EXTENDING THE SCOPE OF CUBE ROOT ASYMPTOTICS
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ABSTRACT. This article extends the scope of cube root asymptotics for M-estimators in two
directions: allow weakly dependent observations and criterion functions drifting with the sample
size typically due to a bandwidth sequence. For dependent empirical processes that characterize
criterions inducing cube root phenomena, maximal inequalities are established to derive the
convergence rates and limit laws of the M-estimators. The limit theory is applied not only
to extend existing examples, such as the maximum score estimator, nonparametric maximum
likelihood density estimator under monotonicity, and least median of squares, toward weakly
dependent observations, but also to address some open questions, such as asymptotic properties
of the minimum volume predictive region, conditional maximum score estimator for a panel

data discrete choice model, and Hough transform estimator with a drifting tuning parameter.

1. INTRODUCTION

There is a class of estimation problems where point estimators converge at the cube root rate
to some non-normal distributions instead of the familiar squared root rate to normals. Since
Chernoff’s (1964) study on estimation of the mode, at least, several papers reported emergence
of the cube root phenomena; see Prakasa Rao (1969) and Andrews et al. (1972), among others.
The literature suggests these cube root phenomena commonly arise when the criterion functions
for point estimation are not continuous in parameters.

A seminal work by Kim and Pollard (1990) explained elegantly these cube root phenomena in
a unified framework by means of empirical process theory; they established a limit theory for a
general class of M-estimators defined by maximization of random processes that induces the cube
root asymptotics. The limit theory of Kim and Pollard (1990) is general enough to encompass
existing examples, such as the shorth (Andrews et al., 1972), least median of squares (Rousseeuw,
1984), nonparametric monotone density estimator (Prakasa Rao, 1969), and maximum score
estimator (Manski, 1975), which are all illustrated in Kim and Pollard (1990). Also their theory
has been applied to other contexts in statistics, such as the Hough transform estimator in image
analysis (Goldenshluger and Zeevi, 2004) and split point estimator in decision trees (Biihlmann
and Yu, 2002, and Banerjee and McKeague, 2007).

Since Kim and Pollard (1990), in spite of the generality, several statistical problems are posed
suggesting emergence of the cube root asymptotics but being outside the scope of Kim and
Pollard’s (1990) framework. Most problems appeared in the course of generalizations of the
existing examples listed above. As a prototype, let us consider construction of a minimum volume
predictive region, studied by Polonik and Yao (2000), in a simplified manner. A statistician who
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observes a bivariate dependent process {y;, z;} wishes to predict y from x by some interval. In
this simple case, Polonik and Yao’s (2000) minimum volume predictive region of y at * = ¢ with

level o may be written as the interval [ — 7, 6 + 7], where

ézargmﬂinﬁ’[&—ﬁ@—i—f’], f’:inf{r csup P[0 —r, 0+ 1] > a},
o

and Pla,b] = S0 Ta < o < B}K (%52) / S0, K (5
conditional probability P{a < y; < blx; = ¢}. K is a kernel function and h,, is a bandwidth

) is a nonparametric estimator of the

varying with the sample size n. This predictive region is a natural generalization of the shorth
to the conditional distribution of dependent observables. Polonik and Yao (2000, Remark 3b)
conjectured that this region would converge at the (nhn)_l/ 3 rate under certain norm. The
framework of Kim and Pollard (1990) cannot be applied directly to address this question by two
reasons: the observations are taken from a dependent process, and the criterion function drifts
with the sample size due to the bandwidth. To allow dependent observations, the empirical
process theory of Kim and Pollard (1990) for independent observations needs to be adapted. In
particular, maximal inequalities to derive a convergence rate and to establish weak convergence of
the criterion process need to be modified. Also, to allow drifting criterions, the class of criterion
functions in consideration for M-estimation needs to be reformulated.

It should be emphasized that the above example is not an exception; several existing works
call for development of such generalizations. Anevski and Hossjer (2006) extended the limit
theory of nonparametric maximum likelihood under order restrictions toward weakly dependent
and long range dependent data. Their analysis includes monotone density estimation as a special
case. Goldenshluger and Zeevi (2004, p.1916) emphasized importance of generalization of the
Hough transform estimator to the case of drifting tuning constants and left it for future research.
Honoré and Kyriazidou (2000) proposed the conditional maximum score estimator for a panel
data discrete choice model. Although they showed the consistency, the convergence rate and
limiting distribution are unknown. Also, extensions of the classical least median of squares
and maximum score estimators to dependent observations are still open questions (Zinde-Walsh,
2002, and de Jong and Woutersen, 2011).

To address these open questions, we extend the scope of cube root asymptotics for M-
estimators in two directions: allow weakly dependent observations and criterion functions drifting
with the sample size typically due to a bandwidth sequence. In particular, we consider an abso-
lutely regular dependent process characterized by S-mixing coefficients and study M-estimation
for a class of criterion functions, named the cube root class, which induces the cube root asymp-
totics. In this setup, we establish maximal inequalities to derive the cube root rate and weak
convergence of the normalized process of the criterion so that a continuous mapping theorem
for maximizing values of the criterions delivers limit laws of the M-estimators. Furthermore
we extend the cube root class to deal with criterions drifting with the sample size, named the
drifting cube root class. The limit theory for the cube root class is adapted to the drifting class.
We establish the (nh,,)/3-rate of convergence of the M-estimator, where h,, means a bandwidth

sequence, and derive a non-normal limiting distribution. The limit theory is also extended to



the M-estimation problems where the criterion functions contain estimated nuisance parameters.
Our framework is general enough not only to address the open questions listed above but also to
extend existing results to more general setups, such as split point estimation in dynamic decision
trees.

The paper is organized as follows. Section 2 develops the cube root asymptotic theory for a
class of M-estimators with dependent data. It also considers the case where the criterion contains
estimated nuisance parameters. Section 3 extends the asymptotic theory to drifting criterion
functions. In Section 4, we illustrate our cube root asymptotic theory by some examples; the
maximum score estimator (Section 4.1), nonparametric monotone density estimation (Section
4.2), least median of squares (Section 4.3), conditional maximum score estimator for panel data
(Section 4.4), minimum volume predictive region (Section 4.5), and Hough transform estimator
(Section 4.6).

2. CUBE ROOT ASYMPTOTICS WITH DEPENDENT OBSERVATIONS

This section extends Kim and Pollard’s (1990) main theorem on the cube root asymptotics of
the M-estimator to allow for dependent data. This section focuses on the case where the criterion

function does not vary with the sample size. The M-estimator 6 maximizes the random criterion
1 n
P = — Zt),
nto n ; fe( t)

where {fy : @ € O} is a class of functions indexed by a subset © of R? and {z} is a strictly
stationary sequence of random variables with marginal P. We characterize a class of criterion
functions that induce cube root phenomena (or “sharp edge effects” in the sense of Kim and
Pollard, 1990) and is general enough to cover the examples discussed in the introduction. Let
Pf = [ fdP for a function f, |-| be the Euclidean norm of a vector, and |[-||, be the Ly(P)-norm

of a random variable. The class of criterions of our interest is defined as follows.

Definition (Cube root class). A class of functions {fg : 0 € ©} is called the cube root class if

(i): {fo: 0 € ©} is a class of bounded functions and P fy is uniquely mazimized and twice
continuously differentiable at 0y with a negative definite second derivative matriz V.

(ii): There exist positive constants C' and C' such that

01 — 62| < C |l fo, — fo.lls

fOT‘ all 91,02 S {0 €0: ‘0 — (90’ < Cl}

111): ere exists a postiive consian suc a
(iii): Th st i tant C" such that

P sup  |fo— fal* <O,
0€0:|0—0o|<e

for all e > 0 small enough.

Condition (i) contains standard identification conditions for M-estimation (cf. Kim and Pol-
lard, 1990, Conditions (ii) and (iv) of their main theorem). Boundedness of the class {fp : 6 € O}

is a major requirement. Kim and Pollard (1990) does not impose boundedness even though all



of their examples consider bounded criterions. In our analysis, boundedness is required to estab-
lish a maximal inequality for the cube root convergence rate (Lemma M below). In particular,
boundedness is used to guarantee the relation ||fp — fo,lly ~ [[fo — foollo 5. Where [|-||5 5 is so-
called the Ljg(P)-norm using S-mixing coefficients defined below. It should be noted that
1fo — foolla = ll.fo — foollo 5 for independent observations. We provide a detailed discussion on
boundedness after Lemma M. Condition (ii) is required not only for the maximal inequality to
derive the convergence rate but also for finite dimensional convergence to derive the limiting
distribution of the M-estimator. In particular, this condition is used to relate the Lo(P)-norm
to the Euclidean norm over ©. This condition is implicit in Kim and Pollard (1990, Condition
(v)) and the equivalence || fg — fa, [l = ||.fo — fo,ll2 g under independent observations. Condition
(iii), which corresponds to Kim and Pollard (1990, Condition (vi)), is an envelope condition for
the class {fo — fo, : |0 — 00| < }. Similar to the case of independent observations, this condition
plays a key role for the cube root asymptotics. It should be noted that for the familiar squared
root asymptotics, the upper bound in Condition (iii) is of order £2.

Throughout this section, let {fy : § € O} be a cube root class. We now study the limit

behavior of the M-estimator, which is precisely defined as a random variable 6 satisfying
P, f; > sup Py, fg — 0,(n~%/3).
0cO

The first step is to establish consistency of the M-estimator, i.e., 0 converges in probability to
the unique maximizer 6y of Pfy. The technical argument to derive the consistency is rather
standard and typically shown by uniform convergence of the empirical criterion P, fg to P fg over
©. Thus, in this section we assume consistency of f. See illustrations in Section 4 for details to
verify consistency.

The next step is to derive the convergence rate of 6. A key ingredient for this step is to
obtain the modulus of continuity of the centered empirical process {G,(fg — fo,) : @ € ©} by
certain maximum inequality, where G, f = /n(P,f — Pf) for a function f. For independent
observations, several maximal inequalities are available in the literature (see, e.g., Kim and
Pollard, 1990, p. 199). For dependent observations, to best of our knowledge, there is no maximal
inequality which can be applied to the cube root class. Our first task is to establish a maximal
inequality for the cube root class with dependent observations.

To proceed, we now characterize the dependence structure of data. Among several notions of
dependence, this paper focuses on an absolutely regular process. See Doukhan, Massart and Rio
(1995) for a detail on empirical process theory of absolutely regular processes. Let F°_ and F2°
be o-fields of {..., zi—1,20} and {zm, Zm+1,- ..}, respectively. Define the S-mixing coefficient as
Bm = 5 sup > Gperxs [P{A4i N Bj} — P{A;} P{B,}|, where the supremum is taken over all the
finite partitions {4;};e; and {B;};ecs respectively F°

« and F° measurable. Throughout the

paper, we impose the following assumption on the observations.

Assumption D. {z;} is a strictly stationary and absolutely regular process with B-mizing coef-
ficients {8} such that By, = O(p™) for some 0 < p < 1.



This assumption says the mixing coefficient f3,,, should decay at an exponential rate.! For
example, finite-order ARMA processes typically satisfy this assumption. This assumption is
required not only to establish the maximal inequality in Lemma M below but also to establish a
central limit theorem in Lemma C for finite dimensional convergence. See remarks on Lemmas M
and C for further discussions. Under this assumption, the maximal inequality for the empirical

process Gy, (fg — fo,) of the cube root class is obtained as follows.

Lemma M. There exist positive constants C and C' such that

P sup |Gu(fo — fao)| < COY2,
|6—00|<8

for all n large enough and 6 € [n=/2, C"].

Proof. For any function g, let Qg(u) be the inverse function of the tail probability function
z +— P{|g(z)| > x}.2 Let B(-) be a function such that 3(t) = By if t > 1 and B(t) = 1 otherwise,
and B71(-) be the cadlag inverse of 3(:). The Lg 5(P)-norm is defined as

1
9lle,5 = \//0 B~ Hu)Qq(u)?du.

We use the following sets defined by different norms:

GY = {fo— oo < Ilfo — fayllop < 6 for 6 € O},
GE = {fo— fa,: 10 — 60| <6 for 6 € O},
Gi = {fo—fao: Ifo— fo,ll, < 6 for 6 € ©}.

For any g € G}, g is bounded (Condition (i)) and so is Q4. Thus we can always find a function
~ 2 A2 2
g such that [[g]l; < [[9]lz < 2]lg]l2 and

m
Qs(u) =Y aI{(j = 1)/m < u < j/m},
j=1
satisfying Q4| < Qy, for some positive integer m and sequence of positive constants {a;}. Now
take any C’ > 0, and then pick any n (so that n=1/2 < C’) and 6 € [n~/2,C’]. Throughout the

proof, positive constants C; (j = 1,2,...) are independent of n and ¢.

1Indeed, the polynomial decay rates of [3,, are often associated with strong dependence and long memory type
behavior in sample statistics. See, e.g., Chen, Hansen and Carrasco (2010) and references therein. Therefore,
asymptotic analysis for the M-estimator will become very different.

2The function Q,(u), called the quantile function in Doukhan, Massart and Rio (1995), is different from a familiar
function u — inf{z : u < P{|g(2¢)| < z}} to define quantiles.



Next, based on the above notation, we derive some set inclusion relationships. Let M =

%Sup0<m§x fo u)du. For any g € G}, it holds
2 i/m ~1
Il < / 57 ()Qy(u)du < Za m [ 5
(G=1)/m

1/m

< <m B (uw)du /Qg(u)2du
0 0

< Mlgls, (1)

where the first inequality is due to Doukhan, Massart and Rio (1995, Lemma 1), the second
inequality follows from |Q,| < Qj, the third inequality follows from monotonicity of 87! (u), and
the last inequality follows by || gHg <2 g||§ This inequality implies

er_feoHQS er_feo”zﬂSM”fQ_fGOHQ' (2)

Based on this, we can deduce the inclusion relationships: there are positive constants C; and Cy
such that
1 2 2 1
G5 € Gevpre C o 95 €95 € G (3)

where the relation G} s C G? follows from Condition (ii) of the cube root class and the relation

C1 §1/2
G2 c 9502 follows from Condition (iii).

Third, based on the above set inclusion relationships, we derive some relationships for the
bracketing numbers. Let Nj(v, G, [|-||) be the bracketing number for a class of functions G with

radius v > 0 and norm ||-||. By (2) and the second relation in (3),

5 2d
Ny, G5 lla.5) < Ny(v, Ges, I1l5) < Cs <V> ,

for some positive constant C3, where the second inequality follows from the argument to derive
Andrews (1993, eq. (4.7)) based on Condition (iii) of the cube root class (called the Lo-continuity

assumption in Andrews, 1993). Therefore, for some positive constant Cy, it holds

)
en®) = [ \low Ny(w. G - v < Cas. (1)

Finally, based on the above entropy condition, we apply the maximal inequality of Doukhan,
Massart and Rio (1995, Theorem 3), i.e., there exists a positive constant C5 depending only on
the mixing sequence {5,,} such that

Psup |Gng| < C5[1 + 0~ g, (min{1, v, (8)})]en(0), (5)
9€Gs

where qg, (v) = sup,<, Qa(u)4/ [; B~ (@)da with the envelope function G of 95 (note: 95 is a
class of bounded functions) and v, (d) is the unique solution of
vwn(?  on(d)?
[RRE=T T




Since ¢, () < C4d from (4), it holds v,(d) < Csn~! for some positive constant C5. Now take
some ng such that vy,,(6) < 1, and then pick again any n > ng and § € [n='/2,C’]. We have

ge(min{1,v,(8)}) < Cov/vn(0)Qc(vn(0)) < Crn ™'/, (6)

for some positive constants Cs and C7. Therefore, combining (4)-(6), the conclusion follows by

Psup [Gug| <P sup [Gng| < Cgé'/?, (7)
geg‘% g egf/fal/Q
where the first inequality follows from the first relation in (3). |

We now discuss the boundedness requirement on fp in Condition (i) of the cube root class and
exponential decay requirement on the mixing coefficient 3, in Assumption D. Boundedness is
used to obtain the second inequality in (1), which guarantees the norm relation in (2). Without
boundedness, the Ly 3(P)-norm is bounded from above only by the Lo, (P)-norm with any n > 0
(Doukhan, Massart and Rio, 1995, pp. 403-404). Therefore, the resulting maximal inequality
will be

P sup |Gn(fo — fa,)| < OO/,
|6—00|<5

provided Condition (iii) of the cube root class is replaced with

2
P sup |fo— fo,|PT" < O,
0€0:10—0p|<e

for some positive constant C” and all € small enough. By applying a similar argument below,
we can show 6 — 6 = Op(n_%_m) although this rate may not be sharp.

The exponential decay of the mixing coefficient (3, is also used in (1). Lemma M can be
shown under a slightly weaker condition supy,<; 2! [ 87 (u)du < oo than 8, = O(p™) in
Assumption D. However, this weaker condition already excludes polynomial decay of 3,,. Note
that for any (,, with a polynomial decay rate, it holds SUPyegl ||g||276 = o0o. For this point, it
is intuitive to consider the case where g is a binary function (0 or 1). In this case, we have

lglle.s = llgll \/x_l Jo B~ (w)du for = P{g(z) = 1}. Therefore, we have supgegt llglly 5 = 00
unless supg.,<; ¢ 1 [y B (u)du < oo. See a remark on Lemma C below for an additional

discussion.
To establish the convergence rate (and consistency as well), the following analog of Kim and
Pollard (1990, Lemma 4.1) is useful.

Lemma 1. For each € > 0, there exist random variables {R,} of order Oy (1) and a positive

constant C' such that

P fo — fao) — P(fo — fo,)| < €10 — 60> + n*/*R},
for any n™1/3 < |0 — 6| < C.
Proof. Define A, ; = {0: (j — 1)n™"/3 < |0 — 6| < jn~'/3} and

R=n? it {Balfo— fon) ~ PUs — foo)l — I8 0012}
n=1/3<]0—00|<C



There exists a positive constant C' such that

P{R, >m} = {UP’ (fo — fa,) — P(fo — fa,)| > €l0 — 6o|> + n~23m?  for some 9}

< zyﬂ2ﬁpj¢¢m %—ﬁm>dfﬂf+m2bmmm0&%A

[e.e]

;531 +m?2’

for all m > 0, where the last equality is due to the Markov inequality and Lemma M. Since the

above sum is finite for all m > 0, the conclusion follows. O

Based on Lemma 1, the cube root convergence rate of 0 is obtained as follows. Suppose
10 — 6y] > n~1/3. Then we can take ¢ > 0 such that

op(n=*%) < Pulfy — fo,) < P(f — fo,) +€lf = 0o +n 2P R}
< (=c+e)|f —bp2 + Op(n~23),

for each € > 0, where the second inequality follows from Lemma 1 and the third inequality follows
from Condition (i) of the cube root class. Taking e small enough to satisfy ¢ — ¢ > 0 yields the
conclusion that 6 — 8y = O,(n~1/3).

Given the cube root convergence rate of é, the final step is to derive its limiting distribution.
To this end, it is common to apply a continuous mapping theorem of an argmax element (e.g.,
Kim and Pollard, 1990, Theorem 2.7). A key ingredient for this argument is to establish weak

convergence of the centered and normalized process

Zn(s) = ”1/GGn(f00+sn*1/3 = foo)5

for |s|] < K with any K > 0. Weak convergence of the process Z,, may be characterized
by its finite dimensional convergence and tightness (or stochastic equicontinuity). If {z;} is
independently and identically distributed as in Kim and Pollard (1990), a classical central limit
theorem combined with the Cramér-Wold device implies finite dimensional convergence, and a
maximal inequality on a suitably regularized class of functions guarantees tightness of the process
of criterion functions. We adapt this approach to dependent observations satisfying Assumption
D.

For finite dimensional convergence, we employ the following central limit theorem, which is
based on Rio’s (1997, Corollary 1) central limit theorem for an a-mixing array. Recall that Q4 (u)
means the inverse function of the tail probability function x — P{|g(z:)| > x}.

Lemma C. Suppose Pg, =0 and
sup / B (1) Qy, (u)?du < . (8)

Then ¥ = lim,_,o Var(G,g,) ezists and Gygy, 4, N(0,%).

Proof. First of all, any S-mixing process is a-mixing with a, < £,,/2. It is sufficient to check
Conditions (a) and (b) of Rio (1997, Corollary 1). Condition (a) is verified by Rio (1997,



Proposition 1), which guarantees Var(G,g,) < fo (u)Qy, (u)?du for all n. Since Var(G,gn)
is bounded and z; is strictly stationary in our case, Condition (b) of Rio (1997, Corollary 1) can

be written as
/ 571 (w)Qg, () inf{n~ 257 (u)Qy, (u), 1}du — 0,

as n — o0o. Note that for each u € (0,1), it holds n='/2871(u)Q,, (u) — 0 as n — co. Thus, the

dominated convergence theorem based on (8) implies Condition (b). O

The finite dimensional convergence of Z, follows from Lemma C by setting g, as any fi-
nite dimensional projection of the process {nl/ﬁ{(f90+5n,1/3 — foo) = P(fogssn—1/3 — foo)} & s}
The requirement (8) can be considered as a Lindeberg-type condition to guarantee Rio’s (1997,
Corollary 1) Lindeberg condition in our setup. The condition (8) excludes polynomial decay
of B,,. Therefore, exponential decay of [, is required not only for the maximal inequality in
Lemma M but also for the finite dimensional convergence in Lemma C. Also, Doukhan, Mas-
sart and Rio (1994, Theorem 5) provided some result, where any polynomial mixing rate will
destroy the asymptotic normality of G,g,. It should be noted that for the rescaled object

29 with 6 > 0 typically diverge. This happens

gn = nl/G(f90+sn,1/3 — fo,), the moments P|gy,
because the cube root class { fp} typically involves the indicator function. Thus we cannot apply
central limit theorems for mixing sequences with higher than second moments. The Lindeberg
condition is one of the weakest conditions, if any, for the central limit theorem of mixing sequences
without moment condition higher than two.

To establish tightness of the normalized process Z,,, we show the following maximal inequality.

Lemma M’. Consider a sequence of classes of functions G, = {gn,s : |s| < K} for some K >0

with envelope functions G,. Suppose there is a universal positive constant C' such that

P sup |gn,s - gn,s’|2 < 057 (9)

s:ls—s'|<e

for alln large enough, |s'| < K, and e > 0 small enough. Also assume that there exist 0 < k < 1/2
and C' > 0 such that G, < C'n" and |G, ||y < C' for all n large enough. Then for any o > 0,
there exist 0 > 0 and a positive integer Ns such that

P sup |Gngn,s - Gngn,s/| <o,
|s—s'|<0

for all n > Ns.

Proof. Pick any K > 0 and 0 > 0. Let gy 55 = Gns — Gn,s's 9575 = {gnss |5 — 5| < 8},

gfw; = {gn,s,s Hgnss < 6} and g S = {gnss Hgnss
condition (9), there ex1sts a positive constant C'y such that g C G2

< 0}. Since gp s satisfies the

15172 for all n large enough

and all § > 0 small enough. Also, by the same argument to derive (2), there exists a positive

2 S Hgn,s,s’ 2,8 S CQ Hgn,&s’

constant Co such that Hgn,s,s/ , for all n large enough, |s| < K,
and |¢'| < K, which implies

1 2 B
gn,d C gn70151/2 - gn,010261/2’



for all n large enough and all § > 0 small enough. The constant Cy depends only on the mixing

sequence {3, }. Also note that the bracketing numbers satisfy
Nj.G2 5 o) < Np(v. G Ca | ],) < C1Cor 2,

where GE = {g,ss : |s| < K,|s'| < K} and the second inequality follows from (9). Thus
letting = C1C26'/2, there is a function ¢(n) such that p(n) — 0 as 7 — 0 and @,(n) =

I \/log Ny (v, ng, [l2,5)dv < @(n) for all n large enough and all n > 0 small enough. Based
on this entropy condition, we apply the maximal inequality of Doukhan, Massart and Rio (1995,
Theorem 3), i.e., there exists a positive constant C5 depending only on the mixing sequence {3, }
such that

P sup [Gng| < Cs[1 + 4, (min{1,vn () )] (),
gegn,n

for all n large enough and all > 0 small enough, where q¢, (-) with the envelope G,, of gﬁ,n is
defined in the same way as the proof of Lemma M (note: by the definition of gﬁ,n, we can take

the envelope G, independently from 7), and v,(n) is the unique solution of

vm?  _ en(n)
Jont) g=1(@)da

Now pick any 1 > 0 small enough so that 2C3p(n) < o. Since ¢,(n) < ¢(n), there is a positive

constant Cy such that v,(n) < 04%72) for all n large enough and 1 > 0 small enough. Since G,, <
C'n” by the definition of G, there exists a positive constant Cj such that g, (min{1, v,(n)}) <
Cs+/o(n)n~'n"1/2 with 0 < k < 1/2 for all n large enough. Therefore, the conclusion follows
by

P sup |Ghg| <P sup |Gug| <o,

geg}],,n gEQiClnl/Q
for all n large enough, where the first inequality follows from g}l s C gfj C1Ca81/2 O

Tightness of the process Z, follows by Lemma M’ with g, = n1/6(f00+5n_1/3 — fa,)- Note
that the condition (9) is satisfied by Condition (iii) of the cube root class. Compared to Lemma
M used to derive the convergence rate of the estimator, Lemma M’ is applied only to establish
tightness of the process Z,,. Therefore, we do not need an exact decay rate on the right hand
side of the maximal inequality.

Based on finite dimensional convergence and tightness of Z,, shown by Lemmas C and M’,
respectively, we establish weak convergence of Z,. Then a continuous mapping theorem of an
argmax element (Kim and Pollard, 1990, Theorem 2.7) yields the limiting distribution of the

M-estimator . The main theorem of this section is presented as follows.

Theorem 1. Suppose {z} satisfies Assumption D. Let {fg : 0 € O} be a cube root class and 0
satisfy P f3 > supgeg Pnfo — op(n_2/3). Assume 0 converges in probability to 6y € int®, and (8)
holds with (gn,s — Pgn,s) for each s, where g, s = nl/ﬁ(f90+sn—l/3 — fo,). Then

A d
n'/3(0 — 6y) > argmax Z(s),
S
3In particular, the process Z, itself does not satisfy Condition (ii) of the cube root class.

10



where Z(s) is a Gaussian process with continuous sample paths, expected value s'Vs/2, and

covariance kernel H(s1,52) = limp_y00 Y p_,, CoV(gn,s; (20), Gn,ss (21)) < 00.

This theorem can be considered as an extension of the main theorem of Kim and Pollard
(1990) to an absolutely regular dependent process. The Lindeberg-type condition (8) needs to
be verified for each application. It is often the case that P{g, s =0} > 1— en~ /3 for some ¢ > 0

and all n large enough. In this case, this condition can be verified by

1 cn—
/ 571 (w) Qg (u)?du < Cn'/3 /
0 0

for some positive constant C' and all n, where the first inequality follows from the facts that 371()

1/3

1
B (w)dutn3 (P (fy,  anoris—fao) 1 / 5 (u)du < oo,
0

is monotonically decreasing and fy is bounded, and the second inequality follows by Assumption
D and P{g,s =0} >1—cn'/3

Once we show that the M-estimator has a proper limiting distribution, Politis, Romano and
Wolf (1999, Theorem 3.3.1) justify the use of subsampling to construct confidence intervals
and make inference. Our mixing condition in Assumption D satisfies the requirement of their
theorem and thus subsampling inference based on b consecutive observations with b/n — oo
is asymptotically valid. See Politis, Romano and Wolf (1999, Section 3.6) for a discussion on
data-dependent choices of b.4

It is often the case that the criterion function contains some nuisance parameters which can
be estimated by faster rates than Op(n_l/ 3). For such a situation, Theorem 1 is extended as
follows. For the rest of this section, let 6 and 6 satisfy IP’nféﬁ > SupPgeg Pnfop —I—Op(n_2/3), where

U—vy= op(n*1/3), and ]P’nfg,,,o > supgeo Pnfo.u, + op(nfz/?’), respectively.

Theorem 2. Let {fp,, : 0 € ©} be a cube root class. Suppose there are some negative definite

matriz V1 and some finite matriz Vo such that
1
P(fo.o — foow) = 5(9 —600)'Vi(8 — 60) + (6 — 60) Va(v — v9) + o(|6 — 6o]* + |[v — 0]*),  (10)

for all @ and v in neighborhoods of 6y and vy, respectively. Furthermore, suppose {fg, : 6 €
©,v € A} satisfies Condition (i) of the cube root class. Then 6=0+ op(nfl/g). Additionally,
if (8) holds with (gn,s — Pgn,s) for each s, where gns =n'%(fy o -1/5, = foow), then

n3(6 — 6y) KN argmax Z(s),

where Z(s) is a Gaussian process with continuous sample paths, expected value s'Vis/2, and

covariance kernel H(s1,52) = limp_y00 Y 1, CoV(gn,s, (20), Gn,ss (21)) < 00.

Note that we only need to verify that the subclass {fy,, : § € ©} belongs to the cube root
class. The additional conditions in (10) and an expansion in Condition (iii) for the whole class
{fo., : 0 € ©,v € A} are imposed to guarantee the asymptotic orthogonality between 6 and D.

The fact that & — vy = 0,(n~'/3) often requires these additional conditions to be satisfied.

4Another candidate to conduct inference based on the M-estimator is the bootstrap. However, even for indepen-
dent observations, it is known that the naive nonparametric bootstrap is typically invalid under the cube root
asymptotics (Abrevaya and Huang, 2005, and Sen, Banerjee and Woodroofe, 2010).
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Proof. To ease notation, let §y = vy = 0. First, we show that § = O,(n~1/3). Since {f,,} satisfies
Condition (iii) of the cube root class, we can apply Lemma M’ with g¢,, s = nl/ﬁ(f97cn_1/3 — fo.0)

for s = (¢, ), which implies

sup  n'/9Gn(fyen-1/5 — fo.0) = Op(1), (11)

|0]<e,|c|<e
for all € > 0. Also from (10) and & = 0,(n~'/3), we have
P(fo.0 — fo.0) — P(fop — foo) < 0'Vair + €8> + Op(n=/3), (12)
for all # in a neighborhood of 6y and all € > 0. Combining (11), (12), and Lemma 1,
Po(fo0 — foo) = n *{Gn(fo5 — fo0) + Gn(foo — fo0) — Cnlfos — foo)}

+P(fo.0 — fo,0) + P(fo,0 — fo,0) = P(fo,0 — fo0)
P(fo.0 — foo) +0'Vai + €0)? + Op(n~3)

IN

1
< S0VA0+0'Var + 202 + 0, (n2/3),

for all # in a neighborhood of 6y and all € > 0, where the last inequality follows from (10). From
P (fs, — fop) = 0p(n2/3), negative definiteness of V4, and © = 0,(n"'/3), we can find ¢ > 0
such that
0p(n~?%) < —cl]? + [0loy(n ') + Op(n~?/%),
which implies || = O, (n=1/3).
Next, we show that § — 6 = op(n_1/3). By reparametrization,
13 = axgmax(n? (B — P)(Fyu 1705 — foo) + 120 P(fyy a5 foo)] + op(1).
By Lemma M’ (replace 6 with (6, v)) and & = o,(n1/3),

03P — P)(fon-1/55 — fo0) = 03Py — P)(fon-1/50 — fo0) = 0p(1).

uniformly in s. Also (10) implies P(f,-1/3; — fos) = P(fg-1/39 = fo0) = 0p(n2/3) uniformly
in 5. Given § — = 0,(n~'/3), an application of Theorem 1 to the cube root class {fg,, : 6 € O}
implies the limiting distribution of . O

3. CUBE ROOT ASYMPTOTICS WITH DRIFTING CRITERIONS

We next investigate the case where the criterion function depends on the sample size typically
due to a bandwidth sequence. We maintain Assumption D for the dependence structure of {z}.

The cube root class is modified as follows.

Definition (Drifting cube root class). A class of functions {fn,9 : 0 € ©} containing a

sequence {hy} form =1,2,... is called the drifting cube root class if

(i): {hnfne: 0 € ©} is a class of bounded functions for all n. As n — oo, it holds hy, — 0

and nhy, — oco. Also, lim, o Pf ¢ ts uniquely mazimized at 6y, and Pf, ¢ is twice
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continuously differentiable at 0y for all n large enough and admits the expansion
1 _
P(fop = Fnoo) = 5(0 = 00)' V(0 — 00) + (10 — b0l*) + o(nhn) %), (13)

for a negative definite matriz V.

ii): There exist positive constants C and C' such that
p

|01 - ‘92| < Oh}/2 ||fn,91 - fn,@z”gv

for all n large enough and all 01,05 € {6 € © : |0 — 0| < C'}.
(iii): There exists a positive constant C" such that
P Sup hn’fn,@ - fn,90‘2 < C//&,’
0€O:10—0p|<e

for all n large enough and all € > 0 small enough.

Similar comments to the ones for the cube root class apply. When the criterion f, ¢ involves
some kernel estimate for a nonparametric component, h,, is considered as a bandwidth parameter.
Verifications of Conditions (i)-(iii) require more restrictions on h,,. For example, negligibility of
the bias term for nonparametric estimation is implicit in (13). Typically the criterion takes
the form of fy,¢(2) = ﬁK (%) m(y, z,0) for z = (y,z) and some function m (see, Sections
4.4-4.6 for examples). In this case, boundedness of {h,fn9 : # € O} in Condition (i) means

hn
P(fno — fng,) = | | K (a)m(y,c+ hna,0)py(y, ¢ + hpa)dady by a change of variables, where

Pya is the joint density of (y, ). The reasons for multiplications of h,ll/ % in Condition (ii) and hy,

boundedness of K (u) m(y, z,0). The expansion in (13) can be understood as a restriction for

in (iii) are understood in the same manner.
Throughout this section, let {f, 9 : 0 € ©} be a drifting cube root class. The M-estimator is

precisely defined as a random variable 6 satisfying
Pf g 2 SupPufug = op((nhn) /%),
€

Similar to the previous section, we assume consistency of 6 to 0y and focus on the convergence
rate and limiting distribution. To derive the convergence rate of 0, we establish the modulus of
continuity of the empirical process {Gnh}/ 2( fno— fno,) : 0 € O} for the drifting cube root class

defined above. We show the following maximal inequality.

Lemma Mn. There exist positive constants C and C' such that

P sup [GphY*(fupo — freo)| < C8Y2
|0—0o|<5

for all n large enough and & € [(nhy,)~1/2,C"].

Proof. The proof is similar to that of Lemma M. Pick any ¢’/ > 0 and then pick any n and
§ € [(nhy)~Y/2,C"). Hereafter positive constants C; (j = 1,2,...) are independent of n and

6. By changing the notation to indicate the drifting classes of functions, a similar argument to
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derive (5) implies the bound

P sup |Gug| < Ci[1+ 5_1anY5(min{1,vn(é)})]cpn(é),
9€dh
where 9575 ={fno—fno ’ h,lh/Q(fn’g — fn00) 0 < ¢ for § € O} with an envelope function G, s,

and @, (0) = foa \/Iog Ny(v, 9575, [[l2,5)dv. By Condition (iii) of the drifting cube root class, we
can conclude ¢, () < Cd, which in turn implies v,(J) < C3n~! as in the proof of Lemma M.

Therefore, the conclusion follows by
0 qc, s (min{1,v,(8)}) < C46~ 'y /2072,

for all n large enough. O

Compared to Lemma M, the modulus of continuity of the empirical process {G,(fn.0— fn0,) :
6 € ©} changes from §'/? to hy 2512 (because of the change of the envelope in Condition (iii)
of the drifting cube root class). Consequently, the convergence rate of 6 will change from n'/3
to (nhy)'/3. In order to derive the convergence rate of 0, we modify Lemma 1 as follows. Since

the proof is similar, it is omitted.

Lemma 2. For each € > 0, there exist random variables {R,,} of order Oy (1) and a positive

constant C such that

[P(fn0 = Fndo) = Pfro = fugo)l < €lf = 6ol” + (nhn) >Ry,
for any (nhy)~/3 < (6 — o] < C.
It should be noted that Lemma Mn is used to derive this lemma. Based on Lemma 2, the

convergence rate of 6 is obtained as follows. Suppose |6 — 6| > (nhy,)~ /3. Then we can take

¢ > 0 such that

op((nhy) /)

IN

Pu(f,g— Fnoy) < P(frg— Fngy) +€l6 — 002 + (nhn) *°R2
< (—c+e)|0— o> +o(10 — 6o)) + Op((nhn)—2/3)’

for each € > 0, where the second inequality follows from Lemma 2 and the third inequality follows
from Condition (i) of the drifting cube root class. Taking ¢ small enough to satisfy ¢ —& > 0
yields the conclusion that 6 — 6y = O, ((nhy,)~'/3).

In order to derive the limiting distribution, we need to establish tightness of the centered
process

Zn(s) = nl/ﬁhi/an(fn790+3(nhn)71/3 — fn,60);

for |s| < K with any K > 0. The finite dimensional convergence and tightness of Z,, follows
from Lemmas M’ and C in the previous section by setting g, s = nl/ﬁhi/g(fn’90+s(nhn)_1/3 — fr.60)
and gn = gns — Pgn.s, respectively. Therefore, the argmax theorem (Kim and Pollard, 1990,
Theorem 2.7) implies the limiting distribution of the M-estimator 6 for the drifting cube root

class. The main theorem of this section is summarized as follows.
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Theorem 3. Suppose {2} satisfies Assumption D. Let {f, 6 : 0 € O} be a drifting cube root class
and 0 satisfy }P’nfn’é > supgeco Pnfno — op((nhn)_2/3). Assume 0 converges in probability to 0, €
int®, and (8) holds with (gn,s — Pgn,s) for each s, where gy s = nl/ﬁhi/g(fn790+8(nhn)71/3 — fn6o)-
Then

(nhn)'3(6 — 6y) A arg max Z(s),
where Z(s) is a Gaussian process with continuous sample paths, expected value s'Vs/2, and

covariance kernel H(s1,52) = limp 00 9 1, CoV(gn,s, (20), Gn,ss (21)) < 00.

This theorem extends Kim and Pollard’s (1990) main theorem to the case where the criterion
function varies with the sample size typically due to a bandwidth sequence. Since h,, — 0, the
convergence rate Op((nhy,) '/3) is slower than the conventional O,(n~'/3) rate. This theorem
can be extended to the case where the criterion function contains estimated nuisance parameters
that converge faster than the O, ((nh,,)~'/3) rate. Let 0 and 0 satisfy Prnfy 6.0 = suPsco Pnfnoot
Op((nhn)—Q/?))’ where U — vy = Op((nhn)_l/?’), and P, G > suppee Pnfrgv, + Op((nhn)_Q/g),

respectively.

Theorem 4. Let {f, 9., : 0 € O} be a drifting cube root class. Suppose there are some negative

definite matriz V1 and some finite matrix Vo such that

P(fno0— fnoom) = %(9—90)'V1(9—90)+(9—90)/‘/2(1/—Vo)+0(|9—90|2+|V—Vo|2)+0((nhn)_2/3),
(14)

for all 6 and v in neighborhoods of 6y and vy, respectively. Furthermore, {fn9, : 0 € ©O,v € A}

satisfies Condition (iii) of the drifting cube root class. Then 6 = 0+ 0, ((nhy)~Y3). Additionally,

if (8) holds with (gns — Pgn,s) for each s, where g, s = nl/ﬁhi/g(fn,90+s(nhn)*1/3,u0 — fro0);

then

(nhn) /30 — 6) 4 arg max Z(s),
where Z(s) is a Gaussian process with continuous sample paths, expected value s'Vis/2 and

covariance kernel H(s1,52) = limp_y00 Y 1, CoV(gn,s, (20), Gn,ss (21)) < 00.

Since the proof is similar to that of Theorem 2, it is omitted. In the next section, we illustrate

the above theoretical results by several examples.

4. APPLICATIONS

4.1. Maximum score estimator. As an application of Theorem 1, consider the maximum

score estimator for the regression model y; = 6y + us, that is
n
6 = I{y; > 0,2/0 > 0} + I{y; < 0,270 < 0},
arg max tzl[ {ys > 0,230 > 0} + I{y; Ty }]

where S is the surface of the unit sphere in R?. Since 0 is determined only up to scalar multiples,
we standardize it to be unit length. We impose the following assumptions. Let h(x,u) =
I{z'0y + u > 0} — I{z'0y + u < 0}.

(a): {z,us} satisfies Assumption D. x; has compact support and a continuously differen-

tiable density p. The angular component of x;, considered as a random variable on .S,
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has a bounded and continuous density, and the density for the orthogonal angle to 6y is
bounded away from zero.

(b): Assume that |0g| = 1, median(u|z;) = 0, the function k(z) = Elh(x, up)|ze = 2] is
non-negative for 2’6y > 0 and non-positive for 2’6y < 0 and is continuously differentiable,
and P{x}0y = 0, k(x;)'0op(z;) > 0} > 0.

Except for Assumption D, which allows dependent observations, all assumptions are similar to
the ones in Kim and Pollard (1990, Section 6.4). First, note that the criterion function is written
as

fo(x,u) = h(z,u)[I[{z'0 > 0} — {2’60y > 0}].
We can see that 6 = arg maxges Pn fo and 0y = argmaxgeg Pfy. Existence and uniqueness
of 6y are guaranteed by (b) (see, Manski, 1985). Also the uniform law of large numbers for an
absolutely regular process by Nobel and Dembo (1993, Theorem 1) implies supgc g [P fo— P fol RS
0. Therefore, 0 is consistent for .

We next compute the expected value and covariance kernel of the limit process (i.e., V and H
in Theorem 1). Due to strict stationarity (in Assumption D), we can apply the same argument
to Kim and Pollard (1990, pp. 214-215) to derive the second derivative
_ O’Pfy

V= 0000’

=— /]I{x’&o = 0}i(z) Oop(z)z2 do,
0=09

where o is the surface measure on the boundary of the set {x : 2’6y > 0}. The matrix
V' is negative definite under the last condition of (b). Now pick any s; and s2, and define
Int = fogin—1/3s, (Tt,ut) — fo 1 p—1/35,(xt,ut). The covariance kernel is written as H(s1, s2) =
${L(s1,0) + L(0, s2) — L(s1, s2)}, where

(0.9}
L(s1,82) = lim n4/3Var(]P’ngn,t) = lim n'3{Var(gn,) + Z Cov(gn,t Gnt+m) }-
n—oo n—oo me—1
The limit of n'/3Var(g,;) is given in Kim and Pollard (1990, p. 215). For the covariance
Cov(gn,ts Gn,t+m), DOte that g, can take only three values, —1, 0, or 1. By the definition of 3,

Assumption D implies

|P{gn’t = jvgn,t—i-m = k} - P{gn,t = j}P{gn,t-‘rm = k}‘ < n72/3ﬁm7

for all n,m > 1 and j,k = —1,0,1, ie., {gn} is a S-mixing array whose mixing coefficients
are bounded by n=2/38,,. In turn, this implies that {gn+} is an a-mixing array whose mixing
coefficients are bounded by 2n=2/34,,. Thus, by applying the a-mixing inequality, the covariance

is bounded as

Cov(gn,tvgn,t—i-m) < Cn_z/gﬁm ||gn,t ‘]23:
for some C > 0 and p > 2. Note that
lgn.¢ll5 < [PI{a}(Bo + s1n™7%) > 0} = {a}(By + san™%) > O}[]/P = O(n=2/ ),

Combining these results, nl/3 Yore 1 Cov(gn,t; gnt+m) — 0 as n — co. Therefore, the covariance

kernel H is same as the independent case in Kim and Pollard (1990, p. 215).
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We now verify that {fy : § € S} belongs to the cube root class. Condition (i) is already

verified. By Jensen’s inequality,

1o, — forlly = £/ PIT{i61 > 0} — H{ai8 > 0}] > P{ajfy > 0> 2l or 2}y > 0> 26y},

for any 61,02 € S. Since the right hand side is the probability for a pair of wedge shaped regions
with an angle of order |¢; — 62|, the last condition in (a) implies Condition (ii) of the cube root
class. For Condition (iii), pick any € > 0 and observe that
P sup |fo—falP=P sup  I{xz}0 >0 > x}fy or 2,60 > 0 > x,0}.
0€0:|0—0g|<e 0€0:|0—0|<e

Again, the right hand side is the probability for a pair of wedge shaped regions with an angle
of order . Thus the last condition in (a) also guarantees Condition (iii) of the cube root class.
Since {fg : 0 € S} belongs to the cube root class, Theorem 1 implies that even if the data obey
a dependence process specified in Assumption D, the maximum score estimator possesses the

same limiting distribution as the independent sampling case.

4.2. Nonparametric monotone density estimation. Preliminary results (Lemmas M, M’
C, and 1) to show Theorem 1 may be applied to establish weak convergence of certain processes.
As an example, consider estimation of a decreasing marginal density function of z; with support
[0,00). We impose Assumption D for {z;}. The nonparametric maximum likelihood estimator
4(c) of the density v(c) at a fixed ¢ > 0 is given by the left derivative of the concave majorant of
the empirical distribution function I'. It is known that n!/3(5(c) —y(c)) can be written as the left
derivative of the concave majorant of the process Wy, (s) = n?3{I'(c+sn~1/3)=T'(¢)—~(c)sn~1/3}
(Prakasa Rao, 1969). Let fp(z) = I{z < ¢+60} and I be the distribution function of y. Decompose

Wo(s) = n'/8G, (f,,-1/s — fo) + n**{T(c+ sn~3) = T(¢) — y(c)sn/3}.

A Taylor expansion implies convergence of the second term to %"y(c)s2 < 0. For the first term
Zn(s) = n1/6Gn(fsn_1/3 — fo), we can apply Lemmas C and M’ to establish the weak convergence.
Lemma C (setting g, as any finite dimensional projection of the process {n'/6(f, _1/s — fo) : s})
implies finite dimensional convergence of Z, to projections of a centered Gaussian process with

the covariance kernel

H(s1,82) = Jim n'/? Z {Tot(c+ s1n73 e+ son™V3) = T(c+ s1n V3T (e + san™/3)},

where T is the joint distribution function of (zg, z¢). For tightness of Z,,, we apply Lemma M’
by setting gn s = nt/ 6( fsn—1/3 — fo). The envelope condition is clearly satisfied. The condition

in (9) is verified as

P sup |gn,s - gn,s’|2

sis—s'|<e
= PP sup |Hz<c+sn VP —I{z<c+sn V3
s:ls—s'|<e
< B max{T(c+ sn V3 —=T(c+ (s —e)n V3, D(c+ (s + e)n /3) —=(c+ sn /3)}
< 7(0)e.
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Therefore, by applying Lemmas C and M’, W,, weakly converges to Z, a Gaussian process with
expected value %")/(6)82 and covariance kernel H.

The remaining part follows by the same argument to Kim and Pollard (1990, pp. 216-218)
(by replacing their Lemma 4.1 with our Lemma 1). Then we can conclude that n'/3(5(c) — ~(c))

converges in distribution to the derivative of the concave majorant of Z evaluated at 0.

4.3. Least median of squares. As an application of Theorem 2, consider the least median of

squares estimator for the regression model y; = x} 8y + uy, that is

8= argmﬁinmedian{(yl — x'lﬁ)g, ooy (Yn — x%ﬁ)g}

We impose the following assumptions. Except for Assumption D, which allows dependent obser-
vations, all assumptions are similar to the ones in Kim and Pollard (1990, Section 6.3).

(a): {xy,us} satisfies Assumption D. x; and u; are independent. Plx;|? < oo, Pxx} is
positive definite, and the distribution of x; puts zero mass on each hyperplane.

(b): The density v of u; is bounded, differentiable, and symmetric around zero, and de-

creases away from zero. |u| has the unique median vy and §(vp) < 0.

It is known that § = ﬁ — B is written as 6= arg maxg Py, fg 5, where
Joo(z,u) =1{z'0 —v <u < 2’0+ v},

and 7 = inf{v : supy Py, fp,, > %} Let vy = 1 to simplify the notation. Since {fy, : 0 € R v e
R} is a VC subgraph class, Arcones and Yu (1994, Theorem 1) implies the uniform convergence
supg,, |Pnfo, — Pfou| = Op(n_l/z). Thus, the same argument to Kim and Pollard (1990, pp.
207-208) yields the convergence rate 7 — 1 = O,(n~1/2).

By expansions, the condition in (10) is verified as
P(fow = fon) = PHT('0+v)—T(v)} = {T(2'0 — v) = T(-v)}|
+PH{T(v) —T(1)} = {T'(=v) = T(=1)}]
= F(1)0'Pz2'0 + o(|0]* + |v — 1]*). (15)

To check Condition (iii) of the cube root class for {fy, : § € R%, v € R}, pick any € > 0 and

decompose

P sup |fo — foal* < P sup \for — fo1l* + P sup |fo1 — foal*
(0,0):(0.0)—(0,1)| <& (0,0):(0.0)—(0,1)| <& 0:10| <<

By similar arguments to (15), these terms are of order |v — 1|2 and ||?, respectively, which are
bounded by C'e with some C > 0.

We now verify that {fp1:6 € R%} belongs to the cube root class. By (b), P fo,1 is uniquely
maximized at 8y = 0. So Condition (i) is satisfied. Since Condition (iii) is already shown, it

remains to verify Condition (ii). Some expansions (using symmetry of (+)) yield

1 fou1 — fo,1lls = PID(@'01+1) —T(a'6, + 1) + (2’01 — 1) — (265 — 1)]
> (0o — 01) Py(—1)zz' (03 — 61) + 0|02 — 61]?),
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i.e., Condition (ii) is satisfied under (b). Therefore, {fs1 : 6 € R?} belongs to the cube root
class.

We finally compute the covariance kernel H. Pick any s; and so. The covariance kernel is writ-
ten as H(sy,s2) = %{L(sl, 0) + L(0, s2) — L(s1, s2) }, where L(s1, s2) = limy,—s00 n4/3Var(]P’ngn7t)
and gn; = I{|ahsin™ /3 —uy| < 1} — I{|a}son~ /3 — uy] < 1}. By a similar argument to the
maximum score example in Section 4.1, we can show that H is the same as the one for the
independent case derived in Kim and Pollard (1990, p. 213). Therefore, by Theorem 2, we
conclude that n!/3 (B — Bo) converges in distribution to the argmax of Z(s), a Gaussian process

with expected value 4(1)s’ Pza’s and the covariance kernel H.

4.4. Panel data discrete choice model. As an illustration of Theorem 3, we consider a

dynamic panel data model with a binary dependent variable
Plyio = Nzi, i} = Fo(wi, o),
P{yir = 1|zi, i, yio, - - -, Yie—1} = F (25,60 + Yoyir—1 + i),

fort=1,...,n and t = 1,2,3, where y;; is binary, z;; is a k-vector, and both Fy and F' are
unknown functions. Honoré and Kyriazidou (2000) proposed the conditional maximum score

estimator
_> (yiz — yi1)sen{(zi2 — zi1)' B+ (Yis — vio)V}s

where K is a kernel function and b, is a bandwidth. Honoré and Kyriazidou (2000) obtained
consistency of this estimator but the convergence rate and limiting distribution are unknown.
Theorem 3 answers these open questions. Let z = (2], 22, 2%)" with 21 = x9 — x3, 29 = y2 — y1,
and z3 = ((x2 — 1), y3 — o). Also define x9; = w9 — 1 and x93 = w9 — x3. Based on Honoré

and Kyriazidou (2000, Theorem 4), we impose the following assumptions.

(a): {zi}, is an iid sample. z; has a bounded density which is continuously differen-
tiable at zero. The conditional density of 21|29 # 0, 23 is positive in a neighborhood
of zero, and P{zy # 0|z3} > 0 for almost every z3. Support of xs; conditional on
T3 in a neighborhood of zero is not contained in any proper linear subspace of RF.
There exists at least one j € {1,...,k} such that B(()j) % 0 and :L'%”:Eéf,:ngg, where
xéf = (33(211), o ,xg—l),xgﬂ), - ,:vgi)), has everywhere positive conditional density for
almost every 27, and almost every 3 in a neighborhood of zero. Elz|z3,z1 = 0] is
differentiable in z3. E[z2sgn((8),70) 23)|z1] is continuously differentiable at z; = 0. F' is
strictly increasing.

(b): K is a bounded symmetric density function with [s2K(s)ds < co. As n — oo, it
holds nb% /Inn — oo and nb%3 — 0.

Note that the estimator § = (B’, 4)" can be written as 6 = arg maxg Py, fn.0, Where

Fro (2) = 0P K (b, 21) 22 {sgn(230) — sgn(2360)}
= en(2)(I{z30 = 0} — I{z360 > 0}),
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and e, (z) = 207 FK (b1 2) 2.
We verify that {f,¢} belongs to the drifting cube root class with h, = bfl. We first check
Condition (ii) of the drifting cube root class. By the definition of zo = yo — y; (which can take

—1, 0, or 1) and change of variables a = b, 121,

Elen(2)?|23] = 4bnk/K(a)2p1(bna\z2 # 0, z3)daP{zy # 0]z3},

almost surely for all n, where p; is the conditional density of z; given zo # 0 and z3. Thus under
(a), bk Elen(2)?|23] > ¢ almost surely, for some ¢ > 0. Pick any 6; and 6. Note that

W faoy = Faoally = (P {hnElen(2)?|23]|I{z461 > 0} — I{z46 > 0}|})1/2

> 1 2P|{z40, > 0} — [{z405 > 0}
> c1]01 — 6a,
for some ¢; > 0, where the last inequality follows from the same argument to the maximum score

example in Section 4.1 using Condition (a). Similarly, Condition (iii) of the drifting cube root

class is verified as

hnP sup | fno — fapel? < C1P sup  [I{z560 > 0} — {2360 > 0} < Coe,
‘9790|<8 |9790‘<E
for some positive constants C and C and all n. We now verify Condition (i). Since hy, fy, ¢ is

clearly bounded, it is enough to verify (13). A change of variables a = b, '2; and Condition (b)
imply
Pfno = /K(a)E[zg{sgn(zé@ — sgn(z500) Hz1 = a]p1(bra)da
= p1(0)E[z2{sgn(z30) — sgn(2500)}21 = 0]

8 [ i) 22 — GO = )

t=t,
where t, is a point on the line joining a and 0, and the second equality follows from the dominated
convergence and mean value theorems. Since b2 = o((nbf)=%/3) by (b), the second term is
negligible. Thus, for the condition in (13), it is enough to derive a second order expansion of
Elzo{sgn(z40) — sgn(z46p)}|z1 = 0]. Let Zp = {z3 : I{z40 > 0} # I{z40p > 0}}. Honoré and
Kyriazidou (2000, p. 872) showed that

—E[z2{sgn(240) — sgn(2500)}|z1 = 0] = 2/ |Elza]21 = 0, 23][dF,|.,—0 > 0,

Zp
for all 6 # 6 on the unit sphere and that sgn(E[z2|z3, 21 = 0]) = sgn(z46p). Therefore, by apply-
ing the same argument as Kim and Pollard (1990, pp. 214-215), we obtain %E[zgsgn(zéﬁ)\zl =0
0 and

02 E[z9{sen(240) — sgn(240)} 21 = 0 .
_ { 2{ g ( 3 )aeagg, ( 3 0)}| 1 ] _ /H{Zé@[} :O}H(Zg)/00232ép3(23|21 :O)dueo,

Ho:eo =

where £(z3) = %E[zﬂz;g, z1 = 0], p3 is the conditional density of z3 given z; = 0, and g, is the

surface measure on the boundary of {z3 : 256y > 0}. Combining these results, the condition in
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(13) is satisfied with
V =—-2p1(0) /]I{zé@o = 0}k(23)'002325p3 (23|21 = 0)dpg,-

Finally the covariance kernel H is obtained in the same manner to Kim and Pollard (1990).
That is, decompose z3 into 1’0y + z3 with z3 orthogonal to €. Then it holds H(s1,s2) = L(s1) +
L(s2) — L(s1 — s2), where

L(s) = 4p1 (0) / 12hslps (0, 25]21 = 0)dzs.

4.5. Minimum volume predictive region. As an illustration of Theorem 4, consider a min-
imum volume predictor for a strictly stationary process proposed by Polonik and Yao (2000).
Suppose we are interested in predicting y € R from x € R based on the observations {y;, x;}.
The minimum volume predictor of y at = ¢ in the class Z of intervals of R at level a € [0, 1] is
defined as

= 1 .T. >
I argglel%u(S) s.t. P(S) > a,

where 4 is the Lebesgue measure and P(S) = Y7 I{y; € S}K (x,tl—;c) /> K (%—:) is the
kernel estimator of the conditional probability P{y; € S|z; = ¢}. Since I is an interval, it can

be written as I = [0 — 0,0 + p], where

0 = arg mein P[0 — 0,0+ D)), U =inf{v:sup P([0 — v,0 +v]) > al}.
0
To study the asymptotic property of I, we impose the following assumptions.

(a): {y:, z¢} satisfies Assumption D. Iy = [6p—r0, p+1p] is the unique shortest interval such
that P{y; € Ip|r; = c} > . The conditional density 7y|,—. of y; given x; = ¢ is bounded
and strictly positive at 619, and its derivative satisfies §y|,—.(00—v0) —Vyjz=c(fo+10) >
0.

(b): K is bounded and symmetric, and satisfies lim,_,~ |a| K (a) = 0. Asn — oo, nhy, — o0
and nhi — 0.

For notational convenience, assume 6y = 0 and vy = 1. We first derive the convergence rate for v.
Note that o = inf{v : supy ([0 —v,0+v]) > a§(c)}, where §(S) = ﬁ Yoy € S}K (%)

and Y(c) = ﬁ Yo K (‘”;L;c> By applying Lemma M’ and a central limit theorem, we can

obtain uniform convergence rate

max {W(C) -], sup 19(10 —v, 0 +v]) = P{y € [0 — v, 0 + V]|, = C}’Y(C)!} = Op((nhy) ™2 +h3).

)

Thus the same argument to Kim and Pollard (1990, pp. 207-208) yields & — 1 = O, ((nhy,) "'/ +
h2). Let = arg ming ([0 — 0, 0+ 2]). Consistency follows from uniqueness of (6, 1) in (a) and

the uniform convergence
sup g([0 = 2,60 + 2]) — P{y € [0 — 1,0 + 1|z = c}r(c)| 50,
4
which is obtained by applying Nobel and Dembo (1993, Theorem 1).
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Now let z = (y,z)" and

Fronl®) = ("“’h‘n ) Ly € 6 — 1,0+ 0]} — Iy € [~v.]}].

Note that § = argmaxg Py, f,, 9.0. We apply Theorem 4 to obtain the convergence rate of 6. For
the condition in (14), observe that

P(fn,@,l/ - fn,O,l) = P(fn,@,l/ - fn,O,u) + P(fn,O,u - fn,O,l)
= —%{—Mm(l\C) + Ayl (1) 372 ()0 + Ly (1le) + Aype (—1]e) 3 ()0 + 0(6% + [v = 1) + O(h3).

The condition (14) holds with V1 = {¥,),(1]c)—7yj»(—1[c) }7z(c) and Va = {5y, (1]e)+yz (—1lc) }yz(c).
Condition (iii) of the drifting cube root class for {f, ¢, : § € R,v € R} is verified in the same
manner as in Section 4.3. It remains to verify Condition (ii) of the drifting cube root class for

{fn1: 0 € R}. Pick any 6; and #3. Some expansions yield

hy anﬁl,l - fn,92,1”g

= /K(a)2

> /K(a)2{7y|z(9 + 1|z =c+ ahy,) + 'yy‘z(é — 1|z = ¢+ ahy) }vz(c + ahy)dal0; — 69,

Uy2(02 + 1|z = ¢+ ahyp) — Ty, (61 + 1|z = c + ahy)

Yz (¢ + ahy)da
+Fy|x(02_1|xzc+ahn) _Fy|:r:(01 —1\x:c+ahn) ( )

where I',,, is the conditional distribution function of y given x, and 6 and 6 are points be-

ylz
tween 0; and 2. By (a), Condition (ii) is satisfied. Therefore, we can conclude that o — vy =
O,((nhyp) =% + h2) and 0 — 8y = Op((nhy)~"/® + hy). This result confirms positively the con-

jecture of Polonik and Yao (2000, Remark 3b) on the exact convergence rate of I.

4.6. Hough transform estimator. As a final illustration, we consider an example where the
criterion function does not belong to the (drifting) cube root class and discuss how our main the-
orems can be modified. In particular, consider the Hough transform estimator for the regression

model y; = 25y + u; with the drifting tuning constant h,,
n
§ =argmax} Ky — 25| < hald]},
t=1

where x; = (1,%;) for a scalar Z;. Goldenshluger and Zeevi (2004) studied the case when h,,
does not vary with n and derived the cube root asymptotics for B and left the analysis for the
case of h, — 0 as an open question. Here we answer this question. We impose the following

assumptions.

(a): {xy,us} satisfies Assumption D. x; and u; are independent. Plz;|* < oo, Pxx} is
positive definite, and the distribution of x; puts zero mass on each hyperplane. The den-
sity v of u; is bounded, continuously differentiable in a neighborhood of zero, symmetric
around zero, and strictly unimodal at zero.

(b): As n — 0o, hy, — 0 and nh) — oo.
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Let z = (x,u). Note that 6 = B — By is written as § = arg maxy Py, frn.6, Where
fno(z) = ho \T{|u — /6| < hy|z|}.

The consistency of 6 follows from the uniform convergence supy [Py, frn.0 — P fn.0] 20 by applying
Nobel and Dembo (1993, Theorem 1).

In order to apply Theorem 3, we need to verify that {f, ¢} belongs to the drifting cube root
class. Obviously hy, f,, ¢ is bounded for all n. Since lim,, oo Pfp 9 = 2Pv(2'0)|z| and v is uniquely
maximized at zero (by Condition (a)), lim, o P fy¢ is uniquely maximized at § = 0. Since 7 is
continuously differentiable in a neighborhood of zero, Pf, g is twice continuously differentiable

at § = 0 for all n large enough. Let I' be the distribution function of v. An expansion yields

P(fuo = f0) = hy ' P{D(2'0 + hnlz]) = T(hulal)} — hy P{T (@0 — hn|z]) = T(=halz))}
= 5(0)0' P(|z|za”)0{1 + O(hn)} + o(|0]*),
i.e., the condition in (13) holds with V' = 4(0)P(|z|zz"). Note that 5(0) < 0 by Condition (a).

Therefore, Condition (i) of the drifting cube root class is satisfied.
For Condition (ii), pick any ¢; and 6 and note that

ho | fuon = Fagally = 2P{y(a'61) +(2'62)} ]
—2h Y P{2'0) — hplz| < u < 2’09 + hplz|, — 2hp|z| < 2/(62 — 61) < 0}
—2h Y P{2' 0y — hylx| < u < 2’01 + halz|, — 2hn|z| < 2'(6; — 62) < 0}.
Since the second and third terms converge to zero (by a change of variable), Condition (ii) of
the drifting cube root class holds true.

However, we can see that Condition (iii) of the drifting cube root class is not satisfied in this

case. Although Theorem 3 is not directly applicable, Condition (iii) can be modified as follows.

(iii)’: There exists a positive constant C” such that

2 2
P sup hn’fn,@ - fn,00| < Cllg,
9€O:|—0o|<e

for all n large enough and all € > 0 small enough.

Compared to Condition (iii) of the drifting cube root class, Condition (iii)’ assumes a larger
envelope for the class {|fn.g — fno,|* : |0 — 00| < €}. Thus, Lemma Mn in Section 3 is modified

as follows.

Lemma Mn’. Suppose that Assumption D holds and { f, ¢} satisfies Condition (ii) of the drifting

cube root class and Condition (i11)’ above. Then there exist positive constants C and C" such that

P osup  |Gnhl?(fro — faoy)| < Chy Y2612,
|0—00|<8

for all n large enough and & € [(nh2)~1/2,C"].

Proof. The proof is similar to that of Lemma Mn except that for some positive constant C" we
have

Gt c ¢? cg’

C”h;1/251/2 C;//h;1/251/2’
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which reflects the component “h2” in Condition (iii)” instead of “h,” in Condition (iii) of the
drifting cube root class. As a consequence of this change, the upper bound in the maximal

inequality becomes Ch,, /25172 instead of C5Y/2. All the other parts remain the same. O

We now check Condition (iii)’. Observe that
P sup  h2|fuo— faol? < P sup  I{ju| < hylz|, |u—2'0] > hylz|}
0€O:|0—0p|<e 0€O:10—0p|<e

+P sup I{|u — x19| < hplzl, [u] > hplz[}.
0€O:|0—0p|<e

Since the same argument applies to the second term, we focus on the first term (say, 7'). If

€ < 2hy,, then an expansion around € = 0 implies
T < P{(hn — &)J] < u < hale]} = Py(halal)lale + ofe).
Also, if € > 2h,,, then an expansion around h, = 0 implies
T < P{—hy|z| <u < hy|z|} < Py(0)|z|e + o(hy).

Therefore, Condition (iii)’ is satisfied.

Finally, the covariance kernel is obtained by a similar way as Section 4.1. Let r,, = (nhi)l/ 3 be
the convergence rate in this example. The covariance kernel is written by H (s, s2) = %{L(sl, 0)+
L(0, s2) — L(s1, s2)}, where L(s1, s2) = limy 00 Var(r2Ppgn +) with g, = Tnisifrn = frysofrn- AL
expansion implies n~'Var(r2g,.) — 27(0)P|2’(s1 — s2)|. We can also see that the covariance
term n =t Y0 Cov(r2gn ¢, 2 gn t+m) is negligible. Therefore, by a similar argument to Theorem

3, the limiting distribution of the Hough transform estimator with drifting A, is obtained as
(nh2)' /(3 ~ By) > argmax Z(s),
S

where Z(s) is a Gaussian process with continuous sample paths, expected value 5(0)s' P(|z|zz’)s/2,

and covariance kernel H(s1, s2) = 2v(0)P|z’(s1 — s2)|.
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