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Abstract

Broadband technology makes it possible to target moving pictures of advertising at the
individual subscriber level. This research develops a media planning system for
one-to-one advertising based on market mechanism, such that it is fair and best to al
advertisers. The proposed system, in comparison to the traditional media planning,
possesses many distinctive features such as (1) it considers plans for many advertisers at
the same time accounting for their interactions, (2) media price is determined depending
on the demand from advertisers, (3) the resulting alocation of advertising contacts is
fair and Pareto optimal to al advertisers. Such attractive characteristics could
potentially revolutionize the way currently advertising industry operates. The paper
also discusses application of this system to target advertising for browser phone and
extension to areas beyond advertising.  This system is patent pending.

! Inquiry should be directed to Center for Advanced Science and Technology
Incubation Center ( http://www.casti.co.jp ).
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APPENDIX

Definition 1.  Equilibrium

(1) Utility Maximization: Given price, each advertiser maximizes its utility.

(2) Feasibility: For each target group, the demand of ad contactsis less than its supply.
Formally, let p be avector whose elements are an unit price of an ad contact to the k-th target
group, px = 0 (k=1,..,K), and x' (i=1,..,n) be a vector of the numbers of the corresponding ad
contacts assigned to advertiser i. The subscript and superscript refer to target groups and
advertisers, respectively. In the advertising market described above, given the price of an ad
contact for each target group k, advertiser i determines x' to maximize his utility U'(0) subject
to his budget constraint of m' as below.

(AP()) Max, U'(X) st pX=m

The equilibrium is avector (p, x') that solves advertiser i’s problem for all i=1,..,n, and the
total demand of contactsis satisfied for each target group. That is, the sum of contacts

demanded by all advertisersislessthan the availability s as,

ZiXiSS.

Proposition 1. Free Goods

If a contact has excess supply, its price must be zero.

Proof.
Value of theinitia supply: ps5=%m
Value of thefinal allocation: By summing (AP(i)) overi,pk=p [E; x' =% m'

Conservation of value implies px=pls

Let z(p) = x(p) — s, which can be interpreted as a vector of excess demand at price p.
p [z(p) =0 (complementary slackness)

If z«(p) <Oorxk<sqthenpc=0

Q.E.D.

Definition 2.  Desirability
If px =0, thenz(p) >0

A contact isdesirable if the total demand exceeds supply when its priceis zero.

2001/08/21 1 Appendix



Implication.
The price of a contact for all groups must be strictly positive, i.e., px > 0. Otherwise, by

desirability, the solution isinfeasible.

Proposition 2. Equilibrium for Desir able Contacts

An alocation-price pair (x*, p*) isan equilibrium for desirable contacts if

(a) Demand Equals Supply

2 X*=x*=s

(b) Utility Maximizing

The pair maximizes the utility of each agent in hisbudget set. That is, if x' is preferred by i
to x™* and p,>0 for all groupsk, then p k' > m' (beyond budget, infeasible).

Proof.

(@) Suppose not. Thatis, xk < s for somek. Then z(p) = Xk —s <0. Proposition 1 states
that px =0. Desirability implies z(p) > 0. Contradiction. The equality must hold.

(b) Supposenot. Then pk* <m', implying that the presumed x'* is not an utility
maximized allocation, contradicting the optimality assumption.

Q.E.D.

Definition 3. L ocal Insatiability

Given any bundle x in X and any a> 0, thereis some bundley in X with | x —y | < asuch that
y isstrictly preferred to x.

Theorem 1. Pareto Efficiency of the Equilibrium

The equilibrium is Pareto efficient in that it is not possible to increase some advertiser's

utility without making the other advertisers worse off by deviating from this equilibrium.
Proof.

Suppose the equilibrium is not Pareto efficient and we will derive a contradiction. Denote
Pareto superior solution as x'.

The feasibility of Pareto superior solution x' implies, 25 X' <s  (the equality may not hold

since whether x' is equilibrium isunknown). Becausep=0, 2, pX <pls. (1)
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By Proposition 2 (b), equilibrium implies, 2 x* =s. Thus, 2, pX*=pE=2;m. (2)

By Proposition 2 (a), the Pareto superiority implies that, there exists at |east one advertiser |,
such that p X' > m with strict inequality. Summing over all advertisers resultsin

2ipX >2, m=pls where RHS equality follows from (2) above.

But thisand (1) imply, p=2;pk' >ps A contradiction.
Q.ED.

Theorem 2. Conditions of a Pareto Solution asthe Market Equilibrium

Assume that preferences are convex, continuous, non-decreasing, and locally insatiable, and a
budget is strictly positivem' > 0 for all advertisers.  Suppose x* is a Pareto efficient

allocation, then x* is aso amarket equilibrium for this budget.

Proof.

Proof for the equilibrium definition (a) (Demand Equals Supply):

First, X =2 x* <s by feasibility. Now, suppose Z; X* <s (i.e., z(p) <0) for somek. Then
Proposition 1 implies p, = 0 and the desirability of contacts statesthat z(p) > 0. A contradiction.
Proof for the equilibrium definition (b) (Utility Maximizing):

Show that if X' is preferred by i to x™* and p>0 for all groupsk, thenp k' > m',

Step 1: A set of strictly Pareto superior aggregate bundles

Let P ={x' O R |X ispreferred tox*}. DefineP=% P ={Z x'|x OP}.

Pisthe set of all aggregate bundles that are preferred by all advertisers. Because P isa
convex set from a hypothesis that preference is convex and the sum of convex setsis convex,
Pisaconvex set.

Step 21 A set of feasible bundles

Let Q={X ORx|x=Z;x <}, aset of feasiblebundles. Itisclearly aconvex set.

Step 3. Existence of a separating hyperplane

The supposed Pareto efficiency of x* 1 Q implies that any bundle that is preferred by all
advertisers must be infeasible, suggesting the existence of a hyperplane separating the sets P
and Q by the separating hyperplane theorem.
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Thatis, Op#0 suchthat p[EZ=pforal zlOPandp [k <3 for al xOQ.
By local insatiability and continuity, x* = %; x'* 0 Q is on the boundary such that p G¢* = p.
Hence, p [z = p [x* for al z[OP

Now show that the hyperplane p is, in fact, an equilibrium price vector.
Step4d: Assert p=20
Suppose not.  px < 0for somek. Then for sufficiently small xx < 0, px Xk can be made
arbitrary large, and p [k > 3 for that x(1Q. Contradiction.
Step 5: Cost of apreferred bundle weakly exceeds the Par eto efficient budget
Assert that if Y ispreferred to x*, then p G/ = p Gd* for eachj.
By a separating hyperplane theorem, p (X y' = p (& x*.
Suppose some particular advertiser j prefers some bundley' to x'*.  Construct an allocation z
by taking some of each contact away from j and distributing it to the other advertisers:
2=y (1-6)
Z=x*+y0/(n1) fori=l,..n,i#j
From local insatiability, for 8 small enough, Z is strictly Pareto superior to x'* for all i. Thus,
> Z 0P and the separating hyperplanein step 3 implies that
p L 7 = pEx*
PHY (10 +Zigx +y 8} 2pH x* + X x" }
p [yi >p [*
Step 6: Cost of apreferred bundle strictly exceeds the Par eto efficient budget
Assert that if y' is preferred to x'* and p>0 for al k, then p G/ >pX* =m; for each]j,
implying y' is beyond the budget and infeasible.
Assume p O/ = p OX*, and derive a contradiction.
By continuity of preference, 6 < 1 close enough to 1 such that 8 y is preferred to x/*.
Then, fromstep5, p@y =px*. (1)
Now, since m¥ > 0 by hypothesis, x* > 0 for at least onek (i.e., strictly positive allocation).
Thus, if pc > 0 O k, then p O¢* > 0, and the equality assumption implies that p G/ > 0.
Hence, p (B y < p G/ = p O¢*, contradicting (1) above.
Q.E.D.
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Theorem 3. EXxistence of the Mar ket Equilibrium

If the aggregate demand is a continuous function of price, there always exist a market

equilibrium.

Pr oof.
Weillustrate an alternative and simple argument.  We can envision the advertising market as
a pure exchange competitive market in which,

(1) there are K+1 goods: ad contacts to K target groups and money (budget),

(2) there are n+1 participants: n advertisers and an advertising agent,

(3) each advertiser has a convex, continuous, non-decreasing, and locally insatiable
preference toward the K goods but not money, having an initial endowment of a strictly
positive budget,

(4) the ad agent has a convex, continuous, non-decreasing, and locally insatiable preference
toward money only but no preference to contacts, having an initial endowment of all

advertising contacts to K target groups.

Then, we can apply theorem from the genera equilibrium for a pure exchange competitive
market to establish the existence of equilibrium.
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