where each element of x;, wherei = 1,2, is in the interval

(—2cy/logn, 2cy/logn) and c is a standard deviation of each random variable; each
element of w;, where ¢ = 1, - -6, is in the interval (—2logn, 2logn). Then, P(J,) =
1 — o(n?), which is proved by Anderson (1974). We see that each element of e
and tY) is a homogeneous polynomial of degree j + 1 in the elements of ; and w;.
The remainder terms of (A.15) and (B.6) are of the order O(n™!) uniformly in .J,,.

Therefore, the analysis subsequent to (C.3) in Fujikoshi et al (1982) is applicable.

C. Derivation of Theorem 3

Anderson and Kunitomo (2006) showed that the limiting distribution of e(®
under the sequence (2.13) is N(0, ¥") when the disturbances are followed by the
elliptically contoured distribution. Moreover, we notice that E[wqwhweu;] = 0
and E[wq;w),wou;?] = 0 in this case. Using these facts, we can calculate, in the

same manner as that in the case of normal disturbances, that

60)

z = o2 (C.1)
128
(1 (1)

RN CUR L L ©2)
wl 2 \I/IZ

2
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/ 1 -
Ui = Q-2 'q,0% + /@\/ﬁ(—u’qu —0?)]
C1 q
—Q_lBQ_102
Hea(l+e)+mQ tAQ™

0'2922 0
~{ei(1+ ) +xn}Q'BQ™ —qyq50" | Q7!
-1 0§23z O !4 -1 -1
_{01(1+C2)+’“7}Q —q,q,0" | Q7 BQ
0 0
x -1 o€z O I 4 -1
+r'NQ —qxq0" | Q7
0 0
. 1 A& 5 0 0 A 5.0
2B (uf) [ey

VA S E() -

and the first order term z; is distributed as the standard normal random variable.
Using Lemma 4.3 given in Kunitomo and Matsushita (2005) and the fact that any
odd moments of the elliptically contoured distribution is 0, the expectation of ¢

conditional upon z; is calculated as

E(tD|z,) = L(i/lIquQ):cf +0,(n" V). (C.3)

Hence, we can derive an asymptotic expansion of the density function of the
large K t-ratio by inverting the characteristic function of t* up to O(n~'/2), which

can be written as
C(t) = Elexp(itz;)] + \/15E[itE(t(l)\:ci)exp(imi)] +0(n™). (CA4)

Since x; is asymptotically normal, we can invert this characteristic function following
the same discussion as that in Section 4 in Kunitomo and Matsushita (2005). Then,

we obtain the result.
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