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Abstract

Empirical implications of economic theory are often characterized by a solution to fixed
point problem. The major practical obstacle of estimating structural models with fixed
point constraint lies in the computational burden. This paper considers a computationally
attractive sequential estimation procedure for a class of extremum estimators with fixed point
constraint. A sequential algorithm based on the pseudo-likelihood function is proposed by
Aguirregabiria and Mira (2002, 2007) to develop an alternative estimator to the two-step
estimator of Hotz and Miller (1993) and they show that the limit of the sequential estimators
is more efficient than the two-step estimator if the convergence is achieved. To date, however,
its convergence property has not been well understood. We analyze the conditions under
which the convergence is achieved in the nested pseudo-likelihood algorithm and show that
its convergence rate crucially depends on the contraction property of the operator defining
the pseudo-likelihood function. We also show that the similar results hold in the context of

the sequential algorithm based on GMM.
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1 Introduction

Implications of economic theory are often characterized by fixed point problems. Upon estimat-
ing such models, researchers typically consider a class of extremum estimators with fixed point

constraint:

max Qn(P) (1)

st.  P=W(P,0),

where Q,(P) = n~ !> | In P(Z;) for maximum likelihood estimator (MLE, hereafter) while
Qn(P)=—[n"t>7", 9(Z, P)],W [n=1 31, g(Z;, P)] for the generalized method of moments
estimator (GMM, hereafter) with the moment condition E[g(Z;, P%)] = 0 evaluated at the true
probability P’. We also consider classical minimum distance estimator (CMD, hereafter) with
Qn(P) = =[Py — PYW [Py — P] where Py is the initial consistent estimator of P?. Here, {Z;}",
is the sample data drawn from P°.

The fixed point constraint P = ¥(P,0) in (1) summarizes the set of structural restrictions
of the model that is parametrized with a finite vector 8 € ©. When the model is correctly
specified, the probability distribution obtained as the fixed point of the operator ¥ evaluated
at the true parameter §° generates the sample data. The examples of operator ¥(-,6) include
the Bellman’s operator and policy iteration operator for dynamic programming models (e.g.,
Rust (1987), Hotz and Miller (1993)), an operator defined by best response functions for games
(e.g., Pakes, Ostrovsky and Berry (2005), Pesendorfer and Schmidt-Dengler (2006)), and an
operator to define the fixed point problem for recursive competitive equilibrium in dynamic
macroeconomic models (e.g., Prescott and Mehra (1980), Aiyagari (1994)).

In principle, we may estimate the parameter 6 in (1) by repeatedly solving the fixed point
Py of P = ¥(P,0) at each parameter value to maximize the objective function with respect to 6.
The major practical obstacle of applying such an estimation procedure lies in the computational
burden because solving the fixed point problem for a given parameter can be very costly.

To reduce the computational burden, Hotz and Miller (1993) developed a simpler two-step
estimator that does not require solving the fixed point problem for each trial value of the param-
eters in the context of single agent dynamic programming model. A number of recent papers in
empirical industrial organization build on the idea of Hotz and Miller (1993) to develop two-step
estimators for models with multiple agents (cf., Bajari, Benkard, and Levin, 2005; Pakes, Os-
trovsky, and Berry, 2005; Pesendorfer and Schmidt-Dengler, 2006; Bajari, Chernozhukov, and
Hong, 2006). These two-step estimators may suffer from substantial finite sample bias, how-
ever, when the choice probabilities are poorly estimated in the first step. One of the important
econometric issues in this literature is to develop an estimation method that is computational

simple and has good finite sample properties.



This paper studies a sequential estimation procedure obtained by reformulating (1) in terms
of a sequence of semiparametric extremum estimators when an initial consistent estimator By is

available:

Step 1: Given ]5]-,1, update 6 by

éj = argmaxQn(\I/(ijlae))- 2)
0cO

Step 2: Update ]5]-_1 using the obtained estimate éj:

~ ~ ~

By = W(P;_y.6)). (3)

Iterate Steps 1-2 until j = k.

This algorithm is first proposed by Aguirregabiria and Mira (2002, AMO02 hereafter) as a
recursive extension of the two-step method developed by Hotz and Miller (1993) in the con-
text of single agent dynamic programming model. Using the (pseudo-)likelihood function in
the objective function, their algorithm is called the nested pseudo likelihood (NPL) algorithm.
Aguirregabiria and Mira (2007, AMO7 hereafter) apply the similar idea in the context of dy-
namic discrete games. Their analysis shows that the NPL estimator—defined as the limit of the
sequence generated by the NPL algorithm—is more efficient than the two-step estimators if the
convergence is achieved.

While AMO7 have obtained convergence in their simulations and illustrate that the NPL esti-
mator performs very well relative to the two-step estimator, they neither provide the conditions
under which the NPL algorithm converges nor analyze how fast the convergence occurs. On
the other hand, the simulation results of Pesendorfer and Schmidt-Dengler (2006) provide some
evidence that the NPL algorithm may not necessarily converge. To date, we do not know under
which circumstances the NPL algorithm is applicable to obtain the more efficient estimator than
the two-step estimators.

This paper analyzes the conditions under which the sequential algorithm of iterating (2) and
(3) achieves convergence and derives the convergence rate of a sequence of estimators gener-
ated by the sequential algorithm. In the contest of single agent dynamic programming model,
Kasahara and Shimotsu (2006, KS06 hereafter) derive the rate at which the sequence of the esti-
mators generated from the NPL algorithm approaches the MLE. We extend the results of KS06
to a general class of structural models that are formulated as fixed point problem, including a
model of dynamic games.

There are, however, important differences between a single agent model and a model of
dynamic games. As AM02 and AMO07 show, the NPL algorithm achieves the MLE in a single

agent dynamic model while the limit of the sequences generated by the NPL algorithm in a model



of dynamic games is asymptotically less efficient than the MLE. This difference reflects the fact
that the shape of the pseudo-likelihood function is very similar to that of the true likelihood
function in a single agent model while it is less so in a model of dynamic games. Furthermore, as
KS06 show, one of the key properties that assures the fast convergence rate of the NPL algorithm
in a single agent dynamic model is the (asymptotic) orthogonality between the parameter 6 and
the nuisance parameter P in the pseudo-likelihood function but this orthogonality condition is
often violated in a model of dynamic games.

The key to understanding the convergence properties of the NPL algorithm, or more generally
the sequential estimators of iterating (2) and (3), is a contraction property of the operator ¥
defining the fixed point problem. Intuitively, the faster the operator achieves contraction, the
closer the the value obtained after one iteration is to the fixed point, and therefore a curvature
of the pesudo-likelihood function gets closer to that of the true likelihood function. Moreover,
the higher contraction rate of the operator ¥ implies that the initial value of P has less influence
on the value obtained after one contraction and, thus, the degree of orthogonality between 6
and P in the pseudo-likelihood function is higher.

Our main result is that the convergence of the NPL algorithm is achieved if the largest
eigenvalue of the Jacobian matrix 0¥ (P,#)/0P evaluated at the fixed point Py is less than one
in absolute value. This is because the local contraction property of the operator ¥ is determined
by the eigenvalues of the derivative of ¥ with respect to P. The closer the largest eigenvalue of
OV (Py,0)/0P to zero, the faster the convergence rate of the NPL algorithm. When the operator
U has the “zero Jacobian property” that OW (P, 0)/0P = 0, it is possible to achieve a superlinear
convergence rate as shown in KS06.

We show that the similar results hold in the context of the sequential algorithm based on
GMM. The convergence of the sequential GMM algorithm also requires that all the eigenvalues
of OU(Py,8)/0P are less than one in absolute value. The limit of the sequential GMM estimators
may be more efficient than two-step estimator and it can be asymptotically equivalent to the
efficient GMM estimator that is based on a full solution of fixed point problem.

The reminder of the paper is organized as follows. Section 2 presents preliminary analysis
on contraction properties of operator W. Section 3 shows the results on the sequential NPL
algorithm. Section 4 extends our analysis to the sequential GMM estimator. Section 5 discusses

the sequential CMD estimator.

2 Preliminary

This section provides various analytical results on the (local) contraction properties of operator
V. These results are used to analyze the convergence properties of the sequential extremum

estimators in later sections.



2.1 Finite-dimensional Case

Consider the case that Z; takes a L possible values, Z; € Z = {21, 22, ..., 21}, so that P is a
finite L-dimensional vector. Expanding W(P, §) around the fixed point, Py, gives

_0U(P,6)

W(P,0) = Py = =5~ |p=p, (P = Py) + O(||P = Py|*).

The first-order convergence property of W(P,6) depends on the matrix % When
% = 0, the operator achieves a quadratic contraction. When 8%(5,’9) |p=p, # 0, the con-
traction property of W(-,0) is determined by the largest eigenvalue of the matrix %

|P=P,-

|P=p,.

Denote the eigenvalues of %1;",’9) by A;(0) for j = 1,2,...,L. Let A(f) be a diagonal ma-
trix with diag{A(0)} = (M(6),...,Ar(0))'. Let M(6) be the modal matrix of 2LLe0) " of
which j-th column is the eigenvector corresponds to the eigenvalue A;(6). Then we have

% = M(0)A(O)M(6)~'. If we define a g-stage operator of ¥ by

UYPG)=V(V(...(¥(P0),0),...)),
q times

then we have 22500 _ (8%1@?79))(1 = M(0)AY()M ()~ and it follows that
VUP,0) - Py = M(O)AYO)M(0)" (P — By) + O(||P — Byl[).

When P is in neighborhood of Py, the higher order terms are negligible and the local convergence

property of a g-stage operator is given by:
1M (6)~H (WP, 0) — Pp)|| < (Amax(6))[|M(8) (P — Py,

where Amax(0) = max{|A;1(0)],...,|A\L(6)|} is the largest eigenvalue of A(f) in absolute value. A

contraction requires the value of Apax(0) to be strictly less than one.

2.2 Infinite Dimensional Case

When Z; is continuously distributed, P is infinite dimensional. Let the space of the probability
distributions P belongs to be Bp. Given the value of 0, the operator ¥(-,0) is a mapping
from Bp to itself. The derivative of ¥ need to be defined as Fréchet (F-) derivatives. For a
map g : X — Y, where X and Y are Banach spaces, g is F-differentiable iff there exists a
linear and continuous map 7" such that g(x + h) — g(x) = Th + o(||h||) as h — 0 for all h in
neighborhood of zero. If it exists, T is called F-derivative of g at . The operator norm is defined
as ||g]| = sup| <1 llg(2)]]. Consequently, [|g(z)|| < ||gll||z]| for all z € X. See Zeidler (1986) for
further details.



Proposition 1 Suppose that an operator ¥ is a contraction with modulus A such that, for any
0 €O and P € Bp: ||Py—V(P,0)|| < A||Pp— P||. Then,

IDpW (P, 0)h|| < A,
HD@P@]{—D@‘P(P,H)‘PZPGI{}H < )\HD@P@]{?H

for all h € Bp and k € ©.
One important implication is that

|DpWe(Fy, O)h]| < A1,
HD@ng—DQ\I/q(P,e)’p:png < )\qHDQPQkH,

forall h € Bp and k € O, since W4(-, §) is a contraction with modulus A? if ¥(-, ) is a contraction

with modulus .

2.3 Superlinear Contraction

In some cases, the operator W has a superlinear contraction property. The following proposition
states that a super linear contraction property implies “zero Jacobian property” of pseudo-

likelihood function.

Proposition 2 Suppose that there exists some € > 0 such that
Py —W(P,0) = O(||Py — PII"*),

for 8 € © and P in neighborhood of Py. Then,

DoV (P,0)|p=p, = DgPy,
DpU(Fy,0) = 0.

Furthermore,
DpgW?*(Py,0) = 0.

As AMO02 discuss, the condition that DpW( Py, 6) = 0 implies that § and P are asymptotically
orthogonal in the pseudo likelihood function. The condition that DpeW¥?(Py, ) = 0 implies that
f and P are orthogonal in any sample size. As shown in KS06, the orthogonality between 6 and

P is the key to understanding the convergence property of the NPL algorithm.



3 Maximum Likelihood Estimator

The maximum likelihood estimator solves the following constrained maximization problem:
max — ZlnP (ai|x;) sit. P=W(P0).
Denote the fixed point Py = U(Fy,0). Let the maximum likelihood estimator be

0= = In Py
r%ergaxn Z n Py(a;|x;),

while let the two-step maximum pseudo-likelihood estimator be

Hq—argmaxf In W9( Pg, a;|x;).
;i nZ O)(a)

Let’s collect notations first.

YI(P,0) =InWIP,0), PI(P0) Zln WP, 0)(ai|z;),
=1
Ty = (0/00")U(P°,0"), Tp=(9/0P)U(PY 4°),

n

1 & — 1
Da(P,0) = ; d/80)InWI(P,0)(asxi), Ub(P,0) = - ;(a/ap) In WP, 0)(as|x;),
1 _ 1 @& ,
bap(P,0) == g (82/000P") In W(P,0)(a;|x;),  Upg(P,0) = - ;(82 /0000") In WP, 0)(as|x;),
and

Qb = E[(0/90)In (P 6% (a|x)(0/00") In ¥ (P,0%)(a|z)]
= —E[(0%/0000") In W1 (PP 6°)(a|z)],

Qb = E[(0/00)InV1(PY,6%(alx)(9/0P") InWI(P°,6°)(a|z)]
= —E[(0%/000P") In WI(P°, 0% (al|z)].

Note that the information matrix equality holds for In W4(P, ), too, because W?(P°, °)(a|x) is
also the true density of the data. In the case of ¢ = 1, we simply denote ¥(P,0) = ' (P,6),
(P, 0) = @1 (P,0), etc.. We focus on the case where the support of (a;, ;) is finite, A x X =
{a',a?, ..., a4} x {21, 22, ... X1},

In AMO07, Vp¥ denotes (0/0P")¥(P°,0°), which corresponds to our Wp. Similarly, V¥
in AMO7 corresponds to our Wy. Define f.(v;) = Pr(z = 2!) and let f, be a |A||X]| x 1



vector of Pr(z = ') whose elements are arranged conformably with Pyo(a’|z!). Let Ap =
diag(P®)"'diag(f,). With these notations, we may write Qf, = \Ilg/Ap\I’g and Qf p = \IJZ/AP\II%.
3.1 Two-step estimator

Let P° be the true set of probabilities. Consider the following regularity conditions.

Assumption 1. (a) O is compact. (b) W9(P,0) is three times continuously F-differentiable. (c)
Vi(P,0)(alx) > 0 for any (a,x) and any {P,0} € Bpx 0. (d) (a;,z;) fori =1,2,..., N, are
independently and identically distributed, and dF(z) > 0 for any = in the support of x;,
where F(z) is the distribution function of x;. (e) There is a unique #° €int(©) such that,
for any (a,r) € Ax X, Pyo(a|z) = P%(a|r). For any 6 # 6°, Prgo({(a,z) : $I(PY,0%)(a|z) #
PYalz)}) > 0. (8) Egosuppg [|D*VI(P,0)(alz)||* <oofors=1,...,4.

Under Assumption 1, the two-step maximum pseudo-likelihood estimator is consistent and,

when a root-n consistent estimator of P? is available, it is asymptotically normal.
Proposition 3 Assume Assumption 1 holds and By —p PY. Then éil —p 0°.

Proposition 4 Assume Assumption 1 holds and /n(Py—P°) —4 N(0,%). Then, /n(#9—6°) —
N(0,V9), where VI = (Qd,) 71 + (Q8,) Q0 pS(% ) () 1.

Remark 1 When W%, = 0, the limiting distribution of the two-step estimator is the same as
that of the MLE even under the weaker assumption that Py — P? = Op(n~°) with b > 1/4. See
Proposition 4 of AMO02 and Proposition 2 of KS06.

3.2 Sequential Pseudo Maximum Likelihood Estimator

In this section, we analyze the asymptotic properties of the sequential pseudo maximum like-
lihood estimator that is defined as follows: assuming that an initial consistent estimator Py is

available,

Step 1: Given P;_1, update 0 by 8; = arg maxyee ¥(Pj_1,8).

Step 2: Update P using the obtained estimate éj by Pj = \Il(f’j_l, 6~])
Iterate Steps 1-2 until j = k.

AMO02 and AMOT propose the nested pseudo likelihood (NPL) estimator 6 that is defined by

the following properties:
- 1 & - - -
0= — InW(P,0)(a;|x;), d P=VY(P,0).
g S WP O)(edes), an (P.6)

8



The following proposition is from AMO07 and states that 6 is root-n consistent asymptotically

and more efficient than a two-step estimator if all the eigenvalues of ¥p are between 0 and 1.

Proposition 5 Assume Assumption 1 holds. Then, \/ﬁ(é— 6°) — N(0,Vinpr), where Vypr, =
[Qog+Qop(I—Up) " W] 109 {[Q0e+Qop (I -V p) LWy =1} . Furthermore, if all the eigenvalues
of Up are less than one in absolute value, then V' — Vi pr, is positive definite.

As noted by AMO7, the NPL estimator can be obtained as a limit of iterating steps 1 and 2
if the iterations converge. In their simulation study, AMO7 report that the iterations always
converged. However, the convergence property of this algorithm has not been fully understood.

We show that its convergence property crucially depends on the eigenvalues of ¥p. When
all the eigenvalues of ¥p are smaller than 1 in absolute value, iterating steps 1 and 2 converges.

First, we state the regularity conditions.

Assumption B Assumption 1 holds, and in addition

Dop(PY,0%) = —Qpp + O,(n~Y?),
EO@(PO,GO) = _QGG+Op(n_1/2)7
Po(P2,6°) = Op(n~'1?),

|

Esup||DgpIn¥(P,0)|| < oo, Esup|/D*In¥(P,6)| < oo,
0,P 0,P

sup | D*W(P,0)| = O(1),
0,P

Pge(P, 0) is invertible for all (P, 6).

All the assumptions but the last two are fairly weak. tyy(P, ) should be invertible in many
cases because 1gy(P, ) is an average of n matrices. If we assume Py is consistent, then the last
assumption can be replaced by the invertibility of gg. The following lemma shows the bound
oféj—éandﬁj—ﬁ.

Lemma 1 Suppose Assumption B holds. Then, for j =1,...,k,

!

™
|

Op(||Pj—1 — P|]),
[1 = Wp(UyApTo) " WYAp]| Up(Pj_y — P) + Oy(n™?||Pj_1 — P||) + Op(||Pj—1 — P||*).

J
Pj_

el
Il

Remark 2 qf@(\I’IOAP\I’g)_l\IJ/OAP 1 a generalized least squares projection matrix from a regres-
sion of an element of Bp onto the space spanned by Vg, where the “error variance matriz” is
AL

P

Remark 3 The eigenvalues of I — ﬁlg(\PgApng)*l\I/’eAp are either zero or one. Hence, the

convergence property oflf’j 1s determined by the eigenvalues of Vp. If all the eigenvalues of ¥ p



are smaller than 1 in absolute value, an iteration moves Pj toward P. It follows from induction
that

Po—P = {[I — Wy(hApTe) " WhAp] Wp} (By—P)+O(W ™) (0 (n 2| By—P|)+0,(|| Bo—P|12)),

and Py, 0y, converges to P,0 as k — co. On the other hand, if some eigenvalues of Vp are larger
than 1, then an iteration moves some elements 0f]5j further away from P. In this case, it is not

clear whether the iterations eventually converge.

Remark 4 FEven if the initial estimate, Py, is not root-n consistent, iterations reduce the effect
of the initial estimate on 9~j, provided all the eigenvalues of Wp are smaller than 1 in absolute

value.

Remark 5 If all the eigenvalues of Wp are smaller than 1 in absolute value and we choose
k — 0o so that logn = o(k), then P, — P = o,(n~/2) and the effect of Py on P vanishes in the
limit. This is useful when some elements of x are continuously distributed and root-n consistent

Py is not available.

Remark 6 When the operator ¥ has a superlinear contraction property, we have Vp =0 (c.f.,

Proposition 2). In such a case, the convergence rate is faster than linear:
Pj— P = Op(n™"?(|Pj—1 = P||) + Op(|| Pj—1 — PIJ).

Remark 7 If at least one element of x; is continuously distributed, one can prove the higher-

order improvement by bootstrap as in KS06.
We can also construct a g—version of the sequential estimator.
Step 1: Given ]3]9_1, update 6 by é;’ = arg maxycg Eq(f’f_l, 0).

Step 2: Update P using the obtained estimate é;] by f’]q = \11(15;]_1, ég)
Iterate Steps 1-2 until j = k.

Note that the derivative of the ¢g—stage mapping ¥?(Fy, 0) take the following form:

(8/00"YW(Py,0) = (I+Up+--- 05 Yy =(1—0L)(1—Up) 10y,
(0/0P) (P, 0) = WY,

If the eigenvalues of ¥p are positive, iterating this mapping increases the curvature of the like-
lihood function. If they are all between 0 and 1, then (9/96")W?(P, §) approaches to (0/96") Py.

10



Corollary 1 Suppose Assumption B holds with V4(P,0) replacing V(P,6). Then, for j =
1.k

07— 07 = Op(IlPL, — P,

PY- P = [ () Apw) (W) Ap] (P, — P)
£O,(AIPL, — P)) + 0,(IPL, — PUI).

Note that using V! in place of U accerelates the convergence of the sequential estimator when

all the eigenvalues of Vp are smaller than one in absolute value.

3.3 Non-optimality of the NPL estimator

Define 9(P,0) = log U(P,0). The model we consider implies the following conditional moment
restriction

E [V (P°,0%)(alz)| z] = 0. (4)

Let A(x) be a k x k nonsingular matrix of functions of x, and consider the following GMM

estimator

st P=u(P.f).

This estimator resembles the NPL estimator in that P is set to satisfy the NPL fixed point
condition. The efficient GMM estimator is obtained by choosing A(z) to minimize the variance
of §. As shown in the following proposition, the limiting variance of the efficient GMM estimator
is different from that of the NPL estimator, and the NPL estimator may not be optimal within
a class of the estimators that are based on the conditional moment restriction (4) and impose
the NPL fixed point condition.

Proposition 6 The optimal instrument is

A(z) = B [Veep(P°,0%) (alz) + Vopyp(P°,0°) (alz) (I — Wp)~ Wyla]’
x E [Voih(P°,6°)(a|z) Vo (P°, 6%) (ala)’|z]

and the limiting variance of the efficient GMM estimator is
> 1 0 0 0 90 e S OVI
V= {E [A(x)E [Vou(P°, 0°)(ala) Ve (P°, 6°) (alz)'|z] ~* A(x) } } :

which is different from the limiting variance of the NPL estimator

Ve = { B[A(2)] E[Vot (P°,0°)(al2) Vot (P°, 0°) (al2) | E[A(@))'}

11



if Up # 0. When ¥p = 0, both V and Vypr, are equal to the asymptotic variance of the

maximum likelihood estimator.

4 Generalized Method of Moments Estimator

The generalized method of moments estimator is defined by

Ocrin = argmax —g(P) Wg(P) st. P=Y(P,0),
US(C]

where W —p W positive semi-definite and

n

g(P) =n""Y" g(ai,z;; P),

i=1

with g(+; P) = (g1(+; P), g2(; P), ..., gr.(+; P))’ is a moment vector function representing L moment

conditions. Specifically, we consider

gl(aiaxﬁp) = pl Ty {hl az Zhl a’xz } s
acA
which satisfies E[g;(a;, v;; P°)] = Elpi(x;)E[hi(a;) — E(hy(a)|z;)|z]] = 0 for 1 = 1,2, ..., L.

Let’s collect notations first.

Go(V(P,0)) = (0/00")g(V(P,0)),  Gp(TI(P,0)) = (0/0P")g(¥!(P,0)),
Gh = E[(0/00")g(a;, xs; wI(PY, %)), G4 = E[(0/0P")g(ai, s; 1(P,6%))].

Define f, as before so that its elements are arranged comformably with P%(j|2!) while let fx be
a frequency estimator of f,. Denote A, = diag(f,) and A, = diag(f,). Let vi(a,z) = p(x)h(a)
and ~; represent a vector of |A||X| length. Finally, let I' = (71,75, ...,7;) be a L by |A||X]|
matrix.

With those notations, we may write Gg(04(P,0)) = —I'A,(8/80')¥%(P,0), Gp(W4(P,0)) =
—TA,(0/0P")U(P,0), G = —TAu(I — W4)(I — Up)~1Wy and G% = —T'A, %, In the case of
q =1, we write Gy = Gé, Gp = Gh, etc..

4.1 Two-step Estimator

Given an initial consistent estimator ]50, a two-step GMM estimator based on the operator W?
is defined by

67 = argmax —g(*(Py,0)) Wg(¥(Py, 0)).
0cO

12



Let r(a;,z;) be a vector of length |A||X| whose elements are arranged comformably with
PY%(alz) and be equal to zero except for the element of (a,z) = (a;, ;) which takes a value of
one. With this notation, we can write Py = n~? S r(ais ).

The asymptotic distribution of 6 is given by
V(0 — 6% —4 N(0,V),
where
V = (GyWG) L GyW SW'Gy(GyW'Gy) ™!

with S = E[(g(a;, zs; P°) + Gp(r(a;, ;) — P°))(g(as, z; P°) + Gp(r(a;, z;) — P°))’]. Using an
optimal weighting matrix W* = S~!, the limiting variance is given by V = (G}, S™'Gy) 1.
If we use W, (P,0) in place of W(P,0), we have \/n( — 0°) —4 N(0,V?) where

Vi=((GHYWGH HGHWSW GI(GHW'GH ™!

with S = E[(g(a, z;; P°) + G%(r(ai,z;) — P (g(ai, zi; P°) + G%(r(ai,z;) — PYY.
When all the eigenvalues of Wp are between 0 and 1, the GMM estimator éGM M 1s obtained

as the limit of 67 as q — oo and, therefore, the limiting variance of O is given by V= =
(GYWGER) HGRYWOW'GP(GP)W'GS®)~!. Using a weighting matrix W = Q™! leads
to the efficient GMM estimator with the asymptotic variance ((G§°)'Q~1Gy°)~1.

4.2 Sequential GMM Estimator

Given an initial estimator P,

Step 1: Given P;_1, update 0 by §; = arg max, —g(¥(P;_1,6))Wg(¥(P;_1,0)).
Step 2: Update P using the obtained estimate 0~j: 15] = \I/(]Sj_l, 5])
Tterate Steps 1-2 until j = k.

We first consider an nested generalized method of moments estimator (NGMM) which sat-

isfies

é = argmax —g(\II(P, 0))/W§<\P(P’9))7
0cO
P = W(P,0).
Assumption C Assumption 1 holds, and in addition

g(P%) = Op(n~'7?), sup||D*W(P,0)|| < o0, |[T|| < oo,
0,P

rank((0/00")¥(P,0)) = k, for all P
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Note that supy p || D*¥(P,0)|| < oo and ||T'|| < oo imply that supy p || DGy(¥(P,0))|| < oo. The
rank condition on (9/06')¥ (P, ) guarantees that (Gg(P))'W Gy(P) is invertible. The following
lemma provides the limiting distribution of the NGMM estimator.

Lemma 2 Suppose Assumption C holds. Then
V(6 = 6°) —a N(0, (GoWGF) "' GyW QW' Gy((G5°) W'Gg) ™),

Q = Elg(a;, zi; P)g(as, x;; P°)]. If W* = (G, 1) (GP)' Q27! is positive semi-definite, the mini-
mized asymptotic variance is ((G3°)'Q 1G) ™1 by setting W = W*.

Remark 8 When all the eigenvalues of Vp are less than one in absolute value, the asymptotic
variance of the efficient GMM estimator is also ((G) QY 1G)~t. Thus, the NGMM estimator
is more efficient than two-step estimator and can be asymptotically equivalent to the efficient
GMM estimator.

Remark 9 When Up = 0, the two-step GMM estimator with an optimal weighting matriz is
also asymptotically equivalent to the efficient GMM estimator.

The NGMM estimator can be obtained as the limit of the sequential GMM estimators upon
convergence. The convergence property of sequential GMM estimators is given by the following

lemma.

Lemma 3 Suppose Assumption C holds. Then, for j =1,... k,

!

™
Il

Op(||Pj—1 — P||),
I + Wg(GyW Go) FGYWT ALY p(Pj—1 — P) + Op(n™'2||Pj_1 — P||) + Op(||Pj—1 — P||?).

J
Pj_

vl
Il

Remark 10 Observe that —Us(GyWGg) 'GWTA, = Ug(V, A T'WTA,U,) ' WA/ T'WTA,
s a projection matriz, and the sequential GMM estimator has the same convergence property as

the sequential ML estimator. Again, the eigenvalues of Vp determine the convergence.
Remark 11 Analogous remarks to Remarks 3-6 apply here.

A g-stage version of the sequential GMM estimator is described as follows.

Step 1: Given ]5;771, update 6 by éj = arg maxy —g(\If‘l(Pj_l, 9))’17[/57(\11(]5]771, 0)).

Step 2: Update P using the obtained estimate ég: ]5]{1 = \Ilq(P;]fl, 9~])

Iterate Steps 1-2 until j = k.

14



Let (P?,07) = limk_,oo(]s,g, 9~Z) We may show that
V(@?—60°) —a N(0, (G5 WGF) (G WaW'GG((GF) W'GH ™),

where Q = E[g(a;, z;; P°)g(a;, z;; P°)']. Choosing W* = ((G})™')(G3°)'™! as a weighting

matrix (if it is positive semi-definite) leads to the asymptotic variance ((G°)' Q2 'Gg)~1.

Corollary 2 Suppose Assumption C holds with V4(P,0) replacing V(P,0). Then, for j =
1,...,k,

01 —61 = Oy(|P], - P|)),
PI—P1 = [I+W(GHWGEH N (GHWTAVEL(PL, — P9)
+O0p(n~ || PE_y — PUY)) + Op(|| PL, — PY|P?).

5 Classical Minimum Distance Estimator (or Asymptotic Least

Squares Estimator)

Let Py be a frequency estimator of P? satisfying n'/2(Py — P%) —4 N(0,Y). For parameters P
and 0, define the difference between the empirical frequency and the value after ¢ iterations of
the operator as

g1(0, P) = Py — WI(P,0).

Substitute Py into §¢ (0, P), and consider estimating 6 by
6 = argmin g (6, Po) W' (6, Ry),
0

where W —p W is a positive definite weighting matrix. We call 67 the g—classical min-
imum distance (¢—CMD) estimator. The asymptotic least square estimator of Pesendorfer
and Schmidt-Dengler (2006) corresponds to the case ¢ = 1. Pesendorfer and Schmidt-Dengler
(2006, Propositions 4 and 5) show that the efficient least squares estimator, éLS, that uses
W= (I-Vp) 'S I - Up)~! satisfies

Vn(lrs —0°) —4 N(0,Vis), Vis= (Vp(I —Wp) 'S I - Up) 1w,
We use the following assumptions:
Assumption D Assumption 1 holds, and in addition

g1(P°) = Op(n~'?), sup||D*TI(P,0)|| < oo, rank((9/00")¥!(P,0)) = k.
0,P
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Note that supg p |[D*W9(P,0)|| < co implies that supy p |[Dgeg?(6, P)|| < co. Let \Ifé‘n and
\Ilgg) denote DyW4(P°,0°) and DpW9(P°, 6°), respectively.

The following lemma shows the asymptotic distribution of the ¢—CMD estimator. It turns
out, when the optimal weighting matrix is used, 67 has the same efficiency as 05 and there is

no efficiency improvement from using W9.
Lemma 4 Suppose Assumption D holds. Then
Vr(09=6%) =4 N(O, (TS W ol 1@l Ww (1—w' D) s (1w ey (w9 (1w (9 e l0)

The asymptotic variance of 07 is minimized by choosing W = (I — ng)/)*lE*l(I — \Ilgg))*l.
With this choice of W,

V(67— 6°) — N(0, (Wy(I — Wp) 'S = Wp) "1 0y) 1)),
and 09 has the same efficiency as Ors.

An efficiency gain is achieved if one uses ¥? with ¢ > 2 while imposing an NPL fixed point

restriction on P. Consider the following nested minimum distance (NMD) estimator.
0% vip = argemin g9, PYWgi(0,P) st. P=W(P,0).
The following lemma shows the asymptotic distribution of the NMD estimator.
Lemma 5 Suppose Assumption D holds. Then
V(0 p—0°) —a N0, (U W (1-0p) " i) = (g wsw e (wi (1-wp) "W e?) .

The limiting variance of é}IVMD is minimized by choosing W* = (I — \I//P)*lX)*1 as the weighting

matriz, and then
Vil0arp = 0°) —a N(O,Vionrn),  Vivarp = (U7(1 = Wp) 7871 (I = wp) M)~

When ¢ = 1, this limiting variance is identical to that of 6Ls, and there is no efficiency gain
from imposing an NPL fixed point constraint. When ¢ > 2, the NMD estimator is more efficient
than HNLS if all the eigenvalues of ¥ p are between 0 and 1. Recall \I/éq) ={U+¥Yp+-- ‘+\I/(113_1)\I/9.
Let Q= (I — Vp)"!S~YI — ¥p)~!, and write Vi, and V; ¢ as

Vig = UpQUy, Vybp =TI +Up+ -+ V5 YQI+Up+-- + U5 Ty
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Thus

Vinip = Vig = p(¥p+ -+ UEYQTp +--- + U5 )Ty
FUY[(Up + -+ UL Q4+ Q(Up + -+ TGy,

which is positive definite if all the eigenvalues of Wp are between 0 and 1. Note, however, that
the positive definiteness of W* requires the positive definiteness of (I — \I//P)*l. If this is not
the case, choosing W = W™* is not possible, and imposing an NPL fixed point constraint has a
detrimental effect on the efficiency of the NMD estimator.

Taking ¢ — oo in 61 gives the full-solution minimum distance estimator that minimizes the
distance between Py and Py. Interestingly, even using the full fixed point solution does not

achieve an efficiency gain.
5.1 Sequential CMD estimator
We consider the sequential CMD estimator recursively as follows. Set By = ]50, and
Step 1: Given ]3]-,1, estimate 6 by éj = argming g(0, I:’j,l)’Wg(H, if’j,l).
Step 2: Update P using the obtained estimate éj by ]5]- = \1!(]5]-_1, 9})
Iterate Steps 1-2 until j = k.

Lemma 6 Suppose Assumption D holds. Then, for j=1,... k,

?

<
I
™
Il

Op(||Pj—1 = PI|),
[ — Wo(WpW o) WGWIWp(Pioy — P) + Op(n~ V2| Py — Pl|) + Op(||Pj1 — PIJ).

|
o
Il

We may also consider a g-stage version of the sequential CMD estimator as follows.
Step 1: Given P;_i, estimate 6 by é? — argmin, g9(0, Pj_1)Wg?(0, P;_1).
Step 2: Update P using the obtained estimate éj by f’j = \Ilq(]sj_l, 9})
Iterate Steps 1-2 until j = k.

Corollary 3 Suppose Assumption D holds. Then, for j=1,....k,

R
S

[~ 07 = Oy(||Pj-1 — Pl)),
— P = 1= (W) W)~ (W) WIE(Pjmy — P) + Op(n~ || Pjoy — P} + Op(|[ i1 — PI?).

;‘}Uz &
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6 Appendix

6.1 Proof of Proposition 1
For the first result, the definition of the F-derivative implies that, for any h € Bp, ¥(Py+h,0) —
U (Py,0) = Dp¥(Py,0)h + o(||h]|) as h — 0. Hence

1D (Fy, 0)h][ < Al[A][ + of[[A])-

Dividing both sides by ||h|| gives |[DpWU(Py, 8)(h/||h|)]] < X+ o(||h]])/]|k]|, and letting h — 0
and using the definition of the operator norm gives the required result.! For the second result,

observe that, for any k € ©,

||[Pogr — Po — W (Pp, 0+ k) + V(P 0)||
< |V (Poyr, 0+ k) — VU(Pg, 0+ k)|| < A||Pyyr — Poll-

Therefore, ||DgPyk — DoV (Py, 0)k|| < A||DoPyk|| + o(||k||) as k — 0, and dividing both sides by
||k|| and letting k& — 0 gives the stated result. O

6.2 Proof of Proposition 2

For any h € Bp, U(Py + h,0) — U(Py,8) = O(||h||"*) = o(||h|]). Thus, Dp¥(Ps,8) = 0. For
any k € O, \I/(P9,9+k) —\I/(Pg,g) = [P9+k —O(HPQ_;’_k —PngJre)] — Py = Dngk‘—l—O(H/{H). Thus,
DQ\IJ(P, (9)|p:p0 = DyPFy. For any h € Bp

DpeU(U(P,0),0)h = DppU(U(P,0),0)Dp¥(P,0)h- Dy¥(P,0)
+DpW(U(P,6),0)DpgU(P,0)h + Dpg¥ (U (P,0),0)DpU(P,0)h.

Therefore, if evaluated at the fixed point P = Py, we have DpgW¥?(Py,0) = 0. O

6.3 Proof of Proposition 3

Assumption 1 (a), (b), and (d) with Py —, P° imply that ©’(Py,0) converges uniformly in
probability in 6 to E(In W4(PY,0)) (c.f., Lemma 24.1 of Gourieroux and Monfort, 1989). Then,
the rest of the proof follows the proof of Theorem 2.1 of Newey and McFadden (1994). OJ

6.4 Proof of Propositions 4 and 5

See pp.49-52 of Aguirregabiria and Mira (2007). O

'f f(x) < a+o(1) as x — 0, then f(z) < a. The proof is by contradiction (suppose f(x) > a, then ...).
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6.5 Proof of Lemma 1 and Corollary 1

We prove Lemma 1 first. Recall that éj satisfies the first order condition

Yo(Pj-1,0;) = 0. (5)

Expanding this around (P, ) and using (P, ) = 0 gives

0= Ypp(P,0)(Pj—1 — P) + 1hge(P,0)(0; — 0),

where (P, ) lie between (Pj_1,6;) and (P, 0). Inverting 1y,(P, ), we obtain

6 — 6= gy (P,0) " Dyp(P,0)(Pj—s — P) = Op(||Pj—1 — P, (©)

where the last equality follows from the last two assumptions of Assumption B.?
For the second result, expand the second-step updating equation ]3] = W(Pj_l,éj) twice
around (P, ) and use ¥(P,0) = P, root-n consistency of (P,6), and (6), then it follows that

By~ P = Up(Pj_1 — P) + Wy(f; — 6) + Op(n*||Byy — PIJ) + Op(IIBy—r — PIP). (7)

Rewriting (6) by using Fop(P,0) = —Qp + Op(|[B1 — P|l) + Op(n~Y2) and ye(P, ) =
Qg + Op(||Pi—1 — P||) + Op(n~/?), we obtain

0; — 0 = —Qu Qop(Pj—1 — P) + Oy(n 2| Pj_y — P||) + Op(|| Pj—1 — P|[*).

Substituting this into (7) in conjunction with Qg_engp = (V,ApTy) W, ApVUp gives
Pj—P = [1 = Wg(WyApWo)  WyAp] Up(Pjoy — P)+Op(n~ || Pioy = PII) + Op(|| Pj-1 = PII?),
giving the stated result. For the corollary, first note that (9/90)¥%(P°, 6°)Ap(9/00") W4 (PY,0°) =

Q. Therefore, replacing W(P,6) with W9(P, ) and repeating the argument proves the corollary.
O

6.6 Proof of Proposition 6

The consistency of the efficient GMM estimator follows from analogous argument to the proof

of the consistency of the NPL estimator. The condition associated with 6 is

n

%ZA(%)VG@ZJ(P: é)(al‘xz) = 0.

i=1

21f we assume }Sj_l is consistent, the second equality follows from consistency of P and ]5j_1.
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Expanding this around (P, °) gives, with (P, ) lying between (P9, 6°) and (P, 6),

0 = 3" AW Vor (P, 0°) (i)
=1

n

ZA(%)V%?#(R@)(&H%)@ -6 + % ZA(%)VOPU)(R 0)(as|z;) (P — P°).
=1 i=1

S

_|_

The NPL fixed point restriction implies

P— P =0(P,0) —®(P° 0°) = VpU(P,0)(P — P°) + VeU(P,0)(0 — ),

thus
P—PY=(I—-VpU(P,0) 'Veu(P,0)(f—06°).
Consequently, the first order condition is, in conjunction with (P, 8) —, (P°,6°),
1< -
0 = —) Al P°, 6% (aj|z; 1)(0 —6°
n; (@i) Vo (P, 07)(ailzi) + op(1)( )

+% > A(xi) [Voor (P, 6°) (ailas) + Voptp (PO, 0°) (ailas) (I — U p) =Wy (0 — 6°).
=1

It follows that
Vi —6°) —4 N0, D(7) " Elm(z,7)m(z,7)1(D(r) ")),

where 7 = A(x), z = (a,x), and

S
2
I

E [A(z) (Voo (P°,0°)(alz) + Vopy(P°,6)(alz)(I — Up) 1 Ty)]
m(z,7) = A(z)Ve(P,6°)(alz).

From Theorem 5.3 of Newey and McFadden (1994), the optimal instrument 7 satisfies D(7) =
E[m(Z,7)m(Z,7)"] for all 7. Using an argument analogous to Newey and McFadden (1994, pp.
2168-2170), the optimal instrument 7 = A(x) is

A@) = E[Vogu(P°,6°)(a|z) + Vopih(P°,0%)(al) (I — ¥ p) " Wplz]’
X E [V (P, 8°)(a|z) Voo (PP, 8°) (a|z) |2] "

With this instrument,

D(7) = B { A(x)E [Vo(P°, 0°)(al2) Vo (P, 6°)(aleY 2] ™ A},
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and the asymptotic variance of the efficient GMM estimator is D(7)~!, which is different from
the asymptotic variance of the NPL estimator. [J
6.7 Proof of Lemma 2

The marginal conditions are given by

Expanding (¥ (P, 0)) around (P°,6°) and using ||fx — f2|| = 0,(n~1/2) give

GyW (W (P°,0%) + GyWGe(0 — 6°) + GoWGp(P — PY) = o,(n"/?),
(I - \IJP)(ﬁ - PO) - \Ilg(é — 00) = Op(n_1/2).

Eliminating (P — P°) from these equations and using G,WGy + GHWGp(I — ¥p)~ Wy =
G,W G, where Gi° = (0/00")g(Ppo) = —T'Ax(I — ¥p)~1 ¥y, we have

V(0 —6°) —q N(0, (GoWGE) ' GyW W' Gy((G5°) W'Ge) 1),

where Q = E[g(a;, z;; P°)g(a;, z; P°)']. From Theorem 5.3 of Newey and McFadden (1994),
the limiting variance is minimized by using a weighting matrix W* = (G, 1)’(G§°)’ Q~lif it is

positive semi-definite. [

6.8 Proof of Lemma 3 and Corollary 2

Recall that 9~j satisfies the first order condition

Co(U(Pj-1,8;)Wg(¥(Pj-1,65)) = 0. (8)

Expanding g(¥(P;j_1,6;)) around (P,0) in (8) and using G(¥ (P, §))Wg(¥(P,0)) = 0 gives

6~ = [Gy(U(Py1,0,)WCo(U(P,6)) + 0,(1)] " [Gh(¥(By1,0,))WCp(U(P,0)) + 0,(D](Pj-1 — P)
= 0,(IIBj-1 — P, (9)

with (P, ) between (P;_1,0;) and (P, 9).

For the second result, first, using (9), we obtain the same approximation as (7):

Py — P =Up(Pj_1 = P)+ g(f; — 0) + Op(n™ || Pjoy — P||) + Op(II1Pj-1 — PII>)  (10)
Expanding g(¥(Pj_1,6;)) in (8) twice around (P,) and using G (W (P 1,0;))WgG(U(P,6)) =
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Op(n™'2116; — O11) + Op(n ™3| Pjy — Pl),

Gp(U(P,0)) = Gp+0p(n~"?),  Gy(¥(P,0)) = Gy + Op(n~"/?) (11)
and (9) gives
0 = Gy(U(Pj_1,0;))WGp(Pj_1 — P)+ Gy(¥(P;_1,0;))WGqs(0; — 0)
+0p(n~ 2| Py = P||) + Op(|| Pj—1 = PII?). (12)
Expanding ¥(P;_1,6;) around (P, ) and using (9) and (11) in (12), we have

0; — 0 = —(GyWGy) ' GyWGp(Pj_1 — P) + Op(n~"?||Pi=1 — P|) + Op(||Pj=1 — P||?),

Substituting this into (10) and noting that Gy = —T'A, ¥y and Gp = —T'A,Vp, we obtain

Pj—P = [I+Wg(GyWG) " GyWT AL p(Pj1 = P)+0p(n™'2||Pj_y = P||) + Op(|| Pj—1 = P|P?),
and the second result follows. Repeating the similar argument proves the corollary. [J

6.9 Proof of Lemma 4

The consistency of 69 follows from a standard argument. The first order condition is
0= (8/090)T9(Py, 69) W (8%, By) = (T + 0, (1)) W[ By — B9( Py, 69)).

Expanding W?(Py, #7) on the right hand side around (P, 6°) gives

0= (U + 0,(1))W(I = DpW¥(P,8))(Py — P°) + (¥L? + 0,(1)) W DyW¢(P,8) (69 — 6°),

where (P, 0) lies between (P, 67) and (P?,6°). Then the asymptotic distribution of n'/2(§7—4°)
follows from n'/2(P — P%) —4 N(0,%) and Slutsky’s theorem. The choice of the optimal W
follows from Theorem 5.3 of Newey and McFadden (1994, p.2166), and the limiting variance of 61
has the stated form because by (I—\Ifgg))_lllléq) = (I-Vp) 1¥y by \I'gQ) =([-VL)(I-Up)~ 1T,
and U'9 — w9, O

6.10 Proof of Lemma 5

For notational simplicity, we use 6 to denote é;lv v p- First, we write P — PY in terms of § — 6°.
Note that
W(P,0) = W(P° 6°) + DpU(P,0)(P — P°) + DoW(P,0)(0 — 6°),
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where (P, ) denotes a generic point between (PY,60°) and (P,0). In conjunction with P =
U(P,0) and PY = W(P°, 0°), it follows that

P—PY=(I—-DpU(P,0) " DyU(P,0)(6 —6°). (13)

We proceed to show the asymptotic distribution of 6. The consistency of 6 follows from AM.

The first order conditions
0 = (DyWi(P,0))Wgi(h,P)
= (DgWI(P,0))W[Py — P]
= (DgUI(P,0))W (Py — P°) — (Dy®4(P,0)) W (P — P). (14)

Since DyW9(P,0) —, \I/(gq), for the first term on the right of (14) we have

n2(DOW(P,§)) W (By — P%) —4 N(0, WSV Wsw'wl?),
For the second term on the right of (14), using (13) gives
(DoWI(P,0)YW (P — P°) = (U5 + 0,(1)) W (I — Up + 0,(1)) (T + 0,(1))(0 — 6°),

and the asymptotic distribution of n'/2(6 — 6°) follows from n'/?(P — P°) —, N(0,%) and
Slutsky’s theorem. The choice of the optimal weighting matrix follows from Theorem 5.3 of
Newey and McFadden (1994, p.2166).3 O

6.11 Proof of Lemma 6 and Corollary 3

The proof closely follows the proof of the GMM estimator. First, note that (9/906")g(0, P) =
—DyV(P,0) and (0/00")g(0, P) = —DpY(P,0).
Recall that éj satisfies the first order condition

[DG\II(‘PJ 179 )] Wg(9], Jj— 1) =0. (15)

Expanding g(;, P;_1) around (P, ) gives, with (P,8) between (P;_1,6;) and (P, ),

0 = (DgW(P,0))W5(0,P)+ [De¥(P;_1,0;) — DgW(P,0))W (,

+(DgW(Pj—1,0;))WDpU(P,0)(Pj—1 — P) + (Dg¥(Pj-1.6;)) [De‘If( P,0)](0; — ). (16)

Since Pj_; — P = 0,(1) and [Dy®(P,0)Wg(f, P) = 0 (by the first order condition of a nested

3D(7) and m(Z,7) in Newey and McFadden (1994) corresponds to our \IJ(gq)'W(If\I/p)*l‘~If§q> and \I/é‘Z)’W(fDO -
PY), respectively.
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CMD estimator), (16) gives

0 — 0= —[TgWTg + 0y (1)) [TGW ¥ p + 0y (1)](Pj—1 — P) = Op(||Pj—1 — Pl)). (17)

This proves the first result.

For the second result, first using the bound of 9~j — @, we obtain
Pj— P =Up(Pj_1 — P)+ Uy(0; — 0) + Op(n~ || Pj_1 — P||) + Op(|Pj1 — P|]*).  (18)
By expanding Dg¥(P;_1,0;), DaU(P,0), and Dp¥(P,f) in (16) around (P,f), and using
DgU(P,0) = Wy + O,(n~Y?), DpU(P,0) = Up + Oy(n?),
we obtain a finer expression for (17):
0; — 0 = —(TGW W) " WgW U p(Pj_1 — P) + Op(n'2||Pj_y = P||) + Op(||Pj—1 — PI]*).
Substituting this into (14), we obtain the second result:

Pj— P =[I - Wy(UgW W) " WyW|Wp(Pj_y — P) + Op(n /2| Pj_y — P||) + Oy(|| Pj—1 — P|?).

Repeating the similar argument proves the corollary. [
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