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Abstract

For the purpose of testing the spherical uniformity based on i.i.d. directional
data (unit vectors) z;, i = 1,...,n, Anderson and Stephens (1972) proposed testing
procedures based on the statistics Spax = max, S(u) and Sy, = min, S(u), where
w is a unit vector and nS(u) is the sum of square of u'z;’s. In this paper we also
consider another test statistic Srange = Smax — Smin- We provide formulas for the
P-values of Siax, Smin, Srange by approximating tail probabilities of the limiting
null distributions by means of the tube method, an integral-geometric approach
for evaluating tail probability of the maximum of a Gaussian random field. Monte
Carlo simulations for examining the accuracy of the approximation and for the

power comparison of the statistics are given.

Key words: directional data, integral geometry, maximum of a Gaussian field, mul-
tivariate symmetric normal distribution, test for spherical uniformity, Weyl’s tube

formula.

1 Introduction

Assume that g-dimensional i.i.d. directional data (unit column vectors) z;, i = 1,...,n,
are observed. Consider the hypothesis that z; has the uniform distribution on the unit
sphere S9! in RY. For testing this null hypothesis of spherical uniformity, Anderson and
Stephens (1972) proposed testing procedures with critical regions

Smax = max S(u) >c¢ or Sppm= min S(u) <,
ueSa—1 ueSa—1



where
n

nS(u) = Z(ulzi)Q, ue STt

i=1
is the sum of square of the components of z;’s with respect to the direction u. Obviously
the test statistics Spax and S, are the largest and smallest eigenvalues A\; (@) and A, (Q)
of a ¢ x ¢ matrix @ = (1/n) X1, 2z, respectively. Under the null hypothesis the matrix
@ has expectation (1/¢)1,, and the eigenvalues of ) far away from the value 1/¢ indicates
departure from the null hypothesis. Anderson and Stephens (1972) considered two types
of alternatives, the bimodal and equatorial alternatives, where the data z;’s are concen-
trated or deconcentrated with respect to a particular axis, and proposed the test statistics
Smax and Spyin. In this paper we propose another test procedure with a critical region
Srange = uﬂr)lézgggl(S(u) — S(v)) = Smax — Smin > ¢,

which is expected to detect different types of alternatives than the original Anderson-
Stephens statistics. In the succeeding section, we will examine the power performances of
the Anderson-Stephens statistics and their modification Syange. The motivation for Siange
shall be made clearer there.

In order to give critical points for Spax, Smin and Siange, We consider the limiting
distributions when the sample size n goes to infinity. The limiting null distribution of
any subset of the eigenvalues of v/n(Q — (1/q)I,) is given by the corresponding marginal
distribution of the joint density (2) in page 617 of Anderson and Stephens (1972) (see
also Section 2.3 of Watson (1983)). The density given there is easily shown to be the joint
density of the eigenvalues of

2 )<A— tr(A)L,),

q(q+2 q

where A = (a;;) is a ¢ X ¢ symmetric random matrix whose diagonal elements a;; and upper
off-diagonal elements a;; (i < j) are independently distributed as a; ~ N (0, 1), the stan-
dard normal distribution, and a;; ~ N(0, 1/2), respectively. The distribution of A is some-
times called (g x q) multivariate symmetric normal distribution (e.g., Siotani et al. (1985),
page 159). The lemma below follows immediately from this fact.

Lemma 1.1 Asn — oo, the null distributions of both of \/n(Smax—1/q) and —/n(Smin—
1/q) converge to the distribution of \/Q(q —1)/q¢*(q+ 2) Ty, where

B _ B q tr(A)
T, = \(B) with B= q_—1<A— ; Iq>. (1)

The null distribution of \/n(Smax —Smin) converges to the distribution of (2/1/q(q + 2)) T,

where

(A1(A) = Ag(4)). (2)



The purpose of this paper is to provide approximate formulas for upper tail probabili-
ties P(T} > x) and P(T, > x) in the form of valid asymptotic expansions as z — co. The
obtained formulas are shown to be sufficiently accurate for calculating P-values. In order
to derive the formulas, we take the tube method, an integral-geometric approach origi-
nating from Hotelling (1939) and Weyl (1939). Sun (1993) showed that an approximate
tail probability formula for the maximum of a Gaussian random field with a constant
variance can be obtained via the tube formula of Hotelling (1939) and Weyl (1939). The
upper and lower bounds for the approximate formula by the tube method are given by
Kuriki and Takemura (1998). Applications of the tube method to multivariate analysis
are found in Sun (1991), Park and Sun (1998), and Kuriki and Takemura (1998). See
also Knowles and Siegmund (1989), Naiman (1990), and the references therein.

The outline of this paper is as follows. In Section 2, we first explain that the statistics
Ty = M(B) and Ty = (A (A) — A\, (A))/+/2 can be reduced to canonical forms which can
be dealt with by the tube method, and give the tail probability formulas for the statistics
in Theorems 2.1 and 2.2. Furthermore we present numerical examples for confirming
the accuracy of the obtained formulas and for power comparisons of the test statistics.
Proofs of the theorems are given in Section 3. A summary of the tube method from
Kuriki and Takemura (1998) is given in Appendix A.1. The rest of the Appendix is
devoted to some mathematical details which are required in the proof of Theorem 2.2.
In particular we explicitly evaluate the moment E[det(A)?] of a multivariate symmetric
normal matrix A (see Lemma A.4), which might be of some independent interest.

2 Main results

2.1 Tail probabilities of the statistics

Let Sym(q) denote the vector space of ¢ x ¢ real symmetric matrices endowed with the inner
product (X,Y) = tr(XY), X,Y € Sym(q). Sym(q) can be identified with R?¢T1/2 with
the usual Euclidean norm by identifying an element X = (z;;) € Sym(q), z;; = 2z (i = j),
2ii/V2 (i < §), zji/V2 (i > ), With (211, .., Zaq) 212, 213, - - - » 2q-14) € RIITV/2. Note
that the ¢ x ¢ multivariate symmetric normal distribution corresponds to the ¢(q + 1)/2-
dimensional multivariate standard normal distribution Ny(g+1y/2(0, Ig(g+1)/2)-

Consider two submanifolds of Sym(q),

q
qg—1

M, = { (ud — (1/g)I,) | u € Sq—l}

and

1
M, = {ﬁ(uu' — o) |u,v € S wu = 0}.

It is easy to see that the manifolds M; and M, are submanifolds of the unit sphere in

SYIH((]),
Galg+1)/2-1 _ {X € Sym(q) | tr(Xg) =1}
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Also we can see that
T1 = )\1(3) = Inax tI'(UA)

UelM

and
1
A A) = Ap(A4)) = max tr(UA),

where A is a ¢ X ¢ matrix distributed as the multivariate symmetric normal distribution,

T, =

and B is a symmetric ¢ X ¢ random matrix defined in (1). Now 7} and 75 are expressed in
canonical forms and the upper probabilities P(T; > z) and P(T» > x) can be evaluated
by the tube method in the form of valid asymptotic expansions as z — oo (see (27) of
Appendix A.1).

We summarize the main results of this paper as Theorems 2.1 and 2.2. The proofs of
the theorems are given in Section 3. The upper probability of the x? distribution with m
degrees of freedom is denoted by G,,(-).

Theorem 2.1 When q > 3, the asymptotic expansion of the upper tail probability of
Ty = M\ (B) is given by

a1 _ _ 2q — 2
P(Ty>z) = Z Wq—e Gq76<x2) + O(GQ(q+1)/2—1< qq_ 5 132))7 r— 00, (3)

e=0, e:even

where

CL( ey Tes (W
R 2 ) TR (5

When q = 2,
P(Ty > z) = Gy(2?), = >0.

Remark 2.1 When q is odd, it holds that 2%;. ,4aw; = 1. This is a consequence of the
Gauss-Bonnet theorem and the fact that the Euler characteristic of the index set My for
q odd is 1. (See, e.g., Takemura and Kuriki (1999), Corollary 3.1.)

Theorem 2.2 When q > 3, the asymptotic expansion of the upper tail probability of
Ty = (M(A) — X\ (A))/V2 is given by

2q—3

P(Ty > ) = Z Wag—2—¢ qu—zfe(lz) + O(éq(q+1)/2—1(4x2/3))> T — 00, (5)

e=0, e:even
1\¢€/2 q
€:2q2<——> .
Waa-2 2)  \e/2 (6)

where

When q = 2,

Remark 2.2 Upper and lower bounds for P(Ty > x) and P(Ty > x) can be given by
Theorem 3.1 of Kuriki and Takemura (1998).



2.2 Numerical examples
2.2.1 Null distributions with finite/infinite sample sizes

Consider the statistics 11, Ty in (1), (2) for ¢ = 3. The approximation for 77 by Theorem
2.11s 3
P(Ty > x) ~ SGs(2®) = Ga(a?),

whereas the exact probability given in page 617 of Anderson and Stephens (1972) is
35 /2 SN 2
P(T\ > z) = §G3(x ) — Gi(z )—|—§G1(4x ), x>0. (7)

Note that the difference G4 (422)/2 is within the order of O(G5(4z?)) given in Theorem
2.1.
The approximation for T, by Theorem 2.2 is

P(Ty > 1) ~ 2G4 (2*) — 3Go(2?),
whereas the exact probability can be evaluated as

P(Ty > ) = 2G4(2?) — 3Gy(2?)
- /;O(y3 —3y)Gh(y*/3) eV * dy + ZG3<4x2/3>, >0 (8)

In Figures 2.1 (or 2.2) and 2.3, the approximate and the exact tail probabilities of T}
and T, are are plotted. We see that the asymptotic expansion by the tube method give
very satisfactory approximation to the limiting distribution.

Moreover, in order to examine the convergence speed as the sample size n goes to
infinity, we plot the upper probability curves for /45n/4 (Spax — 1/3), —1/451n/4 (Smin —
1/3) and 1/15n/4 Siange estimated by Monte Carlo simulations with 50,000 replications
in Figures 2.1-2.3. In each figure we see that the curve for n = 100 is close to that for
n = oo, and the curve for n = 1000 is almost indistinguishable from that for n = cc.

2.2.2 Asymptotic power comparisons

In order to characterize the three statistics Smax, Smin and Siange, We compare their asymp-
totic powers. We assume that n i.i.d. directional data z; are obtained by normalizing the
n Gaussian random vectors, i.e.,

ZIIQII/H‘T,LH, xinq(O,E), z'zl,...,n,

and consider the null hypothesis ¥ = kI, for some k£ > 0 against a contiguous alternative

hypothesis

2(q +2)
qn

Y= k:<lq + A) for some k£ > 0,



where A is a ¢ X ¢ symmetric matrix. Under this local alternative, the limiting powers of
Stmax, Smin and Srange are given by

PA(Th > c1(@)), P-a(Ty > (@) and Pa(Ty > ca(@)),

where Pa(-) means that the symmetric random matrix A = (a;;) in 77 and 75 is distributed
as the multivariate symmetric normal distribution with the expectation E[A] = A = (d;5),
that is, the diagonal elements and the upper off-diagonal elements a;; and a;; (i < j) are
independently distributed as a; ~ N(6;,1) and a;; ~ N(0;5,1/2). c1(a) and co(a) are
100a% critical points of T} and T5.

The results for ¢ = 3 are summarized in Table 2.1. Without loss of generality we
restrict our attention to the case where A is diagonal and tr(A) = 0. We consider three
cases, where A is proportional to A; = diag(2, —1,—1)/v/6 (bimodal alternative), —4,
(equatorial alternative), and A, = diag(1, 0, —1)/v/2. The critical points are obtained by
the exact tail probability formulas (7) and (8). However in this table we omit the case
A = —A, since the asymptotic powers of Syax, Smin; Srange for A = —A; are equivalent
to those of Siin, Smax, Srange for A = Ay, respectively. Note also that when A = Ay, Siax
and Sy, give the same asymptotic powers.

From Table 2.1 we see that the power performance of the statistic Spax (Or Spin) 18
superior when A = A; (or —A;), where one eigenvalue of A is outstandingly large (or
small, resp.). The performance of the statistic Syange is superior when A = A,, where
there exist positive and negative eigenvalues of A with large absolute values. Also Siange
has moderate local powers even for A = Ay and —A;.

3 Proofs by the tube method

We give proofs of Theorems 2.1 and 2.2 in Sections 3.1 and 3.2, respectively. Each proof
consists of three parts. First, the geometric quantities of the index set such as the volume
element and the second fundamental form are determined. Second, the coefficients wgy1_
in the tube formula are derived. Finally, the critical radius 6. of the index set which
determines the remainder term of the asymptotic expansion is obtained.

3.1 The proof of Theorem 2.1
3.1.1 Geometry of the manifold M,

Let t = (t',...,t77') be a local coordinate system of S9! so that h € S9! has a
representation h = h(t). Then ¢ € M, is written as

¢=0o(t) = q_—l(h(t)h(t)/ — (1/9)1,).



The dimension of M; is d = dim(M;) = ¢ — 1. Note that M; is degenerate in the sense
that M; is contained in a subspace

{X € Sym(q) | tr(X) = 1}. (9)

Indeed (9) is shown to be the linear hull of M; of dimension p’ = q(¢+1)/2 — 1.

Derivative with respect to t* is denoted by the subscript i. For example, h; = 0h/0t",
¢; = D9/ot', ¢i; = 0°¢/0t'0t! . The tangent space Ty(M;) of My in Sym(q) at ¢ = ¢(t) is
spanned by

b = qiLl(hih’thhg), i=1,....q—1 (10)

Note that hih = 0 since h'h = 1. The metric tensor at ¢ is

2q .
5= 616, = oy, =g (1)

Let dh and d¢ denote the volume elements of S9! and M;, respectively. Since dh =
det(hih;) Y2 1) dt?,

q—1 _
) 2 (g—1)/2
o = det(gy) [T = ()" an
=1

Noting that the multiplicity of the map h — ¢ = \/q/(¢ — 1)(hh' — (1/q)1,) is 2, we have
the following.

Lemma 3.1 The total volume of M; is

(g—1)/2 (¢-1)/2 rq/2
Vol(M;) = (i) Q, % & = <2_Q) e
g—1 2 \¢g—1 I'(q/2)
where /2
2 q
Q, = —
I'(q/2)

is the volume of the unit sphere ST 1.

Let H be a ¢ x (¢ — 1) matrix such that (h, H) is orthogonal. Then ¢ € M, is written

as T 0 y
o= (W) ()
( ) 0 _\/(1(1(1—71)1‘1_1 H

The basis (10) of the tangent space T,(M;) is written as

4 0 WH\[N .
(bi: q_—1<h H)(H,h 0 H, y Zzl,...,q—l.



Therefore, it is easy to verify that the orthogonal complement space (span{¢} @ Ty(M;))*
in Sym(q) is spanned by

v=_(h H)(q__ltg(A> 2) (Z,), A€ Sym(q—1). (12)
Note that 1
tr(v°) = = 1)Qtr(A) + tr(A°). (13)

The inner product of v and a second derivative
q
Che \/q_:l(hijh/ + hhi; + h;R; + h;hs)

q 1
tr(vey;) = -1 (thth —

Y 1 /

Recalling that the metric is given by (11), we have the following lemma.

of ¢ is

tr(A) + 2h;HAH'hj)

Lemma 3.2 In an appropriate coordinate system, the second fundamental form of My at
¢ with respect to the direction v in (12) can be written as

Higw) === ! (4- q ! () ). (14)

3.1.2 The coefficients in the tube formula

We now proceed to evaluation of the coefficients w,_. in (4). For fixed ¢ € M; we first
evaluate the expectation

EltreH (¢, N)] (15)

in (30) of Appendix A.1, where N € Sym(q) has the standard normal distribution in the
linear subspace (span{¢} & Ty(M;))*.

Let 1,04 or 1 be a (¢ — 1) x 1 vector consisting of 1. Assume that A in (12) is a
symmetric normal random matrix whose upper off-diagonal elements a;; (i < j) are inde-
pendently distributed as N(0,1/2) and the vector of diagonal elements (a1, ..., aq—1,4-1)
is distributed as N,_1(0, I,—1 — (1/¢(q — 1))11’), independently of a;; (i < j). Then it is
easily shown that tr(?) in (13) has the y? distribution with (¢—1)q/2 degrees of freedom.
This implies that the distribution of (12) is the multivariate standard normal distribution
in the space (span{¢} @& T(M;))*. On the other hand, the second fundamental form in

(14) is rewritten as
1 -
H=H(¢,v) = —,/qT(diag(b) + A),

8



where A = (a@;;) with @;; =0 (i = j), a;; (i # j), and
B = (Z)l, Ce 7Bq—1), = (Iq—l — (q — 1)_111/)((1,11, ey aq_l,q_l)'.
Note that b ~ N, (0,1, 1 — (g — 1)7'11’).

q—1 g+ 1\¢2
Eltr H] = ( B ) <— W) (e — )1 for e even,
0 for e odd,

Lemma 3.3

where (e — 1)1 =(e—1)(e—3)---3-1.
Proof. Note first that the generalized trace tr.H of H can be written as
tr.H = Y det H[I],
|I|=e
where H[I] with [ = {1 <i; < --- < i, < g — 1} denotes the e x e submatrix of H

formed by deleting all but columns and rows of H numbered iy, ..., (Muirhead (1982),
Appendix AT). Therefore

Eltr H] = (q; 1>E[det i, (16)

where H, = diag(bi, ..., b.) + A, with diag(by,...,b.) ~ N.(0,1, — (¢ — 1)7'1.1)), A, =
(a;j) such that a; =0, a;; = a;; ~ N(0,1/2), i < j. Moreover

E[det H,] = E[det(diag(by, ..., b.) + A.)] = Z <€> E[by---bf] E[det A._4].  (17)

=0 \J
Since E[b;] = 0,
Zcov iy Diy) * -cov(gifil,gif)
for f even, where the summation is taken over the set of all pairings { (i1, 42), ..., (iy_1,is)}

of {1,..., f}. Therefore
Efb: by = {COV(Z_?laBz)f/2(f — D= (=1/(g = D)/?(f = D! for f even, (18)

0 for e odd.
Also by expanding the determinant and taking the termwise expectation, we have
_ - (=2 (e — £ 1) —
Eldet 4, ] = (—1/2) (e—f—1N fore— f even, (19)
0 for e — f odd.
Combining (16)—(19), we have proven the lemma. |

As we have just seen, the expectation (15) does not depend on ¢. Therefore the
integration in (30) with respect to d¢ over M is reduced to multiplication by the constant
Vol(M;). Then from (30) the coefficient of the tube formula (29) for M is

r*z)

QG/T VOI(Ml) E[treHL

Wy—e =

which is reduced to (4) in Theorem 2.1.



3.1.3 Critical radius of the manifold M,

We obtain the Critical radius 6. of the manifold M;, which determines the order of the
remainder term in (

Let ¢ = 1/q/q—1 J(hh' — (1/q)1,) be a point of M. ¢;, i =1,...,¢— 1, in (10) form
a basis of T,;(M;). The orthogonal projection of ¢ € M, onto span{¢} @ Ty(M,) is given
by

~ ~ qil .. ~
Py(¢) = ¢t1(60) + D dig”tr(¢;0),
ij=1

where g% is the (i,7)-th element of the inverse of the metric (g;;) in (11). For ¢ =
va/la =D = (1/q)l,) # ¢, we have tr(¢p) = (¢/(¢ = D)(I'h = 1/q), tr(dig) =
(24/(q — D)(FR)('hs), and

WER(E) = 668+ T e d6
_ CjL)%@mf_}>a+(2q>mﬁ)ﬁHH%

q—1 q q—1

2 -2 2(q — 2 1
_ ( q )(_q o (q )x2+_2>’
qg—1 q q q

where z = I/h. By virtue of Lemma A.1,

sup 1—t1"(<51‘j¢(<5))
goem; (1 —tr(¢9))?

1 — () (- 2" + 2022 + &)
= sup

q
i - L@ - P

q((i_Q)(l_x ) q—2
= sup = .
b R )

cot’0, =

Lemma 3.4 The critical radius 6. of M is
{ g 5 for q >3,
for q=2.

3.2 The proof of Theorem 2.2
3.2.1 Geometry of the manifold M,

The index set M, is written as

1 |
%:-—HMHHG%A, E:( 0),

{¢§ 0 -1
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where

Vo, ={H : q><2|H/H:IQ}
is a Stiefel manifold. The dimension of the index set is
d = dim(M,) = dim(V,,) = 2¢ — 3.

Since tr(HEH') = 0, M, is also a subset of the linear subspace (9). It is easily shown
that (9) is the linear hull of M, of dimension p’ = q(¢+1)/2 — 1.

In the following we use d and 2q — 3 interchangeably. We introduce a local coordinate
system ¢ = (¢, ..., t%) for the sake of convenience of calculation. Each element of H € Vs,
¢ € M, can be written as H = H(t), ¢ = ¢(t). As in Section 3.1, derivative with respect
to ¢ is denoted by the subscript 4, e.g., H; = OH/Ot', ¢;; = 0*¢/Ot" Ot .

The tangent space Ty(Ms) at ¢ = ¢(t) is spanned by

1
¢; = —=(H;EH' + HEH)), i=1,...,d.
\/5 1

The metric tensor of M, is given by
9ij = tI‘(QSlQb]) = tr(EH/HlEH,H]) + tI'(Hl/H]), Z,j = 1, ceey d. (20)

Let H be a ¢ x (¢ — 2) matrix such that (H, H) is orthogonal. Define a 2 x 2 matrix B;
and a (¢ — 2) x 2 matrix C; = (¢;1, ¢i2) by

H,=(H H)(?) or <g>:<g>[{ (21)
0 1

4 0). The metric (20) is

Since B; is skew symmetric we put B; = b;J, where J = (
rewritten as
gij = tr(EB;EB;j)+ tr(B.B;) + tr(C;C))
= 4blb] + cglcﬂ + CQQC]‘Q, Z,] = 1, ey d. (22)
On the other hand, regarding V5, as a submanifold of R%*? (the set of ¢ X 2 real
matrices) endowed with the inner product tr(X'Y), X,Y € R??2 we obtain the (pull-
back) metric of V5, as
gij = tI'(HZ/HJ) = 2bzbj + Cglel -+ C;ijQ. (23)

Let d¢ and dH be denote the volume elements of M, and V3 4, respectively. By comparing
(22) and (23), we see that det(g;;) = 2det(g;;) and hence d¢ = v/2dH. Noting that the
multiplicity of the map H + ¢ = HEH'/+/2 is 4, we have the following lemma.

Lemma 3.5 The total volume of M is given by

24~ a1

Vol(My) = V2 Vol(Va,) x

1
4 T(g—1)

11



Proof. The volume element of Vj, defined by the pull-back metric is dH = v/2 A2,
Ni_i Wdh;, where H = (hy, hy) and H = (hs,...,hy) (Takemura and Kuriki (1996)).
The total volume of V,, is evaluated as

2 q 25/27Tq—1/2 2q+1/27.[.q—1
Vol(Va,) = \/5/ B.dh; = R
! Va,q z/:\l j:/zil ’ F(%) F(qg—l) I'(g—1)
(e.g., Muirhead (1982)). The proof is completed. |

It is easy to see that the orthogonal complement (span{¢} ® T,,(Mz))* in Sym(q) is a
linear space of dimension (¢ — 1)(¢ —2)/2 4 1 spanned by

V2

The second derivative of ¢ is

HH'+ HAH', a€ R, A=(a;) € Sym(q—2). (24)

V=

1
gbij:ﬁ

Since H'H; + H;H = 0 and H'H;; + H;;H + H{H; + H;H; = 0, the inner product of ¢;;
and v in (24) is

(HyEH' + HEH); + H,EH! + H;EH)).

tr(vey) = a{—tr(H;EH}) +tr(H' H;EH/H)} + V2tr(H' H;EH,HA)
= —atr(CEC)) + V2tr(C;EC}A)

0 0 0 V2b;
= (\/5[)1, C;l, ng) 0 —CL[q72 + \/§A 0 Cj1 .
0 0 aly,_o — V2A

ng

On the other hand, since the metric g;; is

V/2b;
g9ij = (V2b, iy o) | e |

ng

we have the following.

Lemma 3.6 In an appropriate coordinate system, the second fundamental form of My at
¢ with respect to the direction v in (24) is written as

0 0 0
H(p,v) =10 al,_»—+2A 0 :
0 0 —al, 5+ V2A

12



3.2.2 The coeflicients in the tube formula

The squared norm of v in (24) is tr(v*) = a®+tr(A?). This implies that if A € Sym(q—1)
is distributed as the multivariate symmetric normal distribution, and a is distributed as
N(0,1) independently of A, then v in (24) is distributed as the multivariate standard
normal distribution in the space (span{¢} & T,(Mz))*. The proof of the following lemma
is given in Appendix A.3.

Lemma 3.7

(_1)8/2 (C]— 2)!q!
EltreH(¢,v)] = . (g—2—¢/2)! (g —e/2)! (e/2)!

for e even,

for e odd.

As in the case of M, E[tr.H (¢, v)] is independent of ¢. The integration in (30) with
respect to d¢ over M, reduces to multiplication by the constant Vol(Ms). Then by (30)
the coefficient of the tube formula (29) for M, is given by

Plg—1-¢/2)
26/2+1 7-[-q—l

Vol(M;) - EftrH],

Wag—2—e =

which reduces to (6) in Theorem 2.2.

3.2.3 Critical radius of the manifold M,

We obtain the critical radius 6. of the manifold M, by virtue of Lemma A.1.
Let ¢ = (1/v/2)HEH' and ¢ = (1/+v/2)HEH' be different points of M. The orthog-

onal projection of ¢ € M, onto Ty(Ms) is given by

Py(0) = o tr(0) + 3 dig”tr(¢;0), (25)

ij=1

where g% is the (i, j)-th element of the inverse of the metric (g;;) in (22). In the right
hand side of (25),

tr(pg) = %tr(ﬁEﬁ/HEH’) = %tr(RER’E),

where R = H'H is a 2 x 2 matrix. As in (21) define B; = b;J and C; = (¢;1, ¢;2) so that

k
tr(gbzgg) = tI‘(EH/f‘IEg/Hl) = (Qbi,c;;l, C{iz) (ll) s
ly

where

1 - 1
k= gt(EH'HEH'H]) = St(ER'ERJ),
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and
L=(l,l,)=HHEHHE = HHERE

is a (¢ — 2) x 2 matrix. Since
2,
gi5 = (2bi, ¢y, ¢a) | e |

ng
we have
d

> tr(0i0)gUte(6;0) = K+l +llo = K + tx(L'L)

ij=1
1
= Ztr(ER’ERJ)Q +tr(RR') — tr(ERR'ERR)).
Summarizing the above we have
1— itr(RER’E)2 — itr(ER’ERJ)2 —tr(RR') + tr(FERR'ERR)
(1-— %tr(RER’E))Q ’

where the supremum is taken over the set of 2 x 2 submatrices of any ¢ x ¢ orthogonal

matrix such that
- +1
R=HH # ( 0 ) )

cot? 0, = sup (26)
R

0 =+1
In the case of ¢ = 2,
cos —sinf cosf@ siné
R_<sin9 sin@) or (sin@ —sin@)’ 0<f<m

Then tr(RER'E) = 2 cos(20), tr(ER'ERJ) = £2sin(26), and cot?§,. = sup, 0 = 0.
In the case ¢ > 3 put R = (74j)ij=12. The argument of the supremum in (26) is
written as

VR
1014+ 62)2
where
O=1—rf +713, S=1-1gh+rly, =207 +r5)+ (rure — rars)”.

Noting that |rq1| < 1, |ree] < 1, we have |ri1712 — ro17m92| < max(|rig + 791, |r12 —721]), and
hence 63 < —2(12, + r2)) + (112 £ 791)* = — (119 F 721)? < 0. Also noting that 1,55 > 0,
01 + 0o > 0, we have

cot?0, < 1+ 2su <51_52>2<3
€= P\s ¥4,) =7

Conversely, consider Ry = diag(1,cosfy), 0 < 6y < m, as a 2 X 2 submatrix of a ¢ X ¢
orthogonal matrix. Then §; = 0, d, = sin®#fy, 65 = 0, and hence cot?6, > 3. Therefore
cot?f, = 3 for ¢ > 3.

Lemma 3.8 The critical radius 6. of M is

g | 7/6 forazs,
‘T \n/2 forq=2.
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Appendix

A.1 The tube method

We give here a brief summary of the tube method from Section 3 of Kuriki and Takemura
(1998).

Let M be a d-dimensional closed C?-submanifold in the unit sphere SP~! of RP. Let
Z(u), u=(uq,...,u,) € M, be arandom field with the index set M defined by

P
Z(u) =u'z="> wz,
i=1

where z = (z1, ..., 2,)" is distributed according to the p-dimensional standard multivariate
normal distribution N,(0,1,). This is the canonical form of the Gaussian random field
with a finite Karhunen-Loeve expansion and a constant variance. The tube method is
used for the purpose of obtaining the asymptotic expansion of the upper tail probability
of the maximum

P(T > x), T = max Z(u), (27)

ueM
as x goes to infinity.

The essential notions are the tube around M and the critical radius 6, of M. The
distance between two points u,v € SP~! is given by arccos(u'v), which is the length of
the part of the great circle joining v and v. For 0 < 6 < 7 the tube of geodesic distance
0 around M on SP~! is defined by

My = {U €SP~ | maxu'v > cosﬁ}.
ucM

For each uw € M let T,,(M) € RP denote the tangent space of M at u. Define a subset
Cy(u) of My by

Co(u) = {v € My | v'v > cos 0} N {u + T,(M)*},
where T),(M)* denotes the orthogonal complement of T, (M) in RP. Since M is closed it

holds obviously that
My = U CQ(U) (28)

uweM
It is said that My does not have self-overlap if (28) gives a partition of My. The critical
radius 6. of M is defined to be the supremum of # such that M, does not have self-overlap.
By the compactness and the smoothness of M, we can prove that the critical radius
6. is positive. Moreover, it can be evaluated by the the following lemma, which is the
extension of Proposition 4.3 of Johansen and Johnstone (1990) to multidimensional cases.

Lemma A.1 The critical radius 0. of M is given by

1 —uP,u
cot’f, = sup ———,
‘ u,vEI])\/[ (1 - U/U)2

where P, is the orthogonal projection onto the space span{v} & T,(M).
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Let H(u,v) denote the second fundamental form of M at u with respect to the direction
v € (span{u} @& T,(M))*. Let tr;H denote the j-th trace, i.e., the j-th elementary
symmetric function of the eigenvalues of H = H(u,v). Define troH = 1.

The volume of My, 8 < 6., is obtained by the tube formula below. In the following
By (+) denotes the upper tail probability of the beta distribution with parameter (m,n).

Lemma A.2 For(0 <60 <84,
Ed: B 2
VOI(MQ) = Qp wd"'l_eB%(d-l-l—e),%(p—d—1+e) (COS 9),

e=0, e:even

where

1
Witloe = treH (u,v) dv| du. 29
. Qd+lfer—d—1+e /M [/(Span{u}®Tu(M))lmSP1 ( ) ( )

Using the coefficients wgi1-. in (29), the formula for the tail probability in (27) is

given as follows.

Theorem A.1

d
PT>z)= Y wip-eGapi—e(2®) + O(Gy((1 + tan®6,)z%)), z — oo,

e=0, e:even

p' = dim(lin M), where lin M is the linear hull of M in RP.

Remark A.1 The integral in (29) with respect to dv can be evaluated by introducing a
random variable and taking its expectation. Let V € RP be distributed as Ny(0,I, — P,),
where P, is the p X p orthogonal projection matriz onto the (d + 1)-dimensional linear
subspace span{u} & T, (M). Then (29) is written as

F( d—‘r;—e )

Wati-e = ST /M Eltr.H(u, V)] du. (30)

A.2 Some moments in the multivariate symmetric normal dis-
tribution

We provide some lemmas concerning the moments of the multivariate symmetric normal
distribution which are required in Appendix A.3 (the proof of Lemma 3.7).

Let A = (a;;) € Sym(p) be distributed according to the multivariate symmetric normal
distribution. Let U, V and W be mutually disjoint subsets of the index set {1,2,...,p}
of A. Put u = |U|, v = |V| and w = |W]|, the cardinalities of the sets. Let A[U] denote
the symmetric submatrix consisting of the elements a;;, 7,7 € U.

Define

Q(u,v,w) = E[det AJlU UW] x det A[V U W]], (31)

16



and for y even define

R(y.w) = iZ( ! Yot oo, (%)

w! u,v
We first give recurrence formulas for Q(u, v, w) by combinatorial considerations.
Lemma A.3 Let (x);=x(x —1)---(z —i+1). Define (x)g =1 for all z > 0.

Q(0,0,0) = Q(0,0,1) =1,

Q(0,0,w) = 2t§dd %Q(O,O,w —1)
+3t_§‘; en%c;(o, 0, 1), (33)
Ou,vw) — —t_é ) W= G .0, -1
+t_§:dd “Q(tﬁ’l)tcg(u— 1v—1,w—t) (34)
+ Zw: uzgfl)t@(u Lv—1w—t). (35)

Proof. By completely expanding the determinants
det AJU UW]| x det A[V U W],

we have (u + w)! X (v 4 w)! terms. Each term has a zero or nonzero expectation. We
consider here the characterization of terms with nonzero expectation. For notational
convenience let B be the same matrix as A (i.e., A = B a.s.), and consider the expansion
of det A[U UW] x det B[V UW]|. For any particular term in the expansion, we consider
a graph consisting of u + v + w vertices and (u + w)? + (v + w)? directed edges. We
identify the indices of U, V and W with the vertices. Therefore there are three kinds of
vertices corresponding to U, V and W. Also we consider two kinds of directed edges. If
the variable a;; appears in the particular term, ¢ and j are connected with a directed edge
in solid line “—”. (We call i the initial vertex, and j the terminal vertex. ¢ and j may
be identical.) Similarly if the variable b;; appears in the term, ¢ and j are connected by
a directed edge in dashed line “— —”. Note that

- Each vertex of W is an initial vertex of both of a directed edge in solid line and a
directed edge in dashed line, and is a terminal vertex of both of a directed edge in
solid line and a directed edge in dashed line simultaneously.

17



- Each vertex of U is an initial vertex of a directed edge in solid line, and is a terminal
vertex of a directed edge in solid line simultaneously.

- Each vertex of V' is an initial vertex of a directed edge in dashed line, and is a
terminal vertex of a directed edge in dashed line simultaneously.

Since the elements of A and B are zero-mean Gaussian random variables, the expec-
tation of a particular term is nonzero if and only if any pair of the indices (i,7) (¢ and
j may be identical) are connected by even numbers (may be 0) of edges. From now on
consider the case where the term has a nonzero expectation. In this case if the pair (i, j)
are connected, then one of the following holds.

- i and j are connected by a solid line and a dashed line (i = j, i # 7).
- ¢ and j are connected by two solid lines (i # j).

- ¢ and j are connected by two dashed lines (i # 7).

- i and j are connected by two solid lines and two dashed lines (i # j).

Each vertex of W has to be an initial or terminal vertex of four edges. On the other
hand, two edges are needed to connect the vertex to another vertex. Therefore, each
vertex of W has at most two adjacent vertices. Each vertex of U or V has to be an initial
or terminal vertex of two edges. But any vertices of U or V without adjacent vertex do
not appear in the terms with nonzero expectation. Therefore, each vertex of U or V has
just one adjacent vertex.

From the considerations above, we see that the graph associated with the term with
nonzero expectation consists of connected components (subgraphs) of the following eight

types.

1. A component consisting of a single vertex of W. The vertex is connected with itself
by a solid line and a dashed line.

2. A pair of two vertices of W. The two vertices are connected by two solid lines and
two dashed lines.

3. A loop consisting of ¢ (> 3) vertices of W. Two adjacent vertices are connected
with a solid line and a dashed line. The directions of the two edges are the same.

4. A loop consisting of ¢ (> 3) vertices of W. Two adjacent vertices are connected by
a solid line and a dashed line. The directions of the two edges are reverse.

5. A loop consisting of ¢ (> 4, even) vertices of W. Two adjacent vertices are connected
by two solid lines or two dashed lines.
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6. A chain consisting of two vertices of U as end points, and ¢ (> 0, even) numbers of
vertices of W as intermediate points. Two adjacent vertices are connected by two
solid lines or two dashed lines.

7. A chain consisting of two vertices of V' as end points, and ¢ (> 0, even) numbers of
vertices of W as intermediate points. Two adjacent vertices are connected by two
solid lines or two dashed lines.

8. A chain consisting of a vertex of U and a vertex of V' as end points, and ¢ (> 1,
odd) numbers of vertices of W as intermediate points.

Now we proceed to the proof of (33). Fix an index iy of W. We evaluate the contri-
bution of the case where the vertex iy is contained in a particular type of the connected
subgraphs to Q(0,0,w) = E[det A[W] x det B[W]]. The connected subgraph containing
the vertex iy has to be of the types 1-5. In the following the sign of a cycle is denoted by

sgn(+).

- The case where i itself forms a connected graph (type 1). The contribution to

Q(0,0,w) is
E[aioiobioio]Q(07 0, w— 1) = Q(Ov 0, w— 1)'

- The case where the pair of iy and the other index i; € W\ {ip} form a connected
graph (type 2). The contribution to (0,0, w) is

o 3(w—1
Sgn(lo Z1)2 Z E[a’ioila’iliobioilbiliO]Q(07 Oa w — 2) = %Q(Ov Oa w — 2)
11710
- The case where ig, i1, ...,4_1 (t > 3) form a type 3 loop. There are (w—1);_1 ways
to make a loop. Each loop has an expectation
sgn(io i1 -+ ir-1)* Eligiy Giyiy - - @iy_yighigiy Divis =+ - biy_yig) = 1/2".

The contribution to (0,0, w) is

(w — 1)t71

5 Q(0,0,w —t) (t > 3).

- The case where ig, i1, ...,4_1 (t > 3) form a type 4 loop. There are (w—1);_1 ways
to make a loop. Each loop has an expectation

Sgn(’ig il s Z'tfl) sgn(io Z't,1 s Zl)
XE[aioilailiz o 'aitqiobioitﬂbitﬂipz T biﬂo] = 1/2t'
The contribution to Q(0,0,w) is

(w — 1)t71

5 Q(0,0,w —t) (t >3).
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- The case where ig, i1, ...,4_1 (t > 4, even) form a type 5 loop. There are (w—1);_
ways to make a loop. Each loop has an expectation

sgn(ip 11) sgn(iy ia) - - - sgn (i1 o)
XE[aioh ai1i0bi1i2bi2i1 o 'ait72it71ait71it72bit71iobioit71] = (_1/2)t'
The contribution to Q(0,0, w) is

(w—1);1

ot Q(0,0,w —1t) (t > 4, even).

Summing up the above five cases, we get (33).

Next we proceed to the proof of (34). Fix an element iy of U. We evaluate the
contribution of the case where the vertex iy is contained in a particular type of the
connected subgraphs to Q(u,v,w) = E[det AJlU U W] x det B[V U W]]. The connected
subgraph containing the index i has to be of the types 6, 8.

- The case where ig,i1,...,%,%+1 (t > 0, even) form a type 6 chain. There are
wy X (u— 1) ways to make a chain. Each chain has an expectation

Sgn(iﬁ il) e Sgn(it it+1)E[aioilailiobiliniQil te 'aitit+1a’it+1it] = <_1/2>t+1'

The contribution to Q(u,v,w) is

-1
_%QW —2,v,w) (t >0, even).

- The case where ig, iy, ...,%, 441 (t > 1, odd) form a type 8 chain. There are w; x v
ways to make a chain. Each chain has an expectation

sgn(ig Zl) s Sgn(it it+1)E[ai0ilailiobilizbizil s bitit+1bit+1it] = (—1/2)t+1.

The contribution to (0,0, w) is

% (u—Tv—1Tw) (t=>1,o0dd).

Summing up the two cases above, we get (34). The proof of (35) is parallel to that of (34)
and omitted. |

As a corollary to Lemma A.3, we obtain recurrence formulas for R(y,w) of (32).
Corollary A.1

R(0,0) = 1, R(0,1)= -2,

2 v v
ROw) = > Y ROw-0+> Y ROw-—1), (36)
w t=1,t:odd w t=2, t:even
t=0



Proof. (36) follows from (33). (37) follows from

(u4v)Qu,v,w) = — zw: w

t=0, t:even

Q(u—2,v,w—t)

w

+2 > b <w)tQ(u— Lv—1,w—t)

2t+1
t=1,t:odd
_ zw: MQ(U v—2,w—t).

t+1
t=0, t:even 2

For positive integer m write
mll = {mgm‘””'

We also define 0!! = 1.

Lemma A.4 Let A be distributed according to the p X p multivariate symmetric normal
distribution. Then

2
2_p§(p+2)!!p!! (p : 0dd),

E[det(A)2] == Q(O’ Oap) = 2]9 + 3

2—p

(p+ D! (p—1D! (p:even),

or equivalently

2 2)!
_ggj 1;” (0 : 0dd),
R(0,p) = (38)
2p+3(+ ! 1+ N 1(p+3)! (v even)
3 Pl 3(p-20 "3 pl b -even/.
Proof. For nonnegative integer h and nonnegative even integer k, define
p (k+h)!
T

Then it is easily shown that

k
1
S-SR = (h+2)Sh Y Sh= s

= T 5%
t=0,t:even h + 2
In order to prove the lemma, we only have to show that
2
-=S3 (p:odd),

p—1
R(0,p) = 1 33 I
gSp,Q + gSp (p:even),
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satisfies the recurrence formula (36).
When p is even,

2 2 3 &
p t=1,t:odd t=2,t:even
4 . 3 1 =2 3 3
=3, Yo St Y (St S
D [=1,l:0dd p 1=0,l:even

4 1
= @Sg_z + %(55_4 + 55—2)
1 1
When p is odd,

2 &L 3 &
p t=1,t:odd p t=2,t:even
2 Zp: 3 3 2 pz_:z 3
= —— (S o+ S)) — - Sy
3D 10 Treven 2 : D i—170dd o
2 5 2 o5
= _@(Sp—i’) + Sp—l) - %Sp—?)
2
_55371 = R<Oap)
The proof is completed. 1

A.3 Proof of Lemma 3.7

Let A= A, € Sym(p) be a multivariate symmetric normal random matrix, and let a € R
be a standard normal random variable independent of A. Let

b (ol V24, 0
0 —al, + V24, ]

Comparing the coefficients of 227~ in

2p
S tr H = det(wly, + H) = det(a’], — (al, — V24,)%)
e=0
p
= 220 (< 1)t (al, — V24,)7,

e=0

we have
Eltr.H] = { (_1)8/2E[tr6/2<alp —V/24,)?] for e even,
0 for e odd.

22



Let D(p,e) denote the expectation of the e x e (e < p) principal minor of the matrix
(al, — v/2A,)? consisting of the first e rows and the first e columns. Then

Eltr.(al, — V24,)%] = <p> D(p,e).
e
Therefore, in order to prove Lemma 3.7, we have to show that

D(p,e)=(p+2)e=p+2)!/(p+t2-¢)! (0<e<p). (39)

Let B be a e x (p — e) random matrix consisting of e x (p — e) i.i.d. standard normal
random variables. Then

—B
= El[det((al, — V2A.)? + BB')]. (40)

D(p,e) = E|det(al, — V2A,, _B)<a[e—\/§Ae>}

Note that
BB ~W.(p—e,1.),

the e x e Wishart distribution with p — e degrees of freedom.
The determinant of the sum of two matrices C', D is expressed as

det(C'+ D) =>_ +det C[J, K]det D[J, K],

JK

where J, K are subsets of the index set, and J, K are their complements. C[J, K] is the
submatrix of C' consisting of the rows and columns of C' labeled J and K, respectively.
For the matrix B in (40), we can show that

Eldet((BB)[J, K])] =0 (J # K).
This is because for a partition B’ = (B}, Bj, Bj), we see
B, BB, B;DB;
B | det Bl, By| = E|det (20 )]
[ ‘ (BQ>( v By) ¢ (BQB{ ByB}
— E[det(B,B)) E[det(By(I — B.(B,B.)"'B,)B.) | Bi]] = 0

by, e.g., the Binet-Cauchy formula.
Therefore, (40) can be rewritten as follows.

D(p,e) = fi@D(e, £)E[det Wo_;(p — e, I_y)]

= Z <€>D(e,f) (p—e)ey (0<f<e<p) (41)

f=max(0,2e—p) f

Here we use E[det W, (n, I,)] = (n),,. Note that (n),, =0 (n <m).
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On the other hand, comparing the coefficients of ¢ in the identity
(14 2)P™2 = (1 +2)°"2(1 + 2)P~¢,

and multiplying them by e!, we get

(p+2)e = Z (;) (e+2)p(p—€)e—y- (42)
ax(0,2e—p)

f=m
If we can show that
D(p,p) = (p+2),=(p+2)!/)2 (43)

holds for any p, then (39) can be proved by mathematical induction on p by comparing
(41) and (42).

Now it remains to prove (43). In order to prove
D 2 —
(,p) _ (p+ _ (),
p! 2 p

Gp(z) = ixpD(;’p) —(1— )"

Let @, R be defined by (31), (32) in Appendix A.2. Then

we will show that

D(p,p) = E[det(al, — V2A4,)?
= E[det (a[2p + <_\/O§Ap _\/OEAP> )}

= Y BlaPr )] (o)t ) 9, 0, w)
UV, W

= Z ( p )(2p—2w_u_v_1)!!
0<u+v+w<p (utv:even) u,v,w,p—uUu—0v—w
w9 (utv) /24w Q(u,v,w)

1(2p — 2w —y — 1)I!
- > P ( p—2u -y M e gy ) ()
0<y+w<p (y:even) Y: (p —Yy—- w)-

Multiply the right hand side of (44) by z?/p!, and take a summation with respect to p.
For y, w fixed, the coefficients of (1/y!) (—1)¥/2** R(y,w) in the summation is

> (2p—2w—y—1 -

Lyt i 2r+y

2P = x" (r=p—y—w)
p%—w (p - Y- w)' r=0 rl
o0 2rdy—12r—y=3  y+l
— y+w —_ 1\ 2 2 2 r
x 7;0(]; i . (27)

= 2¥(y — 1)1 — 22)~WHD/2,
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Therefore
1

Gole) = X @y — DL 20) O (L1 Ry, w)
y,w>0, y:even y:
—1)¥/2
- ¥ (1 — 20y w2 C g, (45)

I
y>0, y:even Y-

where we put

Gr(zy) = Y 2Ry, w),
w=0

a generating function of R(y,w) with respect to w. By virtue of the recurrence relation

(37>7

Gr(ziy) = 2(y—1) D 2" R(y—2,w—1)
w=0 t=0
= 2(y—1) > Z2""'R(y—2,w-—1)
0<t<w
= 2(y—1)>_#Grlziy —2)
=0

Using this iteratively, we get
Gr(zy) =2Y%(y — DN — 2)"¥2Gr(2;0).

Also by (38),

Ggr(z;0) = isz(O,w)
1w+ D! 1 (w+3)!

., I 2 I
- 2 (é(w—Q)!!+3 wll >_ D YT

1 w (W +3)N
= <22+1_2Z)§ZZT

w:even

- (2—1)2% > (g 22 0
= (z—1*1 - 22)_5/2 =(1- z)_1/2(1 + z)_5/2.

Therefore

Grlziy) = 2Py — DI —2) 721 = 2) 72 (1 4 2) 72
/2(y — )1 — 2)~WHD/2(] 4 2)=5/2,
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Substituting this into (45), we have

Gp(z) = (1—x)7°/? > M(_%y/%y{(l — 22)(1 + z)} "W tD/2

y:even y”

13 y-1 a2 u/2
= (L= =200+ ) 3 2 <‘<1—2i><1+x>>

—5/2 —1/2 20 o
= 1—2)(1-20)1+2)}7Y <1+(1_21’)(1+$))
= (1—2)*

The proof of Lemma 3.7 is completed.
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Table 2.1.

Asymptotic power comparisons.

(Monte Carlo simulations with 200,000 replications.)

S max S min S range S max S min S range

A a=0.05 «a=0.05 «a=0.05 a=0.01 a=0.01 «o=0.01
AN 0.050 0.050 0.050 0.010 0.010 0.010
iAl 0.053 0.053 0.053 0.011 0.011 0.011
%Al 0.061 0.060 0.062 0.013 0.013 0.013
Ay 0.101 0.083 0.098 0.028 0.020 0.026
20, 0.316 0.190 0.288 0.140 0.060 0.118
3A, 0.668 0.379 0.612 0.438 0.157 0.368
UVAN 0.916 0.626 0.880 0.787 0.338 0.710
AT 0.052 0.053 0.011 0.011
%Ag 0.060 0.061 0.013 0.013
Ay 0.092 0.098 0.024 0.026
20, 0.255 0.289 0.100 0.120
3A, 0.550 0.624 0.312 0.385
4N, 0.826 0.890 0.629 0.734

A0 = dlag(ov 07 O)a

A, = diag(2,—1,-1)/v6
A, = diag(1,0, -1)/v2
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Figure 2.1. Tail probabilities of S, when ¢ = 3.
(n = 10, 100, 1000, co and approximation by the tube method.)
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Figure 2.2. Tail probabilities of Sy,;, when ¢ = 3.
(n = 10, 100, 1000, co and approximation by the tube method.)
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Figure 2.3. Tail probabilities of Syange When ¢ = 3.
(n = 10, 100, 1000, co and approximation by the tube method.)
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